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Abstract. A transversal T of a latin square is a collection of # cells no twe in the same row or
column and such that each of the integers 1, 2, ..., # appears in exactly one of the cells of T.

A latin square is doubly diagonalized provided that both its main diagona! and off-diagonal are
transversals. Although it is known that a doubly diagonalized latin square of every ordern > 4
exists and that a pair of orthogonal latin squares of order n exists for every n # 2 or 6, it is still
an open question as to what the spectrum is for pairs of doubly diagonalized orthogonal latiy.
squares. The best general result seems to be that pairs of orthogonal doubly diagenalized latin
squares of order n exist whenever n is odd or a multiple of 4, except possibly when n is a mul-
tiple of 3 but not of 9. In this paper we give a new construciion for doubiy diagonalized latin
squares which is used to enlarge the known class for doubly diagonalized orthogonal squares.
The construction is based on Sade’s singular direct prect:~t of quasigroups.

1. Introduction

A latir square is an n X #n array such that in each recw and column
each of the integers 1, 2, ..., n occurs exactly once. Alg: bhraically, a latin
square is a quasigroup. A transversal T of a latin square is a collection -
of n cells no two in the same row or column and such that each of the
integers 1, 2, ..., n appears in exactly one of the cells of 7. A latin square
is said to be diagonalized if the main diagonal (cells (1, 1), (2, 2), ..., (7,
n)) is a transversal and off-diagonalized if the off-diagonal (cells (1, n),
(2,n--1),...,{(n, 1)) is a transversal. A latin square is doubly diagonalized
provided that it is both diagonalized and off-diagonalized. If 4 = (a;;)
and B= (b,-]-) are n X n latin squares, then by (4, B) is meant the set
{(@p by i,j=1,2,..,n} . If (4, B)I = n?, then the squares A and B
are said to be orthugonal.

* QOriginal version received -\ January 1972.
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Although it is known that a doubly diagonalized latin square of
every order n > 4 exists [3] and that a pair of orthogonal latin squares
of order n exists for every 17 # 2 or 6 (see [1]), it is still an open ques-
tion as to what the spectrum is for pairs of doubly diagonalized ortho-
gonal latin squares. The best general result seems to be that pairs of
orthogonal doubly diagonalized latin squares of order n exist when-
ever 1 is odd or a multiple of 4, except possibly when # is a multiple
of 3 but not of 9 (see [2]). The proof of this result is obtained by the
use of direct product type constructions. In this paper, we give a new
construciion for doubly diagonalized latin squares which is used to
enlarge the known class for doubly diagonalized orthogonal latin
squares. The construction is based on Sade’s singular direct product
of quasigroups [4].

2. The singular direct product for latin squares

We will give here Sade’s singular direct product of quasigroups and
then restate the construction in terms of latin squares.

Let (V, ©) be an idempotent quasigroup, (Q, 0) a quasigroup con-
taining the subquasigroup (P, 0)and P = (Q\P, ®) any quasigroup. On the
set PU (P X V) define a binary operation @ as follows:

(peg=pogq,ifp,q€P; ‘

Q)po(g,v)=(pogqg,v),ifpeP. qEPveEV;

3@ vIiep=(@op,v),ifpeP, qeﬁ, ve v,

pogq,ifpoqge€P;

4 (p.v)o(q.v)=

(pogq,v},ifpoqéP;

B v)e(gw)=(pequvow), v+w.

We remark that the operations @, 0 and ® are not necessarily related.
The quasigroup so constructed is called the singular direct product of
the quasigroups (¥, @), (Q, 0), (P, 0), and (P, ®) and is denotzd by

V(©)X Q(,P. P, ®).

We now restate the singular direct product for quasigroups in terms
of latin squares: Let V be an idempotent latin square of order v based on
1,2, ...,u; Q alatin square of order 4 based on 1, 2, ..., g containing the sub-
square P of order p based on 1, 2, ..., p in the upper left-hand corner; and
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A0,0) A{0,1) A(0,2) A0,v)
A(1,0) A, 1) A(1,2) A(l,v)
A(2,0) A2, 1) AQ2,2) AQ2,v)
A, 0) AQ,1) AQ@,2) Az v)
Diagram 1.

P alatin square of order g—p based onp+ 1, p+2, ..., q. The singular
direct proguct of the latin squares ¥, Q, P and P denoted by

V X Q(P, P) is the latin square of order v(g—p) + p based on

P U (PX V) defined in Diagram 1. In the cell A(0, 0) is the iatin square
P. 1In the four cells A(0, 0), 4(0, 1), A(1,0) and A(1, 1) is the latin
square Q with each symbol x € P replaced by (x, 1). Similarly, in the
four cells A(0, 0), A(0, k), A(k, 0) and A(k, k) is the latin square Q
with each x & P replaced by (x, k). Finally, in the remaining cells
AG,f), i+#j, i+ 0+], is the latin square P with every x replaced by

(x, vi,-), where v;; is the entry in cell (i,j) of V.

Example 2.1.
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y @y G @ 22 32 42 32 33) @3
@0 GH 1 @ @3 23 G @3 Q2 G2
2,1 1 @1 3,0 3,3) &3) 2,3) 3.2 42 2.2
3.1 @n @D 1 23 G3) @3 @2 32 @42
@2 43 23 63 G 1 QD @n @D G
22 33) 43 23 1 42 G.2) G0 @D @
32) @3 (I @) @5 @2 1 @n G @D
@y @2 22 32) @ @ G GH 1 @Y
2,3 32) 4,2 2 3G, @1 @)D i 4.3) (3,3
3.2) 22 G2 @2 @D G @) | @H @Y 1

3. Construction of doubly diagonalized latin squares

In this section, we give a new construction for doubly diagonalized
latin squares. This construction will be used in Section 4 to construct
doubly diagonalized orthogonal latin squares.

Let V be a doubly diagonalized orthogonal latin square of even order
based on 1,2, ...,v =2 m. Let Q be a Jiagonalized latin square of order
q based on 1, 2, ..., ¢ containing the doubly diagonalized latin square P
based on 1, 2, ..., » in the upper left-hand corner. Finally, let P be an
off-diagonalized tatin square of order g—p based on p+1, p+2, ..., 4.

Theorem 3.1. If there are latin squares V, Q_ Pand P satisfying the above
conditions, where |V| = v, |Q| = q, |P| = p, |P| = q—p, then there is a doub-
ly diagonalized latin square of order »(q—p) + p.

Proof. We can assume thaf V is idempotent and consider the singular
direct product V' X Q(P, P) as shown: in Diagram 2.

A{0,0) A(0,1) AL 2) ‘e A0,v)
A(1,D) AL A(1.2) e A(l,v)
A(Z,0) A:2,1) AQ22) .. AQ2,v)
A@,0) A,1) A@2) - A(v,v)

Diagram 2. I X Q(P, P).
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-
A0,0) A@©,1) A(0,m) A(0,m+1) A(0,)
A(1,0)
: 4, A,
A(m,0)
A(m+1,0)
- A 3 Ag
A@,0)
Plagram 3. ¥ X @(P, P).
A(m+1,0)
Ag A3
A@,0)
A0, m+1) A(0v) A(0,0) A(0,1) A(0,m)
A(1,0)
A 2 A 1
A(m, D)

Diagram 4. D(V X Q(P, P)).

Now partition ¥ X Q(P, P) as shown in Diagram 3. Note that 4(0, 0)

is doubly diagonalized and based on P = {1, 2, ..., p}and that the square
consisting of the blocks A, 4,, A3 and A4 contains each clement of
P X V exactly once on the miair diagonal and exactly once on the off-

diagonal. Now rearrange V' X Q(P, P) to form the latin square

DWWV X Q& F)) given in Diagram 4. The fact that D(V X Q(P, ﬁ)) is
doubly diagonalized is a consequence of the fact that 4(0,0) is doubly
diagonalized and based on P = {1, 2, ..., p} , while the square consisting
of the blocks A4, A3, A, and A, contains each element of P X V ex-
actiy once on the main and off-diagonal.
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Example 3.2.

1 4 2 3 _l___l 3 4 2 4 3 2

3 2 4 1 2 4 3 1 2 4 3

4 1 3 2 3 1 2 4 3 2 4

2 3 1 4 4 2 1 3

P
vV Q
Ui
p=[1]

1 GD @D e { G2 @2 22| (33 @3 23| GH 3 Y
2D | @41 311 “44) G4 249 | 42 G2 22| 43) 33 23
G |1 Qen @D | 24 @44 GH 0 (22 “4)2) 3,22 | (2.3) 4.3) (33
@n | 2ni G GHQRCH @Y (B2 (22 @) 3,3) 23 4.3
22) | 433323 | 431 P44 GH e @41 G 2D
G2y | (23) 4,333 |1 2,2) 42) | 24 44 34| 2,0 @D 3.
“42) | 332343y 21 32); 34 24H 44| G 2D @)D
23) [ 44) 34 24 | 4,1 3D (20 | (43) 3,31 4,2) (3,2) (2,2)
33 | G4 @34 GCH | 2,1) 41 31 | 1 2,3) 43) | 2,2) 4.2) 3,2)
43) | 34 24 @449 | GDEDD A 2301 (3,3) | (3,2) 2,2) 4,2)
24 | 423212 4333 RYHy | GG 44 G441
G4 224232 123643 G3) QUG 24) @4
44) | 32) 2.2y 42 | 33 (2 143 | GHEHED| 24 1 (3.4)

43) 33) 1
1 (2,3) 4,3)
231 3.3

4.4) 34 24
24) 44 49
G4 24 ¢4

“4.1) 3.1 (2,1
(2,1) @&,1) 3,1
3.1 2,1) 4,1

@D 3D 2D
2,0 @1 3,0
G, 21 4D

44 341

2H 1

“42) 3.2) 2,2)
(2,2) 4.2) 3,2)
(3:2) 2,2) 4,2)

4,3) (3,3) (2,3)
2,3) 4,3) 3,3)
(3,3) (2,3) 4,3)

3.3 4,3) 2,3

3.1 4.1 2,1

(3,2) 4.2) (2,2)

“2) (3,2) 2,2)
(2,2) 4.2) 3,2
3.2) 2.2) 4.2)

“4,0H 3ED1
1 2,1) 4,
2Dn1 a3.n

44 34) 24
24 (44 G4
34 24) 49

4.4 G4 24
2,4) (44) (34)
GAH Q24) 44)

4.2) (3,2) 2,2) | 2,3)
2,2) 42) 32) | 33
32) 22) 4D | 4.3
24
r @4 ¢bh | GH
G349 | 449

G4 44 24 | 1
43 (33 (23 | @D
2,3) 43) 3,3 | 3,1
(3,3) (2,3) 43) | 4.
41D 3D @D | Q2
n @1 G| G2
@G.n 21 @) | 42

4,3) (3,3 (2,3)
2,3) 4,3 (3,3)
(3,3) (2,3) {4,3)

“4,2) 3,2) 1
1 @2 @42
22)i (32

Diagram 5. VX Q(P,Py; D(V X 0 (P, P)).
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4. Construction of doubly diagona'ized orthogonal latin squares

Let ¥, and ¥, be a pair of doubly diagonalized orthogonal latin
squares of even order based on 1,2, ...,v=2m. Let @, and Q, be a
pair of orthogonal diagonalized latm squares of order ¢ based on 1,

2, ...,q and containing the doubly diagonalized latin squares P; and
P, based on 1, 2, ..., p in their upper left-hand corners. Finally, let 2
and 1—52 be a pair of orthogonal off-diagor.alized latin squares of order
q—p based on p+1,p+2,...,4q.

Theorem 4.1. If there are latin squares V|, V5, ¢y, @5, Py, P, and P,,
P, satisfying the above conditions, wherz |V{1= [V, =0, 1,1 =1Q.] =
q, \P{1=1P,| =pand IFI | = IP;»,I = gq—p, then there is a pair of doubly
diagonalized orthogonal latin sqquares of order v(g—p) + p.

Proof. We can assume that V' and V, are idempotent. Sade [4] has
shown that the singular direct products ¥; X Q,(P;, P,) and

V5 X Q,(P,, F,) are orthogonal. Now form the doubly diagonalized

latin squares D, (V; X Q;(Py, P;}) and D,(V, X Q,(P,, P,)) asin
Section 3. Since corresponding cells in D; (V; X Q, (P, Py and

Dy (Vy X Qy(P;. P5)) are in the same relative position as in

Vy X Q,(P,, P;)and V, X Q,(P,, P,), it follows that D, (V; X (;(P, P}))
and D, (V, X Q,(P,, P,)) are orthogonal. This completes the proof.

Corollary 4.2. If there are t mutually orthogonal doubly diagonalized
latin squares of order v = 2m. t mutually orthogonal diagonalized latin
squares of order q containing t doubly diagonalized latin squares of
order p in their upper left-hand corners, and t mutually orthogor:il off-
diagonalized latin squares of order q—p, then there are t mutually
orthogonal doubly diagonalized iatin squares of order v(g—p) +p.

5. Extension of known results

As mentioned in Section 1, it is known that orthogonal doubly
diagonalized latin squares of order #n exist whenever # is odd or a multi-
ple of 4, except possibly when # is a multiple of 3 but not of 9. We in-
dicate here some extensions of this result.

(i) Since there is a pair of doubly diagonalized orthogonal latin
squares of order 8, a pair of orthogonal diagonalized latin squares of
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order 5 containing a pair of dcubly diagonalized iatin squares of order

1 in their upper left-hand corners, and a pair of o:f-diagonalized orthog-
onal latin squares of order 4, there is a pair of doubly diagonalized
ortliogonal latin squares of order 8(5—1)+ 1 = 33. Taking direct pro-
ducts produces an infinite number of pairs of doubly diagonalized
orthogonal !atin squares of odd order n, where 7 is divisible by 3 but
not by 9.

(i) Since there are 6 mutually orthogonal doubly diagonalized latin
squares of urder 8, at least 6 mutually orthogonal diagonalized latin
squares of order 17 each containing a subsquare of order 1 in the upper
left-hand corner (a latin square of order 1 is doubly diagonalized), and
at ieast 6 mutually orthogcnal off-diagonalized latin squares of order 16,
there are 6 mutually orthogonal doubly diagonalized latin squares of
order 8 (17-1)+ 1 =129, a number that is divisible by 3 but not by 9.

6. Remarks

The probiem of corstructing a pair of orthogonal doubly diagonalized
latin squares of order iz = 2 (mod 4) is still open. It is doubtful if the
techniquss in this paper can be used for such a construction for the fol-
lowing reasons. The only known doubly diagonalized orthogonal latin
squares of ever: order are divisible by 4 so that v(g—p)+p = 2 (mod 4)
for appropriate v, ¢ and p would have to have v = 0 (mod 4). But then
v(g—p)+p =2 (mod 4) would give p = 2 (mod 4) with p the order of
a pair of doubly diagonalized orthogonal latin squares.
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