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Expressiveness of Higher-Order Sessions

v

The HOm, higher order session typed m-calculus

v

Combines the m-calculus and the A-calculus

v

Bridge the gap between processes and functions

v

Expressiveness in the presence of session types

v

The encodings are forced to follow session typed properties



The \ and the 7

A

Mx.Nm —  N{M/x}

Ax. NM - —  N{M/x}

?

n?(x).P | n{{m).0 —  P{M/x}

?

n?(x).P|nl{(m.0|Q — P{Mx}|Q



The m-calculus - Syntax

n = ab | 55

V.W = n | x

P,Q n= u?(x).P |
| ugl.P |

ul(V).P |

un {/; : P;},‘e/

PlQ | (wnmP | 0
| X | pX.P



The HO-calculus - Syntax

Ax. P

ul(V).P |

n = ab | 55

vV.w o= x|

P,Q n= u?(x).P |
| ugl.P |

un {/; : P;},‘e/

PlQ | (wnmP | 0

Vu



The HOm-calculus - Syntax

n = ab | 55

V.W == n | x |

P,Q n= u?(x).P |
| ugl.P |

Ax. P

ul(V).P |

un {/; : P;},‘e/

PlQ | (wnmP | 0
| X | wX.P | Vu



The HO7 typing system

C = S| (S | (L) L == C—oo | C—o0
= c | L
S u= NU;S | NULS | @{li:Stier | &{li:Sities
| pt.S | t | end
[:  Shared environment

A, A : Linear environments

Typing Judgements:

LAAEPBo NAAFVBU



The HO7 labelled transitions semantics

Definition (Labelled Transition Semantics)

[APP] [OuT]

Ax. Pn == P{/x} n(v).p ™% p

PP Q5 Q  n=o

[Tau] = i y
P | Q — (vbn(41) Ubn(L))(P' | Q)

Definition (Typed Labelled Transition Semantics)
If P55 P and (I, A) -5 (T, A') then T;0; A - P -5 A P'.



Expressiveness in the HO7

/ HO7* \
HO% ‘%O% Identity encoding —
HO~x Precise encoding —
T :{/__ o N\.\;HO Derivable encoding  **="=* >

Encodability in Higher-Order Sessions. (Precise encoding is defined
later)



Why typed expressiveness?

Let (untyped) mapping [] : HOm — HO such that:
[s!(n).P] ‘< s2(x).([P] | x n)
[s7(n).Q] € s!(Ax.[Q]).0
Semantic correspondence:
si(n).P | s?(n).Q — P | Q{"/x}

[s!(n).P | s?(n).Q] £ s?(x).([P] | xn) | s'(Ax.[Q]).0

— [P]| Ax.[Q]n
— [PT[QN"/x}



Why typed expressiveness?

Let (untyped) mapping []: HO® — HO such that:
[s!(n).P]"E s2(x).([P] | x n)
[s7(n).Q] "= s!(Ax.[Q]).0
The session type behaviour is reversed:

r1;®;A1‘52!<U1>;51 F P p>o
F2;0; A2 -5:2(Uh); S F [P] po

Need encoding criteria for behaviour preservation.




Typed Encoding

Definition (Typed Calculus)
A typed calculus £ is a tuple (C, T, —, =, F).

Definition (Typed Encoding)

Let:
> L= (Ci,Ti,—i, =i,y €12
> []1:G— G
> ()T =T

We write:
(1)) < £ L2

for the type encoding of £; into L.



Encoding Criteria - Syntax Preservation

Definition (Syntax Preservation)

Typed encoding ([],(-)) : £1 — L2 is syntax preserving whenever:

1. Homomorphic wrt parallel, if {T'); 0; (A1 - A2) F2 [Py | P2 > o
then (F), @; (Al) . (AQ) > [P1] | [PQ] > <.

2. Compositional wrt restriction, if (I'); 0; (A) k2 [(v n)P]> o
then (); 0; (A) b2 (v n)[P] > o.

3. Name invariant, if {(o(T)); 0; (c(A)) 2 [o(P)] > ¢ then
a((r)); 0; a((A)) F2 o([P]) > ©, for any injective renaming of names o.



Encoding Criteria - Type Preservation

Definition (Type Preservation)

The typed encoding ([],(-)) : £1 — L> is typed preserving if for every k-ary
type op operator in 71 it holds that:

{op(T1,..., Tk)) = op({T1), - - ., (Tx))
Example
Let mapping (-) : 71 — 7> that includes definition:

(H(U): T) = 2((UY):(T)

Then (-) is not typed preserving.



Encoding Criteria - Semantic Preservation

Definition (Semantic Preservation)
Typed Encoding ([], (-)) : £1 — L2 is semantic preserving if:

> Type Soundness,
if [;0; A1 P>othen (I); 0; (A) F2 [P]>©

» Barb Preserving,
if [,0; A1 P, then (T),0; (A) F1 [P] Un

» Operational Correspondence, if I';0; A 1 P> o then

» Complete, if [;0; Ay P — T;0; A’ -1 P' then 3Q, A” such
that (I); 0; (A)[P] —* (T); 0; (A”) 2 Q and
(r); 0; (A”) 2 Q =2 (A) 2 [P']

» Sound, if ('); 0; (A)[P] —* (I); 0; (A”) 2 Q then A’ P’
such that I;0: A P —T;0; A’ P’ and
(r); 0; (A") 2 Q ~5 (A') 2 [P']

» Full Abstraction,
M 0; Al Pay Ay Qff(T); 0; (A) F2 [P] &2 (A') F2 [Q]



Encoding Criteria: Precise Encoding

Definition (Precise Encoding)

A typed encoding is called precise if it is syntax preserving, type
preserving, and semantic preserving.

Definition (Minimal Encoding)

A typed encoding is called minimal if it is parallel homomorphic,
barb preserving, and operationally complete.



Encoding: HOw — HO

Let ([],(-)) : HOm — HO such that:
[w).Plr Z whz. (22(x).x w)).[P]
[W?2(x).Plr “E  u?(y).(vs)(ys|s(Ax.[P]).0)

(1(S): ') “E K2((S)—o0); end); (S)
(2(5):S") E 2(2((S)—0); end); (S)

Pack a name w into abstraction Az. (z?(x).x w)
Unpack and substitute using process passing and application.

Typing mapping lifts the type of the name by an order.



Encoding: HOw — HO

Let ([],(-)) : HOm — HO such that:

XPlr = (ws)EAALY)- y2(2x)- [[Plr x| )0
s?(zX).[P]f,{XHﬁ}) (Fl = fn(P))
Xlr £ (vs)(zx (i) |
Il y)- zx (|, ¥))-0) (/= £(X))

(F-X:A) £ (M) zx: (8, ut.?(5, t—0); end)—o

Recursion is encoded into a higher order session typed replicator.

Type encoding reveals a non-tail recursive type.



Encoding: HOw — «

Let ([1,(:)) : HOm — 7 such that

-9
h

"X Q).P] = (va)(nXa).[P]| = a?(y).y?(x)[Q]) s ¢ fn(Q)
[(Ox.Q).P] *=  (va)(n!(a)[P]] a2(y)y?(x)QD s € £n(Q)
[xul ‘€ (vs)(x!(s).5(u).0)
Px.Pul = (vs)(s?(x).[P]|3!(u).0)

113
h

(! (S1—0); S2)
(?(S1—0); S2)

H{?2((S1)); end); (S2)
?2(?((S1)); end); (S2)

[<%
12



Negative Result: HOm 4 HO7
Definition
Let HO7—*" be the HO7 without shared names.

Lemma (Determinacy)
Let P a HOT ™" process. If P —* P’ then P ~ P’ (only session transitions).

Theorem
There exists no typed, minimal encoding ([, {-)) : HOm — HO7 =",

Proof (Sketch).
Let ([],(-)) : HOm — HOm® " and P = a!(s).0 | a?(x).n!(h).0 | a?(x).0.

P — Siln implies [S1] Un (barb preservation) (1)
P — 52 u{n (2)

From operational completeness [P] —* [S1] and [P] —™ [S2], so
[S1] = [S2] (determinacy) 3)

(1) and (3) implies [S2] Un, which contradicts with (2). O



Extensions - The HOxm " -calculus

vV, W
P,Q

[Mx. P Ay. Q]
(L=)

a,b | s,5 uw = n | x,y,z
u | Ax.P

W(x).P | ul{V).P | uv{h: P}
u<lP | P|Q | (wn)P | 0O

X | uXP | [V W]

(v 5)(s7(x)-[P] | s1(Ay-[Q))-0)

(?(L); end)—o



Extensions - The HO7-calculus

n == ab | s53 u,w = n | x,y,z
v
P,Q == u?(x).P | u{V).P | uv{li:Pi}ic
|  u<alP | P|Q | (vwn)P | O
| X | uX.P | Vu
Px.Pid  E (vs)(s?2(%).[P] | 57(d).0)
(C—0) = (2(€); end)—o
[s!(A).P] = sl{m).s{m)....[P]
((0;S) "= 1)) H(L)): - (S)



Extensions - The HO 7 "-calculus

n == ab | s uw = n | x,y,z
VLW a= |d | ARP
P, Q u?(x).P | ul{V).P | uv{li:Pitic

u<lP | P|Q | (wn)P | 0O

X | pX.P | [V W]



Comparing HO and 7

Definition (Labelled Correspondence)
Assume L; = (C;, Tj, i),z,—,l—,-), encoding ([],(-)) : £1 — L2, and
{3 : A1 — A with ¢ € A, If T;0; A+ P o then
> Complete, if T;0; A1 P BN I 0; A" -1 P’ then 3Q, A” such that
(r): 0; (A)[P1 L2 (1); 0;(A") 2 Q and
(r); 0; (A") F2 Q =2 (A') 2 [P].
> Sound, if (I); 0; (A)[P] 22 (r); 0; (A”) F» Q then 3A’, P’ such that
Fro; A P SN M 0; A" 1 P and (T); 0; (A") 2 Q = (A') k2 [P']

Definition (Tight Encoding)

An encoding ([], (-)) : £1 — L2 is tight if it is precise and for some
{-} : A1 — A it satisfies labelled correspondence.



Comparing HO and 7

> Encoding ([]r,(-)) : HO® — HO is tight
> Encoding ([],(:)) : HOm — 7 is not tight

> Encoding ([],(:)) : HOm — 7 often creates the garbage process
xa?(y).y?(x).[C]

» The HO-calculus includes (most of) the A-calculus
» The m-calculus needs to encode the A-calculus.

» But sending names is more economical than sending processes



Summary

» Expressiveness results for higher-order process calculi in the
presence of (session) types

> New encoding criteria: behaviour preservation

» Precise and tight encodings: syntactic, typing, semantic
preservation

» The HO is a minimal higher-order process calculus with higher
order message passing and name abstraction/application that
can tightly express name passing and recursion

> Minimal Encoding: negative results - cannot encode shared
names into session names



