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Abstract

Latent Gaussian models (LGMs) are extensively used in data analysis given their flexible mod-
eling capabilities and interpretability. The fully Bayesian treatment of LGMs is usually intractable,
and therefore it is necessary to resort to approximations. This paper proposes the use of stochastic
simulations based on Markov chain Monte Carlo (MCMC) methods for small to moderately sized
data sets and for LGMs comprising a set of parameters that prevents the use of quadrature tech-
niques. We discuss the challenges in applying MCMC methods to LGMs and compare different
strategies based on efficient parametrizations and efficient proposal mechanisms. Extensive eval-
uation on simulated and real data suggests a sampling strategy that achieves high efficiency with
moderate cost compared to state-of-the-art methods for the fully Bayesian treatment of LGMs.



1 Introduction

Bayesian inference represents one of the important paradigms for data analysis as it provides powerful
tools to carry out inference in complex models. In a Bayesian treatment, all quantities in the model
are interpreted as random variables, and probability distributions over parameters of interest are
obtained after data are observed. In contrast with point estimates, this allows to quantify uncertainty
in parameter estimates and to obtain predictive distributions thus making it possible to balance the
cost of decisions. Although the probabilistic framework yields a rich and highly interpretable model
description, from the computational perspective the inference problem in complex systems is usually
challenging. In particular, the inference problem amounts in solving integrals of functions that, in
typical real applications, are defined on large dimensional spaces and are analytically intractable.
In order to get around this intractability, deterministic approximations or approximations based on
stochastic simulations have been proposed in the literature (see, e.g., Bishop (2007) for an overview).

In this paper, we will focus on Latent Gaussian Models (LGMs), which is a class of models that
is fairly popular in data analysis due to the associated interpretability and flexibility. From the
modeling perspective, LGMs are quite simple and akin to Generalized Linear Models (Nelder and
Wedderburn, 1972). In LGMs, observations (e.g., class labels or counts) are associated to input
data (e.g., patients or spatial locations) described by means of a set of covariates. Observations are
assumed conditionally independent given a set of latent variables, and distributed according to a
certain distribution depending on the particular type of data, e.g., Bernoulli for binary labels and
Poisson for observations in the form of counts. Latent variables are assigned a Gaussian Process (GP)
prior, which implies joint normality due to the properties of marginals of Gaussian distributions. The
covariance structure of the latent variables is then parametrized by a set of (hyper)-parameters that
characterizes the covariance of the input data in terms of length-scales and intensity of interaction.
In fact, the prior over the latent variables can be interpreted as a prior over functions, and hyper-
parameters specify their characteristics, such as degree of smoothness and range of spanned values.
The model structure is therefore hierarchical, with hyper-parameters conditioning the latent variables
that, in turn, condition observations. LGMs comprise a large set of models, and in this paper we will
focus in particular on Logistic Regression with GP priors, Gaussian Copula Process Volatility model,
Log-Gaussian Cox model, and Ordinal Regression with GP priors.

Exact inference in LGMs is analytically intractable, as the likelihood of the observations is usu-
ally not conjugate to the Gaussian prior over the latent functions, and hyper-parameters cannot be
analytically integrated out either. Deterministic approximations, such as the Laplace Approxima-
tion (LA) (Tierney and Kadane, 1986) or Expectation Propagation (EP) (Minka, 2001) have been
proposed for integrating out latent functions in LGMSs, and in particular for classification using GP
priors (see Kuss and Rasmussen (2005) for an extensive assessment of these approximations for bi-
nary classification with GP priors). These approximations provide a computationally tractable way
to integrate out latent functions, but unfortunately it is not possible to quantify the error introduced
by these approximations. LA in particular can yield a very rough approximation of the target density
and can lead to a poor estimation of predictive means and variances (Kuss and Rasmussen, 2005). In
this respect, approximations based on moment matching, such as EP, seem to be superior, but from
the theoretical perspective there is no guarantee of convergence for EP. Recently, new advances in the
field of approximate inference for LGMs were proposed in Rue et al. (2009) with the use of Integrated
Nested Laplace Approximation (INLA), and in Cseke and Heskes (2011) that proposes refinements
to EP. Such advances provide a step forward in approximate methods, but there are still a number
of limitations, as these methods target the integration of latent functions only.



In the direction of providing a fully Bayesian treatment of LGMs, it is necessary to integrate
out the hyper-parameters as well, and this, combined with the integration of the latent variables
is a challenging task. INLA, for example, relies upon a numerical quadrature based on a gridding
scheme that can therefore be applied to problems with a relatively low set parameters (less than
six as stated in Rue et al. (2009)). Therefore, in cases where the number of hyper-parameters
is large, INLA cannot be directly applied. The same considerations apply to EP, that allows to
integrate out the latent variables, but needs to be embedded into a scheme to integrate out the hyper-
parameters, and again numerical quadrature are usually adopted (Cseke and Heskes, 2011). Finally,
the application of approximations using Markov Chain Monte Carlo (MCMC) methods is complicated
by the hierarchical structure of LGMs that makes parameters and latent functions strongly coupled
a posteriori, thus making chains converge slowly and mix poorly (Murray and Adams, 2010).

The aim of this paper is to provide a simple and widely applicable methodology that can be applied
to carry out the fully Bayesian treatment of LGMs. We propose to tackle intractability in Bayesian
inference in LGMs through the use of stochastic simulations based on Markov Chain Monte Carlo
(MCMC) methods to sample from the posterior distribution of parameters and latent variables. This
allows to solve the integration needed to obtain the predictive distribution for new samples by means
of Monte Carlo integration (Robert and Casella, 2005). The use of MCMC methods is motivated
by the fact that they are quite flexible and allow to exploit asymptotic guarantees of convergence of
associated Monte Carlo estimates. However, the rate of convergence to zero of the variance of Monte
Carlo estimates is in the order of the inverse of the number of independent samples used to compute
them, and this can require large number of independent samples in some applications. In the case of
MCMC methods, samples will have a certain degree of correlation given by their efficiency and ability
to explore the whole space of parameters. This motivates the need for MCMC strategies that allow
to reduce correlation within the chains and that converge quickly to the target distribution. This is
quite a challenging task, especially in the case of LGMs. In most cases, sampling involves some sort
of proposal mechanism and an accept/reject rule. Examples of such MCMC methods comprise the
Metropolis-Hastings (MH) algorithm (Metropolis et al., 1953; Hastings, 1970) which is based on a
random walk type of proposal mechanism. In this case, it is required to specify the covariance of the
proposal distribution which drives the random walk exploration of the space, and the proposals are
accepted and rejected so as to let the chain sample from the correct invariant distribution. Random
walk exploration tends to be quite inefficient, and methods based on diffusion (Langevin Adjusted
Metropolis Algorithm (MALA) (Roberts and Rosenthal, 1998)), or methods based on Hamiltonian
mechanics (Hybrid Monte Carlo (HMC) (Neal, 1993)) offer an improvement given by the fact that
gradients drive the exploration toward regions of higher density. In these methods it is necessary
to specify a so called mass matriz, whose size is quadratic in the number of parameters. Given the
the aim is to draw independent samples from the target distribution, it is very important to tune
parameters of proposal distributions in MCMC methods in order to avoid strong correlations within
the chain, or the possibility that the chain does not move at all. In several dimensions, it is clear
that the design of effective proposal mechanism becomes challenging as several parameters need to
be tuned. Manifold methods (Girolami and Calderhead, 2011) provide a systematic way of designing
proposals for MALA and HMC by making use of the natural geometry of the statistical manifold;
one of the goals of this paper is to assess the effectiveness of these proposal mechanisms for inference
in LGMs.

To summarize, the application of MCMC methods for efficiently sampling from the posterior of
latent functions and hyper-parameters in LGMs is rather challenging, and the reasons are mainly
two: (i) the model structure makes hyper-parameters and latent functions strongly coupled a pos-



teriori (Murray and Adams, 2010; Neal, 1999) and (ii) very high dimensional integrals have to be
estimated.

(i) Due to the hierarchical structure of LGMs, chains converge slowly and mix poorly if the
coupling effect between the groups of variables is not dealt with properly. This effect has drawn a
lot of attention in the case of hierarchical models in general (Papaspiliopoulos et al., 2007; Yu and
Meng, 2011), and recently in latent Gaussian models. The main contributions that propose ways
of tackling this problem in LGMs are presented in Knorr-Held and Rue (2002); Murray and Adams
(2010). In Knorr-Held and Rue (2002) a joint update of latent variables and hyper-parameters is
proposed with the aim of avoiding proposals for hyper-parameters to be conditioned on the values of
latent variables. In Murray and Adams (2010) an improved parametrization is proposed and coupled
with the update of hyper-parameters using a component-wise slice sampling strategy. In both cases,
the sampling efficiency compared to the complexity is still an issue and we are interested in studying
whether it is possible to improve upon these approaches.

(ii) Sampling hyper-parameters and latent functions cannot be done using exact Gibbs steps, and
it requires proposals that are accepted/rejected based on a Metropolis ratio, leading to a waste of
expensive computations. Samplers characterized by acceptance mechanisms embedded in a Gibbs
sampler, are usually referred to Metropolis-within-Gibbs samplers. Designing proposals that guar-
antee high acceptance and independence between samples becomes extremely difficult, especially
because in LGMs latent functions can have dimensions in the order of hundreds or thousands.

In response to (i), we will investigate the use of reparametrization techniques, that have been
studied in hierarchical models with the aim of achieving faster convergence (see, e.g., Papaspiliopoulos
et al. (2007)). In the terminology of Yu and Meng (2011), we identify two particular cases, namely
Sufficient Augmentation (SA), and Ancillary Augmentation (AA). In SA, the latent variables are
a sufficient statistic for the observed data, whereas in the AA latent variables are transformed via
the hyper-parameters, so that they are ancillary. In this work, we make use of reparametrization
techniques, and in particular a combination of reparametrization techniques based on interweaving
SA and AA as illustrated in Yu and Meng (2011), to overcome the problem of coupling between
latent functions and hyper-parameters. We will use the recently presented Ancillarity-Sufficiency
Interweaving Strategy (ASIS) to break the correlation between hyper-parameters and latent variables.
ASIS combines two complementary reparametrizations to break such a correlation. SA and AA and
are complementary in the sense that have better performances in either strong or weak data limits.
The idea behind ASIS is to have a method that can sample efficiently in both strong and weak
data scenarios. In essence the proposed sampling scheme is rather simple, as it is a Gibbs sampler
that iterates between updates of the latent functions and interweaving two updating schemes for the
hyper-parameters. The aim of this paper is to test whether combining different parametrizations
allows to achieve efficient sampling in LGMs. In the experiments, we include the state-of-the-art
methods presented in Knorr-Held and Rue (2002); Murray and Adams (2010) in the comparisons to
have baseline performance against which we can assess AA, SA, and ASIS.

In response to (ii), we will compare different Metropolis-within-Gibbs samplers based on different
principles with the aim of understanding which samplers offer the best performance, in terms of
efficiency relative to the computational cost, for different steps of the Gibbs sampler. Among the
samplers that we will consider, we will compare methods that make use of the gradient of the target
distribution and methods that make use of the curvature as given by the Fisher Information (manifold
methods). Given the computational complexity of some of the considered methods we also study a
few variations that lower the computational complexity while retaining high efficiency.

By combining efficient Metropolis-within-Gibbs samplers and reparametrization techniques, we



will show that it is possible to improve efficiency with respect to state-of-the-art sampling schemes,
making a step forward in the applicability of MCMC techniques for the fully Bayesian treatment of
LGMs!. The paper is organized as follows: Section 2 introduces LGMs, section 3 reports the ideas
underpinning the interweaving strategy in Yu and Meng (2011), while section 4 describes the samplers
employed in this work. Sections 5 and 6 report extensive results and comparisons of different sampling
strategies on simulated and real data respectively, and section 7 concludes the paper. For the sake of
readability, most of the technical derivations and tables of results can be found in the appendices.

2 Latent Gaussian Models - (LGMs)

In this section, we give a general formulation of LGMs. Let X = {x1,...,%,} be a set of n input data
described by a set of d covariates x; € R?, associated with observed responses y = {y1,...,9,}. Let k
be the covariance function modeling the covariance structure between latent variables, parametrized
by a vector of (hyper)-parameters 8 = (0,9, ..., ¢r,):

k(x;,x510) = oq(xi,xj|¢,) =0 <exp [—;(xi — xj)TA(xi — xj)] + wéij>

with the matrix A defining the length-scale of the interaction between the input data. In partic-
ular, the covariance can be diagonal to allow for different scaling of the covariates (also used for
Automatic Relevance Determination (ARD) (Mackay, 1994; Neal, 1996) of the covariates) A~! =
diag (exp(tr, ), . . ., exp(tr,)) or simply isotropic A=t = exp(1),)I. Note that in both cases the values
Ti = \/exp(¢r,) can be interpreted as length-scale parameters. This definition of covariance function
is adopted in many applications and is the one we will consider in the remainder of this paper. Note
also that length-scales have to be positive and exponentiation will be convenient when sampling using
MCMC methods. In general, sampling positives variables using MH can be done by using Gamma
types of proposals (Robert and Casella, 2005), and in Hamiltonian based samplers by using boundary
conditions (Neal, 2010), but we will not consider these methods here. We prefer instead to keep the
standard unconstrained proposal mechanisms of the considered samplers by working in log-space.
Let @ be the matrix whose entries are ¢;; = q(x;,x;[1,); the covariance matrix K will then be:

K =00

The parameter w is a small jitter that improve the conditioning of Q.

Consider the following general form of LGMs to model the generative process of the observed y
given X (note that we are not including any parameters for a mean function of the GP and extra
parameters for the transformation (()):

p(0 prior over the hyper-parameters
Q=LL" decomposition correlation matrix
p(v) ~N(0,1) whitened latent variables
f=.oLv transformation to obtain the latent function
4

p(f|0) = N (|0, K) latent function
p(y|f) =TT, EwilC(fi)) likelihood observations

! An implementation of the methods considered in this paper can be found at:
http://www.dcs.gla.ac.uk /~maurizio/pages/code.html



Note that for the sake of convenience, in this work we make use of the Cholesky factorization
algorithm (Golub and Van Loan, 1996) whenever we need to compute square roots of matrices, so
that L will be lower triangular. For generality, the distribution of the observed random variables y
is expressed in terms of the exponential family of distributions £ with natural parameters given by a
transformed version of the latent variables via (). The notation that we will use to denote the form
of the exponential family of distributions is:

E(YC(F)) = h(y)gl<(f)] explC(fu(y)]

The exponential family of distributions comprises many of the commonly used distributions, such as
the Bernoulli, the Poisson, the Gaussian, and the exponential, just to name a few. Such a general
likelihood form will allow to express in a general way the key quantities needed to use the samplers
that we will employ in this work.

In a Bayesian setting, the predictive distribution for a new test sample x, can be written in the
following way (for the sake of clarity we drop the explicit conditioning on X and x.):

p(yely) = / / / p(u:| £ )p(f- £, 0)p(E. 6]y)df.dEd6

This expression is quite powerful for the following reasons. First, it is a probability distribution over
the prediction for y, rather than a point estimate, and it allows to quantify the confidence in predicting
y«. Second, the predictive distribution doesn’t contain parameters anymore, as they are integrated
out; the mechanism by which they are integrated out is such that the predictive distribution accounts
for the uncertainty in parameters estimates after data are observed. Such a source of uncertainty is
captured by the posterior distribution p(f, 8|y), that becomes the key element of inference.

The solution of the integral needed to compute the predictive distribution requires the integration
over the latent process and the parameters which is generally analytically intractable. Numerical
integration methods are therefore needed, either based on deterministic approximations or stochastic
simulations. In this work we will focus on stochastic approximations for obtaining samples from the
posterior distribution of f and 6, so that we can estimate the predictive distribution using the Monte
Carlo method:

1 X L
poly) = 5 3 [ ol £p(289, 60,
=1

In this expression we denoted by f @ and 6 the i-th independent samples from the posterior dis-
tribution of f and € that we will obtain by means of Markov chain Monte Carlo (MCMC) methods.
Note that MCMC methods obtain posterior samples that have a certain degree of correlation and
therefore we will need to sub-sample (thin) the Markov chains according to their auto-correlation. In
particular, we will evaluate the Effective Sample Size (ESS) (Gilks and Spiegelhalter, 1996; Robert
and Casella, 2005) and assess different sampling strategy based on this score.

Finally, note that the remaining integral is univariate and it is generally easy to evaluate, as

p(f. )£, 00 is Gaussian N( f*|m5f),v£i)) with mean and variance given by:

m® = kTr-1e0 0 — g, — KTK 'k,

With ke = k(X %.]0D) and (k,)p = k(x.,x5/07). Again, using a Monte Carlo estimator:

No )
[ P £ 189.00) = -5 bl 1)
j=1

6



with £ ~ N (£ |m, o)),

3 Ancillarity-Sufficiency Interweaving Strategy - ASIS

In this section we briefly review the main results presented in Yu and Meng (2011) on the combination
of parametrizations to improve convergence and efficiency of MCMC methods, and we will illustrate
how these results can be applied to LGMs. The work by Yu and Meng (2011) is motivated by data
augmentation techniques (van Dyk and Meng, 2001), where a set of unobserved (latent) variables is
introduced in addition to the parameters of the model. Data augmentation was proposed in problems
where the goal is to optimize the likelihood of the observation given the model parameters and the
introduction of a set of latent (unobserved) variables makes the optimization easier. Such optimization
strategy is the so called Expectation Maximization (Dempster et al., 1977) algorithm, which is an
iterative scheme that alternates between the update of parameters and latent functions.

The idea of data augmentation can be been extended to MCMC, but the particular structure of
the model makes this task generally difficult. In particular, Gibbs style proposals alternating between
updates of latent variables and parameters in the model can be extremely inefficient given the strong
coupling a posteriori between the two groups of variables. For this reason, it is important to choose
an efficient parametrizations for the particular problem under study and for the available amount
of data, as both these aspects can dramatically influence the efficiency and the rate of convergence
of the sampler. The work presented by Yu and Meng (2011), provides a study on combinations of
parametrizations to cope with this effect. In Yu and Meng (2011) two parametrizations are given
particular attention, namely Sufficient Augmentation (SA) and Ancillary Augmentation (AA). In
SA, the latent variables are sufficient statistics for the parameters of interest, whereas in AA latent
variables are ancillary.

In LGMs, we can identify SA and AA with the parametrization introduced in the former section,
and also considered in (Murray and Adams, 2010) where they are referred to unwhitened and whitened
respectively. In SA, f is sufficient for y; for AA, we notice that the generative process offers v as an
ideal candidate for a set of latent variables that is ancillary for y. The two parametrizations that we
will consider, SA and AA, will basically focus on the following log-joint densities:

SA  p(y.f,0)

AA  p(y,v,0)

Intuitively, combining parametrizations seems to be promising in taking the best of both parametriza-
tion, or at least, to avoid the possibility that the chain doesn’t converge because of the wrong choice of
parametrization. Alternating seems the most obvious way of combining SA and AA, but as recently
investigated in Yu and Meng (2011), interweaving SA and AA is actually a good way of combining
the two schemes. From the theoretical perspective, the geometric rate of convergence r of the scheme
where the parametrizations are interweaved, is related to the rates of the two schemes r; and ro by

r < Ryg4y/T172

where Rj is the maximal correlation between the latent variables for the two schemes. Given that
the former expression implies 7 < max(r1,r2), we see that combining two parametrizations leads to a
scheme that is better than the worst. This is already an advantage compared to using a single scheme
when one is in doubt on which scheme to use. However, the key result is the fact that R > can be very



small depending on the particular parametrizations chosen, so it is possible to make the combined
scheme converge quickly even if none of the two does. In general, this result is quite remarkable, as
once different reparametrizations are available, combining them using the interweaving strategy is
simple to implement, and can boost sampling efficiency.

In LGMs, the ASIS scheme amounts in interweaving SA and AA updates, that following Yu and
Meng (2011) amounts to sample:

fly,6 — v|if — 0Oly,v
Expanding the second step, the Metropolis-within-Gibbs steps follow in this order:
fly,6 — 0f — v=0'2L7f — Oly,v

In the next section we present the samplers that we compared in this study to obtain samples from
each of these Gibbs steps.

4 Samplers considered in this work

In this section we present the samplers considered in this work. As we noticed in the former sections,
it is not possible to derive Gibbs samplers with exact steps, and we have to adopt Metropolis-within-
Gibbs type of proposals. We are interested in studying the benefit in terms of efficiency of including
gradient or curvature information in the proposal mechanism. We therefore consider samplers with
increasing complexity, and in particular Metropolis-Hastings (MH) based on random walk types
of proposals, Hybrid Monte Carlo (HMC) which uses gradient information, and manifold methods
(Girolami and Calderhead, 2011) which use curvature information.

In order to keep the presentation of the samplers simple, we will focus on the samplers for f, but
the same samplers can be easily applied to 8 in both SA and AA. Only Elliptical Slice Sampling
has been proposed specifically to sample f in LGMs, and it doesn’t have a counterpart for 6. In
the case of sampling the latent functions, the presented samplers aim to sample from the posterior
p(fly, @), which is proportional to p(y|f)p(f|@). In the remainder of this section, we will denote
log[p(y|f)p(£]0)] by W (f). Sampling from the posterior of € requires the specification of the invariant
distribution which is proportional to p(f|0)p(0) in the SA case, and p(y|v, 0)p(0) in the AA case. We
can then define Wga (0) = log[p(f|0)p(0)] and Waa(0) = log[p(y|v, 0)p(0)] respectively, and apply
the samplers presented here for sampling 0 rather than f.

4.1 Metropolis-Hastings - MH

The Metropolis-Hastings algorithm (Metropolis et al., 1953; Hastings, 1970) employs a proposal
mechanism ¢(f’|f) based on a random walk. Tuning the Metropolis-Hastings algorithm involves
selecting the right proposal mechanism. A common choice is to use a random walk multivariate
Gaussian proposal centered at the former position f and with covariance I, thus taking the form
q(f'|[f) = N(f'|f,X). Proposed moves are accepted with probability

. {1 exp<w<f'>>q<f|f'>}
" exp(W (£)q(E'[F)

that simplifies to min {1, exp(W (f’) — W(f))} in the case of symmetric proposals. A sketch of the
algorithm is reported in Algorithm 1.




Selecting the covariance matrix however, is far from trivial in most cases since knowledge about
the target density is required. Therefore simpler forms of covariance matrices can be used instead,
such as isotropic ¥ = el. Small values of ¢ imply small transitions and result in high acceptance
rates while the mixing of the Markov Chain is poor. Large values on the other hand, allow for large
transitions but they result in most of the samples being rejected. Studies on how to optimally tune
the MH algorithm are reported e.g., in Roberts and Rosenthal (2001). Adaptive schemes for the MH
algorithm have also been proposed (Haario et al., 2005) though they should be applied with care
(Andrieu and Thoms, 2008). Note that when sampling f, the matrix ¥ is n x n, and its Cholesky

Algorithm 1 MH proposal with Gaussian proposal - ¥ = LLT

L~ NI Y {z~N(0,]) f = Lyz + f}
2: A =min {0, W(f') — W(f)}

30w~ E(ull)

4: if r > —u then

5: return f’

6: else

7: return f

8: end if

factorization has complexity in O(n?) unless simple structures are assumed. This factorization is
required only once at the beginning of the algorithm if ¥ doesn’t change throughout the sampling.
Proposing f with MH, once ¥ is factorized, has complexity in O(n?).

4.2 HMC

In Hybrid Monte Carlo (Duane et al., 1987; Neal, 1993) (HMC) the proposals are based on the analogy
with a physical system, where a particle is simulated moving in a potential field. An auxiliary variable
p, that plays the role of the momentum variable, is drawn from N (p|0, M). The covariance matrix
M is the so called mass matrix. The joint density of f and p factorizes as p(f,p) = exp(W (f))p(p).
The negative log-joint density is:

1 1
H(f,p) =-W(f)+ 3 log(|M]) + 5pTJ\rlp + const.

This is the Hamiltonian of the simulated particle, where the potential field is given by —W (f) and the
kinetic energy by the quadratic form in p. In order to draw proposals from p(fly, 8), we can simulate
the particle for a certain time interval, introducing an analogous of time ¢ and solving Hamilton’s

equations
af  O0H e

@ op MP
dp oOH
a - or VW

Given that there are no frictions in the system, the energy will be conserved during the motion of the
particle. Solving directly Hamilton’s equations for general potential fields, however, is analytically
intractable, and therefore it is necessary to resort to schemes where time is discretized in units. The



Leapfrog integrator is one of these schemes that is volume preserving and reversible, and leads to the
following discretization:

g
P(i+1/2) = Py + 5 VW (fy))
fur1) = £y +eM 7 Piay)
g
P(1) = Paj2) + 5 VW (fe4n)

The number of leapfrog steps L can be randomized (Neal, 1993) and gives an update of (f,p) into
(f(z),P(r))- The discretization introduces an approximation such that the total energy is not con-
served. In order to ensure that HMC samples from the correct invariant distribution it is needed to
adopt a Metropolis accept/reject step:

min{1, exp[—H (f1), p(r)) + H(f, p)]}

A sketch of the HMC algorithm is reported in Algorithm 2.

Algorithm 2 HMC proposal when M = LML%

1: £y =

(0)
2: poy ~ N(p|0, M) {z ~ N(0,I) pey = Lz}
3: L =sample[l,..., Lyax]
4: fort=0to L —1 do
5: Pt+1/2) = P + 5VeW (fy))
6: fe1) = £y + €M D9

{M~'p(141/9) = backsolve(L},, (forwardsolve(Las, P(i11/2))))}

T: P(t+1) = P1/2) + 5VeW (fup1))

8: end for
9: r = min {0, —H(f(L), p(L)) + H(f(o), p(o))}
{log | M| =25, log(Lns)is p'M~'p = |forwardsolve(La, p(1))|*}
10: u ~ E(ull)
11: if » > —u then
12: return f(,
13: else
14: return fg)
15: end if

Similarly to MH, once the Cholesky decomposition of M is available (complexity in O(n?)),
drawing posterior samples for f has complexity in O(n?). Adaptive schemes for HMC, propose to
set M to be an empirical estimate of the inverse of the covariance of posterior samples (Neal, 1993,
1996). Given the large dimensionality of the space where f lives, this can be problematic in practice,
as several samples would be needed before obtaining a reliable estimate.

Note also that combining the update equations of f and p for one leapfrog step we obtain a
discretized Langevin diffusion as presented in Roberts and Stramer (2002) and termed Metropolis
Adjusted Langevin Algorithm (MALA) (see Girolami and Calderhead (2011); Neal (1993) for further
discussions on this point).

10



4.3 HMC specifying the Cholesky of the inverse of the mass matrix

In this section we introduce a modified version of HMC that, rather than using the Cholesky decom-
position of the mass matrix, requires the decomposition of its inverse. The reason for introducing
such a variation, is that we might want to break the correlation structure between the latent variables
by transforming f using the covariance K or, by employing a geometric argument, using the Fisher
Information, which is a function of K (see the appendix). In particular, a sensible choice would be
to set M = K~! which is the prior covariance; this would break the correlation between the latent
variables a priori. In this case, M~! = K = ¢LL"; given that L is needed anyway to compute the
log-joint density, a definition of HMC requiring the Cholesky factor of the inverse of the mass matrix
would be useful. We report this version of HMC in Algorithm 2. Note that once the Cholesky factor
of M~! is obtained, drawing posterior samples for f has complexity in O(n?).

Algorithm 3 HMC proposal when M~ = L, L;\F/[—l

fioo=1f
(0)
p(0) ~ N(P(0)|0, M) {z ~ N(0,I) p(y) = backsolve(L}, .,2)}
L = samplel[l, ..., Lyax]
fort=0to L —1do
P(+1/2) = Py + 5ViW ()
i1y =y +eM 1 pgrayo) {M P12y = Ly (Ly-1Pev1/2))}
P(+1) = P1y2) + 5VeW (fup1))
end for
r = min {Oa _H(f(L)7 p(L)) + H(f((])v p(O))}
flog |M| = ~2 X log(Ly-)i  p'M'p = LT _pwy)I)
10: u ~ E(ull)
11: if r > —u then
12: return f(,
13: else
14: return fg)
15: end if

4.4 Manifold MCMC

Manifold MCMC methods (Girolami and Calderhead, 2011) were proposed to have an automatic
mechanism to tune parameters in MALA and HMC, and are based on the use of curvature through
the Fisher Information matrix. In this section, we provide a brief discussion on the main ideas
underpinning manifold methods starting from general concepts of information geometry. Manifold
methods make use of the natural geometry of the underlying statistical model to achieve efficient
sampling; this idea has been presented and tested on several challenging problems in Girolami and
Calderhead (2011). Key quantities in information geometry are the Fisher Information matrix (FI)
and the Christoffel symbols that characterize the curvature and the connection on the manifold re-
spectively. Consider a statistical model S = {p(y|y)|yp € U} where y denotes observed variables and
1 comprises all model parameters. Under conditions that are generally satisfied for most commonly
used models (Amari and Nagaoka, 2000), S can be considered a C*° manifold, and is called statistical
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manifold. Let £ = log[p(y|1)]; the FI matrix G of S at 4 is defined as:

() = Epiyiy | (VL) (V)| = ~Epypy [V VL

By definition, the FI matrix is positive semidefinite:

oL oL aL\?
> cicigii = Epiyiy) Zcz‘cjaT/,,anj = Epyly) [Z (Ciaw)
i,j Z,] (] K3

7

and can be considered as the natural metric on S.

4.4.1 Fisher Information and model structure

Let’s now analyze the SA case for LGMs: p(y,f,0) = p(y|f)p(£|0)p(0). In this case, we immediately
see that the observed variables y are only directly dependent on f. This means that the statistical
manifold will be of dimension ng only. The same applies to f, that is dependent on 6, and therefore
the distributions p(f|@) live in a statistical manifold of dimension ng. If we want to consider the
application of manifold methods to sample both f and 8, we are therefore forced to consider the two
manifold separately. Note that in order to consider the joint sampling of f and 6, we could combine

the two metrics in this form:
[ Geg 0
“= < 0 Goe )

This would form the metric for a statistical model of dimension ng+ng for the observations. However,
this construction is somehow artificial, as there are two statistical models, one for y and one for f.
Also, note that combining the two metrics results in a block diagonal matrix which does not capture
the correlation between the two groups of variables(Filippone, 2011).

In the remainder of this paper we will consider L to be the lower triangular Cholesky decomposition
of K, but in principle any square root of K could be used. AA, although equivalent to SA from a
generative perspective, makes y directly dependent on the whitened variables v and the hyper-
parameters 6, so the statistical model is of dimension n, +ng. The resulting metric tensor is no longer
block diagonal, and therefore gives a way to characterize the correlation between latent variables and
hyper-parameters.

4.4.2 Manifold MALA and Simplified Manifold MALA

The manifold MALA (MMALA) algorithm (Girolami and Calderhead, 2011) defines a Langevin
diffusion with stationary distribution p(f) on the Riemann manifold of density functions with metric
tensor G ¢. By employing a first order Euler integrator to solve the diffusion a proposal mechanism
with density q(f'|f) = N (f'|u(f, €), EZGE%) is obtained, where € is the integration step size, a parameter
which needs to be tuned, and the d-th component of the mean function u(f,e€)y is

2 n n
€ _ —
i a = fo+ 5 (GopVew (D) =3 (Gl
i=1 j=1

where Fg ; are the Christoffel symbols of the metric in local coordinates (Kiihnel, 2005).
Similarly to MALA (Roberts and Stramer, 2002), due to the discretization error introduced by
the first order approximation, convergence to the stationary distribution is not guaranteed anymore
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and thus the Metropolis-Hastings ratio is employed to correct this bias. Details can be found in
Girolami and Calderhead (2011).

The proposal mechanism of MMALA can be interpreted as a local Gaussian approximation to
the target density similar to the adaptive Metropolis-Hastings of Haario et al. (1998). In contrast
to Haario et al. (1998) however, the effective covariance matrix in MMALA is the inverse of the
metric tensor evaluated at the current position and no samples from the chain are required in order
to estimate it, therefore avoiding the difficulties of adaptive MCMC discussed in Andrieu and Thoms
(2008). The MMALA algorithm can be seen as a generalization of the original MALA (Roberts and
Stramer, 2002) since, if the metric tensor G(0) is equal to the identity matrix corresponding to an
Euclidean manifold, then the original algorithm is recovered.

In the same spirit, it is possible to extend HMC to define Hamilton’s equations on the sta-
tistical manifold. This was proposed and applied in Girolami and Calderhead (2011) and called
Riemann manifold Hamiltonian Monte Carlo (RM-HMC). In this work, we won’t consider RM-HMC
or MMALA, as they both require the derivatives of the FI that would require several expensive op-
erations. Instead, we will consider a simplified version of MMALA (SMMALA), where we assume
a manifold with constant curvature (that effectively removes the term depending on the Christoffel
symbols) so that the mean of the proposal of SMMALA becomes

T (Gravew(r))
s\t 9 f.f d

The SMMALA algorithm is sketched in 4.

Algorithm 4 SMMALA

£/ ~ N (£ (£, €), Grg)
r = min {0, W(f') — W(£) + log [¢(f|f)] — log [¢(f'|f)]}
u~ E(ull)
if r > —u then
return f’
else
return f
end if

4.4.3 Elliptical Slice sampling - ELL-SS

Elliptical slice sampling has been proposed in Murray et al. (2010) to draw samples for f in LGMs. The
idea underpinning ESS is based on slice sampling (Neal, 2003). Due to the fact that latent variables
are Gaussian, it is possible to derive this particular version of slice sampling that is constrained in an
ellipse. For completeness, we report the algorithm in Algorithm 5 and we refer the reader to Murray
et al. (2010) for further details.

Note that this algorithm is quite appealing as it returns a sample which doesn’t need to be accepted
or rejected (in fact, a rejection mechanism is implicit within step 7), and the proposal mechanism
doesn’t have any free parameters that need to be tuned. Once the Cholesky factorization of K is
available, the complexity of each draw using ELL-SS is in O(n?).
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Algorithm 5 Elliptical Slice Sampling proposal

z~N(0,K)
u~ E(ull)
Set a threshold on the log-likelihood: n = logp(y|f) — u
a~ U|0,27]
Define the bracket [aumin, max] = [ — 27, @]
f' = f cos(a) + zsin(a)
if log p(y|f’) > n then

return f’
else {shrink the bracket}

if o < 0 then

Qmin = 0
else

—_ = =
Sl el

Qmax = 0
end if
a ~ Ulamin, Omax]
Go to 6
end if

_ = = =

5 Results on simulated data

In this section, we report an extensive study on simulated data with the aim to assess the improve-
ment in sampling efficiency when combining different parametrizations using ASIS. Before doing so,
we report a study on the efficiency of different samplers in sampling from posterior distribution of
individual groups of variables, namely latent functions and hyper-parameters.

5.1 Experimental setup

We simulated data from the following models belonging to the class of LGMs: Logistic Regression
with GP priors, Gaussian Copula Process Volatility model, Log-Gaussian Cox model, and Ordinal
Regression with GP priors. We impose Gamma priors on the length-scale parameters:

p(7:) = G(7ila, b) o 7~ exp(—br;)
where a and b are shape and rate parameters. This corresponds to a density for each 1;, which is

p(¥r,) o< exp(r,)* exp(—bexp(¥r,))

We impose an inverse Gamma prior on the parameter o to exploit conjugacy in sampling o using SA:

p(o) = invg(ola,b) o« oL exp <_2>

The remainder of this section reports an assessment of different sampling strategies for each step
of ASIS, in particular f|y, 8, O|f (SA), and @|y,r. We considered covariance functions with a length-
scale parameter for each covariate, data sets with n = 100,400, and d = 2,10. Unless otherwise
stated, in all the experiments on simulated data, we collected 10000 samples after a burn-in phase
of 5000 iterations; during the burn-in we also had an adaptive phase to allow the samplers reach
recommended acceptance rates (for example around 25% for MH).
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5.2 Assessing the efficiency of samplers for individual groups of variables

In this section, we present an assessment of the efficiency of different samplers for each group of
variables using both SA and AA parametrizations. The goal of this analysis is to see which samplers
are most suitable to be combined into the ASIS scheme. We made extensive tests on data sets with
varying number of samples and number of covariates synthetically generated from different models
belonging to LGMs.

We first present the sampling of the latent variables, and then we move onto presenting results on
the sampling of the hyper-parameters using SA and AA, reporting sampling efficiency with respect
to computational complexity.

All implemented methods were tested for correctness as proposed by Geweke (2004), and con-
vergence analysis was performed using the R potential scale reduction factor (Gelman and Rubin,
1992). The value of Ris computed based on 10 chains initialized from the prior, rather than using
the initialization procedure suggested in Gelman and Rubin (1992). This provides a tough test for
convergence, and it gives an idea of what it is possible to achieve in terms of efficiency when the
samplers are initialized without any preliminary runs.

In order to compare the efficiency of the samplers, we will consider the minimum of the Effective
Sample Size (ESS) computed across all the sampled quantities and will report its mean and standard
deviation across 10 chains. As a measure of complexity, we will evaluate the number of operations
with complexity in O(n?), namely Cholesky factorizations and multiplications and inversions of n x n
matrices. We believe that this is a more reliable measure of complexity with respect to running time,
as running time can be affected by several factors that cannot be directly controlled by the user.

5.2.1 Sampling f|y, 0

In this section we focus on posterior sampling of the latent variables f. The samplers that we tested
are MH with ¥ = af, HMC with mass matrix M = of, SMMALA with step-size €, and ELL-SS.
Preliminary runs showed that the use of gradients and curvature were beneficial for achieving high
efficiency in sampling the latent variables.

We therefore tried two variants of HMC: HMC v1, and HMC v2. HMC vl is motivated by
analyzing the metric tensor for f which is G¢ = K~! + R. We would like to exploit the geometric
argument using RM-HMC, as it would make the sampling of f quite efficient. However, the complexity
would be quite high, given that the metric tensor is Gt is a function of f in general, and we need to
compute the inverse and the derivatives of G¢ with respect to all elements of f at any implicit iteration
of the leapfrog steps. A way of reducing the computational burden, while retaining a good efficiency
in the proposal mechanism, is to sample f using HMC with a fixed mass matrix M = G¢ through the
leapfrog steps. We would like to set the mass matrix of HMC to be equal to G, but we notice that R,
and therefore G¢ depend on the current position of f, and this would affect detailed balance. In order
to keep detailed balance satisfied, we propose to use an approximation of G¢ that doesn’t depend on
the current position of f. We propose to realize this by setting M = Ge=K 1471 , where 7 is any
diagonal element of the diagonal matrix R computed with f = 0 (which is the expected value of f a
priori). By one of Woodbury identities, we can obtain a numerically stable version of the inverse of
M and we can then use the variant of HMC that requires the decomposition of the inverse of M:

1 A o 1 1 N\t
M '=G =K' +i) ' =-T—— (K +=
T T T

We will call this variant HMC v1.
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Given that the first variant of HMC will still be expensive to compute, as it requires the inversion
of an n x n matrix, we propose another variant of HMC based on M~! = K. In this case, the
Cholesky factor of M~! will be the same as the Cholesky factor of K, which is needed anyway to
compute the log-joint density. Again, we can make use of the formulation of HMC that requires only
the Cholesky factor of the inverse of M. We will call this variant HMC v2.

The results can be found in the tables in appendix C. From these results we can observe that
Ordinal Regression models behave differently than the others and this is due to the instability in
computing the gradients for this model. The particular form of the likelihood makes the gradients
become badly conditioned regardless of whether we use safe numerical operations or not. In this case,
all samplers based on gradient and curvature information are not suitable as confirmed by the results,
and ELL-SS seems to be the one offering the best performance in terms of efficiency and convergence.

For the other models, MH with identity covariance matrix and HMC with identity mass matrix
do not offer guarantees of converging to the posterior distribution. SMMALA, which uses gradient
and curvature information seems to offer good efficiency and convergence, but at the cost of one
operation in O(n3) at each iteration. This is similar to HMC v1, that is probably the best sampler
for this group of variables, but again is quite expensive. HMC v2 is competitive with HMC v1 and
doesn’t require any operations in O(n3) once the covariance matrix is factorized. For these reasons,
we suggest HMC v2 for all models except for Ordinal Regression, where we suggest ELL-SS.

5.2.2 SA - Sampling 0|f

In this section we present the sampling of the hyper-parameters from the posterior distribution of 6
given observations and latent variables using the SA parametrization. Given the hierarchical structure
of the model, we immediately see that this amounts in sampling @|f. The analysis of this type of
sampling is therefore independent from the particular LGM considered. Note the update of the
hyper-parameters has complexity in O(n?), as the covariance needs to be updated and its Cholesky
factorization needs to be recomputed.

We consider three samplers, MH, HMC, and SMMALA, with the goal of understanding if gradient
and curvature information lead to any gains in the efficiency of the samplers. As it can be noticed
from the tables in appendix D reporting the results for the sampling of 8|f, the complexity of applying
SMMALA and HMC is quite high compared to MH. HMC improves quite substantially on efficiency,
but not enough if we account the computational cost. Due to these aspects, we therefore propose
to use a simple MH proposal for this part of the sampling. The reason why SMMALA does not
offer improvements in the efficiency might be due to the particular shape of the target density. In
particular, SMMALA requires the tuning of an integration step that is used across the whole space
and might not be optimal for proposals in certain parts of the parameter space. This effect due to the
skewness of the target distribution was noticed in Stathopoulos and Filippone (2011) in the context
of the univariate binomial probit model, and might be the reason for the inefficiency in sampling 0|f
using SMMALA.

5.2.3 AA - Sampling 0ly,v

Again, we consider three samplers, MH, HMC, and SMMALA, with the same goal of assessing if
there is any benefit in using gradient and curvature information in the sampling of 6 using the AA
parametrization. In this case, we run all the tests on the four LGMs. All the results can be found
in the tables in appendix E. Similarly to SA, the update of the hyper-parameters has complexity
in O(n3). Again, the complexity of applying SMMALA and HMC is quite high compared to MH.
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In this case, however, both SMMALA and HMC don’t yield any actual gain in efficiency, and again
we propose to employ a MH proposal for this part of the sampling. Similarly to the SA scheme, the
reason why SMMALA and HMC do not offer improvements in the efficiency might be due to the
particular shape of the target density.

5.3 Comparing ASIS with other sampling strategies

After analyzing the results reported in appendix, we decided to combine the sampler which were more
promising and achieved a good efficiency with relatively low computational effort. We decided that
a good combination of samplers for LGMs could be as follows: f using HMC v2, 8 (both SA and
AA) using MH. For Ordinal Regression, we propose to sample f using ELL-SS, so that the proposed
scheme is: f using ELL-SS, € (both SA and AA) using MH. We compared these versions of ASIS for
all the models with SA and AA to see if the combination of the two schemes using ASIS improves on
efficiency and convergence.

We also compared these samplers with the sampling scheme proposed in Knorr-Held and Rue
(2002), that we will denote as KHR. KHR was proposed to jointly sample parameters and latent
variables in applications making use of Markov Random Fields. The joint sampler proposes a set
of hyper-parameters 0'|f,0 and then proposes a set of latent variables conditioned on the new set
of hyper-parameters, namely f’ly,f,68. The proposal (0’ f’) is then jointly accepted or rejected
according to a Metropolis acceptance ratio. In our version of KHR, we decided to sample the latent
variables using ELL-SS in order to avoid difficulties in tuning proposal parameters for this group of
variables. The results of this comparison are reported in appendix F for models using isotropic and
diagonal covariance functions.

The results show that ASIS marginally improves convergence and efficiency with respect to the
AA scheme in the data sets that we tested here. Also, the efficiency given by ASIS using HMC v2
for sampling the latent functions seems to be best in all models except for Ordinal Regression, as
expected. ASIS always outperforms KHR which is a state-of-the-art algorithm that allows to sample
hyper-parameters and latent variables in LGMs.

In order to assess whether ASIS is providing any actual gains in efficiency compared to AA and SA
individually, we decided to carry out a further test trying to rule out the effect due to the inefficiency
given by the rejection mechanism within the Gibbs sampler. In order to do so, we repeated each step
of the Gibbs sampler several times thus simulating a situation in which the Gibbs steps were exact.
We compared ASIS, SA, and AA on the four models on simulated data sets with increasing number
of samples n = 10, 100, 1000, and in two dimensions. The reason for such an experimental setting is
to see the effect of combining AA and SA into ASIS in the strong/weak data limits.

The results of this tests are reported in Tabs. 1-4, where we report the minimum ESS across all
the variables (both f and 0), its standard deviation (in parenthesis) computed on the basis of 10 runs,
and the value of R again based on 10 runs. The results reported in these tables are based on 5000
samples obtained after 5000 burn-in samples. The general trend is that the efficiency of the schemes
decrease in the strong data limit. The results show that in general ASIS provides gains in speed of
convergence compared to the SA and AA schemes, especially for large data sets, but the efficiency is
generally comparable to the AA scheme. In the case of log-Gaussian Cox model, instead, the efficiency
of ASIS is superior to the AA scheme, although it might not be computationally advantageous to
employ ASIS as the improvement is less or of the order than double the efficiency of AA or SA. The
fact that we are studying models where the covariance of the latent variables is full, prevents us to
work with data sets larger than a couple of thousands samples, so we can deduce that in the case
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considered here the AA parametrization will be equally preferable to ASIS given that ASIS requires
double the number of operations in O(n?). SA is usually less preferable than AA, as already pointed
out previously and as shown in the results.

Table 1: Logistic regression — d = 2

Sampler n =10 n = 100 n = 1000

ASIS 2328 (49), 1.00 465 (63), 1.00 130 (34), 1.01
SA 132 (34), 1.01 28 (4), 1.05 21 (1), 1.17
AA 2347 (69), 1.00 537 (63), 1.00 128 (40), 1.02

Table 2: Log-Gaussian Cox model — d = 2

Sampler n =10 n = 100 n = 1000

ASIS 1791 (69), 1.00 191 (52), 1.01 41 (5), 1.02
SA 246 (32), 1.00 33 (4),1.04 20 (1),1.21
AA 1593 (109), 1.00 156 (13), 1.01 37 (9), 1.06

Table 3: Gaussian Copula Process Volatility model — d = 2

Sampler n =10 n =100 n = 1000

ASIS 1640 (67), 1.00 175 (25), 1.01 31 (6), 1.03
SA 764 (47), 1.00 41 (10), 1.02 21 (2), 1.20
AA 767 (67), 1.00 103 (13),1.02 31 (2), 1.10

6 Results on Real Data

In this section we report results on real data sets and comparisons with another state-of-the-art
sampling method that was recently presented in Murray and Adams (2010). This method, that
we will refer to as the Surrogate method, makes use of efficient parametrization techniques based
on surrogate data points. The strategy proposed in Murray and Adams (2010) amounts in using 10
iterations of ELL-SS for sampling the latent variables and component-wise slice sampling for updating
the hyper-parameters using a parametrization based on surrogate data.

We report a comparison of efficiency and number of operations in O(n?) on six UCI data sets
(Asuncion and Newman, 2007): Pima, Wisconsin, SPECT, Ionosphere, Mining, and Redwood. The
type of LGM and number of samples and number of covariates used for inferring all quantities are
reported in Tab. 5. In the case of logistic regression we selected a subset of the whole data set for
inferring parameters and latent variables so that for the Ionosphere data set we could directly compare
the performance of AA with the method proposed in Murray and Adams (2010). Also, we report this

18



Table 4: Ordinal regression with GP prior — d = 2

Sampler n =10 n = 100 n = 1000

ASIS 1640 (109), 1.00 98 (14), 1.01 21 (1), 1.12
SA 1323 (157), 1.00 28 (3), 1.13 19 (1), 1.29
AA 301 (34), 1.00 45 (11), 1.02 24 (4), 1.19

Table 5: Number of samples used for inference and dimensionality of the considered real data sets.

Data # samples d LGM

Pima 200 8 logistic regression
Wisconsin 100 10 logistic regression
SPECT 80 22 logistic regression
Tonosphere 200 34 logistic regression
Mining 112 1 log-Gaussian Cox
Redwood 625 2 log-Gaussian Cox

comparison on two LGMs only, as we can use directly the code implementing the Surrogate method as
distributed by Murray and Adams (2010) that can be applied to logistic regression and log-Gaussian
Cox models.

We ran our chains for 100000 iterations and used the first 50000 for burn-in and the 50000 samples
after the burn-in to evaluate the ESS. We kept the same experimental setting as in Murray and Adams
(2010), whereby uniform priors where assigned to the hyper-parameters in the range [0.01, 10] (before
log-transforming). Also, in order to keep the same experimental setting, we employed ELL-SS for
sampling f and each proposal comprised 10 iterations of ELL-SS. We compare the Surrogate method
with the AA parametrization as we expect to yield similar results to ASIS. In order to roughly match
the complexity of the Surrogate method, we repeated the sampling of the hyper-parameters 40 times
within each Gibbs step in the AA parametrization and 80 times in the case of the Ionosphere data
set. In the case of log-Gaussian Cox models, we added a further Gibbs step sampling a mean offset
to the log-rate with a uniform prior in [—10, 10] as in Murray and Adams (2010).

The results are reported in Tab. 6 and show how with the same number of operations in O(n?) with
respect to the Surrogate method, or even less, it is possible to achieve substantially higher sampling
efficiency. This is mainly due to the fact that the Surrogate methods employs an expensive component-
wise update of the hyper-parameters that doesn’t exploit joint updates as the MH algorithm. For
logistic regression, the ESS is generally around a few percent of the number of MCMC samples
gathered after the burn-in phase. In the case of the Wisconsin data set, instead, the proposed scheme
reaches an ESS which is around 28%, which is quite remarkable given the challenging nature of the
problem. For the log-Gaussian Cox model, the results are slightly worse, and this might be due to
the fact that there is a further Gibbs step that reduces the overall efficiency.
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Table 6: UCI data sets - comparison of the proposed sampling scheme with the Surrogate method.

Data Method 10°#0(n?) 10% ESS
Pima AA 4.0 11.3
Surrogate 4.4 0.6
Wisconsin AA 4.0 141.0
Surrogate 10.7 6.3
AA 4.0 16.7
SPECT Surrogate 12.8 2.8
Tonosphere AA 8.0 135
Surrogate 30.0 5.3
Mining AA 2.0 2.9
Surrogate 1.2 0.25
AA 2.0 4.0
Redwood Surrogate 2.9 1.18

7 Conclusions

In this paper we studied and compared a number of strategies to efficiently carry out the fully
Bayesian treatment of Latent Gaussian Models (LGMs), which is an extremely challenging problem.
We focused on four LGMs, namely Logistic Regression with GP priors, Gaussian Copula Process
Volatility model, Log-Gaussian Cox model, and Ordinal Regression with GP priors and we carried
out extensive evaluations of several sampling methods and strategies on simulated and real data.
We discussed how the Metropolis-within-Gibbs samplers based on two different parametrizations can
be derived and we studied empirically which samplers provided the best performance in terms of
convergence and efficiency for each step of the Gibbs samplers. In particular, we compared several
sampling algorithms based on different degrees of complexity such as MH which is based on a random
walk type of proposal, HMC which exploits gradient information, and manifold methods that make
use of curvature information.

The results of extensive tests showed that it is possible to sample the latent variables using a
simple modification of the HMC algorithm where the mass matrix is equal to the inverse of the
covariance matrix. The derivation reported in this paper, shows that once the Cholesky factor of the
covariance is available, drawing samples from the posterior distribution of the latent variables is quite
efficient and has complexity in O(n?).

When sampling hyper-parameters, the results showed that gains in efficiency due to the use
of complicated proposal mechanisms are usually overwhelmed by the complexity of the proposal
mechanism itself. We therefore suggest to employ a simple random walk mechanism for which each
proposal costs only one operation in O(n?) for both SA and AA parametrizations.

We then compared AA and SA parametrization and their combination through interweaving
(ASIS) as suggested in Yu and Meng (2011), with the aim of improving efficiency and achieve faster
convergence. The results of this study showed that for the considered models and scenarios it is
generally efficient enough to sample using only the AA parametrization, and the combination of
SA and AA schemes using ASIS is preferrable for larger data sets. The gains in efficiency and
convergence given by ASIS are most of the times compensated by the cost of double updates of the
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hyper-parameters. In other words, for the cases reported here, ASIS costs twice as much in terms of
operations in O(n?) but usually yields an efficiency which is less than double AA’s.

The results presented in this work apply to data sets with a number of samples that doesn’t exceed
a couple of thousands, as the time complexity of samplers updating the hyper-parameters scales with
the cube of the number of samples. It is worth stressing that this scaling in complexity applies
also to any other method that seeks to optimize the hyper-parameters through type II maximum
likelihood (Bishop, 2007) or integrate out the hyper-parameters. Work in the direction of reducing
the computational complexity of models based on GP priors includes the use of sparse structures for
the latent variables (Rue et al., 2009), methods for selecting sets of relevant data on which to focus
(Lawrence et al., 2002; Snelson and Ghahramani, 2005), or approximate likelihoods (Varin et al.,
2011). The aim of this paper was to provide an extensive evaluation of the fully Bayesian treatment
of LGMs in cases of small to moderate sample sized data sets, with a full covariance structure of the
GP prior, and where the number of hyper-parameters prevents the use of quadrature methods.
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A ASIS for LGMs

A.1 Sufficient Augmentation (SA)

In this section we derive the key quantities needed to apply manifold and Hamiltonian MCMC based
methods in the SA parametrization.

A.1.1 Log-joint density
Let £ = log[p(y|f)] The log-joint density is:

log[p(y, £, 0)] = £ — %log(@\) ~ log(o) - %fTQ_lf + log[p(8)] + const.

Note that we could marginalize out o, but it wouldn’t be possible to get manageable expressions for
the metric tensor w.r.t 7; for f, instead, it would be possible.

A.1.2 Gibbs sampling ¢
By inspecting the log-joint density, we see that we can obtain the marginal for ¢ in closed form
n Loer-1
log[p(oly,f,7)] = D) log(o) — 2—f Q' f + const.
o

which we recognize as an inverse Gamma. By placing an inverse Gamma prior invGa(a,b) on o, we
can sample:

o ~ invGa (O’

n 1
— b+ —frQ7If
at g big e )

A.1.3 Gradients of the Log-joint density

1
vf IOg[p(ya f7 9)] = Vf£ - EQ_lf

Ologlp(y, £, 6)] _ dloglp(f6)] | dlog[p(s,)]

9, o o
810g[p(}’7fa 0)] _ _1 -1 8@ i T —18762 -1 alOg[p('w‘r)]
i, 2" <Q a%) T @ a0, T T oy,

24



A.1.4 Fisher Information and metric tensors

The FI for latent functions and parameters are:
Flee = E, [(VeL)(VeL)T
f.f y [( f )( f ) ]

Fly . = Ef [(Vy, loglp(fl1,)]) (Ve loglp(flp,)])"]

Define the matrix:

R=Ey [(VeL)(ViL)"]

The metric tensors are the FI plus the negative Hessian of the prior:

1
Ges=R+-Q"
g

1 <Q_1 9Q 199 ) ~ 9%loglp(v,)]

=4+-T
Gd’fi’wﬁ' +2 g awTj O, 8¢7i31/1¢j

A.2 Ancillary Augmentation (AA)

In this section, like in the former section, we derive the key quantities needed to apply manifold and
Hamiltonian MCMC based methods in the AA parametrization.

A.2.1 Log-joint density

The expression of the likelihood for the observations is the same as in the SA case, bearing in mind
the transformation:
f=+oLv

The log-joint density is:
1
log[p(y,v,0)] = L(y|v,0) — iuTV + log[p(8)] + const.

A.2.2 Gradients of the log-joint density

The gradients can be computed by using the chain rules of derivation and standard properties of
derivatives of vector valued functions. In particular, we can easily obtain the expressions for the
gradients with respect to v by noticing that the Jacobian of the transformation is /o L.

Vo 10g[p(ya v, 0)] = \/ELTVf,C -V

6log[p(Y> v, 0)] Taiy + 810g[p(¢‘r)]

= Vo(VeL(ylf))
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A.2.3 Fisher Information and Metric tensor

The expectation taken with respect to y of the outer product of the score functions gives the FI:
Fl,, = oL'RL

oL
_ 77T
F:[l/ﬁ]' =colL R%V
oL oL
T

R

00, 00,
With the contribution (negative Hessian) of the prior, the metric tensor used in the manifold

methods results in:

FIgiﬁj = oV

Gyo=0L"RL+1
oL
=oL'R_—
Gug, =0 R(‘?Qiy

pOL 0L 9% loglp(0)]
00; ' 00; 06,00

G Guo
G — v,V v, )
< Go Goeg
The derivatives of G follow from standard properties of matrix derivatives (see the Appendix for

details). We note here that in the AA, G turns out to be full, so this gives a geometric argument
that can be exploited in sampling in LGMs.

Go, 9, = oV

A.2.4 Structure of the FI

In this section we analyze the likelihood L:
£ =" log[h(y)] + Y _log{glc(fl} + > C(fi)uly:)
i=1 i=1 i=1

Its gradient is:

~O¢(f5) L 9glCUl | e
Veb); =55, (g[qu)] olf) W)

We recall that:
Ey [(Ve£)(ViL)'] = —Ey [VeViL]

Therefore, given that the Hessian with respect to f is diagonal, the FI will be diagonal as well.
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B Special cases of LGMs considered in this paper

B.1 Logistic regression with GP priors

Let:
1

l+(f) — ]0g1st1C(f) = HTIH

and

I=(f) =1 —=1"(f) = logistic(—f)
In logistic regression, the observations follow a Bernoulli distribution with success probability given
by a sigmoid transformation of the associated latent variable:

plylf) = Hp%\fz [ Bemn(uilt™ (7)) = [T+ (e ()
i=1 i=1

The Bernoulli distribution is a member of the exponential family of distributions?.

regression case, we identify:
N _ )N s
C(fi) =log | -— = fi

In the logistic

I=(f:)

u(yi) = yi
glc(fi)l = glfil = U (f:)
89[C(fj)] — (N[ F
actf,) ()l (i)

Substituting these expressions in the expression of the gradient of £, we obtain:
(VeL); =y — 17 (f))

The diagonal elements of the FI for f need the expectations of y? which is the same as the expectation
of y;, that is lj. We easily find that:

Ri; =" (fl) (f’L)

For the derivatives of the metric tensor, we need to compute and gé}i

B.2 Log-Gaussian Cox model

In this model, the observations follow a Poisson distribution with mean computed as an exponentially
transformed version of the the latent variable at their location:

p(ylf) = Hp (il fi) = ] [ Poisson(yi| exp(f:))
i=1

The Poisson distribution is a member of the exponential family of distributions?.
In the log-Gaussian Cox model, we identify:

C(fi) = log(exp(fi)) = fi

| yln) = Bern(y|u), then n =log(7£7), u(y) =y
*1f p(yln) = E(y|n) = Poisson(y|A), then n = log(A), u(y) =y, g(n) = exp(—exp(n)), and h(y) = 1/y!.



w(yi) = yi
9lC(fi)] = glfi] = exp(— exp(fi))
8?)[5((}73))] = —glfilexp(f5)

Substituting these expressions in the expression of the gradient of £, we obtain:
(VeL); = yj —exp([;)

Ri; = exp(f;)

B.3 Gaussian Copula Process Volatility model
In this model, the observations follow a zero mean Gaussian distribution with standard deviation
computed as an exponentially transformed version of the the latent variable at their location:

p(yIf) = [ [ p(yil £i) = T[NV (wil0, exp(fi)?)
=1 =1
4

The Gaussian distribution is a member of the exponential family of distributions
In the Gaussian Copula Process Volatility model, we identify:
1
)= e

O _ exp(fy)2

of;
u(y;) = 3/12
gl¢(f)] = (=2¢(f))"?
oglc(f)) 1

ac(f;) — glc(fi)]

Substituting these expressions in the expression of the gradient of £, we obtain:
(ViL); = exp(fi) y; — 1
R =2

YIf p(ylo) = E(yIn) = N(y]0,0?), then n = — %
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B.4 Ordinal Regression with GP priors

In this model, the latent function is thresholded at r points that will be denoted by b, ..., b, (Chu
and Ghahramani, 2005). First, let by = —oo and b, = 4+00. Then, y is the index of the interval where
the latent function f falls. The likelihood of an observed label y; associated to a latent function value
fi is then:

pyilfi) =1 if by,—1 < < by,
and zero otherwise. This model is usually modified to allow for a noise term ¢ (distributed as
N(6]0,02)) in the latent function so that:

p(yilfi) = /ﬁ(iyifi + 5)/\/(5‘0,0§)d5 = (I)(Zi(yi)) _ (I)(Zi(yi—l))

where:
() _bs— i
2 = —
as
This likelihood function does not fall in the category of exponential family, so we will derive the
relevant quantities starting from the likelihood. In particular:

L= Zn: log [<1>(zgyz->> - @(zgyi—l))}
=1

1 NE)0,1) - NP0, 1)
os (I)(Zl-(yi)) . (I)(z-(yﬁl))

(2

(vf‘c)i =

Define:

2
o 1 2ONED0,1) = 2ETINEE Y0, 1 (NEETY0,1) - V(P o, 1)
(VeVeL);” = ) (s) (s—1) 52 (s) (s—1)

4 P(z;7) — (2 ) 95 P(z7) — (2 )

which is the Hessian of the likelihood computed for y; = s. The off-diagonal elements of the Hessian
are zero. The expectation of the negative Hessian can be computed explicitly as:
Rii ==Y (VeVel) S plslfi) = Y (VeveL)) [0 ) - @(:1)]

s=1 s=1

C Results - efficiency in sampling f|y,

Table 7: Number of operations in O(n?)

Sampler #0O(n?)

MH 1(0)
HMC 1(0)
SMMALA 15000 ( 0 )
ELL_SS 1(0)
HMC vl 15000 ( 0)
HMC v2 1(0)
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C.1 Logistic regression

Table 8: n =100, d = 2

Sampler ESS (sd), R

MH 32 (0), 482.10
HMC 32 (0), 81.36

SMMALA 674 (56), 1.00
ELLIPTICALSS 254 (23), 1.00
HMC vl 2112 (206), 1.00
HMC v2 1559 (158), 1.00

Table 10: n =400, d =2

Sampler ESS (sd), R

MH 32 (0), 1374.52
HMC 32 (0), 213.26
SMMALA 387 (28), 1.00
ELLIPTICALSS 85 (7), 1.01

HMC v1 993 (130), 1.00
HMC v2 465 (43), 1.00

C.2 Log-Gaussian Cox model

Table 12: n =100, d = 2

Sampler ESS (sd), R
MH 32 (0), 422.72
HMC 32 (0), 55.30
SMMALA 376 (38), 1.00
ELLIPTICALSS 69 (6), 1.02
HMC vl 695 (63), 1.00
HMC v2 240 (29), 1.00
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Table 9: n =100, d = 10

Sampler ESS( d), R
MH 43 (1), 1.05
HMC 2202 (106), 1.00
SMMALA 244 (38), 1.00
ELLIPTICALSS 110 (6), 1.01
HMC v1 2436 (66), 1.00

HMC v2 2405 (154), 1.00

Table 11: n =400, d = 10

Sampler S (sd), R
MH (0) 124
HMC 1136( , 1.00
SMMALA 55 (3), 103
ELLIPTICALSS 46 (2), 1.04
HMC v1 1328 (123), 1.00
HMC v2 1334 (100), 1.00

Table 13: n =100, d = 10

Sampler ESS (sd), R
MH 34 (0), 1.20
HMC 146 (13), 1.01
SMMALA 41 (1), 1.04
ELLIPTICALSS 36 (1), 1.09
HMC v1 145 (10), 1.01
HMC v2 146 (10), 1.01



Table 14: n =400, d = 2

Sampler ESS (sd), R

MH 32 (0), 1310.06
HMC 32 (0), 127.56
SMMALA 296 (29), 1.00
ELLIPTICALSS 47 (3), 1.06

HMC v1 286 (58), 1.00
HMC v2 101 (15), 1.01

C.3 Gaussian Copula Process Volatility model

Table 16: n = 100, d =2

Sampler ESS (sd), R
MH 32 (0), 437.49
HMC 32 (0), 74.69
SMMALA 418 (56), 1.00
ELLIPTICALSS 59 (4), 1.02
HMC vl 1489 (119), 1.00
HMC v2 183 (19), 1.00

Table 18: n =400, d =2

Sampler ESS (sd), R
MH 32 (0), 1103.14
HMC 32 (0), 172.78
SMMALA 308 (26), 1.00
ELLIPTICALSS 42 (3), 1.17
HMC v1 1057 (77), 1.00
HMC v2 80 (8), 1.01
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Table 15: n = 400, d = 10

Sampler ESS (sd), R
MH (0), 1.80
HMC 98 (9), 1.01
SMMALA 3 (0), 1.27
ELLIPTICALSS 32 (0), 1.68
HMC v1 98 (10), 1.01
HMC v2 96 (9), 1.01

Table 17: n =100, d = 10

Sampler ESS (sd), R
MH 34 (1), 114
HMC 227 (26), 1.00
SMMALA 74 (8), 1.02
ELLIPTICALSS 36 (1), 1.12
HMC vl 242 (22), 1.00
HMC v2 36 (25), 1.00

Table 19: n =400, d = 10

Sampler ESS (sd), R
MH 32 (0), 1.78
HMC 136 (15), 1.01
SMMALA 52 (2), 1.02
ELLIPTICALSS 32 (0), 1.36
HMC v1 142 (17), 1.01
HMC v2 128 (13), 1.01



C.4 Ordinal regression with GP priors

Table 20: n =100, d = 2
Sampler ESS (sd), R
MIH 32 (0), 373.75
HMC 32 (0), 124.05
SMMALA 35 (7), 32.14
ELLIPTICALSS 47 (3), 1.08
HMC v1 519 (785), 28.00
HMC v2 58 (34), 22.75

Table 22: n =400, d = 2
Sampler ESS (sd), R
MH 32 (0), 1365.70
HMC 32 (0), 661.55

SMMALA 34 (6), 62.58
ELLIPTICALSS 40 (2), 1.37
HMC v1 32 (0), 84.51
HMC v2 32 (0), 50.62

Table 21: n =100, d = 10
Sampler ESS (sd), R
MH 33 (1), 2.33
HMC 32 (0), 675.48
SMMALA 32 (0), 224.54
ELLIPTICALSS 34 (1), 1.17
HMC vl 32 (0), 672.34
HMC v2 32 (0), 716.33

Table 23: n =400, d = 10

Sampler ESS (sd), R
MH 32 (0), 6.81
HMC 32 (0), 1298.09
SMMALA 32 (0), 338.10
ELLIPTICALSS 32 (0), 3.61
HMC v1 32 (0), 1338.51
HMC v2 (0), 1421.43

D Results - efficiency in sampling 6|f - SA

Table 24: n =100, d = 2

Sampler ESS (sd), R 1034#0(n?)
MH 775 (55), 1.00 15 (0)
HMC 3330 (142), .00 164 (1)
SMMALA 1900 (671), 19.37 60 (0)
Table 26: n =400, d = 2

Sampler ESS (sd), R 1034#0(n?)
MH 1014 (118), 1.00 15 (0)
HMC 5552 (481), 1.00 164 (1)
SMMALA 2802 (2046), 14.00 60 (0)
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Table 25: n = 100, d = 10

Table 27: n = 400, d = 10

Sampler ESS (sd), R 103#0( 3)
MH 43 (4),1.06 15 (0)
HMC 83 (16), 1.01 165 (1)
SMMALA 44 (5), 1.13 180 (0)

Sampler ESS (sd), R 103#0(n?)
MH A1 (3), L1015 (0)
HMC 63 (11), 1.02 165 (1)
SMMALA 42 (3), 1.08 180 (0)



E.1 Logistic regression

Table 28: n = 100, d = 2

Sampler ESS (sd), R 103#O(n3)
MH 326 (70), 1.00 15 (0)
HMC 49 (21), 1.24 660 (3)
SMMALA 80 (31), 1.16 210 (0)

Table 30: n =400, d = 2

Sampler ESS (sd), R 103#0(n?)
MH 303 (39), 1.00 15 (0)
HMC 4(27),3.33 660 (3)
SMMALA 87 (58), 1.43 210 (0)

E.2 Log-Gaussian Cox model

Table 32: n =100, d =2

Sampler ESS (sd), R 103#O(n3)
MH 237 (30), 1.00 5 (0)
HMC 51 (26), 7.82 660 (3)
SMMALA 82 (65), 1.82 210 (0)

Table 34: n =400, d = 2

Sampler ESS (sd), R 03#O(n3)
MH 232 (48), 1.00 15 (0)
HMC 44 (18), 12.49 660 (3)
SMMALA 66 (49), 4.32 210 (0)
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E Results - efficiency in sampling 0|y, v - AA

Table 29: n = 100, d = 10

Sampler ESS (sd) 103#O(n3)
MH 48 (4), 1.0 15 (0)
HMC 33 (1), 2.16 2642 (8)
SMMALA 33 (1), 1.46 2130 (0)

Table 31: n =400, d = 10

Sampler ESS (sd) 103#O(n3)
MH 40 (5), 1.3 5 (0)
HMC 32 (0), 3.6 2642 (8)
SMMALA 33 (1),2.19 2130 (0)

Table 33: n =100, d = 10

Sampler ESS (Sd) 103#O(n3)
MH 37 (3), 2.1 5 (0)
HMC 32 (0), 7.2 2642 (8)
SMMALA 33 (0), 5.7 2130 (0)
Table 35: n = 400, d = 10

Sampler ESS (sd), R 103#0(n?)
MH 36 (2), 2.43 15 (0)
HMC 32 (0), 17.91 2642 (8)
SMMALA 32 (0), 9.73 2130 (0)



Table 36: n =100, d =2

Sampler ESS (sd), R 103#0(713)
MH 196 (25), L0015 (0)
HMC 43 (15), 11.68 660 (3)
SMMALA 54 (24), 1.46 210 (0)

Table 38: n =400, d = 2

Sampler ESS (sd), R 103#O(n3)
MH 921 (21), 1.00 5 (0)
HMC 4 (17), 18.85 660 (3)
SMMALA 61 (37),5.11 210 (0)

E.4 Ordinal regression with GP priors

Table 40: n =100, d = 2

Sampler ESS (sd), R 103#0(n?%)
MH 242 (42), .00 15 (0)
HMC 4 (16), 11.04 660 (3)
SMMALA 45 (14), 3.17 210 (0)

Table 42: n =400, d = 2

Sampler ESS (sd), R 103#O(n3)
MH 235 (20), 1.00 15 (0)
HMC 43 (16), 20.07 660 (3)
SMMALA 44 (13), 6.84 210 (0)
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E.3 Gaussian Copula Process Volatility model

Table 37: n =100, d = 10

Sampler ESS (sd), R 103#0(n?)
MH 35 (2), .34 15 (0)
HMC 32 (0), 8.17 2641 (8)
SMMALA 33 (0), 2.79 2130 (0)

Table 39: n = 400, d = 10

Sampler ESS (sd), R 103#0(n?)
MH 14 (9), L2215 (0)
HMC 32 (0), 15.64 2642 (8)
SMMALA 32 (0), 6.61 2130 (0)

Table 41: n =100, d = 10

Sampler ESS (sd), R 103#0(n?)
MH 36 (2), L4315 (0)
HMC 32 (0), 18.09 2641 (8)
SMMALA 32 (0), 9.45 2130 (0)

Table 43: n = 400, d = 10

Sampler ESS (sd), R 103#0(n?)
MH 70 (15), 249 15 (0)
HMC 33 (0), 678.60 2642 (8)
SMMALA 32 (0), 76.67 2130 (0)



F Results - efficiency in sampling f,0 - Comparing ASIS with SA,
AA, and KHR

F.1 Logistic regression

Table 44: n =100, d = 2 Table 45: n = 100, d = 10
Sampler ESS f ESS 6 R Sampler ESSf ESSO R
ASIS HMC v2 779 (173) 153 (23) 1.00 ASIS HMC v2 134 (14) 52 (4) 1.03
ASISELL SS 329 (55) 115 (25) 1.01 ASISELL SS 75 (9) 46 (3) 1.04
SA ELL SS 161 (65) 34 (1) 175 SA ELL SS 71 (11) 36 (2) 1.30
AAELLSS 304 (69) 99 (23) 1.01 AAELLSS 79 (10) 45(3) 1.04
KHR ELL SS 186 (35) 45 (4) 1.04 KHR ELL SS 253 (43) 44 (3) 1.05
Table 46: n = 400, d = 2 Table 47: n = 400, d = 10
Sampler ESSf ESSO R Sampler ESSf ESSO R
ASIS HMC v2 142 (14) 59 (5) 1.02 ASIS HMC v2 120 (10) 37 (2) 1.42
ASISELL SS 81 (14) 42 (4) 1.03 ASIS ELL SS 53 (7) 36 (2) 1.30
SA ELL SS 78 (16) 33 (1) 3.49 SA ELL SS 64 (11) 33 (0) 241
AA ELL SS 83 (11) 43 (3) 1.08 AA ELL SS 58 (10) 38 (4) 1.30
KHR ELL SS 37 (2) 33(2) 3.23 KHR ELL SS 53 (3) 37 (1) 1.13
F.2 Log-Gaussian Cox model
Table 48: n =100, d =2 Table 49: n = 100, d = 10
Sampler ESSf ESS6 R Sampler ESSf ESSO R
ASIS HMC v2 242 (56) 65 (9) 1.02 ASIS HMC v2 184 (37) 42 (5) 1.11
ASIS ELL SS 77 (6)  45(2) 1.07 ASIS ELL SS 36 (1) 39(3) 1.20
SA ELL SS 71(5) 34(2) 1.95 SA ELL SS 36 (1) 40 (4) 1.25
AA ELL SS TT(7) 41 (2) 1.04 AA ELL SS 36 (1) 34 (1) 2.44
KHR ELL SS 40 (6) 35(2) 1.85 KHR ELL SS 33 (0) 48 (6) 3.45
Table 50: n =400, d = Table 51: n =400, d = 10
Sampler ESSf ESS6 R Sampler ESSf ESS @O R
ASIS HMC v2 118 (30) 43 (5) 1.12 ASIS HMC v2 160 (14) 37 (2) 1.19
ASIS ELL SS 49 (5) 36 (2) 1.30 ASIS ELL SS 33(0) 36(2) 148
SA ELL SS 47 (4)  35(3) 5.02 SA ELL SS 33 (0) 35(2) 3.12
AA ELL SS 51 (5) 37 (2) 1.36 AA ELL SS 33(0) 33(1) 267
KHR ELL SS 35 (2) 36 (6) 2.39 KHR ELL SS 32 (0) 41 (3) 11.31
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F.3 Gaussian Copula Process Volatility model

Table 52: n =100, d =2

Sampler ESSf ESS6 R

ASIS HMC v2 272 (38) 70 (9) 1.02
ASIS ELL SS 68 (6) 47 (3) 1.04
SA ELL SS 53 (8)  35(1) 2.10
AA ELL SS 61 (5) 41 (4) 1.06
KHR ELL SS 36 (3) 36 (5) 1.57

Table 54: n =400, d =

Sampler ESSf ESS6 R

ASIS HMC v2 144 (22) 43 (5) 1.05
ASISELL SS 45 (3) 38(2) 1.21
SA ELL SS 44 (4) 36 (2) 6.96
AA ELL SS 47 (1) 36 (2) 1.22
KHR ELL SS 34 (1) 34 (3) 5.24

F.4 Ordinal regression with GP priors

Table 56: n =100, d =2

Sampler ESSf ESSO R

ASIS HMC v2 143 (20) 49 (3) 1.07
ASIS ELL SS (5) 40 (3) 1.10
SA ELL SS (4)  35(2) 3.93
AA ELL SS 51 (5)  38(2) 1.35
KHR ELL SS (2) 38 (4) 5.48

Table 58: n =400, d = 2

Sampler ESSf ESS@ R

ASIS HMC v2 104 (10) 40 (3) 1.09
ASIS ELL SS 43 (3) 36 (4) 1.87
SA ELL SS 40 (3) 41 (5)  7.93
AA ELL SS 42 (3) 34 (1) 1.87
KHR ELL SS 35 (2) 8 (4) 14.67
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Table 53: n =100, d = 10

Sampler ESS f ESS 0 R
ASIS HMC v2 245 (60) 43 (4) 1.10
ASIS ELL SS 36 (1) 41 (5) 1.08
SA ELL SS 36 (1) 37(1) 1.28
AA ELL SS 36 (2) 34 (1) 1.69
KHR ELL SS 34 (1) 37 (5) 5.70
Table 55: n =400, d = 10
Sampler ESSf ESS 6 R
ASIS HMC v2 154 (46) 42 (8) 1.27
ASIS ELL SS 33(0) 37(3) 1.76
SA ELL SS 33 (0) 35(3) 4.17
AA ELL SS 33(0) 33(1) 221
KHR ELL SS 32 (0) 41 (3) 1047
Table 57: n =100, d = 10
Sampler ESSf ESS® R
ASIS HMC v2 704 (265) 47 (6) 2.39
ASIS ELL SS 37 (1) 45 (4) 1.09
SA ELL SS 36 (1) 43 (3) 1.12
AA ELL SS 36 (1) 33 (1) 222
KHR ELL SS 34 (1) 36 (2) 1.18
Table 59: n =400, d = 10
Sampler ESS f ESS6 R
ASIS HMC v2 393 (190) 38 (4) 2.20
ASIS ELL SS 33 (0) 38 (2) 1.56
SA ELL SS 33 (0) 38 (5) 2.80
AA ELL SS 32 (0) 33 (0) 5.63
KHR ELL SS 32 (0) 42 (7) 6.37



