Connectivity and
Biconnectivity
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CS 16: Connectivity

Connected Components

Connected Graph: any two
vertices conneth)ed % a path

O @
24 Pl

connected not connected

Connected Component:
maximal connected subgraph [of

agraph
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CS 16: Connectivity

Equivalence Relations

A relationon a set S is a set R of ordered pa
of elements of S defined by some property

Example:
e S={1,2,3,4}

« R={(i,)) 1 Sx Ssuchthati<|}
={(1,2),(1,3).(1,4),(2,3),(2,4),{3,4)}

An equivalence relations a relation with the
following properties:

e (X,X)UR,Ox0S leflexive
e (x,y)UR O (yX)UR (symmetrig
e (X,¥),(y,z) UR O (x,z)UR (transitive

The relationC on the set of vertices of a graph:

e (uyv) < U andv are in the same
connected component

IS an equivalence relation.
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CS 16: Connectivity

DES on a Disconnecte@raph

O G
O>—0 ©

After dfs(1) terminates:

K 1234567

val[k] 1402003
1 4

OD—3) G

0
(D (7)* o(5)
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CS 16: Connectivity

DFS of a Disconnected Grapt

* RecursiveDESprocedure visits all vertices
of a connected component.

« A for loop is added to visit all the graph

forall k from 1 to N
ifvallk] = 0
dfs(k)

O—® &

O—0 @ ¢
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CS 16: Connectivity

Representing Connected
Components
Array comp [1..N]

complk] =1 1f vertex k Is In
I-th connectedcomponént

©
D5 CP

vertexk 12345678
complK] 23232
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CS 16: Connectivity

New DFS Algorithm

Inside DFS:

replace id=1id + 1;
val [k] = id;

with complK] = id;

Outside DFS:

for all k from1to N
If comp [k] =0
d=1d + 1;
dfs(k);
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CS 16: Connectivity

DFS Algorithm for Connected

Components

Pseudocoded dfs (int k);

compl[K] = vertex.id;
vertex = adj[K];

Vertex vertex
while (vertex !'= null)
If (val[vertex.num] == 0)
dfs (vertex.num);
vertex = vertex.next;

for all k from 1 to N
If (comp[k] == 0)
d=1d + 1;
dfs (k);

TIME COMPLEXITY: O ( N+M)

cec
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CS 16: Connectivity

Cutvertices

Cutvertex (separation vertex):
Its removal disconnects the graph

If the Chicagaairport is closed, then there is ni
way to get from Providence to beautiful Denve
Colorado!

e Cutvertex: ORD

D
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Biconnectivity

Biconnected graph: has no cutvertic

<] ST
AN S

New flights:
LGA-ATL andDFW-LAX
make the graph biconnected.
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CS 16: Connectivity

Properties of Biconnected
Graphs

* There are two disjoint paths between any

two vertices.
* There is a simple cycle through any two

vertices.
By convention, two nodes connected by an ec

form a biconnected graph, but this does not ver

the above properties.

O—O
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Biconnected Components

Biconnected component (block):
maximal biconnected subgraph

Biconnected components are
edge-disjoint but shamutvertices
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CS 16: Connectivity

Finding Cutvertices:
Brute Force Algorithm

for each vertex v
remove Vv;
test resulting graph for connectivity;
put back v;

Time Complexity:
* N connectivity tests
e each taking time O\ + M)

Total time:
e O (N +NM)
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CS 16: Connectivity

DFS Numbering

We recall that depth-first-search partitions the

edges intdree edgeandback edges
e (U,v) tree edge <= val[u] <val|v]

e (u,v) back edge= val[u] > val[v]

We shall characterize cutvertices using the
DFSnumbering and two properties ...

| =4
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CS 16: Connectivity

Root Property

The root of the DFS tree is a cutvertex if it has
two or more outgoing tree edges.

* no cross/horizontal edges
e must retrace back up

 stays within subtree to root, must go
through root to other subtree

root
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CS 16: Connectivity

Complicated Property

A vertex v which is not the root of the DFS tree
IS a cutvertex If v has a child w such that no

back edge starting in the subtree of w reaches
an ancestor of v.

root root
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CS 16: Connectivity

Definitions

* low(V): vertex with the lowest val (i.e.,
*highest” in the DFS tree) reachable from
by using a directed path that usésnost
one back edge

e Min (v) =val(low(v))

v low(v) Min(v)

1

1

m © O W >»

A
A
B 2
B
B
A

T
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CS 16: Connectivity

DFS Algorithm for Finding
Cutvertices

1. PerformDFSon the graph

2. Testifrootof DFStreehas two or more tree
edgeq )

3. For each other vertextest if there Is dree
edge {¥,w) such that Min{) = val[v]
( )

| ™4

Min(v) = val(low(v)) is the minimum of:
e val[Vv]
e minimum ofMin(w) for all treeedges (v,w)
 minimum ofval|z] for all back edges (v,z)

Implement thigecursivelyand you are done!!!!
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CS 16: Connectivity

Finding the Biconnected
Components

* DFS visits the vertices and edges of eac
biconnected component consecutively

» Use a stack to keep track of the bicon-
nected component currently being tra-
versed

cec
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CS 16: Connectivity

g
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