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it might be said that there are five basic tree search algorithms for the constraint satisfaction
problem (csp). namely, naive backtracking (BT}, backjumping (BI}. conflict-directed backjumping
{CBI). backmarking (BM}., and forward checking (FC). In broad terms, BT, BJ. and CBJ describe
different styles of backward move {backtracking), whereas BT, BM, and FC describe different styles
of forward move (labeling of variables). This paper presents an approach that allows base algorithms
to be combined, giving us new hybrids. The base algorithms are described explicitly, in terms of a
forward move and a backward move. It is then shown that the forward move of one algorithm may be
combined with the backward move of another, giving a new hybrid. In total, four hybrids are presented:
backmarking with backjumping (BMI), backmarking with conflict-directed backjumping (BM-CBJ),
forward checking with backjumping (FC-BJ), and forward checking with conflict-directed backjumping
(FC-CBJ). The performances of the nine algorithms (BT. BJ, CBJ, BM, BMI, BM-CBJ, FC, FC-B},
FC-CBJ) are compared empirically, using 450 instances of the ZEBRA problem, and it is shown that
FC-CBJ is by far the best of the algorithms examined.

Key words: constraint satisfaction problem, tree search algorithms, backiracking, backjumping,
backmarking. forward checking.

1. INTRODUCTION

The work reported in this paper was motivated by the following guestions posed by
Nadel (1989);

Something to think about would be a synthesis of BM and BJ, into an algorithm called,
say, BMJ (BackMarkJump). . . . Is it possible to combine both approaches while retaining
all, or most, of the power of each?

and further;

Combining j-consistency with Backjump or Backmark shoufd be possible, as suggested by
Gaschnig. And Backmark and Backjump may themselves perhaps be combined. . . . Such
algorithms deserve atiention.

This paper presents four “hybrid” tree search algorithms (algorithms created by combining
the forward move of one algorithm with the backward move of another) for the constraint
satisfaction problem {csp). one of these being BMJ. In addition, an aigorithm which
combines 2-consistency with backjumping is also presented. The technique of combining
algorithms is presented, along with an empirical analysis of nine tree search algorithms.
There appear o be five basic tree search algorithms for the constraint satisfaction
problem, namely naive backiracking (BT} (Golomb and Baumert 1965), backjumping (BJ)
(Gaschnig 1979), conflict-directed backjumping {CBJ. a new algorithm described later on).
backmarking (BM) (Gaschnig 1977, 1979}, and forward checking (FC) (Haralick and EHiott
1980). In broad terms these algorithms might be classified as follows: BT, BM, and FC
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¥igure 1. The five base aigorithms.

chronologically backtrack, whereas BJ and CBJ are informed backtrackers. BT, BM, BJI,
and CBJ check backwards, from the current variable against the past variable, whereas
FC checks forward, from the current variable against the future variables.

The algorithms may be viewed from a different perspective. When we move from
BT — BJ — CBJ we move progressively toward more informed styles of backtracking.
However, BT, B], and CBI all use the same style of forward move (labeling of variables).
When we move from BT — BM —s FC we traverse across different styles of forward
move, but again each of these algorithms use the same style of backward move (chrono-
logical backtracking). Therefore BT, BM and FC essentially describe a style of forward
move, and BT, B}, and CBJ describe a siyle of backward move.’

In Fig. 1 we have these five base algorithms, To top row represents moves, and the
first column represents forward moves. 1t appears that four algorithms are missing. We
should expect that we can take the forward move of one algorithm {for example FC) and
combine. it with the backward move of another (for example BJ} to give a new “hybrid”
algorithm (for example FC-BJ, an algorithm that checks forward and jumps back). There-
fore, we should expect the nine algorithms of Fig. 2.

In Fig. 2, algorithms in a given row exploit the same style of forward move, and
algorithms in a given column exploit the same style of backward move. When we move
across. the row (left to right) we move toward more informed styles of backtracking, and
when we move down a column we move across different styles of foward move. ]

Historically, tree search algorithms for the csp have been described in a recursive
style, such that a recursive call corresponds to a foward move, and a return from a call

"We should consider BT as describing the most primitive forward move (checking against past variables}
and the most primitive backward move (chronological backtracking}.
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Figure 2. The five hase and four hybrid algorithms.

FC-CBJ

corresponds to a backward move. Therefore, the forward and backward moves are de-
scribed implicitly, and search knowledge may be hidden within the procedure stack. This
paper adopts a different approach. A tree search algorithm X is described by two functions,
x-label and x-unlabel, and a calling procedure. Function x-label corresponds to the foward
move of X, and x-unlabel corresponds to the backward move of X. The functions are then
called iteratively by a procedure (in this case bcssp, described in the following section).
Therefore the forward and backward moves are made explicit, as is the search knowledge.?
The act of combining algorithms is therefore simplified. To synthesize the hybrid X-Y we
take the forward move of X, x-lubel, and modify it such that it maintains the information
reguired by the backward move of ¥, giving us the function x-y-fabel. In addition we take
the backward move of Y. y-undabel, and modify it such that it maintains the information
required by the forward move of X, giving us the function x-y-unlabel. The two functions,
x-y-label and x-y-unlabel, then describe the hybrid X-Y.

The remainder of this paper Is organized as follows. The next section introduces the
constraint satisfaction problem and the terminology applied to that problem. The coding
conventions are iniroduced, along with the global variables that will be used by the
following algorithms. Section 3 describes nine tree search algorithms for the csp. Section
4 describes the experiments that were performed, and Section 5 analyses these results,
Section 6 concludes this paper, looking backward over what has been presented, and
forward toward what might still be done.

*This approach is pot new, as il was used by Dechter when describing chronological backiracking (Dechter
and Pearl 198%) and graph-hased backjumping (Dechter 19903, However, it was notf exploited as 2 technique for
combining algorithms, such as BM with 85
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2. DEFINITIONS AND PROGRAMMING CONVENTIONS

Definition 1. The binary constraint satisfection problem (besp) involves a set of variables

{Vi, V2, ..., V,}. Bach variable V; has a finite (and discrete) domain of values D, = {v,,
Vi, - . ., viar} and may be assigned any one of the values vy € D, In addition, we have a
set of binary constraints {C,y, Crz, . . . Cis o - <, C2100 C22 o+ - Comy o+ = Cat, Caz

- Crn}, Where the constraint Ci,; is a relation between Viand Vy, and if C,,; is nuli then
there is no constraint acting from V; to V. A binary constraint satisfaction problem can
be associated with a constraint graph G {Mackworth 1977). V{G), the set of vertices in G,
corresponds to the set of variables, and A(G), the set of direcied arcs in G, corresponds
to the set of binary constraints. The problem is then to find an assignment of values to
variables, from their respective domains, which satisfy the constraints. There are a number
of variants of this problem (Nudel 1983). The one addressed in this paper is the binary
constraint satisfaction “search” problem (bcssp). That is, we attempt to find the first
solution, For the sake of brevity, the besp and its variant the bessp will from now on be
referred to as the csp.®

Definition 2. The order of instantiation is the order in which variables are assigned valizes.
The order of instantiation may be static or dynamic. In a static instantiation order the
search process always instantiates some variable V; before some other variable V;. In a
dynamic instantiation order the search process decides which variable to instantiate next
based on the state of the search process. In this study we assume a static order of
instantiation.

Definition 3. The current variable is the variable chosen for instantiation. Generally V;
will be considered as the ¢urrent variabie.

Definition 4. The past variables are the variables that have already been instantiated. i
variable V, was instantiated before variable V; it may be said that V, is in V/'s past. This
may be represented via the ordering refation £ < i. ‘Therefore, we assume that the search
tree grows downward and that ¥, is the root. Variables near the root of the search tree
are then at a “shallow” depth and have low-valued subscripts, and variables far from the
root are “deep” and have high-valued subscripts.

Defintion 5. The future varizbles are the variables th¥¥ have not vet been instantiated. If
variable V; was instantiated before variable V; it may be said that V;is in V;'s future. This
may be represented by the ordering relation j > I

The algorithms that follow are described in a pseudocode modeled on Pascal and
Common Lisp and that is an enhancement of that given in Nadel (1989). A fuller description
of this Janguage is given in ~adel (1989) and Appendix A of this paper. The following
assumptions are made.

* The language supports list processing. It is assumed that the list processing functions
list, push, pop, pushnew, remove, set-difference, union, and max-list are primitives of
the language.

*For a broader introduction to the constraint satisfaction probiem one mi_ght wgrk through Meseguer’s
overview {Meseguer 19893, Kumar's survey (Kumar [992), and the encyclopedia entries of Dechter (Dechter
1992} and Mackworth (Mackworth 1992}
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* Variables local to a procedure are implicitly declared. The first occurrence of a variable
within a procedure corresponds to an implicit declaration of that variable.

The following variables are assumed to have been globally declared and thus accessible -

to all procedures,

v: v is an array of values, such that v[i] is the value assigned to the variable V,. From
now on we will use v[i] in place of V; when referring to the jth variable.

n: 1 is the number of variables actually in the problem. We assume that the first
variable is v{1} and the last variable is v[n]. We also assume the existence of the
pseadovariable v[0]. This is used as a convenience, i.e., an attempt to backtrack to
v[0] will result in termination of the search process.

domain: domain is an array of sequences, such that domainli] (for 0 = § = n) is the
domain of the variable v{i]. domain(i] is synonymous with D;, where domainii] is a
finite sequence of discrete values. Note the psendovariable v[0) has domain[0] =
nil,

current-domain: current-domain is an array of sequences. current-domain{i] (for ¢ =
i = n) is the sequence of values in domain[i] that have not yet been shown to be
inconsistent with respect to the ongoing search process. current-domain{i] is initial-
ized to be equal to domain{il (consequently current-domainfQ) = ail). When the
search process attempts to instantiate v[i] with a value, it selects that value from
current-domain(i]. If that value is found to be incompatible with the current search
stafe, it is then removed from current-domain{il. ¥ current-domain[il is empty {nil),
then the search process has examined all possible instantiations for v{f] without
success, and backtracking takes place. When backtracking takes place (generally)
current-domainii] is reinstated (i.e., it becomes domain[i] again).

C: Cis an r X n array, where C[1,/] is the name of a binary predicate (such as <, =,
>, etc.) that holds between vii] and v{j]. If Cli,j]1 = nil then there is no constraint
acting between v{/] and v{jl, and all values in domainlil are compatible with all
values in domain[jl. Therefore, we have an infensional representation of a con-
straint, rather than an extensional representation of a constraint {as a set of com-
patible pairs). We mighi think of C as being a richer representation of the adjacency
matrix of a directed graph. Rather than being a count of the number of directed arcs
from vertex i 1o vertex j, C[i,j] is the name of a binary predicate (or nil).

check(i,hy: The function check(i,)) delivers a resull of rrue if there is no constraint
between v[i] and v[j} {that is C[i,j] = nil}; otherwise it delivers the result of applying
the binary predicate C[i,j] between the instantiations of v[il and vIj] (and is counted
as a consistency check).

The procedure betow, bessp, shows the environment within which the tree search functions
will be cailled.

I PROCEDURE bessp (n,status)

2 BEGIN

3 consistent « true;

4 status « “unknown”;

5 ie1:

6 WHILE status = “unknown”

7 DO BEGIN

g iF consistent

9 THEN i « label{i.consistent)

0 ELSE | « uniabei(i,consistent};

{
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11 IFi>n

12 . : THEN status « “solution™

13 ELSEIF i =0

14 THEN status <« “impossible”
15 END

16 END:

Procedure bessp addresses the binary constraint satisfaction search problem:

Given a set of variables (where each variable has a discrete domain) and a set of binary
refations that act between pairs of variables, find the first consistent instantiation of these
variables which satisfies aff the refations.

The function label attempts to find a consistent instantiation for v[il. The function
takes as arguments the boolean (reference} variable consistent and the current variable i,
label is called when consistent = true and 1 < i = n. The function delivers as a result the
new current variable. When label terminates with consistent = true, the variable vij] will
have been instantiated with a value that is consistent with the past variables, and i+1 is
delivered as a result (thus maintaining the static order of instantiation). When label ter-
minates with consistent = false then no consistent instantiation could be found for viil,
current-domainli] = nil, and i is delivered as a result. Therefore, label can terminate in
the following states: (a) consistent = true and 1 < i < n, (b) consistent = true and { =n+1,
or {c) consistent = false and 1 = i = n. When terminating in state (a8) procedure bessp
will again call label with the new current variable. Terminating in state (b) will cause
procedure bessp to terminate with status set to solution, and terminating in state (¢} will
cause bessp to call unlabel.

Function uniabel performs hacktracking from v{#] to v[h]. The function is called when
consistent = false, } = [ < n, and current-domain{i] = nil (all values have been tried for
v[i] without success). The function selects a past variable v[k] as the backtracking point
and resets the variable v[j1, for all j, where # < < i. The value in v[A} is then removed

~from current-domainlk), consistent is set to true if there are values remaining in current-

domainih), and h is delivered as a result. Therefore unlabel can terminate in the following
states: (@) consistent = true and 1 < h = i, (b) consistent = false and 1 = h < i, or (g}
consistent = false and k = 0. When terminating in state {a) procedure bcssp will then call
label. Terminating in state (b) will cause procedure bessp to call unlabel again, and
terminating in state {c) will cause bessp to terminate wgth starus = impossible.

In the functions that follow, a forward move by algorithm X will be hamed x-label,
and a backward move will be named x-unlabel. For example BT (chronological backtrack-
ing) is defined by functions bt-label and bt-uniabel. These functions are then substituted
into Fnes 9 and 10 respectively, of procedure bessp. In the experiments that follow, the
number of calls made to x-labefl is taken to be the number of nodes visited within the
search tree.. .

3. TREE SEARCH ALGORITHMS

This section describes nine tree search algorithms for the constraint satisfaction search
problem. and these are presented in the folowing order: BT, BJ, CBJ, BM, BMI, BM-
CBJ. FC. FC-BJ, FC-CBJ. Generally, an algorithm is presented as a modification to an
existing algorithm, and line numbering is adopted so that we can see just what changes
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-are required to take us from one algorithm to another. In essence, all the algorithms are
arrived at by performing minor modifications to BT, and this algorithm might be considered
as a reference point.

3.1. Chronological Backtracking

In the backtracking algorithm (Bitner and Reingold 1975; Golomb and Baumert 1965;
Walker 1960) variables are incrementally instantiated with values from their respective
domains. When the current variable v[il is assigned a value, consistency checking is
performed backward against the past variables, If & consistency check fails then another
value is selected from the domain of v[i] and consistency checking is performed again. If
no value can be found in the domain of v[i} that is consistent with the past variables, then
the variable v[h], which was instantiated immediately before v{i], is uninstantiated and a
new value is sought for viA]. The backtracking algorithm BT is described below by the
functions br-label and br-uniabel.

1 FUNCTION be-label(i,consistent): INTEGER

2 BEGIN

3 consistent « false;

4 FOR vi{i] « EACH ELEMENT OF current-domainfi] WHILE not consistent
5 DO BEGIN

6 consistent < true;

7 FOR h «~ | TO i—1 WHILE consistent

8 DO consistent < check(i,h);

9 IF not consistent

10 THEN current-domain{i] « remove(v{i],current-domain{i}}
it END:

12 IF consistent THEN return(i+ 1) ELSE retura(i)

13 END:

br-label attempts to find the first instantiation in current-domain(i} that is consistent
with all of the past variables {the FOR loop, lines 4-11). When bs-label encounters some
vatue in current-domain{i] that is inconsistent with the past variables, that value is removed
from current-domain{i] Qines 9 and 10). The outer FOR loop terminates either () by
making a consistent instantiation of v[i} or (b} by exhausting ali values in current-domainfil.
When terminating in state (a) consistent will be true, current-domainli] C domain(il, and
i+1 is delivered as the new curren! variable. When terminating in state (b), currens-
domain[i] will be nil, consistent will be false, and i is delivered as the current variable.

I EUNCTION bt-unlabel(i.consistent): INTEGER

2 BEGIN

3 h«i-1;

4 current-domainfi] « domainii];

5 cwrrent-domainfh] < remove{v[h].current-domain[h]};
6 consistent < current-domainih] # nil;

7 retarn(h)

8 END:

bi-unlabel chronologically backtracks from vli} 1o v[h], where b « i—1 (line 3). As
will be seen, line 3 is common to all of the chronological backtracking fum-:iions {bt-
unlabel, bm-unlabel, and fe-unlabel). current-domainli] is reset to domainli} (tine 4) and
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the value vik] is removed from current-domainth] (line 5). When v[h] becomes the current
variable (line 7) all fiture variables, vij}, will have current-domainljl = domain{j], and all
past variables (and the current variable) will have current-domain{g) C domain{g], where
I = g = h <j = n. This property holds for all of the backward-checking algorithms (BT,
Bl, CBI, BM, BM], and BM-CBJ). The reference variable consistent is set to srue if there
are values remaining in current-domainfh} (i.e., BT can now attempt a new instantiation
for vih]; otherwise consistent is set to false (i.e., BT will then backtrack from v{i} 10
v[h—1]). The function returns s as the new cuTent variable. The actions of lines 5, 6, and
7 are common to all of the backtracking functions presented here. The action of line § in
bt-unlabel might be interpreteu as follows.

_ Function br-label was unable to find an instantiation for vif] which was consistent. It is
assumed that the instantiation of v[h] is the cause of this inconsistency. Therefore, by
finding a new instantiation for v{h], consistent instantiations might be found for the future
variables.

This is & naive assumption. It may be the case that v[A] plays no role whatsoever in the
conflict involving v[i]. When this happens the entire search subtree rooted on vii] will be
reexplored, and the functions bt-label and br-unlabel will stavishly repeat the same set of
actions with the same set of outcomes. This pathological behavior has been referred to as
thrashing {Mackworth 1977).

3.2. Backjumping (B))

The backjumping (BI) procedure of Gaschnig (1979) attempts to minimize the number
of nodes visited within the search tree and consequently reduce the number of consistency
checks performed by the search process. BJ does this by jumping back directly to the
cause of a conflict. When the current variable vi] is to be instantiated with a value, a
record is kept in the array element max-check{i] of the deepest variable with which v{i]
performed a consistency check. If no value can be found in current-domain{i] that is
consistent with the past variables, BY jumps back to v{k], where h = max-checkli]. That
is, vih] is the deepest variable that precludes a candidate value for the current variable,
and if v[#] Is reinstantiated a consistent value may be found for v[i}. If on jumping back
to v[k] there are no remaining values to be tried in current-domain[h], BJ then chronolog-
ically backtracks. Since v[h] must have passed consistency checks with all past variables,
max-check[h} will be equal to #—1, and when BJ jumps back from v[h] it will actually step
back to v[h—1]. Therefore, we might say that BJ is an algorithm that jumps and steps
back. The function below, bj-label, corresponds to the labeling function forl Bl. bj-label
reguires the global integer array max-check. max-checklil is initialized to zero for all i.

I FUNCTION bj-label (i,consistent): INTEGER
2 BEGIN
consistent « false;
FOR vii] +— EACH ELEMENT OF current-domain[i} WHILE not consistent
DO BEGIN
consistent <~ true;
FOR h « 1 TO i—1 WHILE consistent
DO BEGIN
consistent « check(i,h);
max-check[i] «— max{max-check[i].h)

[= B =T CREN IR RO ]
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11 END;

12 IF not consistent

13 THEN current-domain(i} < remove{v(il,current-domainfi])
14 END,

15 IF consistent THEN return(i+ 1) ELSE return(i)

16 END;

Function &f-label can be viewed as a modified version of bt-label. Whenever checking
takes place between v{i] and v[h] the array element max-checkli] is updated (line 10). bs-
label and bj-label differ only in this respect. The function below, bj-unlabel, performs the
“jumping/stepping” back from the current variable vii] to the past variable vih].

FUNCTION bj-unlabel (i.consistent): INTEGER
BEGIN
h < max-check(i];
FORj« h+1TOi
DO BEGIN
max-check{j] « 0;
current-domain[j} <« domainfi}
END;
current-domain[h] « remove{v[h],current-domain[h]};
10 consistent < current-domainih] # nil;
i1 returnth)
12 END;

M G0 1 G B W b e

Indine 3, & is selected as the backtracking point. In the FOR loop {lines 4-8) the variables
v[j1 are reset {for h < j = {). By “reset” we mean that current-domain(j] is reset to
domain[ j] and max-check]j] is reset to zero. Therefore, we are again assured that the
current-domain of the future variables are equal to their respective domain. Lines 9-11
correspond to lines 5-7 in function bt-uniabel.

Figure 3 demonstrates the behavior of BJ. The current variable v[5] has failed consis-
tency checks with v[3] and v[1], and it is assumed that there are no values remaining in
current-domain{5]. B} then jumps back to v[3]. ¥[3] has passed all consistency checks with
the variables in fts past, namely v[i] and v[2}, and max-check[3] = 2. If v[3] has no
remaining values in current~domain[3)], Bl “steps” back to v[2]. BJ then proceeds to
reenumerate the search tree rooted on v[3].

In some respects it is important to note what BJ does not do, and we can do this by
being clear about the semantics of max-checkli]. max-check[i} is not the deepest variable
that some trial instantiation of v[{] was in conflict with, but is the deepest varable that v{f
checked against. It is only when BJ moves forward from [kl to v[i] and fails to find an
instantiation for vii] that max-check|i} is surely the deepest variable that v[i] failed against.
If max-checkli] was always the deepest variable that precluded some candidate value from
curreni-domainli] (and we could do this by updating max-checkii] only when a consistency
check fails) we would have an incomplete algorithm. Assume we change the semantics of
max-check accordingly. and change its name to max-fail. such that max-faillf] is the deepest
variable that was in confliict with {i]. Assume that v[{1 was in conflict with v{g] and v{a],
where g < h. max-fail[i} will then be h. Assume that we then jump back to v[k], and vih]
has experienced conflicts with v[ £], where f < g. If there are no values in current-domain(h}
our “buggy" version of BI would jump back to v[#]. The algorithm has jumped back too
far: it shonld have jumped back to vlgl. Therefore BJ is conservative but safe, in that it
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FiGure 3. A backward-checking scenario. }
-

jumps and then steps back.* We might then say that when jumping back BJ js directed by
consistency checks that have been performed rather than consistency checks which failed.
If B} was able to remember the set of variables that were in conflict with v{i] it should
then be able to make a series of jumps back.

3.3. . Conflict-Directed Backjumping (CBI}

Where BJ steps back from v[A] after jumping back from {i], the conflict-directed
backjumper (CBI) continues to jump across conflicts which involve both vik] and v{i]. CBJ
achieves this by recording the set of past variables that failed consistency checks with the

“It may be of inlerest to nole that in Gaschnig's thesis (1979) Bi was presented “without formal pro(_)f“ {p.
1761 and further, that suggesied fisture work was 10 “prove that backmark and backjump are valid algorithms”
(p. 2397,
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current variable (and we refer to this as a “conflict set™ as in Dechter 1999). If no consistent
instantiation can be found for v[i], we then jump back to the deepest variable, vih], that
conflicted with v[i]. If on jumping back to vih] we discover that there are no more values
to be tried in current-domainlh] we then juomp back to v[g], where vig] is the deepest
variable that was in conflict with either vfi] or vih]. :

CBJ maintains a conflict set conf-set]i] for each variable, where the array conf-set is
declared giobally. Initially each element of conf-ser[i] is set to be {0}. When a consistency
check fails between v[/] and v[A], h is added to the set confserfi). Therefore, conf-setli] is
the subset of the past variables in conflict with v{i]. If there are no remaining values to be
tried in current-domain{i}, CBJ jumps back to the deepest variable k], where h € conf-
setfi] (that is h « max-list(conf-set]il), where the function max-list delivers the largest
integer in a set of integers). When jumping back from v{i} to v{h] the information in conf-
setfi] is carried upward 1o vlh]. The array element conf-set{h} becomes conf-serfh] U conf-
setfil] — h, the set of variables in conflict with vikj and vii). Therefore when further
backtracking takes place from v[k], CBJ jumps back to v{g], where vig} is the deepest
variable in conflict with either v[A] or v[7]. It might be said that CBJ performs a primitive
style of “learning while searching™ (Dechter 1990), and that the current search knowledge
exists within conf-set[i] and current-domain{i]. conf-set{i] can be considered as a naive
explanation of why values have been removed from current-domainli], and is similar to
the causelist of Rosiers and Bruynooghe (1987).

I FUNCTION chj-label (i,consistent): INTEGER
2 BEGIN
3 consistent « false; ‘
4 FOR v[i] « EACH ELEMENT OF current-domain{i] WHILE not consistent
5 DO BEGIN
6 consistent « frue;
7 FORh « | TO i—{ WHILE consistent
8 DO consistent «- check(i,h);
9 IF not consistent
10 THEN BEGIN
3] pushnew{h— | ,conf-set]i]);
12 curreni-domainfi] « remove(viil,current-domain{i]}
13
14

END
. END;
15 IF consistent THEN return{i+ 1) ELSE return{i)
16 END.

Function chj-label is very similar to bj-label. In b-iabel the array element max-check|i]
is maintained unconditionally (Hine 10 of hj-label}, whereas in chj-label the array element
conf-sefii] is maintained conditionally. Only when a conflict has been detected between
v{i] and v[A} is /i added to the set conf-seri] (in line 1} the call pushnewlh— 1 conf-se:[f}}
adds h—1 to the set conf-set[i] if k-1 is not already a member of conf-sef[i}).?

1 FUNCTION chj-unlabel (i,consistent): INTEGER

2 BEGIN

3 h e max-hst(coni-setfi]):

4 conf-settih] « remove(h,union{conf-set[h}.conf-set[i}}};

*Nots: we have 10 decrement & in line 11. This is so because on termination of the FOR loop of line 7, 4
will have a value one greater than during the last execution of the statement of line 8. This is explained more
fully in Appendix A.
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5 FORj e« h+1TO}

6 DO BEGIN

7 " confesetfj] « {0};

8 current-domainfi} « domainj}

5 END;

il current-domainfh} « remove(vih],current-domainfhj);
11 -consistent < current-domain{h] # nil;

12 return(h)

13 END; :

Again, function chj-urdabel is similar to bj-unlabel. The backtracking point 4 {line 3)
is the largest value in the set confosef[il, whereas in bj-unlabel is max-checkli}. However;
there is no analogue to line 4 within bj-unlabel. bj-unlabel makes no attempt to pass search
knowledge upward through the search tree. If chj-label is modified such that h is added
to conf-set]i] unconditionally (move line 1! fo position 8.1) CBJ will behave as BJ. An
informal proof of the completeness of CBI, using induction, has been given by Tsang
(1992). . BRI N o

In Fig. 3 a call to chj-unlabel(5,consistent) would be made, with conf>set[5] = {0,1,3},
Vatiables vi4] and v[3] would be uninstantiated, conf-sef[3} would become {0,1}, consistent
would be false, and chj-unlabel would deliver as a result the value 3. ?rocedm_bgssp
would then make a call to chj-unlabel(3,consistent), and v[2} and v{1] would be uninstan,
tiated. The function call would terminate with consistent set to frue, conf-sef[1] = {0}, and
would deliver & result of 1. R T T :

CBJ has many features in common with Dechter’s graph-based backjumping algarithm
GBJ (Dechter 1990). GBI exploits the topology of the constraint graph when backtr;;cking.
When GBJ reaches a dead on v{il it jumps back to the deepest variable among those
connected to v{i] in the constraint graph, namely v[k], and if there are no values remaining
to be tried for v{h] GBJ jumps back to vig] where vlg] is the deepest variable conpected
to either v{i] or v[k]. GBJ computes for each variable the set parents[i], where parg_nts{i]
is the set of variables in v[{]’s past that are connected to v[/l. When no instantiation can
be found for v[i] GBI updates the global variable P (called the parent set), such that Pé«-—
P U parentsiil — i, and jumps back to v[il, where it < max-list{P). The contents of P are
then carried forward by GBJ. P has an alternative interpretation, namely P is the superset
of variables that have been involved in conflicts experienced by the search process. If the
search process reaches a dead-end a safe action is_then to jump back to. the.deepest
variable in P. Clearly, from our discussion on BJ, it®an be seen that if P was dispensed
with, or was reset whenever a successful forward move was made, we would again have
an incomplete algorithm, .

g S

3.4. Backmarking (BM)

The backmarking atgorithm {BM) of Gaschnig (1577} attempts to minimize the execu-
tion of redundant consistency checks within a chronological backtracking alger‘ithm.. BM
recognizes two situations where redundant checks can be avoided. The ﬁ{‘st‘ sntuat}on_ is
when the current variable V[#] is about to be reinstantiated with a value &, tht‘S instantiation
previously failed consistency checking with some past variable vih], aad. it is knov.vn that
v[#] still holds that conflicting value. Therefore the consistency check will fail again, apd
BM need not consider that instantiation of v[i}. The second situation is when BM rein-
stantiates vli] with the value k, and it is known that earlier on in the search. process
consistency checking succeeded between that instantiation of v{i] and v[k]. it is known
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that v[4] has not changed value; therefore that check will again succeed. Therefore BM
does not perform the check between vk} and v[i], and neither does it perform consistency
checks between v{i] and any variable in the past of v[#].

BM employs two arrays in order to achieve these savings, namely mcl (the maximuni
checking level) and mbl (the minimum backup level). mel is an # X m integer array, where
m is the size of the largest domain of the » variables, and mb! is a one dimensional integer
array of # elements. Initially all elements of mcl and mbl are set 10 0. The array element
mclfi, k] is very similar to the array element max-check[i] in BI. That is, max-check[i] is
the deepest variable that v[i} checked against, whereas mc/[i, 4] is the deepest variable that
the instantiation v[f] «— k checked against. Therefore, mcili, k] is a finer grained version of
max-check{i]. The array elethent mbl{i] records the shallowest past variable that has
changed value since v[i] was the current variable. Therefore, let # be mbi[il. BM is aware
that all variables in the past of v[4] have not changed value since BM last visited v[i].

The arrays mel and mbl are exploited as follows. Assume BM attempts the instantiation
vii] « k. If mclli, k} < mbl{i] consistency checking must have failed between v[i] «— k and
the variable v{#], where h = mcl[i, k]. The variable v{A] has not reinstantiated with a value,
and consistency checking will again fail. Therefore the instantiation v{i] «— k need not be
considered. This is referred to as “type (a) saving” in Nadel {1989). When mci[i, k] =
mbil{], the instantiation v[#] « & must have passed consistency checking with the variables
vik], for all s, where k < mbl{i]. Since these variables have not been re-instantiated these
checks will continue to succeed. Therefore consistency checking need only be performed
against variables v[h], for all A, where mbi[i] = h < i. This is referred to as a “type (b}
saving” in Nadel (1989). The functions below, bm-label and bm-unlabel, describe an explicit
form of backmarking.

1 FUNCTION bm-label (i,consistent): INTEGER
2 BEGIN

3 consistent « false;
4 FOR k « BEACH ELEMENT OF current-domain{i] WHILE not consistent
5 DO BEGIN
6 consistent < mclii,k} = mbllil;
7 FOR h « mbifi] TO i~ WHILE consistent
8 DO BEGIN
9 v[i} « k;
it consistent < check(i,h);
it mel[ik] « h
12 END;
13 IF not consistent
14 THEN current-domain[i}l < remove{v([i},cusrent-domaini})
5 END;
16 IF consistent THEN return(i+ 1) ELSE return(i}
17 END:

The type (a) savings are achieved via line 6 above. That is, if mclli, k) < mbi[i} the FOR
loop tlines 7 to 12} is not executed. Type (b) savings are achieved via the lower bound
mbifi] of the FOR loop in line 7. Again, bm-label may be compared with bj-label. In bj-
label the array element max-check[i] is maintained unconditionally (line 19 of bj-label),
and in bm-label the array element mclfi, k] is maintained conditionally {line 11 above). 5j-
label records only the deepest variable that vii] checked against, whereas bm-lubel records,
for each instantiation v[i} « k., the deepest variable that that instantiation checked against.

TR
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Therefore it appears that the information in mel can be exploited to aflow BJ within B
{and this will be shown in the next section). Ve

t FUNCTION bm-unfabel (i,consistent): INTEGER
2 BEGIN
3 hei-1;
4 current-domain{i] «— domainlii; o
5 mbifi] < h; .
6 FORj « h+1 TO n DO mbilj] « min(mblfi},h);
7 current-domain{h] < remove (v[h],current-domain[h}};
8 consistent «— current-domainfh) # nil;
9 return(h); ‘
10 END; IS

. LT AT +
Lines 5 and & maintain the backtracking information within mbl, and if we remove lines 3 .
and 6, bm-unlabel becomes bt-unlabel. 1t is worth noting that BM is dependent'upona
static order of instantiation. If the order of instantiation was alfowed to change during the
search process this would result in a corruption of the search knowledge within the arrays
mel and mbl. Therefore BM, and any hybrids of BM, cannot exploit heuristics that examiné
future variables during the search process. - e b

. *

3.5. Backmarking and Backjumping (BMJ} T P T

From the discussion on BM it appears that BJ can be incorporated \‘ﬁ@hiﬁ BM,’ﬁgﬁf i
in the hybrid BMJ. It is anticipated that BMJ will enjoy the advantages of BM anti BY;
namely, avoiding redundant consistency checks while reducing the number of nodes visited
within the search tree. That is, BMJ should make the type (a) and (b) savings deseribed
earlier, while being able to jump back to the source of conflicts. We can do this by nodifying
bm-label such that it maintains the information required by.&j-unlabel (namélycinazs
checkifl), and by modifying bj-unlabel such that it maintains the information requiréd &y
bm-label (namely mbi[il). BMJ is then defined by the functions, bmj-label and bmj-unlabel; ‘

1 FUNCTION bmij-label {i,consistent): INTEGER ‘ T

2 BEGIN . Lo e
3 consistent « false; d

4 FOR k — EACH ELEMENT OF current-domain[i] WHILE not consistent
5 DO BEGIN :

6 consistent «— mcifi,k] = mbl[il;

7 FOR h « mbl{i] TO i—1 WHILE consistent

g DO BEGIN

9 vii] e k;

10 consistent « check(i,h};

ir mclfi,k] < h

12 END;

12.1 max-check[i] «— max(max-check[il,mclli,kI);

13 IF not consistent )

14 THEN current-domain[i] < remove(vii],current-domain{i])

15 END;

16 IF consistent THEN return(i+ 1) ELSE return{i)

17 END;






























