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Today, typing
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type check!global 
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type

program

local  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type check!
program



Agenda

• Processes vs types : an intuition 

• What can go wrong? 

• Typing 

• Sending session types



Processes vs types
(⌫s) s[A]!hB, 10i.s[A]&(C, {li : Pi}i2{1,2})

| s[B]?(A, x).s[B]!hC, xi.Q
| s[C]?(B, y).if (y < 50) then s[C]� hA, l1i.R1

else s[C]� hA, l2i.R2

| s : ;
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Processes vs types
(⌫s) s[A]!hB, 10i.s[A]&(C, {li : Pi}i2{1,2})

| s[B]?(A, x).s[B]!hC, xi.Q
| s[C]?(B, y).if (y < 50) then s[C]� hA, l1i.R1

else s[C]� hA, l2i.R2

| s : ;

?hB, Inti. � hA, {li : T 0
i}i2{1,2}i

• how about select?

• receive actual value (instantiated in the continuation) 
• let sent values depend on previous interactions

• send actual value (hopefully well-typed) 
• branching is very similar



Wrapping up: processes vs types

• specification vs execution 

• programs can implement many sessions  
 

• types vs actual values 

• non-determinism vs conditional  

• delegation (will see…) 



Agenda

• Processes vs types : an intuition 

• What can go wrong? 

• Typing 

• Sending session types



What can go wrong?

communication mismatch

unexpected behaviour

deadlock

communication safety

session fidelity

progress



Communication safety

• label mismatch
s[p]&(q, {li : 0}i2{1,2,3}) | s[q]� hp, l4 : 0i

s[p]?(q, x).s0[r]!hs, x+ 1i.0 | s[q]!hp, “Apple”i.0

• wrong values applies to an operator (e.g., in an 
expression)

s[p]?(q, x).0 | s[q]!hp, “Apple”i.0
• the exchanged data does not have the expected type

• Type errors



• Linearity errors

Communication safety

s[p]?(q, y).P | s[p]?(q, y0).P 0

s[p]!hq, vi.P | s[p]!hq, wi.P 0

• Would this be bad?

s[p]!hq, vi.P | s : (p, q, w)



Progress
• Processes that get stuck

a[A](y).a[A](y0).y!hB, 5i.y?(B, x).0

a[B](y).a[B](y0).y?(A, x).y!hA, xi.0s[B]?(A, x).s[B]!hA, xi.0

s[A]?(B, x).s[A]!hB, 5i.0



Typing rules 

� ` P .�

typing environment session environment

service names u : <G>!
variables x : S and X : S T

“ongoing” sessions c : T



Typing rules 

� ` P .�

typing environment session environment

“ongoing” sessions c : T

[Macc] � ` u : hGi � ` P .�, y : G � p
� ` u[p](y).P .�

service names u : <G>!
variables x : S and X : S T



Typing rules 

� ` P .�

typing environment session environment

“ongoing” sessions c : T

[Send]

� ` e : S � ` P .�, c : T

� ` c!hp, ei.P .�, c :!hp,S i.T

[Rcv]

service names u : <G>!
variables x : S and X : S T

�, x : S ` P .�, c : T

� ` c?(p, x).P .�, c :?(p,S ).T



Typing rules 

[Branch]
� ` Pi .�, c : Ti 8i 2 I

� ` c&(p, {li : Pi}i2I) .�, c : &(p, {li : Ti}i2I)

� ` P .�

typing environment session environment

“ongoing” sessions c : Tservice names u : <G>!
variables x : S and X : S T



Example

A ! S : hStringi.
S ! {A, B} : hInti.
A ! B : hInti.
B ! {S, A} : {ok : B ! S : hStringi.

S ! B : hDatei.end,
quit : end}

G =



Example
G � A = !hS,Stringi. ?(S, Int). !hB, Inti. &(B, {ok : end, quit : end})

� ` a[A](y).PA . ;

� ` a : hGi � ` PA . y : G � A A 2 P(G)
[Macc]

PA = y!hS, “Notes from the Underground”i.
y?(S, x

quote

).
y!hB, x

quote

div 2i.
y&(B, {ok : 0, quit : 0})



Example
G � A = !hS,Stringi. ?(S, Int). !hB, Inti. &(B, {ok : end, quit : end})

PA = y!hS, “Notes from the Underground”i.
y?(S, x

quote

).
y!hB, x

quote

div 2i.
y&(B, {ok : 0, quit : 0})

[Send]

� ` “Notes from the Underground” : String
� ` y?(S, x

quote

).P 00
A . y :?(S, Int).T 00

A

� ` y!hS, “Notes from the Underground”i.P 0
A . y :!hS,Stringi.T 0

A



Example
G � A = !hS,Stringi. ?(S, Int). !hB, Inti. &(B, {ok : end, quit : end})

� ` “Notes from Underground” : String
� ` y?(S, x

quote

).P 00
A . y :?(S, Int).T 00

A

[Rcv]
�, x

quote

: Int ` y!hB, x
quote

div 2i.P 000
A . y :!hB, Inti.T 000

A

�, x
quote

: Int ` x

quote

div 2 : Int

PA = y!hS, “Notes from the Underground”i.
y?(S, x

quote

).
y!hB, x

quote

div 2i.
y&(B, {ok : 0, quit : 0})



Example
G � A = !hS,Stringi. ?(S, Int). !hB, Inti. &(B, {ok : end, quit : end})

�, x
quote

: Int ` y!hB, x
quote

div 2i.P 000
A . y :!hB, Inti.T 000

A

�, x
quote

: Int ` x

quote

div 2 : Int

�, x
quote

: Int ` P

000
A . y : T 000

A

�, x
quote

: Int ` x

quote

div 2 : Int

[Send]

PA = y!hS, “Notes from the Underground”i.
y?(S, x

quote

).
y!hB, x

quote

div 2i.
y&(B, {ok : 0, quit : 0})



Example
G � A = !hS,Stringi. ?(S, Int). !hB, Inti. &(B, {ok : end, quit : end})

[Branch]
�, x

quote

: Int ` y&(B, {ok : 0, quit : 0} . y : y&(B, {ok : end, quit : end})

�, x
quote

: Int ` 0 . y : end �, x
quote

: Int ` 0 . y : end
[Inact]--

PA = y!hS, “Notes from the Underground”i.
y?(S, x

quote

).
y!hB, x

quote

div 2i.
y&(B, {ok : 0, quit : 0})



The whole tree

� ` y?(S, x
quote

).P 00
A . y :?(S, Int).T 00

A

�, x
quote

: Int ` y!hB, x
quote

div 2i.P 000
A . y :!hB, Inti.T 000

A

�, x
quote

: Int ` x

quote

div 2 : Int

[Send]

[Rcv]

�, x
quote

: Int ` y&(B, {ok : 0, quit : 0} . y : y&(B, {ok : end, quit : end})

�, x
quote

: Int ` 0 . y : end �, x
quote

: Int ` 0 . y : end
[Inact]

--

[Branch]

� ` y!hS, “Notes from the Underground”i.P 0
A . y :!hS,Stringi.T 0

A

[Send]



Typing rules 

� ` P .�
typing environment session environment

[Sel]
� ` P .�, c : Tj j 2 I

� ` c� hp, lji.P .�, c : �(p, {li : Ti}i2I)

[Cond]
� ` e : bool � ` P .� � ` Q .�

� ` if e then P else Q .�



Example

� ` if x > 0 then y � hp, l1 : P1i else y � hp, l2 : P1i . y : �hp, {li : Ti}i2{1,2,3}i)
[Cond]

� ` y � hp, l2 : P2i . y : �hp, {li : Ti}i2{1,2,3}i)
� ` y � hp, l1 : P1i . y : �hp, {li : Ti}i2{1,2,3}i)

� ` y � hp, l1 : P1i . y : �hp, {li : Ti}i2{1,2,3}i)
[Sel]

� ` P1 . y : T1 1 2 {1, 2, 3}



Typing rules 

� ` P .�

typing environment session environment

“ongoing” sessions c : T

[Conc]
� ` P .� � ` Q .�0

dom(�) \ dom(�

0
) = ;

� ` P | Q .�,�0

service names u : <G>!
variables x : S and X : S T



Typing rules 

� ` P .�
typing environment session environment

[Def]

� ` e : S � end only

�, X : S T ` Xhe, ci .�, c : T

�, X : S t, x : S ` P . y : T �, X : S µt.T ` Q .�

� ` X(x, y) = P in Q .�

[Var]
� ` def X(x, y) = P in Q .�



Example (1/2) 
derivation with recursive type

from [Yoshida@SFM’14] (lecture slides)

�, X : S t, x : S ` P . y : T �, X : S µt.T ` Q .�

� ` X(x, y) = P in Q .�� ` def X(x, y) = P in Q .�



from [Yoshida@SFM’14] (lecture slides)

Example (2/2) 
derivation with recursive type

�, X : S t, x : S ` P . y : T �, X : S µt.T ` Q .�

� ` X(x, y) = P in Q .�� ` def X(x, y) = P in Q .�

� ` e : S � end only

�, X : S T ` Xhe, ci .�, c : T



The properties more formally
•  Subject Reduction!

• session fidelity 
• communication safety 

• error-freedom  
• linearity 

• Progress



Subject Reduction

P 0
*

� ` P 0 .�0

)

*

� ` P .�

Subject reduction

Yields : Communication Safety & Session fidelity

Subject congruence

� ` P .�⌘

P 0� ` P .�



Progress
a : G ` P1 | . . . | Pn . ;

• each role of G is implemented by (exactly one) Pi 

• no name hiding, no starting new sessions

P1 | . . . | Pn !+ Q

Q ⌘ 0

9R.Q ! R[Honda,Yoshida,Carbone@POPL’08]

implies either

[Coppo et al.@CONCUR’08] interaction typing system  
guarantees progress for interleaved sessions



Agenda

• Processes vs types : an intuition 

• What can go wrong? 

• Typing 

• Sending session types



Sending session types
G ::= p ! q : hU i.G

| p ! q : {li : Gi}i2I

| µt. G
| t
| end

Int | . . . | T | G

• What is a value of type G ?

• A service (shared) channel!

A ! B : hGi.end• e.g.,



Programs
P ::= u[p](y).P

| u[p](y).P
| c!hp, ei.P
| c?(p, x).P
| c� hp, li.P
| c&(p, {li : Pi}i2I)
| c!hhp, s0[p0]ii.P
| c?((p, y)).P
| if e then P else Q

| P | Q
| 0
| (⌫a)P
| def D in P

| Xhe, ci



Example: sending type G

(⌫s)((⌫a)s[A]!hB, ai.a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : ;
�!

(⌫s)((⌫a)a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : (A, B, a)
�!

(⌫s)(⌫a) a[A](y).P | a[B](y).Q | s : ;
�!

(⌫s)(⌫a)(⌫s0) P [s0[A]/y] | Q[s0[B]/y] | s0 : ; | s : ;

A ! B : hGi.end



Example: sending type G
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Example: sending type G

(⌫s)((⌫a)s[A]!hB, ai.a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : ;
�!

(⌫s)((⌫a)a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : (A, B, a)
�!

(⌫s)(⌫a) a[A](y).P | a[B](y).Q | s : ;
�!

(⌫s)(⌫a)(⌫s0) P [s0[A]/y] | Q[s0[B]/y] | s0 : ; | s : ;

)



Example: sending type G

(⌫s)((⌫a)s[A]!hB, ai.a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : ;
�!

(⌫s)((⌫a)a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : (A, B, a)
�!

(⌫s)(⌫a) a[A](y).P | a[B](y).Q | s : ;
�!

(⌫s)(⌫a)(⌫s0) P [s0[A]/y] | Q[s0[B]/y] | s0 : ; | s : ;



Example: sending type G

(⌫s)((⌫a)s[A]!hB, ai.a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : ;
�!

(⌫s)((⌫a)a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : (A, B, a)
�!

(⌫s)(⌫a) a[A](y).P | a[B](y).Q | s : ;
�!

(⌫s)(⌫a)(⌫s0) P [s0[A]/y] | Q[s0[B]/y] | s0 : ; | s : ;



Example: sending type G

(⌫s)((⌫a)s[A]!hB, ai.a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : ;
�!

(⌫s)((⌫a)a[A](y).P ) | s[B]?(A, x).x[B](y).Q | s : (A, B, a)
�!

(⌫s)(⌫a) a[A](y).P | a[B](y).Q | s : ;
�!

(⌫s)(⌫a)(⌫s0) P [s0[A]/y] | Q[s0[B]/y] | s0 : ; | s : ;



Sending session types
G ::= p ! q : hU i.G

| p ! q : {li : Gi}i2I

| µt. G
| t
| end

Int | . . . | T | G

• If I need to send a value of type T…what should I send? 

• a session channel with role e.g, s[p] 

• its type T  is the remaining (delegated) behaviour



Delegation

channel delegation 
channel reception

P ::= u[p](y).P
| u[p](y).P
| c!hp, ei.P
| c?(p, x).P
| c!hhp, s0[p0]ii.P
| c?((p, y)).P
| . . .

s[p]!hhq, s0[p0]ii.P | s : h �! P | s : h · (p, q, s0[p0])

s[p]?((q, y)).P | s : (p, q, s0[p0]) · h �! P [y/s0[p0]] | s : h

[Deleg]

[SRcv]



Example (delegation and types)

G1 G2
B ! C : hStringi.
B ! C : hT i.
C ! B : {ok : end

quit : end}

A ! S : hStringi.
S ! {A, B} : hInti.
A ! B : hInti.
B ! S : {ok : B ! S : hStringi.

S ! B : hDatei.end,
quit : end}

T = �hS, {ok : !hS,Stringi.?(S,Date).end, quit : endi



Example (delegation and processes)

Seller = a[S](y).y?(A, xtitle).y!h{A, B}, getPrice(xtitle)i.
y&(B, {ok : y?(B, address).y!hB, today() + 5i.0,

quit : 0})

A ! S : hStringi.
S ! {A, B} : hInti.
A ! B : hInti.
B ! S : {ok : B ! S : hStringi.

S ! B : hDatei.end,
quit : end}



Example (delegation and processes)
A ! S : hStringi.
S ! {A, B} : hInti.
A ! B : hInti.
B ! S : {ok : B ! S : hStringi.

S ! B : hDatei.end,
quit : end}

Alice = a[A](y).
y!hS, “Flatland : A Romance of Many Dimensions”i.
y?(S, x

quote

).
y!hB, x

quote

div 2i.0



Example (delegation and processes)
A ! S : hStringi.
S ! {A, B} : hInti.
A ! B : hInti.
B ! {S, A} : {ok : B ! S : hStringi.

S ! B : hDatei.end,
quit : end}

Bob = a[B](y).y?(S, x
quote

).y?(A, x
contrib

).
if (x

quote

� x

contrib

< 100)
then

y � h{S, A}, oki.
y!hS, “Via dei matti 0”i.
y?(S, x

date

).0
else

b[B](z).z!hC, x
quote

� x

contribution

� 99i.
z!hhC, yii.
z&(C, {ok : 0, quit : 0})

B ! C : hInti.
B ! C : hT i.
C ! B : {ok : end,

quit : end}



Example (delegation and processes)

T = �h{S, A}, {ok :!hS, stringi.?(S, date).end, quit : endi

B ! C : hInti.
B ! C : hT i.
C ! B : {ok : end,

quit : end}

Carol = b[C](z).z?(B, x).z?((B, t)).
if (x < 100)
then

z � hB, oki.t� h{S, A}, oki.
t!hS, “28 thOctober & Makarios III Ave,Cyprus 00i.
t?(S, xdate).0

else

z � hB, quiti.t� h{S, A}, quiti.0



Typing delegation

[Srcv]

[Deleg] � ` P .�, c : T

� ` c!hhp, c0ii.P .�, c :!hp,Ti, c0 : T

� ` P .�, c : T, y : T

� ` c?((p, y)).P .�, c :!(p,T)
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