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Abstract. A transversal T of a latin square is a collection of n cells no two in the same row or 
column and such that each of the integers 1,2, . . . . n appears in exactly one of the cells of T. 
A latin square is doubly diagonalized provided that both its main diagomri and off-diagonal are 
transversals. Although it is known that a doubly diagonalized latin square of every order n > 4 
exists and that a pair of orthogonal latin squares of order n exists for every );I # 2 or 6, it is still 
an open question as to what the spectrum is for pairs of doubly diagonalized orthogonal la&. 
squares. The best general result seems to be that pairs of orthogonal doubly diagonalized latin 
squares of order n exist whenever n is odd or a multiple of 4, except possibly when n is a mul- 
tiple of 3 but not of 9. In this paper we give a new constmcrion for doubly diagonalized latin 
squares which is used to enlarge the known class for doubly diagonalized orthogonal squares. 
The construction is based on Sade’s singular direct prcc!:~.~t of quasigroups. 

1. Introduction 

A ZatiE square is an n X y1 array such that in each rcw and column 

each of the integers 1,2, . . . . n occurs exactly once. Alg&raically, a latin 

square is a quasigroup. A transversal T of a latin square is a collection 
of n cells no two in the same row or column and such that each of tht: 
integers 1,2, . . . . n appears in exactly one of the cells of T. A latin square 
is said to be diagonaiized if the main diagonal (cells (1, I), (2,2), . . . . (TZ, 
n)) is a transversal and of;f-diagonaZized if the off-diagonal (cells (1, n), 
(2, n-- 1 ), . . . . (re, 1)) is a transversal. A latin square is doubly diagonalized 
provided that it is both diagonalized and off-diagonalized. If A = (aij) 
and B = (bii) are n X n latin squares, then by (R, B) is meant the set 
{(aii. bii)l i, j z 1, 2, .-*) n} . If i(A, B)I = n2, then the squares 14 and B 

are said to be orthogonal. 

* Original version received -1 January 1972. 
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Although it is known that a doubly diagonalized latin square of 
every order 12 >_ 4 exists [ 31 and that a pair of orthogonal latin squares 
of order n exists for every 1-2 # 2 or 6 (see [ 1 I), it is still an open ques- 
tion as to what the spectrum is for pairs of doubly diagonalized ortho- 
gorial latin squares. The best general result seems to be that pairs of 
orthogonal doubly diagonalized latin squares of order pz exist when- 
ever n is odd or a multiple of 4, except possibly when n is a multiple 
of 3 but not of 9 (see [ 21). The proof of this result is obtained by‘the 
use of direct product type constructions. In this paper, we give a new 
construction for doubly diagonalized latin squares which is used to 
enlarge the known class for doubly diagonalized orthogonal latin 
squares. The construction is based on Sade’s s.inguZar direct product 
0f quasigroups [4] . 

2. The singular direct product for lath squares 

We will give here Sade’s singular direct product of quasigroups and 
then :restate the construction in terms of latin squares. 

Let (V, 0) be an idempotcnt quasigroup, (Q, o) a quasigroup con- 
taining the subquasigroup (P, 0) and P= (Q\P, Q?) any quasigroup. On the 
set P u (p X V) define a binary operation @ as follows: 

Wp@q=poq,ifp,qEP; 
(2) p 03 (q, v) = ir, 0 4, v), if p E P, q E E v E V: 
(3) (q, v) @ p = (q 0 p, v), if p E P, $1 E F, v E V; 

I 

p 34, ifp0qEP; 
(4) (p. v) @ (4, v) = 

(P 0 4, v), if P 0 9 @ P; 
(5) (p, v) @ (q, w) = (p 63 q, v @ w), 11 # w. 

We remark that the operations @,0 and ~9 are not necessarily related. 
The quasigroup so constructed is called the shgular direct product of 
the quasigroups (V, a), (Q, 0), (P, o), and (z ~9) and is dcnot;d by 

V(o) x Q(0, P, 2 @) . 

We now restate the singular direct product for quasigroups in terms 
of latin squares: Let V be an idempotent latin square of order v based on 
1, 2, . . . , v; & a latin square of order 4 based on 1,2, . . . . 4 containing the sub- 
square P of order p based on 1,2 , . . . . p’ in the upper left-hand comer; and 
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40,O) 

u 

A<O, 1) A(O,%) . . . A(O, VI 

AIL 0) 41, 1) A&2) ‘.. 1 A(l,v) 

44(&O) A(2, I) A(2,2) , . . A(2, u) 

. . 
: : : 0. . . * . . 

A bJ, 0) Ab, 1) A(u, 2) 9. . A(i;, v) 
___I- _I 

Diagram 1. 

F a latin square of order q-p based on p + 1, p + 2, . . . , q. The singular 
direct proauct of the latin squares V; Q, P and p denoted by 

V X Q(P, p) is the latin square of order u(q-p) + p based on 
P U (FX V) defined in Diagram 1. In the cell A(0, 0) is the latin square 
P. In the four cells A(0, 0), A(0, l), A(l, 0) and A( 1,l) is the latin 
square Q with each symbol x $ P replaced by (x, 1). Similarly, in the 
four cells A(0, 0), A(0, k), A(k, 0) and A(k, k) is the latin square Q 
with each x $ P replaced 3y (x, k). Finally, in the remaining cells 
A(i, j), i # j, i # 0 # j, is the latin square P with every x replaced by 
(x, Uij), where Uij is the entry in cell (i, i) of V. 

Example 2.X. 

1 3 2 El 3 2 1 

2 1 3 

3 4 7 1 2 

4 3 

2 
5 

4 2 3 

3 4 2 

2 3 4 
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1 (23 (391) (451) ~W:t CM (4,2) (3,2> <3,3) (493) 
____I 

(4,l) 43,1) 1 (291) GI (233) (3,3) 
(2,l)f (491) (39) 
(3,lI L) (291) 1 

(3,3) (4,3) (X3) (3v3.I (4,2) C&2) 
(2,3) (3,3) (4,3) &2) (392) (4,2) 

- 

(4,3) (23) 1393) 
(3,3) (493) 62,3) 
(2,3) (3,3) (493) 

(4,2) (2,2) ($2) 
(3-2) (4,2) (292) 
(292) (52) (4,2) 

3. Construction of doubRy diagonalized latin squares 

In this section, we give a new construction for doubly diagonalized 
latin squares. This construction will be used in Section 4 to construct 
doubly diagonalized orthogonal latin squares. 

Let V be a doubly diagonalized orthogonal latin square of even order 
based on 1,2, ..-, u = 2 182. Let Q be a Jiagonalized latin square of order 
y based on 1,2, . . . . y containing the doubly diagonalized latin square P 
based on 1: 2, . . . . 17 in the upper left-hand corner. Finally, let p be an 
off-diagonalized ratin square of order q-p based on p+ 1, p+ 2, . . . . q. 

Theorem 3.1. If the:*e we latin squares V, Q, P alvld p satisfying the abo;le 
conditions, where 1 VI = v, @I == Q, ]P] = p, IFI .= q-p, then there is u doub- 
ly diagonalized Eatin square of order v(q-p) + p. 

/ 

Proof. We can assume that V is idempotent and consider the singular 
direct product V X Q(P, F) as shown in Diagram 2. 

r .- 
A lOA ANAl) A(0,2) , . . A (0, v) 

A(lJB AUS) A(1,2) , . . Atl,v) 
-- 

A CUD A;;2,1) A(2,2) . . . A(29 VI 
. . (1 . . : . : . . I . . 

A (v,O) AM) A(v,2) . . . A&v) 

Diapam 2. V x Q(P, fi. 
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--_ TM---_ 

A (W-N A(O,l) . . . 4Om) A(O,m+l) . . . 14 (OP) 

A(l,O) 

. . * AI A2 

A(m, 0) 
-_-_ 

A(m+ 1 ,O) 

. 

. A3 A4 . 

A (0) 
- 

Diagram 3. b’ X QV? F). 

-- --_ 

Atm+l ,O) 

. 
A4 . . A3 

A W-N 
--- 

I 

-- 

A(O,m+l) . . . A (0,~) A!O,O) 
-- 

.(O,,~--T-p, 

A(1 ,O) 

4 
. 

d 2 
. 
. Al 

I 
A (m 0) 

- _-- .I 

Diagram 4. D( V X Q(P, ;i;>>. 

N~OW partition V X Q(P, p) as shown in Diagram 3. Note that A(0, 0) 

is doubly diagonalized and based on P = {I, 2, . . . . p}and that the square 
consisting of the blocks A 1, A 2, A 3 and A, contains each element of 

FX V exactly orrce on the m:iir! diagonal and ex;Wly once on the off- 
diagonal. Now rearrange V X Q(P, p) to form the Latin square 

D( I;’ X Q(P, p>) given in Diagram 4. The fact that ,0( V X Q(P, p>> is 
doubly diagonalized is al consequence of the fact that A(O,O) is doubly 
diagonalized and based ‘on P = ( 1, 2, . .., p} , while the square consisting 

of the blocks A4, A 3, A 2 and A 1 contains each element of p X V ex- 

actiy once on the main and off-diagonal. 
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Exampk 3.2. 

3 2 4 1 

4 I 3 2 

2 3 1 4 

-- 

1 

t&l) 
(391) 

(491) 
-- 

(2,2? 

623 

(492) 
-- 

[3,3) 

(3,3> 

(4,3) 

(2,4) 

(3,4) 

(494) 
_- 

V 

--- 

(3,l) (4,1? (291) 
-- 

(4,1? (3,l) 1 
1 (2,l) (4,1? 

(U? 1 (3,1? 

(4,3? (3,3? (2,3? 

(2,3? (4,3) (3,3) 

(393) (2,3? (493) 

(4,2) (3,2) 1 
/ 

(4,4? (3,4? (2,4) (4,lI (391) (291) 

(2J? (4,1? (391) 

(3,1? (291) (491) 

1 (2~) (4~) (2,4) (4,4) (3,4) 

(2,2) 1 (332) t3,4) (2,4) (4,4) 
-_ 

(4,4) (3,4) ~4) (491) (3,l) (2,1? (493) (393) 1 W? (32) (22) 
(3,4) (4,4) (3,4? (291) (491) (391) 1 (2,3? (4,3? (292) (42) (32) 
t3,4) (2,4) (4,4) (391) (291) (4,l) (2,3) 1 (3,3? (332) (292) i4,2) 

-__- 

(4,2) (3,2) W? (4,3? (393) (2,3) (4,1? (391) (291) (4,4? (3,4) 1 

(292) (421 (3,2) (2931 (493) (393) c&l? (491) (391) 1 (234) (494) 

13,2) (2,2) (4,2? c3,3) ~2~3) (4,3) (3J) (2,1? (491) (2,4) 1 (394) 
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(3,2) (4,2? (2,2? (393) (493) (293) 

(4,4? (395) i&4? (492) (3,2? (292) 

(2,4? (4,4) (3,4? > C&2? (4,2? (3,2? 

(3,4) (214) (4,4? i W? W? (492) 

(3,4) (4,4) (2,~) 

(4,3? (3,3? (2,3) 

(2,3? (4,3? (393) 

(3,3) (293) (493) 

(493) (393) 1 (4,2? (3,2? (2,2) (2,3? (494) (394) (294) (491) (391) (291) 
(2,3? (4,3) (2,2? (4,2? (3,2? (3,3) (2,4? (494) (394) (291) (491) (331) 

:2,31 1 (3,3? (3,2) C&2) ($2) (4,3? (394) C&4? (494) (351) (291) (491) 

(491) (391) (2,1) (4,4) (3,4) 1 (2,4) (42 (32) (22) (4,31 (3,3) (~$3) 
c&l? (491) (391-I 
(3 1) (2 1) (4 li ; 4) 

(2,4) (4,4) (3,4? (2,2? (4,2? (3,2? (293) (493) (3,3? 
, , , , 1 (3,4? (4,4) (3,2? (2,2? (4,2) (3,3) (2,3? (4,3? 

(33) ~4~3) ~2~3) (3,411 (4,4) (2,4) 1 (3,l) (491) (291) (3,2? (432) (2,2? 

(492) (392) (2,2) (493) (3,3? (293) Cl? (491) (391) 1 (4,4) (394) (234) 
(292) (492) (392) (233) (4,3? (393) ($1) 1 1 ~ (21) ‘Ii! (24) ;;W;;; 1 
(3,2) a2? t4,2) (3,31 (2,3) (4,3? (4,i) ai? 1 ’ (311) (314) (214) (414) 

(4,4) (394) (294) (491) (3,1? (291) (2,2? , (493) (393) t-,3? (4,2? 0,2? 1 
f&4) (4,4? (3,4) (2,1? C4,1? (3,1? (3,2? I CM? (4,3: (3,3? 1 
G4? (2,4? (4A? 63,1? (2J? (4,1? (4,2? 1 (3,3? (2,3? i&3? (2,2) i * , 

Diagram 5. V X Q<P, PI; D (V X Q (P,P?). 
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4. Construction of dioubly diagonatized orthogonal latin squares 

Let VI and V2 be a pair of doubly diagonahzed orthogonal latin 
squares of even order based on 1,2, . . ..u = 2172. Let Q1 and & be a 
pair of orthogonal diagonalized latin squares of order 4 based on 1, 
2 9 “‘9 q and containing the doubly diagonalized latin scluares P, and 
P, based on 1,2, . . . . p in their upper left-hand comers. Finally, let ~‘1 
and & be a pair of orthogonal off-diagoralized latin squares of order 
q-p based on p+ 1, p+2, . . . . 4. 

Theorem 4.1. If there are latin rquares VI, V2, Q1, Q2, PI, Pi, and &, 

& satisfying the above conditions, where 1 V, I = 1 V, I - v, IQ1 1 = IQ2 1 = 
q, IP, I = IP, I = p and IP, I = I& I = q-p, then there is a pair of doubly 
diagonalized orthogonal latin sijuares of order v(q-p) + p. 

Proof. We can assume that V, and V2 are idempotent. Sade [4] has 
shown that the singular direct products V, X Qr (PI, & j and 
V2 X & (P2, & j are orthogonal. Now form the doubly diagonaljzed 
latin squares D, ( V, X Q1 (PI, PI )) j and 8), ( V2 X Q2 (PZ *.& j) as in 
Section 3. Since correspondir>g cells in D, ( V, X Q1 (PI, P, j) and. 
D2( V2 X Q2 (P2, F2)) are in Zhe same relative position as in 
Y, X Q,(P,, p,> and ‘2 X Q2(P2, P2), it follows that D, (T/1 X (!,(P,,~# 

and D2( V2 X Q2(P2, P2 )) are orthogonal. This completes the proof: 

Corollary 4.2. If there are t mutually orthogonal doubly diagonalkd 
latin squares of order v = 2m, t mutually orthogonal diagonalized latin 
squares of order q containing t doubly diagonalized Patin squares (3.f 
order p in their upper left-hand corners, and t mutually orthogorxt off: 
diagonalized latin squares oford>er q-p, then there are t mutually . 

orthogonal doubly dtagonalized latin squares of order u (q-p) + p. ! 

5. Extension of known results 

As mentioned in Section 1, it is known that orthogonal doubly 
diagonalized latin squares of order n exist whenever n is odd or a multi- 
ple of 4, except possibly when n is ,a multiple of3 but not of 9. We in- 
dicate here some extensions of this result. 

(i) Since there is a pair of Idoubly diagonalized orthogonal latin 
squares of order 8, a pair of orthogonal diagonalized latin sq:u:,ues of 
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order 5 containing a pair of dcUV.J r*blqp diagonalized Latin squares of order 
1 in their upper left-hand corners, and a pair of o.Cf-diagonalized orthog- 
onal latin squares of order 4, there is a pair of doubly diagonalized 
orthogonal latin. squares of order 8(5-l)+ 1 = 33. Taking direct pro- 
ducts produces an infinite number of pairs of doubly diagonalized 
orthogonal Win squares of odd order n, where n is divisible by 3 but 
not by 9. 

(ii) Since there are 6 mutually orthogonal doubly diagonalized latin 
squares of 1 order 8, itt le$ast 6 mutually orthogonal diagonalized latin 
squares of !.)rder 17 each coMaining a subsquare of order 1 in the upper 
left-hand corner (a latin square of order 1 is doubly diagonalized), and 
at ieast 6 mutually orthogcna.1 off-diagonalized latin squares of order 16, 
there are 6 mutually orthogonal doubly diagonalized latin squares of 
order 8 (17--l)+ 1 = 129, a number that is divisible by 3 but not by 9. 

6. Remarks 

The problem of corstructing a pair of orthogonal doubly diagonalized 
latin squares of order 12 = 2 (mod 4) is still open. It is doubtful if the 
techniques in this paper can be used for such a construction for the fol- 
lowing rc-asons. The only known doubly diagonalized orthogonal latin 
squares of even order xe divisible by 4 so that u(q--p) + p = 2 (mod 4) 
for appropriate u, 4 and p would have to have u = 0 (mod 4). But then 
~(q-p) + p = 2 (mod 4) would give p s 2 (mod 4) with p the order of 
a pair of doubly diagonalized orthogonal latin squares. 
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