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Preface

This volume contains the papers presented at the ICALP Workshop “MATCH-UP: Matching
Under Preferences”, held at the University of Reykjavik on July 6, 2008.

Matching problems with preferences occur in widespread applications such as the assignment
of school-leavers to universities, junior doctors to hospitals, students to campus housing,
children to schools, kidney transplant patients to donors and so on. The common thread is
that individuals have preference lists over the possible outcomes and the task is to find a
matching of the participants that is in some sense optimal with respect to these preferences.

The remit of this workshop was to explore matching problems with preferences, with an
emphasis on the algorithms and complexity perspective, but a key objective was also to
bring together the computer science and economics communities who have tended to follow
different paths when studying these problems previously. The timing of the workshop reflects
the growing interest in such problems among researchers in these communities that has led
to a wealth of publications in the past few years.

The opening talk at the workshop was to have been given by one of the key pioneers in the
field, Professor David Gale, of the University of California, Berkeley. Tragically, David Gale
died suddenly on 7 March 2008, while preparations for the workshop were under way. We
are honoured to dedicate the workshop to his memory.

In addition to David Gale, Professor Kurt Mehlhorn, Max Planck Institute fiir Informatik,
Professor Al Roth, Harvard University, and Professor Marilda Sotomayor, Universidade de
Sao Paolo, all kindly agreed to give an invited talk at the workshop. Marilda Sotomayor
agreed to open the workshop by paying tribute to the life and work of David Gale, in
particular describing his contribution to the theory of matching problems.

Our call for papers generated much interest, and we were pleased with both the quality
and quantity of submitted papers. These originated in roughly equal measure from the
computing science and economics communities. The tight time constraints imposed by a
one-day workshop made the selection process difficult, and forced us to reject a number
of good papers that, in other circumstances, we would have been happy to accept. The
final choice of 15 contributed papers appearing in these proceedings represents, we feel, an
excellent snapshot of the current state of the art regarding research in the area of matching
problems with preferences.

We would like to conclude by thanking the invited speakers and the authors of all submitted
papers for helping to make this workshop a success.

Magnis M. Halldorsson
Rob Irving
Kazuo Iwama

David Manlove
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My Encounters with David Gale
Marilda Sotomayor, Universidade de Sao Paolo

Abstract

In this talk I will tell what I know about David Gale and what I learned from him as a friend
and a mathematician.

Extracts from a letter from Marilda Sotomayor to Bernhard von Stengel on David
Gale's work, dated March 12 2008:

Over the last fifty years David Gale played a leading role in developing some of the themes
of fundamental importance to economic theory. An example is matching theory which he
introduced to me in 1983. We wrote several papers together. From this time on I used to send
to him my manuscripts, before submitting them. He always used to read them and to make
comments and suggestions. The Gale's Feast I organized at Stony Brook was a way to thank
him for everything I received from him. I also edited a special issue in honor to him for the
International Journal of Game Theory, which was published these days. I think David did not
see the publication, but I gave to him during the dinner of the Gale's Feast, as a symbolic gift,
a compilation of the copies of all 17 papers. You can find a paper of mine there too: The
Stability Of The Equilibrium Outcomes In The Admission Games Induced By Stable
Matching Rules. This special issue is on David's work but most of them are on matching.
Probably we will also have a book published by Springer.

There is some thing that I am sure you can tell in your appreciation on Gale's work. Once, in
1975, when David finished a talk about the stable marriage problem, some physician, who
had attended the talk, approached him and told him that the Gale-Shapley algorithm was very
similar to the one that was being used by the National Resident Matching Program in Illinois.
Then, he wrote a letter to the NRMP asking them about that. They answered David and from
the description of the algorithm used by the NRMP he could see that it was mathematically
equivalent to the Gale-Shapley algorithm, but in the reverse: instead of producing the optimal
stable matching for the students it produced the optimal stable matching for the hospitals.
This fact was spread orally. When I arrived in Berkeley, February of 1983, there were papers
on the walls of the Department of Mathematics congratulating David for having been elected
for the National Academy of Sciences. In these papers it was written that David Gale had
discovered an algorithm which was being used to make the allocation of the interns and
hospitals in the United States. At this time, there was a colloquium in the Department of
Mathematics and David gave a talk about the stable marriage problem. I attended such a talk.
Then he talked about the mathematical equivalence of the two algorithms and made clear that
the Gale-Shapley algorithm was independently discovered 11 years after the discovery of the
NRMP.

These facts were reported in the second paper David wrote about the stable marriage problem,
in 1983, co-authored with me: Some remarks on the stable matching problem, Discrete
Applied Mathematics. This paper was only published in 1985 and was very important for the
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developing of the theory of the discrete matchings. In my opinion this was, after the first one
by Gale and Shapley, the most important paper that was written on this subject. It presents a
concise theory whose results and arguments used in the proofs have been used by the authors
until nowadays. The existent theory only considered special cases of the marriage model (the
same number of men and women and/or complete preference lists of acceptable partners).
Our paper presents the general marriage model where the lists of acceptable partners do not
need to be complete and we may have any number of agents in each side of the model. Then
the paper generalizes all existent results, presents new proofs with different arguments, and
also new results. Almost all results have two proofs: one by making use of the algorithm and
another one without the algorithm, by only using the theory that is constructed in the paper. A
new and very short proof of the non-manipulability theorem by Dubins and Freedman allows
to teach this result in only one class. The original proof had 20 pages. This theorem opened
space for investigation on the strategic aspects of the Gale-Shapley algorithm. This was done
in the following paper by us, also written in 1983 and published in 1985: Ms. Machiavelli and
the stable matching problem, American Math. Monthly.

His first work on continuous matching models was with Gabrielle Demange: The strategy
structure of two-sided matching markets, Econometrica, 1985. This is a very precious paper
because it allowed to us to use the similarities and differences between several results for the
marriage model and for the continuous model to understand better the structure of the
matching models.

Another important work on the continuous matching models was written with me and
Demange: Multi-item auctions, Journal of Political Economy. It is about two dynamic auction
mechanisms to produce the minimum competitive equilibrium price for the case where
buyers have quasi-linear utilities and only wish one object and each seller owns one object.

An important thing to be written about David Gale is that all his works reflect his
extraordinary creativity, his ability to combine precision and rigour with an elegant style of
exposition and to provide simpler alternatives to complicated proofs. An example is the paper
of Shapley and Scarf (1974), where he presented a short and simple proof of the non-
emptiness of the core of the Housing market, as an alternative to the more complicated proof
of the authors. His proof is done by means of the well-known "Top trading cycles algorithm"
which has been applied to allocation problems of students to schools and of kidneys to
patients. Another example is the suggestion to John Nash to demonstrate the existence of
Nash equilibria using the Kakutani Fixed Point Theorem to simplify his proof.



Assigning Papers to Reviewers

Kurt Mehlhorn
Max Planck Institut fur Informatik

Abstract

CS conferences typically have a program committee (PC) that selects the papers for
the conference from among the submitted papers. The work of the PC is supported by a
conference support system, e.g., EasyChair. It is the task of the program chair to assign
the papers to the members of the PC. In order to achieve an effective assignment, the PC
members classify the papers according to interest. The EasyChair conference system knows
four levels: strongly interested, weakly interested, not interested, conflict of interest. Given
the classification of the papers by the PC members, the chair seeks a good assignment. What
are the right objectives? Here are some: balancing the load of the PC members, making the
task of the PC members worthwhile by assigning their high interest papers, guaranteeing
each paper a sufficient number of reviews, guaranteeing each paper a sufficient total level of
interest, and so on. I will discuss several versions of the problem; I will pose more questions
than I give answers.



Kidney Exchange: Design and Evolution of a Computer-assisted Matching
Mechanism

Al Roth, Harvard University
Abstract

I will give an overview of the recent development of regional kidney exchanges in the United
States, which help patients with incompatible (or poorly matched) donors arrange kidney
transplants from other patients' donors. Advances in matching theory interacted with changes in
surgical practice as these kidney exchanges evolved. Legislation in 2007 removed barriers to a
national kidney exchange, which raises new market design and computational issues, some of
which are still open questions.



Unravelling in Two-Sided Matching Markets
and Similarity of Preferences

Hanna Halaburda*

Abstract

This paper investigates the causes and welfare
consequences of unravelling in two-sided matching
markets. It shows that similarity of preferences is
an important factor driving unravelling. In partic-
ular, it shows that under the ex-post stable mech-
anism (the mechanism that the literature focuses
on), unravelling is more likely to occur when par-
ticipants have more similar preferences. It also
shows that any Pareto-optimal mechanism must
prevent unravelling, and that the ex-post stable
mechanism is Pareto-optimal if and only if it pre-
vents unravelling.

1 Introduction

The hiring process calls for collecting information
in order to choose the best individual from among
the candidates. In certain markets, however, firms
hire workers long before all the pertinent informa-
tion is available. For instance, in the market for
hospital interns before 1945, appointments have
been made even as early as two years before stu-
dents’ graduation and the actual start of the job
(Roth, 1984, 2003). This phenomenon of contract-
ing long before the job begins and before rele-
vant information is available, is called unravelling.
Those early matches often turn out to be ineffi-
cient when the job starts.

Unravelling has been recognized as a serious
problem in numerous markets.! Measures de-
signed to preclude this phenomenon have not al-
ways been successful. Unravelling prevails in cer-
tain markets because some employers see a bet-
ter chance to hire their most-preferred candidates
when they contract early than when they wait.

*Harvard Business School, hhalaburda@hbs.edu.
'For an extensive list, see Roth and Xing (1994).

Meanwhile, other markets for entry-level profes-
sionals appear never to have experienced unrav-
elling, including markets for new professors in fi-
nance, economics and biology. Studying what fac-
tors lead to unravelling in some markets but not in
others can help design better measures to prevent
unravelling.

Much of the existing research focuses on sta-
bility as the key to understanding unravelling. A
matching is ex-post stable if every agent prefers
his match to being unmatched, and if there is no
blocking pair, that is, a worker and a firm that
both strictly prefer each other to their assigned
partners. Roth (1991) and Kagel and Roth (2000)
argue that ex-post stable matching implemented
upon arrival of pertinent information should pre-
clude early contracting. This argument is known
as the “stability hypothesis.” An ex-post stable
matching can be produced in a market through
a clearinghouse.? However, some clearinghouses
with an ex-post stable algorithm have failed to
stop unravelling.® Roth and Xing (1994) also of-
fer theoretical examples of unravelling even when
ex-post stable matching is expected upon the ar-
rival of pertinent information. There is no consen-
sus, however, on whether these examples are single
anomalies, or if instead there is some systematic
reason for the stability hypothesis to fail.

2In a clearinghouse, firms and workers submit their pref-
erences, and a matching among all participants is produced
by an algorithm.

3Examples include the U.S. gastroenterology market,
whose clearinghouse was abandoned in 1996 (Niederle and
Roth, 2003), and the Canadian market for new lawyers
(Roth and Xing, 1994).

4The stability hypothesis is not the only expla-
nation of unravelling in the literature. In Dami-
ano, Li and Suen (2005), early contracting is the result of
costly search. Li and Rosen (1998), Li and Suen (2000)
and Suen (2000) point to workers’ risk aversion as the main
cause of the phenomenon. Although risk aversion plays an



This paper shows that the similarity of prefer-
ences is an important factor contributing to un-
ravelling. The more similar are firms’ preferences,
the more unravelling will occur in the market, even
with an ex-post stable clearinghouse in operation.
This paper also shows that unravelling leads to a
loss in welfare, and a mechanism must preclude
unravelling to be Pareto-optimal. In some mar-
kets it means that an ex-post stable mechanism is
Pareto-dominated by an ex-post unstable mecha-
nism.

This paper examines a two-sided matching mar-
ket populated by firms and workers. The agents
on each side are heterogenous and they have pref-
erences over agents on the other side of the mar-
ket. Their aim is to match with the best possi-
ble agent on the other side. Workers’ preferences
over firms are identical: all workers agree on which
firm is the best firm, the next-to-best or the worst
firm. Firms, however, may have different prefer-
ences over the workers. The similarity of firms’
preferences over workers is a comparative statics
parameter. There are two periods. Firms and
workers can contract in either period, but firms
only learn their preferences in the second period.
The firms and workers who contract in the first
period exit the market. The agents who remain
in the second period participate in a mechanism
that produces a matching between them. In this
model, contracting during the first period, before
firms have learned their preferences, constitutes
unravelling.

The first part of the paper investigates unrav-
elling when the mechanism in the second period
produces the ex-post stable matching. In the en-
vironment considered here there always exists a
unique ex-post stable matching.

It is shown that the nature of equilibria depends
crucially on the level of similarity: unravelling oc-
curs only in markets where firms’ preferences are
sufficiently similar. With very similar preferences,
many firms are likely to prefer the same workers.
Amid such competition, worse firms may have a
better chance to hire their top candidates if they

important role and may be an additional cause of early con-
tracting, it is not a necessary condition for the phenomenon.
The model in this paper assumes risk-neutrality in order
to distinguish incentives to unravel driven by similarity of
preferences from those attributable to risk aversion.

contract before rankings are known.

The second part of the paper studies the prob-
lem of mechanism design in markets where un-
ravelling is possible. Before the game starts, a
mechanism is chosen for the second period. The
mechanism is announced at the outset of the game,
so that firms and workers are aware of it during
the first period. The goal is to provide a Pareto-
optimal outcome from the ex-ante perspective of
the beginning of period 1.

It turns out that any Pareto-optimal mechanism
must preclude unravelling. The first part of the
paper shows that the ex-post stable mechanism
may unravel. When this is the case, this mecha-
nism cannot be Pareto-optimal. There exists an-
other — ex-post unstable — mechanism for such a
market that does not unravel and Pareto-improves
upon the ex-post stable mechanism. In every mar-
ket there exists a mechanism producing a Pareto-
optimal outcome. In some markets, however, all
Pareto-optimal mechanisms are ex-post unstable.

Section 2 of this paper presents the model. Sec-
tion 3 investigates unravelling under an ex-post
stable mechanism. Section 4 analyzes the prob-
lem of mechanism design in markets where unrav-
elling is possible. Section 5 offers some concluding
observations.

2 The Model

To investigate unravelling, I construct a two-stage
game between two types of agents: firms and
workers. Firms and workers can contract during
the first stage. If they do, they leave the mar-
ket. In the second stage, the remaining agents are
matched by a mechanism. The game, described in
this section, is represented in Figure 1.

The market is populated by F firms, f €
{1,...,F}, and W workers, w € {1,...,W}. Let
F C {1,...,F} denote an arbitrary subset of
firms. Similarly, let W C {1,..., W} denote an
arbitrary subset of workers. There are more work-
ers than firms, W > F. Each firm has exactly one
position to fill, and each worker can take at most
one job.

Workers have identical preferences over firms:
all workers consider firm F' the most desirable,
firm F'—1 — the second-best, and so on. The



(F7 W7 u,v,p, M) and
workers' preferences
commonly known

When pFW(f) = w € ‘W, then firm f is matched
with worker w.

firms simultaneously
make (or not) early

| i1

matched firms and

workers leave the
market

offers in the market

each firm’'s ranking is
realized

workers who received an
offer accept or reject it

Figure 1: Timeline of the game

utility for a worker from being matched to firm f
is uy, and the utility from being unmatched is 0.
Workers prefer being hired by the worst firm to not
being hired at all, i.e., 0 < uy < ug < ... < up.
Let u = [uy, ug, ..., up).

Firms may have different preferences over work-
ers. Firm f’s preferences are described by its
ranking, denoted by R/ = (r{, rg, . ,rﬁv) —
an ordered list of length W, where 7"{ represents
the lowest-ranked worker, and r{:V represents the
highest-ranked worker in firm f’s ranking. Let
R =[R', ..., R] be the vector of all firms’ rank-
ings. For a subset of firms F, let R¥ be the cor-
responding vector of the rankings of the firms in
F.

The value to firm f of being matched to worker
r,’; is v3,.% It is better to hire the worst worker than
to keep a vacancy, i.e., 0 < vy < vg < ... < vy.
Let v = [v1, va, ..., vw]. The matching value vec-
tors, u and v, are publicly known. There are no
transfers between firms and workers.

Definition 1. A matching between F and W is a
function pBW 1 F — WU{D} that uniquely assigns
workers to firms. That is, for any two firms f and

f'in F such that f # f'

1) # ()
or () =aTY () =0

etther

Expression ;7"(f) = () means that in match-
ing u¥W, firm f is not matched with any worker.

5The assumption that every firm has the same value of
being matched with k-th worker on its list is needed for
clarity of exposition. The general results remain true for
differing matching values.

matching mechanism M is
applied to agents remaining

Much of the literature emphasizes the impor-
tance of ex-post stability in matching. The notion
of ex-post stability® was introduced by Gale and
Shapley (1962). A matching is called ez-post un-
stableif it results in a firm and a worker who would
prefer to be matched to each other than to remain
in their current matches. A matching is called ez-
post stable if it is not ex-post unstable.

Which matching is ex-post stable depends on
firms’ preferences, R7. A well established result in
the literature’ states that in a market where work-
ers’ preferences are identical, for any given firms’
preference profile there exists a unique ex-post sta-
ble matching between F and W.® This matching
can be characterized in the following way: The
best firm — the firm most desired by workers —
in F is matched with its highest-ranked worker in
W. Then, the next-best firm is matched with its
highest-ranked worker from among the remaining
workers, and so on. Every firm in F is matched
to its highest-ranked worker remaining in the pool
after all the better firms in F have been matched.

A matching is defined between a subset of firms
and a subset of workers. A special case is match-
ing outcome, which refers to a matching between
all firms, {1,..., F'}, and all workers, {1,..., W},
realized at the end of the two-stage game. The
ex-post stable outcome — denoted by og — is
the ex-post stable matching between all workers,
{1,..., W}, and all firms, {1,..., F'}, in the mar-
ket: og = ug""’w}’{l’”"F}. I drop R from the no-
tation, keeping in mind that ex-post stable match-
ing depends on rankings.

When a matching is produced by a matching
mechanism, M, also called a clearinghouse, it
is based on the rankings reported by firms. A
matching mechanism is incentive compatible if no
firm benefits from misreporting its preferences. A
mechanism is called ex-post stable — and denoted

5Gale and Shapley (1962) call this property “stability.”
Here it is called “ex-post stability” to emphasize the fact
that a matching satisfying this property may nevertheless
unravel, and thus in a sense may be “ex-ante” unstable
though it is “ex-post” stable.

"E.g., Gusfield and Irving (1989) or Roth and Sotomayor
(1990).

8With arbitrary workers’ preferences, ex-post stable
matching does not need to be unique.



Mg — if it applies ex-post stable matching to
the reported rankings. In this model the ex-post
stable mechanism is incentive compatible. There-
fore, the ex-post stable mechanism operating over
F and W will produce ex-post stable matching be-
tween F and 'W.

There are two periods in the model: ¢t = 1,2.
Workers’ preferences are commonly known in both
periods. Firms learn their own preferences, in the
form of rankings, only at the beginning of period 2.
Each firm’s ranking is its private information.

With W workers there are W! possible rank-
ings. Denote as JR the set of all possible rank-
ings over workers. The rankings for all F' firms,
(RY,...,RF), are drawn from a joint distribu-
tion G over M. The model focuses on distri-
butions where the marginal distributions of indi-
vidual rankings are always uniform, allowing for
different levels of similarity between the rankings.
Two special cases of such distributions are identi-
cal preferences and independent preferences.

Let GG be the joint distribution where all firms’
rankings are identical and the marginal distribu-
tion of any individual ranking is uniform on fR.
That is, every ranking in R is drawn with equal
probability of % and all firms will have the same
ranking.

Let Gy be the joint distribution such that any
firm’s ranking is drawn from the uniform distribu-
tion independently of other firms’ rankings.

Between the identical and the independent
rankings, there is a continuum of cases of inter-
mediate similarity, G ,.

Definition 2. For p € [0,1],
G, = pG1+ (1 —p)Go

The parameter p is a measure of preference sim-
ilarity? and will be a comparative statics parame-
ter in the analysis below. Preferences are said to
be more similar under G,y than under G, when
p' > p. Since p completely characterizes G,, the
two are used interchangeably.

9Similarity of preferences, as measured by p is similar to
the concept of correlation. However, correlation for rank-
ings is not well defined. Since preferences are expressed
as rankings, rankings and preferences are used interchange-
ably.

Figure 1 illustrates how the game unfolds. Mar-
ket characteristics (F, W, u, v, p, M) and workers’
preferences are commonly known at any time. At
the beginning of period 1, firms simultaneously
decide whether or not to make an early offer, and
if so, to which worker. Each firm can make at
most one offer. After the early offers are released,
each worker observes the offers he has received, if
any. He does not see offers made to other work-
ers. Every worker presented with an offer accepts
or rejects it. He may accept at most one offer. If
an offer is accepted, the matched firm and worker
leave the market. Firms whose offers were rejected
or who did not make an offer in period 1, remain in
the market for period 2. In period 2, firms’ rank-
ings are realized and a matching mechanism M
operates on the agents remaining in the market.
Section 3 assumes the ex-post stable mechanism in
period 2. Section 4 considers other mechanisms.
There is no discounting between the periods and
making offers is costless.

This paper considers only incentive compatible
mechanisms, where firms truthfully report their
rankings in period 2. In period 1, every firm
decides whether or not to make an offer and if
S0, to which worker. The analysis focuses on se-
quential equilibria in pure strategies. The strat-
egy of any firm f is o € {1,..., W} U {0}. Let
Q, C {1,...,F} be the set of firms that have
made an early offer to worker w. A strategy of
worker w, 0,(Qy) € QU {0}, is the offer that
he accepts. Strategy o, () = 0 means that the
worker rejects all offers.

Every firm’s payoff depends on many variables:
market characteristics (F, W, u, v, p, M), firms’ re-
alized rankings R, and the strategies played by all
agents in the market. For clarity, most of this
notation is suppressed and only the variables es-
sential to the current analysis are retained.

A definition of sequential equilibrium applied to
this model is a profile of strategies and a system
of beliefs such that

(1) strategies are sequentially rational given the
beliefs, i.e.

(f) every firm f € {1,...,F} chooses o}
that maximizes its expected payof, i.e.

wa(a}) > Eny(oy) Vore{l,...,W}U{0}



(w) each worker w € {1,..., W} chooses his
strategy, conditionally on the set of re-
ceived offers, o7 (), such as to maxi-
mize his expected utility, i.e.

EUy(0h | Q) = EUy (00 | Q) Vo, € {Qu{d}

(2) beliefs are consistent with the strategies
played.

Offers made and accepted in period 1 constitute
unravelling.

3 Unravelling under Ex-Post

Stable Mechanism

Given that the literature focuses on ex-post stable
mechanisms, this section investigates unravelling
under the ex-post stable matching mechanism.

The ex-post stable mechanism, Mg, is not
only incentive compatible, but in all equilibria it
also produces ex-post stable matching among the
agents remaining in period 2. Unless unravelling
occurs in period 1, it produces the ex-post stable
outcome, Og.

The ex-post stable outcome has two properties
that are of particular interest here. One is that
lower-ranked firms receive lower expected payoffs
in the ex-post stable matching, and the other is
that firms’ expected payoffs decrease as prefer-
ences become more similar.

Because of the first property, worse firms are
more likely to prefer early contracting under Mg
than better firms. To unravel, firms need to be
good enough to be accepted in period 1 and bad
enough to want to contract early. And because of
the second property, more firms prefer to contract
early as preference similarity increases.

Let Em¢(og|p) denote firm f’s expected payoff
in the ex-post stable outcome in a given market.
Then the following lemma summarizes the prop-
erties of og.

Lemma 1 (properties of og).

(1) In any market (F,W,u,v,p, Mg), for any f > 1,
Emp_1(0s|p) < Ems(0s|p).

(2) Holding other market parameters constant, for
any f < F,
p<pl - E?Tf(05|p)>E7Tf(Os|pl)

Proof. See the Appendix, page 11.

3.1 Equilibria without Unravelling

An equilibrium has no unravelling when either no
firm makes an early offer, or all early offers are re-
jected. This subsection explores conditions under
which such an equilibrium exists, i.e., conditions
under which there is no profitable deviation from
0g.

Consider a worker who receives an offer from
firm f in period 1, when in equilibrium all firms
are expected to wait for period 2. If the worker
accepts the offer, he receives utility uy. If he re-
jects the offer, all firms and all workers participate
in the period 2 matching mechanism. Because the
workers are a priori identical, a worker’s expected
utility from rejecting f’s offer is % Zle u;. He
accepts the offer when

1 F
=1

Let L0W7u) denote the lowest ranked firm whose
offer will be accepted in period 1. All firms worse
than LY will be rejected in period 1. Firm LY and
all firms better than L° will be accepted. Call

{L?VV,u) Y ey F} the acceptance set.

The incentives for firms to contract in period 1
depend on the joint distribution of rankings, G,.
Recall that E7s(og|p) denotes firm f’s expected
payoff from the ex-post stable outcome under G,,.

Since all workers are ex ante the same, an offer
made to any worker in period 1 — if it is accepted
— yields

T

0 —
™ = W Z'Uk;

k=1

Firm f prefers early contracting to ex-post stable
outcome when 7° > Ems(og|p).

Firm F' never has incentives to make an offer
in period 1, since in the ex-post stable outcome
it always hires its most-preferred worker. Other

firms may have something to gain from an early
offer, depending on p and v.

Example 1. Consider firm F—1. This firm gets
its most-preferred worker unless that worker is
firm F'’s most-preferred worker as well. Its ex-



pected payoff from the ex-post stable matching is

Enp_1(0s]p) =

=(1-p) <1—&/) vw + (p—l—(l—p);/) Vw1

In a market with 2 firms and 3 workers where v =
[1,2,6], Emi(os|p) = ¥ (1= p) +2p and 7 = 3.
Thus, firm 1 would prefer early contracting to the
ez-post stable outcome when p > g. |

The lower ranked the firm, the lower its ex-
pected payoff in the ex-post stable outcome
(Lemma 1(1)). Thus, if firm f prefers early
contracting to the ex-post stable outcome, then
all firms worse than f do too. The set of
all firms that prefer early contracting under G,

and v — called the offer set — is an inter-
val {1, e H?p,v)}’ where H(Op,v) is the highest-

ranked firm that prefers early contracting.

A profitable deviation from og is possible only
when there exists a firm that belongs to both the
acceptance set and the offer set. This happens
when the two sets have nonempty intersection, i.e.
L) < Hip.

The H?, and thus the offer set, depend on the
similarity of preferences, p. The remainder of this
section shows that under independent preferences,
G, the offer set is empty: no firm wants to con-
tract in period 1. Under identical preferences, G1,
by contrast, there may be firms willing to contract
early, depending on v. For intermediate cases,
H ?p,v) increases with p.

For independent preferences, Gy, no firm prefers
early contracting to the ex-post stable outcome.
Thus the offer set is empty. Therefore, in any
market with independent preferences, there is an
equilibrium without unravelling.

Lemma 2. For any F, v and W > F, if the prefer-
ences are independent, Gg, then H?GO v < 1. Le.,

VEv,W st W>F  7°<En;(0s|Go) Vf

Proof. See the Appendix, page 11.

Under identical preferences, Emf(og|Gi) =

vw—p4f. Thus, condition 7° > Ems(og|p) re-
duces to:
T
W Z Vg > VW —F+f
k=1

10

This inequality may be satisfied for some firms and
some values of v.

Example 2 shows a market characterized by
identical preferences of firms, where there exists
a profitable deviation.

Example 2. Consider a market with 3 firms and
4 workers and with matching values vectors v =
1, 2,3,4] and u = [4, 5, 6], and with identical
firms’ preferences, G1.

The ex-post stable outcome is

Og(fg) = 7"2 — 7T3(Os) =4
os(f2) = 7“32, = m(og)=3
OS(fl):T% - 7['1(05):2

An early offer yields expected payoff of 2.5. Thus,
firm 2 has no incentive to make an early offer, but
firm 1 prefers to contract in period 1. That is,

0 _

H(lev) = 1. N .

A worker’s expected utility from period 2 match-
ing is %Z?ﬂ uf = % < 4 = uy. This means
that firm 1°s offer in period 1 will be accepted by
any worker. Thus, L(()47u) = 1 and the acceptance
set is {1,2,3}. Since the acceptance and the offer

0 _70  _ '
sets overlap a.t H(le") = L(4’.u) = .1, there exists a
profitable deviation from og in this market. B

However, a profitable deviation from og may
not exist even when firms’ preferences are identi-
cal. For example, if the matching utilities in Ex-
ample 2 were u’ = [2,3,4], then firm 1 would be
rejected by any worker in period 1. So there would
be no profitable deviation.

Thus, under identical preferences a profitable
deviation from og may but need not exist. That
is, there are markets characterized by G1, in which
there exists an equilibrium without unravelling,
but there also are markets with G; in which any
equilibrium must exhibit unravelling.

Now, consider intermediate similarity of firms’
preferences. By Lemma 1(2), the expected value
of og for firms decreases as similarity of prefer-
ences increases. As a consequence, holding other
parameters of the market constant, more firms
prefer early contracting as similarity of preferences
increases. Workers’ incentives to accept an offer
in period 1 do not depend on similarity of prefer-
ences.



For any market parameters (F,W,v,u), there
exists a threshold p** such that a profitable devi-
ation from og exists for any similarity higher than
the threshold but not for similarity lower than the
threshold.

Lemma 3. For any market parameters
(F,W,v,u), there exists p™* € (0,1] s.t.

for all p < p**, there exists an equilibrium
without unravelling, and

for all p > p**, there is no equilibrium without
unravelling.

Proof. See the Appendix, page 11.

For Gg there are no market parameters
(F,W,v,u) for which a profitable deviation from
og exists. This follows from the fact that under
Gy, the offer set is always empty. But as simi-
larity of preferences, p, increases, firms’ expected
payoffs from ex-post stable outcome decrease and
unravelling becomes more profitable.

3.2 Equilibria with Unravelling

Firms and workers that contract early exit the
market before period 2. The remaining agents
participate in the ex-post stable matching mecha-
nism. In equilibrium, worker w who receives offers
Q,, in period 1 either accepts the best offer in €,
or rejects all of them, depending on which of the
two options maximizes his expected utility.

For any given equilibrium, define equilibrium
unravelling set as the set of firms that contract
early in this equilibrium, and denote this set by
U. The remaining firms, {1,..., F} \U, partici-
pate in Mg in period 2 with workers still remain-
ing in the market. If the equilibrium unravelling
set is empty, such an equilibrium does not involve
unravelling.

It is a property of any equilibrium that the
unravelling set is an interval, that is, U has no
“holes.” For the given equilibrium unravelling set
U*, let firm H* be the highest-ranked firm in U*,
and firm L* — the lowest-ranked in U*. The fact
that U* is an interval means that all firms worse
than H* but better than L* belong to U* as well.
This result is formally stated in Lemma 4(1) be-
low.
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Thus, any nonempty U* can be characterized
by the best firm (H*) and the worst firm (L*)
that contract early in such equilibrium: U* =
{L*,...,H*}, for L* < H*.

L H*

firms

u*
Figure 2: The structure of an equilibrium

In every market there is at least one equilibrium.
This result is formally stated in Lemma 4(2) be-
low. Moreover, in a typical market there is more
than one equilibrium.

Example 3. Consider a market with 5 firms
and 6 workers where u = [2,5,6,9,10], v =
2, 3, 4, 5, 8, 17] and firms’ preferences are identi-
cal, G1. In this market there are two possible un-
ravelling sets in pure strategy equilibria: U* = {3}
and W =1{2,3,4}. 1

In Example 3 both equilibrium unravelling sets
were nonempty. But this does not need to be the
case. There are markets with multiple equilibria
where some equilibria exhibit unravelling and oth-
ers do not.

However, equilibrium unravelling sets cannot be
arbitrary. For any two equilibrium unravelling sets
in a given market, one needs to be fully included
in the other. In particular, two equilibrium unrav-
elling sets for the same market cannot “overlap.”
Lemma 4(3) states this result formally.

/
L, ' f U ' F

(a) An impossible configuration of multiple equilibrium
unravelling sets

firms

u/
u*

(b) A possible configuration of multiple equilibrium un-
ravelling sets

L H  F

firms

L o

Figure 3: Multiple equilibria with unravelling

The following lemma summarizes properties of
equilibria in an arbitrary market with the ex-post
stable matching mechanism, (F, W,u, v, p, Mg).



Lemma 4. Given a market (F,W,u,v,p, Mg):

(1) (convexity of unravelling set) In any
equilibrium, the equilibrium unravelling set,
U, is an interval.

(2)

(existence of equilibrium) There exists an
equilibrium in pure strategies.

(multiple equilibria) If there are two equi-
librium unravelling sets, U* and U where
U* # W, then either U* C W or W C
U*.  Moreover, if both unravelling sets are
nonempty, U* = {L*,...,H*} and W =
{L',...,H'} then

L'<Il* «— H*<H

Proof. Available upon request.

The last property of multiple equilibria leads
to conclusions about how increasing similarity
of preferences drives changes in equilibrium out-
comes.

Comparative statics on p

Equilibrium unravelling — as measured by the size
of U — weakly increases with the similarity of pref-
erences.

In any market characterized by independent
preferences, all equilibria result in no-unravelling.
Lemma 3 implies that as p increases, equilibria
with U = ) exist for a smaller range of market
parameters (F, W, u,v).

By the property of multiple equilibrium unrav-
elling sets (Lemma 4(3)), every equilibrium un-
ravelling set in a given market (if there is more
than one) has a different number of firms con-
tracting early. Thus, for any market, all equilibria
can be ordered by the size of U. The mazimum
equilibrium (UMAX) and the minimum equilibrium
(UMINY can be distinguished. The former is the
class of equilibria with maximum unravelling, i.e.,
the largest U, and the latter is the class of equilib-
ria with minimum unravelling, i.e., the smallest U.
It may happen in a market that UMAX = YMIN,
that is, that all equilibria in this market result
in the same unravelling set. For instance, in any
market with Go, UMAX = YMIN — ),
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As similarity of preferences increases, both min-
imum and maximum equilibrium unravelling sets
increase. The maximum equilibrium unravelling
set increases from empty to non-empty at some p*.
Thus, for p > p* an equilibrium with unravelling
appears in the market. Moreover, when similarity
of preferences increases, the minimum equilibrium
unravelling set may also increase from empty to
non-empty — at some p** > p*. When this occurs,
“no unravelling” is no longer an equilibrium in
markets with preference similarity p > p**. This
relationship between equilibrium unravelling sets
in a market and the level of preference similarity
is illustrated by Figure 4.

Let U(p) be an equilibrium unravelling set in a
market with similarity of preferences p.

size of U
6 1
5 size of UMAX
4
3 _
9 : size of UMIN
1
0 p* l;** 1 P

uMIN uMAX
b

Figure 4: The relationship of and p

in a typical market

Proposition 1. Under Mg, for any market pa-
rameters F,W,u,v, there exist p* and p** such
that 0 < p* < p*™* <1 and

pel0,p] = UM(p) =90
pe (] = W) =0 & U ()20
pe (1 = UN(p)#0

Proof. See the Appendix, page 11.

In some markets characterized by high similar-
ity of preferences, all equilibria under the ex-post
stable mechanism involve early contracting. In
those markets only an ex-post unstable matching
mechanism can prevent unravelling. Section 4 fo-
cuses on the welfare consequences of unravelling



and on characterizing Pareto-optimal mechanisms
for markets where unravelling is possible.

4 Mechanism Design

This section turns to the problem of mechanism
design in markets where unravelling may occur.
It shows that unravelling is Pareto-inefficient, for
a broad class of mechanisms called anonymous
mechanisms. For example, the ex-post stable
mechanism is anonymous, as are all mechanisms
ever used in real markets.

This section shows that the ex-post stable
matching mechanism is Pareto-optimal if and only
if it does not induce unravelling. Moreover, in ev-
ery market there always exists a mechanism that
produces a Pareto-optimal outcome. In the mar-
kets where the ex-post stable clearinghouse un-
ravels, there exists an ex-post unstable mechanism
that will stop unravelling and improve the welfare
of the market participants.

An outcome, o, is a function from the profile
of rankings to randomization over matchings be-
tween all firms and all workers.

The previous section considered a special case
of an outcome function — the ex-post stable out-
come, 0g. This section also examines other out-
comes and mechanisms.

Firm f’s payoff from an outcome depends on the
realized rankings, R, and is denoted by 7¢(o|R).
The ex-ante expected payoff of an outcome is the
expectation over all possible ranking realizations.
Let Ems(0) be firm f’s expected payoff from out-
come O, then

Erg(0)= Y w;(0R)- Prob(R|p)
ReRF

Similarly, worker w’s expected utility of outcome
o is

EU,(0)= Y_ Uy(o|R) - Prob(R|p)
ReRF

An outcome 0 strictly Pareto-dominates (ex-
ante) outcome 0" when

(Vf Enp(0) > Enp(0") and Yw EU,(0') > EUw(o”))

and

(Hf Erp(0) > Exp(0”) or 3w EUL(0) > EUw(o”))
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A matching outcome o is Pareto-optimal in
a given market when there does not exist an
outcome in that market that strictly Pareto-
dominates o.

The social planner designs a mechanism to
achieve the best outcome in the Pareto sense (ex-
ante). For an incentive compatible mechanism in
period 2, an equilibrium under M is described by
the first-period strategies of agents. Let o denote
a vector of period 1 strategies for all agents. A
mechanism may possibly implement many equi-
libria. For example, it was demonstrated that
the game with the ex-post stable mechanism usu-
ally has multiple equilibria. Let M be the set
of all possible equilibria under mechanism M. A
mechanism-equilibrium pair (M, o), where o €
M. determines a unique outcome O(pq,q)-

A mechanism-equilibrium pair (M, o) is un-
constrained Pareto-optimal when it produces a
Pareto-optimal outcome. However, a social plan-
ner is constrained to inducing outcomes by means
of a mechanism. A mechanism-equilibrium pair
(M, o) is constrained Pareto-optimal when there
is no other mechanism-equilibrium pair (M’, ")
such that its outcome o(ry oy strictly Pareto-
dominates O(rq,0)-

Define a mechanism to be anonymous if it as-
signs workers to firms based only on firms’ rank-
ings, not on workers’ identities. For example,
the ex-post stable mechanism, Mg, is anonymous.
Define a vector of strategies, o, as anonymous if
any firm that contracts with a worker in period 1
selects a worker at random, ignoring his identity.°
A mechanism-equilibrium pair (M, o) is anony-
mous when M and o are anonymous.

Notice that under an anonymous mechanism-
equilibrium pair, every worker has the same ex-
ante expected utility at the beginning of the first
period.

It is said that a mechanism-equilibrium pair
(M, o) exhibits unravelling when there is a pos-
itive probability that an early offer is both made
and accepted under the vector of strategies o.

The following proposition presents the main re-
sult of this section: when an anonymous (M, o)
exhibits unravelling, it cannot be constrained

107¢ is assumed, however, that no two firms that want to
contract in period 1 make offer to the same worker.



Pareto-optimal.

Proposition 2. For any anonymous mechanism-
equilibrium pair (M, o) that exhibits unravelling,
there exists an anonymous mechanism-equilibrium
pair (M', ') such that it does not exhibit unrav-
elling and that outcome Oy g1y strictly Pareto-
dominates outcome O(py g)-

Proof. Consider an anonymous (M, o) such that M
produces in equilibrium o a non-empty unravelling set
UM £ (). Now consider the following mechanism M’:

(1) To all firms in UM, M’ tentatively assigns a ran-
dom worker from the set of all workers. This mim-
ics the unravelling outcome for those firms. Notice
that with probability %, a firm is assigned to its
least-preferred worker.

All other firms are matched according to M.
These firms get the same expected payoff as under
(M, o). For these firms it is the final match.

(the “least-preferred workers correction”) For all
firms in UM that were matched to their least-
preferred workers, M’ replaces these workers with
workers still remaining in the pool. This is fea-
sible because, after all firms are matched, there
is at least one worker still in the pool. For
firm f tentatively matched with its least-preferred
worker, any of the remaining workers is preferable
to the tentative match. This way, all firms ten-
tatively matched with their least-preferred work-
ers can improve their payoff. When there are
no more firms in UM that are matched to their
least-preferred worker, the algorithm stops and
the matching is finalized.
Notice that M’ is an incentive compatible mechanism,
as no firm can gain by misreporting its preferences.
There is an equilibrium without unravelling under
M'’. This is the case because all firms in UM prefer
to wait for M’ rather than to unravel given that other
firms wait for period 2. Since firms outside UM did
not unravel when some other firms were contracting
early, they do not unravel when all other firms wait for
period 2 under M’. Therefore, no unravelling occurs.
Denote the equilibrium without unravelling by o”’.
Notice that since (M, o) is anonymous, (M’ o)
is anonymous as well. And since every firm that is
matched to a worker under (M, o) is also matched un-
der (M’, o), the expected payoff to every worker does
not change. Every firm in UM has a strictly higher
expected payoff in O(rq o) than in O(rq,g). All the
other firms have exactly the same expected payoff in
both outcomes. Therefore, O(x4s o) Pareto-dominates

OMm,o)- ]
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Proposition 2 establishes that no-unravelling
is a necessary condition for constrained Pareto-
optimality of an anonymous (M,o). In par-
ticular, when the ex-post stable mechanism —
which is anonymous — unravels, it cannot be con-
strained Pareto-optimal. For the ex-post stable
mechanism, any (Mg, o) that does not exhibit
unravelling is unconstrained Pareto-optimal.

Proposition 3 guarantees that in any mar-
ket there exists an unconstrained Pareto-optimal
mechanism-equilibrium pair, i.e., one that pro-
duces a Pareto-optimal outcome.

Proposition 3. For any market, there exists a
mechanism M and an equilibrium o € M such
that (M, o) is unconstrained Pareto-optimal.

Proof. Consider a mechanism M that first randomly
assigns all participating firms a number between 1 and
F'. Then the mechanism works in the same way as the
ex-post stable mechanism but the order in which firms
are matched with workers is based on the randomly
assigned numbers, not on their position in the market.

Notice that this mechanism is anonymous. It is also
incentive compatible, as is the ex-post stable mecha-
nism. Moreover, there exists an equilibrium without
unravelling. If all agents participate in the mechanism,
then all firms have higher expected payoffs from the
mechanism than from unravelling. Thus, no firm wants
to unravel when no other firm unravels. Denote the no-
unravelling equilibrium as o .

Now, notice that (M, o) produces a Pareto-optimal
outcome. The sum of workers’ expected utilities and
the sum of firms’ expected payoffs are the same un-
der (M, o) as they are under 0g. Since Og is Pareto-
optimal, so must O(aq,0) be: in both outcomes it is im-
possible to increase the expected payoff for one agent
without decreasing it for some other agent on the same
side of the market. ]

5 Conclusions

This study investigates the causes and welfare
consequences of unravelling in two-sided matching
markets. It considers a two-period model in which
firms receive pertinent information about workers
and specify preferences over them at the beginning
of the second period. It is assumed that firms and
workers can make and accept offers during the first
period if they wish to, and that a clearinghouse
mechanism is used in the second period to assign



workers to the remaining firms. Unravelling is said
to occur when offers are both made and accepted
in the first period. Notice that firms that choose to
contract early do so in the absence of information
on which workers are most-preferred.

Section 3 explores the issue of unravelling when
the ex-post stable mechanism operates in the sec-
ond period. Ex-post stable matching is the clear-
inghouse mechanism that most of the existing lit-
erature focuses on. Section 3 shows that unrav-
elling becomes more likely as firms’ preferences
over workers grow more similar. This is the case
because when firms’ preferences are very simi-
lar, lower-ranked firms can be matched with their
most-preferred worker only by contracting with
them early. Despite insufficient information in the
first period, it may be worthwhile for such firms
to bear the risk and contract early.

Section 4 investigates the issue of Pareto-
optimality of matching mechanisms. The main
result demonstrates that a necessary condition for
an anonymous mechanism to be Pareto-optimal
is that it does not induce unravelling. Any
anonymous mechanism that induces unravelling is
Pareto-inefficient. In particular, the ex-post sta-
ble matching mechanism is Pareto-optimal if and
only if it does not unravel.

Another result of Section 4 demonstrates that
in every market there exists a mechanism that
produces a Pareto-optimal outcome. In markets
where the ex-post stable clearinghouse unravels,
it is an ex-post unstable mechanism that achieves
Pareto-optimality.

These findings are particularly noteworthy
given the importance that the literature assigns
to stability. In some circumstances, an ex-post
unstable mechanism that precludes unravelling is
actually preferable from a policy standpoint.

Appendix
Proof of Lemma 1 (page 5)

First, note that the probability that firm f is matched
with its kth worker in the ex-post stable outcome under
independent preferences is:

(F—f)!
(F—W —f+F)

(k —1)!

PV, fk) = T

(W—-F+f)
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This formula is derived by applying combinatorics.!!

(1) Proof. The probability that firm f — 1 gets its
worker k > W — F + f is

(I1—p) - PW,f-1,k)=
F—f+1 W-F+f-1

Since F', f and W are fixed, the ratio in the for-
mula decreases with increasing k. The inequality
in expected payoffs of firms f and f — 1 follows
from first order stochastic dominance. O

Proof. Follows directly from Emg¢(0glp) = p -
Ems(0s|G1) + (1 = p)Ems(05]Go), and

w
E7Tf(Os|G0): Z ’l)k-'P(Vvavk)>
k=W —F+f
w
>vworyy Y, PW f,k)=vw_ri; = En;(0s|G)
k=W —F+f
This completes the proof. ]

Proof of Lemma 2 (page 6)

Proof. Consider the worst firm, firm 1.

Prob(os(f =1) =r}|Go, W) = P(W, 1,k)

for k=W-F+1),....W

and 0 for k< W — F + 1.

By induction, it can be shown that P(W,1,k) >
P(W,1,k") for k > Kk’.  Therefore, distribution
P(W,1,k) first order stochastically dominates distri-
bution Py(W,1,k) = % for any k, which is the distri-
bution for early matches. Thus, Em(0g|Go) > 7° in
any market with Gy.

By Lemma 1(1) for any firm better than firm 1,
the payoff from the ex-post stable outcome is higher.
Therefore, all firms prefer to wait for 0Og rather than
to unravel. O

Proof of Lemma 3 (page 7)

Proof. Follows from Lemma 1(2), Lemma 2 and mono-
tonicity of HC in p. O

Proof of Proposition 1 (page 8)

Proof. First, notice that in any market with Gy,
(F,W,u,v,Gg), the only equilibrium outcome is U* =
(). This follows from Lemma 2.

For p > 0, the proof follows from the fact that
UMIN - C YMAX and monotonicity of H%(p,v) and

HDerivation of this formula is available on the author’s
website.



Eﬂf(ug’wh)) in p. The part for p** follows from
Lemma 3. For p*, notice that for any market pa-
rameters (F, W, u,v) under identical preferences, G,
it must be that either UMAX = ), or UMAX £ (). In the
former case, p* = 1 satisfies the Proposition.

In the latter case, let UMAX = [[MAX pMAX3
From an equilibrium condition it must be that

Erpuax (Ms | UM (HMY G)) < 7°
By monotonicity of Emy in p, for p <1
Emgaax (Ms | UMY {HMXY, p) >
> Emgaax (Ms | UM {HMX), Gy)
And we also know that
Emgaax (Mg | UM {HMXY, Go) > 7°
Thus, there must exist a threshold value p’ such that

<79
> 70

, if p>p
Emgmax (Mg | UMAX\{HMAX}aP) { i Z < Z,

i.e. for similarity of preferences lower than p/, HMAX
does not belong to UMAX,

Similarly, there exists a threshold p” such that firm
HMAX _1 does not belong to UMAX for p < p”. And so
on. Thus, there must be a threshold value p* such that
there is no firm that belongs to UMAX under p < p*, but
UMAX ig nonempty for similarity of preferences higher
than p*.

Values of p* and p** may be the same or different.
But by definitions of UM and UMAX it is not possible
that p* > p**.

Thus, Proposition 1 holds. O
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Abstract. This paper deals with a strategic issue in the stable marriage
model with complete preference lists (i.e., a preference list of an agent is
a permutation of all the members of the opposite sex). Given complete
preference lists of n men over n women, and a marriage u, we consider the
problem for finding preference lists of n women over n men such that the
men-proposing deferred acceptance algorithm (Gale-Shapley algorithm)
adopted to the lists produces pu. We show a simple necessary and sufficient
condition for the existence of a set of preference lists of women over men.
Our condition directly gives an O(n?) time algorithm for finding a set of
preference lists, if it exists.

1 Introduction

In 1962, Gale and Shapley [1] proposed a simple model, called stable marriage
model, of two-sided matching market. Given two sets of agents, men and women,
both of size n, Gale and Shapley discussed a model in which each agent had
preferences over agents of the opposite sex. A marriage is a one-to-one mapping
between the two sexes such that a man m is mapped to a woman w, if and only
if, w is mapped to m. A marriage is called stable, if no man and woman who are
not mapped to each other would both prefer to be. Gale and Shapley proposed
an algorithm, called deferred acceptance algorithm (Gale-Shapley algorithm),
which always finds a stable marriage.

The deferred acceptance algorithm is employed in a number of labor market
clearinghouses and college admission systems. A notable variation of the al-
gorithm, called men-proposing deferred acceptance algorithm, works by having
men make proposals to women and produces men-optimal marriage, which every
man likes at least as well as any other stable marriage. Since most applications
of the deferred acceptance algorithm involve the participation of independent
agents, it is natural to ask whether agents can benefit by being dishonest about
their preference lists. It is well-known that stating true preferences is a domi-
nant strategy for the men in men-proposing deferred acceptance algorithm. In
settings that allow incomplete preference lists, women on the other hand have
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incentives to submit false preferences. By contrary, little is known in the case of
stable marriage model with complete preference lists.

This paper deals with a strategic issue in the stable marriage model with
complete preference lists (i.e., a preference list of an agent is a permutation
of all the members of the opposite sex). Given complete preference lists of n
men over n women, and a marriage u, we consider the problem for finding
complete preference lists of n women over n men such that the men-proposing
deferred acceptance algorithm adopted to the lists produces . We show a simple
necessary and sufficient condition for the existence of a set of complete preference
lists of women over men. Our condition directly gives an O(n?) time algorithm
for finding a set of preference lists, if it exists.

In the next section, we establish some terminology and definitions and give
some background. Section 3 gives our main results.

2 Notations and Definitions

We denote two sets of agents by M and W, called men and women, both of size n.
Each agent in M UW has a preference list which is a totally ordered list of all the
members of the opposite sex. Here we note that this paper considers the case with
‘complete’ preference lists, i.e., a preference list of an agent is a permutation of
members of the opposite sex. A marriage is a mapping u: (M UW) — (MUW)
satisfying that (1) Vm € M, u(m) € W, (2) Vw € W, u(w) € M, and (3) w =
w(m) if and only if m = u(w). For any agent ¢ € M U W, (i) is called the
mate of ¢ in marriage p. A pair (m,w) € M x W is called a blocking pair for a
marriage p, if m prefers w to p(m) and w prefers m to u(w). A marriage with
no blocking pair is called a stable marriage.

Gale and Shapley [1] showed that a stable marriage always exists, and a sim-
ple algorithm called the deferred acceptance algorithm can find a stable marriage.
Here we briefly describe a variant of the their algorithm in which men propose
to women (these roles can naturally be reversed). In the following algorithm, we
introduced an iteration number which will be used in a later section.

Men-Proposing Deferred Acceptance Algorithm

Step 0: Set the iteration number r := 1 and unmarried men U := M.
Initially, every woman has no current mate.

Step 1: If U = (), then output the current mate of every woman and stop.

Step 2: Choose a man m € U. Let w € W be m’s most preferred woman who
hasn’t yet rejected m.

Step 3: (Create a proposal from man m to woman w.)
If woman w has no mate, then update U := U\ {m} and set m be the current
mate of w.
Else if w prefers m to her current mate m’, then w rejects m’, update U :=
U\ {m}U{m'} and set m be the current mate of w.
Else, w rejects m.

Step 4: Update r :=r + 1 and go to Step 1.
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It is known that the order of proposals (choice of m € U in Step 2) does not affect
the output of the algorithm [1]. Conway showed that the set of stable marriages
can be partially ordered as a lattice with the pair of extremal elements, called
men-optimal and women-optimal marriages (see [9] for example). In fact, men-
proposing deferred acceptance algorithm produces men-optimal marriage.

The issues of strategic manipulation in the stable marriage are discussed in
many papers (see books [4, 6] and the references therein, for example). Roth [5]
showed that when the men-proposing algorithm is used, none of the men ben-
efits by submitting a false preference list, regardless of how the other agents
report their preference. Dubins and Freedman [10] proved that no coalition of
men could collectively manipulate in such a way as to strictly improve all of
their mates in comparison to men-optimal marriage. In settings that allow in-
complete preference lists, women on the other hand have incentives to cheat in
men-proposing algorithm. Gale and Sotomayor [2] showed that a woman has an
incentive to falsify their preferences as long as she has at least two distinct stable
mates. In fact, the women can force the women-optimal marriage p by rejecting
all the men except mates in u (see [3]).

A feature of this paper is that the agents are required to submit complete
preference list. Comparing to the above results, little is known in the case of
stable marriage model with complete preference lists. Gusfield and Irving ([4],
page 65) point to the absence of any general results in this setting. Tadenuma and
Toda [8] considered an implementation question. Teo, Sethuraman, and Tan [7]
deals with the situation that there exists a specified woman w who is the only
deceitful agent, and that she knows the reported preferences of all the other
agents. They proposed a polynomial time algorithm for constructing woman w’s
optimal cheating strategy. They also discussed the Singapore school-admissions
problem, where stable marriage model with complete preference lists is a suitable
representation of the problem.

3 Main Results

In this paper, we consider the following problem.
Problem P(L™, p1):

Input: Set of preference lists £ of men M over women W and a marriage p.
Question: If there exists a set of preference lists LW of women W over men
M such that the men-proposing deferred acceptance algorithm adopted to the
lists in £™ and LY produces the marriage y, then output £V. If not, say ‘none
exists.

We give a simple necessary and sufficient condition for the existence of
women’s lists. Let G(L™, i) be a directed bipartite graph with a pair of vertex
sets M, W and a set of directed edges A defined by

A={(w,plw)) e WxM|weW}

w = p(m) or
U {(m,w) eEMxw| prefers w to p(m) } .
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Here we note that for any pair of mates {i, u(i)} in p, there are parallel directed
edges with opposite directions between corresponding vertices in G(L™, ).

A directed graph is said to be strongly connected if, for all pair of vertices 4
and 7, there exists a directed path from ¢ to j. A strong component of a directed
graph is a strongly connected subgraph which is maximal. In this paper, we
denote a strong component by a set of vertices in the corresponding strongly
connected subgraph. If a strong component V' has no incoming edge, i.e., every
edge connecting vertices ¢ € V' and j ¢ V' is incident from i to j, we say that
V' is a minimal strong component.

Theorem 1. Let L™ be a given set of preference lists of men M over women
W, and p a given marriage. There exists a set of preference lists LY of women
over men, such that the men-proposing deferred acceptance algorithm adopted to
the lists in L™ and LY produces the marriage p, if and only if, every minimal
strong component of G(L™, i) consists of exactly one pair of vertices.

Before proving the above theorem, we describe some properties of strong
components in G(L™, 11). Since every pair of vertices {4, 1(7)} induces a strongly
connected subgraph of G(L™, 1), vertices 4 and pu(i) are contained in a common
strong component of G(L™, i) for any agent i € M U W. Thus, for any strong
component V' in G(L™, 11), there exists a subset of men M’ C M satisfying that
V' = Umem{m, u(m)}. Clearly, the equality |V' N M| = |V’ N W] holds. Every
vertex w € W has a unique outgoing edge (w, u(w)) and every vertex m € M has
a unique incoming edge (u(m), m). These properties yield that a pair of vertices
m € M and p(m) € W forms a minimal strong component, if and only if, vertex
p#(m) has a unique incoming edge (m, p(m)). Lastly, we note that the strong
component decomposition of G(L™, 11) is essentially equivalent to the Dulmage-
Mendelsohn decomposition of corresponding underlying undirected graph [11].

Proof. First, consider the case that there exists a minimal strong component V'
of G(L™, 1) including more than two vertices. From the assumption, there exists
a subset of men M’ C M satisfying that |M’| > 2 and V' = Upepr {m, n(m)}.

Let LY be an arbitrary set of preference lists of W over M. We apply the men-
proposing deferred acceptance algorithm to lists in £™ and £¥ and assume on
the contrary that the marriage p is obtained. For any m € M, r(m) denotes the
iteration number when man m € M proposed to u(m). Let m* be a man in M’
who proposed to his mate in p lastly, i.e., m* satisfies r(m*) = max,,epr r(m).
We denote r(m*) by r* for simplicity.

At the beginning of r*th iteration, man m* is unmarried and every man
m € M’ \ {m*} is the current mate of women p(m). Now we show that women
p(m*) also has a current mate at the beginning of r*th iteration. We denote
w(m*) by w*.

Since {m*,w*} is not a strong component, vertex w* has an incoming edge
(m/, w*) different from the edge (m*,w*). The minimality of V' yields that the
vertex m’ is contained in M’\ {m*}. From the definition of the graph, m’ prefers
w* to its mate p(m’) and thus w* has rejected m’ in an iteration earlier than
r* In the deferred acceptance algorithm, if a women rejects a man, she holds a

20



current mate in the rest of iterations. Thus women w* has a current mate at the
beginning of r*th iteration.

From the above, all the women in V'’ have current mates, denoted by M", at
the beginning of r*th iteration. Since m* is unmarried at the beginning of r*th
iteration, M"” C M’ \ {m*}. Thus, we have that

VInW|=|M"| < |M'\{m*}| < |M
|
=|V'nM|= |V nW|.

Contradiction.

Next, we show the inverse implication. Let us consider the case that every
minimal strong component of G(£L™, ;1) consists of exactly one pair of vertices.
First, we modify the directed graph as follows. We introduce an artificial vertex
s and add directed edge (s,w) for each (woman) vertex w € W satisfying that
w is contained in a minimal strong component. For any vertex ¢ € M U W,
there exists a directed path from s to 7. Thus there exists a directed outgoing
spanning tree, denoted by T', with root vertex s in the modified graph. (We fix
a directed outgoing spanning tree T' in the rest of this proof.) For each vertex
i € M UW, we denote the parent vertex of ¢ in T by prt(i). Here we note that
for any man (vertex) m € M, his parent vertex prt(m) is equivalent to his mate
p(m). The parent vertex of a woman (vertex) is either the artificial vertex s or
a man (vertex).

Now we construct preference lists LW of women as follows. For any woman w
contained in a minimal strong component, we employ a preference list (a total
order of men M) such that the most preferred man is p(w). If a woman w is not
contained in any minimal strong component, we adopt a preference list (a total
order of men M) of w such that woman w’s first choice is p(w) and her second
choice is prt(w) in T.

We apply the men-proposing deferred acceptance algorithm to lists in £™
and £WV. Since each woman w most prefers man u(w) in the list £V, w never
rejects man p(w) in the algorithm. Thus, if man m proposed to woman w in the
algorithm, then w = pu(m) or m prefers w to p(m), and consequently, the graph
G(L™, ) includes the directed edge (m,w).

Let i/ be a marriage obtained by the men-proposing deferred acceptance
algorithm adopted to lists in £™ and £V. In the rest of this proof, we show
that ¢ = p’ by induction on heights of vertices defined below. For any vertex
i€ M UW, h(i) denotes the height of i in T, i.e., h(i) is equal to the length of
a unique path from s to ¢ in 7. We define that h(s) = 0.

(1) Let « € M UW be an agent with h(i) = 1. Clearly from the definition of
the modified graph, 7 is a woman contained in a minimal strong component and
has exactly two incoming edges {(s,4), (1(2),4)} in the modified graph. Since
man p'(#) proposed to i in the algorithm, there is a directed edge (p'(¢),4) in
G(L™, 11). From the above, we have that u(i) = p/ (7).

(2) Assume that for any vertex j € M UW, h(j) = b’ yields u(j) = p/(j). Let
i € M UW be a vertex whose height is b’ + 1, i.e., h(i) = h' + 1.
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(2-1) If ' + 1 is an even number, i corresponds to a man, denoted by m €
M. Since the vertex m has a unique incoming edge (p(m),m), pu(m) is the
parent vertex of m, whose height is A’. The assumption of induction yields that
@ (p(m)) = p(u(m)) = m. From the definition of marriage, u'(p(m)) = m
implies that p(m) = u'(m).
(2-2) If b’ + 1 is an odd number, i corresponds to a woman w € W. We denote
w’s parent vertex prt(w) by m’ € M, for simplicity. From the assumption of
induction, p/(m’) = pu(m’) and thus man m’ proposed to woman p(m') in the
algorithm. Since the graph includes the directed edge (m’',w), man m' prefers
w to p(m’). Consequently, man m’ proposed to woman w and w rejected m’ in
the algorithm. In the preference list £V, man m’ is w’s second choice. Since w
rejected m’, w’s mate obtained in the algorithm is her first choice p(w). Thus,
we obtained a desired result that w’s mate obtained in the algorithm, denoted
by u'(w), is equivalent to p(w). O
The above theorem directly implies that we can solve the problem P (L™, 1)
by constructing the strong component decomposition of the directed graph G(L™, ),
which requires O(n?) time [12].
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Abstract. Housing market is a special type of exchange economy where each agent
is endowed with one unit of an indivisible good (house) and wants to end up again
with one unit, possibly the best one according to his preferences. If the endow-
ments of all agents are pairwise different, an equilibrium as well as a core allocation
always exist. However, for markets in which some agents’ houses are equivalent, the
existence problem for the economic equilibrium is NP-complete. In this paper we
show that the hardness result is not valid if the preferences of all agents are strict,
but it remains true in markets with trichotomous preferences. Further, we extend
some known results about housing markets to the case with duplicate houses using
graph-theoretical methods.

Keywords: Housing market, Core, Pareto optimality, Economic equilibrium, Al-
gorithm, NP-completeness

AMS classification: 91A12, 91A06, 68Q25

1 Introduction

The study of markets with indivisible goods started by the seminal paper of Shapley
and Scarf [14] where a housing market was defined. In a housing market there is a finite
set of agents, each one owns one unit of a unique indivisible good (house) and wants
to exchange it for another, more preferred one; the preference relation of an agent is a
linearly ordered list (possibly with ties) of a subset of goods. In such a market, the set of
economic equilibria and the core is always nonempty, which was proved constructively
by the Top Trading Cycles (TTC for short) algorithm due to Gale (see [14]).

Roth and Postlewaite [13] made a careful distinction between housing markets where
preferences of agents contain ties and those where ties are not allowed. Their findings
can be summarized as follows: The core is always nonempty, it always contains the set

*This work was supported by the VEGA grants 1/3001/06, 1/3128/06 (Cechldrovd) and by OTKA
K69027 grant and the MTA-ELTE Egervary Research Group (Fleiner).
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of equilibrium allocations, but may be strictly larger than the latter. The strong core
may be empty, but if the agents’ preferences do not contain ties, then strong core is
nonempty and is equal to the unique equilibrium allocation. Later Quint and Wako [12]
provided a polynomial algorithm for deciding the nonemptyness of the strong core and
Wako [15] showed that each strong core allocation is an equilibrium allocation.

All the above results use the assumption that each agent’s house is unique. If the
houses of several agents are equivalent, the situation may change. Fekete, Skutella and
Woeginger [5] proved that it is NP-complete to decide whether a housing market with
duplicate houses admits an economic equilibrium. Duplicate houses mean that in the
preference lists of agents some 'compulsory’ ties appear (naturally, equivalent houses
must be tied) and there is less freedom in assigning prices to houses (equivalent houses
must have equal price). However, in the market constructed in the NP-completeness
reduction in [5], some additional ties were used. If nonequivalent houses cannot be
tied, would the hardness result still be valid? This question is motivated by other
allocation markets where the dividing line between efficiently solvable and hard cases is
the presence or absence of ties. Let us mention the stable roommates problem, where if
ties are not present, a polynomial algorithm to decide the existence of a stable matching
exists; in case with ties the existence problem is NP-complete (see [7]). A similar
situation occurs also for a modification of the classical housing market, where agents
have preferences also over the lengths of trading cycles [4]. In such markets, the notion of
economic equilibrium is not applicable, but the TTC algorithm in these settings always
finds a (strong) core allocation, if ties are not allowed. However, in the presence of ties
it is NP-complete to decide whether the core as well as the strong core are nonempty
[3]. Another example is the stable marriage problem. There, a stable matching always
exists and in the case without ties all stable matchings have the same cardinality. On
the other hand, in the case with ties, stable matchings may have different cardinality
and the problem of finding a maximum cardinality stable matching is NP-hard [9].

The aim of the present paper is to study some algorithmic problems for housing
markets. In Section 3 we derive some properties that are common in all housing markets,
in particular we review algorithms for computing core and (strongly) Pareto optimal
allocations, show how to test the nonemptyness of the strong core and prove that each
strong core allocation is an equilibrium allocation. Our approach, unlike the previously
published results, does not assume the uniqueness of agents’ endowments and provides
a unifying method using the language of graph theory.

In Sections 4 and 5 we deal with economic equilibrium in housing markets. We
show that in the case of strict preferences the hardness result for markets with duplicate
houses [5] is not valid and we propose a simple polynomial time algorithm for deciding
the existence of an economic equilibrium. The other end of the spectrum is the case
with trichotomous preferences (i.e. all agents consider all acceptable houses equivalent,
strictly preferred to their own house). We show that here the existence problem for the
economic equilibrium remains NP-complete.

2 Description of the model

Let A be a set of n agents, H a set of m house types. The endowment functionw : A — H
assigns to each agent the type of house he originally owns. (Notice that in the classical
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model of Shapley and Scarf [14], m = n and w is a bijection.) Further, each agent a € A
wishes to have in his possession just one house and it is supposed that his preferences
are given as a linear ordering P(a) on a set H(a) C H, the set of acceptable house
types. We assume that w(a) € H(a) and this is the least preferred house in H(a) for
each a € A. The notation ¢ =, j means that agent a prefers house type i to house
type j. If i =, j and simultaneously j =, 7, we say that house types i and j are tied in
a’s preference list and write ¢ ~g j; if ¢ >4 j and not j >, ¢, we write ¢ >, j and say
that agent a strictly prefers house type ¢ to house type j. The n-tuple of preferences
(P(a),a € A) will be denoted by P and called the preference profile.

The housing market is a quadruple M = (A, H,w, P).

If S C A, let w(S) = {w(a);a € S} C H be the set of house types owned by
agents in S. Conversely, for T C H we set Ag(T) = {a € S;w(a) € T} to be the
set of agents in S who own a house whose type is in T. If A’ C A, we say that
M = M\A" = (A\A,w(A\A"), ', P’) is a submarket of M if w’ and P’ are restrictions
of w and P to A\A’ and w(A\A'), respectively.

We say that M is a housing market with strict preferences if there are no ties in P.
On the other hand, M is a housing market with trichotomous preferences if for each
agent a € A, all the house types h € H'(a) = H(a)\{w(a)} are tied. In other words, in
a housing market with trichotomous preferences each agent a € A partitions the set H
into three classes: H'(a) are the house types that are better than his own house type,
the second class contains just w(a) and the third one those house types that are worse
than w(a). For each agent a € A we denote by fg(a) the set of the most preferred
(=q-maximal) house types from w(S) and Fs(a) = Ag(fs(a)) is the set of owners of
these houses.

Notice that when preferences of agents are strict then |fs(a)] = 1 for each a € A
and S C A4; for trichotomous preferences we have fa(a) = H'(a).

We say that a function x : S — H is an allocation on S if there exists a bijection
7 on S such that z(a) = w(w(a)) for each a € S. In the whole paper, we assume that
allocations are individually rational, i.e. x(a) € H(a) for each a € A. Notice that
for each allocation z on S, the set S can be partitioned into directed cycles (trading
cycles) of the form K = (ag,a1,...,a¢) in such a way that x(a;) = w(a;+1) for each
i =0,1,...,¢ (here and elsewhere, indices for agents on cycles are taken modulo /).
Therefore we shall often represent an allocation as a collection of trading cycles. We
say that agent a is trading in z if z(a) # w(a).

A coalition S C A blocks an allocation x on A if there exists an allocation y on §
such that

y(a) =4 x(a) for each agent a € S,

that is, agents of S can reallocate their houses in such a way that everybody in S is
strictly better off than in x. A coalition S C A weakly blocks an allocation x on A if
there exists an allocation y on S fulfilling the condition

y(a) =4 z(a) for each a € S and y(a) =, x(a) for at least one a € S,

that is, in a reallocation nobody from S is worse off and at least one agent in S gains.
An allocation x on A is in the core of market M if it admits no blocking coalition and
it is in the strong core of M if no coalition weakly blocks it. An allocation xz on A is
Pareto optimal for market M if A does not block z, and x is strongly Pareto optimal if
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A does not weakly block x. A pair (z,p), where z is an allocation on A and p: H — R
is a price function, is an economic equilibrium for market M if for each agent a € A,
z(a) € fs(a) for the set S of agents whose house is affordable to a, i.e.

S ={a’ € A;p(w(d)) < p(w(a))}-

We shall say that allocation x is an equilibrium allocation if there exists a price function
p such that the pair (z,p) is an economic equilibrium.
The following simple property of equilibrium allocations will often be used.

Lemma 1 If (x,p) is an economic equilibrium for market M then p(xz(a)) = p(w(a))
for each a € A.

Proof. Let K = (ag,a1,...,a;) be any trading cycle of z. According to the definition
of equilibrium, p(w(a;)) > p(w(a;+1)) for each ¢ = 0,1, ..., ¢, which implies the assertion
of the Lemma. m

In what follows, we shall denote by Q(M),C(M),SC(M), PO(M) and SPO(M)
the set of all equilibrium, core, strong core, Pareto optimal and strongly Pareto optimal
allocations for market M. The definitions imply that for each housing market

SC(M) C C(M) € PO(M) and SC(M) C SPO(M) C PO(M),

and all the inclusions in the above chain can be strict. Further, in the case without
duplicate houses, Wako [15] proved SC(M) C Q(M).

Example 1 Let us consider the housing market M given by Figure 1.

a ai as as aq as
w(a) hq ha hs3 hy hs
P(a) h2>-h3>-h1 hi ~ hg = hg h4>~h2>—h3 h3~h5>—h4 h2>—h1>—h5

Figure 1: Endowments and preferences of agents

In this example, either z(a1) = hg or z(ay) # he for allocation x. In the former case
the cycle (a2, a4, as) is weakly blocking as agent as strictly improves and agents ag, ag
are not worse off than in x (they have their most preferred house types on this cycle).
In the latter case the set {a1, a2} is weakly blocking, as a; improves and ag is not worse

off. Hence SC(M) = 0.

Further, C (M) contains six allocations

xr3 = (ala as, a4, as, a2)

Te = (ah az, Gy, a5)(a3)-

x2 = (a2, a4, as5)(a1)(as),

x5 = (a1)(az, as, a3)(as),

r1 = (a1,a2)(as, as)(as),

Ty = (ala as, ag, a4, a5)7
Core allocation z3 is strongly Pareto optimal, as the only agent who could strictly
improve is a1 by getting hg, but since a5 is not allowed to become worse off than in x3,

he must also be assigned his most preffered house hs, and so there is no weakly blocking
allocation on A for xs.
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Allocation z7 = (a1,as,az2)(aq)(as) is Pareto optimal (notice e.g. that agent as
cannot strictly improve) but not in the core, as the set {as, a4} is blocking.

Finally, allocations x1 and x5 form economic equilibria with price vectors p; and po,
where py(a1) = pi(az) = pi(as) = p1(as) =1, p1(as) = 0 and pa(a1) = p2(as) = 0 and
p2(az) = p2(aq) = p2(as) = 1.

In the following sections we shall often use digraphs, so let us recall the terminology
used; for further details we recommend e.g. [11]. A digraph is a pair G = (V, E), where
V' is a set of vertices, F is the set of arcs, i.e. ordered pairs of vertices. We allow parallel
arcs as well as loops, i.e. arcs of the form (7,7) for some i € V. If V/ C V| a subdigraph
of G induced by V' is a digraph G(V') = (V', E’) where E' = {(i,j) € E;i,j € V'}.

A walk in G is a sequence of vertices (ig, %1, ..., ) such that (ij,4;41) € E for each
7=0,1,...,k—1. We say that vertex j is a successor of a vertex ¢ in G, if G contains
a walk from ¢ to j. A vertex j is a direct successor of a vertex i in G, if (i,5) € E. A
vertex i € V is a sink in G, if it has no successors in G. (Let us remark, that some
authors, e.g. [14, 12] use the term top vertex in the same meaning.)

A walk (ig,i1,...,1) is said to be closed, if ig = ix; if moreover all the vertices
i1,...,% are pairwise distinct, it is a cycle. A collection K of vertex-disjoint cycles
is a cycle cover of a digraph G if each vertex of G is contained in some K € K. A
polynomial-time algorithm to decide whether a digraph has a cycle cover is well-known.
The folklore approach described e.g. in [2] first constructs a bipartite (undirected) graph
I’ by duplicating each vertex of G and making the pair {i,;'} an edge if and only if
(i,7) € E, where j' is the copy of vertex j € V. It is straightforward to see that G has
a cycle cover if and only if I' has a perfect matching.

A digraph G with vertex set V is strongly connected, if for each pair i, j of distinct
vertices of V' there is a walk from ¢ to j as well as a walk from j to ¢ in G. A strongly
connected component (SCC for short) of a digraph G is a maximal strongly connected
subdigraph of G. We shall call a SCC trivial, if it contains just one vertex and no
arcs. (So if a vertex with a loop is a SCC, then it is nontrivial.) The condensation
G* = (V*, E*) of a directed graph G is obtained by merging the vertices of each SCC
of G (and perhaps deleting eventual parallel arcs). For i € V' we shall denote by i* the
vertex of G* corresponding to the SCC of G containing i. As G* is acyclic, the vertices
of G* are partially ordered, * > j* if and only if ¢* is a successor of j* in G* and this
order can easily by extended to a linear ordering, sometimes called a topological order.
A SCC is sink, if its corresponding vertex in the condensation is a sink. An algorithm
to construct a condensation of a digraph and its topological order, linear in the number
of its arcs, is described e.g. in [11].

A condensation of a digraph can be used also for the following task. Sometimes we
shall have to decide whether in a digraph G = (V, E) a cycle cover exists, that contains
at least one arc from the prescribed set F© C E; such a cycle cover will be said to be
hitting F. Using the approach described above, we compute a perfect matching in the
bipartite graph I'. If some of the arcs from F' corresponds to a matched edge, the answer
for the hitting cycle cover problem is yes. Otherwise we can continue in the following
way: direct all the matched edges from the first color class to the second one and all the
unmatched edges from the second color class to the first one. For the obtained digraph
construct its condensation I'*. Now its is obvious that each matched edge that connects
two different SCCs of I'* is matched in each perfect matching (i.e. is used in each cycle
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cover of 3), each unmatched edge that connects two different SCCs is matched in no
perfect matching (i.e. is used in no cycle cover of G), and all the edges within some SCC
are in some, but not in all perfect matchings. Hence the answer for the hitting cycle
cover problem is no if and only if all arcs from F' are unmatched and connect different
components of I'*.

A strongly connected digraph G is said to be Eulerian, if it contains a closed walk
containing all arcs of G exactly once. This is equivalent with the property that for each
vertex ¢ in G the number of arcs that enter ¢ is equal to the number of arcs that leave
i — this can also be decided linearly in the number of arcs of G [11].

3 Common properties of housing markets

If M is any housing market, for finding a core (and hence also a Pareto optimal)
allocation the famous TTC algorithm [14] can be used. TTC starts with the whole set
of agents A. An arbitrary agent ag € A is chosen and he proposes to one (arbitrary)
agent in F4(ap), say agent a;. Then aj proposes to one of the agents in Fy(ay), say
agent as, etc. After a finite number of proposals, a cycle K arises, which will be the
first trading cycle. Agents corresponding to K are deleted from the market and the
whole procedure is repeated for the submarket M\ K until all agents are assigned to
some trading cycle.

Theorem 1 [14] The core of each housing market is nonempty.

An O(L) implementation of the TTC algorithm, where L =} , |H(a)| is the total
length of preference lists, is described in [1] for the no-ties, no-duplicate-houses case.
Obviously, this implementation can be used in any market, if at the beginning the ties
are broken arbitrarily, respecting the house types.

When TTC is applied to a housing market without duplicate houses and ties, its
outcome is unique. This need not be the case when either duplicate houses or ties
are present. Moreover, in the classical model each equilibrium allocation is an output
of some realization of the TTC algorithm irrespective of ties, but it may happen that
some core allocations cannot be obtained in this way. In Example 1, this applies e.g.
to allocation x5: as soon as agent ag receives the proposal from a4, he proposes back
to a4. Let us remark here, that a complete description of the structure of the core of a
housing market is not known.

The strong core of a housing market may be empty [13] and an O(n?) algorithm for
testing its nonemptyness was proposed in [12]. Here we give a simpler algorithm for
this task. Let Gp(M) = (4, E) be a digraph defined by (i,j) € E if j € F4(i). That
is, in Gg(M) each vertex (agent) i sends an arc to each agent who owns a house that
¢ likes the best.

Lemma 2 Let M = (A, H,w,P) be any housing market and let D be a sink SCC in
Gp(M). Then SC(M) # 0 if and only if D admits a cycle cover and SC(M’') # 0 for
the submarket M’ = M\V (D).

Proof. Let x € SC(M). Suppose, for a contradiction, that D is a sink SCC in Gp
that does not have a cycle cover. Then there exists a € V(D) such that z(a) ¢ fa(a),
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but as a € V(D), there exists a cycle K in D containing a. Assigning to each agent on
K the endowment of his direct successor on K, it is easy to see that the vertices of K
form a weakly blocking set for . So D must have a cycle cover and z(a) € w(V (D))
for each agent a € V(D). Hence the restriction of  to agents of A\V (D) is a strong
core allocation for M’.

Conversely, let 2/ € SC (M) and let D have a cycle cover K. It is easy to see that 2/
augmented by the trading cycles defined by the cycles of IC gives a strong core allocation
for M. m

Based on Lemma 2, it is sufficient to find any sink SCC D of the graph Gr(M) and
to test whether it admits a cycle cover. If the answer is negative, SC(M) = (), otherwise
the same procedure is invoked with the submarket M\V (D). This is summarized in
the following assertion.

Theorem 2 In any housing market M, the nonemptyness of the strong core can be
decided in O(Ly/n) time.

Proof. Computing the condensation requires O(L) operations. In updating the digraph
Gp(M) to get Gp(M') and its condensation after a sink SCC D was deleted, it suffices
to scan just the arcs that enter V(D). Hence no arc will be used more than once in
these computations, so in updating digraphs and their condensations no more than O(L)
operations will be used. Deciding the existence of a cycle cover in a component with
n; < n vertices and L; < L arcs, using the approach described in [2] needs O(L;+/n;)
operations, if the bipartite matching algorithm of [8] and [10] is used. Overall, this gives
O(L+/n) time complexity. m

Next we extend Theorem 2 from [15] to housing markets with duplicate houses.
Theorem 3 In any housing market M, SC(M) C Q(M).

Proof. Let z € SC(M) be arbitrary. We will show that for a suitably defined price
function p, the pair (z,p) is an economic equilibrium of M.
Let us take the digraph G(H,z) = (H, E; U E7) where

(hg,he) € EY  if there exist 7, j such that w(i) = hg,w(j) = he and hy ~; x(7)

(hi, he) € E;  if there exist i, j such that w(i) = hg,w(j) = hy and hy =; x(i).
Arcs from EJ will be called weak arcs, those from E; are strong arcs. As z is a strong
core allocation, any cycle K in G(H, ) consists exclusively of weak arcs, otherwise the
agents corresponding to the arcs of K would form a weakly blocking set for x. Let
us now take the condensation G* = (V*, E*) of G(H,x). Strong arcs (now defined

accordingly) connect different vertices of G*, so taking any topological order > of V*,
the prices of house types can be defined by

p(hi) > p(hy) if and only if A7 > hj.
It is easy to see that for the pair (z,p) we have:
(i) p(w(i)) = p(x(i)) for each agent, as any trading cycle of x is within a SCC of

G(H,x), so each agent i can afford house x(i);
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(ii) if agent i prefers a house type w(j) to x(i), then p(w(j)) > p(w(7)), hence no agent
i can afford a house that he prefers to x (i)

and so (z,p) is an economic equilibrium for M. m

Pareto optimality for housing markets is studied in [1]. A polynomial algorithm for
finding a strongly Pareto optimal matching and some results concerning the structure
of strongly Pareto optimal matchings are described, however, all is done under the
assumption of strict preferences. If ties and/or duplicate houses are present, one can
use a different approach. Let x be any allocation in M. Let us take the digraph
G~ (A,z) = (A, E7) where (i,7) € E7 if w(j) =; z(7) (this digraph is similar to the one
used in the proof of Theorem 3, but now its vertices are agents, not house types). x is
not Pareto optimal if and only if G, admits a cycle cover. On the other hand, z is not
strongly Pareto optimal if and only of in the digraph G=(A, ) = (A, Ey U EJ) with
(i,7) € EY if w(j) ~; x(i) a cycle cover exists hitting E7 . (We described an approach
for checking this in Section 2.) If no hitting cycle cover exists, = is strongly Pareto
optimal. Otherwise x can be upgraded to z’ along a hitting cycle cover. It is easy to see
that G= (A, z') is a proper subgraph of G= (A4, ), so if we take a hitting cycle cover that
gives some agent his best possible improvement, this agent will not improve any more.
So we have at most n upgrades. This gives an O(n3/2L) algorithm (at most n times
computing a maximum cardinality matching and condensation in a bipartite graph with
2n vertices and no more than L edges) and we believe that further improvements can
be achieved by a careful implementation and the choice of a suitable starting allocation
2. Summarizing:

Theorem 4 In any housing market M, Pareto optimal as well as strongly Pareto op-
timal allocations exist and both can be found in polynomial time.

4 Housing markets with strict preferences

Let M be a housing market with strict preferences. We define a digraph Gy = (H, E),
called the house-type digraph, with arcs corresponding to agents in such a way that
e(a) = (hs, hj) € Eif w(a) = h; and hj € fa(a). Notice that since preferences are strict,
the correspondence between agents and arcs is one-to-one.

Lemma 3 Let M be a market with strict preferences where an economic equilibrium
with price function p exists and let D be a sink SCC in Gyg. Then

(1) p(hi) = p(h;) for each h;, h; € V(D);

(i) D is Eulerian and
(iit) if (hi, hj) € E for some h; ¢ V(D), h; € V(D), then p(h;) < p(h;).
Proof. Let the economic equilibrium in M be (z,p).

(i) Suppose that V(D) is partitioned into two nonempty disjoint sets V! and V? in
such a way that p(h;) > p(h;) for each h; € V! and each h; € V2. As D is strongly
connected, there exists an agent a such that e(a) = (h;, h;) for some h; € V1, h;j € V2.
Then, since h; is the only most preferred house type for a in A and agent a can afford
it, we have z(a) = h; — a contradiction with Lemma 1. Therefore the prices of all the
house types in V(D) are equal.
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(7i) Tt follows from (i) and the definition of D that all the agents correspondig to
arcs of D trade only among themselves, i.e. the arc set of D can be partitioned into
several arc-disjoint directed cycles (possibly loops) and so D is Eulerian.

(i19) If e(a) = (hi, hj) € E for hy ¢ V(D), h; € V(D) and p(h;) > p(h;), then agent
a can afford house type h; and since this is his only most preferred house type in M,
he must be in x on a trading cycle containing house types from V' (D), but this is a
contradiction with the proof of (7). m

Notice that if a sink SCC of the house-type digraph consists of a single vertex, then
it contains a loop, so it is trivially Eulerian.

Lemma 4 Let M = (A, H,w, P) be a market with strict preferences and let D be a sink
SCC in Gg. Then an economic equilibrium exists in M if and only if D is Eulerian
and in the reduced market M' = M\E(D) an economic equilibrium exists.

Proof. Let (z,p) be an equilibrium for M. Lemma 3 implies that x(a) € V(D) for
each agent a € E(D), that D is Eulerian and no agent a with w(a) ¢ V(D) can afford
a house type in V(D). Then the restriction of (z,p) to M’ is an economic equilibrium
for M'.

Conversely, let (z/,p’) € Q(M'). Then we construct an economic equilibrium (z, p)
for M in the following way. For each a € A\E(D) set z(a) = 2/(a), for each h €
H\V (D) let p(h) = p'(h). Now take an arbitrary constant & > maz{p(h);h € H\V (D)}
and set p(h) = ¢ for all h € V(D). Clearly, houses in V(D) are now outside the budget
set for all agents in A\E(D), so these agents still have their most preferred affordable
houses in (z,p). Each agent a € E(D) corresponds to an arc e(a) = (h;, h;), so we set
x(a) = h; for this agent. As D is Eulerian, the supply equals the demand for the houses
in D, thus (x,p) is an economic equilibrium for M. m

Now Lemmas 3 and 4 directly imply the following simple algorithm. For a given
market M, create the house-type digraph Gy and take any sink SCC D in Gp. If
D is not Eulerian, M does not admit any economic equilibrium. If D is Eulerian, the
agents and house types corresponding to D are deleted from M and the whole procedure
continues for the obtained submarket. As the number of arcs in the house-type digraph
is n and in each reduction at least one house-type is deleted, we get the bound O(mn),
which could again be improved by a careful implementation. Summarizing:

Theorem 5 If the preferences of all agents in a housing market M are strict, then the
existence of an economic equilibrium for M can be decided in O(mn) time.

Notice that if a market admits an economic equilibrium, then the equilibrium allo-
cation is unique, although it may be supported by several different price functions and
not even the linear order of the prices is uniquelly determined.

Now we turn our attention to the strong core. We derived in Section 3 a condition
that enables to decide the nonemptyness of the strong core for any housing market in
polynomial time, but here we give an alternative characterization for markets with strict
preferences using the house-type digraph.

Lemma 5 Let M be a market with strict preferences and D a sink SCC in the con-
densation of G .
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(i) If SC(M) # 0, then D is Eulerian.

(i) SC(M) # 0 if and only if SC(M\E(D)) # (0 and D is Eulerian.
Proof. (i) Let us suppose that for a strong core allocation x an agent a € F(D) exists
such that z(a) ¢ V(D). This means that a did not receive in = his most preferred house.
Further, since D is nontrivial, there exists a cycle K in D, containing arc e(a). Let us
assign to each agent b associated with an arc e(b) € K the house type corresponding
to the endvertex of e(b). It is easy to see that E(K) is a weakly blocking coalition — a
contradiction with x being a strong core allocation. Now we use the same argument as
in the proof of Lemma 3 (7).

(13) If x € SC(M) then clearly its restriction belongs to SC(M\E(D)) as any
weakly blocking set in M\ E(D) is weakly blocking in M too. Conversely, if 2’ €
SC(M\E(D)), we extend allocation 2’ to an allocation x of M in such a way that an
agent a corresponding to the arc e(a) = (h;, hj) € E(D) will get z(a) = hj, for other
agents x(a) = 2/(a). Suppose now that x is weakly blocked by a set Z with allocation
y. Then neither Z C E\FE(D) nor Z C E(D) is possible (the former because 2’ is a
strong core allocation for the submarket, the latter because no agent from E(D) can
strictly improve), but then necessarily Z contains an agent a, for whom w(a) € V(D)
and y(a) ¢ V(D), hence a is worse off in allocation y, a contradiction. m

Now it is easy to see that the following assertion holds also for markets with duplicate
houses:

Corollary 1 A housing market with strict preferences admits a strong core allocation
if and only if it admits an economic equilibrium.

5 Trichotomous markets

First we derive a simple condition for the nonemptyness of the strong core for any
housing markets with trichotomous preferences. Let Gp(M) = (A, Er) where (i,7) €
Erifw(j) »; w(i), ie. ifw(j) € H'(i). An allocation x in M corresponds to a collection
of vertex-disjoint trading cycles and some single vertices in Gp(M). It is easy to see
that allocation x admits no weakly blocking set, if each agent contained in a cycle in
Gr1(M) is trading in z. This implies

Theorem 6 In a housing market M with trichotomous preferences, SC(M) # 0 if and
only if each nontrivial SCC of Gp(M) admits a cycle cover.

In a sharp contrast with the above result is the following assertion.

Theorem 7 In a housing market with trichotomous preferences it is NP-complete to
decide whether an economic equilibrium exists.

Proof. In the polynomial reduction we shall use the problem ONE-IN-THREE-SAT, see [6,
Problem LOG4]. Here a Boolean formula B in conjunctive normal form with variables
v1,V2,...,v, and clauses C1,Cs,...,C), is given. Each clause contains exactly three
literals, no variable is negated in B and the question is whether there exists a truth
assignment f such that there is exactly one true literal in each clause.

Let us construct a market M(B) for each formula B. The set of agents contains

. o
one agent ¢; for each clause C; and for each variable v; there are agents gb}, ?, 057
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where n; is the number of occurences of variable v; in B. The set of houses is
{C1,...,Cp,v1,...,0,} (although the same symbols are used for the elements of the
formula as well as for the houses in the market, no confusion should arise) and the
endowments are defined by

w(e;) = C; for each i,
w(cb?) = wvj for each j, k.
Further, H'(¢;) = {v;,,vj,,vj,} where vj ,vj,,vj, are the literals present in C; and

H (qb?) is equal to the set of all houses C; such that variable v; occurs in clause Cj.
Now suppose that the truth assignment f with the required properties exists. We
shall define the pair (z,p) in the following way:

p(C;) = 1 for each i
{ 1 if f(v;) = true and

p (Uj ) 0 otherwise.

Further, for each clause agent we set x(c;) = v; if the only true literal in C; is variable
v; and

C; if qﬁf corresponds to a true literal in clause C; and
v;  otherwise.

o) = {

It is easy to see that (x,p) is an economic equilibrium for M(B).

Conversely, let (z,p) be an economic equilibrium for M(B). First let us realize
that any trading cycle in x contains alternately players c¢; and ¢§, so if all the ¢-
agents endowed with the same house v; are trading, then they use up all the houses C;
corresponding to clauses containing variable v;. This implies that if some agent ¢; is
not trading, then there exists also some agent ¢§ with variable v; contained in clause
C; who also is not trading. This is however impossible, since if p(C;) > p(v;) then x
does not assign to agent ¢; the best house he can afford; and if p(C;) < p(v;) then agent
gb;“ is not assigned the best house in his budget set — both is in a contradiction with the
definition of an economic equilibrium. Further, if any of the agents ¢§ yk=1,2,...,n;
is trading, then so are all of them. For a contradiction suppose that e.g. x(cﬁi) = C;
and x(qﬁ?) = v;. Then p(C;) = p(vj) and agent qS? can afford house Cj, but is assigned
a worse house — again a contradiction. So we set v; to be true if all the agents gb;?,
k=1,2,...,n; are trading in x and set v; to be false if none of them is trading. This
will be a consistent truth assignment in which each clause contains exactly one true
literal. m

6 Conclusion

In this paper we studied housing markets with duplicate houses. We extended several
results known for the classical case and narrowed down the border line between easy and
hard cases in the housing markets with duplicate houses: the existence of an economic
equilibrium can be decided in polynomial time if the preferences of all agents are strict
(in contrast with [5]), but it remains NP-complete if all the acceptable house-types are
tied in the preference list of each agent. Because of this intractability result, we propose
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Definition 1 A pair (z,p) is an a-defficient equilibrium for housing market M with
trichotomous preferences, if x is an allocation on A, p : H — R is a price function
and

{a € A;B,(p) N H'(a) # 0 & z(a) =w(a)}| < a.

Defficiency of a housing market with trichotomous preferences is the minimum such «
for which an a-defficient equilibrium exists.

For a further research the following problem might be interesting:

PROBLEM 1 Given a housing market M with trichotomus preferences, compute its def-
ficiency.

Although we know that the core of each housing market is nonempty, still little is
known about its structure. As the number of agents that receive in a core allocation
their first choice house (let us say that such an agent is happy in the allocation) may
be different in different core allocations, one may consider the following problem:

PROBLEM 2 For a given housing market M find a core allocation that maximizes the
number of happy agents.

Notice that a core allocation making all the agents happy exists if and only if the
digraph whose vertex set is the agents set and (7, j) € E if w(j) € fa(i) admits a cycle
cover. If this is not the case, nothing is known for PROBLEM 2. Similarly, one may wish
to maximize the number of trading and/or happy agents in Pareto optimal or strongly
Pareto optimal permutation.
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Better and simpler approximation algorithms
for the stable marriage problem
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Abstract

We first consider the problem of finding a maximum stable matching if incomplete lists and
ties are both allowed, but ties only for one gender. For this problem we give a simple, linear time
3/2-approximation algorithm, improving on the best known approximation factor 5/3 of Irving
and Manlove [5]. Next, we show how this extends to the Hospitals/Residents problem with the
same ratio if the residents have strict orders. We also give a simple linear time algorithm for the
general problem with approximation factor 5/3, improving the best known 15/8-approximation
algorithm of Iwama, Miyazaki and Yamauchi [7]. For the cases considered in this paper it is
NP-hard to approximate with a factor of less than 21/19 by the result of Halldérsson et al. [3].

Our algorithms do not only give better approximation ratios than the cited ones, but are
much simpler and run significantly faster. Also we may drop a restriction used in [5] and the
analysis is substantially more moderate.

Keywords: stable matching, Hospitals/Residents problem, approximation al-
gorithms

1 Introduction

An instance of the stable marriage problem consists of a set U of N men, a set V' of N women, and
a preference list for each person, that is a weak linear order (ties are allowed) on some members of
the opposite gender. A pair (m € U, w € V) is called acceptable if m is on the list of w and w is
on the list of m. We model acceptable pairs with a bipartite graph G = (U, V, E), (where E is the
set of acceptable pairs; we may assume that if w is not on the list of m then m is also missing from
the list of w). A matching in this graph consists of mutually disjoint acceptable pairs. A matching
M is stable if there is no blocking pair, where an acceptable pair is blocking, if they strictly prefer
each other to their current partners (the exact definition is given below). It is well-known that a
stable matching always exists and can be found in linear time. An interesting problem, motivated by
applications, is to find a stable matching of maximum size. This problem is known to be NP-hard for
even very restricted cases [6, 8]. Moreover, it is APX-hard [2] and cannot be approximated within
a factor of 21/19 — §, even if ties occur only in the preference lists of one gender, furthermore if
every list is either totally ordered or consists of a single tied pair [3]. As the applications of this
problem are important, researchers started to develop good approximation algorithms in the last
decade. We say that an algorithm is approximating with factor r if it gives a stable matching M
with size |M| > (1/r) - |Mopt| where My is a stable matching of maximum size. It is easy to give a
2-approximating algorithm, as any stable matching is maximal. The first non-trivial approximation
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sétany 1/C Budapest, Hungary H-1117. Research is supported by EGRES group (MTA-ELTE), OTKA grants
NK 67867, K 60802 and T 046234, and by Hungarian National Office for Research and Technology programme
NKFP072-TUDORKAY7. E-mail: kiraly@cs.elte.hu
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algorithm was given by Halldérsson et al. [3] and was recently improved by Iwama, Miyazaki and
Yamauchi [7] to a 15/8-approximation. This was later improved for the special case, where ties are
allowed for only one gender and only at the ends of the lists, by Irving and Manlove [5]. (We must
emphasize that the second restriction is not needed for our results.) They gave a 5/3-approximating
algorithm for this special case. Their algorithm also applies for the Hospitals/Residents problem
(see later) if residents have strictly ordered lists. If, moreover, ties are of size 2, Halldérsson et al.
[3] gave an 8/5-approximation and in [4] they described a randomized algorithm for this special case
with expected factor of 10/7. The paper of Irving and Manlove [5] also gives a detailed list of known
and possible applications that motivate investigating approximation algorithms.

We store the lists as priorities. For an acceptable pair (m,w) let pri(m,w) be an integer from 1
up to N representing the priority of w for m. We say that m € U strictly prefers w € V to w’ € V
if pri(m,w) > pri(m,w’). Ties are represented by the same number, e.g., if m equally prefers wy, wy
and ws then pri(m, wy) = pri(m, we) = pri(m,ws). Of course, pri(m,w) is not related to pri(w,m).
We represent these priorities by writing pri(m,w) and pri(w, m) close to the corresponding end of
edge mw.

Let M be a matching. If m is matched in M, or in other words m is not single, we denote m’s
partner by M (m). Similarly we use M (w) for the partner of woman w. A pair (m,w) is blocking, if
mw € E\ M (they are an acceptable pair and they are not matched) and

e m is either single or pri(m,w) > pri(m, M(m)), and
e w is either single or pri(w, m) > pri(w, M (w)).

The famous algorithm of Gale and Shapley [1] for finding a stable matching is the following.
Initially every man is active and makes any strict order of acceptable women according to the
priorities (higher priority comes before lower).

Each active man m proposes to the next woman w on his strict list if w exists, otherwise (if he
has processed the whole list) m inactivates himself. If the proposal was (temporarily) accepted then
m inactivates himself, otherwise, if m was rejected, m keeps on proposing to the next woman from
his list.

Each woman w who got some proposals keeps the best man as a partner and rejects all other men.
More precisely, the first man m who proposed to w will be her first partner (M (w) := m). Later if
w gets a new proposal from another man m’, she rejects m’ if pri(w, m’) < pri(w, M (w)); otherwise
w rejects M (w), then M (w) is re-activated, and finally w keeps M (w) := m' as a new partner. The
algorithm finishes if every man is inactive (either has a partner or has searched over his strict list).
This algorithm runs in O(|E|) time if G is given by edge-lists and sorting is done by bucket sort (we
may suppose that every person has a non-empty list).

Theorem 1 (Gale-Shapley) Algorithm GS defined above always ends in a stable matching M.

PRrROOF: Let mw € E\ M. If m never made a proposal to w then in the end he has a partner w’
who precedes w on m’s strict list, consequently pri(m,w’) > pri(m,w). Otherwise, w rejected m at
some point, when w had a partner m’ not worse than m. Observe that after w received a proposal,
she will always have a partner. Moreover, when w changes partner, she always chooses a (strictly)
better one. Thus in the end pri(w, M (w)) > pri(w, m’) > pri(w, m), so mw is not blocking. O

In what follows, we will use not only the statement of this theorem (as most of the previous results
do), but the Algorithm GS itself with some modifications/extensions.

In the Hospitals/Residents problem the roles of women are played by hospitals and the roles of
men are played by residents. Moreover, each hospital w has a positive integer capacity c¢(w) (the
number of free positions). Instead of matchings we consider assignments, that is a subgraph F' of
G, such that all residents have degree one in F', and each hospital w has degree at most ¢(w). For
a resident m who is assigned, F'(m) denotes the corresponding hospital. For a hospital w, F(w)
denotes the set of residents assigned to it. We say that w is full, if |F(w)| = ¢(w) and otherwise
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under-subscribed. Here a pair (m,w) is blocking, if mw € E \ F (they are an acceptable pair and
they are not assigned to each other) and

e m is either single or pri(m,w) > pri(m, F(m)), and
o w is either under-subscribed or pri(w, m) > pri(w, m’) for at least one resident m’ € F(w).

An assignment is stable if there is no blocking pair. It is easy to modify Algorithm GS to give a
stable assignment for the Hospitals/Residents problem. Each hospital w manages to keep a set of
buckets indexed by integers up to N, containing each assigned resident m in the bucket indexed by
pri(w, m); and w also stores the number of assigned residents and a pointer to the first non-empty
bucket. If hospital w gets a new proposal from resident m then it accepts him if w is under-subscribed
or if pri(w,m) > pri(w, m’) for the worst assigned resident m’. Apart from this, the algorithm is
the same. It clearly gives a stable assignment, and it is easy to see that also runs in O(|E|) time
(rejections can be decided in constant time as well as updating the data when accepting). We call this
modified GS algorithm HRGS. As before, we are interested in giving a maximum size assignment,
i.e., a stable assignment F' with maximum number of edges (that is a maximum number of assigned
residents).

In the next section we consider the special case of the maximum stable marriage problem, where
each man’s list is strictly ordered. We allow arbitrary number of arbitrarily long ties for each
woman. We give a simple algorithm running in time O(|E|). First we run Algorithm GS, then we
give extra scores to single men, that raise their priorities. These men are re-activated and start
making proposals from the beginning of their lists. A simple proof shows that this slightly modified
algorithm gives a 3/2-approximation to the maximum stable marriage problem.

In Section 3 we show that this algorithm applies to the Hospitals/Residents problem as well,
3/2-approximating the maximum assignment in time O(|E|).

Section 4 contains a slightly more complicated algorithm for the general case. First we run the
algorithm of Section 2, then change the roles of men and women. In the second phase women
get extra scores and make proposals to men. This algorithm still runs in linear-time, and gives a
5/3-approximation. Finally we propose some open problems.

2 Men have strictly ordered lists

In this section we suppose that the lists of men are strictly ordered. We are going to define extra
scores, m(m) for every man with the following properties. Initially w(m) = 0 and at any time
0 < w(m) < 1 for each man. We also define adjusted priorities: pri'(m,w) := pri(m,w) and
pri’(w, m) := pri(w, m) + w(m) for each acceptable pair (m,w). It is straightforward to see that if
M is stable with respect to pri’ then it is also stable with respect to pri.

We define a modification of Algorithm GS, that is called rmGS (reduced men-proposal GS), as
follows. This algorithm starts with a stable matching, given extra scores and a set of active men.
Run the original GS algorithm (active men make proposals; at the beginning of the algorithm they
start from the beginning of their strict lists), where women use pri’ to decide rejections. Stop when
every man is inactive.

If some men with zero extra score remained single, we increase the score of those men to £ and
re-activate them. In the next round they start making proposals from the beginning of their strict
list. At any time let SM denote the set of single men, and Il := {m € U : m(m) = 0}. We fix
e=1/2.

Our approximation algorithm is as follows:

ALGORITHM GSA1l
run GS
FORmeU 7(m):=0
WHILE SM N1l # 0
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FORmESMﬁHO

w(m):=¢
re-activate m
run rmGS

This simple algorithm runs in O(|E|) time, as there are at most 2|E| proposals altogether. It is
easy to see that Algorithm GSA1 gives a stable matching M with respect to the adjusted priority,
hence M is stable for the original problem as well.

Let My, denote any maximum size stable matching (stable for the original priorities).

Theorem 2 If men have strictly ordered preference lists, M is the output of Algorithm GSAI1 and
Moyt is a mazimum size stable matching then

3
|M0pt| < 5 ’ |M|
m w
n(m)=0
5 8
M:
3 6
Mopt
3, 5, 6, 8: priorities (example)
n(m)=¢
w’ m’

Figure 1: A path of length three in M U Mgy

PRrROOF: We use an idea of Iwama, Miyazaki and Yamauchi [7]. Take the union of M and Mgp,. We
consider common edges as a two-cycle. Each component of M U M, is either an alternating cycle
(of even length) or an alternating path. It is enough to prove that in each component there are at
most 3/2 times as many M,pi-edges as M-edges. This is clearly true for each component except for
alternating paths of length three with the M-edge mw in the middle (see Figure 1).

We claim that such a component cannot exist. Suppose that M(m) = w, Mope(m) = w' # w,
Mopt(w) = m’ # m and that m’ and w’ are single in M. Observe first that w’ never got a proposal
during Algorithm GSA1. Consequently m(m) = 0 at the end, as otherwise he would have proposed
to each acceptable woman. We may also conclude that pri(m,w) > pri(m,w’) because there are no
ties in the men’s lists. When the algorithm finishes, 7(m’) = ¢, and m’ proposed to every acceptable
woman with this extra score, but w rejected him. This means that pri’(w,m) > pri’(w,m’) =
pri(w, m’) + & consequently pri(w, m) > pri(w, m’'). However, in this case edge mw blocks My, a
contradiction. O

We have an example (see Figure 2) showing that for our algorithm this bound is tight (a possi-
ble order of proposals and extra score increases is the following: mw, m'w, m'w” , m"w", ©#(m") =
e, m//w//)'

Note: for open questions please see the section “Open Problems”.

3 Hospitals/Residents with strictly ordered residents’ lists

We consider the Hospitals/Residents problem with the restriction that residents have strict orders on
acceptable hospitals. Note, that for real-life applications of this scheme, this assumption is realistic.
Here, as appropriate, residents get extra scores. The adjusted priorities are defined as in Section 2.

For a reader familiar with this topic it is straightforward that after “cloning” of hospitals the
previous algorithm runs with the same approximation ratio. However, we describe an algorithm for
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2 1

1
1

1 M:
Mopt:
1 2 1
1 2

w m’ w”

Figure 2: An example where GSA1 gives |[M| = (2/3) - | Mopt]

this problem in some detail for not only to newcomers, but for three more reasons: (i) the cloning
is not well defined in the literature, (ii) we give a linear time algorithm, and (iii) for showing an
example and a theorem at the end of this section.

We modify GSA1 by replacing GS by HRGS and define rmHRGS as a modification of HRGS
analogously to the derivation of rmGS from GS. Here SM denotes the set of unassigned residents
and again Ilp := {m € U : 7(m) = 0}.

ALGORITHM HRGSAL
run HRGS
FORmeU 7(m):=0
WHILE SM N1y #
FOR me SM N HO
w(m) :=¢
re-activate m

run rmHRGS

Algorithm HRGSA1 also runs in time O(|E|) (hospitals need to have 2N buckets), and gives a
stable assignment F.

Theorem 3 If residents have strictly ordered preference lists, F' is the output of Algorithm HRGSA1
and Fopt is any mazimum size stable assignment then

3
|F0pt| S 5

“|F.

PROOF: We suppose that positions at hospital w are numbered by 1...c(w). For the proof we
make an auxiliary bipartite graph G’ = (U, V', E’) and new preference lists as follows. The set U of
residents remains unchanged. The set V' consists of the positions, i.e., V/ = {w’ :w eV, 1 <i <
c(w)}. An edge connects resident m and position w' if (m,w) was an acceptable pair (if hospital
w was acceptable to m then all positions at w are acceptable to m). Each position w® inherits the
preference list of hospital w. For resident m we have to make a new (and also strict) preference list.
Take the original list, and replace each w by w' < w? < ... < w®) (thus if w; was preferred by m
to weo then all positions of wy will be preferred to all positions of ws). If F' is an assignment in G
then it defines a matching M in G’ by distributing edges of F' incident to a hospital w to distinct
positions w!, w?, ..., w* ™) And, conversely, any matching M of G’ defines an assignment in G.
The crucial observation is that if assignment F' is stable in G then the associated matching M is
stable in G’, and if matching M is stable in G then the associated assignment F' is stable in G.
Moreover, if we imagine running Algorithm GSA1 on G’, the resulting matching M corresponds to
the assignment F' given by Algorithm HRGSA1. Using these observations Theorem 2 implies this
theorem. |
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m; W m

2 1
1

1

1 M:
Mopt

1 1

! 2 1

W m’ wi'

Figure 3: A building block of the example where HRGSAL1 gives|F| = (2/3) - |Fopt]

We note that the example on Figure 2 can be easily modified to show that this algorithm cannot
achieve better approximation ratio than 3/2, not even if all hospitals have large capacities and if
each hospital has an absolutely unordered list (i.e., pri(w, m) = 1 for every resident m).

We make c¢ copies of the example shown in Figure 3, one for each ¢ = 1...c. Then glue together
the ¢ copies of w;, the ¢ copies of w; and the ¢ copies of w!. Assign capacity ¢ to each hospital (w,
w’ and w”). The following is a possible run of Algorithm HRGSA1 yielding an assignment F' with
|F'| = 2¢, while |Fope| = 3c. First every resident m proposes to hospital w”. Next, every resident
m; proposes to hospital w; now hospitals w and w” are full. Then every resident m/) proposes first
to w” and then to w, but they are always rejected. So every resident m/ gets an extra score. They
proposes again to hospital w” and they succeed. Now every resident m/ gets an extra score, and
proposes again to w” but they are rejected.

However, with a different type of restriction we are able to prove a stronger theorem. For a
hospital w let 7(w) denote the length of the longest tie for w, and let A := max,cv 7(w)/(2¢(w)).

Theorem 4 Algorithm HRGSA1 gives approximation ratio not worse than
3 1 1-2AX

2 6 1+A

PRrooF: The proof is very technical, so we only sketch the idea of it. Every component of M U M
(in G’) that is a 5-path has a middle hospital-position w® such that hospital w is full. Each such
hospital has at most 7(w)/2 positions in such a bad component and c(w) — 7(w)/2 > %T(w)
other positions lying in a good component (where the ratio of F-edges against the Fii-edges is
at least 3/4). In the “worst case” this component is a 7-path that can contain at most 3 such
hospital-positions. O

4 General stable marriage

Now we consider the general maximum stable marriage problem. First we run the algorithm of
Section 2, then change the roles of men and women. In the second phase women get extra scores
and make proposals to men.

Accordingly, we also use extra scores m(w) for women: initially m(w) = 0 and at any time 0 <
m(w) < 1 for each woman w. We also re-define adjusted priorities: pri’(m,w) := pri(m,w) + m(w)
and pri’(w, m) := pri(w, m) + m(m) for each acceptable pair (m,w). It is straightforward to see that
if M is stable with respect to pri’ then it is also stable with respect to pri.

In the first phase we run Algorithm GSA1, women do not get extra scores in this phase. Next, in
the second phase we change the roles of men and women, in this phase we increase extra scores of
women only. At the beginning of the second phase each woman makes any strict order of acceptable
men according to the adjusted priorities (higher priority comes before lower).

We define Algorithm rwGS (reduced woman-proposal GS) similarly to Algorithm rmGS. The
algorithm starts with a stable matching, given extra scores and a set of active women. Run the
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original GS algorithm with interchanged roles: active women make proposals, and men use pri’ to
decide rejections. But here we have a major difference. If a woman w with 7(w) = 0 is rejected by
her actual partner at any time during the process then she gets 7(w) := £/2 extra scores, activates
herself, and starts making proposals from the beginning of her strict list. Stop when every woman is
inactive.

If some women with less than € extra score remained single, we increase the score of those women
to € and re-activate them. In the next round they start making proposals from the beginning of their
strict list. At any time let SW denote the set of single women and IT := {w € V : w(w) < &/2}. We
also use € = 1/2.

Our approximation algorithm is as follows.

ALGORITHM GSA2
Phase 1
run GSA1
Phase 2
FORweV z(w):=0
WHILE SW N1I # ()
FOR w e SWNII

m(w) :=¢
re-activate w
run rwGS

First we claim that the algorithm runs in time O(]E]). To see this we must consider two things.
In Phase 2, every woman processes her strict list at most twice, so there are at most 2|E| proposals
in the second phase. The strict lists of women can be calculated in O(|E|) time altogether using
bucket sort with 2/NV buckets.

Next we claim that the matching M given by the algorithm is stable with respect to pri’ con-
sequently is stable with respect to pri. It is not hard to see this fact, we leave the standard and
technical proof to the full version.

Theorem 5 If M is the output of Algorithm GSA2 and Moy is any mazimum size stable matching
then

5
Mo < 5+ 1M].
ProOOF: First we need a technical lemma. Let M’ denote the matching given at the end of Phase 1.
Consider components of M U M,y as before.

Lemma 6 Suppose M U My, has a component that is an alternating path of length three, with the
M-edge mw in the middle. Then w' = Mopi(m) is matched in M'.

m w
n(m)=0 5 3 (W) <e
3 3 M:
Mopt:
(W) =¢ n(m’)=¢
w’ m’

Figure 4: A path of length three in M U Mo
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PRrROOF: Let m' = Myp(w) (see Figure 4) and suppose w’ was single at the end of Phase 1 (i.e., w’
is single in M"). As this is a component of M U My, clearly both m’ and w’ are single in M, and
moreover, as matched men never become single in Phase 2, m/ is also single in M’.

First we observe that as w’ is single in M’, m did not propose to her during Phase 1, so 7(m) =0
(as w(m) could only be positive after m searched over his strict list). However m’ remained single,
so w(m') = ¢ at the end of the algorithm.

In Phase 2 w did not propose to m’ (m’ remained single, thus he did not receive any proposals),
so m(w) < &/2. Next we use M (w) = m, and we consider two cases. If M'(w) = m then in Phase 1,
when w rejected m’ the last time, she had pri’(w,m) > pri’(w,m’) = pri(w,m’) + £, so that in this
case pri(w,m) > pri(w,m’). Otherwise, if M’(w) # m then in Phase 2 w started to make proposals
from the beginning of her strict list (that was made with respect to pri’ after Phase 1), but she did
not propose to m’, so pri’(w,m) > pri’(w, m’) also implying pri(w, m) > pri(w, m’).

At the beginning of Phase 2, m(w’) was set to &, and w’ remained single. This means that
w’ proposed to m and m rejected her. Consequently pri’(m,w) > pri’(m,w’), thus pri(m,w) >
pri(m,w’). These arguments show that mw is blocking for My, a contradiction. |

We continue the proof of the theorem. Let SM denote the set of single men at the end of the
algorithm, and SM C SM denote the set of those single men who are matched in M. First note,
that men in SM were also single after Phase 1, since in Phase 2 men’s positions do not decline.
Observe that for each man m € SM, woman Mopt( m) exists and is matched in both M’ and M (at
the end of any Phase at least one person in any acceptable pair is matched). We further partition
SM as follows. Let SM1 consist of each man m € SM, for whom man M (Mope(m)) is matched in
Mopt7 and SMs := SM\SM1 Let SM{ := {m € SM; : opt(M(Mopt(m))) is matched in M} and
SME := SM;\ SM}. By Lemma 6, for every man m in SM? woman My (M (Mopt(m))) is matched
in M’ (i.e., at the end of Phase 1). The next lemma plays a crucial role in the proof of the theorem.

Lemma 7 5
|SM;| < 3 | M|

PROOF:

Case 1 |SM}| > |SM,|/2.

We form clubs, every club is led by a man in SM; and has one or two other men who are matched
in M. For every man m € SM; the second member of his club is M(Myp(m)). For each man
m € SM{, his club contains a third member: M (Mopt(M (Mopt(m)))). We claim that these clubs
are pairwise disjoint.

We formed one club for each man in SM; so it is enough to prove that any man m’ who is matched
in M belongs to at most one club. If M (m') is single in Myp, then m’ is not a member of any club. If
m = Mop (M (m')) € SM, then either m € SM; and m’ belongs to m’s club or otherwise m’ has no
club at all. Otherwise m’ belongs to the club of m* = My (M (Mopi(M(m')))) as a third member,
if m* exists and m* € SM{}; and m’ has no club otherwise.

Let MM denote the set men who are matched in M. We have

3
M| = [MM| 2 [SM;| + |SM}| 2 5 - S,

Case 2 |SM?| > |SM;|/2.

In this case we form different clubs, here the non-leader members will be men matched in M’. For
every man m € SM; the second member of his club is M’(Mypt(m)). For each man m € SME, his
club contains a third member: M’ (Mopi (M (Mopt(m)))). We claim that these clubs are also pairwise
disjoint.

If M'(m’) is single in My then m' is not a member of any club. If m = My, (M'(m')) € SM,
then either m € SM; and m’' belongs to m’s club or otherwise m’ has no club at all. Otherwise
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m’ belongs to the club of m* = My (M (Mopi(M'(m')))) as a third member, if m* exists and
m* € SM?; and m’ has no club otherwise.

Let MM’ denote the set of men who are matched in M’. As men matched after Phase 1 remain
matched till the end, we have

3
(M = [MM| 2 |MAM'| 2 |SMy| +SMF| > 5 - |SM). O

We are ready to finish the proof of the theorem. Let MM,y denote the set of men who are
matched in My, We claim that |MM N MMy < |[MM| —|SMs|. This is true because |SMa| is
the number of components of M U M,y isomorphic to a path with two edges and with a woman in
the middle, and for each such path the M-matched man is single in Mps.

|M0pt‘ = |MM0pt| = ‘MMQMMopt‘ + |SMﬂMMopt| S
5

2
< (MM| — [SMa) + (|SM| +|SMal) < [M]+ < - M| = 2 - [M]. 0

5 Open Problems

Open Problem 1 Is it possible to improve the performance of GSA1 if we use smaller €, increase
extra scores more than once, and give extra scores to not only single men, but also to partners of
each woman who is a neighbor of a single man?

Open Problem 2 Is it possible to improve the performance of GSA1 if we use the method of Irving
and Manlove [5] after GSA1?

Open Problem 3 Is it possible to improve the performance of GSAZ2 if we use smaller €, increase
extra scores more than once, alternately for men and women? And if giving extra scores to not only
persons remained single?

Open Problem 4 [s it possible to improve the performance of GSA2 if we use the method of
Halldorsson et al. [3], or the method of Twama, Miyazaki and Yamauchi [7] after GSA27
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Abstract. In this paper we consider the problem of computing an “optimal” popular matching. We
assume that our input instance G = (AUP, E1U---UE,) admits a popular matching and we are asked
to return not any popular matching but an optimal popular matching, where the definition of optimality
is given as a part of the problem statement; for instance, the optimality criterion could be fairness, in
which case the problem is to return a fair popular matching, which is a maximum cardinality popular
matching that matches as few applicants to their rank r posts as possible, subject to this constraint,
matches as few applicants to their rank r — 1 posts as possible, and so on. We show an O(N? + m)
algorithm for the problem of computing an optimal popular matching, assuming that the preference
lists are strict, where m is the number of edges and N is the number of applicants in G.

1 Introduction

In this paper we consider the problem of computing an optimal popular matching in a bipartite
graph G = (AUP, &) with one-sided preference lists. Optimality is described succinctly as a part of
the problem statement, for instance, rank-mazimality, or fairness, or min-cost (where each (a,p) € €
has a cost ¢(a,p) associated with it) can be considered as optimality. More generally, we assume a
partial order <p on matchings that obeys the following natural properties:

(A) if My, My are two matchings that contain an edge e and My <p Ms, then M\ {e} <p M\ {e},
(B) if My <p My and neither M; nor My contains edge e and M; U{e} and MU {e} are matchings,
then My U {e} <p My U {e}.

In this paper we consider the problem of computing a popular matching in G that is an optimal
element (maximal/minimal as the case may be) with respect to <p among all popular matchings
in G. We first describe below the popular matching problem.

The popular matching problem. An instance of the popular matching problem is a bipartite
graph G = (AU P,€) and a partition £ = Ey U Ey--- U E, of the edge set. The vertices of A are
called applicants and the vertices of P are called posts. For each 1 < i < r, the elements of F; are
called the edges of rank i. If (a,p) € E; and (a,p’) € E; with i < j, we say that a prefers p to p’.
This ordering of posts adjacent to a is called a’s preference list. For any applicant a and any rank
i, where 1 < ¢ < r, we assume that there is at most one post p such that (a,p) € E;, that is, we
assume that preference lists are strictly ordered.

A matching M of G is a set of edges such that no two edges share an endpoint. We denote by
M (a) the post to which applicant a is matched in M. We say that an applicant a prefers matching
M’ to M if (i) a is matched in M’ and unmatched in M, or (ii) a is matched in both M’ and M,
and a prefers M'(a) to M(a). M’ is more popular than M, denoted by M’ = M, if the number of
applicants that prefer M’ to M exceeds the number of applicants that prefer M to M’. A matching
M is popular if and only if there is no matching M’ that is more popular than M.
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The popular matching problem is to determine if a given instance admits a popular matching,
and to find such a matching, if one exists. The popular matching problem was considered in [1]
and efficient algorithms were given to determine if G admits a popular matching and to compute
a maximum cardinality popular matching. Note that popular matchings may have different sizes,
and a largest such matching may be smaller than a maximum-cardinality matching.

1.1 Problem Definition

In this paper we assume that the input instance G admits a popular matching and here we are not
content returning any popular matching or any maximum cardinality popular matching. Our goal
is to compute an optimal popular matching, where the definition of optimality is given succinctly
as a part of the problem definition. For instance, the problem description could state fairness, or
rank-mazimality, or min-cost of matched edges as optimality, which means that, among all popular
matchings in G, we have to return that popular matching which is the most optimal with respect
to fairness, or rank-maximality, or has the least cost, as the case may be. We define the terms fair
and rank-maximal below.

The fair matching problem. The fair matching problem in a bipartite graph G = (AUP, E1 U
Ey---UE,) asks for a matching M that satisfies the properties below:

(i) M is a maximum-cardinality matching in G, and

(ii) among all maximum cardinality matchings in G, M matches the least number of applicants
to their rank r posts, subject to this constraint, matches the least number of applicants to their
rank r — 1 posts, subject to this constraint, matches the least number of applicants to their rank
r — 2 posts, and so on.

Currently, there are no combinatorial algorithms known for computing a fair matching. In this
paper we consider the fair popular matching problem. A fair popular matching M is defined as
follows:

(i) M is a maximum cardinality popular matching in G, and

(ii) among all maximum cardinality popular matchings in G, M matches the least number of
applicants to their rank r posts, subject to this constraint, matches the least number of applicants
to their rank r — 1 posts, subject to this constraint, matches the least number of applicants to their
rank r — 2 posts, and so on.

Rank-mazimal matchings. A rank-maximal matching M in a bipartite graph G = (AU P, E; U
--+U E,.) is a matching that matches the maximum number of applicants to their rank one posts,
subject to this constraint, matches the maximum number of applicants to their rank two posts, and
so on. There are efficient combinatorial algorithms known for computing a rank-maximal matching
[5]. However, there are no efficient combinatorial algorithms known for computing a mazimum
cardinality matching that is the most rank-maximal among all maximum cardinality matchings.
Here we consider the problem of computing a popular matching that is the most rank-maximal
among all popular matchings.

Min-cost popular matchings. Another natural definition of optimality is the following: we assume
that each edge (a,p) has a non-negative cost c(a,p) associated with it. G = (AUP,E1U---UE,)
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admits a popular matching and we want to compute that popular matching M in G such that
Y acacla,M(a)) is the minimum among all popular matchings.

The problem of computing a fair popular matching/rank-maximal popular matching/min-cost
popular matching can be solved by assigning suitable costs to the edges of an appropriate bipartite
graph H derived from G = (AUP,E; U---U E,) and computing a min-cost or max-cost perfect
matching in H. It is easy to see that the order <p on matchings defined with respect to fairness,
rank-maximality, or min-cost satisfies properties (A) and (B) defined at the beginning of this section.

Here we present a simple combinatorial algorithm that runs in O(N 24 m) time for the problem
of computing an optimal popular matching in G, where m is the number of edges and N is the
number of applicants in G. We assume that given two matchings M7 and My, we can determine if
My <p My or My <p Mj in O(N) time, which is a reasonable assumption (and is indeed the case
for fairness, rank-maximality, or min-cost).

1.2 Related Results

The notion of popular matchings was originally introduced by Gardenfors [3] in the context of the
stable marriage problem with two-sided preference lists. It is well known that every stable marriage
instance admits a weakly stable matching (one for which there is no pair who strictly prefer each
other to their partners in the matching). In fact, there can be an exponential number of weakly
stable matchings, and so Gardenfors considered the problem of finding one with additional desirable
properties, such as popularity. Gardenfors showed that when preference lists are strictly ordered,
every stable matching is popular. He also showed that when preference lists contain ties, there may
be no popular matching.

Abraham et al. in [1] presented an O(m+n) algorithm (for the case of strictly ordered preference
lists) to determine if the input instance G on m edges and n vertices admits a popular matching
and compute one, if it exists. For the case when the preference lists need not be strictly ordered,
they showed an O(m+/n) algorithm. Manlove and Sng [7] generalized the algorithms of [1] to the
case where each post has an associated capacity, indicating the number of applicants that it can
accommodate. (They described this in the equivalent context of the house allocation problem.)
They gave an O(v/Cny + m) time algorithm for the strictly ordered preference lists case, and an
O((V/C + n1)m) time algorithm for the case with ties in preference lists, where n; is the number
of applicants, and C is the total capacity of all of the posts. In [8] Mestre designed an efficient
algorithm for the weighted popular matching problem, where each applicant is assigned a priority
or weight, and the definition of popularity takes into account the priorities of the applicants.
Mestre’s algorithm for the case of strictly ordered preference lists has O(n +m) complexity and for
the case with ties in preference lists, the complexity is O(min(k+/n,n)m), where k is the number
of distinct weights assigned to applicants. Assuming that the input instance G admits a popular
matching, Abraham and Kavitha [2] considered the problem of computing a shortest-length voting
path! given a starting matching My in G. They gave an O(m + n) algorithm for this problem when
the preference lists are strictly ordered and an O(m+/n) algorithm for the case of ties in preference
lists.

In the case of two-sided preference lists where the two sides of the bipartite graph are considered
men and women, a stable matching is considered the ideal answer to what is a desirable matching.

L A voting path of length k is a sequence of matchings (Mo, Mi,..., M) such that My is popular and M >
My—1--- = Mo
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However there is a wide spectrum of stable matchings ranging from men-optimal stable matchings
to women-optimal stable matchings. Irving, Leather, and Gusfield [6] considered the problem of
computing a stable matching that is optimal under some more equitable criterion of optimality. In
fact, much work has been done in the two-sided preference lists setting on finding stable match-
ings that satisfy additional criteria (see [4] for an overview). In the same vein, assuming that the
input instance G admits a popular matching, here we ask for an optimal popular matching where
optimality is defined as a part of the problem statement.

2 Preliminaries

In this section we review the algorithmic characterisation for computing a popular matching from
[1]. Since our problem is restricted to the case where preference lists do not have ties, we will
present the characterisation from [1] of popular matchings for strictly ordered preference lists. For
convenience, a dummy post £(a) is added at the end of a’s preference list, for each applicant a, and
the edge (a,f(a)) is assigned rank r + 1. Thus henceforth, the edge set £ = E;U---UE,;; and any
unmatched applicant a will be assumed to be matched to £(a).

For each applicant a, define a first choice post for a, denoted by f(a), and a second choice post
for a, denoted by s(a), as follows. The post f(a), is one that occurs at the top of a’s preference
list, that is, it is a’s most preferred post. The post s(a) is the most preferred post on a’s list that is
not f(a’) for any applicant a’. Note that by above the definition, f-posts are disjoint from s-posts.
For each applicant a, f(a) is guaranteed to exist if its preference list is non-empty. Note that the
dummy post £(a) added at the end of a’s preference list ensures that s(a) always exists for each
applicant a.

The following lemma from [1] characterises a popular matching.

Lemma 1. A matching M is popular if and only if
(1) every f-post is matched in M,
(2) for each applicant a, M(a) € {f(a), s(a)}.

Let G’ denote the graph in which each applicant a has exactly two edges, (a, f(a)) and (a, s(a))
incident to it. From Lemma 1, it is immediate that the input instance G admits a popular matching
if and only if the graph G’ defined above admits an A-perfect matching. Thus the problem of
determining if G admits a popular matching is now easy to solve. Algorithm 2.1 contains the main
idea and [1] presents an efficient implementation of this idea that runs in O(m +n) time (where m
and n are the number of edges and vertices in G).

Algorithm 2.1 A simple framework from [1] to compute a popular matching in G

for each a € A do
— determine the posts f(a) and s(a)
end for
Construct the graph G’ on vertex set AU P and edge set Usca{(a, f(a)), (a,s(a))}.
if G’ admits an A-perfect matching then
return an A-perfect matching M in G’ that matches all f-posts.
else
return “G admits no popular matching”
end if
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3 Owur Algorithm

In this section we describe our algorithm to compute an optimal popular matching in G with respect
to the optimality criterion specified as a part of the input. We know that any popular matching
can match an applicant either to its f-post or to its s-post. Since our problem is to compute a
matching that is necessarily popular, we can delete all posts p from G where p is not an f-post or
an s-post. Thus G becomes the graph (AUP, E’) where E’ consists of edges (a, f(a)) and (a, s(a))
for each a € A.

An optimal popular matching, by virtue of being a popular matching, has to match every f-
post. So if a is an applicant such that it is the only applicant that considers f(a) as its top post,
we know that such an applicant a has to be matched to f(a) by any popular matching. So we
include all such pairs (a, f(a)) in our matching that we will return and delete such vertices a, f(a)
from G. So from now on we can assume that every applicant in G has degree exactly 2. Further we
know that G admits an A-perfect matching since any popular matching is an A-perfect matching
in (AUP,E').

Let N be the number of applicants in G. We will order the applicants a1, ...,ay in an arbitrary
manner. We will work with the graphs Hy, for 1 < k < N, where Hj is the graph on vertex
set {a1,...,ax} U{f(a1),..., f(ak),s(a1),...,s(ar)} and edges U?Zl{(aj, f(ay)), (aj,s(aj;))}. Any
popular matching in the graph G restricted to applicants {a1,...,ax} is a matching of size k in Hy,
that matches all the posts f(a1),..., f(ar). We present a simple iterative strategy for computing
an optimal popular matching in G: for each 1 < k < N, we will compute a matching M that
satisfies the following 2 properties.

(1) My is a matching of size k in Hy that matches all the posts f(a1),..., f(ak).
(2) among all the matchings that satisfy (1), M}, is optimal with respect to <p.

We will compute such an M, iteratively. Say we have already computed the desired matching
My, _1; in the current step, we add to the graph Hy_; the applicant ay and the posts f(ag), s(ax)
(if they do not yet belong to Hi_1) and the edges (ag, f(ax)) and (ag, s(ax)) to form the graph Hy.
We will show that M}, can be computed by augmenting Mj_1 appropriately.

My, has size k in Hy, thus it has to match each of the applicants aq,...,a;. Due to the fact
that we augment Mj_1 in Hy, each of aj,...,ar_1 remains matched (to either their f-post or
s-post). Also since My needs to match ag, either (ay, f(ax)) or (ak, s(a)) has to belong to My. Our
algorithm tries both the options:

(1) it tries to find augmenting paths py and g with respect to My_; in Hy in order to match ay to
f(ax) and to s(ay), respectively. It is easy to show that at least one of py, ¢x has to exist.

(2) If pg does not exist, then My = Mj_1 @ qx and if g does not exist, then My = My_1 @ pg. If
both pg and ¢ exist, then the more optimal of My_1 & py and Mj_1 @ q; is chosen as M.

We present our algorithm as Algorithm 3.1 and show that this simple method suffices.
Theorem 1 proves the correctness of our algorithm.

Theorem 1. The matching My returned by our algorithm is a popular matching that is optimal
with respect to <p.

It is easy to see that the matching My returned by our algorithm is popular. Note that, for
each i, M; is a maximum cardinality matching in H;. Thus My is a maximum cardinality matching
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Algorithm 3.1 Our algorithm to compute an optimal popular matching

for each a € A do
— determine the posts f(a) and s(a).
end for
— Set any order among the applicants so that the applicants can be labelled a1, as,...,an.
— Let H; be the graph on vertex set {a1} U {f(a1),s(a1)} and edge set {(a1, f(a1)), (a1,s(a1))}); let My be the
matching {(a1, f(a1))}.
— Initialize ¢ = 2.
while i < N do
Update H;—1 to H; by adding the applicant a; and posts f(a;), s(a;) (if they do not already exist) to the vertex
set and the edges (as, f(a;)) and (as, s(a;)) to the edge set.
if f(a;) is newly added then
M; = M1 U{(ai, f(a:))}.
else
find an augmenting path p; with respect to M;_1 in H;_; that begins with the edge (ai, f(a;))
find an augmenting path g; with respect to M;_1 in H;—; that begins with the edge (a:, s(a:))
if p; (similarly, ¢;) does not exist then
M; = M; & q; (vesp., M; & p;).
else if both p; and ¢; exist then
M; = the more optimal of M; @ p; and M; @ q;.
end if
end if
t=1+1.
end while
— Return My.

in Hy; we know that Hy = (AU P, E’) admits an A-perfect matching since the input instance
admits a popular matching. Thus My is an A-perfect matching. Also, by construction, we never
let an f-post remain unmatched. Thus, My is an A-perfect matching in (AU P, E’) that matches
all f-posts. Thus My is a popular matching in the input instance.

We now need to show that among all popular matchings, My is optimal with respect to <p.
We will prove this by induction: we will show that for each ¢, M; is a matching of size ¢ in H; that
matches all posts f(a1),..., f(a;) and amongst all such matchings, M; is optimal.?

We will now show that for all 1 < ¢ < N, M, is optimal in H; subject to the constraint that
M; has to match all of aq,...,a; and f(a1),..., f(a;). The base case i = 1 is trivial. By induction
hypothesis, we assume that My_ is optimal in Hy_; subject to the constraint that it has to match
all of ay,...,ax_1 and f(a1),..., f(ax—1). Using this hypothesis, we will show that M} is optimal
in Hj, subject to the constraint that it has to match all of a1, ...,ax and f(a1),..., f(ag)-

We consider two cases: (i) f(ax) is not present in Hy_; and (ii) f(ax) is present in Hj_;.
Lemma 3 deals with the first case and Lemmas 4 and 5 deal with the second case.

Lemma 2. Let My _q be an optimal matching in Hyp_1 subject to the constraint that the vertices
a,...,ag—1 and f(ay), ..., f(ax—1) have to be matched. If f(ay) is not present in Hy_1, then
My, = My_1 U{(ag, f(ar))} is optimal in Hy subject to the constraint that all of aq,...,ar and
f(a1),..., f(ar) have to be matched.

2 Note that we can compare two matchings M, M’ of H; with respect to <p by extending each of M, M’ to
{a1,...,an} by considering {ait+1,...,an} as unmatched and we can compare the extended matchings with
respect to <p.
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Proof. It is immediate from the definitions of M}_; and M}, that M; matches all of aq,...,a; and

f(a1),..., f(ar). What remains to prove that My is a most optimal such matching.
Suppose not, let Oy be a more optimal such matching in Hy. We know that f(ay) is not an f-post
for any applicant in {a1,...,ax_1} (by virtue of the fact that f(ax) is not present in Hy_1). Since

Oy, has to satisfy the constraint that all f-posts in Hy, are matched, it follows that Og(ar) = f(ak).
Thus Oy and M}, agree on the edge e = (ag, f(ax)).

Now consider the matching Oy — {e}. This is a matching in Hj_; that matches all the vertices
ai,...,ag—1 and f(a1), ..., f(ag—1) since O matches all of ay,...,ar and f(a1),..., f(ar). We
know that Mj_;1 is a most optimal such matching in Hy_1, implying that (let us assume that
optimality is given by mazimality with respect to <p):

Or —{e} <p Mj_1

Adding the edge e to both the matchings above, we have Oy <p Mj_1 U {e} = My, contradicting
our assumption that Oy is more optimal than Mj. O

We now deal with the case when f(ay) is present in Hy_1. In this case, we try to find augmenting
paths pi and ¢ in Hy. Note that at least one of pg, g has to exist since H; admits a matching of
size k (any A-perfect matching of (AU P, E’) restricted to aq,...,ax is a matching of size k in Hy,)
- thus there has to exist an augmenting path with respect to the (k — 1)-sized matching My_; in
Hy. Say, py, exists and q; does not exist. Then we show the following.

Lemma 3. My 1 ® pg is an optimal matching in Hy subject to the constraint that it has to match
all of ay,...,a; and f(ay),..., f(ag).

Proof. Tt is easy to see that My = My_1 @ py matches all of ay,...,ax and f(ay),..., f(ax). We
need to show that M} is a most optimal such matching.

Suppose not and let O be a more optimal such matching in Hy. The fact that g does not
exist implies that any matching that matches all of a1, ..., ax in Hy has to match ay to f(ay). This
forces Oy, to match the applicant that was matched by My_1 to f(ay) to be matched to its s-post.
In fact, every edge in pj that is present in M} has to be present in O. Thus O and M} contain
the same subset of edges of pi. Call these edges ey, ..., e; (refer to Figure 1).

Now consider the matching Oy @ pr. This is a matching in Hi_; that contains the same edges
as Oy outside py and the edges of pi present in this matching are py — {e1,..., e} (the bold edges
of Figure 1) - all these bold edges are present in Mj_1. Since Oy and Mj_1 match all the vertices

ai,...,ap—1 and f(ay),..., f(ar_1), it follows that Oy & p, matches all the vertices aq,...,ar_1 and
f(a1),..., f(ax_1). Thus Ok @ pi is a matching in Hy_; that matches all the vertices aq,...,ax_1
and f(a1),..., f(ag_1). Since Mj_1 is an optimal such matching, we have

M1 >p O ® pi.

Now deleting the edges pr — {e1,..., et} from both the matchings Mjy_; and Oy @ pg, and adding
the edges eq, ..., e; to both these matchings, we get My_1 @ pr >p Op. In other words, My >p Oy,
contradicting Oy to be more optimal than M. O

The case when q; exists and p; does not exist is absolutely similar to above lemma. The only
case that we are left with is the case when both p and ¢, exist. In this case our algorithm computes
both My_1 & pr and Mp_1 ® g and chooses the more optimal of the two matchings to be M. We
now have to show that M, is what we desire.
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Fig. 1. The path pi: the bold edges are present in My _1 and the dashed edges are in My, and in Ok.

Lemma 4. My, the more optimal of My_1 @ pr, and Myp_1 @ qi, is a most optimal matching in Hy,
that matches all of ay,...,ax and f(ay),..., f(ag).

Proof. 1t is obvious that M} matches all of a1,...,a; and f(ay),..., f(ag). Suppose My is not an
optimal such matching, let O be a more optimal such matching in Hy. The matching Oy has to
match ay to either f(ag) or to s(ax). We will show the following:

Claim 1. If Ok(ak) = f(ak), then Op <p Mp_1 @ pg.
Claim 2. If Og(ax) = s(ag), then O <p Mj_1 & qi.

We know that either Ox(ar) = f(ag) or Og(ax) = s(ax), which implies by Claims 1 and 2 that
either Op <p Mj_1 @ pr or O <p Mj_1 ® qi. Thus My, which is the more optimal of My_1 & pg
and My_1 @ qi is at least as optimal as Oy, contracting our assumption that Oy is more optimal
than Mk.

Hence, what we need to show are Claims 1 and 2.

Proof of Claim 1. If Ok(ay) = f(ay), then as we argued in the proof of Lemma 4, it follows that
My,_1 @ pr and Oy, contain the same subset of edges of pi. Now consider Oy @ pg: this is a matching
in Hj_; that matches all of a1, ...,ar_1 and f(a1),..., f(ax—1). Since My_; is an optimal matching
in Hj_; that matches all of ay,...,a;_1 and f(a1),..., f(ax—1), it follows that O © pr, <p Mj_1,
or equivalently, O <p Mj_1 @ p. This finishes the proof of Claim 1.

Proof of Claim 2. This proof is absolutely similar to the proof of Claim 1. If O (ay) = s(ax), then
as we argued in the proof of Lemma 4, it follows that My_q & g and O contain the same subset of

edges of qr. Now consider Oy @ ¢: this is a matching in Hy_; that matches all of aq,...,a;_1 and
f(a1),..., f(ag—_1). Since My_; is an optimal matching in Hy_; that matches all of aq,...,ax_1
and f(ay),..., f(ag—1), it follows that O © qx <p Mj_1, or equivalently, O <p My_1 @ qx. This
finishes the proof of Claim 2. g
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This completes the proof of Theorem 1. We will now analyse the running time of Algorithm 3.1.
The f and s-posts of all applicants can be computed in O(m + N) time. The main while loop of
Algorithm 3.1 runs for N iterations and each iteration takes O (V) time to construct the augmenting
paths p;, ¢; and to compare M; 1 @ p; and M;_1 @ ¢;. Thus our algorithm runs in O(N? +m) time.

4 Discussion

In this paper we gave an O(N? + m) algorithm for computing an optimal popular matching for
instances with strict preference lists. This raises the question of extending our algorithm for the
case when ties are allowed in the preference lists. Note that our assumption of strict preferences
was critical in proving the correctness of our algorithm. When preference lists are allowed to have
ties, an applicant can have more than one post as its f-post and similarly, it can have more than
one post as its s-post.

Recall that our iterative algorithm, in case of strict preference lists, updates the current optimal
matching Mj_1 along one of the two augmenting paths p; or ¢; to get an optimal popular matching
Mjy,. The fact that every applicant has degree exactly 2 in H; ensures that we need to consider only
two augmenting paths at each step of our algorithm. Further, if an optimal matching Oy matches
applicant ay to f(ag), then Oy is forced to agree with My for all applicants that appear on the
augmenting path py. This reduces the problem of comparing Oy and M}, to comparing Oy & p; and
My, & pir. and we use our induction hypothesis here to show that Oy & p, cannot be more optimal
than My_1 = M & py.

The difficulty in case of ties, is precisely in the part of extending Mjy_1 to M. We leave it as
an open question to extend our combinatorial algorithm to the case of ties in preference lists.
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Abstract

The Hospitals/Residents problem (HR for short) is a many-to-one extension of the stable
marriage problem. In an instance of HR, each hospital specifies a quota, i.e., an upper bound
on the number of positions it provides, and a feasible matching must satisfy the condition that
the number of residents assigned to each hospital is up to its quota. It is well-known that in any
instance, there exists at least one stable matching, and finding one can be done in polynomial
time. In this paper, we consider an extension where each hospital specifies upper and lower
bounds on its number of positions, namely, in a feasible matching, the number of residents
assigned to each hospital is at most its upper bound quota and at least its lower bound quota.
Now, some instance admits no stable matching, but it is easy to see that the problem of asking if
there is a stable matching is solved in polynomial time. We consider an optimization version of
this problem, that is, the problem of finding a feasible solution with minimum number of blocking
pairs. We show that it is hard to approximate within (|H| + |R|)!~¢ for any positive constant
e, where H and R are the sets of hospitals and residents, respectively. This inapproximability
result holds even if all preference lists are complete and strict, and all hospitals have the same
preference list (known as the “master list”). We further consider the restriction that, in addition
to the above, all residents have the same preference list, and show that this can be solved in
polynomial time.

1 Introduction

The stable marriage problem is a widely known problem first studied by Gale and Shapley [5]. We
are given sets of men and women, and each person’s preference list that orders the members of
the other sex according to his/her preference. The question is to find a stable matching, that is, a
matching containing no pair of man and woman who prefer each other to their partners. Such a
pair is called a blocking pair. They proved that any instance admits at least one stable matching,
and proposed an algorithm to find one, known as the (Gale-Shapley algorithm.

In the same paper [5], they also proposed a many-to-one extension of the stable marriage
problem, which is currently known as the Hospitals/Residents problem (HR for short). In HR,
two sets corresponding to men and women are residents and hospitals, respectively. Each hospital
specifies its quota, which means that it can accept at most this number of residents. Hence in a
feasible matching, the number of residents assigned to each hospital is up to its quota. Generally,
in HR, preference lists need not be complete, namely, each resident orders a subset of hospitals,
and each hospital orders a subset of residents. A blocking pair is now defined as a pair of hospital
h and resident 7 that include each other in their preference lists such that (i) the number of
residents assigned to h is less than its quota or h prefers r to at least one resident assigned to h
and (ii) r is unassigned or prefers h to his assigned hospital. Most properties of the stable marriage
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problem applies to HR, e.g., any instance admits a stable matching, and one can be found by the
appropriately modified Gale-Shapley algorithm.

As the name of HR suggests, it has many real-world applications in assignment systems between
residents and hospitals based on their preferences, which is known as NRMP in the U.S. [7, 15],
CaRMS in Canada [4], SPA (which is now called SFAS) in Scotland [8, 9], and JRMP in Japan [12].
It is also used in assigning students to schools in Singapore [18]. However, since there are special
requirements in reality, some useful extensions were proposed. For example, in the NRMP in the
U.S., a non-neglectable number of married couples apply for the matching who want to be matched
to hospitals within a close distance one another. This extension was formally modeled [17], and
an NP-completeness result [16] and some properties [3] were obtained. Another example appears
in assigning students to projects in a university. Each lecturer provides one or more projects, each
of which has its quota. Also, each lecturer has his/her own quota, which means the maximum
number of students he/she can accept. An assignment is a mapping from students to projects so
that quotas of projects and lecturers are all satisfied. Abraham et al. modeled this problem as the
Student-Project Allocation problem and gave efficient algorithms to find a stable matching [2].

Our Contribution. In this paper, we propose another extension of HR where each hospital
declares not only an upper bound but also a lower bound on the number of residents it accepts.
Consequently, a feasible matching must satisfy the condition that the number of residents assigned
to each hospital is at most its upper bound quota and at least its lower bound quota. This
restriction seems quite relevant in several situations. For example, many hospitals have some
sort of expectations in each year that at least this number of residents are coming, who are an
important labor force for the hospital. Also, many departments of Japanese universities, especially
in engineering schools, where students are again considered to be an important labor force for
experiments, the number of students assigned to each professor should be somehow balanced. In
this setting, we require to find a stable matching, where the stability definition is the same as that
of HR. We call this problem HR with Minimum Quota (HRMQ for short). Note that if we allow
incomplete lists, there can be instances with no feasible solution even if we ignore the stability
condition. So, we consider only complete lists. Also, for the same reason, we assume that the
number of residents is at least the sum of the lower bound quotas of all hospitals.

First of all, it is easy to see that the existence of a stable matching can be easily determined
since in HR the number of students each hospital receives is the same in any stable matching [6].
Namely, if those numbers satisfy upper and lower bound conditions, it is a desirable matching,
and otherwise, no stable matching exists. When there is no stable matching, we want to find a
matching “as stable as possible”, i.e., we consider the problem of finding a matching that minimizes
the number of blocking pairs. Our first result is that this problem is NP-hard and cannot be
approximated within the ratio of (|[H| + |R|)!~¢ for any positive constant & unless P=NP, where
H and R denote the sets of hospitals and residents, respectively. This is almost tight because we
can show that the problem is approximable within |H|+ |R|. Further, this inapproximability result
holds even if all preference lists are complete and strict, all hospitals have the same preference list
(which is known as the master list [10]), and all hospitals have upper bound quota 1 (which means
that this result holds for the stable marriage case). We then consider stronger restriction that in
both of hospitals and residents sides, all preference lists are identical. This restriction seems to
be too strict. Nevertheless, we show that it is non-trivial by showing an instance whose optimal
solution is against our intuition. We then give a polynomial-time algorithm for this problem.

Related Results. Classical results on the Hospitals/Residents problem (HR) can be found in [7].
Research on HR is still active recently [13, 11]. As mentioned previously, there are some extensions
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of HR, namely, HR with couples [17, 16, 3] and the Student-Project Allocation problem [2]. The
concept of master lists can be found in [10].

There are a couple of problems that involve finding a matching with minimum number of
blocking pairs. Khuller et al. [14] introduced an online version of the stable marriage problem, and
proved that there is no competitive online algorithm. Abraham et al. [1] proposed the problem
of finding a matching with the fewest number of blocking pairs, and showed that it is hard to
approximate.

2 Preliminaries

2.1 The Hospitals/Residents Problem with Minimum Quota

An instance of the Minimum Blocking Pair Hospitals/Residents Problem with Minimum Quota
(Min-BP HRMQ for short) consists of the set of residents R, the set of hospitals H, and each
member’s preference list that orders all members of the other party. Also, each hospital h has lower
and upper bounds of quota, p and g (such that p < q), respectively. We sometimes say that the
quota of h is [p, q]. For simplicity, we sometimes write the name of hospital with quota bounds,
such as h[p, q|.

A matching is a mapping from residents to hospitals so that the number of residents assigned
to each hospital h[p, q] is between p and g. Let M (r) be the hospital to which resident r is assigned
under M (if it exists), and M (h) be the set of residents assigned to hospital h. For a matching
M and a hospital h[p, q], if |[M(h)| = q (including the case that p = q = |M(h)|), we say that h is
full under M, and if |[M(h)| < q, we say that h is under-subscribed under M. We further partition
under-subscribed hospitals. If h is under-subscribed and |M(h)| = p, we say that h is critical.
Otherwise, namely if p < |M(h)| < g, we say that h is intermediate.

For a matching M, we say that a pair comprising a resident r and a hospital h forms a blocking
pair if the following two conditions are met: (i) 7 is either unassigned or prefers h to M (r). (ii)
h is under-subscribed or prefers r to one of residents in M (h). Min-BP HRMQ is the problem of
finding a matching with the minimum number of blocking pairs.

Min-BP 1ML-HRM@ (Min BP 1 Master List-HRMQ) is the restriction of Min-BP HRMQ so
that in a given instance, the preference lists of all hospitals are identical. Min-BP 2ML-HRMQ@
is defined similarly, namely, in an instance, all hospitals have the same preference list, and all
residents have the same preference list.

2.2 Approximation Ratios

We say that an algorithm A is an r(n)-approximation algorithm if it satisfies max{A(x)/opt(x)}
over all instances x of size n, where opt(x) and A(x) are the size of the optimal and the algorithm’s
solution, respectively.

3 Inapproximability Result for Min-BP 1IML-HRMQ
In this section, we show that Min-BP 1ML-HRMQ is NP-hard, and even hard to approximate.

Theorem 3.1 For any positive constant e, there is no polynomial-time (|H|+|R|)*~¢-approzimation
algorithm for Min-BP 1ML-HRM( unless P=NP.
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Proof. We show a gap introducing reduction from a well-known NP-complete problem Minimum
Vertex Cover (VC for short).

Instance: Graph G = (V, E) and a positive integer K.

Question: Does G contain a vertex cover of size at most K? (A vertex cover is a subset V, CV
such that for every edge e € F, at least one endpoint of e is in V).

Now, let Iy = (G, Ky) be an instance of VC, where Gy = (Vi, Ep) and K is a positive integer.
Define n = |Vy|. Without loess of generality, we may assume that Ky < n. For a constant &, define
c=[8], By =n°and By = n® — |Ey .

3

We then construct the instance I of Min-BP IML-HRMQ from [Iy. The set of residents is
R=CUFUS, and the set of hospitals is H =V UT U X. Each set is defined as follows:

C = {ull <i< Ky}
F = {fil<i<n-— Ky}
SH = {sgh|l1 <a < By} U{sih]1 <a < By}
S = U St
(vi,0j)EE,i<j
V = {u]1 <i<n}
T = {tgh|1 <a < By} U{ty,
T = Uy
(vi,0j)EFE,i<j
X = {z]1<i< By}

1§(ISB2}

Each hospital in X has a quota bound [0,1], and other hospitals have a quota bound [1,1]. Note
that |C|+|F| = |V| and | S| = |T'|(= 2|Eg|B2). Since any hospital in V' UT has a quota bound [1,1],
any matching is a one-to-one matching between R and V U T, and every hospital in X must be
unassigned. Intuitively, each member of V' corresponds to each vertex in V. If v € Vj is selected
in a vertex cover, the corresponding hospital v' € V' is matched with a member in C, otherwise, v’
is matched with a member in F. Note that |H| = n + 2|Fy|Ba + By and |R| = n + 2| Fy| B; hence
|H |+ |R| = 2n + 4|Ey| By + By = 2n — 4| Eg|> + (4| Ep| + 1)n® < n? 4+ 4n°t2? 4 n < 6n°t2, which is
polynomial in n.

Next, we construct preference lists. Fig. 1 shows preference lists of residents, where [[V]]] (resp.
[[X]]) denotes a total order of elements in V' (resp. X) in an increasing order of indices. “ -.”
denotes a total order of other hospitals in an arbitrary order.

Preference lists of hospitals are identical and are obtained from a master list given in Fig. 2.
Here, [[C]] and [[F]] are as before a total order of all hospitals in C' and F, respectively, in an
increasing order of indices. [[S]] is a total order of [[S™/]] ((vi,v;) € Eo,i < j) in any order, where

[1S™1] = sth sgh s6 -+ s5p, svh o silp,

Now the reduction is completed. Before showing the correctness proof, we will see some proper-
ties of the reduced instance. For a resident r and a hospital h, if h appears to the right of [[X]]-part
of r’s list, we call (r, h) a prohibited pair.
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¢ (vl X (1 <i< Ko)
i v XD (1<i<n- Ko
ST oy X e () € Eni <))
36’;71 t&?.l v; tffl [[X]] ((vi,vj) € Ep,i < j)
505 % vi o tohy o [[X]] ((vi,vj) € Eo,i < j)
Soop-1 ¢ tomee1 Ui to, XN ... ((viivy) € Eo.i < j)
50’]32 : t8=]32 v; té”jl [X]] -.. ((vi,vj) € Ep,i < j)
521’?2 : tTf,JQ Uj tf,J% [(X]] o ((visvy) € Ep,i < j)
51’]32 L tl_l’,]Bg—l v typ, X - ((visvg) € Eoi <)
57f,JBZ Doty v trr X o ((viyvy) € Boyi < )

Figure 1: Preference lists of residents

ML [T (181 [[F]]

Figure 2: Master preference list of hospitals

Lemma 3.2 If a matching M contains a prohibited pair, then the number of blocking pairs in M
18 at least Bi.

Proof. Suppose that a matching M contains a prohibited pair (r, k). By the definition of prohibited
pairs, r prefers any hospital x € X to h. On the other hand, recall that any hospital x € X is
unassigned in any feasible matching, and hence, under-subscribed. So, (r, x) is a blocking pair for
every = € X. Since | X| = By, the proof is completed. O

Now, recall that for each edge (v;,v;) € Eo (i < j), there are the set of residents S%/ and the
set of hospitals 7%7/. We call this pair of sets a (v;, vj)-gadget, and write it as g; ; = (S%7,7%7). For
each gadget gi J, let us define two perfect matchings between S§%/ and T%/ as follows:

1] = { (s 01a ) (s 027t ) s (8 O’jaafz)]a) (58]32 1:?8,]327'1)': (56]32 fd,]BQ)a (511 f )
(s 12,t ) e (51’Jaat1’]a+1) “ (51 "By— 1ty 32) (Si’JBgatlfa)}
M11] =1 (50 1at )7 (302,75 ) - (SOG’t00+1) “ (3032 1775ij2) (50 "By t ), (51 1,t )
(12,75 D) e (s 1a’t ) o (8] 132 1775113271):(21732at21,732)}

Fig. 3 shows MO- and M1 on preference lists of S%7.

Lemma 3.3 For a gadget g; ; = (8%, T, ng and M}] are the only perfect matchings between,
SHIand T™ that do not include a prohibited pair. Furthermore, each of Mi?j and Mll’7 contains
only one blocking pair (r,h) such that r € S™ and h € T*). (Hereafter, we simply state this as a
“blocking pair between S™ and T ”.)

Proof. Construct a bipartite graph (G ;, where each vertex set is S%J and T%7, and there is an
edge between r(€ S%7) and h(€ T%7) if and only if (r, k) is not a prohibited pair. One can see that
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. i ij ij )
50,By 1 Vi ly's 50,By 1 lop, 1 Vi
1] i.J i.J ] .
S0.B5 vi gy 50,8, ton i
1] %] i.J 1.9
i,j . i X i.J . ) i
S1,By-1 * 1By 1 Y S1.By—1 * ”J 1B,
1] . 1] X i.J . ) .9
B, ¢ B, 51B, ”J 11

Figure 3: Matchings MZ-?]- (left) and Ml-ld- (right)

G, j is a cycle of length 4B5. Hence there are only two perfect matchings between S%3 and T,
and they are actually MZ-O’]- and Mll’] Also, it is easy to check that MZ-OJ- contains only one blocking

pair (811]1,156]2) and M}, contains only one blocking pair (370]1,15631) O
We are now ready to show the gap.

Lemma 3.4 If Iy is an “yes” instance of VC, then I has a solution with at most n®+|Eqy| blocking
Pairs.

Proof. Suppose that Gy has a vertex cover of size at most K. If its size is less than Ky, add
arbitrary vertices to make the size exactly K, which is, of course, still a vertex cover. Let this
vertex cover be Vp.(C Vp), and let Vo = Vo \ Vo.. For convenience, we use Vy. and Vj; also for the
sets of corresponding hospitals.

We construct a matching M of I according to Vj,.. First, match each resident in C' with each
hospital in Vy., and each resident in F' with each hospital in Vg, in an arbitrary way. Since
|C'U F| = |V| = n, there are at most n? blocking pairs between C'U F and V.

For each gadget g;; = (S™,T%) ((vi,vj) € Eo,i < j), we use one of two matchings in
Lemma 3.3. Since V. is a vertex cover, either v; or v; is included in Vy.. If v; is in Vg, use Mil’j,
otherwise, use Mi(?j. It is then easy to see that there is no blocking pair between S* and H \ T%7
or R\ 8% and T%J. Also, as proved in Lemma 3.3, there is only one blocking pair between 5%/
and T%7 in either case.

So, the number of blocking pairs is at most n? between C'U F and V, and exactly |Eg| within
each gadget, and hence n? + |Ey| in total, which completes the proof. L]

Lemma 3.5 If Iy is a “no” instance of VC, then any solution of I has at least By blocking pairs.

Proof. Suppose that I admits a matching M with less than B; blocking pairs. We show that I
has a vertex cover of size K.
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First of all, recall that any matching must be a one-to-one matching between R and VUT'. Also,
by Lemma 3.2, if M contains a prohibited pair, there are at least By blocking pairs, contradicting
the assumption. So, M does not contain a prohibited pair. Since |C'U F'| = |V| and any resident
r € C'U F includes only V to the left of [[X]]-part in the preference list, M must include a perfect
matching between C U F' and V.

Then, consider a gadget g; ; = (S*/,T%7) and observe the preference lists of S™/. Since v; and
v; are matched with residents in C'U F', for M to contain no prohibited pairs, all residents in St
must be matched with hospitals in 7%J. As we have seen before, there are only two possibilities,
namely, Ml?j and M}] Here, note that by Lemma 3.3, each gadget creates one blocking pair, and
hence there are |Ey| blocking pairs in total.

Suppose that the matching between S and T is ng. Then, if the hospital v; is matched
with a resident in I, there are By blocking pairs between v; and 321]1, . ,sil’fBQ. Then, we have
|Eo| + B2 = Bi blocking pairs, contradicting the assumption. So, v; must be matched with a
resident in C. On the other hand, suppose that the matching for g; ; is M}] If the hospital v; is

matched with a resident in F', again there are By blocking pairs, between v; and sé’fl, e sé’ﬂ%. So,
v; must be matched with a resident in C'. Namely, for each edge (v;,v;), either v; or v; is matched
with a resident in C'. Note that this happens for an arbitrary edge. Hence, the collection of vertices
whose corresponding hospitals are matched with residents in C' is a vertex cover of size K. This

completes the proof. L]

Finally, we estimate the gap obtained by Lemmas 3.4 and 3.5. As observed previously, |H| +
|R| < 6n°t2. Hence, Bi/(n? + |Ey|) > n¢/2n? = 8n°t2274n=4 > 8n+2n=8 > (|H| + |R\)17% >
(|H|+|R[)'~. [

Remark 1. Instances obtained in the above proof are too artificial since the number of hospitals
with quota bound [1,1] is the same as the number of residents. Hence all hospitals with quota
bound [0, 1] are empty despite having an upper quota bound of 1. However, by modifying the
reduction, we can show that the inapproximability result holds for natural instances, for example,
where all hospitals have the same quota bound [p,¢| and the number of residents is around the
middle of the upper and lower bounds, namely, nearly %(p +q)|H|. The modification is much more
involved and hence omitted in this paper.

Remark 2. The above inapproximability result is almost tight. The following simple algorithm
achieves an approximation ratio of |H |+ |R| (not only for Min-BP 1ML-HRMQ but also for general
Min-BP HRMQ). Given an instance I of Min-BP HRMQ), consider it as an instance of HR by
ignoring quota lower bounds. Then, apply the resident-oriented Gale-Shapley algorithm to 1. In
the resulting matching, let k be the number of deficiencies, i.e., the sum of max{p; — z;, 0} over all
hospitals h;[p;, ¢;], where x; is the number of residents assigned to h; by the Gale-Shapley algorithm.
We then move k residents from hospitals with surplus to hospitals with deficiencies in an arbitrary
way, to fill all the deficiencies.

We can prove that the above procedure creates at most |H| 4+ |R| blocking pairs per resident
movement, and hence there are at most k(|H| + |R|) blocking pairs in the resulting solution. On
the other hand, we can also prove that if there are k deficiencies in the matching obtained by the
Gale-Shapley algorithm, an optimal solution contains at least k£ blocking pairs. These observations
give (|H| + | R|)-approximation upper bound.
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4 Polynomial-time Solvability of Min-BP 2ML-HRMQ

In this section, we consider Min-BP HRMQ where both residents and hospitals have master lists.
One may think that this problem is trivial, since intuitively, it seems reasonable to assign residents
with higher priority to hospitals with higher priority as much as possible. However, as shown in
the following example, this is not the case. Consider the following instance I consisting of four
residents 1, 2, 3, and 4, and four hospitals a[0, 2], b[1,2], ¢[1,1], d[1,1].

I: a b ¢ d al0,2]: 1 2 3 4
% a b e d 1,2 1 2 3 4
33 a b ¢ d l,1: 1 2 3 4
4: a b ¢ d dii,1]: 1 2 3 4

3

It is necessary to assign one resident to each of b, ¢, and d. Then, since ¢ and d are full, the
remaining one must be assigned to a or b. Since both 1 and a are most preferred, the matching
{(1,a),(2,b),(3,¢), (4,d)} seems good, which creates five blocking pairs (2,a),(3,a),(4,a),(3,b)
and (4,b). However, the matching {(1,b), (2,b), (3,¢), (4,d)} is optimal which creates four blocking

pairs (1,a), (2,a), (3,a) and (4,a). In the optimal matching, the most preferred hospital results in
empty even though there is a room for assigning a resident without breaking quota restriction.

Now, we show a polynomial-time algorithm. Let R = {r;|1 <i < |R|} be the set of residents
and H = {h;|1 <i < |H|} be the set of hospitals, where a resident (hospital) with a smaller index
is higher in the master preference list. If i < j, we say that hospital h; is higher than h;, and h; is
lower than h;. We use the same expression for residents.

To see the property of the problem, we consider the following restriction. For each hospital
hilpi, qi], restrict the number of residents assigned to h; to x; where p; < x; < ¢; and E' _1zi = |R|.
We call such predetermined assignment numbers a number assignment. Note that, in thls restricted
problem, the definition of blocking pairs is unchanged, namely, whether a hospital is full or under-
subscribed is determined in terms of [p;, ¢;.

Consider the following simple greedy algorithm (call GREEDY) for this restricted problem. It
matches each resident in turn from 71 to 7. For each resident r, match r to the highest hospital
which still has a position to accept.

Lemma 4.1 GREEDY produces a matching with minimum number of blocking pairs.

Proof. Since the number assignment is predetermined, whether a hospital is full or not does not
depend on a given matching. Now, for a hospital h;, let a; be the number of residents assigned
to one of the hospitals lower than h;. For any matching, the following statements are true: If h;
is under-subscribed (namely, z; < ¢;), the number of blocking pairs containing h; is a; (there are
a; residents that prefer h; to the assigned hospital, and h; is under-subscribed). If h; is full, there
may be or may not be a blocking pair containing h;.

However, GREEDY creates no blocking pair of the second type. This completes the proof. [

By Lemma 4.1, our task is to find an optimal number assignment. Here is one important
corollary obtained from the proof of Lemma, 4.1.

Corollary 4.2 For the above restricted problem, the number of blocking pairs containing a hospital

h; in a matching obtained by GREEDY is 0 if h; is full and a; (the number of residents that are
assigned to hospitals lower than h;) if h; is under-subscribed.
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The following lemma, gives a crucial property of an optimal solution of Min-BP 2ML-HRMQ).

Lemma 4.3 If an optimal solution of Min-BP 2ML-HRMQ@ contains an intermediate hospital,
then all hospitals higher than it are full.

Proof. Let a be an intermediate hospital, and let b be an under-subscribed hospital that is higher
than a. Move any resident from a to b. Then the following statements (1) through (4) hold:
(1) For each hospital h lower than a or higher than b, the number of blocking pairs containing A is
unchanged. (2) For each hospital i higher than a and lower than b, the number of blocking pairs
containing h does not increase. (3) The number of blocking pairs containing a is unchanged (note
that a was already under-subscribed before modification). (4) The number of blocking pairs con-
taining b decreases (since b was under-subscribed before modification, and the number of residents
assigned to hospitals lower than b decreases by one). From (1)—(4), the number of blocking pairs
decreases, contradicting the optimality. L]

The following corollary is immediate from Lemma, 4.3.

Corollary 4.4 An optimal solution for Min-BP 2ML-HRMQ@ contains at most one hospital that
1s intermediate. If it contains an intermediate hospital h;, each hospital higher than h; is full, and
each hospital lower than h; is either full or critical.

Now, we concentrate on the problem of finding the number assignment that produces an optimal
solution. We solve it using dynamic programming. In the following, we may discuss the number
of blocking pairs for number assignments (not for actual matchings). In such a case, it means the
number of blocking pairs in a matching obtained from the number assignment by GREEDY. For
convenience, we write the ith lowest hospital as h_;, namely, h_; = hjg|_;41. This notation is also
used for residents.

Meanwhile, assume that an optimal solution does not include an intermediate hospital. (We will
later discuss the other case.) For each i and j such that 1 <¢ < |H| and 0 < j < |R|, we consider
the subproblem of assigning the j lowest residents (r,j,r_(j_l), ...,7_1) to the i lowest hospitals
(h—;, h (1), h_1), subject to the restriction that each hospital is either full or critical. Define
bli, j] be the minimum number of blocking pairs (containing these ¢ hospitals) among all possible
number assignments. If there is no such number assignment, let b[i, j| = co. Then, what we want
to compute is b[|H|,|R]].

For computing b[7, j|, we show the following property: For a fixed j, let X ; = {z_;,2_;_1),..., 21}
be an optimal number assignment of the j lowest residents to the ¢ lowest hospitals h—;, h_(;_1),...,h1
so that each hospital is either full or critical. Here, “optimal” means that it creates the minimum
number of blocking pairs. Then, X_;_1) = {z_(j_1),...,2_1} is an optimal number assignment of
j—x_; residents to the :—1 lowest hospitals so that each hospital is either full or critical. For, if there
is a better number assignment X’_(i_l) = {x’_(i_l), ooy’ 4}, then X!, = {x_i,x’_(i_l), cooxl g }is
a number assignment better than X_;. (Note that by Corollary 4.2, the number of blocking pairs
containing h_; is the same for both number assignments X_; and X’ ,.)

By the above observation, b[i, j] (1 <i < |H|,0 < j <|R|) can be inductively defined as follows:
Note that the number assignment for A_; is either full or critical, namely, ¢_; or p_;. If h_; is full,
there is no blocking pair containing h_;, and hence the minimum possible number is b[i — 1, j —q_;].
When h_; is critical, the number of blocking pairs containing h_; is j—p_;, and hence the minimum
possible number is b[i—1, j—p_;]+j—p—;. Hence, bi, j] = min(b[i—1, j—q_;], bli—1, j—p—;|+j—p—i)-
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Since b[0,0] = 0 and [0, j] = oo (j # 0), b[¢, j] can be defined in the following formula:

0 (i=0,j=0)
bli.j] =4 oo (i=0,5#0)
min(b[i —1,j —q ,bli —1,j—p ] +j—p) (1<i<|H[,0<j<|R]|

bli, j] can be computed by the following Procedure 1. It also computes s[i, j], which stores the
number assignment to A_; when j residents are assigned to h_; and lower hospitals, so that we can
trace back to compute the actual optimal number assignment. The 7th line is for the case that h_;
is critical and the 8th line for A_; is full.

Procedure 1 Computing b[é, j] and s, j]
b[0,0] — 0; s[0,0] — 0
for j =1 to |R| do
b[0, 4] — 003 5[0,4] 0
end for
fori=1to |H| do
for j =0 to |R| do
if j<p_;thenz«<occelsez«—bli— 1,7 —p_|+(—p_i)
if j <qg_;then f < occelse f«—bli — 1,57 — q_{
if f <z then bli,j] < f; s[i, j] < q—; else b[i, j| < z; s[i, j] < p—;
end for
: end for

—_ =
— O

Procedure 1 computes each cell of tables b[z, j] and s[i,j] (0 <i < H,0 < j < R), each of which
is of size O(|H||R|). Since each cell can be computed in time O(1), the running time of Procedure 1
is O(|H||R)).

Using si, j|, the following Procedure 2 computes the number assignment {z_;,...,z_1} to the
i lowest hospitals that realizes b[i, j]. The running time of Procedure 2 is O(3).

Procedure 2 recover(i,j)

1: return if 1 <0
20 X — S[Z,_ﬂ
3: recover(i — 1,5 — x_;)

By Corollary 4.4, an optimal solution contains at most one intermediate hospital. If an optimal
solution does not contain intermediate hospital, then the optimal cost is b[|H|, | R|] by the discussion
so far. If an optimal solution contains an intermediate hospital h;, all hospitals higher than h; are
full, by Lemma 4.3. Hence, by Corollary 4.2, none of these hospitals is included in a blocking
pair. If the number of residents assigned to h; is m (p; < m < g;), then the number of blocking
pairs that include h; is |R| — 22;11 q¢ — m. The minimum possible number of blocking pairs
including hospitals lower than h; is b[|H| — 4, |R| — 4=} ¢ — m]. Hence, it suffices to compute
|R| — S0t qe—m+b[|H| —i,|R| — Xi_} g0 — m] for all possible i and m, and take the minimum of
these values and b[|H|, |R|]. Hence the running time of Procedure 3 is O(|H||R|). In Procedure 3,
the variable u stores the index of the hospital which is intermediate in an optimal solution; if u = 0,
then there is no intermediate hospital. a is used for the number of residents assigned to h, in an
optimal solution when u # 0.

The final part goes as follows: If w = 0, then there is no intermediate hospital. Hence, it can
be computed by recover(|H|, |R|). Otherwise, i.e., if u # 0, the hospital h, is intermediate in an
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Procedure 3 Computing the optimal cost
1: best < b[|H|,|R|]; u «—0; a0
2: r — |R]
3: fori=1to |H do
4:  for m =p; + 1 to min(r,q; — 1) do

5: cost « b[|H| —i,r —m]+ (r —m)
6: if best > cost then best < cost; u «— i; a +— m
7. end for
8 T—T— g
9: break if » <0
10: end for
optimal solution. Thus, an optimal number assignment can be obtained by making all hy,...,h, 1

full, assigning a to h,, and executing recover(|H| — u, |R| — X4~ g — a).

computation time is O(|H|).

In either case, the

From the above discussion, we obtain the following Algorithm 1. After the execution of Al-
gorithm 1, z; (1 < i < |HJ) stores an optimal number assignment. The computation time of
Algorithm 1 is O(|H||R|); O(|H||R|) for Procedure 1, O(|H||R|) for Procedure 3, and O(|H|) for
the 3rd through 11th lines of Algorithm 1.

Algorithm 1 Computing the optimal number assignment

Execute Procedure 1.

Execute Procedure 3.

if v =0 then
recover(|H|,|R|)

else
fori=1tou—1do

Ti < qi

end for

Ty — a
recover(|H| — u,|R| — Y4~ g0 — a)
. end if

=
= o

As mentioned previously, an optimal assignment can be obtained by executing GREEDY to the
solution of Algorithm 1. Since GREEDY runs in time O(|H| + |R|), we have the following theorem:

Theorem 4.5 An optimal solution for Min-BP 2ML-HRMQ can be computed in O(|H||R|) time.

5 Conclusions

In this paper, we have considered an extension of the Hospitals/Residents problem where each
hospital has upper and lower bounds on a quota. We have shown that the problem of finding a
matching with minimum number of blocking pairs is hard to approximate even if hospitals have
a master list, while it can be solved in polynomial time when both residents and hospitals have
master lists.
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Circular Stable Matching and 3-way Kidney Transplant
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Abstract. We consider the following version of the stable matching problempp8se that men have preferences
for women, women have preferences for dogs, and dogspraverences for men. The goal is to organize them into
family units so that no three of them have incentive to desert their assigned faaritpens to join in a new family.
This problem is called circular stable matching, allegedly originate®myth. We also investigate a generalized
version of this problem, in which every participant has preference gralbothers. The goal is similarly to partition
them into oriented triples so that no three persons have incentive to deviatehieasdignment. This problem is
motivated by recent innovations in kidney exchange, and we call it the 3-wlagkitransplant problem. We report
complexity, structural and counting results on these two problems.

1 Introduction

Stable matching problems were introduced by Gale and Shapley in their seminal paper [5]. Kreath ask
whether the stable matching problem can be extended to the case of three parties [15]haay wemen,

men and dogs. This fairly general problem allows several formulations. One pagssbihiat every player
expresses her/his/its preference amongtimabinations of the other two parties. In this formulation, Ng and
Hirschberg [16] proved the existence of stable matchings is NP-complete. Similar NPetengsls results
have been shown in [10, 21].

Ng and Hirschberg mentioned that the reviewers of their paper suggested anothertformata they
attributed it to Knuth, for the 3-party stable matchings—thrCULAR STABLE MATCHING problem that
we will consider in this paper: women have preferences for dogs, dogs have preferences fanarmeen
have preferences for women. The goal is to organize them into stable famsysortihat people/dogs have
no incentive to desert their assigned family members to join in a new family.pFbidem can be seen as
a natural generalization of the well-known 2-pagtyABLE MARRIAGE problem and has been investigated
in[2,4].

A generalized version of thelRCULAR STABLE MATCHING problem allows each participant to express
preference among all others. The goal is to partitiomp&rsons into oriented triples so that no three of them
have reasons to deviate from the assignment. Again, this problem can be regarded as a demeoaliza
STABLE ROOMMATESproblem [5]. This generalized problem has practical interest in the kidney exchange
that has received much attention recently [1, 3,7,12,17, 19, 18, 20]. The “preferencedhéeinterpreted
as degrees of compatibility between recipients and donors. Figure 1 gives a more visual eeyngftse
connection between circular matching and kidney exchange. In this paper, we call this piiodl@avay
KIDNEY TRANSPLANT problem. For ease of presentation, we will refer to all participants in both problems
generically as “players.”

The two problems require a proper definition of stability. In the two-pany¥BLE MARRIAGE and
STABLE ROOMMATES a matching is stable if there is fabocking pair: two persons who strictly prefer each
other to their assigned partners. Naturally, one would extend blocking pairblodking triples to define
the stability of matchings. However, a blocking triple here is more tricky. Taondgethis is so, consider the
following.
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Fig. 1. Anillustration of kidney exchange with compatibility as preference.

— In CIRCULAR STABLE MATCHING, suppose that we have a matchirign, wi,d1), (mp,wo,dz), (Mg, W3, d3) }.
If my prefersw, to wy, w, prefersds to dz, andds prefersmy to mg, then(my, ws, ds) is clearly a blocking
triple. But it may also be the case thag prefersd; to d,. Then(my,wp,d;) can also be regarded as a
(weaker) blocking triple, since onlyy andws are really better off in such a triple, whith is indifferent.

— In 3-WAY KIDNEY TRANSPLANT, a matching is composed of oriented triples. Here we write such a
triple as(ky, ka, kgj to express thaky, ks, k; are the successors ki, ko, ks, respectively. Moreover, here
ki represents a couple (often a married couple) consisting of a persdingee new kidney and a
potential kidney donor. Ik, follows k; in a triple, then the donor from the coupie will be passing a
kidney to the recipient df;. Thus, itisk;’s preference (degree of compatibility) that is at issue. Note that
an oriented coupléks, ko, ks) can be a blocking triple itselfki, ks, k), if ki prefersks to ky, ks prefers
ko to kg, andk; prefersk; to k3. Such phenomena may appear somehow surprising for researchers long
familiar with stable matching literature.

We allow players to express their indifferences in the form of ties in the preferestseNiow we say a
blocking triple is of degreeif i players are strictly better off in such a triple than in a given matching, while
the remaining 3-i players are indifferent. Note that the indifference can be either because the involved
player is still matched to the same partner (or still having the same successer anighted triple), or
because the involved player has a partner/successor who is tied with her/his/its current assignment. We
define a hierarchy of stabilities (which is similar to the one defined by Irving [11]erRtparty matching)
as follows.

— Super Stable Matching: a matching not allowing blocking triples of degree 1 or 2 or 3.
— Strong Stable Matching: a matching not allowing blocking triples of de@reor those of degree 3.
— Weak Stable Matching: a matching not allowing blocking triples of degree 3.

Contributions of the Paper

Complexity: We prove the following existence problems are NP-complete: super/strong stablanmgat
in CIRCULAR STABLE MATCHING; super/strong/weak stable matchings iwAY KIDNEY TRANSPLANT.
Therefore, it is unlikely that we can design efficient algorithms to solve these problems. Theexitynp
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of weak stable matchings iQIRCULAR STABLE MATCHING remains open. However, there is empirical
evidence indicating that it probably does not belong to the class of NPleterproblems. We shall discuss
this issue later.

Structural Results: It is well-known that stable matchings in 2-party stable marriage and stable roommates
have rich structures and sophisticated algorithms have been designed to exploit theni & out that
strong stable matchings TIRCULAR STABLE MATCHING and 3WAY KIDNEY TRANSPLANT have parallel

(but even richer) structures. Briefly, we show that the set of strong stadilghings in the former problem
forms a union of distributive lattices and in the latter problem forms a union of seeiiattices.

Counting Results: We prove that counting strong stable matchings in both problems is #P-complete. More-
over, the number of strong and weak stable matchings in both problems can berdgiglone

Notation and Paper Roadmap In the paper, we us@/, W, D to denote the collections of men and women
and dogs iINCIRCULAR STABLE MATCHING. Whatever the problem instance, we will always assume that
they are of the same cardinality. Similarlf means the set of players in 3-way kidney transpl&(p)
denotes the preference list of play@rThe notation- indicates the preference order in the list. The braces
denote a tie. For examplB(m) = {wz,w>} > w3 means that mam prefers bothw; andw, to ws while he
is indifferent between the former two. In general, we pude denote a 3-dimensional matching (consisted
of triples). We will need to consider the induced two-party matching. &for example, we writ@|», 4, to
denote the induced men-women matching by dropping all dogs from the triplegofally, n; (X) denotes
an arbitrary permutation of the members in theXset

Section 2 presents complexity results; Section 3 reports structural results of stable matching; Section 4
concerns the counting of stable matchings. Finally, Section 5 draws conclusions.

2 NP-completeness of Strong Stable Matchings

The reductions we will present share similar ideas to those used in [10]. The main difdies in the
design of “guard players” (to be explained below).

2.1 Existence Problem of Super Stable Matchingsis NP-complete

To prove that the existence of super stable matchings is NP-complete in circulanstabiténg, we present
a reduction from 3BIMENSIONAL MATCHING, one of Karp’s 21 NP-complete problems [14]. The problem
instance is given in the fornf = (M, W, D, T), whereZT C M x W x D. The goal is to decide whether
a perfect matchingt C T exists. This problem remains NP-complete even if every play&io W U D
appears exactly 2 or 3 times in the triplesb{6].

We first explain the intuition behind our reduction. Supposing that maappears in three triples
(M, Wia, dia), (M, Wip, dip), (M, Wic, dic) in 7', we create thredopplegangersmi, mi2, miz in the derived cir-
cular stable matching instance with tis We also create four garbage collectard, d,w?,, d%. The aim
of our design is that in the derived instanfein a super stable matching, exactly one doppleganger will be
matched to a woman-dog pair with wham shares a triple irZ’, while the other two dopplegangers will
be paired off with garbage collectors. In the case that there are only two triplesamtaining mam;, we
create only 2 dopplegangens1,m;> and two garbage coIIectow?l,ngl. Similarly, the intent is to make
sure that in a super stable matching, exactly one doppleganger will be matched to a-cayryzeir with
whomm; shares a triple i7" while the other is matched to the garbage collectors.

Now, we will refer to the set of dopplegangerss, Mo, Mz, the set of garbage collectors@d’, 5, DF, D3
and the original set of real women and real dogg#sD. Collectively, we refer to them amajor players
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=M UMUMUWPU WS UWUD;UDIUD and their preferences are summarized in the left column
of Table 1.

To restrict the possible partners of major players jmve introduce a set of gadgets callgghrd players
They are denoted as*(p),w*(p),d*(p), for p € £ and their preferences are shown in the right column of
Table 1. Their purpose is to ensure that plagesayp = m1, will never get a partner ranking lower than his
associated guard player (m) in a super stable matching. How guard players and major players interact
is captured by the following lemma.

Table 1. The preference lists of all players in the derived instaXfcdRecall that{} denotes a tie in the preferences. Note also that real worien
and real dog® only list real dogs and dopplegangers, respectively, with whom they share triplgsairthe top of their lists.

Major PlayersPreference Lists Guard Players Preference Lists
my € M W W, wia} = wr(myp) = - m(m'),m" € MU MU Mz wr(mh) >~ -

M2 € M {WE, Wy, Wi } = W (mip) > - - wr(mh),m" € MU U Mz d*(m") >

M3 € M3 {We, W, Wic} = wH(mig) > - A (M), m' € MU MpU M e} =
we W {d[(+x,w.d) € T} - d*(w) - m (wh,wi e wIunguw W w (wh} > -
deD {myj[(m,w,d) € T, W =y, W (M)} > mi(d) - wewh),wh e wpunjuw dx(wh) = -
Wlerl/Vlg d?l>d*(wl)>... (WT) WTEWf’U‘WZQU"W e T p—
whe Wy |dY-dr(wd) = m*(d"),dT e DYuDIUD wH(dT) =

di €Dy [{mi,mg,ma} - m(d) - wH(dT),dT e DIUDIUD {o(dT),dT} = -
d3 € D) {miz, mz,ma} = m*(d3) = - d*(d"),dTe DfuUDJUD m(dT) >~

Lemma 1. In the derived instanc&”, if a super stable matching exists, then in such a matching, (1) all
major players inz will be matched to other major players ranking higher than her/his/its associated guard
players, (2) the set of guard players (p),w*(p),d*(p), where pc X are matched to one another, and
(3) the garbage collectors created for a particular manwill be matched to one another and the two
dopplegangers of nfor just one if monly appears twice in the triples of the given 3-dimensional matching
instancer'.)

Proof. Without loss of generality, consider the major playet mj;. In a super stable matching,nfi; is
matched to a woman ranking belawf (m1), then(m1,w*(m1),d*(my)) is a blocking triple of degree at
least 1, a contradiction. Hfy; is matched tav*(mq1), then(m*(mq),w*(m1),d*(my1)) is a blocking triple of
degree at least 1, again a contradiction.

For the second part, by the above discussion, we know that all major players mustdbedntat one
another. Hence, ifm*(p),w*(p),d*(p)) is not part of a super stable matching, they form a blocking triple
of degree at least 1.

The third part follows straightforwardly from the previous two. O

Lemma 2. The given instanc& = (M, W,D,T) contains a perfect matching if and only if the derived
instanceY” allows a super stable matching.

Proof. (Sufficiency) If the derived instanc¥’ allows a super stable matching, then by the third part of
Lemma 1, it is easy to see thétcontains a perfect matching.

(Necessity) Suppose thatis a perfect matching i". We construct a super stable matchiggfor
the derived instanc&’ as follows. Assuming thatm,wy,dy) € W, we choose the dopplegang®y; who
rankswy higher than his guard playev*(m;) and make(mjj, wy,dy) a triple in (. Further, the other two
dopplegangers ofy are matched towd), d3) and(w,, d%) respectively. (If there are only two dopplegangers
of m;, then the other dopplegangay; # myj is matched toxvigl,d%). Finally, let the three guard players
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created for a particular major player be matched to one another. By this construction, it\eifibd that
we only allow blocking triples of degree 0, which are permissible far@es stable matching. O

Theorem 1. Deciding whether a super stable matching exists in a circular stable matchindepmolith
ties in the preferences is NP-complete. This is true even if all ties are of size aBrandtthey are at the
front of the preference lists.

To prove the existence of strong stable matching is NP-complete, we can use theeslttion as
above with just one alteration: we need a different set of guard players for each tager. plote that in
the proof of Lemma 1, we rely on blocking triples of degree 1; those are notted as blocking triples
based on the definition of strong stable matching.

The design of guard players for the reduction of strong stable matching is similaoge used in a
reduction in Section 3, so we omit the details here.

2.2 Strong/Super Stability in 3-way Kidney Transplant

We now present a reduction from a circular stable matching instdneé M, W, D, L) (with or without
ties in the preferences) to a 3-way kidney transplant instahc8uppose thane M ,w e W,d € D have
preference®(m), P(w), P(d), respectively. Int”, their preferences are transformed into

— P(m)=P(m) > m (D) > n, (M — {m})
- P(w)=P(w) > (M) = . (W — {w})
- P'(d) =P(d) = 1 (W) = (D — {d})

To prove this is a valid reduction, we have to argue that strong/super stable matchings ®xfsamnd
only if they exist inY". It is straightforward to show one direction (froihto Y’), but the other direction
takes some argument.

Lemma 3. If a strong/super stable matching gxists inY”, the following holds

— Every oriented triple contains exactly one man, one woman, and one dog.
— Given atriple te |, t's orientation must be + (m,w, d).

Proof. For the first part, without loss of generality, assume that a ttiglg/ contains at least two men.
There are three possible cases and all lead to contradiction.

1. Suppose thdt= (m,rrf,nf’?. Then there exist two triples andt”, which contain two women and two
dogs, respectively. As a result, a womaE t’ and a dogl € t” have as successors a woman, and a dog,
respectively. Similarly, there is a mame t whose successor is another man. Tharnw, d) is a blocking
triple of degree 3, violating the stability @f.

2. Suppose that= (m,m’,w). Then there exists a tripké containing two dogs. At least one ddg: t’ has
another dog as successor. THemw, d; is a blocking triple of degree 3, blocking.

3. Suppose thdt= (m, rmdj. Then the argument is analogous to the previous case.

For the second part, if= (m,d,wj € U, then the reverse triplém,w,dj is a blocking triple of degree 3.
(]

1 However, in our reduction, ties are allowed. We leave it open whether theoleteness holds when all preferences are
strictly-ordered.
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By Lemma 3, the following theorem is immediate.

Theorem 2. It is NP-complete to decide whether a strong/super stable matching exists in the 3-way kidne
transplant problem.

3 Weak Stability in 3-way Kidney Transplant

The reduction we are presenting in this section shares similar basic ideaseowhased in Section 2.1.:
reduction from a 3-dimensional matching problem instaifice (M, W, D, L), creating dopplegangers
My U M U Mz and garbage collector®/ U W5 U DY U D3, and using sets of guard players to restrict the
potential partners (successors in triples) of the major players. The key differeheedegign of the guard
players’ preferences.

We introduce the following gadget for each major playjer M; U Mo U Mz U W) U WS U DY U D3,
(Note that real wome/ and real dog® do not need them.) L& be a 3-way kidney transplant instance
that has the following three properties: (1) It contains 7 playérd,<i < 7, (2) it does not allow any weak
stable matching, and (3) if one playé, is removedfrom Yi, then the remaining 6 players’ preferences
allow at least one weak stable matching. Such an instdpcan be found in [9]. Our plan is to “embed”
instanceqd into the intended 3-way kidney transplant instaiite

We now explain in more detail what we mean by embeddin¥drfito Y’. For illustration, we first show
the preferences afi; and his six associated guard playerdin

= Pr(mia) =W = W - Wia - Ly, (1) > ---, wherePy, (nf} ) is the preference list aff} ; in the
instancely, .

— Pr(mfy;) = Ly, (mfy ;) > ---, where 2< j <7 andPy, (n{y;) is the preference list ofif} ; in the
instanceXy, .

In words, ask = my, we letmy; “play the role” of kf(= nf; ;). His associated six guard players in
Yi(= Ym,) are added intd” and, in their new preferences, they still put one another on top of their lists. By
this arrangement, ifry; can be matched to some woman ranking higher than his associated guard players,
then in this senseﬁll(: mi1) is removed from the problem instan¥g,; on the other hand, if he is not,
thenYp,, will engendér at least a blocking triple, disrupting the stability of the matching.in

Lemma 4. In a weak stable matching n Y’, the successor ofjmranks at least as high asjyv Moreover,
the six guard players of ;mmmust be matched to one another.

Proof. If m; is matched to someone ranking lower thag, then whatever the oriented triplesidinvolving

the six guard partners ofi; andm himself, the situation is identical to one where we have a matqlfing

for the problem instanc&y,, which by design, involves at least one blocking triple of degree 3 to block
u?, and alsqt. The second part of the lemma follows from the first part and the way we chose the gadget
Yie(= Yiny).- U

The detailed preferences of major players can be found in Table 2. Natttémma 4 also applies to
other major players who have associated guard players. Thus, in a weak stable mateyivg|l get a
successor ranking strictly higher than their guard players.

Theorem 3. Deciding whether a weak stable matching exists in a 3-way kidney transplaneprad NP-
complete.
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Table 2. The preference lists of major players in the derived problem instéhce

Players Preference Lists Players |Preference Lists

M€ M |[Wh W) - W - Ly, (nfp ) >~ wi e n} |dd - Ly (wgl‘ﬁ) -

My € Mo V\€2>W?1>Wib>Lym(rsz’l)>~~ w e ny d|2>Lng( ,21)>

M3 €My |Wh =W - Wi > Ly, (nmf5q) - dJ € m1>m2>m3>'—nigl(d?ii)>"‘
weW m({d|(x,wd)eT}) - d3 € D3 m1>mz>m3>Lm%(d?2'i)>~-
de D e ({myj |[mij € MU MU M3}) >~

Proof. By Lemma 4, if(l is a weak stable matching ¥f, we can throw away triples involving guard players
of Y/, along with the garbage collectors (and the dopplegangers matched to them). Reptimgplieganger
myj with the real manm gives the desired perfect matchipgn Y.

For the other direction, we will construct a weak stable matc ping Y’ based on a perfect matchipg
in Y. Suppose thafm, Wx,dy) € W Iny, we insert three trlples{mj,wx,dy) wheremy; is the doppleganger
of my who rankswy higher than his guard players, a(nhy,wil,dil) and(mjn,w?z,diz). (Or we only add
the first two triples, provided thaty only appears twice in the triples @f.) It can be observed thaf
involves only blocking triples of degree at most 2, which are allowed because of the defifiticeak
stable matchings. O

4 Structures of Strong Stable Matchings

We first review the definitions of distributive lattices and meet-semilattices.

Definition 1. Let (£,=) be a poset. Such a poset is a distributive lattice if it fulfills the following three
properties:

1. Each pair of elements, b € £ has an infinum, called meet, denoted asltac £, such that a\b <
a,aAb =<b, and there is no elementE such thatc<a,c<b,and aAb > c.

2. Each pair of elements b€ £ has a supremum, called join, denoted agec £, such that a<avb,b <
aV b, and there is no elementcE such thata<x c,b < c,and c- aVvb.

3. Given any three elementshac € £, the distributive law holds, i.e.,a(bVvc) = (aAb) Vv (aAc), and
av(bac)=(avb)A(avc).

A poset(‘E, <) is a meet-semilattice if it only fulfills the first property.

Note that in this section, we assume that all preference lists are strictly ordered.

4.1 Strong Stable Matchings in Circular Stable Matching

Our major finding regarding the structure of strong stable matchingsROULAR STABLE MATCHING iS
that they are a collection of distributive lattices. In particular, consider the sobsétng stable match-
ings in which all players in one group (men,women, or dogs) have the samengaBuch a subset is a
distributive lattice. The following theorem gives a more precise statement.

Theorem 4. Let Y = (M, W,D,P) be a circular stable matching instance and the set of strong stable
matchings in be denoted a&. Further, given any two-party matchingNy = {(pi1,Gi1), (Pi2;Gi2),- - » (Pin,Cin) }
where g # pij, Gij # Gij, Bij € P,0Gij € Q,P,Q € {M,W,D},P # Q. Then, the subset of strong stable
matchingsy, , = {M|H € Q, 12 o = Np o } is a distributive lattice.
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We make two remarks here. First, when we consider a non-empty €afyset= Qy,, ,,, of strong stable
matchings. We impose a partial order on the elements based on the welfaee g rtioular group, which,
in this case, ig/. (Note that all merM are doing the same in all strong stable matching®yy ). Thus,
if W € Qu,, ,,, thenu > if and only if all women in% are getting dogs i ranking at least as high
as those they get ip. Second, iy, , = 0, we are assuming that it is (vacuously) a distributive lattice as
well.

Lemmab. Let g and fibe two strong stable matchings g\, ,, and man m and woman w belong to the
same triple in p but not so in LiThen one of them prefers u while the other preférs p

Proof. Let X, 9 be the sets of men and women preferringespectively; analogously, 1ef’, 9’ be the set
of men and women preferring respectively.

We claim that ifm € X, then his partnew in p must be a member @f”. If this is not so, therfm,w,d)
blocks !, whered is the dog that ham as a partner in both and . Thus, we havex| < |9”|. By an
analogous argument, every marin X’ must have a womaw € 9 as a partner i/, otherwise,(m,w, d)
blocksy, whered is the dog that has as a partner in both and/. So we havex’| < ||

By the fact that in botlu and(, all dogs have the same partners, so the number of men and women
having different partners must be equgt| + |X'| = |9| 4+ |9”|. This, combined with the previous two
facts,|X| < |9”] and|X’| < |9, implies that| X| = |9”|, |X| = |9”|. Now if every man inX has a woman
in 9" as a partner ip, then every man ik’ must have a woman iy in . This gives us the lemma. 0O

Lemma 6. Letp and jibe two strong stable matchings§dy, . If all men are given the better partners in
the two matching p and pthen the resultant matching, denoted as i, is also a strong stable matching
in QN@ e

Proof. We first need to argue that\ | is really a matching. Suppose, for a contradiction, that boémdnY

are matched tavin pA /. Without loss of generality, lenh andm’ be matched tevin pandy, respectively.
By Lemma 5, sincen prefers matchingi, thenw must prefend. This, combined with the fact that also
prefersw to his partner iry, implies that(n7,w,d’), where dogd’ always hasn' as a partner if2y,, . is a
blocking triple of degree 2 ip, a contradiction.

We now argue the stability @f A /. Suppose thatm, w,d) is a blocking triple of degree 3. Without loss
of generality, letm be the man who gets as a partner iu and he prefers (or is indifferent tq) In p, w
also strictly preferal to her assigned dog partnéf, who always hasn as a partner i€y, , in . It is
easy to see that man and dogd prefersw andm, respectively, to their assigned partner in bptAnd (.
Therefore,(m,w,d) is a blocking triple of degree 3 ip, a contradiction.

Finally, supposém, w,d) is a blocking triple of degree 2 toA (. There are three cases to consider and
their arguments are similar. We consider only one case. Suppdsé¢he player who is indifferent. Lat
be the matching in whicim is matched tav andm prefers (or is indifferent top. Then(m,w,d) is also a
blocking triple of degree 2 ip, a contradiction. a

The lemma below follows analogous arguments to those in the preceding one.

Lemma7. Let pand fibe two strong stable matchings@y,, . If all women are given the better partners
in the two matching p and pthen the resultant matching, denoted as, is a strong stable matching in
QN@.M'

Now, armed with Lemma 6 and Lemma 7, we can introduce the lemma that establishes ihetidistr
law of the lattice.

74



Lemma8. Lety, fland | be three strong stable matchingstd,, .. Then i (W V') = (MAK) V (LA Y")
and pv (W AR') = (UV ) A (HV )

Proof. Lemma 6 and Lemma 7 establish that meet and join operations result in a strong stable matching i
Qy,, - The distributive law can be easily verified. O

The correctness of Theorem 4 follows from Lemma 6, Lemma 7 and Lemma 8.

4.2 Strong Stable Matchingsin 3-way Kidney Transplant

In the context of 3-way kidney transplant, the set of the strong stable matchings forms a Limeete
semilattices. Consider the subset of strong stable matchings in which each of a fixed glty&frs has the
same successor and they all belong to different triples. Such a subset is equivalenttesamitattice.

Theorem 5. LetY = (X, P) be a 3-way kidney transplant instance and the set of strong stable mgsahi
Y be denoted a®. Furthermore, let a two-party matching be-N{ (ki1, ki2), (ki3 kia), - -, (Ki2n—1), Kic2n)) }
where k € K kij # kij. Then, the subset of strong stable matchigls = {uu € Q;if (k,,,k| i+1) €

N, then3t = (kij, ki(j+1), k") e p} is a meet-semilattice.

It takes three lemmas to prove Theorem 5, whose correctness arguments areextesitied from Sec-
tion 4.3 in Gusfield and Irving’s book [8].

Lemma9. Let Qn be the subset of strong matchings based on a two-party matching N. Qiyetwa
matchings ' € Qn. Suppose kis k's successor in p but not irf;umoreover, k has different successors
in w and [ Then one of them prefers p while the other preférs p

Proof. Let B,7,S C X be the set of players who are getting better, worse, the same succesgors in
Consider a tripleky, ky, kzg € pand suppose th& € B andky gets different successorsjirand(. Then it
follows thatk; € §. (Recall that exactly one player (i, ky, k;) has the same successor in all the matchings
in Qn.) We claim thatk, € 1V, otherwise,(ky, ky, kzj € uis a blocking triple of degree 2 ip. So we have
that| B| < |v|.
Conversely, letky, ky, kZS € U, k« € v andky gets different successorsjirandy. It follows thatk; € S.
Again, ky must be inB, otherwise,(ky, ky, kzj is a blocking triple of degree 2 ip. This gives ug?’| < |B|.
Combining the above two facts, we have th&ll = | B|. Moreover, given any triple i or in |/, if a
player and his successor have different successqraiml iny/, one of them prefemwhile the other prefers
. O

Lemma 9 is useful in proving the following lemma.

Lemma 10. LetQy be the subset of strong matchings. Given any three matchipggfie Qu, if every
player k is given the median choice of his successors in the three matchings, weatesilier strong stable
matchingpi € Qy.

Proof. We first need to argue thatis really a matching. Recall that in all the matching<lg, the set of
players(kiz,kis, - -+ ,Ki2n—1)) have fixed successors and belong to different triples. Hengg, tiey must
still have the same successkg, ki, - - - , Ki(2n)). Now consider a membéqf(23> from the latter group and
denote his successorijiask’. If, among at least two out qf [/, € Qn, Ki(2s) hask' as a successor, then
k" necessarily
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hask;2s_1) as successor, guaranteeing tﬁ%s_l),lq(k),k*j to be an oriented triple ifi. On the other
hand, if in the three matchindgs, 1/, '}, ki(o5) has all different successors and he prefeirs (' in ’, then
by Lemma 9k' prefersyt’ in | in y, again ensuring thak 2s—1, Ki(2s); kﬁ is really an oriented triple i

Now we argue the strong stability gf Suppose there exists a blocking trighé?, k?2, k93Y. If it is of
degree 3, thek®! strictly prefersk?? to his successor in at least 2 out of the three matchingsip, '}
Analogous argument appliesk#? andk?3, respectively, implyingk®?, k2, k%3) blocks at least one matching
LE{INTRTGS

If, on the other hand(k®?, k%2, k%3) is a blocking triple of degree 2. L&#? be the player who is indiffer-
ent. Therk?? must be his successor jn Sok?? either is indifferent to, or strictly preferstkin two out of
the three matchings ify, I, /" }. Fork?? andk?®3, they strictly prefek®® andk?®® in at least two out the three
matchings in{p, 1/, /'}. So, (k?2, k2, k¢3j is a blocking triple of degreat least2 in one of the matchings in
{wW,"}. This contradiction completes the stability proof. O

Given a strong stable matchipge Qy, we define a functio that mapgut to a collection of pairs. To
be precise(ky, kz) € T(p) if ko ranks at least as high &g's successor in the matching Moreover, we can
choose an arbitrarpivot matching p € Qy and define a functioiy so thatTo(p) = T(W) D T (o). And
then we can use the following lemma establish Theorem 5.

Lemma 11. The sets J{l), taken over all strong stable matchings|£2y, are closed under intersection,
and so can be regarded as a meet-semilattice in whi€po] is the minimal element, wherg g Qy is the
pivot matching.

Proof. Suppose that we are given two strong stable matchipgs'} C Qy and suppose that the median
matching ofy, I/, ko (using the operation of Lemma 10) is We will show thatTo(p) N To(K) = To(H),
thereby establishing that the sa@tgp), for all p € Qy are closed under intersection.

Letk be a fixed player. We consider all possible cases.

— If k has the same successondmand inpg, or the same successorjihand inpp, then there is no pair
(k,K') in To(p) NTo(W); also, there will not be any paik, k') in To(H), sincek’s successor i will be
the same as the one that he haggn

— If k has the same successoriand inp/, but he has a different successoi then all the pairgk, k')
existinTo(W), To(K), andTo(H). The reason is becaukevill have the same successorfiras inpandy.

— If k has three different successorgin, Lo, we then consider further the subcases.

e If k has the same successofiandpy, then there is no paitk, k') in To(p) N To(K'), nor in To(F).

e If k has the same successorirandy, then the pairgk, k') in To(p) N To(K) are exactly those in
To(M). Moreover, they are also thoseTa([).

¢ If k has the same successofiandl!, then the argument is analogous to the preceding case.

By the above case analysis, we establish the closure under intersection. It is obviolg$$lais the
minimal element, as it is an empty set. O

By Lemma 11, we prove Theorem 5.

5 #P-completeness of Strong Stable Matchings

In this section, we present a reduction from the 2-parnyBLE MARRIAGE problem to the 3wAY KID -
NEY TRANSPLANT problem. Counting the number of stable matchings in a stable marriage instance is
#P-complete, a fact established by Irving and Leather [13].
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To build up some intuition, we first show how to “embedS®BLE MARRIAGE instancel’ = (M, W, P)
iNto aCIRCULAR STABLE MATCHING instancel” = (M', W' D' P'). For each playep € M U W, we cre-
ate a playep’ and add her/him/it into the derived instantle Suppose a mam € M’ is created based on
m € M. We let him have the same preferencemsPrecisely, supposing thBtm,) = wiy > Wiz > - - = Wip,
let P'(m) = wj; = W, > =W, Furthermore, for each mani € M’, we create a dod/ and add it into
D' with preference” (d n}’ > ---. Forawomarw, € W', her preference is now for dogs, moreover, in
her new preferencehe |nd|ces are kept the sani® be precise, iP(w;) = my1 > mi2 > --- > mip, we make

P(W)=df =d > >d..

By this construction, it is easy to observe that the matchiﬁg{(mjl,wjl) (Mj2,Wj2),- -, (Mjn,Wijn) }
is stable inr"if and only if the matchin_gl’ = {(M}, W1, dijp), (M2, Wip, dj5), - (nrm,vx/m,d]n)} is strongly
stable inY’. A blocking pair(m;c,wj ) in the former implies a blocking trlpl(arrfjk,v\/”,djk) of degree 2 in
the latter. Conversely, there cannot be a blocking triple of degrea/3(gince every dog is matched to its
top-ranked man). A blocking triplen,, w;, ,di, ) of degree 2 implies thaim, wj) blocksp as well.

From the fact that the number of stable matchingsSiaBLE MARRIAGE can be exponential (see
Knuth’'s book [15]), the fact that weak stable matchings are a supefs&rong stable matchings, and
the reduction given in Section 2.2, we establish:

Theorem 6. The number of weak and strong stable matchings in circular stable matching ang Bidney
transplant problems can be exponential.

Unfortunately, the above construction¥fis not a reduction, instead, it is merely an embedding. There is no
guarantee that some other strong stable matching (in which dogs are not alaty®d to their top-ranked
men) will not arise inY”. To prove the #P-completeness, we need one more twist.

We transformY” into a 34WAY KIDNEY TRANSPLANT INSTANCE Y = (X", L") as follows. We first
make a copy of every player i’ U % U9’ and add it intoX. For each dogl’ € X, we create a set of
guard players to restrict its possible successors in a strong stable matchindeatmeere is similar to the
one we used in the reduction of Section 2.3. We need an insl%inee(ﬂgjin,Ldiu) which has the properties:

(1) it has four pIayerskﬁ/,_j,l < j <4, and (2) it does not allow strong stable matching itself (see [9] for
such an instance).
We embed(» into Y by altering the preferences df and its associated three guard players as follows.

- P(d")=n> Prd/, & 1) - wherePr,,(k§ 1) is the preference list dﬁ,linthe instance(y
- P”(k’:‘i DE P]rdi,,(kffi i) > ., where < j<4 andPr ,,(k# j) is the preference list dﬁu _in the instance
Yy -

The intent here is to try to remove one playgf, (who plays the role okfj_,, 1) from Yy to prevent a

potential blocking triple infy from blocking a strong stable matchingiH.

After adding the 8 guard players inteX”, we also have to update the preferences of the men and women
who are the copies of those #’ U W'. Such a player, sayy', replaces each womani € 7 with wj' in
his list and attaches other players to the end of his list.

It can be checked that in all strong stable matchingg’lrdogs have their top-ranked men as successors.
Moreover, a matchingt = {( mj]_,Wj]_) (Mj2,Wj2), -+, (Mjn,Wjn)} is stable inY if and only if a matching

—»

= {(n*(j’l,v\/j’l,dj’lj, (Mf2, Wi, 1’2) -, (i, Wi, djiy) } is strongly stable in™”. Therefore, the reduction
from Y to Y is correct. Using a similar and slightly more complicated gadget (of guard players), it is also
possible to have a reduction froxito an instance ofIRCULAR STABLE MATCHING. We omit it here.

We conclude this section with the following theorem.
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Theorem 7. Itis #P-complete to count the number of strong stable matchings in both circular stabdb-m
ing and 3-way kidney transplant problems.

6 Conclusion

We have left a complexity issue unanswered: existence of a weak stable circular matchimgreNmable
to come up with a reduction, for there is no similar gadget (a small instance ajjowiweak stable match-
ings) to the one we used in Section 3. Indeed, the reason may go deeper. Empidieatevndicates that
the number of weak stable circular matchings grows extraordinarily fast with the problentsiksson,
Sjostrand and Strimling [4] conjectured that weak stable matchings always exist. This isevieynarked
previously that finding one is probably not NP-complete. Is there a technique, combinataiherwise,
to prove their perennial existence?
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Abstract

Knuth [14] asked whether the stable matching problem can be generalised to three
dimensions i. e., for families containing a man, a woman and a dog. Subsequently,
several authors considered the three-sided stable matching problem with cyclic pref-
erences, where men care only about women, women only about dogs, and dogs only
about men. In this paper we prove that if the preference lists may be incomplete,
then the problem of deciding whether a stable matching exists, given an instance of
three-sided stable matching problem with cyclic preferences is NP-complete. Consid-
ering an alternative stability criterion, strong stability, we show that the problem is
NP-complete even for complete lists. These problems can be regarded as special types
of stable exchange problems, therefore these results may have relevance in some real
applications, such as kidney exchange programs.

Keywords: stable marriage problem, three-dimensional matching,
cyclic preferences, computational complexity

1 Introduction

An instance of the Stable Marriage problem (SM) comprises a set of n men ay,...,a, and
a set of n women by,...,b,. Each person has a complete preference list consisting of the
members of the opposite sex. If b; precedes by on a;’s list then a; is said to prefer b; to by.
The problem is to find a matching that is stable in the sense that no man and woman both
prefer each other to their current partner in the matching. The Stable Marriage problem
was introduced by Gale and Shapley [9]. They constructed a linear time algorithm that
always finds a stable matching for an SM instance.

Considering the Stable Marriage problem with Incomplete Lists (SMI), the only differ-
ence is that the numbers of men and women are not necessarily equal and each preference
list consist of a subset of the members of the opposite sex, i.e., each person lists his or
her acceptable partners. Here, a matching M is a set of acceptable pairs, and M is stable
if for every pair (a;,b;) ¢ M, either a; prefers his matching partner M(a;) to b; or b;
prefers her matching partner M(b;) to a;. We can model this problem by a bipartite
graph G = (AU B, E), where the sets of vertices, A and B, correspond to the sets of
men and women, respectively, and the set of edges, F represents the acceptable pairs. An
extended version of the Gale-Shapley algorithm always produces a stable matching for
this setting too.

*This work was supported by EPSRC grant EP/E011993/1.
fSupported by OTKA grant K69027.
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In an instance of the Stable Marriage problem with Ties and Incomplete Lists (SMTT)
it is possible that an agent is indifferent between some acceptable agents from the opposite
set; in such a case, when these agents appear together in a tie in the preference list. Here,
a matching M is stable if there is no blocking pair (a;,b;) ¢ M such that a; is either
unmatched or prefers b; to M(a;), and simultaneously b; is either unmatched or prefers
a; to M(b;). Manlove et al. [15] proved that the problem of finding a stable matching
of maximum cardinality for an instance of SMTI, the so-called MAX SMTI problem, is
NP-hard.

The Three-Dimensional Stable Matching problem (3DSM), also referred to as the Three
Gender Stable Marriage problem, was introduced by Knuth [14]. Here, we have three sets
of agents: men, women and dogs, say, and each agent has preference over all pairs from
the two other sets. A matching is a set of disjoint families i.e., triples of the form (man,
woman, dog). A matching is stable if there exists no blocking family that is preferred by
all its members to their current families in the matching.

Alkan [2] gave the first example of an instance of 3DSM where no stable matching
exists. Ng and Hirschberg [17] proved that the problem of deciding whether a stable
matching exists, given an instance of 3DSM, is NP-complete; later Subramanian [26] gave
an alternative proof for this. Recently, Huang [10] proved that the problem remains NP-
complete even if the preference lists are “consistent”. (A preference list is inconsistent if,
for example, man m ranks (wq, d;) higher than (ws,d;), but he also ranks (ws, d2) higher
than (w1, dsy), so he does not consistently prefer woman w; to woman w,.)

As an open problem, Ng and Hirschberg [17] mentioned the cyclic 3DSM, defined
formally in Section 2, where men only care about women, women only care about dogs
and dogs only care about men. Boros et al. [5] showed that if the number of agents n, is at
most 3 in every set, then a stable matching always exists. Eriksson et al. [8] proved that
this also holds for n = 4 and conjectured that a stable matching exists for every instance
of cyclic 3DSM.

In Section 2, we study the cyclic 3DSM problem with Incomplete Lists (cyclic 3DSMI).
Here, each preference list may consist of a subset of the members of the next gender, i.e.
his, her or its acceptable partners, and the cardinalities of the sets are not necessarily the
same, a matching is a set of acceptable families. Thus cyclic 3DSMI is obtained via a
natural generalisation of cyclic 3DSM in a way analogous to the extension SMI of SM.
First we give an instance of cyclic 3DSMI for n = 6 where no stable matching exists.
Then, by using this instance as a gadget, we show that the problem of deciding whether
a stable matching exists in an instance of cyclic 3DSMI is NP-complete. We reduce from
MAX SMTI.

In Section 3, we study the cyclic 3DSM problem under strong stability. A matching
is strongly stable if there exists no weakly blocking family. This is a family not in the
matching that is weakly preferred by all its members (i.e. no member prefers his original
family to the new blocking family). We show that the problem of deciding whether a
strongly stable matching exists in an instance of cyclic 3DSM is NP-complete.

In Section 4, we describe the correspondence between the cyclic 3DSMI problem and
the so-called stable exchange problem with restrictions, defined in Section 4. More pre-
cisely, we show that the 3-way stable 3-way exchange problem for tripartite cyclic graphs
is equivalent to cyclic 3DSMI. Therefore, the complexity result for cyclic 3DSMI applies
also to the 3-way stable 3-way exchange problem, which is an important model for the
kidney exchange problem (this application is described in further detail in Section 4).
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2 Cyclic 3DSMI is NP-complete

Problem definition

We consider three sets of agents: M, W, D (men, women and dogs). Every man has
a strict preference list over the women that are acceptable to him. Analogously, every
woman has a strict preference list over her acceptable dogs, and every dog has a strict
preference list over its acceptable men. The list of an agent x is denoted by P(x). A
matching F is a set of disjoint families, i.e., triples from M x W x D, such that for each
family (m,w,d) € F, w is acceptable to m, d is acceptable to w and m is acceptable to
d. Formally, if (m,w,d) € F, then we say that F(m) = w, F(w) = d and F(d) = m, thus
in a matching, F(z) € P(xz) U {x} holds for every agent z, where F(x) = x means that
agent z is unmatched in F. Note that agent x prefers y to being unmatched if y € P(z).

A matching F is said to be stable if there exists no blocking family, that is a triple
(m,w,d) ¢ F such that m prefers w to F(m), w prefers d to F(w) and d prefers m to
F(d).

We define the underlying directed graph Dy = (V, A) of an instance I of cyclic 3DSMI
as follows. The vertices of D correspond to the agents, so V(D;) = M UW U D, and
we have an arc (z,y) in Dy if y € P(x). This type of directed graph where A(Dj) C
(M x W)U (W x D)U(D x M) is called a tripartite cyclic digraph. Therefore, a matching
of I corresponds to a disjoint packing of directed 3-cycles in Dj.

An unsolvable instance of cyclic 3DSMI

We give an instance of cyclic 3DSMI with n = 6, denoted by R6, where no stable matching
exists.

Example 1. The preference lists and underlying graph of R6 are as shown below. Here,
the thickness of arrows correspond to preferences.

my i w,w)  wy o dy,d) dy : ma,m),
mo U)Q,U)/Q wo dg,dlz d2 . mg,mé
ms wg,wg ws dg,dlg d3 . ml,m’l
my o ws wh :ds L rmy
mlh :wy wh  dy b 1Mo
ml : wo wh : do 5 mg

We refer to the agents {m;, w;,d; : 1 <i < 3} = I as the inner agents of R6 and the
agents {m},w},d; : 1 <i <3} = O as the outer agents of R6.
Lemma 1. The instance R6 of cyclic 3DSMI admits no stable matching.
Proof. By inspection of the underlying graph of R6, we can observe that the only accept-
able families are of the form (m;,w}, d;_1), (m;,w;,d}) and (m}, w;_1,d;—1), so that any
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acceptable family contains exactly two inner agents. It is clear that for any matching F, it
must be the case that at least one inner agent is unmatched in F. By the symmetry of the
instance we may suppose without loss of generality that the inner agent m; is unmatched
in F. Then, the family (mq,w],ds) is a blocking family for F. U

We note that the 9 acceptable families of R6 have a natural cyclic order, the same
order that the directed 9-cycle has which is formed by the 9 inner agents in the underlying
graph, such that if an acceptable family is not in a stable matching F then the successor
family must be in F. For example, if (my,wy,d}) ¢ F then (mh,wy,dy) € F, since
(m1,w,d}) would be blocking otherwise. This argument gives an alternative proof for
the above Lemma.

The instance created by removing the inner agent m; from R6, denoted by R6 \ m,
becomes solvable, since F* = {(mf,w1,dy), (ma, wa,dy), (mg, wh, da), (m},ws,ds)} is a
stable matching for R6 \ m;. In fact, F* is the unique stable matching for R6\ m1, so we
denote it by Frg\m,. This is because in R6 \ my we have 7 acceptable families in a row
with the property discussed above: if an acceptable family is not in a stable matching F
then the subsequent family must be in F. We state this claim formally below; its proof
follows from the symmetry of the instance.

Lemma 2. Let a; be an inner agent of R6. Then, R6\a; admits a unique stable matching,
denoted by Fre\a,;-

The instance R6 will also be of use to us as a gadget in the NP-completeness proofs
of the subsequent sections.

The NP-completeness proof

In [15], Manlove et al. proved that determining if an instance of SMTT admits a complete
stable matching is NP-complete, even if the ties appear only on the women’s side, and
each woman’s preference list is either strictly ordered or consists entirely of a tie of size
two (these conditions holding simultaneously).

We refer to the MAX SMTI problem under the above restrictions as Restricted SMTI.
The underlying graph G = (AU B, E) of a Restricted SMTI instance is such that the

set A = {ay,az,...,a,} consists of men a;, all of whom have strictly ordered preference
lists, while the set B of women can be partitioned into two sets By U By = {b1,..., by, } U
T, ... ,bzg} where n1 4+ no = n, each woman b; € By has a strictly ordered preference

list, and each woman b]T € Bs has a preference list consisting solely of a tie of length 2.

We denote a woman who can either be a member of By or Bs by b,ET).

In the remainder of this section we describe a polynomial-time reduction from Re-
stricted SMTT to cyclic 3DSMI. Let I be an instance of Restricted SMTI with the under-
lying graph G = (AU B, E). We construct an instance I’ of cyclic 3DSMI with sets M,
W, and D of men, women, and dogs as follows.

The sets of men and women of I’ are created in direct correspondence to the men and
women in I, so let M = {mq,...,mp} and W = Wi UW, = {wy,..., wy, JU{w],... ,wl }.
The set of dogs of I’ consists of two parts Dy U Dy = D, defined by creating a dog d;; in
D, if a; € P(bj), and creating a dog djT in Dy if b;r € Bs.

Let us now describe the construction of the strictly ordered preference lists of I’. We
let P(z)[l] denote the Ith entry in agent x’s preference list, and a tie in the preference
list of an agent is indicated by parentheses. The preference lists of I’ are defined by the
following cases:
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1. If P(ay)[l] = bg.T) then let P(m;)[l] = w§T) (1 <1 <r, where r is the length of a;’s
list).

2. If P(b;)[l] = a; then let P(w;)[l] = d;; and P(d;;) = m; (1 <1 <r, where r is the
length of b;’s list).

3. If P(b?) = (ap,aq) then let P(ij) = d;-r and P(d;r) = mpmg (in arbitrary order).

This is the proper part of the instance. Next we construct the additional part of the
instance by creating n = |M| copies of R6, such that the ¢-th copy of R6 consists of
inner agents {my,, wy,,ds; : 1 < i < 3} and outer agents {mj ,w; ,d; : 1 < i < 3} with
preference lists as described in Example 1. We add these n copies of R6 to the instance in
the following way. In the ¢-th added copy of R6, denoted by R6;, replace the inner agent
my, in R6; with man m; € M by replacing each occurrence of my, in the preference lists
of each agent in R6; with m;. Also, let my,’s acceptable partners in R6;, namely w;, and
wél be appended in this order to the end of m;’s list. The final preference list of man m;
along with R6; is shown below. The portion of m;’s preference list consisting of women
from the proper part of the instance is denoted by P;.

my o Pwg wy wy, o dyy dy, dy 1 g, my,
My, 1 Wy W wy, 1 dyy dy, dp, @ Mgy My,
My 1 Wiy Wy Wiy, o dyy dy di; @ mymy,
mi, Wiy wy, dy, d, me
mllfg Wiy wgg dtl dQQ M,
m;g Wiy w£3 di, ;3 Mg

This ends the reduction, which plainly can be computed in polynomial time. Now, we
prove that there is a one-to-one correspondence between the complete stable matchings in
I and the stable matchings in I'.

First we show that there is a one-to-one correspondence between the matchings of
I and the matchings in the proper part of I’. This comes from the natural one-to-one
correspondence between the edges of I and the families in the proper part of I’. More
precisely, if M is a matching in /, then the corresponding matching F,, in the proper part
of I is created as follows: (a;,b;) € M <= (m;,wj,d;j;) € F, and (ai,b?) EM =
(mg, ij, dJT) € Fp. To prove this, it is enough to observe that two edges in I are disjoint
if and only if the two corresponding families in I’ are also disjoint. Next, we show that
stability is preserved by this correspondence.

Lemma 3. A matching M of I is stable if and only if the corresponding matching F, in
the proper part of I' is stable.

Proof. 1t is enough to show that an edge (a;,b;) is blocking in I if and only if the cor-
responding family (m;,wj,d;;) is also blocking in I’; and similarly, an edge (a;,b1) is
blocking in [ if and only if the corresponding family (m;, w;‘-F, d?) is also blocking in I'.
Suppose first that (a;,b;) is blocking in I, which means that a; is either unmatched
or prefers b; to M(a;) and b; is either unmatched or prefers a; to M(b;). This implies

that m; prefers w; to F,(m;), w; prefers dj; to M(w;), and d;; is unmatched in Fp, i.e.
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(mi, wj,d;;) is blocking in I’. Similarly, if (a;, b]T) is blocking then a; is either unmatched
or prefers bJT to M(a;) and bJT is unmatched in M. This implies that m; prefers ij to
Fp(my), w;f and d? are both unmatched in F,, and hence (m;, w]T, df) is blocking in I’
In the other direction, if (m;,w;,d;;) is blocking in I’, then m; prefers w; to Fp,(m;),
wj prefers dj; to Fp(w;), and d;; is unmatched in F,. This implies that a; is either
unmatched or prefers b; to M(a;) and b; is either unmatched or prefers a; to M(b;), so
(a;, bj) is blocking in I. Similarly, if (m;, wf, dJT) is blocking in I’, then w;[ and djT are both
unmatched in 7, and m,; prefers ’w;‘-F to F,(m;). This implies that a; is either unmatched
or prefers bf to M(a;) and bf is unmatched in M, so (a;, bf) is blocking in I. O

Furthermore, if the matching M is complete, then we can enlarge the corresponding
matching to the additional part of I’ by matching every R6; \ m; in the unique stable
way, so by adding Fge,\m, to Fp for every t. This leads to the following one-to-one
correspondence between the complete stable matchings of I and the stable matching of I”.

Lemma 4. The instance I admits a complete stable matching M if and only if the reduced
instance I' admits a stable matching F, where F is the corresponding matching of M.

Proof. The stability of M implies that F is stable in the proper part of I’ by Lemma 3.
The completeness of M and Lemma 2 implies that F is also stable in the additional part
of I'.

In the other direction, if F is stable then every man in M must be matched in a proper
family, since otherwise, if a proper man m; does not have a proper partner in F then
R6; would contain a blocking family, by Lemma 1. This implies that the corresponding
matching M, defined in Lemma 3, is complete. The stability of M is a consequence of
Lemma 3. Finally, we note that the additional part has a unique stable matching, since
every R6; \ a; must be matched in the unique stable way indicated by Lemma 2, which
implies the one-to-one correspondence. O

The following Theorem is a direct consequence of Lemma 4.

Theorem 1. Determining the existence of a stable matching in a given instance of cyclic
3DSMI is NP-complete.

3 Cyclic 3DSM under strong stability is NP-complete

Problem definition

For an instance of cyclic 3DSM, a matching F is strongly stable if there exists no weakly
blocking family, that is a family (m, w, d) ¢ F such that m prefers w to F(m) or w = F(m),
w prefers d to F(w) or d = F(w), and d prefers m to F(d) or m = F(d). We note that in a
weakly blocking family at least two members obtain a better partner, since the preference
lists are strictly ordered.

An unsolvable instance

We firstly show that, by completing the preference lists of R6 in an arbitrary way (i.e. by
appending agents not on the lists in an arbitrary order to the tail of the original lists),
the resulting instance of cyclic 3DSM, denoted by R6, does not admit any strongly stable
matching. The subinstance R6 of R6 is called the suitable part of R6, the original entries
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of an agent x in R6 are the suitable partners of x and the families of R6 are called suitable
families.

Lemma 5. The instance R6 of cyclic 3DSM admits no strongly stable matching.

Proof. Suppose for contradiction that F is a strongly stable matching. As the 9 inner
agents form a 9-cycle in the underlying directed graph, the 9 suitable families have a
natural cyclic order. We show that if a suitable family, say (m1,w1,d}) is not in F, then
the successor suitable family (mf, w1, d;) must be in F, which would imply a contradiction
given that the number of these suitable families is odd. If (my,wy, d}) ¢ F then F(w;) =
dy, since otherwise (my,wi,d}) would be weakly blocking. Similarly, (mb,wq,d1) ¢ F
implies F(dy) = mg. But this means that (mg,wi,d1) € F, so (meg,wh,d;) is weakly
blocking. ]

Recall that Fprg,, is the unique stable matching for 16 \ a;. Let R6 \ a; denote the
instance created by removing an inner agent a; from R6. We denote by Cgg\,, the subset
of agents of R6 \ a; that are covered by Fre\q,, and by Ugg\ 4, those who are uncovered
by FRe\q,, respectively.

Lemma 6. Let a; be an inner agent of R6. For every matching F* O FRré\ax of R6\ ay, no
suitable family can be weakly blocking, and therefore no agent from Cre\q, can be involved
in a weakly blocking family. For any other matching, at least one suitable family is weakly
blocking.

Proof. 1t is straightforward to verify that Fpe\ 4, is a strongly stable matching for R6 \ at,
so no suitable family in R6 \ a; can weakly block F* D FRe\a,- Moreover, no agent =
of Cpre\q, can be involved in a non-suitable weakly blocking family either, since z has a
suitable partner in F*.

Suppose that F' is a matching of R6 \ a; which is not a superset of FRe\a,- As in the
proof of Lemma 5, we use the fact that if a suitable family is not in F’, then the successor
suitable family is either in F’ or weakly blocking. Therefore, if we do not include four
from the seven suitable families of R6\ a; in a matching then one of them would be weakly
blocking. ]

The NP-completeness proof

The reduction we describe in this section again begins with an instance of Restricted
SMTTI, only we assume without loss of generality the role of the men and women of the
instance to be “reversed”. To be precise, we assume a given instance of Restricted SMTI
I that its vertex set ((A; U A2) U B) consists of a set Ay = {a1,as,...,a,,} of men with

strictly ordered preference lists, and Ay = {al,ad, ..., azz of men with preference lists
consisting of a single tie of length 2, and nj +ns = n. The set B = {by, b, ..., b,} consists

entirely of women with strictly ordered preference lists.

Given an instance I of Restricted SMTI as defined above, we create an instance I’ of
cyclic 3DSM. First we create a proper instance Iz/7 of cyclic 3DSMI as a subinstance of I’
with agents M, U W, U D,, in the following way.

First we create a set W), of n women {wy,ws,...,w,} such that the preference list
of woman wj; is a single entry, dog d; € D,. The preference list of d; is such that if
Pb;)[l] = a;, then P(d;)[l] = my, otherwise if P(b;)[l] = al, then P(d;)[l] = m; ; for
1 <1 < r, where r is the length of b;’s list. So the preference list of dog d; is essentially
the “same” as that of woman b;, only with men in M, rather than A.
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For each man a; € Ay, create a man m; € M,, such that if P(a;)[l] = b;, then let
P(my)[l] = wj for 1 <1 < r, where r is the length of a;’s list. So the preference list
of man m,; is essentially the “same” as that of man a;. For each man aiT € Ay, with
a preference list consisting of a single tie of length two, say (b, bs), we create five men
ml,mj ., myi,,mi,mi, four women wj, ., wy,  wj w and four dogs dj,,d}, d;,dj,
where the preference list of m! contains w; . and w; ; in an arbitrary order, and the other

preference lists are as shown below.

U " /. " T

~
~
~

mi,r : wz,r Wy wi,r © Hr i,T i, mi,r m;

mi ), ol i vl
m'/i,s : w;,s Ws w;,s : ;,S ;/,s g,s : mf/L,,s sz
ml <l Wiy di, d aly iy ml,

We also add these agents to M), W), and D,, respectively. Note that in I]’, every set
of agents has the same cardinality: n, = [M,| = |W,| = |Dy| = n + 4ns. The notions of
proper agent, proper partner and proper family are defined in the obvious way.

The additional part of instance I’ contains three subinstances. The suitable part of
I' is the disjoint union of 3n, copies of R6, such that the ith copy of R6, denoted R6;,
incorporates the ith agent of II’), as described in the previous reduction in the proof of
Theorem 1 (we omit the full description of this process again). The new agents are
referred to as additional agents.

Let Fs = Uieq1,..3n,)F R6:\a; De the so-called suitable matching of the additional part,
where a; is the proper agent of R6;. We call the set C' = Ujc(1, 3n,1CRe;\a; coOvered
additional agents, as these additional agents are covered by Fs, and we call the set U =
Uie{1,..3n, UR6,\a; uncovered additional agents, as these additional agents are not covered
by Fs.

The fitting part of I' is constructed on U as follows. Note that U has equal numbers
of men, women and dogs. The fitting part consists of disjoint families that covers U, so
that every agent has exactly one agent in his/her/its list, i.e. the fitting part is a complete
matching of U, denoted by Fy.

Finally, the dummy part is obtained by an arbitrary extension of the preference lists,
so that by putting together the four subinstances, the proper and the three additional
parts, we get the complete instance I’. The preferences of the agents over the partners
in different parts respect the order in which we defined these parts: the list of a proper
agent contains the proper partners first, then the suitable partners, and finally the dummy
partners; the list of a covered additional agent contains the suitable partners first, then the
dummy partners; the list of an uncovered additional agent contains the suitable partners
first, then the fitting partner, and finally the dummy partners.

First we show that there is a one-to-one correspondence between the complete stable
matchings of I and the complete strongly stable matchings of Iz/r The stability is preserved
via the following one-to-one correspondence between the complete matchings of I and
complete matchings of I":

(ai,bj) € M = (m;,w;,d;) € F,

(al b)) e M = (mP, W, d.,), (m!,w!,, d,),(m, wsds) e F,

2,87 .8 1,87 i,80 Yi,s 1,8
T / ! 1 " " !
(ai vbs) ¢ M = (mz’7s)wi7sv dz’,s)’ (mi,sv Wi s di,s) € Tp
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Lemma 7. A complete matching M of I is stable if and only if the corresponding complete
matching F, of IZ’) is strongly stable.

Proof. As a man aiT cannot belong to a blocking pair in I, it may be verified that his

corresponding copy mZT cannot belong to a weakly blocking family in I, either. Therefore,
it is enough to show that a pair (a;, b;) is blocking for M if and only if the corresponding
family (m;,w;,d;) is blocking for F,. But this is obvious, because the preference lists of
a; and m; are essentially the same, and the preference lists of b; and d; are also essentially
the same. ]

Now, given a matching M of I let us create the corresponding matching F of I’ by
adding Fs and Fy to Fp, so F = F, U Fs U Fy.

Lemma 8. The instance I admits a complete stable matching M if and only if the reduced
instance I' admits a strongly stable matching F, where F is the corresponding matching

of M.

Proof. Suppose that we have a complete stable matching M of I, and F is the corre-
sponding matching in I’. Lemma 7 implies that every proper agent has a proper partner
in F and no proper family is weakly blocking. Therefore, no proper agent can be involved
in any weakly blocking family either. By construction of Fj, every covered additional
agent has a suitable partner in F and by Lemma 6, no suitable family is weakly blocking.
Therefore, no such agent can be part of any weakly blocking family. Finally, every un-
covered additional agent has a fitting partner in F, so these agent cannot form a weakly
blocking family either, since an uncovered additional agent prefers only suitable partners
to fitting partners, which cannot be involved in a weakly blocking family. Hence F is
strongly stable.

In the other direction, suppose that F is a strongly stable matching of I’. Every proper
agent must have a proper partner, since otherwise if a; had no proper partner in F, then
R6; would contain a suitable weakly blocking family by Lemma 5. So the corresponding
matching M in I is complete. The stability of M is a consequence of Lemma 7. Finally,
we note that the additional agents must be matched in the unique strongly stable way
in F, namely, the covered additional agents must be covered by matching F; by Lemma
6, and the uncovered additional agents must be covered by F, since otherwise a fitting
family would weakly block F. Therefore, we have a one-to-one correspondence as was
claimed. O

Theorem 2. Determining the existence of a strongly stable matching in a given instance
of cyclic 3DSM is NP-complete.

4 Stable exchanges with restrictions

Problem definition

Given a simple digraph D = (V, A), where V is the set of agents, suppose that each
agent has exactly one indivisible good, and (i,j) € A if the good of agent j is suitable
for agent i. An exchange is a permutation 7 of V such that, for each i € V, i # 7(i)
implies (i,7(i)) € A. Alternatively, an exchange can be considered as a disjoint packing
of directed cycles in D.

Let each agent have strict preferences over the goods, that are suitable for him. These
orderings can be represented by preference lists. In an exchange 7, the agent i receives the
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good of his successor, m(i); therefore the agent i prefers an exchange 7 to another exchange
o if he prefers 7(i) to o(i). An exchange 7 is stable if there is no blocking coalition B,
i.e. a set B of agents and a permutation o of B where every agent ¢ € B prefers o to
m. An exchange is strongly stable is there exists no weakly blocking coalition B with a
permutation o of B where for every agent i € B, either o(i) = 7 (i) or i prefers o to ,
and o(i) # 7(i) for at least one agent i € B.

Complexity results about stable exchanges

Shapley and Scarf [25] showed that the stable exchange problem is always solvable and a
stable exchange can be found in polynomial time by the Top Trading Cycle (TTC) algo-
rithm, proposed by Gale. Moreover, Roth and Postlewaite [18] proved that the exchange
obtained by the TTC algorithm is strongly stable and this is the only such solution. We
note that they considered this problem as a so-called houseswapping game, where a core
element corresponds to a stable solution. (For further details about these connections
with Game Theory, see [3].)

In some applications the length of the possible cycles is bounded by some constant /.
In this case we consider an [-way exchange problem. Furthermore, the size of the possible
blocking coalitions can also be restricted. We say that an exchange is b-way stable if
there exists no blocking coalition of size at most b. Because of some applications, the
most relevant problems are for constants 2 and 3. Henceforth we also refer to “2-way” as
“pairwise” in the context of cycle lengths and blocking coalitions sizes.

For [ = b = 2, the pairwise stable pairwise exchange problem is in fact, equivalent to
the stable roommates problem. Therefore, a stable solution may not exist [9], but there is
a polynomial-time algorithm that finds a stable solution if one does exist [11] or reports
that none exists. For [ = b = 3, the 3-way stable 3-way exchange problem is NP-hard,
even for three-sided directed graphs, as is stated by the following theorem.

Theorem 3. The 3-way stable 3-way exchange problem for tripartite directed graphs is
equivalent to the cyclic 3DSMI problem, and is therefore NP-complete.

Finally, we note that Irving [12] proved recently that the stable pairwise exchange
and the 3-way stable pairwise exchange problems are NP-hard. The pairwise stable 3-
way exchange problem is open. This particular problem can be a relevant regarding the
application of kidney exchanges, next described.

Kidney exchange problem

Living donation is the most effective treatment that is currently known for kidney failure.
However a patient who requires a transplant may have a willing donor who cannot donate
to them for immunological reasons. So these incompatible patient-donor pairs may want
to exchange kidneys with other pairs. Kidney exchange programs have already been
established in several countries such as the Netherlands [13] and the USA [20].

In most of the current programs the goal is to maximise the number of patients that
receive a suitable kidney in the exchange [21, 22, 23, 1] by regarding only the eligibility of
the grafts. Some more sophisticated variants consider also the difference between suitable
kidneys. Sometimes the “total benefit” is maximised [24], whilst other models [19, 6, 7, 4]
require first the stability of the solution under various criteria.

The length of the cycles in the exchanges is bounded in the current programs, because
all operations along a cycle have to be carried out simultaneously. Most programs allow
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only pairwise exchanges. But sometimes 3-way exchanges are also possible, like in the New
England Program [16] and in the National Matching Scheme of the UK [27]. In these kind
of applications, if one considers stability as the first priority of the solution, then we obtain
a 3-way stable 3-way exchange problem, where the incompatible patient-donor pairs are
the agents and their preferences are determined according to the special parameters of the
suitable kidneys.

5 Further questions

For cyclic 3DSMI, the smallest instance that admits no stable matching given here satisfies
n = 6. Is there an even smaller counterexample?

The main questions that remain unsolved are (i) whether there exists an instance of
cyclic 3DSM that admits no stable matching, and (ii) whether there is a polynomial-time
algorithm to find such a matching or report that none exists, given an instance of cyclic
3DSM.
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Approximating Matches Made in Heaven
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Abstract

Motivated by applications in online dating and kidney exchange, we study a stochas-
tic matching problem in which we have a random graph G given by a node set V' and
probabilities p(i,j) on all pairs i,j7 € V representing the probability that edge (i, )
exists. Additionally, each node has an integer weight ¢(i) called its patience parame-
ter. Nodes represent agents in a matching market with dichotomous preferences, i.e.,
each agent finds every other agent either acceptable or unacceptable and is indiffer-
ent between all acceptable agents. The goal is to maximize the welfare, or produce a
matching between acceptable agents of maximum size. Preferences must be solicited
based on probabilistic information represented by p(i, j), and agent i can be asked at
most t(i) questions regarding his or her preferences.

A stochastic matching algorithm iteratively probes pairs of nodes ¢ and j with
positive patience parameters. With probability p(i,7), an edge exists and the nodes
are irrevocably matched. With probability 1 — p(i, j), the edge does not exist and the
patience parameters of the nodes are decremented. We give a simple greedy strategy
for selecting probes which produces a matching whose cardinality is, in expectation,
at least a quarter of the size of this optimal algorithm’s matching. We additionally
show that variants of our algorithm (and our analysis) can handle more complicated
constraints, such as a limit on the maximum number of rounds, or the number of pairs
probed in each round.

1 Introduction

Matching is a fundamental primitive of many markets including job markets, commercial
markets, and even dating markets [3, 4, 5, 14, 15, 16]. While matching is a well understood
graph-theoretic concept, its stochastic variants are considerably less well-developed. Yet
stochastic variants are precisely the relevant framework for most markets which incorporate
a degree of uncertainty regarding the preferences of the agents. In this paper we study a
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stochastic variant of matching motivated by applications in the kidney exchange and online
dating markets, or more generally, for matching markets with dichotomous preferences in
which each agent finds every other agent either acceptable or unacceptable and is indifferent
between acceptable agents (see, e.g., [6]). The basic stochastic matching problem, which is
the main focus of this paper, can be stated as follows:

Let G be a random undirected graph given by a node set V' (representing agents
in the matching market) and a probability p(i, j) on any pair i, j of nodes, rep-
resenting the probability that an edge exists between that pair of nodes (i.e., the
probability that the corresponding agents find each other acceptable). Whether
or not there is an edge between a pair of nodes is not revealed to us unless
we probe this pair (solicit the preference information from the relevant agents).
Upon probing a pair, if there is an edge between them, they are matched and are
removed from the graph. In other words, when a pair (7, j) is probed, a coin is
flipped with probability p(i, 7). Upon heads, the pair is matched and leaves the
system. Also, for every vertex i, we are given a number ¢(i) called the patience
parameter of 7, which specifies the maximum number of failed probes i is willing
to participate in.

The goal is to maximize the welfare, i.e., design a probing strategy to maximize
the expected number of matches.

The above formulation of the problem is similar in nature to the formulation of other
stochastic optimization problems such as stochastic shortest path [10, 7] and stochastic
knapsack [8]. The stochastic matching problem is an exponential-sized Markov Decision
Process (MDP) and hence has an optimal dynamic program, also exponential. Our goal is to
approximate the expected value of this dynamic program in polynomial time. We show that
a simple non-adaptive greedy algorithm that runs in near-linear time is a 4-approximation
(Section 3). The algorithm simply probes edges in order of decreasing probability. Our
algorithm is practical, intuitive, and near-optimal. Interestingly, the algorithm need not
even know the patience parameters, but just which edges are more probable.

It is easy to see that the above greedy algorithm is a good approximation when the
patience parameters are all one or all infinite: when the patience parameters are all one, the
optimal algorithm clearly selects a maximum matching and so the maximal matching selected
by the greedy algorithm is a 2-approximation; when the patience parameters are all infinite,
for any instantiation of the coin flips, the greedy algorithm finds a maximal matching and
hence is a 2-approximation to the (ex-post) maximum matching. To prove that the greedy
algorithm is a constant approximation in general, we can no longer compare our performance
to the expected size of the maximum matching as the gap between the expected size of the
maximum matching and the expected value of the optimum algorithm may be larger than
any constant. Instead, we compare the decision tree of the greedy algorithm to the decision
tree of the optimum algorithm. Using induction on the graph as well as a careful charging
scheme, we are able to see that the greedy algorithm is a 4-approximation for general patience
parameters.
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We also show that our algorithm and analysis can be adapted to handle more complicated
constraints (Section 4). In particular, if probes must be performed in a limited number of
rounds, each round consisting of probing a matching, a natural generalization of the greedy
algorithm gives a 6-approximation in the uniform probability case. We can also generalize
the algorithm to a case where we are given a bound on the maximum number of edges probed
in each round.

1.1 Motivation

In addition to being an innately appealing and natural problem, the stochastic matching
problem has important applications. We outline here two applications to kidney exchange
and online dating.

Kidney Exchange. Currently, there are 98,167 people in need of an organ in the United
States. Of these, 74,047 patients are waiting for a kidney.! Every healthy person has two
kidneys, and only needs one kidney to survive. Hence it is possible for a living friend or
family of the patient to donate a kidney to the patient. Unfortunately, not all patients have
compatible donors. At the recommendation of the medical community [12, 13], in year 2000
the United Network for Organ Sharing (UNOS) began performing kidney ezchanges in which
two incompatible patient/donor pairs are identified such that each donor is compatible with
the other pair’s patient. Four simultaneous operations are then performed, exchanging the
kidneys between the pairs in order to have two successful transplants.

To maximize the total number of kidney transplants in the kidney exchange program, it
is important to match the maximum number of pairs. This problem can be phrased as that
of maximum matching on graphs in which the nodes represent incompatible pairs and the
edges represent possible transplants based on medical tests [15, 16]. There are three main
tests which indicate the likelihood of successful transplants. The first two tests, the blood-
type test and the antibody screen, compare the blood of the recipient and donor. The third
test, called crossmatching combines the recipient’s blood serum with some of the donor’s red
blood cells and checks to see if the antibodies in the serum kill the cells. If this happens (the
crossmatch is positive), then the transplant can not be performed. If this doesn’t happen
(the crossmatch is negative), then the transplant may be performed.?

Of course, the feasibility of a transplant can only be determined after the final crossmatch
test. As this test is time-consuming and must be performed close to the surgery date [2, 1],
it is infeasible to perform crossmatch tests on all nodes in the graph. Furthermore, due
to incentives facing doctors, it is important to perform a transplant as soon as a pair with
negative crossmatch tests is identified. Thus the edges are really stochastic; they only reflect
the probability, based on the initial two tests and related factors, that an exchange is possible.

!Data retrieved on November 19th, 2007 from United Network for Organ Sharing (UNOS) — The Organ
Procurement and Transplantation Network (OPTN), http://www.optn.org/data.

2Recent advances in medicine actually allow positive crossmatch transplants as well, but these are signif-
icantly more risky.
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Based on this information alone, edges must be selected and, upon a negative crossmatch
test, the surgery performed. Hence the matching problem is actually a stochastic matching
problem. The patience parameters in the stochastic matching problem can be used to model
the unfortunate fact that patients will eventually die without a successful match.

Online Dating. Another relevant marketplace for stochastic matching is the online
dating scene, the second-largest paid-content industry on the web, expected to gross around
$600 million in 2008 [9]. In many online dating sites, most notably eHarmony and Just A
Lunch, users submit profiles to a central server. The server then estimates the compatibility
of a couple and sends plausibly compatible couples on blind dates (and lately, possibly virtual
blind dates). The purported goal of these sites is to create as many happily married couples
as possible.

Again, this problem may be modeled as a stochastic matching problem. Here, the people
participating in the online match-making program are the nodes in the graph. From the
personal characteristics of these individuals, the system deduces for each pair a probability
that they are a good match. Whether or not a pair is actually successful can only be known
if they are sent on a date. In this case, if the pair is a match, they will immediately leave the
program. Also, each person is willing to participate in at most a given number of unsuccessful
dates before he/she runs out of patience and leaves the match-making program. The online
dating problem is to design a schedule for dates to maximize the expected number of matched
couples.

2 Preliminaries

The stochastic matching problem can be represented by a random graph G = (V, E), where
for each pair («, ) of vertices, there is an undirected edge between « and 3 with a probability
p(a, B) € [0, 1].3 For the rest of the paper, w.l.o.g. we will assume that E contains exactly the
pairs that have positive probability. These probabilities are all independent. Additionally,
for each vertex v € V a number ¢(7y) called the patience parameter of v is given. The existence
of an edge between a pair of vertices of the graph is only revealed to us after we probe this
pair. When a pair (o, 3) is probed, a coin is flipped with probability p(c, 3). Upon heads,
the pair is matched and is removed from the graph. Upon tails, the patience parameter of
both o and 3 are decremented by one. If the patience parameter of a node reaches 0, this
node is removed from the graph. This guarantees that each vertex v can be probed at most
t(7y) times. The problem is to design (possibly adaptive) strategies to probe pairs of vertices
in the graph such that the expected number of matched pairs is maximized.

An instance of our problem is thus a tuple (G, t). For a given algorithm ALG, let Ey (G, t)
(or Epc(G) for simplicity, when ¢ is clear from the context) be the expected number of pairs

3Note that here we do not impose any constraint that the graph G should be bipartite. In settings such
as heterosexual dating where such a constraint is natural, it can be imposed by setting the probabilities
between vertices on the same side to zero.
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matched by ALG, where the expectation is over the realizations of probes and (possible) coin
tosses of the algorithm itself.

Decision Tree Representation. For any deterministic algorithm ALG and any in-
stance (G,t) of the problem, the entire operation of ALG on (G,t) can be represented
as an (exponential-sized) decision tree Tyg. The root of Tyq, 7, represents the first pair
e = (a, ) € E probed by ALG. The left and the right subtrees of r represent success and
failure for the probe to («, [3), respectively. In general, each node of this tree corresponds to
a probe and the left and the right subtrees correspond to the respective success or failure.

For each node v € Ty, a corresponding sub-instance (G,,t,) of the problem can be
defined recursively as follows: The root r corresponds to the initial instance (G, t). If a node
v that represents a probe to a pair (a, 3) corresponds to (G, t,),

e the left child of v corresponds to (G, \ {a, 8},t,), and

e the right child of v corresponds to (G, \ {(«, 5)},t)), where G, \ {(«, 5)} denotes the
instance obtained from G, by setting the probability of the edge (a, 3) to zero, and
t () =t,(a) — 1, ¢ (B) = t,(8) — 1 and ¢/ (y) = t,(7) for any other vertex ~.

For each node v € Ty, let T;, be the subtree rooted at v. Let T, and Tg(, be the left
and right subtree of v, respectively. Observe that T, essentially defines an algorithm ALG’
on the sub-instance (G,,t,) corresponding to v. That is, the first pair probed by ALG' is the
pair represented by v. If the probe succeeds, ALG' goes to T7(,. Otherwise, ALG' goes to
Tr)- Define Eyg(T,) to be the expected value generated by the algorithm corresponding
to ALG', i.e. EpglT,] = Epe (G, ty).

The stochastic matching problem can be viewed as the problem of computing the optimal
policy in an exponential-sized Markov Decision Process (for more details on MDPs; see the
textbook by Puterman [11]). The states of this MDP correspond to subgraphs of G that
are already probed, and the outcome of these probes. The actions that can be taken at a
given state correspond to the choice of the next pair to be probed. Given an action, the state
transitions probabilistically to one of two possible states, one corresponding to a success, and
the other corresponding to a failure in the probe. We denote by OPT the optimal algorithm,
i.e., the solution of this MDP. Note that we can assume without loss of generality that OPT is
deterministic, and therefore, a decision tree Typr representing OPT can be defined as described
above. Observe that by definition, for any node v of this tree, if the probability of reaching v
from the root is non-zero, the algorithm defined by 7, must be the optimal for the instance
(G, t,) corresponding to v. To simplify our arguments, we assume without loss of generality
that the algorithm defined by T, is optimal for (G,,t,) for every v € Typr, even for nodes v
that have probability zero of being reached. Note that such nodes can exist in Tgpr, since
OPT can probe edges of probability 1, in which case the corresponding right subtree is never
reached.

Note that it is not even clear that the optimal strategy OPT can be described in polynomial
space. Therefore, one might hope to use other benchmarks such as the optimal offline solution
(i.e., the expected size of maximum matching in G) as an upper bound on OPT. However,

95



as we show in the full version, the gap between OPT and the optimal offline solution can be
larger than any constant.

3 Greedy Algorithm

We consider the following greedy algorithm.

GREEDY .

1. Sort all edges in E by probabilities, say, p(e1) > p(e2) > -+ > plem)
(ties are broken arbitrarily)

2. Fori=1,....,m

3. if the two endpoints of e; are available, probe e¢;

Our main result is as follows.

Theorem 3.1. For any instance graph (G,t), GREEDY is a 4-approzimation to the optimal
algom'thm, 1.€. EopT<G, t) S 4- EGREEDY(G7 t)

In the rest of this section, we will sketch the proof of Theorem 3.1. The proof is inductive
and is based on carefully charging the value obtained at different nodes of Tgpr to Tyre. We
will begin by establishing two lemmas that will be useful for the proof.

Lemma 3.1. For any node v € Tgpr, Egpr (TL(U)) < Egpr (TR(U)) <1+ Egpr (TL(U)).

Proof. Let the node v in Tgpr correspond to probing the edge e = (a, 3) € E. Since OPT
reaches 17, if the probe to e succeeds and reaches Tg(,) if the probe to e fails, 17, defines
a valid algorithm on the instance (G g, trw)) corresponding to R(v). By the optimality of
OPT on every subtree, we have Egpr (T L(v)) < Egpr (TR(U)).

On the other hand, since Tp(, is a valid algorithm for the sub-instance (G,,t,) corre-
sponding to v,

Egpr (TR(v)) < EDPT(TU) = p(6) : (1 + Egpr (TL(u))) + (1 - p(e)) - Egpr (TR(u)) )

where the equality follows from the problem definition. The above implies that Egpr(Tg(,)) <
1 + Egpr(Tr(v)) as p(e) > 0. O

Lemma 3.2. For any node v € Tgpr, assume v represents the edge e = (o, 5) € E, and let
p = pla, B) be the probability of e. If we increase the probability of v to p' > p in Tgpr, then
Egpr(Topr) will not decrease.

Note that the claim does not mean we increase the probability of edge e in graph G. It
only says for a particular probe of e in Tgpr, which corresponds to node v in the claim, if the
probability of e is increased, the expected value of OPT will not decrease.
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r=(e, 3)

Figure 1: Greedy tree Tgpeepy Figure 2: Optimum tree Tgpr

Proof of the Lemma 3.2. By Lemma 3.1 and the assumption that p’ > p,

(¥ = )Eopr (Trw)) < (0 = p) (1 + Eoer (Tw)))

which implies that

p- (1+Egr (Trw)) + (1 =p) - Egr (Tre)) <P+ 0 Eoer (Tow) + (1= 9) - Eger (Tre)) -

The proof is complete by noting that the LHS and RHS of the above inequality corresponds
to Egpr (T,,) before and after the probability of v is increased to p'. O

These two lemmas provide the key ingredients of our proof. To get an idea of the proof,
imagine that the first probe of the greedy algorithm is to edge («, ) represented by node r
at the root of Teeepy as in Figure 1 and suppose that Tgpr is as in Figure 2. Let p, be the
probability of success of probe (o, 3). Note the algorithm ALG; defined by subtree A in Tgpr
is a valid algorithm for the left subtree of greedy (since the optimum algorithm has already
matched nodes o and (3 upon reaching subtree A, all probes in subtree A are valid probes
for the left-subtree of Tgpeepy). Furthermore, ALG; achieves the same value, in expectation,
as the optimum algorithm on subtree A. Similarly the algorithm ALGs defined by subtree
D in Tgpr is a valid algorithm for the right subtree of greedy exzcept ALG5 may perform a
probe to (a,3). Thus we define a secondary (randomized) algorithm ALG, which follows
ALG, but upon reaching a probe to («, 3) simply flips a coin with probability p, to decide
which subtree to follow and does not probe the edge. Hence ALGY is a valid algorithm for
the right subtree of greedy, and gets the same value as the optimum algorithm on subtree D
minus a penalty of p, for the missed probe to (a, 3). The value of ALG; and ALGY, on the
left and right subtree of Tureepy respectively is at most the value of the optimum algorithm
on those subtrees and so, by the inductive hypothesis, at most four times the value of the
greedy algorithm on those subtrees. By Lemma 3.2, we can assume the probes at nodes x, v,
and z in Tgpr have probability p, of success. Furthermore, we can use Lemma 3.1 to bound
the value of the optimum algorithm in terms of the left-most subtree A and the right-most
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subtree D. With a slight abuse of notation, we use A to denote the expected value of the
optimum algorithm on subtree A (and similarly, B, C, and D). Summarizing the above
observations, we then get:

Eopr(G,t) < p2(A+2)+p(1—p)(B+1)+p(1—p)(C+1)+ (1—p,)°D
2pr +pi A+ p(1=p)(A+ 1) +p.(1 = p,)D+ (1 —p,)°D

3p, —pl+pA+(1—p,)D

Apr + pr A+ (1 —pr)(D — pyr)

4- (pr(l + Epe,) + (1 — pr>EALG’2)

4EGREEDY (G7 t)

IN A

IN

IN

where the first inequality is by Lemma 3.2, the second inequality is by Lemma 3.1, and the
fourth inequality is by the inductive hypothesis.

The above sketch represents the crux of the proof. To formalize the argument, we must
account for generic structures of Tgpr. We do this by considering “frontiers” in Tgpr repre-
senting initial probes to o and (3, and then follow the general accounting scheme suggested
above via slightly more complicated algebraic manipulations. The complete proof is deferred
to the full version.

4 Multiple Rounds Matching

In this section, we consider a generalization of the stochastic matching problem defined in
Section 2. In this generalization, the algorithm proceeds in rounds, and is allowed to probe
a set of edges (which have to be matching) in each round. The additional constraint is a
bound, k, on the maximum number of rounds. We show in the full version of the paper
that finding the optimal strategy in this new model is NP-hard. Note that when k is large
enough, the problem is equivalent to the model discussed in previous sections.

In the rest of this section, we will study approximation algorithms for the problem. By
looking at the probabilities as the weights on edges, we have the following natural general-
ization of the greedy algorithm.

GREEDYy, .

1. For each round ¢ =1,...,k

2. compute the maximum weighted matching in the current graph
3. probe all edges in the matching

Let OPTy be the optimal algorithm under this setting. We would like to compare Egggepy,
against Egpr,. Unfortunately, as the following example shows, with no restriction on the
instance, GREEDY can be arbitrarily bad.

Example 4.1. Consider a bipartite graph G = (A, B; E) where A = {ay,...,a,} and
B = {b1,...,B.}. Let e = 1/n®. Let p(an,B3;) = € and p(a;, 1) = € fori,j = 1,...,n,
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and p(oy, ;) = = fori=2,...,n. There are no other edges in the graph. Further, define
patience t(aq) = t(01) = oo and t(ay) = t(B;) =1 fori=2,...,n. Consider any given k <
n—1. Now, a mazimum matching in this example is { (a1, 52), (a2, 01), (s, Bs), - . -, (n, Bn) }-
The expected value that GREEDY, obtains by probing this matching in the first round is 3e.
After these probes, in the next round, due to patience restriction, in the best case only edge
(o1, 1) will remain. Thus, GREEDYy obtains another €, which implies that the total expected
value is at most 4e. On the other hand, consider another algorithm which probes edges
(o1, Biv1) and (g1, B1) for any round i = 1,... k. The revenue generated by the algorithm
is at least 2ke —2(7) € = Q(ke). Thus, GREEDY}, can be as bad as a factor of (k). Note that
GREEDY,, is trivially a factor k approzimation algorithm.

However, we can still prove that GREEDY,, is a constant-factor approximation algorithm
in two important special cases: when all nodes have infinite patience, and when nodes have
arbitrary patience but all non-zero probability edges of G have the same probability. Fur-
thermore, we observe that the latter result can be used to give a logarithmic approximation
for the general case of the problem. All proofs are deferred to the full version.

Theorem 4.1. For any graph G = (V, E), Egpr,[G] < 4 - Eggeepy, |G|, when the patience of
all vertices are infinity.

Theorem 4.2. Let (G,t) be an instance such that for all pairs «, 3 of vertices, p(a, 3) is
either 0 or p. Then Egpr, [G] < 6 - Egreepy, [G]-

The general case. In this section, we sketch how Theorem 4.2 can be used to obtain an
approximation algorithm for the general case of the multi-round stochastic matching problem
with an approximation factor of O(logn). Given an instance (G, t), denote the maximum
probability of an edge in this instance by ppax. First, we note that Egpr(G, 1) > pmax, and
therefore removing all edges that have probability less than pu./n? cannot decrease the
value of Egpr(G,t) by more than a constant factor. Next, we partition the set of edges of
G into O(logn) classes, depending on which of the intervals (Pmax/2, Pmax], (Pmax/%; Pmax/2];

, (Dmax /22108271 o /22M0g2n] _ 1] the probability of the edge falls into. Let E; denote
the i’th class of this partition. We can write the value of OPT as the sum of O(logn) terms,
where the 7’th term corresponds to the value that OPT extracts from edges in E;. One of
these values, say the value corresponding to FEj, should be at least Q(1/logn) times the
value of OPT. Now, we define our algorithm as follows: For every i, simulate GREEDY; on
the instance obtained by restricting the edges of G to E; and changing the probability of all
these edges t0 puax/2%; by running these simulations many times and computing the average,
we obtain an estimate of the value of GREEDY, on each of these instances (this follows from
concentration inequalities; details of the argument are omitted here). Pick the i that achieves
the maximum value, and follow GREEDY, on F;.

A Further Extension. We now briefly consider the following extension of the k-rounds
model. In each round, an algorithm is only allowed to probe a matching of size at most C,
where 1 < C' < ||V|/2] is another parameter (V' is the set of vertices in the graph). Note
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that till now we have only considered the cases C' =1 and C' = [|V|/2]. We now very briefly
sketch how the results we have seen in this section so far can be extended to this new model.

Obviously finding an optimal solution in the new model is still NP-hard. The extension of
GREEDY/, in this model is also straightforward: in each round probe the maximum weighted
matching (with the constraint that the matching uses at most C' edges). Theorems 4.1
and 4.2 also hold in this model. Further, it can be shown that for the arbitrary patience and
probability case, GREEDY}, is a ©(min(k, C))-approximation algorithm.

5 Conclusion

We studied natural greedy algorithms for the stochastic matching problem with patience
parameters and proved that these algorithms are constant factor approximations. A natural
question to ask is if designing the optimal strategy is computationally hard (this is even
unknown for infinite patience parameters). In the full version we show the following two
variants are NP-hard: (i) The algorithm can probe a matching in at most & rounds (the
model we studied in Section 4) and (ii) the order in which the edges need to be probed are
fixed (and the algorithm just needs to decide whether to probe an edge or not). In terms
of positive results, it is well known that the greedy algorithm in Section 3 for the special
cases of (i) all probabilities being 1 and (ii) all patience parameters being infinity is a 2-
approximation. However, we proved that the greedy algorithm is a factor 4-approximation.
We conjecture that the greedy algorithm is in fact a 2-approximation even for the general
stochastic matching problem.

Another interesting variant of the problem is when edges also have weights associated
with them and the objective is to maximize the (expected) total weight of the matched edges.
In the full version, we give an example that shows that the natural greedy algorithm has
an unbounded approximation ratio. The greedy algorithm considered in Section 3 is non-
adaptive, that is, the order of edges to probe are decided before the first probe. A natural
question to ask is if there is a “gap” between the non-adaptive and adaptive optimal values?
In the full version, we show that the adaptive optimal is strictly larger than the non-adaptive
optimal.
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Abstract

We counsider one-to-one, one-sided matching (roommate) problems in which agents can either
be matched as pairs or remain single. We introduce a so-called bi-choice graph for each pair
of stable matchings and characterize its structure. Exploiting this structure we obtain as a
corollary the “lonely wolf” theorem and a decomposability result. The latter result together
with transitivity of blocking leads to an elementary proof of the so-called stable median
matching theorem, showing how the often incompatible concepts of stability (represented by
the political economist Adam Smith) and fairness (represented by the political philosopher
John Rawls) can be reconciled for roommate problems. Finally, we extend our results to
two-sided matching problems.

JEL classification: C62, C78.

Keywords: fairness, matching, median, stability.

1 Introduction

Gale and Shapley (1962, Example 3) introduced the so-called roommate problems as follows:
“An even number of boys wish to divide up into pairs of roommates.” A very common extension
is to allow also for odd numbers of agents and to consider the formation of pairs and singletons
(rooms can be occupied either by one or by two agents). Therefore, an outcome for a roommate
problem, a matching, is a partition of agents in pairs (of matched agents) and singletons. The
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class of roommate problems include as special cases the well-known marriage problems (Gale
and Shapley, 1962).!

In a roommate problem, each agent has preferences over being matched with any of the other
agents and remaining unmatched. A key property of a matching is stability: a matching is stable
if it satisfies individual rationality and no pair of agents that are not matched with one another
prefer to be so. Gale and Shapley (1962) exhibited an unsolvable roommate problem, i.e., a
roommate problem in which there is no stable matching. Instead of focusing on necessary and/or
sufficient conditions on the preferences for the existence of a stable matching,? we directly study
the class of solvable roommate problems. For a solvable roommate problem there are typically
multiple stable matchings. Our quest is to single out particularly appealing stable matchings.
However, before dealing with this selection problem, we introduce for any two stable matchings
a so-called bi-choice graph and characterize its structure (Lemma 1). This graphical tool will
allow us to provide elementary and illustrative proofs of various well-known results.

A first idea to find appealing stable matchings is to select stable matchings that maximize
the number of matched agents. However, Gusfield and Irving (1989) have shown that an agent
who is single at any stable matching is also single at all other stable matchings. Using the bi-
choice graph structure, we provide an elementary graphical proof of this “lonely wolf” theorem
(Theorem 1). The bi-choice graph structure can also be used to derive an elementary proof of
the so-called decomposability lemma (Lemma 2), which turns out to be crucial for later results.

Then, since no selection can be based on the set of matched students, we try to find a stable
matching that will be perceived as fair by the agents. Imagine that we ask each agent to rank
all his matches in the stable matchings according to his preferences. Note that since an agent
might be matched to the same agent in several stable matchings, this ranking is not strict.
Clearly, we cannot always give the best match to every agent, but can we implement fairness by
finding a matching that matches each agent to his I-th ranked match for some natural number
{7 We show that this idea of fairness or compromise is feasible if there is an odd number of
stable matchings: the so-called median matching that assigns to each agent his median (ranked)
match is well-defined and stable (Theorem 2). In a similar fashion, fairness is “almost” feasible if
there is an even number of stable matchings (Corollary 1). Hence, stability (represented by the
political economist Adam Smith3) and fairness (represented by the political philosopher John
Rawls*) can be reconciled for solvable roommate problems and “Smith and Rawls (almost) share
a room.” This result was already stated by Sethuraman and Teo (2001). Here we provide an
elementary proof that does not resort to linear programming tools.

In the second part of the paper we turn to two-sided matching problems. A marriage problem
is a roommate problem where the set of agents is exogenously partitioned into two sets such
that each agent can only be matched with an agent of the other set. A further generalization
of marriage problems are college admissions problems (with responsive preferences®), where one

'There is a large literature on the marriage problem; see, for instance, Roth and Sotomayor (1990) and the
two-sided matching bibliography on Al Roth’s game theory, experimental economics, and market design page. In
comparison, relatively few papers and books deal with roommate problems; some of the key references concerning
roommate problems are Gusfield and Irving (1989); Tan (1991); Chung (2000); Diamantoudi et al. (2004).

2See, for instance, Tan (1991) and Chung (2000).

3 Adam Smith (1723-1790) propagated the view that individuals even though interested only in their own gains
will still advance public interest (Smith, 1796).

“John Rawls (1921-2002) discussed important aspects of fairness and justice particularly suited for economic
applications (Rawls, 1971).

5By responsiveness (Roth, 1985), a college’s preference relation over sets of students is related to its ranking of
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side of the market has several positions (seats or slots). Unlike roommate problems, marriage
and college admissions problems (with responsive preferences) always allow for stable matchings.

Using linear programming tools, Teo and Sethuraman (1998) and Sethuraman et al. (2006)
established the existence of natural compromise mechanisms for marriage and college admissions
problems, respectively. Specifically, they showed that “generalized median matchings” are well-
defined and stable. More formally, if all agents order again their matches in the, say, k stable
matchings from best to worst, then the map that assigns to each agent of one side of the market
its [-th best match and to each agent of the other side its (k — 1+ 1)-st best match constitutes a
stable matching. Fleiner (2002) and Klaus and Klijn (2006) independently provided alternative,
short proofs for the above mentioned generalized median result for college admissions problems
based on the so-called lattice structure of the set of stable matchings. A slight adaptation of
our elementary proof of the “Smith and Rawls share a room” theorem immediately leads to the
stronger result of stable generalized median matchings for the (more specific) class of marriage
problems (Theorem 3).5 Essentially the same proof is also valid for college admissions problems
(Theorem 4). Unfortunately, in this case the extended proof can no longer be considered ele-
mentary because the decomposability lemma for college admissions problems (Lemma 3) is not
an elementary result and in addition we have to establish a (non-elementary) “transitivity of
blocking” property for college admissions problems (Lemma 4).

Our paper is organized as follows. Sections 2 and 3 contain the results as discussed in detail
above for roommates and two-sided matching problems, respectively. We conclude in Section 4.

2 Roommate Problems

A roommate problem (Gale and Shapley, 1962) is a pair (N, (=;);cn) Where N is a finite set of
agents and, for each i € N, =; is a complete, transitive, and strict preference relation over V.
For each i € N, we interpret >; as agent ’s preferences over sharing a room with any of the
agents in N\{i} and having a room by himself (or consuming an outside option such as living
off-campus). Preferences are strict, i.e., k =; j and j =; k if and only if j = k. The indifference
and strict preference relation associated with »=; are denoted by ~; and >;, respectively. A
solution to a roommate problem, a matching u, is a partition of N into pairs and singletons.
Alternatively, we describe a matching by a function y: N — N of order two, i.e., for all i € N,
w(p(i)) = i. Agent (i) is agent i’s match, i.e., the agent with whom he is matched to share a
room (possibly himself). If u(i) =i then we call i a single.

A marriage problem (Gale and Shapley, 1962) is a roommate problem (N, (=;);cp) such
that N is the union of two disjoint sets M and W (men and women), and each agent in M
(respectively W) prefers being alone to being matched with any other agent in M (respectively
A matching p is blocked by a pair {i,j} C N (possibly i = j) if j >; p(i) and ¢ =; p(j). If
{i,j} blocks u, then {i,j} is called a blocking pair for p. A matching is individually rational
if there is no blocking pair {7, 7} with ¢ = j. A matching is stable if there is no blocking pair.
A roommate problem is solvable if the set of stable matchings is non-empty. Gale and Shapley

single students in the following way: the college always prefers to add an acceptable student to any set of students
(provided this does not violate the capacity constraint) and it prefers to replace any student by a better student.

5Cheng (2008) showed that the problem of actually finding certain generalized median stable matchings is
NP-hard.
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(1962) showed that all marriage problems are solvable and provided an unsolvable roommate
problem (Gale and Shapley, 1962, Example 3).

The following is a simplified version of Gale and Shapley’s example with three agents: 2 1
3>11,3>351>52,and 1 >3 2 >3 3. Clearly, the matching where all agents are singles is not
stable (any two agents can block). So, assume two agents share a room. Then, the single agent
is the best roommate for one of these two agents and hence a blocking pair can be formed. Tan
(1991) provided a necessary and sufficient condition for the existence of a stable matching.

Smith and Rawls: Stability and Fairness

The starting point of our analysis is a solvable roommate problem. Typically there are multiple
stable matchings and with choice comes the opportunity to select a particularly appealing stable
matching. Before we explore this choice in order to address fairness in addition to stability, we
introduce a so-called bi-choice graph for each pair of stable matchings and characterize its
structure.

2.1 Bi-Choice Graphs

Let p and i/ be stable matchings. We consider the following bi-choice graph G(u,u’) = (V, E).
The set of vertices is the set of agents, i.e., V = N. The set E consists of three types of edges.
Let 7,7 € N. Then,

E1. there is a continuous directed edge from i to j, denoted by i e—»e j if j = u(i) =; p'(i),
i.e., agent ¢ strictly prefers his match j = (i) under u to his match under /s

E2. there is a discontinuous directed edge from i to j, denoted by i e---®e j if j = u/(i) »;
w(i), i.e., agent ¢ strictly prefers his match j = p/(i) under p’ to his match under y;

E3. there is a (continuous) undirected edge between i and j, denoted by i o jif j =
(i) ~; p/(4), i.e., agent i is indifferent between his match j = p(7) under p and his match
under /. Note that for j = i = u(i) ~; p/(i) we allow for an undirected edge from i to
himself; we call such an edge a loop: i <= .

We make the following observations about the bi-choice graph G(u, u').

O1. An edge i s—»* j implies j # p/(i). An edge i o---¥ J implies j # u(i).

02. An edge i * * j implies that u/'(i) = p(i) = j, and therefore that there is no other
edge adjacent to 7 or j.

03. For each agent i, there is either (i) a unique undirected edge to which i is adjacent or (ii)
a unique outgoing directed edge from 1.

0O4. An edge i

»e j or i *--% j implies that j # 1.

O5. An edge i e—Pe j or i *--¥e j implies that there is no directed edge from j to i.

06. An edge i e—Pe j implies j *--+* k for some k # 1, j.
Similarly, an edge i *---#% j implies j e—* k for some k # 1, j.
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O7. Each vertex has at most 1 incoming directed edge.

The following lemma follows immediately from the observations.

Lemma 1 (Bi-choice graph components).
Let p and p be stable matchings. Let i € N. Then, agent i’s component of G(u, ') either

(a) equals i * * J for some agent j (i.e., i < if j=1), or

(b) is a directed even cycle, i.e., there is a directed path starting from i that induces a closed cy-
cle ¢; = (i1,12,13, ... ,1p) consisting of an even number p > 4 of agents (withi € {i1,...,ip}
and i, # is for all r # s) where continuous and discontinuous edges alternate.

An example of a bi-choice-graph is

12 13
R — 6 7 A
AT 9% 14
9 e e 3 11 "\‘ ‘.8 l
4 e e 5 4‘"'./ 18 ‘s e 15
10 9 oK
17 16

2.2 Lonely Wolves, Medians, and Compromise

We now return to our quest of choosing a particularly appealing stable matching for a solvable
roommate problem with multiple stable matchings. A first idea is to select a stable matching
that maximizes the number of matched pairs. It turns out that no such selection is possible
because an agent who is single at any stable matching is also single at all other stable matchings
(Gusfield and Irving, 1989, Theorem 4.5.2). According to Roth and Sotomayor (1990, p. 50), the
first statement of this theorem for the (sub)class of marriage problems can be found in McVitie
and Wilson (1970) for the case when all men and women are mutually acceptable and in Roth
(1984) for college admissions problems. Here we provide a new and elementary proof based on
the structure of bi-choice graphs.

Theorem 1 (The lonely wolf theorem).
Let o and i be stable matchings. Then, p and p' have the same set of single agents, i.e., u(i) =i

if and only if 1/ (i) =i.

Proof. Suppose w.l.o.g. u(i) = i but p/(i) # i. Consider G(u,p'). Since preferences are strict
and p' is individually rational, p/(i) =; i = u(i). Let j = p/(i). Thus, by E2, i e---%e j is a
directed edge in G(u, ') and by Lemma 1 (b), agent i is part of a (directed) cycle, where his
predecessor and successor are his two different matches under p and p'. In particular, u(i) # i,
contradicting the initial assumption. O

Since no selection can be based on the set of matched agents, we next try to find a stable
matching that will be perceived as fair by the agents. Imagine that we ask each agent to rank
all stable matchings according to his preferences. We extend agents’ preferences over the set of
agents to matchings as follows. For any agent i € N and any two (stable) matchings p and p/,
p =; p' if and only if p(i) =; p/(i). Note that since an agent might be matched to the same
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agent in different matchings, this ranking is not strict. The indifference and strict preference
relation (over matchings) associated with >; are denoted by ~; and >;, respectively.

Clearly, we cannot always give the best match to every agent, but can we implement fairness
by finding a matching that matches each agent with his /-th ranked match for some natural
number [? It is not difficult to show that this idea of fairness or compromise is not always
feasible if there is an even number of stable matchings. Next, we show that for roommate
problems with an odd number of stable matchings a compromise matching where each agent is
matched to a match of the same rank is possible. In fact, we prove that for any odd number
of stable matchings, a stable matching in which each agent is matched to his “median” match
always exists. Thus, for roommate problems with an odd number of stable matchings Adam
Smith (who stands for stability) and John Rawls (who stands for fairness) represent compatible
criteria and hence “can share a room.”

The next lemma, which appeared in Gusfield and Irving (1989, Lemma 4.3.9),” facilitates
the proof of our main result.

Lemma 2 (Decomposability).
Let p and ' be stable matchings. Let i € N. Suppose u'(i) # u(i) = j for some j € N. Then,
g, p'(2) # i. Moreover,

(a) w(i) =i p' (i) dmplies p'(j) =; u(j);
(b) 1/ () =i (i) implies pu(3) =; p'(5)-

Proof. By Theorem 1, j,pu'(i) # i. To prove (a), assume j = pu(i) >=; p/(¢). In terms of
the bi-choice graph G(u,u'), i =—» j. By 06, j --#* k where k = 1/(j) # i. Hence,
w'(j) =; wu(j). To prove (b), assume p'(i) >; p(i). In terms of the bi-choice graph G(u, p'),
i e---%e /(). By Lemma 1 (b), j is i’s predecessor in G(u, ') and there is a continuous
directed edge from j to i. Hence, pu(j) =1 >; p'(j). O

Our main result, Theorem 2, extends Theorem 4.3.5 in Gusfield and Irving (1989) from three
to any odd number of stable matchings.

Let pq,...,pogp+1 be an odd number of (possibly non-distinct) stable matchings. Let each
agent rank these matchings according to his preferences. We define agent i’s median match as
its (k 4+ 1)-st ranked match, and denote it by med{p1(7), ..., pogr1(i)}.

Theorem 2 (The median matching theorem or Smith and Rawls share a room). Let
W1y okt be an odd number of (possibly non-distinct) stable matchings. Then, u* : N — N
defined by

w* (7)== med{p1(2),...,puog+1(2)} for alli € N

is a well-defined stable matching. We call p* the median matching of uq,. .., pok+1-

In the context of the linear programming approach to so-called bistable matching problems,
Sethuraman and Teo (2001, Theorem 3.2) mentioned this result (without proof) as an interesting
structural property of stable roommate matchings. Here we provide an elementary proof. In the
first part of the proof we use the decomposability result (Lemma 2) to show that the median

"According to Roth and Sotomayor (1990, p. 50), the first statement of this lemma for the (sub)class of
marriage problems can be found in Knuth (1976).
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matching is well-defined. In the second part of the proof we use “transitivity of blocking” to
show that the median matching is stable.

For any agent ¢ € N we define partial preferences over sets of matchings as follows. Let U
and V be two sets of matchings. If for all uU € U and pV" € V, pY (i) =; uV (i), then U =; V.
Furthermore, if for all u¥ € U and p" € V, puY (i) ~; pV (i), then U ~; V.

Proof. First, we show that u* is a well-defined matching, i.e., u* is of order two. Let i € N with
(i) #i. Let j := p*(i). We have to prove that p*(j) = i. W.Lo.g. p1(3) =i pa(i) =i -+ =
pok (i) =i pokt1(é). Then, p*(i) = pry1(i) = j and peya(j) = i Let Xy := {pm, ..., pu} and
Yo = {lgy2,- -, pokr1}. Define

SA; = {p€Xy|p=;prr1} (matchings that are “strictly above” pgi1),

IA; = {pe€e31|p~;pg+1} (matchings that are “indifferent above” py1),
SB; = {p€Xy|u=<;pp+1} (matchings that are “strictly below” py11), and
IB; = {p€eXy|pun~;pr+1} (matchings that are “indifferent below” pgy1).

For notational convenience we denote the singleton set {pg41} by pg+1. Then,
SA; =i TA; ~; pgy1 ~i IB; =; SB;.

Note that

nwelB,UIA; = ,U,(Z) = /J,k+1(i) =j. (1)
By decomposability (Lemma 2, a) and pg41 > SBi, SB; > pry1. By decomposability
(Lemma 2, b) and SA; >=; pgr1, 1 =5 SAi. By (1), IB; ~j pg41 ~; TA;. Summarizing,

SB; =3 IB; ~j k41 ™5 IA; ~j SA;.

Since SA;UITA; =¥ and SB;UIB; = X9, we have |SA;UIA;| = |IB;USB;| = k and therefore,
w*(j) = pr+1(j) =i. Hence, p* is a well-defined matching.

We now prove that p* is stable. By definition, p* is individually rational. Suppose there is
a blocking pair {i,j} with i # j for p*, ie., j >=; p*(i) and i >=; p*(j). Then, i prefers j to his
match under at least k+ 1 stable matchings in ¥ := {u1, ..., gog+1}. Similarly, j prefers i to his
match under at least k + 1 stable matchings in .. Since 3 contains only 2k 4+ 1 matchings, for
at least one matching p € X, both j >; p(i) and 7 >; p(j) (it is here that we apply transitivity
of blocking®). Hence, {i,j} is a blocking pair for u. This however contradicts stability of u (the
set ¥ only contains stable matchings). Therefore, there is no blocking pair for ©*. Hence, p* is
stable. O

Note that the “median operator” is not closed, i.e., the resulting median matching need not
be one of the stable matchings that were used to calculate it. Moreover, we can easily extend
the result of Theorem 2 to an even number of stable matchings (Sethuraman and Teo, 2001,
Theorem 3.3).

Corollary 1 (Smith and Rawls (almost) share a room).
Let py, . .., pok be an even number of (possibly non-distinct) stable matchings. Then, there exists
a stable matching at which each agent is assigned a match of rank k or k + 1.

8Note that § »=; p*(4) =i ... = w(@) =i ... and 4 =; p*(4) =, ... =; u(j) =; ... together with transitivity
implies j >; (i) and 7 >; p(j) (for the pairwise blocking notion we consider here this is immediate, but for more
general blocking notions transitivity of blocking might not hold).
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3 Two-Sided Matching and Generalized Medians

3.1 Marriage Problems

We now turn to the subclass of marriage problems. These two-sided roommate problems exhibit
some additional structure and therefore we can strengthen the median matching theorem. Let
{1, - -, i be k (possibly non-distinct) stable matchings for a marriage problem and assume that
each agent ranks these matchings according to his preferences. Using linear programming tools,
Teo and Sethuraman (1998, Theorem 2) showed that the map that assigns to each man his I-th
(weakly) best match and to each woman her (k — [ + 1)-st (weakly) best match determines a
well-defined and stable matching. Klaus and Klijn (2006) introduced and discussed (generalized)
medians as compromise solutions for two-sided matching problems. A slight adaptation of the
(elementary) proof of Theorem 2 yields this stronger result for marriage problems. For this
reason, and in contrast to previous proofs that use the so-called lattice structure of the set of
stable matchings (see Fleiner, 2002, Theorem 5.5, Klaus and Klijn, 2006, Theorem 3.2, and
Yenmez and Schwarz, 2007, Theorem 1)? our proof is elementary.

Consider a marriage problem (M U W, (=;);casuw)- Let pi,...,ux be k (possibly non-
distinct) stable matchings. Let each agent rank these matchings according to his preferences as
explained before. Formally, for each ¢ € M U W there is a sequence of matchings (uil, e u}f)
such that {p4,..., i} ={p1,...,px} and for any I € {1,...,k — 1}, (i) =; pj,1(i). Thus, for
any [ € {1,...,k}, under pj agent i is assigned to his -th (weakly) best match (among the k
stable matchings).

For any [ € {1,...,k}, we define the generalized median matching oy as the function «; :
MUW — M UW such that

N ) if i € M;
o (i) = oy (@) if i €W,

Theorem 3 (Marriage and compromise — generalized medians).
Let py, ..., uk be k (possibly non-distinct) stable matchings for a marriage problem. Then, for
any l € {1,...,k}, aq is a well-defined stable matching.

3.2 College Admissions Problems

Fleiner (2002, Theorem 5.5), Klaus and Klijn (2006, Theorem 3.2), and Sethuraman et al. (2006,
Theorem 9) generalized Theorem 3 to college admissions problems (Gale and Shapley, 1962) with
so-called responsive preferences in which students have to be matched to colleges based on the
students’ and the colleges’ preferences over the other side of the market and colleges’ capacity
constraints. Hence, like the roommate model, the college admissions model is a generalization
of the marriage model. (However, the college admissions model is not a generalization of the
roommate model, nor vice versa.) Next, we show that the proof of Theorem 3 is essentially valid
for the college admissions model. More precisely, we can extend Theorem 3 to college admissions
problems by using the same steps as in the proof of Theorem 3 (or, in fact, Theorem 2).
Unfortunately, the extended proof will no longer be elementary in the sense that in order to be

“Yenmez and Schwarz (2007) extend the analysis of stable median matchings from the class of marriage
problems to two-sided (one-to-one) matching problems with side payments.
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able to apply the key steps we need to resort to well-known but non-trivial results for college
admissions problems.

We first extend the marriage model to the college admissions model by introducing the
following notation. There are two finite and disjoint sets of agents: a set S = {s1,...,Sn}
of students and a set C = {C1,...,Cy,} of colleges. We denote a generic student by s and a
generic college by C. For each college C, there is a fixed quota gc that represents the number
of positions it offers.!”

Each student has a complete, transitive, and strict preference relation >, over the colleges and
the prospect of being unmatched. Hence, student s’s preferences are defined over the elements
in CU{s}. If C € C such that C' =4 s, then we call C an acceptable college for student s.

A set of students S" C S is feasible for college C if |S’| < qo. Each college has a complete and
transitive preference relation =¢ over feasible sets of students. Hence, college C’s preferences
are defined over the elements in P(S,qc) := {S" C S : |5'] < qc}. We make two assumptions
on the preferences of a college C.'!

First, C’s preferences over singleton sets of students, or equivalently over individual students,
are strict. For notational convenience we denote a singleton set {s} by s. The second assumption
describes comparisons of feasible sets of students when a single student is added or replaced. If
s € S is such that s =¢ ), then we call s an acceptable student for college C. If s, s’ € S are such
that s =¢ s, then we call student s a better student than student s’ for college C. We assume
that each college C’s preferences over feasible sets of students are based on preferences over
individual students such that C always prefers to add an acceptable student and it also prefers
to replace any student by a better student. More formally, we assume that C’s preferences are
responsive, i.e., for all S” € P(S, q¢),

o if s¢Z S and |S'| < gc, then (S"Us) =¢ S if and only if s =¢ 0 and
e if s S and t € 8, then ((S'\t) Us) »=¢ S if and only if s »¢ t.

A college admissions problem is a triple (S,C, (=;)iesuc). A matching for college admissions
problem (S,C, (>;)iesuc) is a function p on the set S UC such that

e each student is either matched to exactly one college or unmatched, i.e., for all s € S,
either p(s) € C or u(s) = s,

e cach college is matched to a feasible set of students, i.e., for all C' € C, u(C) € P(S,qc),
and

e a student is matched to a college if and only if the college is matched to the student, i.e.,
for all s € S and C € C, u(s) = C if and only if s € u(C).

Given matching p, we call u(s) student s’s match and p(C') college C'’s match.

Similar to the roommate and marriage model, a key property of matchings in the college
admissions model is stability. First, we impose a voluntary participation condition. A matching
w is individually rational if neither a student nor a college would be better off by breaking
a current match, ie., if p(s) = C, then C =5 s and p(C) =¢ (u(C)\s). By responsiveness

0The marriage model is the special case where for all C € C, gc = 1.
'1See Roth and Sotomayor (1989) for a discussion of these assumptions.
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of =¢, the latter requirement can be replaced by s =¢ (). Thus alternatively, a matching u
is individually rational if any student and any college that are matched to one another are
mutually acceptable. Second, if a student s and a college C' are not matched to one another at
a matching p but the student would prefer to be matched to the college and the college would
prefer to either add the student or replace another student by student s, then we would expect
this mutually beneficial adjustment to be carried out. Formally, a pair (s, C') blocks (u(s), u(C))
if C >4 p(s) and

B1. [|u(C)] < gc and s ¢ 0] or
B2. [there exists t € u(C) such that s »¢ t].12

A matching p is stable if it is individually rational and there is no pair (s,C) that blocks
(u(s), u(C)).12 Gale and Shapley (1962) proved that each college admissions problem has at
least one stable matching.

Consider a college admissions problem (S,C, (*=;)iesuc). Let pi,...,ux be k (possibly non-
distinct) stable matchings. Let each student rank these matchings according to his preferences.
Formally, for each s € S there is a sequence of matchings (u3,..., ;) such that {uf,..., u} =
{p1, .} and for any 1 € {1,...,k—1}, pj(s) =s pj,,(s). Thus, for any I € {1,...,k}, under
p; student s is assigned to his [-th (weakly) best match (among the k stable matchings). For
any [ € {1,...,k}, define the function i’ on the set S such that for all s € S, a7 (s) 1= 3 (s).

By Roth and Sotomayor (1989, Theorem 3), each college can proceed similarly.'* For-
mally, for each C' € C there is a sequence of matchings (1§, ..., ,ukc) such that {u§, ..., ,ukc} =
{p1,..., i} and for any I € {1,...,k — 1}, either u{’(C) =¢ uf,(C) or uf(C) = puf,(0).
Thus, for any [ € {1,...,k}, under ,ulC college C' is assigned to its [-th (weakly) best match
(among the k stable matchings). For any I € {1,...,k}, define the function af on the set C such
that for all C € C, af (C) == uf'(C).

For any [ € {1,...,k}, we define the generalized median matching oy by
S . .
~ ] ap(s) itieS;
(i) = { of_,,(C) ifiec.

Theorem 4 (College admissions and compromise — generalized medians).
Let pa,...,pux be k (possibly non-distinct) stable matchings for a college admissions problem.
Then, for any l € {1,...,k}, a; is a well-defined stable matching.

The proof is similar to that of Theorem 3. It is based on the two properties that were already
key in the proofs of Theorems 2 and 3: (weak) decomposability and transitivity of blocking.
Unfortunately, in this case the extended proof can no longer be considered elementary because
the decomposability lemma for college admissions problems (Lemma 3) is not an elementary
result and in addition we have to establish a (non-elementary) “transitivity of blocking” property
for college admissions problems (Lemma 4).

12Recall that by responsiveness B1 implies (4(C) U s) =c u(C) and B2 implies ((u(C)\t) U s) =c u(C).

13Roth and Sotomayor (1989, Proposition 1) showed that this is the “correct” concept of stability in the sense
that there is no blocking coalition if and only if there is no blocking pair. Also note that in the special case
of g¢ = 1 (for all C' € C) the concept coincides with the previously introduced stability concept for marriage
problems.

1Roth and Sotomayor (1989, Theorem 3) stated that for all stable matchings u and y' and all C' € C, either
w(C) =c 1'(C), W(C) =c u(C), or u(C) = /(C).
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Lemma 3 (Weak decomposability, Roth and Sotomayor, 1990, Theorem 5.33).
Let p and 1 be stable matchings. Let C € C, s € S, and s € u(C) U p/(C). Then,

(a) u(C) =c p'(C) implies p'(s) = pu(s);
(b) w(s) =5 ' (s) implies ' (C) =c u(C).

Note that matchings x4 and p’ play a symmetric role in Lemma 3. Next we extend the transitivity
of blocking property (see Footnote 8) used in the proofs of Theorems 2 and 3 to college admissions
problems.

Lemma 4 (Transitivity of blocking for college admissions).

Let p and u' be matchings, C € C, and s € S. Suppose (s,C) blocks (u(s),u(C)). Suppose
also that C is assigned groups of students u(C) and p'(C) under some stable matchings.'> If
p(s) =s 1'(s) and p(C) =c 1/ (C), then (s,C) also blocks (1 (s), ' (C))."°

4 Conclusion

For three different matching models (roommate, marriage, and college admissions) we have
shown that certain compromise stable matchings exist in the form of so-called (generalized)
median matchings. For roommate problems, we prove the existence and stability of the median
matching of an odd number of stable matchings (Theorem 2). For the two-sided (marriage
and college admissions) matching problems we prove the existence and stability of generalized
median matchings for any number of stable matchings (Theorems 3 and 4). In all proofs we
use a decomposability property to show that (generalized) median matchings are well-defined
and a transitivity of blocking property to show that they are stable. It is not difficult to
construct examples in more general settings (for instance, college admissions with g-separable
and substitutable preferences, Martinez et al., 2000, or network formation, Jackson and Watts,
2002) that demonstrate that our results can break down if decomposability or transitivity of
blocking is violated.
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The Stability of the Roommate Problem Revisited*
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Abstract

The lack of stability in some matching problems suggests that alternative solution concepts to
the core might be applied to find predictable matchings. We propose absorbing sets as a solution for
the class of roommate problems with strict preferences. This solution, which always exists, either
gives the matchings in the core or predicts other matchings when the core is empty. Furthermore,
it satisfies the interesting property of outer stability. We also determine the matchings in absorbing
sets and find that in the case of multiple absorbing sets a similar structure is shared by all.

KEYWORDS: Roommate problem, core, absorbing sets.

1 Introduction

Matching markets are of great interest in a variety of social and economic environments, ranging from
marriages formation, through admission of students into colleges to matching firms with workers.!
One of the aims pursued by the analysis of these markets is to find stable matchings. There are,
however, some markets for which the set of stable matchings, i.e. the core, is empty. For these cases,
we suggest that instead of using the common approach of restricting the preferences domain to deal
with nonempty core matching markets,? other solution concepts may be applied to find “predictable”
matchings. We argue that this alternative is a step towards furthering our understanding of matching
market performance.

Our approach consists of associating each matching market with an abstract system (an abstract set
endowed with a binary relation) and then applying one of the existing solution concepts to determine
predictable matchings. The modeling of abstract systems deals with the problem of choosing a subset
from a feasible set of alternatives. Various solution concepts have been proposed for solving abstract
systems, such as the core, von Neumann-Morgenstern stable sets? (von Neumann-Morgenstern, 1947),
subsolutions (Roth, 1976), admissible sets (Kalai, Pazner and Schmeidler, 1976), and absorbing sets.

*We thank Svetoslav Ivantchev for his help in programming, Ana Saracho for her participation in the early stages of
the paper and Peter Birg, Bettina Klaus, Flip Klijn, Jordi Mass6, Marilda Sotomayor, Federico Valenciano and Rodrigo
Velez for their comments and suggestions. Elena Molis also acknowledges the hospitality of the Department of Economics
of Maastricht University. This research has been supported by the University of the Basque Country under project 1/UPV
00031.321-HA-7903/2000, project UPV/EHU Grant PIFA010502 and project GIU06/44 and by the Spanish Ministerio
de Educacién y Ciencia under project SEJ2006-05455, cofunded by FEDER and project BEC2000-0875. It has also
benefited from the Franco-Spanish Exchange Program HF-2006-0021/EGIDE-Picasso.

tAddress: Avda. L. Agirre 83, 48015 Bilbao, Spain. Inarra: elena.inarra@ehu.es, Larrea: mariaconcep-
cion.larrea@ehu.es, Molis:elena.molis@ehu.es

!See Roth and Sotomayor (1990) for a comprehensive survey of two-sided matching models.

2See for example, Roth (1985) and Kelso and Crawford (1982).

3Ehlers (2007) studies von Neumann-Morgenstern stable sets in two-sided matching markets.
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The notion of absorbing sets, which is the solution concept selected in our work, was first introduced
by Schwartz (1970) and it coincides with the elementary dynamic solution (Shenoy, 1979).

We focus our attention on one-sided matching markets where each agent is allowed to form at most
one partnership. This kind of problems is known as the roommate problem and is a generalization
of the marriage problem, see Gale and Shapley (1962). In these problems each agent in a set ranks
all others (including herself) according to her preferences. In this seminal paper it is shown that this
problem may not have a stable matching.

The abstract system associated with a roommate problem is the pair formed by the set of all
matchings and a binary domination relation which represents the existence of a blocking pair of
agents allowing transition from one matching to another. Matchings that are not blocked by any pair
of agents are called stable. In this model the set of stable matchings equals the core. Roommate
problems that do not admit any such matchings are called unsolvable. Otherwise they are said to be
solvable.

Core stability for solvable roommate problems has been studied by Gale and Shapley (1962),
Irving (1985), Tan (1991), Abeledo and Isaak (1991), Chung (2000), Diamantoudi, Miyagawa and
Xue (2004) and Klaus and Klijn (2008) among others. With few exceptions, however, unsolvable
roommate problems have not been so thoroughly studied. When there is no core stability, interest
is rekindled in the application of other solution concepts to the class of roommate problems. Such
interest is further enhanced from the empirical perspective in that as Pittel and Irving (1994) observe,
when the number of agents increases, the probability of a roommate problem being solvable decreases
fairly steeply.

Here we propose absorbing sets as a solution for the class of roommate problems with strict
preferences. In this context, an absorbing set is a set of matchings that satisfies the following two
conditions: (i) any two distinct matchings inside the set (directly or indirectly) dominate each other
and (ii) no matching in the set is dominated by a matching outside the set. We believe that the
selection of this solution concept is well justified since for a solvable roommate problem it exactly
provides the matchings in the core, and for an unsolvable roommate problem it gives a nonempty set
of matchings with an interesting property of stability. Thus, the solution of absorbing sets may be
considered as a generalization of the core.

The notion of an absorbing set may perhaps be better understood if it is illustrated with the
following description: Consider matchings derived from an unstable matching by satisfying a blocking
pair of agents. This can be seen as a dynamic process in which unstable matchings are adjusted
when a blocking pair of agents mutually decide to become partners. Either this change gives a stable
matching or a new blocking pair of agents will generate another matching and so on. If some stable
matching exists this dynamic process eventually converges to one?. Otherwise the process will lead
to a set of matchings (an absorbing set) such that via this dynamic process (i) any matching in the
set can be obtained from any other and (ii) it is impossible to abandon the absorbing set®. From this
perspective it is easy to see that an absorbing set satisfies a property of outer stability in the sense
that all matchings not in an absorbing set are (directly or indirectly) dominated by a matching that
does belong to an absorbing set. As a result, matchings outside absorbing sets can be ruled out as
reasonable matchings.

Among the scant literature on unsolvable roommate problems the papers by Tan (1990) and
Abraham, Biré and Manlove (2005) are worthy of mention. The former investigates matchings with
the maximum number of disjoint pairs of agents such that these pairs are “internally” stable and the
latter looks at matchings with the smallest number of blocking pairs. For solvable roommate problems

“For marriage problems Roth and Vande Vate (1990) show that there exists a convergence domination path from any
unstable matching to a stable one. This is also shown for solvable roommate problems by Diamantoudi, Miyagawa and
Xue (2004).

SFor unsolvable roommate problems Inarra, Larrea and Molis (2008) show that there is a domination path from any
matching that reaches certain matchings called P-stable matchings.
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both proposals give the matchings in the core, but for unsolvable ones it is easy to check that neither
satisfies the outer stability property.

The contribution of this paper to the analysis of the stability of roommate problems can be
summarized as follows:

First, we find that absorbing sets are determined by stable partitions. This notion, introduced
by Tan (1991) as a structure generalizing the notion of a stable matching, allowed him to establish
a necessary and sufficient condition for the existence of a stable matching in roommate problems.
By using the relation between absorbing sets and stable partitions we also show that if a roommate
problem is solvable then an absorbing set is a singleton consisting of a stable matching and the union
of all absorbing sets coincides with the core.

Second, we characterize absorbing sets in terms of stable partitions. The characterization provided
allows us to specify the stable partitions determining absorbing sets. A property of these partitions
helps us to identify the matchings in absorbing sets.

Third, we show that all matchings in an absorbing set share some common features. Furthermore,
in the case of a roommate problem with multiple absorbing sets we prove some similarities among their
(corresponding) matchings. Specifically in terms of the dynamic process mentioned above, we find
that any two absorbing sets have the same set of blocking agents responsible for going from matching
to matching within the set, and that the other (nonblocking) agents are paired in a stable way, though
this pairing is different across absorbing sets.

The rest of the paper is organized into the following sections. Section 2 contains the preliminaries.
In Section 3 we study absorbing sets of a roommate problem. Those sets are determined in Section 4.
We study the structure of their matchings in Section 5. Two appendixes conclude the paper.

2 Preliminaries

A roommate problem is a pair (N, (%=.)zen) where N is a finite set of agents and for each agent
x € N, =, is a complete, transitive preference relation defined over N. Let >, be the strict preference
associated with >=,. In this paper we only consider roommate problems with strict preferences, which
we denote by (N, (>-4)zenN)-

A matching p is a one to one mapping from N onto itself such that for all z € N u(u(x)) = x,
where p(z) denotes the partner of agent x under the matching p. If u(x) = z, then agent x is single
under p. Given S C N, S # 0, let pu(S) = {u(z) : © € S}. That is, p(S) is the set of partners of the
agents in S under pu. Let u |s be the mapping from S to N which denotes the restriction of y to S.
If u(S) = S then p |g is a matching in (S, (>4)zes)-

A pair of agents {x,y} C N (possibly x = y) is a blocking pair of the matching p if

Y = p(x) and z =y p(y). [1]

That is, x and y prefer each other to their current partners at p. If x = y, [1] means that agent x
prefers being alone to being matched with p(z). An agent x € N blocks a matching p if that agent
belongs to some blocking pair of x. A matching is called stable if it is not blocked by any pair {z,y}.
Let {z,y} be a blocking pair of u. A matching p’ is obtained from u by satisfying {z,y} if p'(z) =y
and for all z € N\{z,y},

2 if n(z) €{z,y}

p(z) =

wu(z)  otherwise.
That is, once {z,y} is formed, their partners (if any) under p are alone in u’, while the remaining
agents are matched as in p.
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Tan (1991) establishes a necessary and sufficient condition for the solvability of roommate problems
with strict preferences in terms of stable partitions. This notion, which is crucial in the investigation
of this paper, can be formally defined as follows:%

Let A = {a1,...,ar} € N be an ordered set of agents. The set A is a ring if k¥ > 3 and for all
i € {l,...,k}, ait1 >a, @i—1 =q, a;.(subscript modulo k) The set A is a pair of mutually acceptable
agents if k = 2 and for all i € {1,2}, a;_1 =4, a; (subscript modulo 2).” The set A is a singleton if
k=1.

A stable partition is a partition P of N such that:

(i) For all A € P, the set A is a ring, a mutually acceptable pair of agents or a singleton, and
(ii) For any sets A = {ay,...,a;} and B = {by,...,b;} of P (possibly A = B), the following condition
holds:

if bj ~a; Qi—1 then bj,1 >'bj a;,

for alli € {1,...,k} and j € {1,...,1} such that b; # a;+1. Condition (ii) may be interpreted as a notion
of stability over the partitions satisfying Condition (i).

Note that a stable partition is a generalization of a stable matching. To see this, consider a
matching p and a partition P formed by pairs of agents and/or singletons. Let A = {a1,a2 = u(ay)}
and B = {b1,by = p(b1)} of P. If P is a stable partition then Condition (ii) implies that if by >4, a2
then by >p, ag, which is the usual notion of stability. Hence u is a stable matching.

The following assertions are proven by Tan (1991).

Remark 1 (i) A roommate problem (N, (>;)zen) has no stable matchings if and only if there exists a
stable partition with an odd ring. (i) Any two stable partitions have exactly the same odd rings.® (iii)
FEvery even ring in a stable partition can be broken into pairs of mutually acceptable agents preserving
stability.

Throughout the paper we only consider stable partitions which do not contain even rings. By
Remark 1 (iii) this does not imply a loss of generality.

Using the notion of a stable partition Inarra et al. (2008) introduce some specific matchings, called
P-stable matchings, defined as follows:

Definition 1 Let P be a stable partition. A P-stable matching is a matching p such that for each
A={ay,...,ar} € P, p(a;) € {aj1, ai—1} for alli € {1,....k} except for a unique j where p(a;) = a;
if A is odd.

3 Absorbing sets for the roommate problem

In this section we introduce the absorbing sets for the class of roommate problems with strict prefer-
ences. First, we find that absorbing sets are strongly related to stable partitions so that the notion of
stable partition is converted into a useful tool for analyzing absorbing sets. To be specific, we show
that each of these sets is determined by some stable partition. Second, by using this relation, we show
that if a roommate problem is solvable then each absorbing set contains only one matching which is
stable. Furthermore, the union of all of them coincides with the core. Thus, absorbing sets may be
considered as a generalization of this solution concept in this framework.

An abstract system is a pair (X,R) where X is a finite set of alternatives and R is a binary
relation on X. Two of the solution concepts put forward to solve an abstract system are the core
and absorbing sets. In what follows, we associate a roommate problem with strict preferences with
an abstract system and define these two solution concepts in this particular setting. Let M denote

6See Biré et al. (2007) for a clarifying interpretation of this notion.
"Hereafter we omit subscript modulo k.
8A ring is odd (even) if its cardinality is odd (even).
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the set of all matchings. Set X = M and define a binary relation R on M as follows: Given two
matchings u, ' € M, p/ Ry if and only if p’ is obtained from pu by satisfying a blocking pair of u. We
say that u' directly dominates p if p' Rp. Hereafter the system associated with the roommate problem
(N, (=2)zen) is the pair (M, R). Let RT denote the transitive closure of R. Then u/RT s if and only
if there exists a finite sequence of matchings p = po, pi1, ..., o, = 1’ such that, for all ¢ € {1,...,m},
wiRpi—1. We say that ¢/ dominates p if ' RT .

As mentioned in the introduction, the conventional solution considered in matching problems is
the core, which coincides with the set of stable matchings. In roommate problems, however, the core
may be empty and absorbing sets stand out as a good candidate for an alternative solution concept.
For these problems an absorbing set can be formally defined as follows:

Definition 2 A nonempty subset A of M is an absorbing set of (M, R) if the following conditions
hold:

(i) For any two distinct u,p’ € A, W' RT p.

(i1) For any € A there is no u' ¢ A such that p' Ru.

Condition (i) means that matchings of A are symmetrically connected by the relation R”. That
is, every matching in an absorbing set is dominated by any other matching in the same set. Condition
(ii) means that the set A is R-closed. That is, no matching in an absorbing set is directly dominated
by a matching outside the set.

A nice property of this solution is that it always exists, although, in general, it may be not unique.
Theorem 1 in Kalai et al. (1977) states that if X is finite then the admissible set (the union of
absorbing sets) is nonempty (see also Theorem 2.5 in Shenoy (1979)). Thus either of these two results
allows us to conclude that any (M, R) has at least one absorbing set. Absorbing sets also satisfy
the property of outer stability, which says that every matching not belonging to an absorbing set is
dominated by a matching that does belong to an absorbing set.”

Our first theorem establishes that stable partitions may be considered as structures generating the
matchings in absorbing sets. Let P be a stable partition. We denote by Ap the set formed by all
the P-stable matchings and those matchings that dominate them. The following result states that an
absorbing set is one of these sets Ap.

Theorem 1 Let (N, (>.)zen) be a roommate problem. If A is an absorbing set then A = Ap for
some stable partition P.

Proof. First, we prove that there exists a P-stable matching @ such that ;@ € A. Let u be an arbitrary
matching of A. If p is a P-stable matching for some stable partition P then @ = p and we are done.
Otherwise, by Theorem 1 in Inarra et al. (2008), there exists a P-stable matching f7 such that TR
and by Condition (ii) of Definition 2 we have iz € A.

Now, we prove that A = Ap. By Lemma 2, we have Ap = {1} U{y € M:uR"Ti}.
(©): Let u € A. We must show that u € Ap. If 4 =71 and given that 1 € Ap we are done. Assume
that u # 7. Since i € A, by Condition (i) of Definition 2, we have pR” 7. Hence p € Ap as desired.
(D): Let u € Ap. We must show that u € A. If 4 = 77 since 71 € A we are done. If u # 77 then uR™T.
As w € A, by Condition (ii) of Definition 2 it follows that € A. m

This result is used in proving the relation between absorbing sets and stable matchings as shown
in our second theorem.

Theorem 2 If the roommate problem (N, (>4)zenN) s solvable then A is an absorbing set if and only
if A={u} for some stable matching .

9This is shown in Kalai et al. (1976).
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Proof. If A is an absorbing set then, by Theorem 1, A = Ap for some stable partition P. Now, as the
roommate problem is solvable, by Remark 1 (i) the stable partition P contains no odd rings. Hence
there exists a unique P-stable matching p which is stable by the stability of P. Then Ap = {u} and
therefore A = {u}. Conversely, if A = {u} for some stable matching u, then A satisfies Conditions
(i) and (ii) of Definition 2. Hence A is an absorbing set. m

As a result of this theorem we have that the union of all absorbing sets coincides with the core.

To clarify the notion of absorbing sets we consider the following example, which is also used
elsewhere in the paper to illustrate other results.

EXAMPLE 1 Consider the following 10-agent roommate problem:

2131415161 7T>18>19>11>110
32912904 >95>96>907>28>99>910>92
1>32%>34>35>36>37>38>39>33>310
74849454624 1=42%>43>44>410
8595754 >56>55>51>52>53>510
967684 >d>66>1>2>¢3>¢10
5767174797877 >72>73>710
6>34>gD5>37>39>38>g1>32>g3>510
4959697 >98>99>91>92>93>910
2>1010 %101 >10 ...

There are three stable partitions: P; ={{1,2,3},{4,7},{5,8},{6,9},{10}}, P» ={{1,2,3},{4,8},{5,9},
{6,7},{10}} and P3 = {{1,2,3},{4,9}.,{5,7},{6,8},{10}}. Consider the stable partition Py. The asso-
ciated P;-stable matchings are: uy =[{1},{2,3},{4,8},{5,9},{6, 7},{10}], ue =[{2},{1,3},{4, 8},{5,9},
{6,7},{10}] and us=[{3},{1,2},{4,8},{5,9},{6,7},{10}] and the set Ap, = {u1, p2, us, pa}, where
wg = [{1,3},{2,10}, {4, 8},{5,9}, {6, 7}]. Notice that any of these matchings dominates any other but
they are not directly dominated by any matching outside Ap,. Therefore Ap, is an absorbing set. In
addition, matching p; = [{1},{2,3},{4,8},{5,9}.,{6,7},{10}] can be derived from the P;-stable match-
ing p = [{1},{2,3},{4,7}.,{5,8},{6,9},{10}] by satisfying the following sequence of blocking pairs:
{1,7}, {4,8}, {5,9}, {6,7}. Hence u; belongs to Ap,. It is easy to verify, however, that 1 does not
dominate p;. Thus Ap, is not an absorbing set since it does not satisfy Condition (i) of Definition 2.

4 Matchings in the absorbing sets

In the previous section we have shown the existence of a link between absorbing sets and stable
partitions. This link is straightforward when the roommate problem is solvable, since each stable
partition induces an absorbing set'?. But this result is not maintained when the roommate problem
is unsolvable. In this case from Theorem 1 we know that absorbing sets are determined by stable
partitions but, as it is shown in Example 2, stable partitions with odd rings may not yield absorbing
sets. These results suggest that we should investigate what the stable partitions determining the
absorbing set are. Thus, in this section, we start by characterizing the absorbing sets in terms of
stable partitions.

For the characterization pursued we define two types of agents for each stable partition P (hence,
the set Ap is defined): “Dissatisfied” agents who move from one matching to another over the match-
ings in Ap without finding a permanent partner, and “satisfied” ones, agents who lack any incentive
to change their current partner over these matchings. As we shall see, satisfied agents play a crucial

10Tan (1991) establishes the relation between stable matchings and stable partitions.
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role in this characterization since the stable partitions determining the absorbing sets are those with
the greatest number of them.

The investigation conducted proves to be useful in identifying matchings in absorbing sets. Notice
that if P is the stable partition giving rise to the absorbing set Ap then, by Theorem 1, this set is
formed by the set of P-stable matchings and by the matchings that dominate them. The results of
this section are illustrated using Example 1.

Our first theorem gives a characterization for absorbing sets in terms of stable partitions. To
obtain it, some additional definitions are introduced.

Given a stable partition P, let Dp denote the set of dissatisfied agents that block some matching
in Ap, and let Sp = N\Dp be the set of satisfied ones. In Appendix 1 we give an iterative process for
calculating these two sets. From Remark 3 of this appendix we learn that for any set A of the stable
partition P, either A C Dp or A C Sp.

Let P |g,={A € P: A C Sp} denote the stable partition P restricted to the set of satisfied agents
Sp. Given that the elements in P |g, are pairs and/or singletons matched in a stable manner, (see
again the iterative process in Appendix 1) it is immediate that P |g, is also a stable partition for the
roommate problem (Sp (>)zesp). Thus, P |g, may be interpreted as a ”partial” matching for the
roommate problem (N,(>4)zen).

We denote by P = {P |g,: P is a stable partition} the set of all partial matchings for a roommate
problem (N, (>4)zen). We say that P |g, is maximal in P if there is not a stable partition P’ such
that P |s,C P’ [s,,.

Theorem 3 Let (N, (>4)zen) be a roommate problem. A is an absorbing set if and only if A= Ap
for some stable partition P such that P |s, is mazimal in P.

Proof. (=): Let A be an absorbing set. Then, by Theorem 1, A = Ap for some stable partition P.
We prove that P |g, is maximal in P. Assume that P |g, is not maximal, i.e., there exists a stable
partition P’ such that P |s,C P’ |s,,. Let y and p’ be a P-stable matching and a P’-stable matching
respectively. Thus, by Lemma 5, u/R” 1. Now, since p € Ap and A = Ap we have u € A. Hence, by
Condition (ii) of Definition 2 u’ € A. But then, by Condition (i), uR” 1’ and therefore, by Lemma 5,
P'|s,,C P |sp, contradicting that P [g,C P’ |g,,.
(<=): Let P be a stable partition such that P |g, is maximal in P. We prove that Ap is an absorbing
set, i.e., Ap satisfies Conditions (i) and (ii) of Definition 2. By Lemma 2, Ap = {m}U{p € M : uRT i}
where 7i is a P-stable matching. Let u € Ap. If there exists u/ € M such that p/Ry then p/RTT.
Hence u’ € Ap and Condition (ii) follows.
Now we show that Ap satisfies Condition (i). It suffices to prove that mR” y for all i € Ap such that
w # . If g is not a P’-stable matching for any stable partition P’, by Theorem 1 in Inarra et al.
(2007), there exists a P’-stable matching p’ such that p/R” . Since uRTH we have p/RTz (if p is a
P’-stable matching for some stable partition P’ then p/ = p can be considered.) Thus, by Lemma 5,
P |s.C P'|g,, and since P |g, is maximal in P, it follows that P |g,= P’ |g,,. But then pR”}/ and
since ' RT ;v we conclude that TR ju as desired. m

As an immediate consequence of the above theorem and Lemma 6, the number of absorbing sets
in a roommate problem can be determined straightforwardly.

Corollary 4 Let (N, (>4)zen) be a roommate problem. The number of absorbing sets is equal to the
number of distinct maximal partitions of P.

The following theorem specifies a property verified by some partial matchings for the roommate
problem (N,(>.).en). Specifically, it proves that any two stable partitions that determine two ab-
sorbing sets, have the same set of satisfied agents.
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Theorem 5 Let (N, (>.)zen) be a roommate problem. If P and P’ are two stable partitions such
that P |s, and P'|s,, are mazimal in P then Sp = Spr.

Proof. Suppose, by contradiction, that Sp # Sp/. Then Sp N Dpr # () or Spr N Dp # (). We assume,
without loss of generality, that Sp N Dpr # () (otherwise, the argument will be identical except for the
roles of P and P’, which are interchanged). By Lemma 7, for each A € P either A C Dpr or A C Spr.
Let P*={Ae€P: AC Dp}U{A" € P': A’ C Sp/} be a partition of N. It is easy to verify that P*
is stable. Now we prove that Dp+« C Dp N Dp:. By the iterative process described in Appendix 1,
there exists a finite sequence of sets (D})_, such that:

(i) Dg is the union of all odd rings of P*.

(i) For t > 1, Df = Dy, U D} where Bf = {bi(t),...,bj:(t)} € P* (If =1 or 2), Bf ¢ Dy ,, for which
there is a set A} = {aj(t), o Qe (t)} € P*, Ay C D} ;| and

b3 (t) >az 2y a; (t) and ag (t) =p= (1) bj-1 (D), 2]

for some ¢ € {1,...,k;} and j € {1,....1} }.
Then, the process, Dp+ = D?.. We prove by induction on ¢ that, for each ¢t = 0,...,r*, Dy C DpNDpr.
If ¢ = 0, this is trivial. Assume that ¢ > 1. It is suffices to prove that B € Dp N Dpr. By Lemma
7, we only need to show that b;(t) € Dp N Dpr. Since Af C D, by the inductive hypothesis,
a;(t) € DpN Dpr. Clearly b%(t) € Dps (otherwise, B} € P and since af(t) € Dpr, by [2], bj(t) € Dpr).
So B} € P and since a;(t) € Dp, from [2] it follows that b7(¢) € Dp, as desired.
Finally, since Dp+ € Dp N Dpr we have Spr U (Sp N Dpr) € Sp+ and therefore P’ |5, C P* [g,.,
contradicting the maximality of P’ [5,,. m

The following remark, which follows immediately from Theorem 3 and Theorem 5, states that
absorbing sets are determined by those stable partitions with the maximum number of satisfied agents.

Remark 2 Let (N, (>3)zen) be a roommate problem. A is an absorbing set if and only if A = Ap
for some stable partition P, such that |Sp| > |Sp:| for every stable partition P’.

Therefore, if P is the stable partition yielding the absorbing set Ap, then by Theorem 1 we know
that this set is formed by the P-stable matchings and those matchings that dominate them, and from
this remark we also know that the set of satisfied agents of these matchings has greater or equal
cardinality than the matchings in Aps.

To conclude this section, let us illustrate the above results with the roommate problem from
Example 1.

Applying the iterative process in Appendix 1 to the stable partitions of this problem gives the
following information: For the stable partition P;, we have that the sets of dissatisfied and sat-
isfied agents are Dp, = {1,2....,10} and Sp, = 0 respectively. For the stable partitions P, and
P3 we have Dp, = Dp, = {1,2,3,10} and Sp, = Sp, = {4,...,9}. Hence, the partial matchings
of Prare P |sp= 0, P [sp,= {{4,8},{5,9},{6,7}} and P3 |5, = {{4,9},{5,7},{6,8}}. Notice
that P, |5P2 and P | Sp, are the maximal partitions of P with the greatest set of satisfied agents.
Therefore, by Theorem 3 and Corollary 4, this roommate problem has exactly two absorbing sets
A and A’ where A = Ap, contains the following matchings: p1=[{1},{2,3},{4,8},{5,9},{6, 7},{10}],
pe=[{2},{1,3},{4,8}.{5,9},{6, 7},{10}], us=[{3}.{1,2},{4,8},{5,9}.{6, 7},{10}] and p4=[{1,3},{2, 10},
{4,8},{5,9}.{6, 7}] and A’ = Ap, containing the P3-stable matchings which are: p} = [{1}, {2, 3},{4,9},
{5,7}.{6,8},{10}], s = [{2}, {1,3},{4,9}.{5,7}.{6,8},{10}], 5= [{3}.{1,2}.{4,9}.{5,7}.{6,8},{10}]
and Ma:[{lv 3}7{2’ 10}7{47 9}7{57 7}7{6a 8}]
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5 Structure of matchings in absorbing sets

In this section we investigate the structure of the matchings of absorbing sets. First, we show that all
matchings in an absorbing set share certain common features. Furthermore, in the case of a roommate
problem with multiple absorbing sets we also find similarities among their matchings.

Let Ap be an absorbing set associated with the stable partition P and set Ap = A. Then, as in
the previous section, the sets D 4 and S 4 will denote respectively the sets of dissatisfied and satisfied
agents for the absorbing set A.

The following theorem, easily derived from Theorem 3 and Lemma 4, proves that all matchings in
an absorbing set A have some identical pairings formed by the satisfied agents which, in addition, are
a stable matching for the roommate problem (S, (>~z)zes,)-

Theorem 6 Let (N, (>)zen) be a roommate problem. For any absorbing set A such that Sa # 0
the following conditions hold:

(1) For any pn € A, u(Sa) =S4 and p |s, is stable for (Sa, (>z)zes,)-

(ii) For any i, 11 € A, 1t [s,= i s,

For an illustration of the result above see Example 1 at the end of Section 4.

Next, we investigate the structure of absorbing sets in case of multiplicity. For this purpose, some
additional definitions are required. Given an absorbing set A such that D4 # 0, let A |p,= {p [p,:
w € A} denote the set of “partial” matchings of the absorbing set A restricted to the set of dissatisfied
agents D 4. Analogously, if S4 # 0, let A |s,= {p |s,: # € A}. The following theorem shows that
there are similarities among matchings belonging to different absorbing sets.

Theorem 7 Let (N, (>z)zen) be a roommate problem. For any two absorbing sets A and A’, the
following conditions hold:

(i) Do =Dy and Sq=Sy.

(it) Alp,=A"|p,,-

(iii) A |s, and A" |s,, are singletons consisting of a stable matching in (Sa, (=z)zes,), where S =
Sa=5Sq.

Proof. Let A and A’ be two absorbing sets. Then, by Theorem 3, there are stable partitions P and
P’ such that A= Ap, A" = Ap; where P |g, and P’ |g,, are maximal in P.

(i) Since Sy = Sp and Sy = Spr and, by Theorem 5, Sp = Spr, then S4 = Sy . Therefore
Da=Dy.

(ii) Tt is very easy to verify that A |p, and A’ |p ,, are absorbing sets in (D, (>~ )zeD) where D =
D4 = Dy such that A |DA .Ap|D and A’ |DA/ .Ap/ . Since SP|DP = Sp/| , from Lemma

6, we conclude that A [p,= A" |p,,-
(iii) This follows directly from Theorem 6. m

Thus, for a roommate problem (N, (>, )zen), all its absorbing sets have the following coincidences:
(i) The set of dissatisfied agents is the same for all matchings across all absorbing sets and so is the set
of satisfied agents. (ii) The roommate problem of the dissatisfied agents (D, (>,).ep) has a unique
absorbing set. (iii) Satisfied agents form stable matchings for the roommate problem (S, (>,)zes)-
Hence, the two absorbing sets A and A’ only differ in how the satisfied agents are matched.

The three conditions above provide all absorbing sets of a roommate problem with strict preferences
with a similar structure, as illustrated in Figure 1.
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A=) 2,8
\

iy = [{1,2}, {3}, . 4 — [{1,3},{2},..]

S uh = [{1,3},{2,10}, ..

"o
Figure 1.- The two absorbing sets of the roommate problem in Example 1.

To explain this last result, consider the two absorbing sets from Example 1: A = Ap, and A" = Ap,.
Since Dy = D = {1,2,3,10} we have A = {pu1, po, 3, pa} and A" = {p], ph, ph, 1y} where pq, po, p3
are the Ps-stable matchings and p}, uf, p are the Ps-stable matchings (see Figure 1). Addition-
ally, A |DA {:ul |DA7 H2 |D_A7 H3 |DA7 Ha |DA} and A’ |DA’_ {Ml |DA’ ) :u2 |DA’ ) MS |DA’ ) N4 |DA/ } where

e lpa =i o= {13,428}, 2 Ipa= n2 (o= [{1,3}, {2}, s o= #3 Ip, = [{1,2},{3}] and
pa |py= py Ip,,= [{1,3},{2,10}]. Furthermore, A |5, and A’ |5, are respectively singletons con-

sisting of the stable matchings u = [{4,8},{5,9},{6,7}] and /' = [{4,9}, {5,7}, {6,8}] in (S, (>2)zecs)
where S = {4,5,6,7,8,9}.

Appendix 1

An iterative process to determine the sets of dissatisfied and satisfied agents

Given a stable partition P (hence the set Ap is immediately defined) the process determines the set
Dp, which is formed by those dissatisfied agents that block some matching in Ap and the set Sp
formed by those satisfied agents that do not block any matching in Ap.

The set Dp can be determined by an iterative process in a finite number of steps. To that end,
we define inductively a sequence of sets (Dy)22,, as follows:

(i) for t =0, Dg is the union of all odd rings of P.
(ii) for t > 1, Dy = Dy—1 U By where B, = {b1(t),...,b,,(t)} € P (I =1 or 2), By € D;_1,
and there is a set A; = {aq1(t),...,ax, (t)} € P such that A; C D;_; and

bj(t) =a,r) ai(t) and a;(t) =y, ) bj-1(t), [3]
for some i € {1,....,k;} and j € {1,....; }.}

M f no such set exists then Dy = Di_1.
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Given that P contains a finite number of sets, then D; = D;_; for some t. Let r be the minimum
number such that D,.; = D,. Then D, = Dp'2.
From this iterative process the following remark easily follows.

Remark 3 For any set A € P, either AC Dp or A C Sp.

To illustrate the iterative process above, consider the stable partition P; = {{1,2,3},{4,7},{5, 8},
{6,9},{10}} of Example 1. Note that P; contains a unique odd ring. Then Dy = {1,2,3}. Let
B; = {10} and A; = {1,2,3}. Since 10 >3 2 and 2 >1¢ 10, then D; = Dy U B; = {1,2,3,10}. Let
By = {4,7} and Ay = {1,2,3}. Since 7 =1 1 and 1 =7 4, then Dy = D; U By = {1,2,3,10,4,7}.
Consider now the sets B3 = {5,8} and A3 = {4,7}. As 8 >4 4 and 4 >g 5, then D3 = Dy U B3 =
{1,2,3,10,4,7,5,8}. Finally, let By = {6,9} and Ay = {5,8}. Since 9 >5 5 and 5 >9 6, then
Dy=DsUB,=1{1,2,3,10,4,7,5,8,6,9} and the process is completed. Hence Dp, = D,. Repeating
the process for P, = {{1,2,3},{4,8},{5,9},{6,7},{10}} and P3 = {{1,2,3}, {4,9},{5,7},{6,8},{10}}
we have Dp, = Dp, = {1,2,3,10}. Therefore the sets of satisfied agents are Sp; = () and Sp, = Sp, =
{4,5,6,7,8,9}

Appendix 2'3
Lemma 1 Given a stable partition P. For any two distinct P-stable matchings p and p', ' R pu.

Lemma 2 Let P be a stable partition and @t be a P-stable matching. Then, Ap = {ﬁ}U{,u eM: ,uRTﬂ}.

Lemma 3 Let P be a stable partition. Then, there exists u* € Ap such that

x if x € Dp\Dyg
p(x) =
(x)  otherwise,

where [ is a P-stable matching.

Lemma 4 Let P be a stable partition such that Sp # (). The following conditions hold:
(i) For any pn € Ap, u(Sp) = Sp and  |s, is stable for (Sp, (=z)zesp)-
(i) For any p, 1’ € Ap, plsp= ' |sp-

Lemma 5 Let P and P’ be two distinct stable partitions and let i and i’ be a P-stable matching and
a P'-stable matching respectively. Then, p' R u if and only if P |s,< P’ |Sp -

Lemma 6 Let P and P’ be two stable partitions. Ap = Ap/ if and only if P |s,= P’ |s,,.

Lemma 7 Let P and P’ be two stable partitions. Then for each A € P either AC Dp: or A C Spr.
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An algorithm for a super-stable roommates problem
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Abstract

In this paper we describe an efficient algorithm that decides if a stable
matching exists for a generalized stable roommates problem, where, instead of
linear preferences, agents have partial preference orders on potential partners.
Furthermore, we may forbid certain partnerships, that is, we are looking for
a matching such that none of the matched pairs is forbidden, and yet, no
blocking pair (forbidden or not) exists.

To solve the above problem, we generalize the first algorithm for the ordi-
nary stable roommates problem.

1 Introduction

The study of stable matching problems were initiated by Gale and Shapley [3] who
introduced the stable marriage problem. In this problem each of n men and n women
have a linear preference order on the members of the opposite gender. We ask if
there exists a marriage scheme in which no man and woman mutually prefer one
another to their eventual partners. The authors prove that the so called deferred
acceptance algorithm always finds a stable marriage scheme.

It is natural to ask the same question for a more general, nonbipartite (some-
times called: one sided) model, in which we have n agents with preference orders
on all other agents. This is the so called stable roommates problem, and we are
looking for a matching (i.e. a pairing of the agents) such that no two agents prefer
one another to their eventual partners. Such a matching is called a stable match-
ing. A significant difference between the stable marriage and the stable roommates
problems is that for the latter, it might happen that no stable matching exists. The
stable roommates problem was solved by Irving [4], with an efficient algorithm that
either finds a stable matching or concludes that no stable matching exists for the
particular problem. Later, Tan [8] used this algorithm to give a good characteriza-
tion, that is, he proved that for any stable roommates problem, there always exists
a so called stable partition (that can be regarded as a half integral, fractional stable
matching) with the property that either it is a stable matching, or it is a compact
proof for the nonexistence of a stable matching.
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In both the stable marriage and the stable roommates problems strict preferences
of the participating agents play a crucial role. However, in many practical situations,
we have to deal with indifferences in the preference orders. Our model for this is
that preference orders are partial (rather than linear) orders. We can extend the
notion of a stable matching to this model in at least three different ways. One
possibility is that a matching is weakly stable if no pair of agents a,b exists such
that they mutually strictly prefer one another to their eventual partner. Ronn
proved that deciding the existence of a weakly stable matching is NP-complete [6].
A more restrictive notion is that a matching is strongly stable if there are no agents
a and b such that a strictly prefers b to his eventual partner and b does not prefer his
eventual partner to a. Scott gave an algorithm that finds a strongly stable matching
or reports if none exists in O(m?) time [7]. The most restrictive notion is that of
super-stability. A matching is super-stable if there exist no two agents a and b such
that neither of them prefers his eventual situation to being a partner of the other.
In other words, a matching is super-stable, if it is stable for any linear extensions
of the preference orders of the agents. For the case where indifference is transitive,
Irving and Manlove gave an O(m) algorithm to find a super-stable matching, if
exists [5]. Interestingly, the algorithm has in two phases, just like Irving’s [4], but
its second phase is completely different. It is also noted there that the algorithm
works without modification for the more general poset case.

The motivation of our present work is to give a direct algorithm to this kind
of stable matching problem by generalizing Irving’s original algorithm. This latter
algorithm works in such a way that it keeps on deleting edges of the underlying
graph until a (stable) matching is left. It turnes out that deleting an edge is too
harsh a transformation, we need a finer one as well. For this reason, we extend our
model and we also allow forbidden edges. And, instead of deleting, we will also
forbid certain edges during the algorithm. Although a stable matching problem
with forbidden edges is a special case of the poset problem (for each forbidden
edge add a parallel copy and declare them equal in the preference orders), it is an
interesting problem in itself. Dias et al. gave an O(m) algorithm to the stable
marriage problem with forbidden pairs [1].

Our present problem, the super-stable matching problem with forbidden edges
is known to be polynomial-time solvable. Fleiner et al. exhibited a reduction of
this problem to 2-SAT [2]. However, this reduction does not give much information
about the structure of super-stable matchings. In particular, it is not obvious if
there exists a “short proof” for the nonexistence of a super-stable matching, just
like Tan’s stable partition [8] works for the ordinary stable roommates problem.
Our direct approach may be useful to find such a certificate.

To formalize our problem, we define a preference model as a triple (G, F, O),
where G = (V, E) is a graph, the set F' of forbidden edges is a subset of the edge
set £ of G, and O = {<,: v € V}, where <, is a partial order on the star E(v)
of v (that is, the set of those edges of G that are incident with vertex v). It is
convenient to think that we deal with a market situation: vertices of G are the
acting agents and edges of GG represent possible partnerships between them. Partial
order <, is the preference order of agent v on his possible partnerships. Parallel
edges are allowed in G: the same two agents may form different partnerships, that
may yield different profits for them. A subset M of E is a matching if edges of M
do not share a vertex, that is, each agent participates in at most one partnership.
Matching M is stable (we omit the super prefix for convenience), if M C E'\ F' (in
other words, no edge of M is forbidden, that is, all edges of M are free), and if each
edge e of E is dominated by M, that is, if e € M or there is an edge m € M and a
vertex v € V such that m <, e. If M is a matching and e is not dominated by M
then e is a blocking edge of M. The stable roommates problem with partial orders
and forbidden pairs is the decision problem on an input preference model whether
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it has a stable matching or not.

Note that in the standard terminology, agents have preferences on possible part-
ners, rather than on partnerships. It is easy to see that in our approach, this
corresponds to the case where graph G in the preference model is simple. We also
have a slightly different way of defining stability via dominance. Traditionally, we
first define the notion of blocking and then we say that a stable matching is a
matching that has no blocking edge. Also note that the stable roommates problem
is the special case where G is simple, F' = (), and each order <, is linear.

2 The generalized algorithm

Let us fix a preference model (Gg, Fy, Op), as the input of our algorithm. We should
find a stable matching, if it exists. The algorithm works step by step. In each step,
it transforms the actual model (G;, F;, O;) to a simpler model (G;41, Fiy1,0;41) in
such a way that the answer to the latter problem is a valid answer to the former
one, as well. That is, after the transformation no new stable matching can emerge
and if there was a stable matching in the former model, then there should also be
one in the new model. We use three kind of transformations: we forbid edges, we
delete forbidden edges and we restrict the model.

If e is a free edge of G, then forbidding e means that G; 1 := G;, Fi41 := F;U{e}
and O;41 := O,. The algorithm may forbid e if either no stable matching contains
e or if e is not contained in all stable matchings. After such a forbidding, there is
a stable matching in (G, F;, O;) if and only if there is one in (Giy1, Fit1, Oiy1),
and any stable matching of (Gi11, Fi+1,Oi+1) is a stable matching of (G;, F;, O;).
Forbidding a subset E’ of E means that we simultaneously forbid all edges of E’.

If e is a forbidden edge of G; then deleting e means that we delete e from G,
to get Git1, Fiy1 := F; \ {e}, and the partial orders in O;;1 are the restrictions
of the corresponding partial orders of O;, to the corresponding stars of G;+1. The
algorithm may delete e if there exists no matching in (G;, F;, O;) that is blocked
only by e. This implies that the set of stable matchings in (G;, F;,0;) and in
(Git1, Fit1,0i41) is the same.

If U is a proper subset of the vertex set of G; then restriction to U means
that G;4+1 is the graph we get from G, after deleting all vertices outside U, F;i1
is the subset of F; that is spanned by G;11, and the partial orders of O;11 are the
restricted partial orders of O; to the corresponding stars of G;41.

We shall use different kinds of steps throughout the algorithm. There is a certain
hierarchy of them: the next step of the algorithm always has the highest priority
among those steps that can be executed. To describe these step types, we say that
edge e = E;(v) of G; (forbidden or not) is a first choice edge of v, if there is no edge
f € E;(v)\ F; with f <, e (i.e., if no free edge can dominate e at vertex v). Note
that there can be more than one 1st choices of v present.

Oth priority (proposal) step If e = vw is a 1st choice of v then orient e from
v to w, and (Gy, F;, O;) = (Git1, Fiy1,Oig1).

Clearly, the set of stable matchings does not change by a proposal step. We
shall call the 1st choice arcs we create by the proposal steps I-arcs. Note that it is
possible that a 1-arc is bioriented.

After the algorithm have found all 1-arcs, it looks for a

1st priority (mild rejection) step If 1-arc e of G; points to v and E;(v) 2
f #£v e (that is, f is not better than e according to v in G;) then forbid f.

Obviously, if f is in some matching M then e &€ M, and hence e (being a first
choice at its other end) blocks M. So f cannot be in a stable matching, we can
forbid it. Eventually, we have to delete edges and the algorithm does this only the
following way.
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2nd priority (firm rejection) step If some free 1-arc e of G; points to v and
e <y [ € Ei(v) (e is better than f according to v in G;) then we delete f.

Note that the above f is already forbidden by a 1st priority step. Assume that
f blocks matching M, hence, in particular, e ¢ M. But e is a first choice of its
other endvertex, thus e is also blocking M. So deleting f does not change the set
of stable matchings of the preference model.

Note that the so called 1st phase steps in Irving’s algorithm [4] for the stable
roommates problem are the special cases of our proposal and firm rejection steps.
It is true for the stable roommates problem that as soon as no more 1st phase steps
can be executed, the preference model has the so called first-last property: if some
edge e = wwv is a first choice of u, then e is the last choice of v. A generalization
of this property holds in our setting. Assume that the algorithm cannot execute a
Oth, 1st or 2nd priority step for (G, F;, O;). Let V; denote the set of those vertices
of G; that are not incident with any free edges, V4 stand for the set of those vertices
of GG; that are incicent with a bioriented free 1-arc and V5 refer to the set of the
remaining vertices of G;. The following properties are true.

Theorem 1. Assume that no proposal or rejection step can be made in G;, and let
Vo, V1 and V4, be defined as above.

If v € V1 UV, then there is a unique l-arc entering v and there is a unique
1-arc leaving v, and all these 1-arcs are free. There is no edge of G; leaving Vj.
Bioriented free 1-arcs form a matching My that covers Vi, and mo more edges are
incident with V1 in G;.

M is a stable matching of (G;, F;, O;) if and only if the following properties hold:
(1) each vertex of Vy is isolated and (2) My C M and
(8) M\ My is a stable matching of the model restricted to Va.

Proof. Let v € V1 U Va. By definition, there is at least one free edge incident with
v, hence there is at least one free 1-arc leaving v. On the other hand, no proposal
or rejection step (mild or firm) can be made in G;, hence at most one free 1-arc
enters v. By definition, no free 1-arc enter vertices of Vj, and this means that 1-arcs
leaving vertices of V; U V5 enter this very same vertex set. Consequently, there is
a unique free l-arc leaving and entering each vertex of V; U V5. Can there be a
forbidden 1-arc e incident with a vertex v of V3 U V5?7 The answer is no: such an
arc cannot enter v, as otherwise v would be able to reject. So e = wv is a l-arc
from V3 U Vs to Vg, But v is not incident with any free arcs by definition, thus vu
is a l-arc that enters vertex u of V4 U V5, contradiction. Hence all 1-arcs that are
incident with V4 U V4, are free.

Let u € Vj and e = uv be an edge of G;. Clearly e is a 1-arc and e is forbidden
by the definition of V{, so v € Vj holds. This means that all edges incident with a
vertex of Vy are completely inside V.

If v is in V; then there is a unique l-arc a that leaves v, so a must bioriented
by the definition of V3. If e = wv is an edge of G; then either e = a or e is not a
first choice of v, hence a <, e holds. But in this case v should delete ¢ in a firm
rejection step as a is a 1-arc entering v. This argument shows that edges of G; that
are incident with V; are all bioriented and form a matching M; covering V.

Assume now that M is a stable matching of G;. No edge of G; incident with
a vertex of Vy can block M, hence Vy consists of isolated vertices. As M is not
blocked by an edge of My, edges of M; all belong to M. As there is no edge of G;
that leaves V5, edges of M in V5 form a stable matching of the restricted model to
Va.

Let now M5 be a stable matching of the model restricted to V5 and assume that
Vo consists of isolated vertices. Let M := My U M;. Clearly M is a matching.
If some edge e blocks M then e cannot be incident with Vj, as these vertices are
isolated, and e cannot have a vertex in V; either, as vertices of V; are only incident
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with edges of M;. Hence e is an edge within V5, contradicting to the fact that My
is a matching. O

If some vertex of Vj is not isolated then the algorithm stops and concludes that
no stable matching exists. If this is not the case, then another possibility is that
Vo = (. This case the algorithm stops, and reports that there is a stable matching.
To construct one, the algotithm takes M; and completes it to a stable matching
of the original preference model with the previously listed other matchings of type
M. Theorem 1 justifies both these terminations. If none of the above cases hold
then V5 # () and we make a

3rd priority (restriction) step: if V5 U V; # () then we restrict the model to
V3. By Theorem 1, it is enough to find a stable matching for the restricted G;41: if
there is such a matching M’, then M’ U M; is a stable matching of G;. If no stable
matching exists after the restriction, then there was no stable matching even before
it.

Assume that in (Gy, F;, O;), the algorithm can execute no Oth, 1st or 2nd or 3rd
priority step. An edge e € F;(v) is a second choice of v if e >, f ¢ F implies that
f is the 1st choice of v. In other words, e is a second choice, if the only free edge
that dominates e at v is the unique 1-arc leaving v. Note that every vertex v of G;
is incident with at least one free second choice edge: in the “worst case” it is the
unique l-arc pointing to v.

4th priority step If e = vw is a second choice of v then (counterintuitively)
orient e from w to v. Arcs created at this step are called 2-arcs. As we do not
modify the preference model (Giy1 = Gi, Fiy1 = F; and O;41 = O;), the set of
stable matchings does not change by a 4th priority step.

What is the meaning of a 2-arc? Let, vv’ and uu’ be 1-arcs and u'v be a 2-arc.
As vv’ is the only free edge dominating u'v at v, we get that if uu’ is present in
a stable matching M then wu’ does not dominate uv’, hence vv’ € M follows. In
other words, 2-arcs represent implications on 1l-arcs. This allows us to build an
implication structure on the set of 1-arcs.

In this structure, two 1-arcs e and f are called sm-equivalent, if there is a directed
cycle D formed by 1-arcs and 2-arcs in an alternating manner such that D contains
both e and f. (Note that D may use the same vertex more than once.) Sm-
equivalence is clearly an equivalence relation and if C' is an sm-class and M is a
stable matching then either C' is disjoint from M or C is contained in M.

Beyond determining sm-equivalence classes, 2-arcs yield further implications be-
tween sm-classes: if uu’ is a 1-arc of sm-class C' and vv’ is a 1-arc of sm-class C’ and
u'v is a 2-arc, then sm-class C' “implies” sm-class C’ in such a way that if C' is not
disjoint from stable matching M then M contains both classes C' and C’. Assume
that sm-class C is on the top of this implication structure, i.e. C'is not implied by
any other sm-class (but C' may imply certain other classes). Formally, we have that

if vv’ is a 1-arc of C' and w'v is a 2-arc (1)

then (the unique) 1-arc ww’ is sm-equivalent to vv'.

To find a top sm-class C, introduce an auxiliary digraph on the vertices of Gj,
such that if wu’ is a 1-arc and u/v is a 2-arc, then we introduce an arc uv of the
auxiliary graph. It is well known that by depth first search, we can find a source
strong component of the auxiliary graph in linear time. If it contains vertices
U1, U, ..., u then it determines a top sm-class C' = {u u, ugus, . .., upu) } formed
by 1-arcs. Note that it is possible here that u; = “3 for different ¢ and j.

5th priority step If for 1-arcs u;u}, uju;- € C there are 2-arcs vu; and vu; with
vu; £ vu; then forbid vu;.

To justify this step, assume that vu; € M for some stable matching M of G;. As
vu; does not dominate vuj, vu; has to be dominated at u; by uju; € M. As u;u;
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and uju;- are sm-equivalent, this means that uju;- also belongs to M, a contradiction.

So vu; does not belong to any stable matching and after forbidding it, the set of
stable matchings does not change. Note that after we take a 5th priority step, new
2-arcs may be created so we might continue with a 4th priority step.

6th priority step Forbid all edges of C in (G, F;, O;).

To justify this kind of step, we check two cases. Case 1 is that C is not a
matching, that is, u; = u; for some i # j. As a subset of a matching is a matching,
no matching (hence no stable matching) can contain C. So by sm-equivalence, C' is
disjoint from any stable matching of G;, and forbidding C' is not changing the set
of stable matchings.

Case 2 is that C' is a matching. Each u; is adjacent to at least two free edges:
the incoming and the outgoing l-arcs. So each u; receives at least one free 2-arc.
This free 2-arc must come from some u’; by property (1). Let C’ denote the set of
free 2-arcs of the form uzul As we have seen, each u; receives at least one arc of C’,
hence |C'| > k. As we cannot execute any more 5th priority steps in (G;, F;, O;),
from each v/ there is at most one arc of C” leaving, implying |C’| < k. This means
that |C’| = k and each u; receives exactly one arc of C’ and each v sends exactly
one arc of C’. As sets {ui, ug,...,ux} and {u},uh, ..., u},} are disjoint, this means
that set C’ forms a perfect matching on vertices uy, u}, ug, uh, .. ., U, Uj,.

Let M be a stable matcing of (G;, F;, O;). If M is disjoint from C then M is
stable in (Git1, Fit1,Oit1) as well. Otherwise, by sm-equivalence, M contains all
edges of C and disjoint from C’. We claim that M’ := M\ CUC" is another stable
matching of (G;, F;, O;) and hence it is a stable matching of (G;+1, Fit+1, Oit1), as
well.

Indeed: M’ is a matching, as C and C’ cover the same set of vertices. Each
edge u;u; is dominated at u; by M’ by Theorem 1. Each forbidden 2-arc of type
u;-ui is dominated at ug by the 5th priority step. For the remaining edges, if some
edge e does not have a vertex u; then e is dominated the same way in M’ as in M.
Otherwise, if u; is a vertex of e then e is neither a first nor a second choice of u; as
we have already checked these edges. This means that the free 2-arc pointing to u;
is dominating e, so C’ and thus M’ also dominates e at u;.

Clearly, this 6th priority step corresponds to the so called rotation elimination
of Irving’s algorithm [4], where C'U C” is the generalization of a rotation.

If the algorithm does not stop after some 2nd priority step with the conclusion
that no stable matching exists then it keeps on forbidding and deleting edges. Sooner
or later it cannot do this any more, so no further step can be made. Pick a vertex
v of the actual G;. As no 3rd priority step is possible, there is a free edge adjacent
to v. So v sends a free 1-arc, and it also receives a free l-arc. Again by the 3rd
priority step, these arcs are different, hence there is a 2-arc pointing to v. This
implies that a 5th or a 6th priority step can be executed, a contradiction. So the
algorithm always terminates before a 3rd priority step either by concluding that no
stable matching exists or by constructing a stable matching.

To convince ourselves about the polynomial time complexity of the algorithm
let us calculate the cost of deleting or forbidding an edge. Clearly, the most time
consuming is the 6th priority deletion step. For this we check every edge for the
1st and 2nd priority steps in O(m) time (where m is the number of edges of Gy),
and we check all vertices in O(n) time for the 3rd priority step. (n is the number
of vertices of Gp.) To check the possible 4th priority steps takes O(m) time, and
finding top sm-class C is a depth first search, that can be done in O(n + m) time.
Checking the 5th priority steps takes O(m) time, and after this we can forbid C.
So forbidding or deleting an edge takes altogether O(n + m) time. We can delete
or forbid at most 2m times altogether, so the total complexity of our algorithm is
O(m(n+m)). (Note that this is a pretty rough estimate. Probably, by streamlining
the algorithm, one can get a much better estimate.)

131



References

1]

VANIA M. F. Dias, GUILHERME D. DA Fonseca, CELINA M. H.
DE FIGUEIREDO, and JAYME L. SZWARCFITER, The stable marriage prob-
lem with restricted pairs, Theoret. Comput. Sci. (2003) 306(1-3) 391-405

TaMAS FLEINER, ROBERT W. IRVING, and DAVID F. MANLOVE, Efficient

algorithms for generalised stable marriage and roommates problems, Theoret.
Comput. Sci. (2007) 381(1-3) 162-176 and DCS Tech Report, TR-~2005-207,
http://www.dcs.gla.ac.uk/publications/ (2005)

D. GALE and L.S. SHAPLEY, College admissions and stability of marriage,
Amer. Math. Monthly (1962) 69(1) 9-15

ROBERT W. IRVING, An efficient algorithm for the “stable roommates” prob-
lem, J. Algorithms (1985) 6(4) 577-595

ROBERT W. IRVING and DAVID F. MANLOVE, The stable roommates problem
with ties, J. Algorithms (2002) 43(1) 85-105

EYTAN RONN, NP-complete stable matching problems, J. Algorithms (1990)
11(2) 285-304

SANDY ScOTT, The study of stable marriage problems with ties, 2005, PhD
dissertation, University of Glasgow, Department of Computing Science.

JimMmy J. M. TAN, A necessary and sufficient condition for the existence of a
complete stable matching, J. Algorithms (1991) 12(1) 154-178

132



Faster Algorithms For Stable Allocation Problems

Brian C. Dean Siddharth Munshi
School of Computing School of Computing
Clemson University Clemson University
bedean@cs.clemson.edu smunshi@cs.clemson.edu

June 10, 2008

Abstract

We consider a high-multiplicity generalization of the classical stable matching problem known
as the stable allocation problem, introduced by Baiou and Balinski in 2002. By leveraging new
structural properties and sophisticated data structures, we show how to solve this problem in
O(mlogn) time on a bipartite instance with n vertices and m edges, improving the best known
running time of O(mn). Our approach simplifies the algorithmic landscape for this problem
by providing a common generalization of two different approaches from the literature — the
classical Gale-Shapley algorithm, and a recent algorithm of Baiou and Balinski. Building on this
algorithm, we provide an O(mlogn) algorithm for the non-bipartite stable allocation problem.
Finally, we give a polynomial-time algorithm for solving the “optimal” variant of the bipartite
stable allocation problem, as well as a 2-approximation algorithm for the NP-hard “optimal”
variant of the non-bipartite stable allocation problem.

1 Introduction

The classical stable matching (marriage) problem has been extensively studied since its introduction
by Gale and Shapley in 1962 [5]. Given n men and n women, each of whom submits an ordered
preference list over all members of the opposite sex, we seek a matching between the men and
women that is stable — having no man-woman pair (m,w) (known as a blocking pair or a rogue
couple) where both m and w would both be happier if they were matched with each-other instead
of their current partners. Gale and Shapley showed how to solve the problem optimally in O(n?)
time using a simple and natural “propose and reject” algorithm, and over the years we have come
to understand a great deal about the rich mathematical and algorithmic structure of this problem
and its many variants (e.g., see [6, 8]).

In this paper we study a high-multiplicity variant of the stable matching problem known as the
stable allocation problem, introduced by Baiou and Balinski in 2002 [2]. This problem follows in a
long line of “many-to-many” generalizations of the classical stable matching problem. The many-
to-one stable admission problem [9] has been used since the 1950s in a centralized national program
in the USA known as the National Residency Matching Program (NRMP) to assign medical school
graduates to residencies at hospitals; here, we have a bipartite instance with unit-sized elements
(residents) on one side and capacitated non-unit-sized elements (hospitals) on the other. In 2000,
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Baiou and Balinski [1] studied what one could call the stable bipartite b-matching problem, where
both sides of our bipartite graph contain elements of non-unit size, and each element ¢ has a
specified quota b(i) governing the number of elements on the other side of the graph to which it
should be matched. The stable allocation problem is a further generalization of this problem where
the amount of assignment between two elements ¢ and j is no longer zero or one, but a nonnegative
real number (we will give a precise definition of the problem in a moment). The stable allocation
problem is also known as the ordinal transportation problem since it can be viewed as a variant
of the classical transportation problem where the quality of an assignment is specified in terms of
ranked preference lists and stability instead of absolute numeric costs. This can be a useful model
in practice since in many applications, ranked preference lists are often easy to obtain while there
may not be any reasonable way to specify exact numeric assignment costs; for example, it may be
obvious that it is preferable to process a certain job on machine A rather than machine B, even
though there is no natural way to assign specific numeric costs to each of these alternatives.

In the literature, there are two prominent algorithms for solving the stable allocation problem. The
first is a natural generalization of the Gale-Shapley (GS) algorithm that issues “batch” proposals
and rejections. Although this algorithm tends to run quite fast in practice, often even in sublinear
time, its worst-case running time is exponential [4]. Baiou and Balinksi (BB) propose what one
could view as an “end-to-end” variant of the GS algorithm (we will describe both algorithms in
detail in a moment), with worst-case running time ©(mn) on a bipartite instance with n vertices and
m edges. In this paper we develop an algorithm that generalizes both the GS and BB approaches
and uses additional structural properties as well as dynamic tree data structures to achieve a worst-
case running time of O(mlogn), which is only a factor of O(logn) worse than the optimal linear
running time we can achieve for the much simpler unit stable matching problem. Note that since
the fastest known algorithms for solving high-multiplicity “flow-based” assignment problems run
in Q(mn) worst-case time, our new results now provide a significant algorithmic incentive to model
assignment problems as stable allocation problems rather than flow problems.

Building on our new algorithm, we also provide an O(m logn) algorithm for the non-bipartite stable
allocation problem, a natural generalization of the non-bipartite unit stable matching problem
(commonly called the stable roommates problem). In the book of Gusfield and Irving on the stable
marriage problem [6], one of the open questions posed by the authors is whether or not there
exists a convenient transformation from the non-bipartite stable roommates problem to the simpler
bipartite stable matching problem. We show that a transformation of this flavor does indeed exist,
and that it simplifies the construction of algorithms not only for stable roommates but also for
the non-bipartite stable allocation problem. It also provides a simple proof of the well-known fact
that although an integer-valued solution may not always exist for the stable roommates problem,
a half-integral solution does always exist.

The Gale-Shapley algorithm for the unit stable matching problem finds a stable solution that is
“man-optimal, woman-pessimal”, where each man ends up paired with the best partner he could
possibly have in any stable matching, and each woman ends up with the worst partner she could
possibly have in any stable assignment (by symmetry, we obtain a “woman-optimal, man-pessimal”
matching if the women propose instead of the men). In order to rectify this asymmetry, Gusfield et
al. [7] developed a polynomial-time algorithm for the optimal stable matching problem, where we
associate a cost with each (man, woman) pairing and ask for a stable matching of minimum total
cost (costs are typically designed so that the resulting solution tends to be “fair” to both sexes).
Bansal et al. [3] extended this approach to the optimal stable bipartite b-matching problem, and we
show how to extend it further to solve the optimal stable allocation problem in polynomial time.
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As a consequence, we also obtain a 2-approximation algorithm for the NP-hard “optimal” variant
of the non-bipartite stable allocation problem by generalizing a similar 2-approximation algorithm
for the optimal stable roommates problem.

2 Preliminaries

In order to eliminate any awkwardness associated with multiple-partner matchings involving men
and women, let us assume we are matching I jobs indexed by [I] = {1,..., I} to J machines indexed
by [J] = {1,...,J}. Each job ¢ has an associated processing time p(i), and each machine j has a
capacity ¢(j). The jobs and machines comprise the left and right sides of a bipartite graph with
n = I + J vertices and m edges. Let N (i) denote the set of machines to which job i is adjacent
in this graph, and similarly let N(j) denote the set of jobs that are neighbors of machine j. For
each edge (i,j) we associate an upper capacity u(i,j) < min(p(i),c(j)) governing the maximum
amount of job i that can be assigned to machine j. Later on, we will also associate a cost ¢(i, j)
with edge (i,7). Problem data is not assumed to be integral (see [4] for further notes on the issue
of integrality in stable allocation problems).

Each job i submits a ranked preference list over machines in N (i), and each machine j submits a
ranked preference list over jobs in N(j). If job 4 prefers machine j € N (i) to machine j' € N (i) or
if j € N(i) and j' ¢ N (i), then we we write j >; j'; similarly, we say ¢ >; ¢’ if machine j prefers
job i to job #’. Preference lists are strict, containing no ties. Letting z(i,j) denote the amount of
job 7 assigned to machine j, we say the entire assignment x € R™ is feasible if it satisfies

i, [J]) = p(3) Vi € [I]
[1], ) = c(j vj e [J]
0 < x(i,7) <u(i,j) V edges (i,7),

where we denote by z(S,T) the sum of z(i,j) over all i € S and j € T In order to ensure that a
feasible solution always exists, we assume job 1 and machine 1 are both “dummy” elements with
very large respective processing times and capacities, which we set so that p(1) = ¢([J] — {1}) and
p([I]) = ¢([J]). The preference list of job 1 should contain all machines in arbitrary order, ending
with machine 1, and the preference list of machine 1 should contain all jobs in an arbitrary order,
ending with job 1. We can regard a job or machine that ends up being assigned to a dummy as
being unassigned in our original instance.

An edge (i, ) is said to be a blocking pair for assignment x if (7, j) < u(i, j), there exists a machine
j' <i j for which z(i, j') > 0, and there exists a job ¢ <; i for which z(¢’, j) > 0. Informally, (i, j) is
a blocking pair if x(4, ) has room to increase, and both ¢ and j can be made happier by increasing
x(i,7) in exchange for decreasing some of their current lesser-preferred allocations. An assignment
x is said to be stable if it is feasible and admits no blocking pairs. Note that the dummy job can
never be part of a blocking pair, and neither can the dummy machine.

One can show that a stable assignment exists for any problem instance. Moreover, there always
exists a unique stable assignment that is job-optimal, where an assignment is job-optimal if the
vector describing the allocation of each job i (ordered by i’s preference list) is lexicographically
maximal over all possible stable assignments. By symmetry, a unique machine-optimal assignment
always exists as well. As it turns out, a job-optimal assignment is always machine-pessimal and
vice-versa. It is also a well-known fact that the dummy allocations z(1, j) and (i, 1) are the same
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ADVANCE-Q(1): ADVANCE-R(J):
While z(i, j) = u(4, j) or g; not accepting of i: | While x(r;,j) = 0:

Step ¢; downward in i’s preference list. Step r; upward in j’s preference list.
ADVANCE-Q(75)

in every stable assignment.

Given any assignment x, we define 7; to be the job i € N(j) with (4, j) > 0 that is least preferred
by j. Job r; is the job that j would logically choose to reject first if it were offered an allocation
from a more highly-preferred job. If ¢ >; r;, then we say machine j is accepting for job i, since j
would be willing to accept some additional allocation from ¢ in exchange for rejecting some of its
current allocation from r;. For each job i, we let ¢; be the machine j most preferred by 7 such that
x(i,7) < u(i,7) and j is accepting for ¢. If i wishes to increase its allocation, ¢; is the first machine
it should logically ask.

The Gale-Shapely (GS) Algorithm. The GS algorithm for the stable allocation problem is a
natural generalization of the well-studied GS “propose and reject” algorithm for the unit stable
matching problem. The analysis of this algorithm will help us to analyze the correctness and
running time of our new algorithm to follow.

Although the GS algorithm typically starts with an empty assignment, we start with an assignment
x where every machine j is fully assigned to the dummy job (z(1,7) = ¢(j)), and the remaining
jobs are unassigned — this simplifies matters somewhat since every machine except the dummy
henceforth remains fully assigned. In each iteration of the algorithm, we select a arbitrary job 4
that is not yet fully assigned; let T' = p(i) — (i, [J]) be the amount of ¢’s processing time that is
currently unassigned. Job i “proposes” T’ = min(T,u(i,j) — z(,7)) units of processing time to
machine j = ¢;, which accepts. However, if j is any machine except the dummy, then it is now
overfilled by 7" units beyond its capacity, so it proceeds to reject T” units, starting with job r;.
During the process, z(r;,j) may decrease to zero, in which case r; becomes a new job higher on
j’s preference list and rejection continues until j is once again assigned exactly ¢(j) units. The
algorithm terminates when all jobs are fully assigned, and successful termination is ensured by the
fact that each job can send all of its processing time to the dummy machine as a last resort.

Consider briefly the behavior of the g¢;’s and r;’s during the GS algorithm. We regard ¢; as a
pointer into job i’s preference list that starts out pointing at i’s first choice and over time scans
monotonically down i’s preference list according to the ADVANCE-Q procedure above, which is
automatically called any time an edge (7, ;) becomes saturated (z(4,j) = u(4,7)). Similarly, 7; is a
pointer into machine j’s preference list that starts at job 1 (the dummy, which is the least-preferred
job on j’s list), and over time advances up the list according to the ADVANCE-R procedure, which
is automatically called any time an edge (rj,j) becomes empty. Note that all of this “pointer
management” takes only O(m) total time over the entire GS algorithm. We use exactly the same
pointer management infrastructure in our new algorithm.

Lemma 1. Irrespective of proposal order, the GS algorithm for the stable allocation problem always
terminates in finite time (even with irrational problem data), and it does so with a stable assignment
that is job-optimal and machine-pessimal.

Proof. 1t is well-known (see, e.g., [6]) that for the classical unit stable matching problem, the
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GS algorithm always terminates with a man-optimal (job-optimal) stable assignment. This result
easily extends to the stable allocation problem if we have integral problem data and no upper edge
capacities, since in this case the GS algorithm can be viewed as a “batch” version of the classical
GS algorithm executed on the unit instance we obtain when we split each job i into p(i) unit jobs
and each machine j into ¢(j) unit machines. However, this reduction no longer applies if we have
irrational problem data or upper edge capacities. In this case, finite termination is shown in [4].
To show that our final assignment is stable, suppose at termination that (7, ) is a blocking pair.
Since ¢; <; j, we know j must have rejected ¢ at some point; however, this implies that r; <; 7,
contradicting our assumption that j has any allocation it prefers less than . To show that our
assignment is job-optimal, suppose it is not. At some point during execution, there must have been a
rejection from some machine j to some job i that resulted in an assignment x with x(, ) < 2*(4, j),
where z* is a stable assignment satisfying (i, ') > 2*(4, j) for all j* >; j. Consider the first point
in time when such a rejection occurs, and let x denote our assignment right after this rejection.
Since z(i,7) < x*(i,7) and since j is fully assigned in both z and z*, there must be some 7’ for
which x(¢', j) > 2*(i,j). Note that ¢’ >; i, since otherwise j would have rejected ¢’ fully before
rejecting i. Since z(i',j) > x*(¢', j) and z(i, [J]) < x*(¢/, [J]), there must be some machine j' such
that (i, j') < x*(¢', j'); let §’ be the first such machine in the preference list of i'. We know j >; j’
since otherwise i would have already been rejected by j’, contradicting the fact that (i,7) is the
earliest instance of a rejection of the type considered above. Since z*(¢',j) < u(?, j), this implies
that (¢, 7) is a blocking pair in z*, contradicting our assumption that x* was stable. The argument
showing that our final assignment is machine-pessimal is analogous and completely symmetric to
this job-optimality argument. O

Lemma 2. For each edge (i,7), as the GS algorithm executes, x(i,j) will never increase again
after it experiences a decrease.

Proof. This is also shown in [4], and it follows easily as a consequence of the monotonic behavior of
the ¢; and r; pointers: x(i,j) increases as long as ¢; = j, stopping when ¢; advances past j, which
happens either when (7, j) becomes saturated, or when r; advances to ¢. From this point on, z(3, j)
decreases until r; advances past i, after which x(4, j) = 0 forever. O

Corollary 3. During the execution of the GS algorithm, each edge (i,j) becomes saturated at most
once, and it also becomes empty at most once.

In practice, the GS algorithm often runs quite fast; for example, in the common case where all
jobs get one of their top choices, the algorithm usually runs in sublinear time. Unfortunately, the
worst-case running time can be exponential even on relatively simple problem instances [4].

3 An Improved “Augmenting Path” Algorithm

In this section, we describe our O(m logn) algorithm for the stable allocation problem and show how
it generalizes and improves upon the GS algorithm and the algorithm of Baiou and Balinski (BB),
which we describe shortly. Just like the GS algorithm, our algorithm starts with an assignment
z in which every job but the dummy is unassigned, and every machine is fully assigned to the
dummy job. As the algorithm progresses, the machines remain fully assigned and the jobs become
progressively more assigned. The algorithm terminates when every job is fully assigned.
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At any given point in time during the execution of the GS algorithm (say, where we have built up
some partial assignment z), we define G(z) to be a bipartite graph on the same set of vertices as
our original instance, having edges (i, ¢;) for all ¢ € [I] and (rj,j) for all j € [J] — {1}. Initially
G(x) is a tree, containing n vertices, n — 1 edges, and no cycles; we regard the dummy machine
(the only machine j without an incident (r;,7) edge) as the root of this tree.

Lemma 4. For every assignment x we obtain during the course of the GS algorithm, G(x) consists
of a collection of disjoint components, the one containing the root vertex (the dummy machine)
being a tree and each of the others containing one unique cycle.

Proof. Consider any connected component C of G(z) spanning job set I’ and machine set J'. If
1 € J (ie., if C contains the root), then C has |I'| + |J'| — 1 edges and must therefore be a tree.
Otherwise, C has |I’|+|J’| edges, so it consists of a tree plus one additional cycle-forming edge. [

We say a component in G(x) is fully assigned if x(i,[J]) = p(i) for each job i in the component.
As we run our algorithm, we maintain the structure of the tree and cycle components in G(x)
along with a list of jobs in each component that are not yet fully assigned. In each iteration of our
algorithm, we select an arbitrary component C' of G(z) that is not fully assigned and perform an
augmentation within C'. We terminate when every component is fully assigned.

An augmentation consists of a simultaneously-enacted series of proposals and rejections along a
path or cycle that can be viewed as the “end to end” execution of a series of GS operations. In the
tree component, an augmentation starts from any job i that is not yet fully assigned, and follows
the unique path from i to the root (i.e.., i proposes to j = ¢;, which rejects i = r;, which proposes
to 7/ = py, and so on, just as the GS algorithm would operate, until we reach machine 1, which
is the only machine that accepts a proposal without issuing a subsequent rejection). Along our
augmenting path from ¢ to the root, we increase the assignment of each (i,¢;) edge and decrease
the assignment of each (r}, j) edge by the same amount. For a cycle component, we augment along
the unique cycle within the component, increasing the assignment on (i, ¢;) edges and decreasing
the assignment on (7, j) edges by the same amount.

We define the residual capacity of an edge (i, j) in G(z) as r(i,5) = u(i, j) —x(i, j) for an (4, ¢;) edge,
and r(i, j) = x(4, j) for an (r;, j) edge. The residual capacity r(m) of an augmenting path/cycle 7 is
defined as r(7) = min{r(4, ) : (¢,7) € 7}. When we augment along an augmenting path 7 starting
from job i, we push exactly min(r(7), p(i) — x(7, [J])) units of assignment along 7, since this is just
enough to either make i fully assigned, or to saturate or make empty one of the edges along .
When we augment along a cycle 7, we push exactly r(7) units of assignment, since this suffices to
saturate or empty out some edge along 7, thereby “breaking” the cycle 7. When one or more edges
along m become saturated or empty, this triggers any appropriate calls to our pointer management
infrastructure above, resulting in a change to the structure of G(x) because one or more of the ¢; or
r; pointers advances. In general, any time one of these pointers advances, one edge leaves G(x) and
another enters: if some pointer ¢; advances to ¢}, then (i, ¢;) leaves G and (i, ¢}) enters, and if r;
advances to r§ then (r;,j) leaves and (1“;, j) enters. The net impact of each of these modifications
is either (i) the tree component splits into a tree and a cycle component, (ii) the tree component
and some cycle component merge into a tree component, (iii) one cycle component splits into two
cycle components, or (iv) two cycle components merge into one cycle component.

In order to augment efficiently, we store each component of G(x) in a dynamic tree data structure
(see [10, 11]). For cycle components, we store a dynamic tree plus one arbitrary edge along the cycle.
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This allows us to find the residual capacity along an augmenting path/cycle as well as augment on
the path/cycle in O(logn) time (amortized time is also fine), in much the same way dynamic trees
are used push flow along augmenting paths when solving maximum flow problems. Since dynamic
trees can handle split and join operations in O(logn) time, we can also efficiently maintain the
structure of the components of G(x) as edges are removed and added. In total, we spend O(logn)
time for each edge removal (split) and edge addition (join), and since edges are removed at most
once (when saturated or emptied) and added at most once, this contributes O(mlogn) to our total
running time. Each augmentation takes O(logn) time and either saturates an edge, empties out an
edge, or fully assigns some job, all three of which can only happen once per edge/job. We therefore
perform at most 2m + n = O(m) augmentations, for a total running time of O(mlogn). Since
we are performing in an aggregate fashion a set of proposals and rejections that the original GS
algorithm could have performed, Lemma 1 tells us that our algorithm must terminate with a stable
assignment that is job-optimal and machine-pessimal.

One might wish to think of our algorithm as either an “end to end” variant of the GS algorithm, or
as a more sophisticated implementation of the algorithm of Baiou and Balinski [2], which performs
augmentations in a similar but much slower fashion (O(n) time per augmentation, leading to a
worst-case running time of Q(mn), as shown in Appendix A). The key to our approach is the use of
dynamic trees to augment quickly, owing to our new structural insight involving the decomposition
of the G(x) graph. In addition to unifying the algorithmic landscape for the stable allocation
problem, our approach also exposes a remarkable similarity between state-of-the-art approaches
based on dynamic trees for solving our problem and the related maximum flow problem.

4 The Optimal Stable Allocation Problem

Once our algorithm from the previous section terminates with a stable, job-optimal assignment z,
the graph G(z) may still contain cycle components. The augmenting cycles in these components
are known in the unit stable matching literature as rotations, and they generalize readily to the
case of stable allocation. Rotations lie at the heart of a rich mathematical structure underlying the
stable allocation problem, and they give us a means of describing and moving between all different
stable assignments for an instance.

Lemma 5. Let x be a stable assignment with a cycle component C' in G(x), where w¢ is the unique
augmenting cycle in C. We obtain another stable assignment when we augment any amount in the
range [0,7(m¢)] around me.

Lemma 6. If x is a stable assignment, then x is the machine-optimal (and job-pessimal) assignment
if and only if G(x) has no cycles (i.e., G(x) consists of a single tree component).

For space considerations, we leave the (fairly mechanical) proofs of these lemmas for the full version
of this paper. If we augment r(m¢) units around the rotation ¢, we say that we eliminate ¢,
since this causes one of the edges along 7w to saturate or become empty, thereby eliminating m¢
permanently from G(z). The resulting structural change to G(z) might ezpose new rotations that
were not initially present in G(z). Note that the structure of G(z) only changes when we eliminate
(fully apply) m¢, and not when we push less than r(m¢) units around m¢.

Suppose we start with the job-optimal assignment and continue running the same algorithm from
the previous section to eliminate all rotations we encounter, in some arbitrary order, until we finally
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Figure 1: An example bipartite instance and its rotations. No dummy job
or machine is shown, since once we reach the job-optimal assignment neither
of these takes part in any further augmenting cycles (rotations). The initial
job-optimal assignment is shown in the bipartite region, and rotations A...D
and their associated multiplicities are shown in the DAG on the right. The net
effect of each rotation on our assignment is shown with a set of arrows over the
preference lists.

reach the machine-optimal assignment (the only stable assignment with no further exposed rota-
tions). We call this a rotation elimination ordering. Somewhat surprisingly, as with the unit case,
one can show that irrespective of the order in which we eliminate rotations, we always encounter
exactly the same set of rotations along the way.

Lemma 7. Let m be a rotation with initial residual capacity r encountered in some rotation elimi-
nation ordering. Then m appears with initial residual capacity r in every elimination ordering.

Since each elimination saturates or empties an edge, we conclude that there are at most 2m
combinatorially-distinct rotations that can ever appear in G(x), where each such rotation 7 has a
well-defined initial residual capacity r(m) (we will also call this the multiplicity of 7). Let II denote
the set of these rotations. For any m;, 7; € II, we say m; < m; if m; cannot be exposed unless m;
is fully applied at an earlier point in time; that is, m; < 7; if m; precedes m; in every rotation
elimination ordering. For example, if m; and 7; share any job or machine in common, then since
simultaneously-exposed rotations are vertex disjoint it must be the case that m; < m; or m; < m;;
otherwise, we could find a rotation elimination ordering in which m; and 7; are both exposed at
some point in time. We can extend this argument to show that for any job ¢ (machine j) we must
have m < mg < ... < m, where 7y ... 7 are the rotations containing job i (machine j), appropri-
ately ordered. Clearly, II also contains no cycle 71 < m3 < ... < 7 < 71, since otherwise none of
the rotations 7 ... 7 could ever be exposed. Let us therefore construct a directed acyclic graph
D = (II, E) where (m;,7j) € E if m; < mj. An example of this rotation DAG is shown in Figure 1.

For our purposes, it will be sufficient to compute a “reduced” rotation DAG D' = (I, E’) with
E' C E whose transitive closure is D. To do this, we run our algorithm from Section 3 to obtain a
job-optimal assignment, then we continue running it until we have generated the set of all rotations
II. This takes O(mlogn) time, although O(mn) time is needed if we actually wish to write down
the structure of each rotation along the way. We then use the observation above to generate the
O(mn) edges in E' in O(mn) time as follows: for each job i (machine j), compute the set of
rotations 7y ... 7 containing i (j), ordered according to the order in which they were eliminated.
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We then add the k — 1 edges (w1, 72) ... (7k_1,7%) to E'.

The (reduced) rotation DAG has been instrumental in the unit case (see, e.g., [6]) in characterizing
the set of all stable matchings for an instance. Conveniently, we can generalize this to the stable
allocation problem. Let us call the vector y € R D-closed if y(r) € [0,7(r)] for each rotation
7 € I, and y(m;) = r(m;) if there is an edge (m;,7;) € E with y(7j) > 0. The vector y tells us the
extent to which we should apply each rotation in an elimination ordering that follows a topological
ordering of D. The D-closed property ensures that we fully apply any rotation m; upon which
another rotation m; depends. Note that D’-closed means the same thing as D-closed, since D and
D’ share the same transitive closure (we will give a more detailed discussion of this fact in the full
version of this paper).

Lemma 8. For any instance of the stable allocation problem, there is a one-to-one correspondence
between all stable assignments x and all D-closed (D'-closed) vectors y.

Consider now the optimal stable allocation problem: given a cost ¢(i, ) on each edge (i,7) in our
original instance, we wish to find a stable assignment z minimizing ;. (i, j)c(é, j). Using Lemma
8, we can solve this problem in polynomial time the same way we can solve the optimal variant of
the unit stable matching problem. Note that an optimal stable assignment corresponds to a subset
of fully-applied rotations — that is, a D’-closed vector y with y(m) € {0,7(7)} for each 7 € II. By
assigning each rotation 7 € II cost indicating the net cost of fully applying 7, we can transform the
optimal stable allocation problem into an equivalent minimum-cost closure problem on the DAG
D’; for further details, see [7].

5 The Non-Bipartite Stable Allocation Problem

In the non-bipartite stable allocation problem, we are given an n-vertex, m-edge graph G = (V, E)
where every vertex v € V' has an associated size b(v) and a ranked preference list over its neighbors,
and every edge e € E has an associated upper capacity u(e). Letting I(v) denote the set of edges
incident to v, our goal is to compute an assignment x € R™ with }_ ./, z(e) = b(v) for allv € V
that is stable in that it admits no blocking pair. Here, a blocking pair is an edge e = uv € F such
that x(e) < u(e) and both u and v would prefer to increase x(e) while decreasing some of their
other allocations.

In the unit case (with b(v) = 1 for all v € V'), with the added restriction that  must be integer-
valued, this is known as the stable roommates problem, and it can be solved in O(m) time. As a
consequence of the integrality restriction, one can construct instances that have no stable integer-
valued solution for the roommates problem. However, no such difficulties arise with the non-
bipartite stable allocation problem since it is inherently a “real-valued” problem; we also ensure a
solution always exists by adding uncapacitated self-loops to all vertices, and by placing each vertex
last on its own preference list. Just as with the dummy job and machine in the bipartite case,
we can regard a vertex assigned to itself as actually being unassigned in the original instance, and
one can show that the extent to which each vertex is unassigned must be the same in every stable
assignment.

In response to an open question posed by Gusfield and Irving [6] on whether or not there exists
a convenient transformation from the stable roommates problem to the simpler stable matching
problem, we show that a transformation of this flavor does indeed exist, and that it simplifies
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the construction of algorithms not only for stable roommates but also for the non-bipartite stable
allocation problem. Suppose we construct a symmetric bipartite instance by replicating a non-
bipartite instance, as shown in Figure 2. If we can find a symmetric stable assignment x for
this symmetric instance (with x(u,v) = z(v,u) for each edge e = wv), then by setting z(e) =
z(u,v) = z(v,u) we will obtain a stable solution to the non-bipartite instance (since if there was
a blocking pair in the non-bipartite solution, this would imply an analogous blocking pair in the
bipartite solution). Hence, to solve the non-bipartite problem, we need only consider how to find
a symmetric solution to a symmetric instance of the bipartite problem. One can always do this
by carefully choosing the right combination of rotations to apply, starting from the job-optimal
assignment.

Due to symmetry, rotations in our bipartite instance now tend to come in pairs. In the example
shown in Figure 2(a) we have taken the left-hand-side and right-hand-side effect of each rotation
and overlaid these on the original non-bipartite instance. From this, we can see that rotations
A and D are mirror images, or duals, of each-other, as are rotations B and E. More precisely,
rotations 7 and 7’ are duals if 7 is the symmetric analog of 7 when we reverse the roles of the
left-hand and right-hand sides of our bipartite instance. Note that r(7) = r(7’) if 7 and 7’ are
duals. The rotation C' is its own dual, so we call it a self-dual rotation.

Lemma 9. Consider any symmetric bipartite instance. There is a one-to-one correspondence
between symmetric stable assignments x and D-closed (D'-closed) vectors y where y(m) + y(7') =
r(m) for every dual pair of rotations (m,7") and y(7) = r(n)/2 for every self-dual rotation.

This lemma gives another simple proof of the (previously-known) fact that a 1/2-integral solution
always exists for the stable roommates problem, and it also leads us to an O(mlogn) algorithm
for the non-bipartite stable allocation problem: transform into a symmetric bipartite instance,
compute the job-optimal stable assignment, then eliminate rotations starting from the job-optimal
assignment, taking care not to eliminate the dual of any rotation previously eliminated (there are
several ways to accomplish this; for example, we can store a hash of each eliminated rotation).
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Finally, eliminate half of the remaining self-dual rotations, leaving a symmetric stable assignment.
Complete implementation details will appear in the full version of this paper.

The “optimal” (i.e., minimum-cost) version of the non-bipartite stable allocation problem is NP-
hard since it generalizes the NP-hard optimal stable roommates problem. The only difference
between the two lies in the self-dual rotations. For the stable roommates problem, the existence
of a self-dual rotation is precisely what prevents the existence of an integral stable solution, so
we must assume there are no self-dual rotations in our instance. For the non-bipartite stable
allocation problem, we are forced to take half of each self-dual rotation, thereby removing them
from consideration as well. The remaining problem now looks the same in both cases: find an
optimal D-closed set of rotations containing one of each dual pair. For this NP-hard problem, a
2-approximation algorithm can be obtained via a reduction to a weighted 2SAT problem [6], so the
same technique also gives us a 2-approximation for the optimal bipartite stable allocation problem.
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A A Hard Instance for the BB Algorithm

We describe here an n-vertex bipartite instance that causes the BB algorithm to run in Q(n?)
time. Suppose we have n/2 jobs, each of whose processing time is an integer chosen independently
at random from {n + 1,...,2n} except for job 1 (the dummy), with p(1) = n?/2. We also have
n/2 machines, each with capacity n except machine 1 (the dummy), whose capacity is set so that
p([n/2]) = ¢([n/2]). Each job ranks the machines in order n/2,n/2 —1,...,1, and each machine
ranks the jobs in order n/2,n/2—1,...,1. There are no upper capacities u(z, j). When applying the
BB algorithm to this instance, we repeatedly augment starting from job 2 until it is fully assigned,
then from job 3, and so on (recall that every machine starts out assigned to the dummy job 1).

Due to the order of the preference lists and the order in which we augment, the structure of
every intermediate assignment x generated during the execution of the BB algorithm is as follows:
a contiguous range of jobs 1...i9p — 1 will be fully assigned, with job ig (the job from which
augmentations are currently issued) partially assigned. These jobs will be assigned to a suffix of
the machines jo...n/2. The graph G(x) will be a tree, and the path through G(x) from iy to the
root (machine 1) visits every job from ip down to 1 in sequence. Intuitively, each augmentation
starting from iy causes the entire assignment to “shift up” from the perspective of the machines.

Let us focus on execution of the BB algorithm from ig = n/4 4 1 onward. In this regime, there are
at least n?/4 units of processing time still to assign, and each augmentation takes Q(n) time since
each augmenting path has length Q(n).

Lemma 10. For the instance described above, with iy > n/4, each augmenting path 7 satisfies
E[r(m)] < 5.

Suppose we perform n?/20 augmentations (starting from i = n/4 + 1). Letting X denote the
number of units of processing time assigned during this process, we have E[X] < n?/4. Since
Pr[X < n?/4] > 0, the probabilistic method tells us that there must be some instance for which
X < n?/4. For this instance, the BB algorithm performs at least n?/20 = Q(n?) augmentations,
each taking Q(n) time.

Proof of Lemma 10. Consider a particular augmenting path 7 with ig > n/4, where x denotes
the assignment immediately before augmentation on 7. Consider any job i € [n/4]. Note job i is
assigned in x to a contiguous range of machines j; .../, and that augmenting on 7 will increase
x(i, ji) while decreasing x(i, j.). Since we can decrease x(i,j!) to no less than zero, r(m) < x(3, j}),
and moreover r(7) < Z where Z = min{x(3, j;) : i € [n/4]}.

Due to the uniform machine capacities and the fact that jobs ¢4 1...4y are assigned to a contiguous
suffix of the machines, we can write x(i,7/) = n — ((p({i + 1,...,i0 — 1}) + x(io, [n/2])) mod n),
which we rearrange to obtain n—x(i, j/) = p(i+1)+ K (mod n), where K = p({i+2,...,i0—1})+
x(io, [n/2]). Irrespective of K, we see that p(i+1) mod n is uniform in {0,...,n—1}, so z(i, j!) is a
uniform random number in [n]. Moreover, since each p(7) is chosen independently, the x(3, j/)’s are
also independent. Using this fact, we see that Z is the minimum of a set of independent random
variables each uniformly chosen from [n|. Hence,
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Abstract

The many-to-many Stable Matching problem is defined in the context of a job market
and asks for an assignment of workers (W) to firms (F') satisfying the quota of each agent
and being stable, pairwise or setwise, with respect to given preference lists or relations. In
this paper, we propose an algorithm identifying all stable worker-firm pairs in O(m?) steps
where m = max{|W|, |F|}. Further, we establish that this algorithm is appropriate under
responsive group preferences (a) for pairwise stability and (b) for setwise stability when
(in addition) workers or firms have strongly substitutable preferences. Computational
results on random instances illustrate that removing non-stable pairs implies a substantial
reduction in the preference lists.

1 Introduction

The many-to-many Stable Matching (MM) problem is naturally defined in the context of a
job market in which each firm wants to hire a group of workers and each worker can be
employed by several firms. Conventionally, F' denotes the set of firms and W the set of workers.
Let m = max{|W/|,|F|}. The quota g of a firm f € F denotes the maximum number of
workers the firm can employ, while each worker w € W can be employed by at most ¢, firms.
A firm (worker) not fullfilling its quota is called undersubsribed. Furthermore, firms have
preferences over individual workers and vice versa. These preferences are assumed to be strict
and transitive, thus representable by ordered lists, called preference lists. We denote by P(w)
(P(f)) the preference list of worker w (firm f). For f € F' (w € W), the event that worker
wy (firm f1) ranks higher in P(f) (P(w)) than worker wy (firm f5) is denoted by wq >¢ wo
(f1 >=w f2). Preference lists need not be complete; if a firm f (worker w) is not in worker w’s
(firm f’s) preference list, then f (w) prefers to leave a workspace empty than to employ w
(f). The simplest form of the MM problem asks for a maximal set M C W x F satisfying the
following two conditions:

(i) for no pair (w, f) € M there exist w € W and f € F such that w is more preferable than
w by f and f is more preferable than f by w (stability condition),

(ii) the quota of each agent (i.e., worker/firm) is not exceeded (matching condition).
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The MM problem is a generalization of the Stable Admissions (SA) problem which is, in
turn, a generalization of the Stable Marriage (SM) problem. In the latter (former) case, also
called the one-to-one (one-to many) Stable Matching problem, the quotas of the agents of
both (one of the) sets are set to one. Both of these problems were introduced in a study
of the mechanics of assigning students to colleges [7]. Besides the fact that MM is a proper
generalization of SA (and SM), there are several real-life applications motivating its study.
Primarily, it models several centralized markets, an example being the well-known medical
interns’ market in the U.K. [18], where each student must seek two positions, one in medicine
and one in surgery. Also, most labor markets include certain many-to-many interacting agents,
which are examined in terms of the MM model, since their study in terms of the (simpler)
one-to-many framework produces significantly different results [5, Example 2].

The generalization of preferences and the stability condition, introduced in the literature,
make the MM a more involved structure than SM. Under this setting, the preference lists
are also generalized into preference relations; these represent the preferences of each firm f on
groups of workers and vice versa. Thus in the MM case, the stability condition can be extended
from pairs to sets (groups) of agents. That is, a matching M is called setwise (or group) stable
if there is no subset of agents who by forming new partnerships only among themselves, possibly
dissolving some partnerships of M to remain within their quotas and possibly keeping other
ones, can all obtain a strictly preferred set of partners [19]. Note that preference relations
include individual preferences as a group may be a singleton.

We examine three main types of preference relations that have been reported in the lit-
erature: responsive preferences [18], substitutable preferences [13] and strongly substitutable
preferences [5]. To describe these terms, let P#(f) denote the preference relation of the firm
f and M(f) the set of workers assigned to f in the matching M.

Definition 1 The preference relation P7(f) over sets of workers is responsive (to the prefer-
ences P(f) over individual workers) if, whenever M'(f) = M(f)U{w1}\ {wa} for we € M(f)
and wy ¢ M(f), the firm f prefers M'(f) to M(f) (denoted by M'(f) >=¢ M(f)) if and only if
w1 > f W2.

The substitutable preferences comprise a weaker criterion. (In fact, it is the weakest condi-
tion under which the existence of stable matchings is guaranteed, according to [16].) Suppose
that a firm f prefers a group of workers tv including a worker w. Then the firm has sub-
stitutable preferences, if, whenever some members of tv become unavailable, it still wants to
employ a subgroup of to that includes w (see [19] for a formal definition). In [5], a variant of
the notion of substitutability, called strong substitutability, is introduced. That is, assume that
hiring worker w is optimal when certain workers are available. Then, strong substitutability
requires that hiring w must still be optimal even when a worse set of workers is available. Note
that responsiveness implies substitutability but not strong substitutability. Figure 1 presents
the relationship between responsive, substitutable and strong substitutable preferences (see
examples in [5]).

The preference relations, described above, imply a partial ordering of stable matchings for
each agent. This ordering depicts the preference of the agent over the matchings. In the case of
individual preferences which imply pairwise stability (see (i) above) the standard criterion used
is the so called mazmin criterion [2]. According to that criterion, a group of workers (firms)
is preferred by a firm f (worker w) to some other group if the least preferred worker (firm) of
the first group ranks higher in the preference list of firm f (worker w) to the least preferred
worker (firm) of the other group. Hence, under the maxmin criterion, each agent has always a
complete ordering of all stable matchings. A formal definition follows.
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Figure 1: Relationship between responsive, substitutable and strong substitutable preferences

Definition 2 Let M and M’ be two arbitrary matchings. The firm f € F prefers M at least
as M' (denoted as M =y M') if either (i) M(f) = M'(f) or (i) |M(f)| > |M'(f)| and
lastar (f) =5 lastar(f), where lastar(f) (lastar(f)) denotes the least preferred worker of the
group M(f) (M'(f)) by f.

A pair (w, f) is called stable if w is assigned to f in at least one stable matching. The
problem studied here is the ALLSTABLEPAIRS problem, i.e. the problem of identifying all
stable pairs. The usefulness of this information was first observed in [14], while a polynomial
algorithm for solving this problem in the SM setting is described in [9]. In [6], an algorithm
for identifying all stable pairs for the SA with individual preferences is presented.

In the current work, we present an algorithm for solving the ALLSTABLEPAIRS problem
in the MM setting under individual preferences. In the sequel, we show that this algorithm can
also be used in the presence of responsive group preferences under (a) pairwise stability, or, (b)
setwise stability when (in addition to responsiveness) the agents of one of the sets (W or F') have
strongly substitutable preferences. To show (a), we prove that the lattice of stable matchings
formed when agents have individual preferences coincides with the corresponding object when
preferences are responsive. This settles a question posed in [2] regarding the efficiency of the
two criteria (i.e., maxmin versus responsive) when pairwise stability is considered.

An alternative definition to the ALLSTABLEPAIRS problem can be given in the context
of Constraint Programming (CP). Thus, if we consider the MM problem as a global constraint,
the ALLSTABLEPAIRS problem asks for establishing generalized arc consistency to that con-
straint (see [11] for related definitions). Such a view has been adopted in [8] and [15] for the
SM and SA case, respectively. However, the main theme in all these papers is the presenta-
tion and comparison of different encodings, none of which directly refers to the MM version of
the problem. Further the issue of consistency is only partially resolved, since the algorithms
presented just establish arc consistency without identifying all (non-)stable pairs.

2 Background

Under pairwise stability, if a matching M is not stable then there exists a worker w and a firm
f such that (w, f) ¢ M but both w and f prefer each other to their current partners in M
[10, 18]. Such a pair is said to block the matching M, or, equivalently, (w, f) forms a blocking
pair. Similarly, a matching M can be blocked by an individual agent if this agent is matched to
a member of the other set not appearing in its preference list (i.e., he prefers to remain single
than to obtain a partner not in its preference list). In the case of setwise stability, a matching
M can be blocked by a coalition bigger than a simple worker-firm pair [18].
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In the case of pairwise stability under the maxmin criterion [2] or under responsive prefer-
ences [1], the MM problem has a non-empty solution set, namely 9. Among the members of
9, there exists a matching in which every worker is at least as better-off (worse-off) under it
as under any other matching. Such a matching is called workers’ optimal (pessimal). In fact,
a worker-oriented dominance relation can be defined on the set of stable matchings.

Remark 3 For M, M' € 9 and M # M’,
(i) M dominates M' (M =y M') if M =, M' for allw € W and

(ii) M =, M' implies M' =¢ M for all workers w € W and firms f € F such that (w, f) €
(M\ M")YU (M \ M) (and vice versa).

Also, the join (supremum) MV M’ and the meet (infimum) M A M’ are stable matchings,
where M V M' (M N M') assigns to each worker w the best (worst) of the two sets of firms
M(w) and M'(w), and to each firm f the worst (best) of the workers M (f) and M'(f). Under
this dominance relation, it can be shown that the set of stable matchings forms a distributive
lattice (for definitions see [1, 2]). The greatest element of the lattice corresponds to the workers’
optimal (firms’ pessimal) matching and the least element corresponds to the worker’s pessimal
(firms’ optimal) matching.

The situation is more complicated when setwise stability is considered. In the simpler SA
setting, a matching is setwise stable if and only if it is pairwise stable. This is not true in
the case of MM. In [18] it is shown that, in many-to-many matching models with responsive
(thus substitutable) preferences, a pairwise stable matching need not be setwise stable. Also
in [4] it is observed that the lattices that arise in many-to-many matching markets under
setwise stability need no longer be distributive. On the positive side, in [5] it is proved that
the set of stable matchings, under setwise stability, forms a non-empty lattice identical to the
one created under the pairwise stability when members of the one (other) set have (strong)
substitutable preferences. That particular model actually encompasses standard one-to-many
theory, in which one of the sets represents colleges and the other students, since it is trivially
true that colleges (students) have (strong) substitutable preferences. In the same work, it is
shown (contrary to [4, Example 5.2]) that the lattice formed by the set of stable matchings is
distributive in the case of the preferences being strong substitutable [5].

Finding a stable matching is intuitively related to the identification of stable pairs. In [10],
an extended implementation of the Gale/Shapley algorithm [7] (called EGS) is described that
in the process of findin a stable solution, identifies and eliminates some (but not all) non-stable
pairs. The worker-oriented version of that method (hereafter called WEGS) in the MM setting
identifies the workers’ optimal solution under pairwise stability with individual preference lists
in O(m?) steps [2]. Upon termination of WEGS, the workers’ preference lists are reduced in a
way that (a) the worker w is assigned either its best ¢, stable partners, which are the first g,
firms in her (reduced) list, or a set of fewer than ¢, firms, and (b) each firm is assigned its worst
set of ‘stable’” workers. Note that it is not necessarily true that, in the workers’ optimal (i.e.
firms’ pessimal) solution, a firm that fills all of its g¢ places is assigned its g worst partners
(of course, this is trivially true if a worker is underemployed). However, if My is the workers’
optimal matching and M’ any other stable matching, then every firm prefers all the workers
assigned to it in M’ to all of those assigned to it in My but not in M’. Also, in [1, 2] it is
observed that (a) each worker is employed in the same number of firms in all stable matchings,
(b) exactly the same workers are underemployed (or unemployed) in all stable solutions, and
(¢) any worker who is underemployed in one stable matching is matched with precisely the
same firms in all stable matchings.
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As stated previously, even if we successively apply WEGS, the resulting reduced lists may
still allow for non-stable pairs to appear. It turns out that the ALLSTABLEPAIRS problem
can be solved by exploiting the lattice structure of 9, as discussed next.

3 Individual preferences

Assume that the agents have individual preferences. The implications are that (a) stability is
defined in a pairwise context and (b) the stable matchings can be ordered (to form a distributive
lattice) with respect to the maxmin criterion. Given a stable matching M, let rp/(w) be the
first firm f € P(w) such that (w, f) ¢ M and w >y lasty/(f), i.e. firm f is not assigned
to worker w but prefers it to its least preferred worker. Note that such a firm exists as long
as M is not the firm-optimal matching. Further, nexts(w) denotes last pr(ras(w)). Since M
is stable, w prefers all firms assigned to him in M to rps(w) if such an ry(w) exists (for
example in firms’ optimal matching 737 (w) does not exist for some w € W). Next, we explore
the possibility of assigning the worker w to f = 7j/(w) not knowing yet which of his/hers
current assignments to break to be employed by f. Next, firm f (which prefers w to next;(w))
fires nextps(w) and employes w. Worker nextys(w) (who is now underemployed) proposes to
rar(nextys(w)) and so on, until a worker w’ (who may or may not be w) comes up twice. Let
p = (wi,ra(wy)), (we, rar(wi)), ..., (wn,rar(wp—1)) be an ordered list of pairs in a stable
matching M such that w;i; (mod n)= nextas(w;), for all i € {1,...,n}. Then p is a (meta-
Jrotation exposed in M, and we say that w (or f) is in rotation p if there is a pair (w, f) in the
ordered list defining p. If p = (w1, f1), (w2, f2),... , (wn, fn) is a rotation exposed in M, then
M/p is called the elimination of rotation p from M and it denotes the matching M’ derived
from M if each worker w; participating in p breaks her assignment to f; and is employed by
fi+1(modn) = ra(w;), while everyone else is employed by exactly the same firms as in M.

Rotations were introduced in [12] and used in [9] to develop an algorithm for solving the
ALLSTABLEPAIRS problem in the SM setting. Rotations have also been used in the SA [6]
and the MM context [3]. To employ rotations for solving the problem in the MM case, we
present a series of statements, some of which extend known results and are therefore provided
without a proof.

Lemma 4 When a rotation p is eliminated from a stable matching M, the resulting matching
M/p is stable and is dominated by M.

Corollary 5 Every worker-firm pair produced by eliminating a rotation is stable.
The following result [9, Lemma 3| extends in the MM case.

Lemma 6 Let p denote a rotation exposed in the stable matching M. Then, there is no stable
matching ‘between” M, M' = M/p (i.e., M, M' correspond to adjacent points in the lattice).

Lemma 7 Let p = (w1, f1),... , (wn, fn) be a rotation exposed in the stable matching M and,
for some i € {1,...,n}, let f € P(w;) (we P(f;)) such that lasty (w;) =w, f =w, lasty,(w;)
(lastar/,(fi) =p w =y, lastar(fi)). Then (wy, f) (respectively, (w, f;)) is not a stable pair.

Proof. We illustrate the result only with respect to the reference lists of workers (i.e. for
pair (wj, f)). Observe that, in w;’s list, f ranks lower than f; and higher than f;1(modn), where
fi =lasty (w;) and fit1(modn) = v (wi) = lastyry,(wi). The procedure for exposing a rotation
implies that 7/ (w;) is the first firm ranking lower than lasty;(w;) in w;’s list, which prefers w;
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to its least preferred worker in M. Since f ranks higher than rjs(w;), f prefers lasty (f) to w;
(if not, it would itself be rar(w;) ), i.e. lastyr(f) = ¢ w;.

Now suppose (w;, f) is a stable pair in some stable matching M’. That implies that w; is
better-off in M, since it prefers f; to f. However, so is f, since it prefers last s (f) to lastyy (f),
where lasty(f) may only be w; or some worker ranking lower than w; in f’s list. It follows
that M >, M’ and M >; M’', which contradicts Remark 3(ii). m

Let hereafter My (M) denote the workers’ optimal (pessimal) stable matchings, respec-
tively. The following theorem, generalizes [17, Theorem 4].

Theorem 8 Any stable matching can be obtained from the workers’ optimal by successively
exposing and eliminating rotations.

Proof. Let M # Mj. Since M is non-worker-optimal, there exists some worker w such
that Mo(w) = M(w), i.e. lasty(w) =y lastyr(w). Thus, consider a rotation p exposed in
My that includes w. Within the procedure of exposing p, assume that worker w proposes to a
choice worse than lastr(w). That implies that w is rejected by lasty(w) at some point during
the procedure of exposing p. Equivalently, lastys(w) is ‘between’ lastyg, (w) and 7z, (w), i.e.
lastyr, (w) =y lastyr(w) =4 T, (w). But then, Lemma 7 yields pair (w,lasty(w)) as non-
stable, which contradicts the assumption that matching M is stable.

Therefore, exposing a rotation in My can only produce a stable matching M’, in which no
worker has a worse choice than in M, while the procedure can be repeated if M’ # M. Since,
after exposing a rotation, at least two workers are employed by a worse choice, but not a choice
worse than their choice in M, matching M is obtainable after eliminating a finite number of
rotations. m

Corollary 9 Starting from the worker-optimal stable matching, the firm-optimal stable match-
ing can be obtained by a number of successive exposures and eliminations of rotations.

Theorem 10 Let My, M1, ..., M, be a sequence of stable matchings such that M; =w M;i1
(M; dominates M;y1) fori =0,...,z — 1, and there is no stable matching ‘between’ M; and
M; 1. Then, every stable pair appears in at least one of the stable matchings of this sequence.

Proof. For w € W and f € F, let (w, f) be a stable pair appearing in no matching
M;,i = 0,...,2. It follows that f # lasty,(w) = f; for all ¢ = 0,...,z. Since M; =w M1
for i = 0,...,2 — 1, either f; = fiyq1 or f; > fir1. Thus, there exist two matchings in the
sequence, namely M; and M; 1 such that f; =, f =w fi+1.

Clearly, (w, f) appears in some other stable matching M, i.e. M # M; for i = 0,...,z.
Since the set of stable matchings forms a distributive lattice, we may construct matching
M’ = M; AN(MV M;11). Observe that M’ is a stable matching in which w is assigned to f, thus
being different from both M; and M; 1, with lasty, (w) = lastyp (w) =, lasty,, , (w). Under
the maxmin criterion, that implies M; =w M’ =y M;.1, i.e. a contradiction to the hypothesis
that there is no stable matching ‘between’ M; and M; ;1. m

Note that the underemployed workers (unsubscribed firms) participate in no rotations, since
they are employed by precisely the same set of firms (workers) in all stable matchings. The
following is an extension of [12, Lemma 4.7] (see [5] for a proof).

Lemma 11 In any MM instance, no (w, f) pair can belong to two different rotations.

Let us denote as FEGS the firm-oriented version of EGS that identifies the firms’ optimal
solution under pairwise stability. Algorithm 1 solves the ALLSTABLEPAIRS problem in the
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Algorithm 1 Finding all stable pairs

Initially, the status of all pairs (w, f) is ‘undefined’;
Run WEGS and FEGS to produce reduced preference lists and My, M.;
Use the reduced preference list to update the status of pairs (w, f);
1« 0;
while 3(w, f) with undefined status do
Expose p; in Mj;
M1 — M;/p;;
Set the status of pairs (w, f) € M;11 to ‘stable’;
for all f € p; do
for all w such that lastyy, ,, (f) = sw = flasty,(f) do
Set the status of pair (w, f) to ‘non-stable’;
end for
end for
for all w € p; do
for all f such that lastyy, /,, (w) = o f = wlasty; (w) do
Set the status of pair (w, f) to ‘non-stable’;
end for
end for
Update preference lists;
end while
Output preference lists;

MM setting when agents have individual preferences. The algorithm assigns to each pair
(w, f) € W x F a status flag which can receive the values ‘stable’, ‘non-stable’, or ‘undefined’.
Initially, the status of all pairs is set to ‘undefined’. The execution of WEGS and FEGS causes
some of the pairs to obtain the status ‘stable’ (i.e. those appearing at My and M) and some
the status ‘non-stable’. Starting from My, the algorithm exposes and eliminates rotations.
Each time a new stable matching is reached, the pairs belonging to it receive the status ‘stable’
whereas the pairs indicated by Lemma 7 have their status set to ‘non-stable’ . The algorithm
terminates when no pair remains with an ‘undefined’ status. Each time a pair (w, f) is found
to be non-stable w, f are deleted from each other’s list.

Theorem 12 Algorithm 1 solves the ALLSTABLEPAIRS problem in O(m?) steps.

Proof. Matching My (M,), together with the reduced preference lists is produced by
WEGS (FEGS). As stated above, the algorithm starts exposing and eliminating rotations,
thus creating a sequence of stable matchings My, My, ..., M, (Lemma 4). By Lemma 6, there
is no stable matching ‘between’ M; and M, for all ¢ € {0, ...,z — 1}. Since every stable pair
is bound to appear in at least one of the matchings of this sequence (Theorem 10), Algorithm
1 reveals all stable pairs upon completion. (Note that the algorithm may terminate before
deriving M, as long as the status of all pairs has been defined.) The preference list of each
agent, once Algorithm 1 terminates, contains only the mates that appear together with him in
at least one stable matching. Thus, Algorithm 1 is correct.

Concerning the complexity of this algorithm, recall that WEGS and FEGS require O(m?)
steps to create My [2]. Exposing and eliminating a rotation can easily be implemented at
constant time per pair by employing a stack (see [10, Section 4.2.4]). Since each pair appears in
at most one rotation (Lemma 11) and the number of pairs is O(m?), Algorithm 1 requires O(m?)
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steps for exposing and eliminating all rotations, i.e. for computing matchings M, ..., M,/,
7 <z m

Since each pair should be examined at least once in order to determine its stability, Algo-
rithm 1 is of the lowest possible complexity, i.e. it is asymptotically optimal.

4 Group preferences

In the setting of group preferences, the ALLSTABLEPAIRS problem amounts to computing
all stable assignments of each agent, i.e. all sets of firms (workers) assigned to each worker
(firm) in any stable matching. First, we show that this can be accomplished by Algorithm 1
under the maxmin criterion and for responsive group preferences.

Let L denote the distributive lattice corresponding to an MM instance. A sequence of stable
matchings P = My, My, ..., M, is called a maximal path of L, if M;11 = M;/p; where p; is a
rotation exposed in matching M;,7 = 0, ...,z — 1. Lemma 6 implies that there exists no stable
matching ‘between’ M; and M1, i.e. the notion of a maximal path is analogous to that of a
mazximal chain of a general ring of sets [10]. Denote also as M (w) the assignment to worker w
in matching M, i.e. M(w) ={f: (w, f) € M}.

Theorem 13 Every rotation appears exactly once on every mazximal path P of lattice L.

Proof. It suffices to establish that every rotation is exposed at least once in P. For a
rotation p not exposed while deriving P, Lemma 11 implies that a pair (w, f) appearing in
p appears in no other rotation exposed while deriving P. But then, pair (w, f) is non-stable
(Theorem 10), i.e. a contradiction to Corollary 5. m

An implication of the previous theorem is that the all maximal paths have the same length
z 4+ 1, where z is the number of rotations exposed in all stable matchings.

Theorem 14 A complete order of all stable assignments is obtained for worker w (firm f) by
listing all stable assignments given to w (f) during the procedure of deriving a mazimal path
P.

Proof. We show the result with respect to workers. Assume that assignment M;1(w) is not
included in worker w’s list after exposing and eliminating all rotations. Let also M; 1 = M;/p;,
pair (w, f) be appearing in rotation p; and f’ = ry,(w). By Lemma 11, pair (w, f) appears in
at most one rotation that is p;, while Theorem 13 implies that p; is exposed in some matching
M), appearing on P.

If M; = My, Mp/p;i = M;y1 thus M;y;(w) is actually included in worker w’s list, i.e.
a contradiction to the hypothesis. Otherwise (M; # Mjy), let My 1 = My/p; thus yielding
lastyr,,, (w) = lastyy,, (w) = f'. For My 1(w) = Miy1(w), Myyq(w) is included in worker
w’s list since My, belongs to P, i.e. a contradiction. For My q(w) # M;y1(w), observe that
Mp41(w) and My 1(w) cannot be compared under the maxmin criterion since lastyy, , , (w) =
lastay,,, (w), therefore one of them is not stable. It is not difficult to see that both cases yield
a contradiction. m

Evidently, Algorithm 1 can compute a maximal path if it is set to terminate only after ob-
taining the firms’ optimal matching M,. Therefore, this algorithm finds all stable assignments
for all agents participating in any stable matching under the maxmin criterion, simply by retain-
ing the workers (firms) assigned to each firm (worker) at each of the matchings My, My, ..., M,.
Moreover, all assignments of each worker (firm) are completely ranked in the (inverse) order
they are identified. Hence the following.
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Theorem 15 Algorithm 1 computes all stable assignments of every agent for every instance
of MM in O(m?) steps.

Now, let us examine the case where group preferences are responsive to individual pref-
erences and the stability criterion involves only pairs. The following theorem extends [18,
Theorem 5.27].

Theorem 16 Let M, M’ be two stable matchings. If M(w) =, M'(w) for some worker w,
then f =y f' for all f € M(w) and " € M'(w)\M (w).

Theorem 16 together with Definition 1 lead to the following.

Corollary 17 Let P#(w) denote the preference relation of worker w over groups of firms
which is responsive to his preferences P(w) over individual firms. Then for every pair of stable
matchings M and M', M(w) =, M'(w) under P#(w) if and only if M (w) =, M'(w) under
P(w).

Thus, Corollary 17 shows that the set of stable matchings is invariant to changes in the
preference relations P (w) as long as these preferences remain responsive to the preferences
P(w) over individuals. A question posed in [2] is whether the maxmin criterion is significantly
different in practice from responsive preferences, under pairwise stability. The following the-
orem answers this question in the negative. Recall that 9 denotes the set of solutions of an
MM instance.

Theorem 18 The distributive lattice formed by M under responsive preferences with pairwise
stability is identical to the one formed by 9 under the maxmin criterion.

Proof. Consider an MM instance with preference lists P and recall that the matchings
comprising 9N form a distributive lattice L, under the maxmin criterion with pairwise stability
[1]. Consider another MM instance, along with its associated set of solutions 9, having the
exact same agents as 9 but responsive preference relations P# that include the corresponding
lists P. We may safely assume that each agent’s preference list contains the complete order of
all stable assignments of that particular agent in 9 (computed by Algorithm 1), followed by
the individual preference list P. Then, observe that Corollary 17 implies a dominance relation
for M identical to the one defined for M (Remark 3), while the supremum and the infimum of
any two M, M’ € 9 can also be defined as in the case of 9. In other words, M’ is identical
to 9 and so are the corresponding lattices. m

By Theorem 18, it becomes evident that pairwise stable matchings can be identified in
the case of responsive group preferences without the complete knowledge of them, i.e. only
the preferences over individuals are required. Note that, although the number of assignments
included in a preference relation P can be exponential in m, Theorem 15 implies that the
number of stable assignments is bounded by the number of rotations, which is trivially bounded
by m?2. Therefore, the ALLSTABLEPAIRS problem can be solved using Algorithm 1 in the
presence of responsive preference relations, under pairwise stability.

In the case of setwise stability, the question of finding all stable assignments becomes far
more complex. However, a special case remains tractable through Algorithm 1, again because
the set of stable matchings 9 forms a distributive lattice. In [5], it is shown that if the
workers’ preferences are substitutable and the firms’ preferences are strong substitutable (or
vice-versa), then 9 is the same under both setwise and pairwise stability, and forms a lattice.
Since responsive preferences are also substitutable (Figure 1), it is easy to derive the following
through Theorem 18.
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Theorem 19 The distributive lattice formed by 9 under setwise stability, when both workers
and firms have responsive preferences and at least one set of agents has also strong substitutable
preferences, is identical to the one formed by I under the maxmin criterion.

It follows easily that, in the case of setwise stability implied by Theorem 19, Algorithm 1
computes all stable assignments in O(m?) steps.

5 Computational Results

This section discusses the application of Algorithm 1 to a set of randomly generated instances
of MM. The code is written in VB.NET in the Microsoft Visual Studio .NET Professional
2003, while computational results are obtained on an Intel(R) Core(TM) 2 Duo CPU T7500
processor (2.20 GHz) with 2 GB of RAM under Windows Vista(TM).

The results are summarized in Table 1. Each row in this table corresponds to a different
MM problem and presents the average results obtained on 10 randomly generated instances.
Workers and firms have complete preference lists, i.e. each of the |WW|-|F| pairs appears in two
preference lists. Further, the quota of each worker (firm) is a random integer drawn uniformly
from the interval {1,...max¢q,} ({1,...maxqs}). Those instance features are depicted in the
first four columns of Table 1. The next two columns illustrate the time (in seconds) required
by Algorithm 1 and the percentage of pairs that are deleted, respectively. The following two
columns illustrate the percentage of time consumed and the percentage of pairs deleted, respec-
tively, by the procedure of exposing and eliminating rotations (i.e. the remaining percentage of
time and pairs deleted concern the WEGS and FEGS algorithms that comprise the first step
of Algorithm 1). Thus, these two columns indicate the additional reduction achieved through
Algorithm 1 (i.e. the percentage of non-stable pairs not identified by WEGS or FEGS) and
the associated computational effort for finding all rotations. The penultimate column presents
the number of rotations identified, while the last column provides the average number of stable
assignments per worker, i.e. the average number of subsets of F' that would not be deleted in
any preference relation satisfying the criteria of Theorems 18 or 19.

Observe first that the reduction in the preference lists is substantial in all instances. This
illustrates the importance of the proposed algorithm in terms of reducing the solution space.
Thus, Algorithm 1, as a preprocessing step, could significantly enhance the performance of
an algorithm searching for an ‘optimal’ solution or enumerating all solutions. Moreover, this
finding provides an insight on the structure of MM, given that no theoretical bound on the
number of stable pairs is known. Notice also that the reduction in the preference lists remains
approximately the same for different values of |F| and |W| but decreases as quotas increase,
since larger quotas imply more solutions and therefore fewer non-stable pairs.

Most of this reduction is achieved by using WEGS and FEGS, which also consume the larger
percentage of total time. Still, the remainder of Algorithm 1 that utilizes the concept of rota-
tions has a significant impact, with the percentage of non-stable pairs identified through expos-
ing rotations (i.e. not found WEGS or FEGS) being ‘proportional’ to the percentage of the time
required. For example, in the instance where (|F|, |W|, max ¢¢, max q,,) = (100, 1000, 200, 20),
66% of a total of 10° pairs is deleted within less than a second; among those pairs, 90% is re-
moved by using WEGS or FEGS in 76% of total time, while 10% is removed by the procedure
of exposing rotations in 24% of total time. The ‘time percentage over pair percentage’ ratio
(related to exposing rotations) actually increases in large instances (e.g. for |WW| = |F| = 2000),
although the number of rotations increases drastically, especially for larger quotas.

Algorithm 1 performs equally well in the presence of group preferences, since the number
of stable assignments per worker (last column of Table 1) is always smaller than 20% of m.
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One can easily construct responsive preference relations P#, where the total number of subsets
of firms contained in all workers’ relations is O (|W| . ( £ )) . It follows that Algorithm 1

max qu
can lead to an enormous reduction of preference relations when Theorems 18 or 19 become

applicable.

Overall, the current work, apart from providing an efficient algorithm for the ALLSTABLE-
PAIRS problem in the MM setting, has important computational implications under both indi-
vidual and group preferences. Furthermore, Algorithm 1 is applicable for any type of preference
relations that gives rise to a distributive lattice identical to the one formed under the maxmin
criterion. Whether more such types exist remains to be further investigated.

Table 1: Computational results

Instance Algorithm 1 Exposing Rotations
|F| W] maxqy maxqy Time Pairs(%) Time(%) Pairs(%) #Rot. 7 Assign.
100 100 5 ) <1 90 14 6 90 7
100 100 20 20 <1 67 20 8 199 14
100 100 50 50 <1 40 11 3 155 11
100 500 25 5 <1 88 16 8 402 8
100 500 100 20 <1 67 22 9 825 14
100 500 250 50 <1 39 12 4 708 12
100 1000 50 5 <1 88 17 9 802 8
100 1000 200 20 <1 66 24 10 1643 15
100 1000 500 50 <1 39 12 9 1324 12
100 2000 100 5 1 88 17 9 1546 8
100 2000 400 20 3 67 23 9 3110 15
100 2000 1000 50 4 39 12 4 2566 12
500 500 25 25 1 87 27 15 1538 43
500 500 100 100 2 64 30 14 3011 82
500 500 250 250 2 36 17 7 2707 73
500 1000 50 25 4 86 30 18 2873 45
500 1000 200 100 5 63 33 17 5631 88
500 1000 500 250 7 35 19 8 4973 78
500 2000 100 25 13 86 32 19 5472 47
500 2000 400 100 19 63 33 17 10406 88
500 2000 1000 250 24 36 17 7 8581 73
1000 1000 50 50 11 86 34 22 5026 95
1000 1000 200 200 15 62 34 18 9509 179
1000 1000 500 500 22 35 19 8 8307 156
2000 2000 100 100 98 85 36 25 15038 197
2000 2000 400 400 138 61 37 21 29399 382
2000 2000 1000 1000 180 34 20 9 25325 327
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A note on existence and uniqueness of vNM stable sets

in marriage games *

Jun Wako T

June 10, 2008

Abstract

We prove that for any marriage game with strict preferences, there exists a unique von

Neumann-Morgenstern stable set, which is also a unique subsolution of the game.

1. Introduction

We consider von Neumann-Morgenstern stable sets (VNM set, briefly) of two-sided one-to-one
matching games with strict preferences, the so-called marriage games.

Gale and Shapley (1962) proved any marriage game has a nonempty core. The core is
internally stable, since no core matchings dominate each other. However, it is not always
externally stable, since there may exist non-core matchings that are not dominated by any core
matchings. A vNM set is an internally and externally stable set of matchings. Ehlers (2007)
proved that if a vINM set exists in a marriage game, it is a maximal distributive lattice including
the core as a subset. In general, even if the core of a game is nonempty, a vNM set may not
exist in the game. Thus, the existence of vNM sets in marriage games was unknown.

In this note, we show that there exists a unique vNM set for any marriage game. The proof
is constructive:

(0) Initially, let Cy be the core of a given marriage game G and set n := 0.

(1) Let UD™ be the set of matchings that are not dominated by any matchings in C,. (C, C

UD™ by Proposition 4.7, Definition 4.3.)

(2) If C,, € UD", find the core Cyy; defined within UD". (C, € Cp4+1 by Lemma 5.1.)
Return to (1) with n := n+ 1. If C,, = UD", then C,, gives the unique vNM set of G.
(Theorems 5.1, 5.2.)

Moreover, the vINM set of a marriage game is a unique subsolution, which was defined by Roth
(1976), of the game (Theorem 5.3).
We then reconsider stability of matchings in the vNM set. From the lattice property proved

by Ehlers (2007), the vNM set of a marriage game has two polar matchings, each being optimal

*The author thanks for the very helpful comments from Lars Ehlers, Shigeo Muto, Alvin Roth, and an

anonymous reviewer of ICALP 2008 workshop “Matching Under Preferences”. Any errors are of course mine.
"Department of Economics, Gakushuin University, 1-5-1 Mejiro, Toshima-ku, Tokyo 171-8588, JAPAN. e-mail:

jun.wako@gakushuin.ac. jp
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for one side. They are immune to a sequence of myopic dominations, since a player in the
advantageous side cannot end up being paired with more preferred partner. However, we argue
that taking a more farsighted viewpoint, players in the disadvantageous side might breach
matches unilaterally, and then the two sides could resume negotiations of which matching
should be agreed on. To avoid such indeterminacy, all participants need to make a commitment

to follow a matching prescribed by their agreed market clearing procedure.

2. Marriage games

Let NV be the set of nonempty finite sets. For a given S € N, a strict preference ordering -
over the choice set S is a complete transitive antisymmetric binary relation over .S. We mean
by h > j that h is preferable to j. Since > is antisymmetric, let h > j indicate that h > j or
h = j holds. The set of strict preference orderings over S is denoted by P(.5).

A marriage game is played by two disjoint sets of players, a set M € N of men and a
set W € N of women. Each men wants to be paired with a woman, and vice versa. Each
player can also stay unmatched rather than being paired with an unacceptable partner. We
formulate this game as follows. Let N := M U W. For each ¢ € N, let Y; be the set of
player i’s potential partners, ie., ¥; = M if ¢ € W, or Y; = W if ¢ € M. Each player
i € N has a strict preference ordering >;€ P(Y; U {i}), where choosing him/herself i means
“unmatched”. Let > denote the preference profile (>;)icn. The end result of the game is a
matching, which is a bijection p : N — N such that for each i € N, if u(i) = j # i then
j € Y; and p(j) = i. We mean by u(i) = ¢ that ¢ is unmatched, while (i) = j # i means
that 4 and j belong to distinct sets and are matched.! The game thus formulated is referred

to as marriage game G = (M, W, ). We consider the following class G of marriage games:
G={(M,W,=)| MeN, WeN, —eP(Y,U{i}) Vie N}

3. Core, vINM stable set, and subsolution
Let G = (M, W, >) be a marriage game of class G. The set of matchings in G is denoted by
M. Given p,v € M, we say “u dominates v regarding >” and write this as pdom[>] v if

(i) 3(4,5) € M x W with u(i,5) = (j,4), j =i v(i), and i >=; v(j); or

(ii) 3 € N with p(i) =4 and i >; v(i).
When (i) is the case, we write it as “pdom[>~] v via (i,7).” We also say “v is blocked by (i,j).”
The fact that u does not dominate v regarding > is denoted by p —dom|[>]v. We omit symbol

[~] when no confusion may arise.
Let IR[>-] := {u € M | Vi € N, u(i) =; i}, which is the set of individually rational

matchings.? The core C of G is the set of matchings that are not dominated by any matching:

C:={peM|IcM:vdompu}.

'Since u(i) = j € Vi & u(j) =i € Y;, we also use notation u(i,§) = (j,1).
21R[>] is simply denoted by IR when no confusion may arise.
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The core of G can also be defined as the set of individually rational matchings that are not
blocked by any (i,7) € M x W. We call a matching in the core a core matching.® For studying
von Neumann-Morgenstern stable sets of marriage games, we give a more general definition of
a core. For any nonempty subsets X and S of M and p € M, we define
D(p, X,>) :={ve X |pdom[>]v}, D(S,X,>):=UuesD(p, X,>), and
UD(S, X, =) := X\ D(S, X, ).

We refer to UD(X, X, ) as the core in X regarding . The core C of G is the set UD(M, M, >).

A von Neumann-Morgenstern stable set in IR (a vNM set, briefly) of G is defined to be any
nonempty set K C IR satisfying two stability conditions:

Internal stability: Vu,v € K, p—~domv and v —~dom p,

External stability: Vv € IR\ K, 3p € K: pdomuv.
The internal and external stability conditions can be represented as K C UD(K,IR,>) and
K D UD(K, IR, ), respectively. A vNM set of G is thus a set K C IR with

K = UD(K, IR, ),

which shows that a vNM set is a fixed point of set-to-set mapping UD(-, IR, >). Since multiple
vNM sets may exist in G, let VINM(G) be the set of vNM sets of G.

A subsolution in IR (a subsolution, briefly) of G is defined to be any set S C IR satisfying
the internal stability above and

Self-protecting: S = UD?(S, IR, ) := UD(UD(S, IR, ), IR, )
The subsolution was defined by Roth (1976). It exists for any abstract game consisting of an
outcome set X and a domination relation over X. Let SB(G) be the set of subsolutions of G.

Unlike the core, vNM sets and subsolutions, if they are defined in M by replacing each
IR above with M, can include not-individually-rational matchings. We thus need the whole
preferences of all players to find a vINM set and a subsolution in M. However, it is often
the case with real-world matching environments that players only announce the individually

rational part of their preferences.* Thus, we consider vNM sets and subsolutions in IR.

4. Basic properties

Let G = (M, W, =) be any marriage game in G. Symbols M, IR, and C respectively denote the
sets of matchings, individually rational matchings, and core matchings of G. For any u € M,
define the set of unmatched players in p to be the set Un(u) := {i € N | u(i) = i}. Marriage

game G has the following properties.

Proposition 4.1 (Gale and Shapley 1962). C' = UD(IR, IR, ) # (.
Proposition 4.2 (Roth 1975,1976). SB(G) # 0, and C' C S for any S € SB(G).
Proposition 4.3. If vNM(G) # 0, then C C K for any K € vNM(G).

3In the marriage game literature, a core matching is usually called a stable matching.
“In Japan, for example, we directly apply the Deferred Acceptance Algorithm by Gale and Shapley (1962)

to the medical resident matching. There, the rank order lists submitted by the participants are treated as the

individually rational part of their preference orderings.
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Proposition 4.4. For any pu,v € M,
(i) if p—dom v and v —~dom p, then Un(u) = Un(v);
(ii) if p,v € C, then Un(u) = Un(v). (Un(C) := Un(u).)
(iii) if p € C and Un(v) # Un(C), then pdom v.
(iv) if p € C and p—dom v, then Un(v) = Un(C);

Proposition 4.4.(i) means that if two matchings do not dominate each other, then the set of
unmatched players are the same. Since any two core matchings do not dominate each other, we
have property (ii): The sets of unmatched players are the same throughout the core matchings.
This is a very well-known property of cores in marriage games. From this property, we define

Un(C) := Un(p) by picking any u € C.
We call Un(C) the set of core-unmatched players. The set N \ Un(C) gives the set of core-
matched players. Property (iii) means that each core matching dominates any matching whose
set of unmatched players does not coincide with the set of core-unmatched players. Property
(iv) is the contraposition of (iii), which implies
Un(p) = Un(C) for each p € UD(C, IR, ).
Define IRy[>~] := {u € IR | Un(n) = Un(C)}. we then have Proposition 4.5 below, since
C C UD(C,IR,>) by the definition of C. Since vNM sets are internally stable set including

the core, Proposition 4.4.(ii) is extended to Proposition 4.6.

Proposition 4.5. C C UD(C, IR, ) C IRy[>].
Proposition 4.6 (Ehlers 2007). For any K € vNM(G) and p € K, Un(u) = Un(C).

Pick any X C M and i € N, where X may be empty. Define A(i, X) to be the set of
i’s accessible partners in X, ie. A(4,X):={jeY;|3Ip e X :u(i) =j}. For i’s preference

ordering >;, we define a modified ordering as follows:

Definition 4.1. For any given X C M, player i’s modified preference ordering =[X]; is the
preference ordering in P(Y; U {i}) such that
(i) for any h,k € A(i,X)U{i}, h =[X];ik < h =; k,
(ii) for any h,k € Y;\ A(i,X), h =[X|ik < h = k,
(iii) for any h € A(i, X)U{i} and any k € Y; \ A(i, X), h =[X]; k.

From condition (i), =[X]; keeps the same ordering as >; over A(i, X)U{i}. From condition
(iii), =[X]; treats each of i’s unaccessible partner in X as unacceptable ones.> We note that
j € A@l,X) < i€ A(j,X). Using this modified preference ordering, we consider a marriage

game that has a larger core than the original game.

Definition 4.2. Let C be the core of G. The core extension of G is game G = (M, W, ) € G
with preference profile = defined by =; := = [UD(C, IR, >)]; for each i € N.

5The ordering among unaccessible partners defined by (ii) can be actually arbitrary in this note.
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From Proposition 4.5, the set IR[=] in G is given as below:

Vi € Un(C), p(i) =1, }
) )

IR[;] = { e IR[>"] Vie N\ Un(C), p(i) =; i and p(i) € {i} U A(i, UD(C, IR[>']’ ~

The core C of G is defined by C' := UD(IR[=], IR[=], =). The set IRo[~] is defined by IRo[>] :=
{1 € IR[] | Un(p) = Un(C)}. In the following, set UD(C,IR[~],>)\ C plays an important
role. Let R := UD(C,IR[>],>) \ C and AC := UD(R, R, >).
Proposition 4.7. Marriage game G and its core extension G have the following relations.
(i) For any v € M and any p € UD(C,IR[-],>), if vdom[~]u, then there exists n €
UD(C, IR[>], =) with n dom[>] p.
(ii) C is equivalent to the core in UD(C, IR[>], ) regarding .
(iii) C € C € UD(C,IR[¥], %) C UD(C, IR[~],>). (cf. Claim 7.2 for the proof)
(iv) CUAC =C. (cf. Claim 7.7 for the proof)
(v) If vINM(G) # 0, then C C K C UD(C, IR[=], %) for any K € vINM(G).
(vi) vNM(G) = vINM(G).

We consider a sequence of marriage games iteratively defined by core-extension.

Definition 4.3. (i) A sequence of marriage games starting with G is sequence {Gy} with
Go = G and G4 being the core-extension Gy, of G, for each n =0,1,.. ..
(ii) Let =" and C,, denote the preference profile and core of Gy,.
(iii) Let UD™ denote the set UD(C™, IR[-"], >").
(iv) Let AC,, denote the set UD(R"™, R™, ="), where R" := UD(C™, IR[>-"], =") \ C™.

Applying Proposition 4.7 to each pair of games (G, G1), (G1,G2),..., we have a non-
decreasing sequence {C"} and a non-increasing sequence { UD"} such that
CoC---CC,C---CUD"C---C UD° C IR[-].
Since IR[-"] is a finite set, if {C™} is a strictly increasing sequence, we have
CoC---CCy = UD(CF IR[-*],~%) C ... C UD".
at some finite number k. The set C* is a vINM set of G¥, where C, = CoUACy U --- U AC,_1
and G* = (M, W, =*) with =¥= ~[UD(C*, IR[~],-)]; for each i € N. By Proposition 4.7.(v)
and (vi), C* is the unique vNM set of the original game G.

5. Unique existence and equivalence of vINM set and subsolution

Let G = (M, W, >) be any marriage game in G with the core C. For any matchings u,v € M,
we define two mappings u A v and gV v from N to N as follows:

For each i € M, if p(i) =; v(i), then pAv(i):=v() and pVv(i):= u(),
if v(i) >=; p(i), then pAv(i):=p(E) and pVr(i):=wv(i).
For each j € W, if u(j) =; v(j), then pAv(j) :=p(y) and pVrv(j):=rv(j),
if v(j) =5 u(d), then  pAv(j):=v(j) and pVv(j):= puj)
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Proposition 5.1. For any core matchings p,v € C,
Conflict of interests (Knuth 1976): [u(i) =; v(i) Vi € M| < [v(j) =; pn(j) Vi e W],
Lattice property (Conway): {pAv, uvv} CC.

Knuth (1976) gave an algorithm to find every core matching in a marriage game. Let X
be any nonempty subset of IR[>] in G. The core in X regarding > is the set UD(X, X, >).
Suppose p € UD(X, X, >). If some matched players in p can get rematched as described in the

lemma below, then another core matching is obtained.”

Proposition 5.2. Pick any p € UD(X, X, >), and suppose there exists an ordered set S =
{(i1,70) .-, (ix, jk—1)} of k pairs formed in p such that
(i) M| > k> 2,
(i) je—1 =i, jt =4, it, and Bj € A(iy, X) with js_1 =4, § =4 je fort=1,... k,
(iii) iy >j, G441 fort =0,1,..., k-1,
where jp and iy are treated as jy and iy, respectively. Define matching v by
v(h) := u(h) for each h € N\ S,
v(it, jt) == (je,i¢) for each {i,ji} C S witht=1,... k.
Ifve X, thenv e UD(X, X, >).

The condition (ii) means that j; is ranked lower next to ji—1 by i; in X, while each j
prefers i; to i;41 from (iii). If they form pairs (i1,J1), ..., (ik—1,7k-1), (ik,jo), we have a new

core matching v as far as v is in X. This property proves Lemma 5.1 (see Section 7).

Lemma 5.1. Let G be the core extension of G and C be the core of G. Suppose R =
UD(C,IR[~],>)\ C # 0. Then we have C C CUAC = C.

Existence and uniqueness of a vNM set is easily derived from Propositions 4.7, Lemma 5.1,

and the discussion associated with Definition 4.3.
Theorem 5.1. For each marriage game G € G, a unique vNM set (in IR) exists.

In general, the existence of an individually rational vNM set does not imply the existence

of a vNM set in the set of all outcomes. In marriage games, the former implies the latter.

Theorem 5.2. For each marriage game G € G, a unique vINM set in M exists.

Proof. For any given G = (M, W, =) € G, let G* be the game (M, W, =*) in which each i € N
has preference ordering >§ such that (i) for any h € Y;, h >§ i, and (i) for any h,k €Y,
h >—§ k < h =; k. The set M of all matchings in G is then represented as IR[~*] in G¥. In
addition, each >§ has the same ordering over Y; as >;. As Ehlers (2007) showed, we have that
K is a vNM set in M of G if and only if K is a vNM set in IR[-*] of G*. Since G¥ € G, it
has a unique vNM set in IR[-*] from Theorem 5.1. Thus, G has a unique vNM set in M. [J

We can also prove the equivalence of vINM sets and subsolutions. For any marriage game,

its unique vNM set (in IR or M) is also the unique subsolution (in IR or M), respectively.

SProposition 5.2 is the property discussed as the elimination of a rotation by Lemma 2.5.2 of Gusfield and

Irving (1989), and also as the cyclic matching by Proposition 3.14 of Roth and Sotomayor (1990).
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Theorem 5.3. For each marriage game G € G, SB(G) = {S} = vNM(G).
Proof. In this proof, we simply write UD(-,IR,>) and D(-,IR,>) as U(-) and D(-). From
Theorems 5.1, 5.2, and the discussion associated with Definition 4.3, game G € G with the core
Cp has a unique vNM stable set K of the following form:

(i) K =Cy, or (ii) K =CoUACHUACL U ---UACk_1 (k> 1) such that

e AC) is the core in R? := U(Cp) \ Co,
ACy is the core in R :=U(Cy)\C; fort=1,...,k,
where Cy := Co UACy U ---UAC;_1, R* =0, and AC}, = 0;
e IR[~] = D(Cy) UCoU R,
IR[] = D(Cy) U D(ACy) U---UD(AC;—1) UC; U R
fort=1,...,k.

We will give a proof for Case (ii) above, from which the proof for Case (i) is obtained easily.

Since SB(G) # () by Proposition 4.2, let S be any subsolution of G. We then have Cy C S.
From the internal stability of S, we have S N D(Cp) = ). This implies S C U(Cp). The fact
that Cp C S also means D(Cp) C D(S), and thus U(S) N D(Cy) = 0.

Next assume that Ju € ACy with u € S. Since AC) is the core in R? = U(Cy) \ Cp, there
is no v € R® with vdom p. By the definition of U(Cp), there is no v € Cy with v dom p. Thus
we have vdom p only if v € D(Cp). However, since U(S) N D(Cy) = 0, we have p & D(U(S)),
meaning u € U2(S). However, this contradicts p € S, since S = U?(S). Thus ACy C S.

Now that ACy C S and Cy C S, the internal stability of S implies

CoUAC) C S CU(Cyo)NU(ACH) =U(CyU ACYH). (1)
U(S)N D(CyuU ACy) = 0. (2)

Assume that 3y € AC; with u ¢ S. Since AC] is the core in R! = U(Cy) \ C; (recall
C1 = Cy U ACy), there is no v € R! with vdom . By the definition of U(C}), there is no
v € Cy with vdom p. Thus we have v dom p only if v € D(Cy). From (2), however, u € U?(S).
This contradicts pu &€ S. Thus AC; C S. Repeating the same argument, we have

CoUACYUACIU---UACK,_1 €S CUCHUACHUACIU---UACk_1).
Since K = CoUACHUACLU---UAC,_; and K = U(K), subsolution S is exactly the unique

vNM stable set of G. Since S is any subsolution of G, its uniqueness is also proved. [

Remark. We have proved the existence of vNM sets in marriage games. However,the algorithm
used in the proof is only guaranteed to end in finite steps. It is still an open question whether

we can construct a polynomial-time algorithm to find a vINM set.

6. Reconsideration on stability of matchings in vINM stable sets

The internal and external stability conditions for a vNM set are not conditions that require
each individual matching in the vINM set a certain kind of stability. However, if a particular
matching in the vINM set is implemented by a centralized market clearing procedure, we should

evaluate how robust the matching is by taking into account that more compounded domination
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behaviors may happen among players. We here consider two possible types of compounded
domination: a sequential myopic domination and a farsighted breach of matches.

Let G be any marriage game in G and {G,} be a sequence of games starting with Go = G
(cf. Definition 4.3). Let C be the core of G. Suppose that the vINM set K of G was found at
the kth game G} as a fixed point Cj, such that Cj, = UD(Cy, IR[=*],=*). As Ehlers (2007)
proved, since this vINM set K can be regarded as the core C}, of G, it has the lattice property
as shown in Proposition 5.1. Let us consider the case that C C K and the M-optimal matching
p* in K is in the outside of C, i.e. p* := V, exgpu & C.

6.1. Immunity to a sequential myopic domination
Since Cp, = Cp—1 U AC),—1 for each n and Cy = C (cf. Definition 4.3), vNM set K is given as
K=CUACYyUAC1U---UACk_1 (= Cy).
Since p* € K \ C C IR[>], there exist v; € IR[>] \ K and (i1,71) € M x W such that
vi dom[-]p*, vi(in) = j1 =i p*(in), and ni(j1) =41 =5 p* ()

From the external stability of K, p; dom[>]v; for some puy € K. If uy € C then p; cannot be
dominated by any matching. Let us suppose u; ¢ C. In addition, assume pu; € ACy to make
explanation concise. Here, it should be recalled that

C UACy(= ) is the core in UD(C, IR[>], -) regarding >,

D(C,IR[>-],>) U UD(C,IR[~], >) = IR[~],

D(C,IR[~],>) N UD(C,IR[~], =) = 0.
Since p; is dominated by some matching, we have vo dom[~] p; for some vy € D(C, IR[>-], >).
After all, the sequence of dominations ends up with a core matching ps € C with pa dom[>] vs.
Let p := V,ec p be the M-optimal matching in C. Then we have

vi(in) =iy ¥ (i1) 2y it (in) =iy pa(in).

This show that player i1 would not end up being paired with a better partner even if it might
have been likely at the first domination. Thus, at least the M (or W)-optimal matching in a

vNM set is immune to such a sequential myopic domination as above.
6.2. Indeterminacy from a breach of matches

If we take a more farsighted viewpoint, we see that each matching in a vNM set can be vulnerable
to a unilateral breach of matches by players of the unsatisfied side. Those players may try to
be matched with more suitable partners for them by becoming single temporarily.

Let p be any matching in the vNM set K of G. Suppose a set S, of matched women in p
breached their matches and become single. Let Sy, := u(Sy). By Sw’s breach of matches, p is
changed to matching = such that p~(¢) = i for each i € Sy, U Sy,; and p~ (i) = u(i) for each
i € N\ (SwUSy). Since K is obtained as the core Cy, of Gy = (M, W, =*), we have u~ € IR["]
and Un(p~) # Un(Cy). From Proposition 4.4.(iii) and the definition of =*,

v dom[~] u~ for each v € K.
Since Proposition 5.1.(Conflict of interests) also holds for the vNM set K, the fact that p~
is dominated by each matching in K suggests that S,’s breaching matches could promote

resumption of the whole negotiations on which matching the two sides should result in.
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A breach of matches is most likely to occur when the M or W-optimal matching in K is
implemented. In the case that the M-optimal matching u* € K is implemented, if players in
W breached matches, then it could make the W-players at least as well off as in p*. We should
note however that a breach of matches can occur even when p € C' (C K) is implemented. To
avoid such indeterminacy, all participants need to make a commitment to follow a matching

prescribed by their agreed market clearing procedure.

7. Proof of Lemma 5.1

Lemma 5.1 plays a central role in deriving the main theorem 5.1. The other propositions are
very well-known and/or can be proved easily.

Let G = (M,W,>) € G be a marriage game with the core C' = UD(IR[>-], IR[>],>). Let
G = (M, W, %) be G’s core extension (Definition 4.2) with the core C' = UD(IR[=], IR[=], &).
Let R:=UD(C,IR[-],>)\ C and AC := UD(R, R, >).

Claim 7.1. If R =0, then C = UD(C, IR[>-], >), which is the unique vNM set of G.

Proof. Since UD(C,IR[~-],>) 2 C # 0, if R = 0 then C = UD(C,IR[~],>), meaning
C € vVNM(G). If 3K € vNM(G) with K # C, then C C K by Proposition 4.3. Thus
Ju € K\ C. From the external stability of C', v € C' C K with v dom p. This contradicts the
internal stability of K. Thus vNM(G) = {C}. O

By Claim 7.1, we assume R # () in the following. This assumption excludes the inactive
marriage games having the core C' = {uo} with po(i) = i for each i. For those inactive games,
UD(C,IR[~], =) = {uo} by Proposition 4.4.(iii). We have R = (), and Claim 7.1 holds.

Claim 7.2. C C C C UD(C,IR[=],=) C UD(C,IR[~],>). (cf. Proposition 4.7.(ii))
Proof. Pick any u € C. Since yu € UD(C,IR[~], >), we have u € IR[=]. Assume u ¢ C, i.c.
Jv € IR[~] with vdom[~] . By the definition of &, this means v dom[>~] j1, which contradicts
p € C. Then p € C, and thus C C C. By definition, C' C UD(C’,IR[;], ).

Pick any p € UD(C,IR[S],S). Since p € IR[=] C IR[~], if u & UD(C,IR[~],>), then
Jv € C with vdom[~]pu. Since v € UD(C,IR[~],>), vdom[=]u. This is impossible, since
p € UD(C,IR[=],=) and v € C C C. Thus p € UD(C, IR[>-],>). O

Claim 7.3. If A(i,R) C A(i,C) for each i € N, then (i) R = AC, and thus C C CUAC; and
(ii) CUAC = C.

Proof. (i) Suppose 3{u,v} C R with vdom p. Since u,v € IR[>], 3(i,j) € M x W such that
v(i,7) = (4,1), v(i) > p(i), and v(j) =; p(j). Since A(i, R) C A(i,C) for each i € N, In e C
with n(i,7) = v(i,7) = (j,i) and ndom p. This contradicts up € R C UD(C,IR[~],=). Thus
v —~dom p for any p,v € R, i.e. R = AC. Since R # (), we have C C C U AC. Claim 7.3.(ii) is

proved under a more general setting in Claim 7.7. O

Lemma 5.1 will be proved by considering the case that 3i € N with A(¢, R)\ A(i,C) # 0. For
unmatched player i € Un(C), we have A(i, R) \ A(i,C) = (. Thus, letting Ny := N \ Un(C),”

"Ny # (), since we have assumed R # ), which excludes the inactive cases with Un(C) = N,
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we assume in the following that 3¢ € Ny with A(z, R) \ A(¢,C) # 0.

Claim 7.4. There existi € N1, h € A(i,C), and j € A(i, R) \ A(i,C) such that h >; j.
Proof. Assume on the contrary that

Vi€ Ny Vhe A(i,C) Vj € A(i, R)\ A(i,C), j =4 h. (1)
Since 3i € Ny with A(i, R) \ A(i,C) # 0, pick any ip € Ny and jo € A(ig, R) \ A(ip,C). Then
Jo =iy h for any h € A(ig,C). We note iy € A(jo, R) \ A(jo,C). From (1), ig >j, h for any
h € A(jo,C). Thus, jo >, p(io) and ig >j, w(jo) for any given € C. Let v be any matching
with v(ig, jo) = (jo,%0). Then vdom p via (i, jo). This contradiction deduces Claim 7.4. O

Let us write UD(C, IR[>-],>) as UD when no confusion arises. Note UD = C'U R. From
Claim 7.4, we may assume there are iy € M, jo € A(i1,C), and j; € A(i1, R) \ A(i1,C) with
Jo =iy Ji, (2)
#j € A(ir, UD) with jo >4, J > Ji- (3)
Applying the lattice property of C' (Proposition 5.1), define core matching u° € C by
p = Np € C | u(in) =i jo}-® We have (i, jo) = (jo, i1), since jo € A(i1,C).
Since j1 € A(i1, R) \ A(i1, C), pick any v € R with v!(i1,51) = (j1,41). Since p° and v! are

bijections over finite set N (= M U W), there exists a set S = {i1, ..., ik, jo, - -, jek—1} of 2k
players (including i;, jo, and j;) such that
M| >k > 2, {i1,....ix} © M, {jo,- .., jk—1} S W, (4)
pO (i, ji—1) = (e—1,ip) for t =1,...k, (5)
v (it ji) = (jurie) for t =1,...,k — 1; and v (ix, jo) = (jo, ix)- (6)
Claim 7.5. Fort=1,....,k, p°(it) =;, v1(it). Fort =0,....k—1, v*(ji) =5 ().

Proof. First we have u°(iy
If 1°(j0) = i1 =0 V°(Jo ix, then p®dom ! via (i1, jo). This contradicts v! € R c UD.
Thus, v1(jo) = ix =4, 1°(jo) = 41 [i-e., v1(jt) =j, u®(jr) for t = 0].
If vt (i) = jo =i, p°(ix) = jx_1, then v dom u° via (i, jo). This contradicts u® € C. Thus,
pO(ig) = jr—1 =i, v'(ix) = jo [i-e., uO(ir) =i, v'(iz) for t = k.
If p®(jr—1) = ix >j_, v'(jk—1) = ir—1, then p®domv?!
vt € UD. Thus, v'(jk—1) = ix—1 =j_, #00k—1) = ik [ie, v (Ge) =5, pO() for t = k — 1].

Claim 7.5 is proved by repeating the same argument. [

k

) = jo =iy v (i1) = ju [ie., pO(ie) =i, v (i) for ¢ = 1].
0 .

)

via (ig,jrk—1). This contradicts

From Claim 7.5 together with (4)and (5), we have j; € A(i2, C), j2 € A(i2, R), and j1 >i, jo.
However, js may not be ranked lower next to j; by iz in UD. We then carry out the Cycle search

procedure given below by setting counter ¢ := 1.

Cycle search procedure:
(i) Replace the indices of iy, jo, i2, and ji as follows: i} < i1, j;_1 < jJo, i1 < 42, jo < J1-
(ii) (Under the replaced indices,) let j; € A(i1, UD) be the element that is ranked lower next
to jo by ¢1 in UD.

8For any finite set of matchings S = {u1,..., i}, symbol AS denotes p1 A - -+ A .
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(iii) Since ji € A(i1, UD), pick any v**1 € UD with v'*1(iy, j1) = (j1,71)-

(iv) If j1 € {j5. .-, J/_1}, then set iy | « i1, j < jo, and quit the procedure.

(v) Let S = {i1, ..., ik, jo, ---, Jjk—1} be the set including i1, jo, and ji with properties
(4)—(6) [where v' is replaced with v**1]. Return to (i) with t .=t + 1.

Since player set V7 is finite, the Cycle search procedure will end in finite steps. We will

then obtain a set S* = {4}, ..., ,j. ..., j;,_, } such that

(M| 2 q 22 {if, 00, ) © M {Gigs 005, 3 E W, (7)
Ho(i;{h’j;(hfl) = (jl;kh,17i;fkh) for h = 1’ ttt 7q7 (8)
Vth(i?h7j£kh) = (]t*h7/[/z<h) for h = 17 i 'Jq - 17 a’nd th(i:fkq7jt*0) = (];072211) (9)

Since each v € UD for h =1, ..., ¢, Claim 7.5 holds for u° and each v*» and set S constructed
at Step (v) of each round. Furthermore, by Step (ii), the elements of S* satisfies

Jt,, is ranked lower next to j3, | by ij, in UD for h=1,...,q -1, (10)
ji, is ranked lower next to ji | by i in UD (for h = g), (11)
i, =5z, iy, forh=1,...,¢—1; and if =i, iy, - (12)

Define p* to be the matching such that

w*(i) := pu®(i) for each i € N\ S*,

Wiz, ji, ) = yth(ifh,jfh) = (ji,»if,) for {if, ,jf } € S* with h=1,...,¢ 1,

i) 1= Vi) = (i) for i} € S
This matching turns out to be a core matching in G.
Claim 7.6. u* is a core matching in UD regarding >, and pi* € C' = UD(IR[=], IR[S], ).
Proof. First, we will show p* € UD (= UD(C,IR[>],>)). The pairs formed by p* are those
formed by p® € C and {v",... v} C UD. Thus pu* € IR[~]. Assume on the contrary that
Jv € C with vdom p* via some pair (i,j) € M x W with v(i,j) = (j,4). If {i,7} C N\ S*, it
means that v dominates u® € C, which is a contradiction. If i € N\ S* and j = Ji, € STUW,
then v(i) =; p*(i) = p°(i) and v(j;) =i W (i) = if, =5z, ey = p0(j7,). This also
contradicts 4° € C. Next suppose i = if € S* N M and j = ji € S*NW. Since p*(i}.) = ji.
is ranked lower next to j; = p°(if ) in UD, if v(i} ) =i w0t (4f,), then v(if ) =i 10 (if) =ir
p*(i;.). As for gy , we have v(j} ) =i, wr(jt,) = ir, =i, iy = 10(j7, ). We can also deduce a
contradiction when 7 = iy, € S*N M and j € N\ S*. We have a contradiction for all possible
cases. Thus, v € C with vdom p*, i.e. u* € UD.

Since we have (10)—(12), it follows from Proposition 5.2 that p* is a core matching in UD

regarding >. From the definition of =, we have u* € C' (cf. Proposition 4.7.(ii)). O

Claim 7.7. CUAC = C. (cf. Proposition 4.7.(iv))

Proof. Assume that 3u € C'\ (C' U AC). Since p € IR[S] C IR, we have u € D(C,IR,>) or
p € UD (= UD(C,IR,>)). If p € D(C,IR, ), then 3v € C with vdom[>~] i via some (3, j).
Since C C UD and v € IR, we have v € IR[=]. This contradicts u € C. If u € UD, the
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assumption that p ¢ C UAC means p € R\ AC. Thus 3v € R with v dom[>] p via some (4, 7).
Since R C UD and v € IR, we have v € IR[~]. This contradicts u € C. A contradiction arises
for each possible case. Thus C CCUAC.

Assume Jp € (CUAC)\ C. Since € C UAC, we have p € IR[=]. Thus, Iv € IR[S]
with v dom[>] i via some (i,7) with v(i,7) = (j,7). This implies that 30/ € UD with /(i j) =
v(i,j) = (j,i) and v/ dom[>] p via (¢, 7). Note C C UD(UD, IR, >). If u € C, then v/ =dom[>] p
for any v/ € UD. This means p ¢ C, and thus u € AC. Since AC C R C UD, we have v/ € R.
However, we cannot have v’ dom[>] p, since p € AC = UD(R, R, >). Hence, C UAC C C. O

We finally prove that the core C of G is a strict subset of the core C' of G. This completes
the proof of Lemma 5.1.

Claim 7.8. p* € AC = UD(R, R,>), and thus C C C UAC = C.
Proof. Suppose {i],ji} € S*. This pair, reindexed by the Cycle search procedure, has the
property that ji € A(i7, R) \ A(i],C). Thus, there is no core matching in C' that contains pair
(17, j7)- However, p* € C from Claim 7.6. Thus we have p* € AC from Claim 7.7.

If {i}, 7} ¢ S*, then {i], j5} N S* = () from the definition of S*. (Recall that i} and jj was
indexed as i and jo when they were first picked up.) From (7)-(12) and the definition of p*,

p0(i7) = jg = w*(37) (13)
pP(i) =; p*(i) for each i € M, (14)
uP (i) =; p* (i) for each i € S* N M. (15)

If p* € C, then p* € {n € C | p(i}) =i j5} from (13). From the definition of 1%, we then have
w*(i) =; p°(i) for each i € M, which contradicts (15). However, u* € C from Claim 7.6. Thus
w* € AC from Claim 7.7. The proof of Claim 7.8 is completed. [J
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