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Motivation

I Composition synthesis = relativized inhabitation

I the method is based on combinatory logic and intersection types

I by understanding components as classes and mixins, we propose an
application of the inhabitation method to libraries for
object-oriented programming languages



Synthesis via inhabitation

Semantic specification:

succ : (Int→ Int) ∩ (Odd→ Even) ∩ (Even→ Odd)

Consider a typing
Γ ` e : τ

where e is a combination of the variables xi such that xi : σi ∈ Γ.

I variables xi are names of components, with specifications σi

I Γ is the interface of a repository to build the program e satisfying
the specification τ

Solving the inhabitation problem

Γ ` ? : τ

is the same as synthesizing the program e.



The calculus ΛR

Terms:

M,N ::= x | λx .M | MN | R | M.a | M ⊕R term

R ::= 〈`i = Mi | i ∈ I 〉 record

The empty record 〈`i = Mi | i ∈ ∅〉 ≡ 〈〉.

Reduction:

(β) (λx .M)N −→ M{N/x}

(R1) 〈`i = Mi | i ∈ I 〉.`k −→ Mk if k ∈ I

(R2) 〈`i = Mi | i ∈ I 〉 ⊕ 〈`j = Nj | j ∈ J〉

−→ 〈`i = Mi , `j = Nj | i ∈ I \ J, j ∈ J〉



Intersection types

Types:

σ, τ ::= α | a | ω | σ → τ | σ ∩ τ | ρ type

ρ ::= 〈〉 | 〈` : σ〉 | ρ1 ∩ ρ2 record type

Semantics:

[[〈〉]] = {M | ∃R. M −→∗ R & R is a record}
[[〈` : σ〉]] = {M ∈ ΛR | M ∈ [[〈〉]] & M.` ∈ [[σ]]}

Interpreting ≤ by ⊆ we have:

〈` : σ〉 ≤ 〈〉
〈` : σ〉 ∩ 〈` : τ〉 = 〈` : σ ∩ τ〉

σ ≤ τ ⇒ 〈` : σ〉 ≤ 〈` : τ〉



Typing rules

Rules:

Γ ` 〈〉 : 〈〉

Γ ` M : σ ` = M ∈ R

Γ ` R : 〈` : σ〉

Γ ` M : 〈` : σ〉

Γ ` M.a : σ

If we abbreviate
〈`i : σi | i ∈ I 〉 ≡

⋂
i∈I

〈`i : σi 〉

then we get by ∩-introduction:

Γ ` Mj : σj ∀i ∈ J ⊆ I

Γ ` 〈`i = Mi | i ∈ I 〉 : 〈`j : σj | j ∈ J〉

Note that possibly J ⊂ I .



Typing rules for ⊕ (merge)

Define
`(〈`i = Mi | i ∈ I 〉) = {`i | i ∈ I}

Γ ` M : 〈〉 Γ ` R : 〈` : σ〉
(⊕ 1)

Γ ` M ⊕ R : 〈a : σ〉

Γ ` M : 〈a : σ〉 ` 6∈ `(R)
(⊕ 2)

Γ ` M ⊕ R : 〈` : σ〉

so that the following rule is admissible

Γ ` M : 〈`i : σi | i ∈ I 〉 Γ ` R : 〈j : τj | j ∈ J〉 I ∩ `(R) = ∅

Γ ` M ⊕ R : 〈`i : σi , `j : τj | i ∈ I \ J, j ∈ J〉



A combinatorial view of classes and mixins

C 3 C ::= Y(λself.〈mi = bi | i ∈ I 〉)
⋃

i fv(bi ) ⊆ {self}

∆ ::= 〈nj = bj | j ∈ J〉
⋃

i fv(bi ) ⊆ {self, super}

M 3 M ::= λsuper.Y(λself. super ⊕ ∆)

M C

−→β Y(λself′. C ⊕ ∆′) ∆′ ≡ ∆{C/super}
−→β Y(λself′. 〈mi = b′i | i ∈ I 〉 ⊕ ∆′) b′i ≡ bi{C/self}
−→⊕ Y(λself′. 〈mi = b′i , nj = b′j | i ∈ I \ J, j ∈ J〉)

⋃
k∈I∪J fv(b′k) ⊆ {self′}

hence a mixin is a function of classes.



Remark

In the definition of mixins:

λsuper.Y(λself. super ⊕ ∆)

we have static binding of self, like with C++ non-virtual methods.

A definition closer to Cook and other’s model is:

Cs 3 Cs ::= λself.〈mi = bi | i ∈ I 〉
⋃

i fv(bi ) ⊆ {self}

∆ ::= 〈nj = bj | j ∈ J〉
⋃

i fv(bi ) ⊆ {self, super}

Ms 3 Ms ::= λsuperλself. (super self) ⊕ ∆

I advantages: this models the late binding of self in the super-class,
like with Java methods;

I disadvantages: types are much more complex.



Typing classes and mixins with intersection types

To type the class C ≡ Y(λself.R) ∈ C consider:

Y : (ω → ρ1) ∩ (ρ1 → ρ2) ∩ · · · ∩ (ρn−1 → ρn)→ ρn

We have to find ρ0 = ω, ρ1, . . . , ρn = ρ such that

self : ρi ` R : ρi+1 ∀i < n

` λself.R : (ω → ρ1) ∩ (ρ1 → ρ2) ∩ · · · ∩ (ρn−1 → ρn)

A way to generate the ρi is to define R0 ≡ Ω, and Rn+1 ≡ R{Rn/self}:

Fact

I self : ρi ` R : ρi+1, and hence ` Ri+1 : ρi+1 for all i < n

I C : ρ if and only if ρn ≤ ρ for some n.



Typing classes and mixins with intersection types

Let M ≡ λsuper.Y(λself.(super ⊕ ∆))

super : ρ, self : ρ1 ` ∆ : ρ′1 `(ρ) ∩ `(∆) = ∅

super : ρ, self : ρ1 ` super ⊕ ∆ : ρ ∩ ρ′1
super : ρ ` λself. (super ⊕ ∆) : ρ1 → ρ ∩ ρ′1

Setting ρ2 = ρ ∩ ρ′1 we obtain the typing

super : ρ ` λself. (super ⊕ ∆) : ρ2 → ρ ∩ ρ′2

So

super : ρ ` λself. (super ⊕ ∆) : ρi → ρ ∩ ρ′i i = 1, . . . , n

super : ρ ` Y(λself. (super ⊕ ∆)) : ρ ∩ ρn

` M : ρ→ ρ ∩ ρn



The synthesis by inhabitation problem for mixins

Given a collection of classes and mixins with the respective types:

M1 : σ1, . . . ,Mh : σh,C1 : τ1, . . . ,Ck : τk

solve the inhabitation problem

x1 : σ1, . . . , xh : σh, y1 : τ1, . . . , yk : τk ` ? : τ

and then replace xi 7→ Mi and yj 7→ Cj .

Remark:

I in practice the goal is τ = ρ (a record type),

I the synthesized class C has the shape

(Mi1 ◦ · · · ◦Min)Cj



The tool



Future directions

I to relate intersection types to F-bounded types, to extract
automatically the specifications of classes and mixins

I to consider mixins with arity greater than one, and in general other
forms of modules

I to develop synthesis of Java code via staged composition synthesis


