Algorithmic Foundations 2

Exercises for drop-in tutorial in week 5

Sequences & Summation, and Integers & Division

1. What are the terms a0, a1, a2 and a3 of the sequence {an}, where an equals

a) (-2)n ?

b) 3 ?

c) 7+4n ?

d) 2n+(-2)n?

2. For each of the following lists of integers, provide a simple formula that generates the terms of an integer sequence that begins with the given list.
a) 7, 11, 15, 19, 23, 27, 31, 35, 39, 43, …

b) 3, 6, 11, 18, 27, 38, 51, 66, 83, 102, …

c) 2, 6, 18, 54, 162, 486, 1458, 4374, 13122, 39366, …

d) 5, 12, 19, 26, 33, 40, 47, 54, 61, 68, …

e) 6, 24, 96, 384, 1536, 6144, 24576, 98304, 393216, 1572864, …

3. Let {aj} be an arithmetic progression, given by a0=c and aj = aj-1 + d for j(1 (where c and d are constants).

a) Write an expression for aj in terms of c, d and j (j(0).
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Write an expression for the sum

in terms of c, d and n.
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Find the value of each of the following sums.
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5. Determine whether each of the following sets are countable.  For those that are countable, exhibit a one-one correspondence between the set of natural numbers and that set.

a) the integers 1, 2, 4, 8, 16, 32, …;

b) integers divisible by 3;

c) real numbers whose decimal expansions comprise either 3s or 7s;

d) a subset A of a countable set B.

6. Prove or disprove each of the following:

a) If a | b and c | d, then ( a + c ) | ( b + d ).

b) If a | b and b | c then a | c.

c) If a | c and b | c, then ( a + b ) | c.

d) If a | b and c | d, then ( ac ) | ( b + d ).

e) If a | b and b | a, then a = b.

f) If a | ( b + c ), then a | b and a | c.

g) If a | bc then a | b or a | c.

h) If a | c and b | c, then ab | c2 .

7. Find the unique prime factorisation of 2940.

8. Applying the division algorithm with a=-35 and d=6 yields what value of r?

9. Find:

(a) gcd(20!, 12!)     (b) gcd(289, 2346)     (c) lcm(20!, 12!)     (d) lcm(289, 2346).

10. List all positive integers less than 21 that are relatively prime to 33.

11. Find:

(a) 18 mod 7 
(b) -88 mod 13 
(c) 289 mod 17

12. Determine whether each of the following "theorems" is true or false. Assume that a, b, c, d and m are integers with m > 1.

a) If a ( b (mod m), and a ( c (mod m), then a ( b + c (mod m).

b) If a ( b (mod m), and c ( d (mod m), then ac ( b + d (mod m).

c) If a ( b (mod m), then 2a ( 2b (mod m).

d) If a ( b (mod m), then 2a ( 2b (mod 2m).

e) If a ( b (mod m), then a ( b (mod 2m).

f) If a ( b (mod 2m), then a ( b (mod m).

g) If a ( b (mod m2 ), then a ( b (mod m).
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