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Chapter 1

Introduction

Francesca Rossi, Peter van Beek, Toby Walsh

Constraint programming is a powerful paradigm for solving combinatorial search problems
that draws on a wide range of techniques from artificial intelligence, computer science, and
operations research. Constraint programming is “programming” partly in the sense of pro-
gramming in mathematical programming. The user declaratively states the constraints on
the feasible solutions for a set of decision variables. However, constraint programming is
also “programming” in the sense of computer programming. The user additionally needs
to program a search strategy. This typically draws upon standard methods like chronolog-
ical backtracking and constraint propagation, but may use customized code like a problem
specific branching heuristic. Constraint programming is both inclusive and diverse. The
field welcomes the full spectrum of research—from the theoretical, through the experimen-
tal, to the applied—and brings together a wide array of disciplines including algorithms,
artificial intelligence, combinatorial optimization, computer systems, computational logic,
operations research, and programming languages.

The aim ofThe Handbook of Constraint Programmingis to capture the full breadth
and depth of this field and to be encyclopedic in its scope and coverage. The intended
audience of the handbook is researchers, graduate students, upper-year undergraduates,
and practitioners who wish to learn about the state-of-the-art in constraint programming.
Each chapter of the handbook is intended to be a self-contained survey of a topic, and is
written by one or more authors who are leading researchers inthe area. Readers wishing to
learn more background material than provided in a particular chapter may wish to consult
one or more of the excellent introductory textbooks that areavailable (see., e.g., [1, 2, 3, 4]).

1.1 Structure and Content

The handbook is organized in two parts. The first part covers the basic foundations of
constraint programming, including the history, basic search methods, computational com-
plexity, and important issues in modeling a problem as a constraint program. The second
part covers extensions to the basic framework, as well as applications.



4 1. Introduction

Part I: Foundations

In Chapter 2, Eugene C. Freuder and Alan K. Mackworth survey the emergence of con-
straint satisfaction as a new paradigm within artificial intelligence and computer science.
Covering the two decades from 1965 to 1985, Freuder and Mackworth trace the devel-
opment of two streams of work, which they call the language stream and the algorithm
stream. The focus of the language stream was on declarative program languages and sys-
tems for developing applications of constraints. The language stream gave many special
purpose declarative languages and also general programming languages such as constraint
logic programming. The focus of the algorithm stream was on algorithms and heuristics
for the constraint satisfaction framework. The algorithm stream gave constraint propa-
gation algorithms such as algorithms for arc consistency and also heuristics and constraint
propagation within backtracking search. Ultimately, the language stream and the algorithm
stream merged to form the core of the new field of constraint programming.

In Chapter 3, Christian Bessiere surveys the extensive literature on constraint propa-
gation. Constraint propagation is a central concept—perhaps thecentral concept—in the
theory and practice of constraint programming. Constraintpropagation is a form of reason-
ing in which, from a subset of the constraints and the domains, more restrictive constraints
or more restrictive domains are inferred. The inferences are justified by local consistency
properties that characterize necessary conditions on values or set of values to belong to
a solution. Arc consistency is currently the most importantlocal consistency property in
practice and has received the most attention in the literature. The importance of constraint
propagation is that it can greatly simplify a constraint problem and so improve the effi-
ciency of a search for a solution. There are two main approaches to performing constraint
propagation: the rules iteration approach and the algorithmic approach. In the rules it-
eration approach, reduction rules specify conditions under which domain reductions can
be performed for a constraint. In the algorithmic approach,generic and special purpose
algorithms are designed for constraints.

The main algorithmic techniques for solving constraint satisfaction problems (CSPs)
are backtracking search and local search. In Chapter 4, Peter van Beek surveys backtrack-
ing search algorithms. A backtracking search algorithm performs a depth-first traversal
of a search tree, where the branches out of a node represent alternative choices that may
have to be examined in order to find a solution and the constraints are used to prune sub-
trees containing no solutions. Backtracking search algorithms come with a guarantee that
a solution will be found if one exists, and can be used to show that a CSP does not have
a solution and to find a provably optimal solution. Many techniques for improving the
efficiency of a backtracking search algorithm have been suggested and evaluated including
constraint propagation, nogood recording, backjumping, heuristics for variable and value
ordering, and randomization and restart strategies.

A fundamental challenge in constraint programming is to understand the computational
complexity of problems involving constraints. In their most general form, constraint satis-
faction problems (CSPs) are NP-Hard. To counter this pessimistic result, much work has
been done on identifying restrictions on constraint satisfaction problems such that solving
an instance can be done efficiently; that is, in polynomial time in the worst-case. Finding
tractable classes of constraint problems is of theoreticalinterest of course, but also of prac-
tical interest in the design of constraint programming languages and effective constraint
solvers. The restrictions on CSPs that lead to tractabilityfall into two classes: restrict-
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ing the topology of the underlying graph of the CSP and restricting the type of the allowed
constraints. In Chapter 5, Rina Dechter surveys how the complexity of solving CSPs varies
with the topology of the underlying constraint graph. The results depend on properties of
the constraint graph, such as the well-known graph parameter tree-width. In Chapter 6,
David Cohen and Peter Jeavons survey how the complexity of solving CSPs varies with
the type of allowed constraints. Here, the results depend onalgebraic properties of the
constraint relations.

In Chapter 7, Willem-Jan van Hoeve and Irit Katriel survey global constraints. A global
constraint is a constraint that can be over arbitrary subsets of the variables. The canonical
example of a global constraint is theall-different constraint which states that the
variables in the constraint must be pairwise different. Thepower of global constraints is
two-fold. First, global constraints ease the task of modeling an application using constraint
programming. Theall-different constraint, for example, is a pattern that reoccurs
in many applications, including rostering, timetabling, sequencing, and scheduling appli-
cations. Second, special purpose constraint propagation algorithms can be designed which
take advantage of the semantics of the constraint and are therefore much more efficient.
Van Hoeve and Katriel show that designing constraint propagation algorithms for global
constraints draws on a wide variety of disciplines including graph theory, flow theory,
matching theory, linear programming, and finite automaton.

In Chapter 8, Holger H. Hoos and Edward Tsang survey local search algorithms for
solving constraint satisfaction problems. A local search algorithm performs a walk in a
directed graph, where the nodes represent alternative assignments to the variables that may
have to be examined and the number of violated constraints isused to guide the search for
a solution. Local search algorithms cannot be used to show a CSP does not have a solution
or to find a provably optimal solution. However, such algorithms are often effective at
finding a solution if one exists and can be used to find an approximation to an optimal
solution. Many techniques and strategies for improving local search algorithms have been
proposed and evaluated including randomized iterative improvement, tabu search, penalty-
based approaches, and alternative neighborhood and move strategies.

In many real world problems, not all constraints are hard. Some constraint may be
“soft” and express preferences that we would like to satisfybut do not insist upon. Other
real world problems may be over-constrained. In both cases,an extension of the basic
framework of constraint satisfaction to soft constraints is useful. In Chapter 9, Pedro
Meseguer, Francesca Rossi, and Thomas Schiex survey the different formalisms of soft
constraints proposed in the literature. They describe the relationship between these differ-
ent formalisms. In addition, they discuss how solving methods have been generalized to
deal with soft constraints.

The first part ends with two chapters concerned with modelingreal world problems as
CSPs. Symmetry occurs in many real world problems: machinesin a factory might be
identical, nurses might have the same skills, delivery trucks might have the same capacity,
etc. Symmetry can also be introduced when we model a problem as a CSP. For example,
if introduce a decision variable for each machine, then we can permute those variables
representing identical machines. Such symmetry enlarges the search space and must be
dealt with if we are to solve problems of the size met in practice. In Chapter 10, Ian P.
Gent, Karen E. Petrie, and Jean-François Puget survey the different forms of symmetry
in constraint programming. They describe the three basic techniques used to deal with
symmetry: reformulating the problem, adding symmetry breaking constraints or modifying
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the search strategy to ignore symmetric states. Symmetry isone example of the sort of
issues that need to be considered when modeling a problem as aCSP. In Chapter 11,
Barbara M. Smith surveys a range of other issues in modeling aproblem as a CSP. This
includes deciding on an appropriate viewpoint (e.g. if we are scheduling exams, do the
variables represent exams and their values the times, or do the variables represent the
times and their values the exams?), adding implied constraints to help prune the search
space, and introducing auxiliary variables to make it easier to state the constraints or to
improve propagation.

Part II: Extensions and Applications

To increase the uptake, ease of use, extensibility, and flexibility of constraint technology,
constraints and search have been integrated into several programming languages and pro-
gramming paradigms. In Chapter 12, Kim Marriott, Peter J. Stuckey, and Mark Wallace
survey constraint logic programming (CLP), the integration of constraint solving into logic
programming languages. Constraint solving and logic programming are both declarative
paradigms, so their integration is quite natural. Further,the fact that constraints can be seen
as relations or predicates, that a set of constraints can be viewed as the conjunction of the
individual constraints, and that backtracking search is a basic methodology for solving a set
of constraints, makes constraint solving very compatible with logic programming, which
is based on predicates, logical conjunctions, and backtracking search. Marriott, Stuckey,
and Wallace cover the elegant semantics of CLP, show the power of CLP in modeling con-
straint satisfaction problems, and describe how to define specific search routines in CLP
for solving the model.

In Chapter 13, Thom Frühwirth, Laurent Michel, and Christian Schulte survey the inte-
gration of constraints into procedural and object-oriented languages, concurrent languages,
and rule-based languages. Integrating constraint solvinginto these more traditional pro-
gramming paradigms faces new challenges as these paradigmsgenerally lack support for
declarative programming. These challenges include (i) allowing the specification of new
search routines, while maintaining declarativeness, (ii)the design of declarative model-
ing languages that are user-friendly and based on well-known programming metaphors,
and (iii) the integration of constraint solving intomulti-paradigm languages. Frühwirth,
Michel, and Schulte include a discussion of the technical aspects of integrating constraints
into each programming paradigm, as well as the advantages and disadvantages of each
paradigm.

In Chapter 14, Christian Schulte and Mats Carlsson survey finite domain constraint
programming systems. One of the key properties of constraint programming systems is
the provision of widely reusable services—such as constraint propagation and backtrack-
ing search—for constructing constraint-based applications. Schulte and Carlsson discuss
which services are provided by constraint programming systems and also the key principles
and techniques in implementing and coordinating these services. For many applications,
the constraint propagation, backtracking search, and other services provided by the con-
straint programming system are sufficient. However, some applications require more, and
most constraint programming systems are extensible, allowing the user to define, for exam-
ple, new constraint propagators or new search strategies. Schulte and Carlsson also provide
an overview of several well-known finite domain constraint programming systems.
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Operations research (OR) and constraint programming (CP) are complementary frame-
works with similar goals. In Chapter 15, John N. Hooker surveys some of the schemes for
incorporating OR methods into CP. In constraint programming, constraints are used to
reduce the domains of the variables. One method for incorporating an OR method is to
apply it to a constraint to reduce the domains. For example, if a subset of the constraints
are linear inequalities, the domain of a variable in the subset can possibly be reduced by
minimizing and maximizing the variable using linear programming on the subset of linear
constraints. This example is an instance of a popular schemefor incorporating OR into CP:
create a relaxation of the CP problem in the form of an OR model, such as a linear pro-
gramming model. Other schemes for creating hybrid OR/CP combinations decompose a
problem so that CP and OR are each used on the parts of the problem to which they are best
suited. Hooker shows that OR/CP combinations using both relaxation and decomposition
can bring substantial computational benefits.

Real-world problems often take us beyond finite domain variables. For example, to
reason about power consumption, we might want a variable to range over the reals and
to reason about communication networks we might want a variable to range over paths
in a graph. Constraint programming has therefore been extended to deal with more than
just finite (or enumerated) domains of values. In Chapter 16,Frédéric Benhamou and Lau-
rent Granvilliers survey constraints over continuous and interval domains. The extension of
backtracking search over finite domains to interval constraints is called branch-and-reduce:
branching splits an interval and reduce narrows the intervals using a generalization of local
consistency and interval arithmetic. Hybrid techniques combining symbolic reasoning and
constraint propagation have also been designed. Benhamou and Granvilliers also discuss
some of the applications of interval constraints and the available interval constraint soft-
ware packages. In Chapter 17, Carmen Gervet surveys constraints over structured domains.
Many combinatorial search problems—such as bin packing, set covering, and network
design—can be naturally represented in the language of sets, multi-sets, strings, graphs
and other structured objects. Constraint propagation has therefore been extended to deal
with constraints over variables which range over such datatypes.

Early work in empirical comparisons of algorithms for solving constraint satisfaction
problems was hampered by a lack of realistic or hard test problems. The situation im-
proved with the discovery of hard random problems that ariseat a phase transition and
the investigation of alternative random models of constraint satisfaction, satisfiability, and
optimization problems. Experiments could now be performedwhich compared the algo-
rithms on the hardest problems and systematically exploredthe entire space of random
problems to see where one algorithm bettered another. In Chapter 18, Carla Gomes and
Toby Walsh survey these alternative random models. In addition to their interest as an
experimental testbed, insight gained from the study of hardproblems has also led to the
design of better algorithms. As one example, Gomes and Walshdiscuss the technique of
randomization and restarts for improving the efficiency of backtracking search algorithms.

In Chapter 19, Manolis Koubarakis surveys temporal constraint satisfaction problems
for representing and reasoning with temporal information.Temporal reasoning is impor-
tant in many application areas—including natural languageunderstanding, database sys-
tems, medical information systems, planning, and scheduling—and constraint satisfaction
techniques play a large role in temporal reasoning. Constraint-based temporal reasoning
formalisms for representing qualitative, metric, and combined qualitative-metric temporal
information have been proposed in the literature and many efficient constraint satisfaction
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algorithms are known for these formalisms. Koubarakis alsodemonstrates the application-
driven need for more expressive queries over temporal constraint satisfaction (especially
queries combining temporal and non-temporal information)and surveys various proposals
that address this need including the scheme of indefinite constraint databases.

In Chapter 20, Boi Faltings surveys distributed constraintsatisfaction. In distributed
constraint satisfaction, constraint solving happens under the control of different indepen-
dent agents, where each agent controls a single variable. The canonical example of the
usefulness of this formalism is meeting scheduling, where each person has their own con-
straints and there are privacy concerns that restrict the flow of information, but many ap-
plications have been identified. Backtracking search and its improvements have been ex-
tended to the distributed case. In synchronous backtracking, messages are passed from
agent to agent with only one agent being active at any one time. A message consists of ei-
ther a partial instantiation or a message that signals the need to backtrack. In asynchronous
backtracking, all agents are active at once, and messages are sent to coordinate their the as-
signments that are made to their individual variables. Asynchronous backtracking has been
the focus of most of the work in distributed constraint satisfaction. Faltings also surveys
the literature on open constraint satisfaction, a form of distributed CSP where the domains
of the variables and the constraints may be incomplete or notfully known.

The basic framework of constraint programming makes two assumptions that do not
hold in many real world problems: that the problem being modeled is static and that the
constraints are known with certainty. For example, factoryscheduling is inherently dy-
namic and uncertain since the full set of jobs may not be knownin advance, machines may
break down, employees may be late or ill, and so on. In Chapter21, Kenneth N. Brown and
Ian Miguel survey the uses and extensions of constraint programming for handling prob-
lems subject to change and uncertainty. For dynamically changing problems, two of the
alternatives are to record information about the problem structure during the solving pro-
cess, such as explanation or nogood recording, so that re-solving can be done efficiently;
and to search for robust or solutions that anticipate expected changes. For uncertain prob-
lems, different types of uncertainty can be identified including the problem itself is intrin-
sically imprecise; there is a set of possible realizations of the problem, one of which will
be the final version, and there are probability distributions over the full realizations. As
well, many CSP formalisms have been proposed for handling uncertainty including fuzzy,
mixed, uncertain, probabilistic, stochastic, and recurrent CSPs.

Constraint programming has proven useful—indeed, it is often the method of choice—
in important applications from industry, business, manufacturing, and science. In the last
five chapters of the handbook, some of these applications of constraint programming are
highlighted. Each of the chapters emphasizeswhyconstraint programming has been suc-
cessful in the given application domain. As well, in the besttraditions of application-
driven research, the chapters describe how focusing on real-world applications has led to
basic discoveries and improvements to existing constraintprogramming techniques. In a
fruitful cycle, these discoveries and improvements then led to new and more successful
applications.

In Chapter 22, Philippe Baptiste, Philippe Laborie, ClaudeLe Pape, and Wim Nuijten
survey constraint programming approaches to scheduling and planning. Scheduling is the
task of assigning resources to a set of activities to minimize a cost function. Scheduling
arises in diverse settings including in the allocation of gates to incoming planes at an air-
port, crews to an assembly line, and processes to a CPU. Planning is a generalization of
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scheduling where the set of activities to be scheduled is notknown in advance. Constraint
programming approaches to scheduling and planning have aimed at generality, with the
ability to seamlessly handle real-world side constraints.As well, much effort has gone
into improved implied constraints such as global constraints, edge-finding constraints and
timetabling constraints, which lead to powerful constraint propagation. Baptiste et al. show
that one of the reasons for the success of a constraint programming approach is its ability
to integrate efficient special purpose algorithms within a flexible and expressive paradigm.
Additional advantages of a constraint propagation approach include the ability to form
hybrids of backtracking search and local search and the easewith which domain specific
scheduling and planning heuristics can be incorporated within the search routines.

In Chapter 23, Philip Kilby and Paul Shaw survey constraint programming approaches
to vehicle routing Vehicle Routing is the task of constructing routes for vehicles to visit
customers at minimum cost. A vehicle has a maximum capacity which cannot be exceeded
and the customers may specify time windows in which deliveries are permitted. Much
work on constraint programming approaches to vehicle routing has focused on alternative
constraint models and additional implied constraints to increase the amount of pruning
performed by constraint propagation. Kilby and Shaw show that constraint programming
is well-suited for vehicle routing because of its ability tohandle real-world (or side) con-
straints. Vehicle routing problems that arise in practice often have unique constraints that
are particular to a business entity. In non-constraint programming approaches, such side
constraints often have to be handled in an ad hoc manner. In constraint programming a
wide variety of side constraints can be handled simply by adding them to the core model.

In Chapter 24, Ulrich Junker surveys constraint programming approaches to configu-
ration. Configuration is the task of assembling or configuring a customized system from a
catalog of components. Configuration arises in diverse settings including in the assembly
of home entertainment systems, cars and trucks, and travel packages. Junker shows that
constraint programming is well-suited to configuration because of (i) its flexibility in mod-
eling and the declarativeness of the constraint model, (ii)the ability to explain a failure
to find a customized system when the configuration task is over-constrained and to sub-
sequently relax the user’s constraints, (iii) the ability to perform interactive configuration
where the user makes a sequence of choices and after each choice constraint propagation is
used to restrict future possible choices, and (iv) the ability to incorporate reasoning about
the user’s preferences.

In Chapter 25, Helmut Simonis surveys constraint programming approaches to applica-
tions that arise in electrical, water, oil, and data (such asthe Internet) distribution networks.
The applications include design, risk analysis, and operational control of the networks.
Simonis discusses the best alternative formulations or constraint models for these prob-
lems. The constraint programming work on networks vividly illustrates the advantages
of application-driven research. The limited success in this domain of classical constraint
programming approaches such as backtracking search, led toimprovements in hybrid ap-
proaches which combine both backtracking and local search or combine both constraint
programming and operations research methods. A research hurdle that must still be over-
come, however, is the complexity and implementation effortthat is required to construct a
successful hybrid system for an application.

In Chapter 26, Rolf Backofen and David Gilbert survey constraint programming ap-
proaches to problems that arise in bioinformatics. Bioinformatics is the study of infor-
matics and computational problems that arise in molecular biology, evolution, and genet-
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ics. Perhaps the first and most well-known example problem inbioinformatics is DNA
sequence alignment. More recently, constraint programming approaches have made sig-
nificant progress on the important problem of protein structure prediction. The ultimate
goals and implications of bioinformatics are profound: better drug design, identification of
genetic risk factors, gene therapy, and genetic modification of food crops and animals.
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[3] T. Frühwirth and S. Abdennadher.Essentials of Constraint Programming. Springer,

2003.
[4] K. Marriott and P. J. Stuckey.Programming with Constraints. The MIT Press, 1998.



Handbook of Constraint Programming 11
Edited by F. Rossi, P. van Beek and T. Walsh
c© 2006 Elsevier All rights reserved

Chapter 2

Constraint Satisfaction:
An Emerging Paradigm

Eugene C. Freuder and Alan K. Mackworth

This chapter focuses on the emergence of constraint satisfaction, with constraint languages,
as a new paradigm within artificial intelligence and computer science during the period
from 1965 (when Golomb and Baumert published “Backtrack programming” [34]) to 1985
(when Mackworth and Freuder published “The complexity of some polynomial network
consistency algorithms for constraint satisfaction problems” [55]). The rest of this hand-
book will cover much of the material introduced here in more detail, as well as, of course,
continuing on from 1986 into 2006.

2.1 The Early Days

Constraint satisfaction, in its basic form, involves finding a value for each one of a set of
problem variables where constraints specify that some subsets of values cannot be used
together. As a simple example of constraint satisfaction, consider the task of choosing
component parts for the assembly of a bicycle, such as the frame, wheels, brakes, sprockets
and chain, that are all mutually compatible.

Constraint satisfaction, like most fields of artificial intelligence, can be separated into
(overlapping) concerns with representation and reasoning. The former can be divided into
generic and application-specific concerns, the latter intosearch and inference. While con-
straint satisfaction has often been pigeon-holed as a form of search, its real importance
lies in its broad representational scope: it can be used effectively to model many other
forms of reasoning (e.g. temporal reasoning) and applied tomany problem domains (e.g.
scheduling). For this reason, constraint satisfaction problems are sometimes encountered
in application domains that are unaware that an academic community has been studying the
subject for years: one reason for the importance of a handbook such as this. Furthermore,
while heuristic search methods are a major concern, the distinguishing feature of constraint
satisfaction as a branch of artificial intelligence is arguably the emphasis on inference, in
the form of constraint propagation, as opposed to search.
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Constraint satisfaction problems have been tackled by a dizzying array of methods,
from automata theory to ant algorithms, and are a topic of interest in many fields of com-
puter science and beyond. These connections add immeasurably to the richness of the
subject, but are largely beyond the scope of this chapter. Here we will focus on the basic
methods involved in the establishment of constraint satisfaction as a branch of artificial
intelligence. This new branch of artificial intelligence, together with related work on pro-
gramming languages and systems that we can only touch upon here, laid the groundwork
for the flourishing of interest in constraint programming languages after 1985.

Constraint satisfaction of course, predates 1965. The realworld problems that we now
identify as constraint satisfaction problems, like workforce scheduling, have naturally al-
ways been with us. The toy 8-queens problem, which preoccupied so many of the early
constraint satisfaction researchers in artificial intelligence, is said to have been proposed in
1848 by the chess player Max Bazzel. Mythology claims that a form of backtrack search,
a powerful search paradigm that has become a central tool forconstraint satisfaction, was
used by Theseus in the labyrinth in Crete. Backtrack search was used in recreational math-
ematics in the nineteenth century [51], and was an early subject of study as computer
science and operations research emerged as academic disciplines after World War II. Bit-
ner and Reingold [2] credit Lehmer with first using the term ‘backtrack’ in the 1950’s [50].
Various forms of constraint satisfaction and propagation appeared in the computer science
literature in the 1960’s [16, 15, 34, 75].

In artificial intelligence interest in constraint satisfaction developed in two streams. In
some sense a common ancestor of both streams is Ivan Sutherland’s groundbreaking 1963
MIT Ph.D. thesis, “Sketchpad: A man-machine graphical communication system” [73].

In one stream, the versatility of constraints led to applications in a variety of domains,
and associated programming languages and systems. This stream we can call the language
stream. In 1964 Wilkes proposed that algebraic equations beallowed as constraint state-
ments in procedural Algol-like programming languages, with relaxation used to satisfy the
constraints [80]. Around 1967, Elcock developed a declarative language, Absys, based on
the manipulation of equational constraints [22]. Burstallemployed a form of constraint
manipulation as early as 1969 in a program for solving cryptarithmetic puzzles [9]. In the
very first issue ofArtificial Intelligencein 1970, Fikes described REF-ARF, where the REF
language formed part of a general problem-solving system employing constraint satisfac-
tion and propagation as one of its methods [23]. Kowalski used a form of constraint prop-
agation for theorem proving [48]. Sussman and others at MIT applied a form of constraint
propagation to analysis, synthesis and fault localizationfor circuits [6, 17, 18, 67, 71], and
Sussman with Steele developed the CONSTRAINTS language [72]. Borning used con-
straints in his ThingLab simulation laboratory [4, 5], whose kernel was an extension of the
Smalltalk language; Lauriere used constraints in Alice, a language for solving combina-
torial problems [49]. In the planning domain, Eastman did “constraint structured” space
planning with GSP, the General Space Planner [21], Stefik used “constraint posting” in
MOLGEN, which planned gene-cloning experiments in molecular genetics [68, 69], and
Descotte and Latombe’s GARI system, which generated the machining plans of mechani-
cal parts, embedded a planner which made compromises among “antagonistic constraints”
[20]. Fox, Allen and Strohm developed ISIS-II [25] a constraint-directed reasoning system
for factory job-shop scheduling.

In the other stream, an interest in constraint solving algorithms grew out of the ma-
chine vision community; we cite some of the early work here. We refer to this stream as
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the algorithm stream. The landmark ‘Waltz filtering’ (arc consistency) constraint propa-
gation algorithm appeared in a Ph.D. thesis on scene labeling [79], building upon work
of Huffman [41] and Clowes [10]. Montanari developed path consistency and established
a general framework for representing and reasoning about constraints in a seminal paper
entitled “Networks of constraints: fundamental properties and applications to picture pro-
cessing” [60]. Mackworth exploited constraints for machine vision [52], before providing
a general framework for “Consistency in networks of relations” and new algorithms for arc
and path consistency [53]. Freuder generalized arc and pathconsistency tok-consistency
[26] shortly after completing a Ph.D. thesis on “active vision”. Barrow and Tenenbaum,
with MSYS [1] and IGS [74], were also early users of constraints for image interpretation.
Rosenfeld, Hummel and Zucker, in “Scene labeling by relaxation operations”, explored the
“continuous labeling problem”, where constraints are not ‘hard’, specifying that values can
or cannot be used together, but ‘soft’ specifying degrees ofcompatibility [65]. Haralick,
Davis, Rosenfeld and Milgram discussed “Reduction operations for constraint satisfaction”
[38], and Haralick and Shapiro generalized those results ina two-part paper on “The con-
sistent labeling problem” [36, 37]. Together with J. R. Ullman, they even discussed special
hardware for constraint propagation and parallel search computation in [76].

The language and algorithm streams diverged, and both became more detached from
specific application domains. While applications and commercial exploitation did prolif-
erate, the academic communities focused more on general methods. While the generality
and scientific rigor of constraint programming is one of its strengths, we face a continu-
ing challenge to reconnect these streams more firmly with their semantic problem-solving
roots.

The language stream became heavily influenced by logic programming, in the form of
constraint logic programming, and focused on the development of programming languages
and libraries. Hewitt’s Planner language [40] and its partial implementation as Micro-
Planner [70] can be seen as an early logic programming language [3]. The major early
milestone, though, was the development of Prolog by Colmerauer and others around 1972
[14] and the logic as a programming language movement [39, 47]. Prolog can be framed as
an early constraint programming language, solving equality constraints over terms (includ-
ing variables) using the unification algorithm as the constraint solver. Colmerauer pushed
this view much further in his introduction of Prolog II in 1982 [13, 12]. The integration
of constraint propagation algorithms into interpreters for Planner-like languages was pro-
posed by Mackworth [53]. Van Hentenryck developed and implemented CHIP (Constraint
Handling in Prolog) as a fully-fledged constraint logic programming language [77]. In a
parallel development Jaffaret al. developed the CLP(X) family of constraint logic pro-
gramming languages [42] including CLP(R) [44]. For more on these developments in the
language stream see the surveys in [11, 43] and other chapters in this handbook.

The algorithm stream, influenced by the paradigm of artificial intelligence as search,
as exemplified in Nilsson’s early textbook [61], and by the development of the science of
algorithms, as exemplified by Knuth’sThe Art of Computer Programming[45], focused
on algorithms and heuristics. The second stream remained more firmly within artificial
intelligence, developing as one of the artificial intelligence communities built around rea-
soning paradigms: constraint-based reasoning [29], case-based reasoning, and the like. It
also focused increasingly on the simple, but powerful and general,constraint satisfaction
problem(CSP) formulation and its variants. We shall focus primarily on this stream, and
the development of the CSP paradigm, in this chapter.
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The challenge then became to reintegrate the language and algorithm streams, along
with related disciplines, such as mathematical programming and constraint databases, into
a single constraint programming community. This process began in earnest in the 1990’s
when Paris Kanellakis, Jean-Louis Lassez, and Vijay Saraswat chaired a workshop that
soon led to the formation of an annual International Conference on Principles and Practice
of Constraint Programming, and, at the instigation of Zsófia Ruttkay, Gene Freuder estab-
lished theConstraintsjournal, which “provides a common forum for the many disciplines
interested in constraint programming and constraint satisfaction and optimization, and the
many application domains in which constraint technology isemployed”.

2.2 The Constraint Satisfaction Problem: Representation and
Reasoning

Here we consider the representation of constraint satisfaction problems, the varieties of
reasoning used by algorithms to solve them and the analysis of those solution methods.

2.2.1 Representation

The classic definition of a Constraint Satisfaction Problem(CSP) is as follows. A CSP
P is a tripleP = 〈X,D,C〉 whereX is ann-tuple of variablesX = 〈x1, x2, . . . , xn〉,
D is a correspondingn-tuple of domainsD = 〈D1, D2, . . . , Dn〉 such thatxi ∈ Di, C is
a t-tuple of constraintsC = 〈C1, C2, . . . , Ct〉. A constraintCj is a pair〈RSj

, Sj〉 where
RSj

is a relation on the variables inSi = scope(Ci). In other words,Ri is a subset of the
Cartesian product of the domains of the variables inSi.1

A solution to the CSPP is ann-tupleA = 〈a1, a2, . . . , an〉 whereai ∈ Di and
eachCj is satisfied in thatRSj

holds on the projection ofA onto the scopeSj . In a
given task one may be required to find the set of all solutions,sol(P), to determine if
that set is non-empty or just to find any solution, if one exists. If the set of solutions is
empty the CSP is unsatisfiable. This simple but powerful framework captures a wide
range of significant applications in fields as diverse as artificial intelligence, operations
research, scheduling, supply chain management, graph algorithms, computer vision and
computational linguistics, to name but a few.

The classic CSP paradigm can be both specialized and generalized in a variety of im-
portant ways. One important specialization considers the extensionality/intensionality of
the domains and constraints. If all the domains inD are finite sets, with extensional rep-
resentations, then they, and the constraint relations, maybe represented and manipulated
extensionally. However, even if the domains and the relations are intensionally represented,
many of the techniques described in this chapter and elsewhere in the handbook still ap-
ply. If the size of the scope of each constraint is limited to 1or 2 then the constraints
are unary and binary and the CSP can be directly represented as a constraint graph with
variables as vertices and constraints as edges. If the arityof constraints is not so limited
then a hypergraph is required with a hyperedge for eachp-ary constraint (p > 2) connect-
ing thep vertices involved. The satisfiability of propositional formulae, SAT, is another

1 This is the conventional definition, which we will adhere to here. A more parsimonious definition of a CSP
would dispense withD entirely leaving the role ofDi to be played by a unary constraintCj with scope(Cj) =
〈xi〉.
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specialization of CSP, where the domains are restricted to be {T, F} and the constraints
are clauses. 3-SAT, the archetypal NP-complete decision problem, is a further restriction
where the scope of each constraint (clause) is 3 or fewer variables.

The classic view of CSPs was initially developed by Montanari [60] and Mackworth
[53]. It has strong roots in, and links with, SAT [16, 15, 54],relational algebra and
database theory [58], computer vision [10, 41, 79] and graphics [73].

Various generalizations of the classic CSP model have been developed subsequently.
One of the most significant is the Constraint Optimization Problem (COP) for which there
are several significantly different formulations, and the nomenclature is not always con-
sistent [19]. Perhaps the simplest COP formulation retainsthe CSP limitation of allowing
only ‘hard’ Boolean-valued constraints but adds a cost function over the variables, that
must be minimized. This arises often, for example, in scheduling applications.

2.2.2 Reasoning: Inference and Search

We will consider the algorithms for solving CSPs under two broad categories: inference
and search, and various combinations of those two approaches. If the domainsDi are all
finite then the finite search space for putative solutions isΩ = ⋊⋉i Di (where⋊⋉ is the join
operator of relational algebra [58]).Ω can, in theory, be enumerated and eachn-tuple tested
to determine if it is a solution. This blind enumeration technique can be improved upon
using two distinct orthogonal strategies: inference and search. In inference techniques,
local constraint propagation can eliminate large subspaces fromΩ on the grounds that they
must be devoid of solutions. Search systematically exploresΩ, often eliminating subspaces
with a single failure. The success of both strategies hingeson the simple fact that a CSP
is conjunctive: to solve it, all of the constraints must be satisfied so that a local failure on
a subset of variables rules out all putative solutions with the same projection onto those
variables. These two basic strategies are usually combinedin most applications.

2.2.3 Inference: Constraint Propagation Using Network Consistency

The major development in inference techniques for CSPs was the discovery and develop-
ment, in the 1970’s, of network consistency algorithms for constraint propagation. Here
we will give an overview of that development.

Analysis of using backtracking to solve CSPs shows that it almost always displays
pathologicalthrashingbehaviors [3]. Thrashing is the repeated exploration of failing sub-
trees of the backtrack search tree that are essentially identical–differing only in assignments
to variables irrelevant to the failure of the subtree. Because there is typically an exponential
number of such irrelevant assignments, thrashing is often the most significant factor in the
running time of backtracking.

The first key insight behind all the consistency algorithms is that much thrashing be-
haviour can be identified and eliminated, once and for all, bytightening the constraints,
making implicit constraints explicit, using tractable, efficient polynomial-time algorithms.
The second insight is that the level, or scope, of consistency, the size of the set of variables
involved in the local context, can be adjusted as a parameterfrom 1 up ton, each increase
in level requiring correspondingly more work.

For simplicity, we will initially describe the developmentof the consistency algorithms
for CSPs with finite domains and unary and binary constraintsonly, though neither restric-
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tion is necessary, as we shall see. We assume the reader is familiar with the basic elements
of graph theory, set theory and relational algebra.

Consider a CSPP = 〈X,D,C〉 as defined above. The unary constraints areCi
= 〈R〈xi〉, 〈xi〉〉. We use the shorthand notationRi to stand forR〈xi〉. Similarly, the binary
constraints are of the formCs = 〈R〈xi,xj〉, 〈xi, xj〉〉 wherei 6= j. We useRij to stand for
R〈xi,xj〉.

Node consistencyis the simplest consistency algorithm. Nodei comprised of vertexi
representing variablexi with domainDi is node consistent iffDi ⊆ Ri. If nodei is not
node consistent it can be made so by computing:

D′
i = Di

⋂

Ri
Di ← D′

i

A single pass through the nodes makes the network node consistent. The resulting
CSP isP ′ = 〈X,D′, C〉 whereD′ = 〈D′

1, D
′
2, . . . , D

′
n〉. We sayP ′ = NC(P). Clearly

sol(P) = sol(P ′). Let Ω′ =⋊⋉i D
′
i then|Ω′| ≤ |Ω|.

Arc consistencyis a technique for further tightening the domains using the binary con-
straints. Consider nodei with domainDi. Suppose there is a non-trivial relationRij
between variablesxi andxj . We consider the arcs〈i, j〉 and〈j, i〉 separately. Arc〈i, j〉 is
arc consistent iff:

Di ⊂ πi(Rij ⋊⋉ Dj)

whereπ is the projection operator. That is, for every member ofDi, there is a correspond-
ing element inDj that satisfiesRij . Arc 〈i, j〉 can be tested for arc consistency and made
consistent, if it is not so, by computing:

D′
i = Di

⋂

πi(Rij ⋊⋉ Dj)
Di ← D′

i

(This is a semijoin [58]). In other words, delete all elements ofDi that have no correspond-
ing element inDj satisfyingRij . A network is arc consistent iff all its arcs are consistent.
If all the arcs are already consistent a single pass through them is all that is needed to ver-
ify this. If, however, at least one arc has to be made consistent (i.e.D′

i 6= Di – there is a
deletion fromDi) then one must recheck some number of arcs. The basic arc consistency
algorithm simply checks all the arcs repeatedly until a fixedpoint of no further domain
reductions is reached. This algorithm is known as AC-1 [53].

Waltz [79] realized that a more intelligent arc consistencybookkeeping scheme would
only recheck those arcs that could have become inconsistentas a direct result of deletions
from Di. Waltz’s algorithm, now known as AC-2 [53], propagates the revisions of the
domains through the arcs until, again, a fixed point is reached. AC-3, presented by Mack-
worth [53], is a generalization and simplification of AC-2. AC-3 is still the most widely
used and effective consistency algorithm. For each of thesealgorithms letP ′ = AC(P)
be the result of enforcing arc consistency onP . Then clearlysol(P) = sol(P ′) and
|Ω′| ≤ |Ω|

The best framework for understanding all the network consistency algorithms is to
see them as removing local inconsistencies from the networkwhich can never be part of
any global solution. When those inconsistencies are removed they may propagate to cause
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inconsistencies in neighbouring arcs that were previouslyconsistent. Those inconsistencies
are in turn removed so the algorithm eventually arrives, monotonically, at a fixed point
consistent network and halts. An inconsistent network has the same set of solutions as
the consistent network that results from applying a consistency algorithm to it; however,
if one subsequently applies, say, a backtrack search to the consistent network the resultant
thrashing behaviour can be no worse and almost always is muchbetter, assuming the same
variable and value ordering.

Path consistency[60] is the next level of consistency to consider. In arc consistency
we tighten the unary constraints using local binary constraints. In path consistency we
analogously tighten the binary constraints using the implicit induced constraints on triples
of variables.

A path of length two from nodei through nodem to nodej, 〈i,m, j〉, is path consistent
iff:

Rij ⊂ πij(Rim ⋊⋉ Dm ⋊⋉ Rmj)

That is, for every pair of values〈a, b〉 allowed by the explicit relationRij there is a value
c for xm such that〈a, c〉 is allowed byRim and〈c, b〉 is allowed byRmj .

Path〈i,m, j〉 can be tested for path consistency and made consistent, if itis not, by
computing:

R′
ij = Rij

⋂

πij(Rim ⋊⋉ Dm ⋊⋉ Rmj)
Rij ← R′

ij

If the binary relations are represented as Boolean bit matrices then the combination of the
join and projection operations (which is relational composition) becomes Boolean matrix
multiplication and the

⋂

operation becomes simply pairwise bit∧ operations. In other
words, for all the values〈a, b〉 allowed byRij if there is no valuec for xm allowed byRim
andRmj the path is made consistent by changing that bit value inRij from 1 to 0. The
way to think of this is that the implicit constraint on〈i, j〉 imposed by node〈m〉 through
the relational compositionRim ◦ Rmj is made explicit in the new constraintR′

ij when
path〈i,m, j〉 is made consistent.

As with arc consistency the simplest algorithm for enforcing path consistency for the
entire network is to check and ensure path consistency for each length2 path〈i,m, j〉. If
any path has to be made consistent then the entire pass through the paths is repeated again.
This is algorithm PC-1 [53, 60].

The algorithm PC-2 [53] determines, when any path is made consistent, the set of other
paths could have become inconsistent because they use the arc between that pair of vertices
and queues those paths, if necessary, for further checking.PC-2 realizes substantial savings
over PC-1 just as AC-3 is more efficient than AC-1 [55].

Typically, after path consistency is established, there are non-trivial binary constraints
between all pairs of nodes. As shown by Montanari [60], if allpaths of length 2 are con-
sistent then all paths of any length are consistent, so longer paths need not be considered.
Once path consistency is established, there is a chain of values along any path satisfying
the relations between any pair of values allowed at the startand the end of the path. This
doesnot mean that there is necessarily a solution to the CSP. If a pathtraverses the entire
network with a chain of compatible values, if that path self-intersects at a node the two
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values on the path at that node may be different. Indeed, it isa property of both arc consis-
tency and path consistency that consistency may be established with non-empty domains
and relations even though there may be no global solution. Low-level consistency, with no
empty domains, is a necessary but not sufficient condition for the existence of a solution.
So, if consistency does empty any domain or relation there isno global solution.

Parenthetically, we note that our abstract descriptions ofthese algorithms, in terms
of relational algebra, are specifications not implementations. Implementations can often
achieve efficiency savings by, for example, exploiting the semantics of a constraint such as
the all different global constraint,alldiff, that requires each variable in its scope to assume
a different value.

Briefly, let us establish that consistency algorithms do notrequire the finite domain
or binary constraint restrictions on the CSP model. As long as we can perform⋊⋉, π and
⋂

operations on the domain and relational representations these algorithms are perfectly
adequate.

Consider, for example, the trivial CSPP = 〈〈x1, x2〉, 〈[0, 3], [2, 5]〉, 〈=, 〈x1, x2〉〉〉
wherex1 andx2 are reals. That is,x1 ∈ D1 = [0, 3], x2 ∈ D2 = [2, 5]. Arc consistency
on arc〈1, 2〉 reducesD1 to [2, 3] and arc consistency on arc〈2, 1〉 reducesD2 to [2, 3].

If some of the constraints arep-ary (p > 2) we can generalize arc consistency. In this
case we can represent each p-ary constraintC = 〈RSj

, Sj〉 as a hyperedge connecting the
vertices representing the variables inSj . Consider a vertexxi ∈ Sj . We say we make the
directional hyperarc〈xi, Sj − 〈xi〉〉 generalized arc consistent by computing:

D′
i = Di

⋂

πi(RSj
⋊⋉ (⋊⋉m∈Sj−〈xi〉 Dm))

Di ← D′
i

In other words the hyperarc is made generalized arc consistent, if necessary, by deleting
from Di any element that is not compatible with some tuple of its neighbours under the
relationRs. As with AC-3 any changes inDi may propagate to any other hyperarcs di-
rected at nodei. This is the generalized arc consistency algorithm GAC [53]. One can
also specialize arc consistency: Mackworth, Mulder and Havens exploited the properties
of tree-structured variable domains in a hierarchical arc consistency algorithm HAC [57].

While there is no immediately obvious graph theoretic concept analogous to nodes,
arcs and paths to motivate a higher form of consistency, the fact that consideration of paths
of length two is, in fact, sufficient for path consistency, provides a natural motivation for
the concept ofk-consistencyintroduced by Freuder in 1978 [26].k-consistency requires
that given consistent values for anyk−1 variables, there exists a value for any kth variable,
such that allk values are consistent (i.e. thek values form a solution to the subproblem
induced by thek variables). Thus 2-consistency is equivalent to arc consistency, and 3-
consistency to path consistency. Freuder provided a synthesis algorithm for finding all the
solutions to a CSP without search by achieving higher and higher levels of consistency.

Freuder went on in 1985 to generalize further to (i, j)-consistency[28]. A constraint
network is (i, j)-consistent if, given consistent values for anyi variables, there exist values
for any otherj variables, such that alli + j values together are consistent.k-consistency
is (k − 1, 1)-consistency. Special attention was paid to (1, j)-consistency, which is a gen-
eralization of what would now be termed ‘singleton consistency’.
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2.2.4 Search: Backtracking

Backtrack is the fundamental ‘complete’ search method for constraint satisfaction prob-
lems, in the sense that one is guaranteed to find a solution if one exists. Even in 1965,
Golomb and Baumert, in aJACM paper simply entitled “Backtrack programming” [34],
were able to observe that the method had already been independently ‘discovered’ many
times. Golomb and Baumert believed their paper to be “the first attempt to formulate the
scope and methods of backtrack programming in its full generality”, while acknowledging
the “fairly general exposition” given five years earlier by Walker [78].

Indeed, Golomb and Baumert’s formulation is almost too general for our purposes
here in that it is presented as an optimization problem, withthe objective to maximize
a function of the variables. Arguably Golomb and Baumert arepresenting ‘branch and
bound programming’, where upper and lower bounds on what is possible or desirable at
any point in the search can provide additional pruning of thesearch. What we would now
call a classic CSP, the 8-queens problem, they formulate by specifying a function whose
value is 0 when the queens do not attack each other, and 1 otherwise. It is worth noting also
that in this optimization context, again even in 1965, Golomb and Baumert acknowledge
the existence of “learning programs and hill climbing programs” that converge on relative
maxima. They observe dryly that while “the backtrack algorithm lacks such glamorous
qualities as learning and progress, it has the more prosaic virtue of being exhaustive”.

Basic backtrack search builds up a partial solution by choosing values for variables
until it reaches a dead end, where the partial solution cannot be consistently extended.
When it reaches a dead end it undoes the last choice it made andtries another. This is done
in a systematic manner that guarantees that all possibilities will be tried. It improves on
simply enumerating and testing of all candidate solutions by brute force in that it checks
to see if the constraints are satisfied each time it makes a newchoice, rather than waiting
until a complete solution candidate containing values for all variables is generated. The
backtrack search process is often represented as a search tree, where each node (below the
root) represents a choice of a value for a variable, and each branch represents a candidate
partial solution. Discovering that a partial solution cannot be extended then corresponds
to pruning a subtree from consideration. Other noteworthy early papers on backtracking
include Bitner and Reingold’s “Backtrack programming techniques” [2] and Fillmore and
Williamson’s “On backtracking: a combinatorial description of the algorithm” [24], which
used group theory to address symmetry issues.

Heuristic search methods to support general purpose problem solving paradigms were
studied intensely from the early days of artificial intelligence, and backtracking played a
role in the form of depth-first search of state spaces, problem reduction graphs, and game
trees [61]. In the 1970’s as constraint satisfaction emerged as a paradigm of its own, back-
track in the full sense we use the term here, for search involving constraint networks, gained
prominence in the artificial intelligence literature, leading to the publication in theArtifi-
cial Intelligencejournal at the beginning of the 1980’s of Haralick and Elliott’s “Increasing
Tree Search Efficiency for Constraint Satisfaction Problems” [35]. This much-cited paper
provided what was, for the time, an especially thorough statistical and experimental evalu-
ation of the predominant approaches to refining backtrack search.

There are two major themes in the early work on improving backtracking: control-
ling search and interleaving inference (constraint propagation) with search. Both of these
themes are again evident even in Golomb and Baumert. They observe that “all other things
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being equal, it is more efficient to make the next choice from the set [domain] with fewest
elements”, an instance of what Haralick and Elliott dubbed the “fail first principle”, and
they discuss “preclusion”, where a choice for one variable rules out inconsistent choices
for other variables, a form of what Haralick and Elliott called “lookahead” that they pre-
sented as “forward checking”. Of course, preclusion and thesmallest domain heuristic
nicely complement one another.

In general, one can look for efficient ways to manage search both going ‘forward’ and
‘backward’. When we move forward, extending partial solutions, we make choices about
the order in which we consider variables, values and constraints. This order can make an
enormous different in the amount of work we have to do. When wemove backwards after
hitting a dead end, we do not have to do this chronologically by simply undoing the last
choice we made. We can be smarter about it. In general, constraint propagation, most
commonly in the form of partial or complete arc consistency,can be carried out before,
and/or during, search, in an attempt to prune the search space.

Haralick and Elliott compared several forms of lookahead, carrying out different de-
grees of partial arc consistency propagation after choosing a value. Oddly their “full looka-
head” still did not maintain full arc consistency. However,restoring full arc consistency
after choosing values had been proposed as early as 1974 by Gaschnig [31], and McGre-
gor had even experimented with interleaving path consistency with search [59]. Mack-
worth observed that one could generalize to the alternationof constraint manipulation and
case analysis, and proposed an algorithm that decomposed problems by splitting a variable
domain in half and then restoring arc consistency on the subproblems [53].

Basic backtrack search backtracks chronologically to undothe last choice and try some-
thing else. This can result in silly behavior, where the algorithm tries alternatives for
choices that clearly had no bearing on the failure that induced the backtracking. Stallman
and Sussman, in the context of circuit analysis, with “dependency-directed backtracking”
[67], Gaschnig with “backjumping” [33], and Bruynooghe with “intelligent backtracking”
[8] all addressed this problem. These methods in some sense remember the reasons for
failure in order to backtrack over legitimate ‘culprits’. Stallman and Sussman went further
by “learning” new constraints (“nogoods”) from failure, which could be used to prune fur-
ther search. Gaschnig used another form of memory in his “backmarking” algorithm to
avoid redundant checking for consistency when backtracking [32].

2.2.5 Analysis

While it was recognized early on that solving CSPs was in general NP-hard, a variety
of analytical techniques were brought to bear to evaluate, predict or compare algorithm
performance and relate problem complexity to problem structure. In particular, there are
tradeoffs to evaluate between the effort required to avoid search, e.g. by exercising more
intelligent control or carrying out more inference, and thereduction in search effort ob-
tained.

Knuth [46] and Purdom [63] used probing techniques to estimate the efficiency of
backtrack programs. Haralick and Elliott carried out a statistical analysis [35], which was
refined by Nudel [62] to compute “expected complexities” forclasses of problems de-
fined by basic problem parameters. Brown and Purdom investigated average time behavior
[7, 64]. Mackworth and Freuder carried out algorithmic complexity analyses of worst case
behavior for various tractable propagation algorithms [55]. They showed the time com-
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plexity for arc consistency to be linear in the number of constraints, settling an unresolved
issue. This result turned out to be important for constraintprogramming languages that
used arc consistency as a primitive operation [56]. Of course, experimental evaluation was
common, though in the early days there was perhaps too much reliance on then-queens
problem, and too little understanding of the potential pitfalls of experiments with random
problems.

Problem complexity can be related to problem structure. Seidel [66] developed a dy-
namic programming synthesis algorithm, using a decomposition technique based on graph
cutsets, that related problem complexity to a problem parameter that he called “front
length”. Freuder [27] proved that problems with tree-structured constraint graphs were
tractable by introducing the structural concept of the “width” of a constraint graph, and
demonstrating a connection between width and consistency level that ensured that tree-
structured problems could be solved with backtrack-free search after arc consistency pre-
processing. He subsequently related complexity to problemstructure in terms of maximal
biconnected components [28] and stable sets [30].

2.3 Conclusions

This chapter has not been a complete history, and certainly not an exhaustive survey. We
have focused on the major themes of the early period, but it isworth noting that many
very modern sounding topics were also already appearing at this early stage. For exam-
ple, even in 1965 Golomb and Baumert were making allusions tosymmetry and problem
reformulation.

Golomb and Baumert concluded in 1965 [34]:

Thus the success or failure of backtrack often depends on theskill and ingenu-
ity of the programmer in his ability to adapt the basic methods to the problem
at hand and in his ability to reformulate the problem so as to exploit the char-
acteristics of his own computing device. That is, backtrackprogramming (as
many other types of programming) is somewhat of an art.

As the rest of this handbook will demonstrate, much progresshas been made in making
even more powerful methods available to the constraint programmer. However, constraint
programming is still “somewhat of an art”. The challenge going forward will be to make
constraint programming more of an engineering activity andconstraint technology more
transparently accessible to the non-programmer.
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Chapter 3

Constraint Propagation

Christian Bessiere

Constraint propagation is a form of inference, not search, and as
such is more ”satisfying”, both technically and aesthetically.

—E.C. Freuder, 2005.

Constraint reasoning involves various types of techniquesto tackle the inherent in-
tractability of the problem of satisfying a set of constraints. Constraint propagation is one
of those types of techniques. Constraint propagation is central to the process of solving a
constraint problem, and we could hardly think of constraintreasoning without it.

Constraint propagation is a very general concept that appears under different names
depending on both periods and authors. Among these names, wecan find constraint re-
laxation, filtering algorithms, narrowing algorithms, constraint inference, simplification
algorithms, label inference, local consistency enforcing, rules iteration, chaotic iteration.

Constraint propagation embeds any reasoning which consists in explicitly forbidding
values or combinations of values for some variables of a problem because a given subset
of its constraints cannot be satisfied otherwise. For instance, in a crossword-puzzle, when
you discard the words NORWAY and SWEDEN from the set of European countries that
can fit a 6-digit slot because the second letter must be a ’R’, you propagate a constraint.
In a problem containing two variablesx1 andx2 taking integer values in1..10, and a
constraint specifying that|x1 − x2| > 5, by propagating this constraint we can forbid
values 5 and 6 for bothx1 andx2. Explicating these ’nogoods’ is a way to reduce the
space of combinations that will be explored by a search mechanism.

The concept of constraint propagation can be found in other fields under different kinds
and names. (See for instance the propagation of clauses by ’unit propagation’ in propo-
sitional calculus [40].) Nevertheless, it is in constraintreasoning that this concept shows
its most accomplished form. There is no other field in which the concept of constraint
propagation appears in such a variety of forms, and in which its characteristics have been
so deeply analyzed.
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In the last 30 years, the scientific community has put a lot of effort in formalizing and
characterizing this ubiquitous concept of constraint propagation and in proposing algo-
rithms for propagating constraints. This formalization can be presented along two main
lines: local consistencies and rules iteration. Local consistencies define properties that the
constraint problem must satisfyafter constraint propagation. This way, the operational be-
havior is left completely open, the only requirement being to achieve the given property on
the output. The rules iteration approach, on the contrary, defines properties on the process
of propagation itself, that is, properties on the kind/order of operations of reduction applied
to the problem.

This chapter does not includedata-flowconstraints [76], even if this line of research
has been the focus of quite a lot of work in interactive applications and if some of these
papers speak about ‘propagation’ on these constraints [27]. They are indeed quite far from
the techniques appearing in constraint programming.

The rest of this chapter is organized as follows. Section 3.1contains basic definitions
and notations used throughout the chapter. Section 3.2 formalizes all constraint propaga-
tion approaches within a unifying framework. Sections 3.3–3.8 contain the main existing
types of constraint propagation. Each of these sections presents the basics on the type of
propagation addressed and goes briefly into sharper or more recent advances on the subject.

3.1 Background

The notations used in this chapter have been chosen to support all notions presented. I
tried to remain on the borderline between ‘heavy abstruse notations’ and ‘ambiguous defi-
nitions’, hoping I never fall too much on one side or the otherof the edge.

A constraint satisfaction problem (CSP)involves finding solutions to a constraint net-
work, that is, assignments of values to its variables that satisfy all its constraints. Con-
straints specify combinations of values that given subsetsof variables are allowed to take.
In this chapter, we are only concerned with constraint satisfaction problems where vari-
ables take their value in afinite domain. Without loss of generality, I assume these do-
mains are mapped on the setZ of integers, and so, I consider onlyintegervariables, that
is, variables with a domain being a finite subset ofZ.

Definition 3.1 (Constraint). A constraintc is a relation defined on a sequence of variables
X(c) = (xi1 , . . . , xi|X(c)|

), called theschemeof c. c is the subset ofZ|X(c)| that contains

the combinations of values (ortuples) τ ∈ Z|X(c)| that satisfyc. |X(c)| is called thearity
of c. Testing whether a tupleτ satisfies a constraintc is called aconstraint check.

A constraint can be specified extensionally by the list of itssatisfying tuples, or in-
tensionally by a formula that is the characteristic function of the constraint. Definition
3.1 allows constraints with aninfinite number of satisfying tuples. I sometimes write
c(x1, . . . , xk) for a constraintc with schemeX(c) = (x1, . . . , xk). Constraints of ar-
ity 2 are calledbinaryand constraints of arity greater than 2 are callednon-binary. Global
constraints are classes of constraints defined by a formula of arbitrary arity (see Section
3.8.2).

Example 3.2. The constraintalldifferent (x1, x2, x3) ≡ (vi 6= vj ∧ vi 6= vk ∧ vj 6=
vk) allows the infinite set of 3-tuples inZ3 such that all values are different. The constraint
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c(x1, x2, x3) = {(2, 2, 3), (2, 3, 2), (2, 3, 3), (3, 2, 2), (3, 2, 3), (3, 3, 2)} allows the finite
set of 3-tuples containing both values 2 and 3 and only them.

Definition 3.3 (Constraint network). A constraint network(or network) is composed of:

• a finite sequence of integer variablesX = (x1, . . . , xn),

• a domain forX , that is, a setD = D(x1)× . . .×D(xn), whereD(xi) ⊂ Z is the
finite set of values, given in extension,1 that variablexi can take, and

• a set of constraintsC = {c1, . . . , ce}, where variables inX(cj) are inX .

Given a networkN , I sometimes useXN , DN andCN to denote its sequence of
variables, its domain and its set of constraints. Given a variablexi and its domainD(xi),
minD(xi) denotes the smallest value inD(xi) andmaxD(xi) its greatest one. (Remember
that we consider integer variables.)

In the whole chapter, I consider constraints involving at least two variables. This is not
a restriction because domains of variables are semantically equivalent to unary constraints.
They are separately specified in the definition of constraintnetwork because the domains
are given extensionally whereas a constraintc can be defined by any Boolean function onZ|X(c)| (in extension or not). I also consider that no variable is repeated in the scheme of
a constraint. This restriction could be relaxed in most cases, but it simplifies the notations.
The vocabulary of graphs is often used to describe networks.A network can indeed be
associated with a(hyper)graphwhere variables are nodes and where schemes of constraints
are (hyper)edges.

According to Definitions 3.1 and 3.3, the variablesXN of a networkN and the scheme
X(c) of a constraintc ∈ CN are sequences of variables, not sets. This is required because
the order of the values matters for tuples inDN or in c. Nevertheless, it simplifies a lot the
notations to consider sequences as sets when no confusion ispossible. For instance, given
two constraintsc andc′, X(c) ⊆ X(c′) means that constraintc involves only variables
that are in the scheme ofc′, whatever their ordering in the scheme. Given a tupleτ on a
sequenceY of variables, and given a sequenceW ⊆ Y , τ [W ] denotes the restriction ofτ
to the variables inW , ordered according toW . Givenxi ∈ Y, τ [xi] denotes the value of
xi in τ . If X(c) = X(c′), c ⊆ c′ means that for allτ ∈ c the reordering ofτ according to
X(c′) satisfiesc′.

Example 3.4. Let (1, 1, 2, 4, 5) be a tuple onY = (x1, x2, x3, x4, x5) andW = (x3, x2,
x4). τ [x3] is the value 2 andτ [W ] is the tuple(2, 1, 4). Givenc(x1, x2, x3) defined by
x1 + x2 = x3 andc′(x2, x1, x3) defined byx2 + x1 ≤ x3, we havec ⊆ c′.

We also need the concepts of projection, intersection, union and join. Given a constraint
c and a sequenceY ⊆ X(c), πY (c) denotes theprojectionof c onY , that is, the relation
with schemeY that contains the tuples that can be extended to a tuple onX(c) satisfying
c. Given two constraintsc1 andc2 sharing the same schemeX(c1) = X(c2), c1∩c2 (resp.
c1 ∪ c2) denotes theintersection(resp. theunion) of c1 andc2, that is, the relation with
schemeX(c1) that contains the tuplesτ satisfying bothc1 andc2 (resp. satisfyingc1 or
c2). Given a set of constraints{c1, . . . , ck}, ⋊⋉k

j=1 cj (or ⋊⋉ {c1, . . . , ck}) denotes thejoin

1The condition on the domains given in extension can be relaxed, especially in numerical problems where
variables take values in a discretization of the reals. (SeeChapter 16 in Part II.)
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of c1, . . . , ck, that is, the relation with scheme∪kj=1X(cj) that contains the tuplesτ such
thatτ [X(cj)] ∈ cj for all j, 1 ≤ j ≤ k.

Backtracking algorithms are based on the principle of assigning values to variables
until all variables areinstantiated.

Definition 3.5 (Instantiation). Given a networkN = (X,D,C),

• An instantiationI onY = (x1, . . . , xk) ⊆ X is an assignment of valuesv1, . . . vk to
the variablesx1, . . . , xk, that is,I is a tuple onY . I can be denoted by((x1, v1), . . . ,
(xk, vk)) where(xi, vi) denotes the valuevi for xi.

• An instantiationI onY is valid if for all xi ∈ Y, I[xi] ∈ D(xi).

• An instantiationI on Y is locally consistentiff it is valid and for all c ∈ C with
X(c) ⊆ Y , I[X(c)] satisfiesc. If I is not locally consistent, it islocally inconsistent.

• A solutionto a networkN is an instantiationI onX which is locally consistent. The
set of solutions ofN is denoted bysol(N).

• An instantiationI onY is globally consistent(or consistent) if it can be extended to
a solution (i.e., there existss ∈ sol(N) with I = s[Y ]).

Example 3.6. Let N = (X,D,C) be a network withX = (x1, x2, x3, x4), D(xi) =
{1, 2, 3, 4, 5} for all i ∈ [1..4] andC = {c1(x1, x2, x3), c2(x1, x2, x3), c3(x2, x4)} with
c1(x1, x2, x3) = alldifferent (x1, x2, x3), c2(x1, x2, x3) ≡ (x1 ≤ x2 ≤ x3), and
c3(x2, x4) ≡ (x4 ≥ 2 · x2). We thus haveπ{x1,x2}(c1) ≡ (x1 6= x2) andc1 ∩ c2 ≡ (x1 <
x2 < x3). I1 = ((x1, 1), (x2, 2), (x4, 7)) is a non valid instantiation onY = (x1, x2, x4)
because7 /∈ D(x4). I2 = ((x1, 1), (x2, 1), (x4, 3)) is a locally consistent instantiation
on Y becausec3 is the only constraint with scheme included inY and it is satisfied by
I2[X(c3)]. However,I2 is not globally consistent because it does not extend to a solution
of N . sol(N) = {(1, 2, 3, 4), (1, 2, 3, 5)}.

There are many works in the constraint reasoning community that put some restrictions
on the definition of a constraint network. These restrictions can have some consequences
on the notions handled. I define the main restrictions appearing in the literature and that I
will use later.

Definition 3.7 (Normalized and binary networks).

• A networkN is normalizediff two different constraints inCN do not involve exactly
the same variables.

• A networkN is binaryiff for all ci ∈ CN , |X(ci)| = 2.

When a network is both binary and normalized, a constraintc(xi, xj) ∈ C is often
denoted bycij . To simplify even further the notations,cji denotes itstransposition, i.e.,
the constraintc(xj , xi) = {(vj , vi) | (vi, vj) ∈ cij}, and since there cannot be ambiguity
with another constraint, I act as ifcji was inC as well.

Given two normalized networksN = (X,D,C) andN ′ = (X,D′, C′), N ⊔N N ′

denotes the networkN ′′ = (X,D′′, C′′) with D′′ = D ∪ D′ andC′′ = {c′′ | ∃c ∈
C, ∃c′ ∈ C′, X(c) = X(c′) andc′′ = c ∪ c′}.

The constraint reasoning community often used constraintswith a finite number of
tuples, and even more, constraints that only allow valid tuples, that is, combinations of
values from the domains of the variables involved. I call these constraints ‘embedded’.
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Definition 3.8 (Embedded network). Given a networkN and a constraintc ∈ CN , the
embeddingof c in DN is the constraint̂c with schemeX(c) such that̂c = c∩ πX(c)(DN ).
A networkN is embeddediff for all c ∈ CN , c = ĉ.

In complexity analysis, we sometimes need to refer to the size of a network. Thesize
of a networkN is equal to|XN |+

∑

xi∈XN
|DN (xi)|+

∑

cj∈CN
‖cj‖, where‖c‖ is equal

to |X(c)| · |c| if c is given in extension, or equal to the size of its encoding ifc is defined
by a Boolean function.

3.2 Formal Viewpoint

This section formally characterizes the concept of constraint propagation. The aim is es-
sentially to relate the different notions of constraint propagation.

The constraint satisfaction problem being NP-complete, itis usually solved by back-
track search procedures that try to extend a partial instantiation to a global one that is
consistent. Exploring the whole space of instantiations isof course too expensive. The
idea behind constraint propagation is to make the constraint network more explicit (or
tighter) so that backtrack search commits into less inconsistent instantiations by detecting
local inconsistency earlier. I first introduce the following preorder on constraint networks.

Definition 3.9 (Preorder� on networks). Given two networksN andN ′, we say that
N ′ � N iff XN ′ = XN and any instantiationI onY ⊆ XN locally inconsistent inN is
locally inconsistent inN ′ as well.

From the definition of local inconsistency of an instantiation (Definition 3.5) I derive
the following property of constraint networks ordered according to�.

Proposition 3.10. Given two networksN andN ′,N ′ � N iff XN ′ = XN ,DN ′ ⊆ DN ,2

and for any constraintc ∈ CN , for any tupleτ onX(c) that does not satisfyc, either
τ is not valid inDN ′ or there exists a constraintc′ in CN ′ , X(c′) ⊆ X(c), such that
τ [X(c′)] /∈ c′.

The relation� is not an order because there can be two different networksN andN ′

with N � N ′ � N .

Definition 3.11(Nogood-equivalence). Two networksN andN ′ such thatN � N ′ � N
are said to benogood-equivalent. (A nogoodis a partial instantiation that does not lead to
a solution.)

Example 3.12. Let N = (X,D,C) be the network withX = {x1, x2, x3}, D(x1) =
D(x2) = D(x3) = {1, 2, 3, 4} andC = {x1 < x2, x2 < x3, c(x1, x2, x3)} where
c(x1, x2, x3) = {(111), (123), (222), (333)}. LetN ′ = (X,D,C′) be the network with
C′ = {x1 < x2, x2 < x3, c

′(x1, x2, x3)}, wherec′(x1, x2, x3) = {(123), (231), (312)}.
The only difference betweenN andN ′ is that the latter containsc′ instead ofc. For any
tupleτ onX(c) (resp.X(c′)) that does not satisfyc (resp.c′), there exists a constraint in
C′ (resp. inC) that makesτ locally inconsistent. As a result,N � N ′ � N andN and
N ′ are nogood-equivalent.

2DN′ ⊆ DN because we supposed that networks do not contain unary constraints, and so, instantiations
of size 1 can be made locally inconsistent only because of thedomains.
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Constraint propagation transforms a networkN by tighteningDN , by tightening con-
straints fromCN , or by adding new constraints toCN . Constraint propagation does not
remove redundant constraints, which is more a reformulation task. I define the space of
networks that can be obtained by constraint propagation on anetworkN .

Definition 3.13(Tightenings of a network). The spacePN of all possibletighteningsof a
networkN = (X,D,C) is the set of networksN ′ = (X,D′, C′) such thatD′ ⊆ D and
for all c ∈ C there existsc′ ∈ C′ withX(c′) = X(c) andc′ ⊆ c.

Note thatPN does not contain all networksN ′ � N . In Example 3.12,N ′ /∈ PN
becausec′ 6⊆ c. However, ifN ′′ = (X,D,C′′) with C′′ = {x1 < x2, x2 < x3, c

′′ =
c ∪ c′}, we haveN ∈ PN ′′ andN ′ ∈ PN ′′ . The set of networksPN together with�
forms a preordered set. The top element ofPN according to� isN itself and the bottom
elements are the networks with empty domains.3 In PN we are particularly interested in
networks that preserve the set of solutions ofN . PsolN denotes the subset ofPN containing
only the elementsN ′ of PN such thatsol(N ′) = sol(N). Among the networks inPsolN ,
those that are the smallest according to� have interesting properties.

Proposition 3.14(Global consistency). Let N = (X,D,C) be a network, andGN =
(X,DG, CG) be a network inPsolN . If GN is such that for allN ′ ∈ PsolN , GN � N ′,
then any instantiationI onY ⊆ X which is locally consistent inGN can be extended to a
solution ofN . GN is called aglobally consistentnetwork.

Proof. Suppose there exists an instantiationI onY ⊆ X locally consistent inGN which
does not extend to a solution. Build the networkN ′ = (X,DG, CG ∪ {c}) whereX(c) =
Y andc = Z|Y | \ {I}. N ′ ∈ PsolN becauseGN ∈ PsolN andI does not extend to a solution
of N . In addition,I is locally inconsistent inN ′. So,GN 6� N ′.

Thanks to Proposition 3.14 we see the advantage of having a globally consistent net-
work of N . A simple brute-force backtrack search procedure applied on a globally con-
sistent network is guaranteed to produce a solution in a backtrack-free manner. However,
globally consistent networks have a number of disadvantages that make them impossible
to use in practice. A globally consistent network is not onlyexponential in time to com-
pute, but in addition, its size is in general exponential in the size ofN . In fact, building
a globally consistent network is similar to generating and storing all minimal nogoods of
N . Building a globally consistent network is so hard that a long tradition in constraint
programming is to try to transformN into an element ofPsolN as close as possible to global
consistency at reasonable cost (usually keeping polynomial time and space). This is con-
straint propagation.

Rules iteration and local consistencies are two ways of formalizing constraint propaga-
tion. Rules iterationconsists in characterizing for each constraint (or set of constraints) a
set of reduction rules that tighten the network.Reduction rulesare sufficient conditions to
rule out values (or instantiations) that have no chance to appear in a solution. The second
—and most well-known— way of considering constraint propagation is via the notion of
local consistency. Alocal consistencyis a property that characterizes some necessary con-
ditions on values (or instantiations) to belong to solutions. A local consistency property

3Remember that we consider that unary constraints are expressed in the domains.
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(denoted byΦ) is defined regardless of the domains or constraints that will be present in
the network. A network isΦ-consistent if and only if it satisfies the propertyΦ.

It is difficult to say more about constraint propagation in completely general terms. The
preorder(PN ,�) is indeed too weak to characterize the features of constraint propagation.
Most of the constraint propagation techniques appearing inconstraint programming (or at
least those that are used in solvers) are limited to modifications of the domains. So, I first
concentrate on this subcase, that I calldomain-basedconstraint propagation. I will come
back to the general case in Section 3.4.

Definition 3.15(Domain-based tightenings). The spacePND of domain-based tightenings
of a networkN = (X,D,C) is the set of networks inPN with the same constraints asN ,
that is,N ′ ∈ PND iff XN ′ = X ,DN ′ ⊆ D andCN ′ = C.

Proposition 3.16(Partial order on networks). Given a networkN , the relation� restricted
to the setPND is a partial order (denoted by≤).

(PND,≤) is a partially ordered set (poset) because given two networksN1 = (X1, D1,
C1) andN2 = (X2, D2, C2), N1 ≤ N2 ≤ N1 implies thatX1 = X2, C1 = C2, and
D1 ⊆ D2 ⊆ D1, which means thatN1 = N2. In fact, the poset(PND,≤) is isomorphic
to the partial order⊆ onDN . We are interested in the subsetPsolND of PND containing all
the networks that preserve the set of solutions ofN . PsolND has the same top element as
PND, namelyN itself, and auniquebottom elementGND = (XN , DG, CN ), where for
anyxi ∈ XN , DG(xi) only contains values belonging to a solution ofN , i.e.,DG(xi) =
π{xi}(sol(N)). Such a network was namedvariable-completableby Freuder [56].

Domain-based constraint propagation looks for an element inPsolND on which the search
space to explore is smaller (that is, values have been prunedfrom the domains). Since
findingGND is NP-hard (consistency ofN reduces to checking non emptiness of domains
in GND), domain-based constraint propagation usually consists of polynomial techniques
that produce a network which is an approximation ofGND. The networkN ′ produced by
a domain-based constraint propagation technique always verifiesGND ≤ N ′ ≤ N , that
is,DG ⊆ DN ′ ⊆ DN .

Domain-based rules iteration consists in applying for eachconstraintc ∈ CN a set of
reduction rules that rule out values ofxi that cannot appear in a tuple satisfyingc. Domain-
based reduction rules are also namedpropagators. For instance, ifc ≡ (|x1 − x2| = k), a
propagator forc onx1 can beDN (x1)← DN (x1)∩ [minDN

(x2)−k .. minDN
(x2)+k].

Applying propagators iteratively tightensDN while preserving the set of solutions ofN .
In other words, propagators slide down the poset(PND,≤) without moving out ofPsolND.
Reduction rules will be presented in Section 3.7. From now on, we concentrate on domain-
based local consistencies. Any propertyΦ that specifies a necessary condition on values to
belong to solutions can be considered as a domain-based local consistency. Nevertheless,
we usually consider only those properties that are stable under union.

Definition 3.17(Stability under union). A domain-based propertyΦ is stable under union
iff for any Φ-consistent networksN1 = (X,D1, C) andN2 = (X,D2, C), the network
N ′ = (X,D1 ∪D2, C) is Φ-consistent.

Example 3.18.LetΦ be the property that guarantees that for each constraintc and variable
xi ∈ X(c), at least half of the values inD(xi) belong to a valid tuple satisfyingc. Let
X = (x1, x2) andC = {x1 = x2}. Let D1 be the domain withD1(x1) = {1, 2}
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andD1(x2) = {2}. Let D2 be the domain withD2(x1) = {2, 3} andD2(x2) = {2}.
(X,D1, C) and(X,D2, C) are bothΦ-consistent but(X,D1∪D2, C) is notΦ-consistent
because among the three values forx1, only value 2 can satisfy the constraintx1 = x2. Φ
is not stable under union.

Stability under union brings very useful features for localconsistencies. Among all
networks inPND that verify a local consistencyΦ, there is a particular one.

Theorem 3.19(Φ-closure). LetN = (X,D,C) be a network andΦ be a domain-based lo-
cal consistency. LetΦ(N) be the network(X,DΦ, C) whereDΦ = ∪{D′ ⊆ D | (X,D′, C)
is Φ-consistent}. If Φ is stable under union,Φ(N) is Φ-consistent and is theuniquenet-
work inPND such that for anyΦ-consistent networkN ′ ∈ PND, N ′ ≤ Φ(N). Φ(N) is
called theΦ-closureofN . (By convention, we suppose(X, ∅, C) is Φ-consistent.)

Φ(N) has some interesting properties. The first one I can point outis that it preserves
the solutions:sol(Φ(N)) = sol(N). This is not the case for allΦ-consistent networks in
PND.

Example 3.20. Let Φ be the property that guarantees that all values for all variables can
be extended consistently to a second variable. Consider thenetworkN = (X,D,C) with
variablesx1, x2, x3, domains all equal to{1, 2} andC = {x1 ≤ x2, x2 ≤ x3, x1 6= x3}.
Let D1 be the domain withD1(x1) = D1(x2) = {1} andD1(x3) = {2}. (X,D1, C)
is Φ-consistent but does not contain the solution(x1 = 1, x2 = 2, x3 = 2) which is
in sol(N). In fact, Φ(N) = (X,DΦ, C) with DΦ(x1) = {1}, DΦ(x2) = {1, 2} and
DΦ(x3) = {2}.

Computing a particularΦ-consistent network ofPND can be difficult.GND for in-
stance, is obviouslyΦ-consistent for any domain-based local consistencyΦ, but it is NP-
hard to compute. The second interesting property ofΦ(N) is that it can be computed by a
greedy algorithm.

Proposition 3.21(Fixpoint). If a domain-based consistency propertyΦ is stable under
union, then for any networkN = (X,D,C), the networkN ′ = (X,D′, C), whereD′ is
obtained by iteratively removing values that do not satisfyΦ until no such value exists, is
theΦ-closure ofN .

Corollary 3.22. If a domain-based consistency propertyΦ is polynomial to check, finding
Φ(N) is polynomial as well.

By achieving(or enforcing) Φ-consistency on a networkN , I mean finding theΦ-
closureΦ(N).

I define a partial order on local consistencies to express howmuch they permit to go
down the poset(PND,≤). A domain-based local consistencyΦ1 is at least as strong as
another local consistencyΦ2 if and only if for any networkN , Φ1(N) ≤ Φ2(N). If
in addition there exists a networkN ′ such thatΦ1(N

′) < Φ2(N
′), thenΦ1 is strictly

strongerthanΦ2. If there exist networksN ′ andN ′′ such thatΦ1(N
′) < Φ2(N

′) and
Φ2(N

′′) < Φ1(N
′′), Φ1 andΦ2 areincomparable.

When networks are both normalized and embedded, stability under union,Φ-closure,
and the ‘stronger’ relation between local consistencies can be extended to local consisten-
cies other than domain-based ones by simply replacingPND byPN , the union on domains
∪ by the union on networks⊔N (see Section 3.1), and the partial order≤ onPND by the
preorder� onPN (see Section 3.4).
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Figure 3.1: Network of Example 3.23 before arc consistency (left) and after (right).

3.3 Arc Consistency

Arc consistency is the oldest and most well-known way of propagating constraints. This
is indeed a very simple and natural concept that guarantees every value in a domain to be
consistent with every constraint.

Example 3.23.LetN be the network depicted in Fig. 3.1(left). It involves threevariables
x1, x2 andx3, domainsD(x1) = D(x2) = D(x3) = {1, 2, 3}, and constraintsc12 ≡
(x1 = x2) andc23 ≡ (x2 < x3). N is not arc consistent because there are some values
inconsistent with some constraints. Checking constraintc12 does not permit to remove
any value. But when checking constraintc23, we see that(x2, 3) must be removed because
there is no value greater than it inD(x3). We can also remove value1 fromD(x3) because
of constraintc23. Removing 3 fromD(x2) causes in turn the removal of value 3 forx1

because of constraintc12. Now, all remaining values are compatible with all constraints.

REF-ARF [51], is probably one of the first systems incorporating a feature which looks
similar to arc consistency (even if the informal description does not permit to be sure of
the equivalence). In papers by Waltz [124] and Gaschnig [61], the correspondence is more
evident since algorithms for achieving arc consistency were presented. But the seminal
papers on the subject are due to Mackworth, who is the first whoclearly defined the concept
of arc consistency for binary constraints [86], who extended definitions and algorithms to
non-binary constraints [88], and who analyzed the complexity [89].

I give a definition of arc consistency in its most general form, i.e., for arbitrary con-
straint networks (in which case it is often called generalized arc consistency). In its first
formal presentation, Mackworth limited the definition to binary normalized networks.

Definition 3.24 ((Generalized) arc consistency ((G)AC)). Given a networkN = (X,D,
C), a constraintc ∈ C, and a variablexi ∈ X(c),

• A valuevi ∈ D(xi) is consistent withc inD iff there exists a valid tupleτ satisfying
c such thatvi = τ [{xi}]. Such a tuple is called asupportfor (xi, vi) on c.

• The domainD is (generalized) arc consistenton c for xi iff all the values inD(xi)
are consistent withc in D (that is,D(xi) ⊆ π{xi}(c ∩ πX(c)(D))).

• The networkN is (generalized) arc consistentiff D is (generalized) arc consistent
for all variables inX on all constraints inC.

• The networkN is arc inconsistentiff ∅ is the only domain tighter thanD which is
(generalized) arc consistent for all variables on all constraints.
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By notation abuse, when there is no ambiguity on the domainD to consider, we often
say ’constraintc is arc consistent’ instead of ’D is arc consistent onc for all xi ∈ X(c)’.
We also say ’variablexi is arc consistent on constraintc’ instead of ’all values inD(xi) are
consistent withc in D’. When a constraintcij is binary and a tupleτ = (vi, vj) supports
(xi, vi) on cij , we often refer to(xj , vj) (rather than toτ itself) when we speak about a
‘support for(xi, vi)’.

Historically, many papers on constraint satisfaction madethe simplifying assumption
that networks are binary and normalized. This has the advantage that notations become
much simpler (see Section 3.1) and new concepts are easier topresent. But this had some
strange effects that we must bear in mind.

First, the name ’arc consistency’ is so strongly bound to binary networks that even if the
definition is perfectly the same for both binary and non-binary constraints, a different name
has often been used for arc consistency on non-binary constraints. Some papers usehyper
arc consistency, ordomainconsistency, but the most common name isgeneralizedarc
consistency. In the following, I will use indifferently arcconsistency (AC) or generalized
arc consistency (GAC), though I will use GAC when the networkis explicitly non-binary.

The second strange effect of associating AC with binary normalized networks is the
confusion between the notions of arc consistency and 2-consistency. (As we will see in
Section 3.4, 2-consistency guarantees that any instantiation of a value to a variable can
be consistently extended to any second variable.) On binarynetworks, 2-consistency is
at least as strong as AC. When the binary network is normalized, arc consistency and 2-
consistency are equivalent. However, this is not true in general. The following examples
show that 2-consistency is strictly stronger than AC on non normalized binary networks and
that generalized arc consistency and 2-consistency are incomparable on arbitrary networks.

Example 3.25. Let N be a network involving two variablesx1 andx2, with domains
{1, 2, 3}, and the constraintsx1 ≤ x2 andx1 6= x2. This network is arc consistent because
every value has a support on every constraint. However, thisnetwork is not 2-consistent
because the instantiationx1 = 3 cannot be extended tox2 and the instantiationx2 = 1
cannot be extended tox1.

LetN be a network involving three variablesx1, x2, andx3, with domainsD(x1) =
D(x2) = {2, 3} andD(x3) = {1, 2, 3, 4}, and the constraintalldifferent (x1, x2, x3).
N is 2-consistent because every value for any variable can be extended to a locally consis-
tent instantiation on any second variable. However, this network is not GAC because the
values 2 and 3 forx3 do not have support on thealldifferent constraint.

3.3.1 Complexity of Arc Consistency

There are a number of questions related to GAC reasoning. It is worth analyzing their
complexity. Bessiere et al. have characterized five questions that can be asked about a
constraint [21]. Some of the questions are more of an academic nature whereas others are
at the heart of propagation algorithms. These questions canbe asked in general, or on a
particular class of constraints, such as a given global constraint (see Section 3.8.2). These
questions can be adapted to other local consistencies that we will present in latter sections.
In the following, I use the notation PROBLEM[data] to refer to the instance of PROBLEM

with the input ’data’.
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GACSUPPORT

Instance. A constraintc, a domainD onX(c), and a valuev for variablexi
in X(c)
Question.Does valuev for xi have a support onc in D?

GACSUPPORTis at the core of all generic arc consistency algorithms. GACSUPPORTis
generally asked for all values one by one.

ISITGAC
Instance.A constraintc, a domainD onX(c)
Question. Does GACSUPPORT[c,D, xi, v] answer ‘yes’ for each variable
xi ∈ X(c) and each valuev ∈ D(xi)?

ISITGAC has both practical and theoretical importance. If enforcing GAC on a particular
constraint is expensive, we may first test whether it is necessary or not to launch the prop-
agation algorithm (i.e., whether the constraint is alreadyGAC). On the academic side, this
question is commonly used to compare different levels of local consistency.

NOGACWIPEOUT

Instance.A constraintc, a domainD onX(c)
Question. Is there a non emptyD′ ⊆ D on which ISITGAC[c,D′] answers
‘yes’?

NOGACWIPEOUT occurs when GAC is maintained during search by a backtrack proce-
dure. At each node in the search tree (i.e., after each instantiation of a value to a variable),
we want to know if the remaining network can be made GAC without wiping out the do-
main. If not, we must unassign one of the variables already instantiated.

MAX GAC
Instance.A constraintc, a domainD0 onX(c), and a domainD ⊆ D0

Question. Is (X(c), D, {c}) the arc consistent closure of(X(c), D0, {c})?
Arc consistency algorithms (see next subsection) are askedto return the arc consistent
closure of a network, that is, the subdomain that is GAC and any larger subdomain is not
GAC. MAX GAC characterizes this ‘maximality’ problem.

GACDOMAIN

Instance.A constraintc, a domainD0 onX(c)
Output. The domainD such thatMAX GAC[c,D0, D] answers ‘yes’

GACDOMAIN returns the arc consistent closure, that is, the domain thata GAC algorithm
computes. GACDOMAIN is not a decision problem as it computes something other than
‘yes’ or ‘no’.

In [20, 21], Bessiere et al. showed that all five questions areNP-hard in general. In
addition, they showed that on any particular class of constraints, NP-hardness of a question
implies NP-hardness of other questions.

Theorem 3.26(Dependencies in the NP-hardness of GAC questions). Given a classC
of constraints,GACSUPPORT is NP-hard onC iff NOGACWIPEOUT is NP-hard onC.
GACSUPPORT is NP-hard onC iff GACDOMAIN is NP-hard onC. If MAX GAC is
NP-hard onC thenGACSUPPORT is NP-hard onC. If ISITGAC is NP-hard onC then
MAX GAC is NP-hard onC.
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NoGACWipeOut

GACDomain

maxGAC

IsItGAC

GACSupport

A B : if A is NP−hard then B is NP−hard

Figure 3.2: Dependencies between intractability of arc consistency questions

A summary of the dependencies in Theorem 3.26 is given in Fig.3.2. Note that be-
cause each arrow from questionA to questionB in Fig. 3.2 means thatA can be rewritten
as a polynomial number of calls toB, we immediately derive that tractability ofB im-
plies tractability ofA. Whereas the decision problems GACSUPPORT, ISITGAC, and
NOGACWIPEOUT are in NP,MAX GAC may be outside NP. In fact,MAX GAC isDP -
complete in general. TheDP complexity class contains problems which are the conjunc-
tion of a problem in NP and one in coNP [101].

Assuming P6= NP, GAC reasoning is thus not tractable in general. In fact, the best
complexity that can be achieved for an algorithm enforcing GAC on a network with any
kind of constraints is inO(erdr), wheree is the number of constraints andr is the largest
arity of a constraint.

Though not related to GAC, constraintentailment([70]) is a sixth question that is
used by constraint solvers to speed up propagation. An entailed constraint can safely be
disconnected from the network.

ENTAILED

Instance.A constraintc, a domainD onX(c)
Question.Does ISITGAC[c,D′] answer ‘yes’ for allD′ ⊆ D?

Entailment ofc onD means thatD ⊆ c. ENTAILED is in coNP. In fact, its complexity is
closely dependent on the complexity of the GAC questions: ENTAILED is coNP-complete
if and only if GACSUPPORT, ISITGAC and NOGACWIPEOUT are NP-complete.

3.3.2 Arc Consistency Algorithms

Proposing efficient algorithms for enforcing arc consistency has always been considered
as a central question in the constraint reasoning community. A first reason is that arc
consistency is the basic propagation mechanism that is probably used in all solvers. A
second reason is that the new ideas that permit to improve efficiency of arc consistency
can usually be applied to algorithms achieving other local consistencies. This is why I
spend some time presenting the main algorithms that have been introduced, knowing that
the techniques involved can be used for other local consistencies presented in forthcoming
sections. I follow a chronological presentation to emphasize the incremental process that
led to the current algorithms.
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Algorithm 3.1 : AC3 / GAC3
function Revise3 (in xi: variable;c: constraint): Boolean ;

begin
CHANGE← false;1

foreachvi ∈ D(xi) do2

if 6 ∃τ ∈ c ∩ πX(c)(D) with τ [xi] = vi then3

removevi from D(xi);4

CHANGE← true;5

returnCHANGE ;6

end

function AC3/GAC3(in X: set): Boolean ;
begin

/* initalisation */;
Q← {(xi, c) | c ∈ C, xi ∈ X(c)};7

/* propagation */;
while Q 6= ∅ do8

select and remove(xi, c) from Q;9

if Revise(xi, c) then10

if D(xi) = ∅ then returnfalse ;11

elseQ← Q ∪ {(xj , c
′) | c′ ∈ C ∧ c′ 6= c ∧ xi, xj ∈ X(c′) ∧ j 6= i};12

returntrue ;13

end

AC3

The most well-known algorithm for arc consistency is the oneproposed by Mackworth in
[86] under the name AC3. It was proposed for binary normalized networks and actually
achieves 2-consistency. It was extended to GAC in arbitrarynetworks in [88]. This algo-
rithm is quite simple to understand. The burden of the general notations being not so high,
I present it in its general version. (See Algorithm 3.1.)

The main component of GAC3 is the revision of an arc, that is, the update of a domain
wrt a constraint.4 Updating a domainD(xi) wrt a constraintcmeans removing every value
in D(xi) that is not consistent withc. The functionRevise (xi, c) takes each valuevi in
D(xi) in turn (line 2), and explores the spaceπX(c)\{xi}(D), looking for a support onc
for vi (line 3). If such a support is not found,vi is removed fromD(xi) and the fact that
D(xi) has been changed is flagged (lines 4–5). The function returnstrue if the domain
D(xi) has been reduced, false otherwise (line 6).

The main algorithm is a simple loop that revises the arcs until no change occurs, to
ensure that all domains are consistent with all constraints. To avoid too many useless calls
to Revise (as this is the case in the very basic AC algorithms such as AC1or AC2), the
algorithm maintains a listQ of all the pairs(xi, c) for which we are not guaranteed that
D(xi) is arc consistent onc. In line 7,Q is filled with all possible pairs(xi, c) such that
xi ∈ X(c). Then, the main loop (line 8) picks the pairs(xi, c) in Q one by one (line 9)
and callsRevise (xi, c) (line 10). IfD(xi) is wiped out, the algorithm returns false (line
11). Otherwise, ifD(xi) is modified, it can be the case that a value for another variable

4The word ’arc’ comes from the binary case but we also use it on non-binary constraints.
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xj has lost its support on a constraintc′ involving bothxi andxj . Hence, all pairs(xj , c′)
such thatxi, xj ∈ X(c′) must be put again inQ (line 12). WhenQ is empty, the algorithm
returns true (line 13) as we are guaranteed that all arcs havebeen revised and all remaining
values of all variables are consistent with all constraints

Proposition 3.27(GAC3). GAC3 is a sound and complete algorithm for achieving arc
consistency that runs inO(er3dr+1) time andO(er) space, wherer is the greatest arity
among constraints.

McGregor proposed a different way of propagating constraints in AC3, that was later
namedvariable-oriented, as opposed to the arc-oriented propagation policy of AC3 [91].
Instead of putting inQ all arcs that should be revised after a change inD(xi) (line 12), we
simply putxi. Q contains variables for which a change in their domain has notyet been
propagated. When picking a variablexj fromQ, the algorithm revises all arcs(xi, c) that
could lead to further deletions because ofxj . The implementation of this version of AC3 is
simpler because the elements inQ are just variables. But this less precise information has
a drawback. An arc can be revised several times whereas the classical AC3 would revise it
once. For instance, imagine a network containing a constraint c with scheme(x1, x2, x3).
If a modification occurs onx2 because of a constraintc′, AC3 puts(x1, c) and(x3, c) in
Q. If a modification occurs onx3 because of another constraintc′′ while the previous arcs
have not yet been revised, AC3 adds(x2, c) to Q but not(x1, c) which is already there.
The same scenario with McGregor’s version will putx2 andx3 inQ. Picking them fromQ
in sequence, it will revise(x1, c) and(x3, c) because ofx2, and(x1, c) and(x2, c) because
of x3. (x1, c) has been revised twice. Boussemart et al. proposed a modifiedversion of
McGregor’s algorithm that solves this problem by storing a counter for each arc [28].

From now on, I switch to binary normalized networks because most of the literature
used this simplification, and I do not want to make assumptions on which extension the
authors would have chosen. Nevertheless, the ideas always allow extensions to non nor-
malized binary networks, and most of the time to networks with non-binary constraints.

Corollary 3.28 (AC3). AC3 achieves arc consistency on binary networks inO(ed3) time
andO(e) space.

The time complexity of AC3 is not optimal. The fact that function Revise does not
remember anything about its computations to find supports for values leads AC3 to do and
redo many times the same constraint checks.

Example 3.29. Let x, y andz be three variables linked by the constraintsc1 ≡ x ≤ y
andc2 ≡ y 6= z, with D(x) = D(y) = {1, 2, 3, 4} andD(z) = {3}. Revise (x, c1)
requires 1 constraint check for finding support for(x, 1), 2 checks for(x, 2), etc., so a
total of 1+2+3+4=10constraint checks to prove that all values inD(x) are consistent with
c1. All these constraint checks are depicted as arrows in Fig. 3.3.a. Revise (y, c1) re-
quires4 additional constraint checks to prove thaty values are all consistent with(x, 1).
Revise (y, c2) requires4 constraint checks to prove that all values are consistent with
(z, 3) except(y, 3) which is removed. Hence, the arc(x, c1) is put inQ. Revise (z, c2)
requires1 single constraint check to prove that(z, 3) is consistent with(y, 1).

When(x, c1) is picked fromQ, a new call toRevise (x, c1) is launched (Fig. 3.3.b).
It requires 1+2+3+3=9 checks, among which only((x, 3), (y, 4)) has not already been
performed at the first call.
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Figure 3.3: AC3 behavior depicted on Example 3.29. (Plain arrows represent positive
constraint checks whereas dashed arrows represent negative ones.)

AC4

AC3 being non optimal, Mohr and Henderson proposed AC4 to improve the time com-
plexity [92, 93]. The idea of AC4, as opposed to AC3, is to store a lot of information.
AC3 performs the minimum amount of work inside a call toRevise , just ensuring that
all remaining values ofxi are consistent withc and memorizing nothing. The price to pay
is to redo much of the work if the sameRevise is recalled. AC4 stores the maximum
amount of information in a preprocessing step in order to avoid redoing several times the
same constraint check during the propagation of deletions.

AC4 is presented in Algorithm 3.2. It computes a countercounter [xi, vi, xj ] for
each triple(xi, vi, xj) wherecij ∈ C andvi ∈ D(xi). This counter will finally say how
many supportsvi has oncij . AC4 also builds listsS[xj , vj ] containing all values that are
supported by(xj , vj) on cij . In the initialization phase, AC4 performs all possible con-
straint checks on all constraints. Each time a supportvj ∈ D(xj) is found for(xi, vi) on
cij , counter [xi, vi, xj ] is incremented, and(xi, vi) is added toS[xj , vj ] (lines 3 and 5).
Each time a value is found without support on a constraint, itis removed from the domain
and put in the listQ for future propagation (line 4). Once the initialization isfinished, we
enter the propagation loop (line 7), which consists in propagating the consequences of the
removals of values inQ. For each value(xj , vj) picked fromQ (line 8), we just need to
decrementcounter [xi, vi, xj ] for each value(xi, vi) ∈ S[xj , vj ] to maintain the coun-
ters up to date (line 11). Ifcounter [xi, vi, xj ] reaches zero, this means that(xj , vj) was
the last support for(xi, vi) on cij . (xi, vi) is removed and put in the listQ (lines 12 and
13). WhenQ is empty, we know that all values remaining in the domains have a non zero
counter on all their constraints, and so are arc consistent.

AC4 is the first algorithm in a category later named ‘fine-grained’ algorithms [126]
because they perform propagations (via listQ) at the level of values. ‘Coarse-grained’
algorithms, such as AC3, propagate at the level of constraints (or arcs), which is less precise
and can involve unnecessary work.

Proposition 3.30(AC4). AC4 achieves arc consistency on binary normalized networksin
O(ed2) time andO(ed2) space. Its time complexity is optimal.
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Algorithm 3.2 : AC4
function AC4(in X: set): Boolean ;

begin
/* initialization */;
Q← ∅; S[xj , vj ] = 0,∀vj ∈ D(xj),∀xj ∈ X;1

foreachxi ∈ X, cij ∈ C, vi ∈ D(xi) do2

initialize counter [xi, vi, xj ] to |{vj ∈ D(xj) | (vi, vj) ∈ cij}|;3

if counter[xi, vi, xj ] = 0 then removevi from D(xi) and add(xi, vi) to Q;4

add(xi, vi) to eachS[xj , vj ] s.t. (vi, vj) ∈ cij ;5

if D(xi) = ∅ then returnfalse ;6

/* propagation */;
while Q 6= ∅ do7

select and remove(xj , vj) from Q;8

foreach (xi, vi) ∈ S[xj , vj ] do9

if vi ∈ D(xi) then10

counter [xi, vi, xj ] = counter [xi, vi, xj ]− 1;11

if counter[xi, vi, xj ] = 0 then12

removevi from D(xi); add(xi, vi) to Q;13

if D(xi) = ∅ then returnfalse ;14

returntrue ;15

end

Example 3.31. Take again the network in Example 3.29 with constraintsc1 ≡ x ≤ y and
c2 ≡ y 6= z, and domainsD(x) = D(y) = {1, 2, 3, 4} andD(z) = {3}. In its initializa-
tion phase, AC4 first counts the number of supports of each value on each constraint and
builds the lists of supported values. Thus, in its initialization, AC4 performs all possible
constraint checks for every value in each domain, that is,4 · 4 = 16 constraint checks on
c1 and4 · 1 = 4 onc2.5 At the end of this phase, the data structures are the following:

counter [x, 1, y] = 4 counter [y, 1, x] = 1 counter [y, 1, z] = 1
counter [x, 2, y] = 3 counter [y, 2, x] = 2 counter [y, 2, z] = 1
counter [x, 3, y] = 2 counter [y, 3, x] = 3 counter [y, 3, z] = 0
counter [x, 4, y] = 1 counter [y, 4, x] = 4 counter [y, 4, z] = 1

counter [z, 3, y] = 3

S[x, 1] = {(y, 1), (y, 2), (y, 3), (y, 4)} S[y, 1] = {(x, 1), (z, 3)}
S[x, 2] = {(y, 2), (y, 3), (y, 4)} S[y, 2] = {(x, 1), (x, 2), (z, 3)}
S[x, 3] = {(y, 3), (y, 4)} S[y, 3] = {(x, 1), (x, 2), (x, 3)}
S[x, 4] = {(y, 4)} S[y, 4] = {(x, 1), (x, 2), (x, 3), (x, 4), (z, 3)}

S[z, 3] = {(y, 1), (y, 2), (y, 4)}

The only counter equal to zero iscounter [y, 3, z]. So,(y, 3) is removed and AC4 en-
ters the propagation loop with(y, 3) in Q. When(y, 3) is picked fromQ, S[y, 3] is tra-
versed andcounter [x, 1, y], counter [x, 2, y],counter [x, 3, y] are decremented (be-
cause(x, 1), (x, 2), (x, 3) are inS[y, 3]). None of these counters are equal to zero and no

5In the original version of AC4 presented in [92], each constraintcij is processed twice (once forxi and once
for xj), which gives 32 constraint checks onc1 and 8 onc2). The general version presented in [93] processes
each constraint only once, updating all relevant counters and lists at the same time.
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value is removed. We observe that the propagation of the deletion of (y, 3) did not require
any constraint check. It required traversals ofS[..] lists and updates of counters.

While being optimal in time, AC4 does not only suffer from itshigh space complex-
ity. Its very expensive initialization phase can be by itself prohibitive in time. In fact, we
can informally say that AC4 has optimal worst-case time complexity but it almost always
reaches this worst-case. Wallace discussed this issue in [120]. In addition, even when the
initialization phase has finished, AC4 maintains a so accurate view of the process that it
spends a lot of effort updating its counters and traversing its lists. This is visible in Ex-
ample 3.31, where the removal of(y, 3) provoked traversal ofS[y, 3] and counter updates,
whereas all remaining values had supports.

The non-binary version GAC4, proposed by Mohr and Masini in [93], is in the optimal
O(erdr) time complexity given in Section 3.3.1, wherer is the greatest arity among all
constraints.

AC6

Bessiere and Cordier proposed AC6, a compromise between AC3laziness and AC4 ea-
gerness [15, 14]. The motivation behind AC6 is both to keep the optimal worst-case time
complexity of AC4 and to stop the search for support for a value on a constraint as soon
as the first support is found, as done inRevise of AC3. In addition, AC6 maintains a
data structure lighter than AC4. In fact, the idea in AC6 is not to count all the supports a
value has on a constraint, but just to ensure that it hasat leastone. AC6 only needs lists
S, whereS[xj , vj ] contains all values for which(xj , vj) is thecurrent support. That is,
(xi, vi) ∈ S[xj , vj ] if and only if vj was the first support found forvi on cij . 6

In Algorithm 3.3, AC6 looks for one support (thefirst one orsmallestone with respect
to the ordering on integers) for each value(xi, vi) on each constraintcij (line 3). When
(xj , vj) is found as the smallest support of(xi, vi) oncij , (xi, vi) is added toS[xj , vj ], the
list of values currently having(xj , vj) as smallest support (line 4). If no support is found,
(xi, vi) is removed and is put in the listQ for future propagation (line 5). The propagation
loop (line 7) consists in propagating the consequences of the removal of values inQ. When
(xj , vj) is picked fromQ, AC6 looks for thenextsupport oncij for each value(xi, vi) in
S[xj , vj ]. Instead of starting atminD(xj) as AC3 would do, it starts at the value ofD(xj)
following vj (line 11). If a new supportv′j is found,(xi, vi) is put inS[xj , v

′
j ] (line 12).

Otherwise,(xi, vi) is removed and put inQ (line 14). WhenQ is empty, we know that all
remaining values have a current support on every constraint.

Like AC4, AC6 is a fine-grained algorithm because it propagates along values. It does
not reconsider constraintcij when the removed value(xj , vj) has no chance to provoke
another removal inD(xi), that is, whenD(xi) ∩ S[xj , vj ] = ∅.
Proposition 3.32(AC6). AC6 achieves arc consistency on binary normalized networksin
O(ed2) time andO(ed) space.

Example 3.33. I show what the data structures of AC6 are on the example used for AC3
(Example 3.29) and for AC4 (Example 3.31), i.e., constraintsc1 ≡ x ≤ y andc2 ≡ y 6= z
and domainsD(x) = D(y) = {1, 2, 3, 4} andD(z) = {3}. In its initialization phase, AC6

6A similar technique, called ’watch literals’, has independently been proposed by Moskewicz et al. for
efficient unit propagation in their Chaff solver for SAT [97].
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Algorithm 3.3 : AC6
function AC6(in X: set): Boolean ;

begin
/* initialization */;
Q← ∅; S[xj , vj ] = 0,∀vj ∈ D(xj),∀xj ∈ X;1

foreachxi ∈ X, cij ∈ C, vi ∈ D(xi) do2

vj ← smallest value inD(xj) s.t. (vi, vj) ∈ cij ;3

if vj existsthen add(xi, vi) to S[xj , vj ];4

elseremovevi from D(xi) and add(xi, vi) to Q;5

if D(xi) = ∅ then returnfalse ;6

/* propagation */;
while Q 6= ∅ do7

select and remove(xj , vj) from Q;8

foreach (xi, vi) ∈ S[xj , vj ] do9

if vi ∈ D(xi) then10

v′
j ← smallest value inD(xj) greater thanvj s.t. (vi, vj) ∈ cij ;11

if v′
j existsthen add(xi, vi) to S[xj , v

′
j ];12

else13

removevi from D(xi); add(xi, vi) to Q;14

if D(xi) = ∅ then returnfalse ;15

returntrue ;16

end

looks foronesupport (the smallest) for each value on each constraint andstores the fact
that a value(xj , vj) has been found as supporting(xi, vi) by adding(xi, vi) to S[xj , vj ].
Thus, in its initialization, AC6 performs the same number ofconstraint checks as AC3,
namely 10+4 onc1 and 4+1 onc2. At the end of this phase, the data structures are the
following,

S[x, 1] = {(y, 1), (y, 2), (y, 3), (y, 4)} S[y, 1] = {(x, 1), (z, 3)}
S[x, 2] = {} S[y, 2] = {(x, 2)}
S[x, 3] = {} S[y, 3] = {(x, 3)}
S[x, 4] = {} S[y, 4] = {(x, 4)}

S[z, 3] = {(y, 1), (y, 2), (y, 4)}

and the listQ contains(y, 3) which has been removed. When AC6 enters the propagation
loop it pops(y, 3) fromQ, S[y, 3] is traversed and a new supportgreater than3 is sought
for (x, 3). (3, 4) ∈ c1(x, y), so(x, 3) is added toS[y, 4], which supports now both(x, 3)
and(x, 4). The deletion of(y, 3) required a single constraint check and the traversal of list
S[y, 3]. Note thatS[y, 3] contained less values than in AC4 because AC6 stores a single
support per value.

AC2001

In fine-grained algorithms, such as AC4 or AC6, the propagation is value-oriented. The
deletion of a value(xj , vj) is directly propagated throughQ on values(xi, vi) that had
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Algorithm 3.4 : FunctionRevise for AC2001
function Revise2001 (in xi: variable;cij : constraint): Boolean ;

begin
CHANGE← false;1

foreachvi ∈ D(xi) s.t.Last(xi, vi, xj) 6∈ D(xj) do2

vj ← smallest value inD(xj) greater thanLast (xi, vi, xj) s.t. (vi, vj) ∈ cij ;3

if vj existsthen Last (xi, vi, xj)← vj ;4

else5

removevi from D(xi);6

CHANGE← true;7

returnCHANGE ;8

end

(xj , vj) as support (that is, on values(xi, vi) that are inS[xj , vj ]). Coarse-grained al-
gorithms are arc-oriented. They do not propagate the consequences of value removals to
other values. They propagate changes in the domain of a variablexj on the other variables
xi sharing a constraintc with xj : List Q contains pairs(xi, c) for which some variablexj
in X(c) has changed. Although coarse-grained algorithms are less precise in the way they
propagate, they have a double advantage. First, the architecture of constraint solvers (see
Section 3.8) usually supports an arc-oriented propagationand not a value-oriented one.
Second, all fine-grained algorithms require listsS[..] of supported values as data struc-
ture, which is more complex to implement and maintain. Thesewere the motivations for
AC2001, the first (and only) optimal coarse-grained algorithm [24, 126, 25].

AC2001 follows the same framework as AC3, but achieves optimality by storing the
smallest support for each value on each constraint, like AC6. However, the way this infor-
mation is stored and used differs from that in AC6. AC2001 does not use listsS[xj , vj ] to
store those(xi, vi) that havevj as smallest support oncij . It uses a pointerLast [xi, vi, xj ]
that containsvj .

AC2001 differs from AC3 only by itsRevise function and by its initialization phase
which needs to initialize the pointersLast [xi, vi, xj ] to some dummy value smaller than
minD(xj). In Revise2001 (Algorithm 3.4), when a valuevj in D(xj) is found to
support(xi, vi) on cij , AC2001 assignsvj to Last [xi, vi, xj ] (line 4). The next time
(xi, cij) will be revised, supports will be sought for(xi, vi) only if Last [xi, vi, xj ] is
no longer inD(xj) (line 2). More importantly, optimality is obtained becausevalues in
D(xj) that are smaller thanLast [xi, vi, xj ] are not checked again because they were
already unsuccessfully checked in previous calls toRevise2001 (line 3).

Proposition 3.34(AC2001). AC2001 achieves arc consistency on binary normalized net-
works inO(ed2) time andO(ed) space.

Example 3.35. Again I show the data structures of AC2001 on the example usedfor the
other algorithms, i.e., constraintsc1 ≡ x ≤ y andc2 ≡ y 6= z and domainsD(x) =
D(y) = {1, 2, 3, 4} andD(z) = {3}. In its initialization phase, AC2001 looks for the
smallest support for each value on each constraint and stores it in theLast structure. It
performs exactly the same constraint checks as AC3 or AC6. Atthe end of this phase, the
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data structures are the following,

Last [x, 1, y] = 1 Last [y, 1, x] = 1 Last [y, 1, z] = 3
Last [x, 2, y] = 2 Last [y, 2, x] = 1 Last [y, 2, z] = 3
Last [x, 3, y] = 3 Last [y, 3, x] = 1 Last [y, 3, z] = nil
Last [x, 4, y] = 4 Last [y, 4, x] = 1 Last [y, 4, z] = 3

Last [z, 3, y] = 1

and the listQ contains(x, c1) because(y, 3) has been removed while revisingc2. When
AC2001 enters the propagation loop it pops(x, c1) fromQ, and callsRevise (x, c1). It
checks whetherLast [x, 1, y], Last [x, 2, y], Last [x, 3, y] andLast [x, 4, y] are still in
D(y). Last [x, 3, y] is no longer inD(y), so a new supportgreater than3 is sought for
(x, 3). (3, 4) satisfiesc1(x, y), soLast [x, 3, y] receives value 4. The deletion of(y, 3)
required checking if theLast pointers of values inD(x) were still inD(y), and a single
constraint check to find a new support for(x, 3).

AC2001 can easily be extended to a GAC2001 non-binary version [25].

3.3.3 Other Improvements

I have presented the main techniques to enforce arc consistency on a network. Other kinds
of techniques exist to reduce the cost of arc consistency. They are usually added to one
of the arc consistency algorithms presented above to improve its performance. I cannot be
exhaustive, but here are two of those types of techniques.

Bidirectionality

Constraints are said to bemultidirectionalbecause when a tupleτ is found to support
(xi, vi) on a constraintc, it is also a support for any(xj , vj) ∈ τ on the same constraint.
The binary version of multidirectionality is calledbidirectionality. This property, which
can seem obvious, is not used as much as it could be by the algorithms presented so far.

In fact, AC3 partially uses it when it avoids putting(xj , c) in Q after modifyingxi in
Revise (xi, c) (line 12 in Algorithm 3.1): A valuevi removed fromD(xi) had no support
on c, so its removal cannot discard a support for a value inD(xj).

Gaschnig proposed to use bidirectionality more explicitly. The algorithm DEE [62]
is an extension of AC3 that uses a ‘Revise-both’ procedure toprocessRevise (xi, cij)
andRevise (xj , cij) in sequence. As a first step, Revise-both performs the same work as
Revise (xi, cij), but in addition, marks every value inD(xj) which has been found in a
support for a value inD(xi). Once all values ofxi are checked, Revise-both revisesxj on
cij by only looking for support for unmarked values ofD(xj). Values marked during the
first phase are guaranteed to have support. DEE does not storethese marks from a call to
Revise-both to another. Besides, in the propagation phase,arcs are often revised in only
one direction at a time, which reduces the gain of DEE.

Van Dongen proposed a heuristic approach of using bidirectionality [114]. The algo-
rithm ACb uses the same idea as DEE, trying to avoid work when both arcs(xi, cij) and
(xj , cij) are inQ. ACb does not check supports in lexicographic ordering but triesto maxi-
mize the number of ‘double-support’ checks. A double-support check is a constraint check
cij(vi, vj) for which neithervi norvj are known to be supported oncij . The motivation is



C. Bessiere 47

that if cij(vi, vj) is true, we deduce support for two values at the price of a single constraint
check.

Bidirectionality was used even more extensively in AC7 [18,19], an extension of AC6.
Thanks to the lists of supported values of AC6, and additional pointers, AC7 fully exploits
bidirectionality. This means that a constraint checkcij(vi, vj) is performed when looking
for support for(xi, vi) on cij only if cji(vj , vi) has never been checked while looking for
supports for(xj , vj) on cji and there does not existv′j ∈ D(xj) such thatcji(v′j , vi) has
already been successfully checked as support for(xj , v

′
j). The non-binary version of AC7

[23] is used in IlogSolver [71] to propagate general constraints. As for GAC4, it runs in
the optimalO(erdr) time complexity.

Lecoutre et al. proposed several extensions of AC2001 that permit to adapt the tech-
niques used in AC7 to coarse-grained algorithms [81]. AC3.2is an algorithm that partially
exploits bidirectionality on positive constraint checks.AC3.3 fully exploits bidirectional-
ity on positive constraint checks. AC3.2* and AC3.3* are extensions of AC3.2 and AC3.3
that also exploit bidirectionality on negative constraintchecks, like in AC7. An exten-
sive experimentation suggests that AC3.3 is the best stand alone arc consistency algorithm,
whereas AC3.2 is the best when maintained during search.

Ordering the propagation list

Another way of improving the time needed to enforce arc consistency is by revising first
the arcs that will prune the most or that will be the cheapest to revise. In their seminal paper
on the subject, Wallace and Freuder proposed several heuristics to reorder the propagation
list in AC3 [121]. Among the different heuristics they analyzed, the best seemed to be the
one selecting first the arcs(xi, cij) such that the variablexj against which to revise has the
smallest domain.

Gent et al. applied to arc consistency the general criterionof ‘constrainedness’ defined
in [65]. They proposed to select first the arc that minimizes the constrainednessκac of
arc consistency [64]. They show that this heuristic is a goodway to reduce the number of
constraint checks but is heavy to compute. Interestingly, approximations of their criterion
give some of the good heuristics proposed by Wallace and Freuder.

The most comprehensive study on ordering heuristics for coarse-grained arc consis-
tency algorithms was recently proposed by Boussemart et al.in [28]. They not only
studied heuristics to reorder the propagation listQ, but also the type of information we
put in it. Q can be a list of arcs to revise, as in regular AC3 (arc-oriented revision), a list
of variables whose domain has been modified as in McGregor’s version (variable-oriented
revision), or a list of constraints which had a variable of their scheme modified. Lists of
variables being much shorter than lists of arcs, they showedthat heuristics handlingQ are
less time consuming when incorporated in variable-oriented implementations. Since Mc-
Gregor’s algorithm suffers from redundant revisions (see Subsection 3.3.2), Boussemart et
al. proposed a modified version that avoids these redundant revisions while keeping the
advantage of variable-oriented revision. As for saving constraint checks, they found that
several heuristics close to that already proposed by Wallace and Freuder or by van Dongen
[121, 113] show good performance. Among all, they recommenda variable-oriented im-
plementation of coarse-grained algorithms (they experimented with AC3.2) in which the
variable with the smallest domain is picked first fromQ.
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3.4 Higher Order Consistencies

In Section 3.3, we have seen that arc consistency, which is the most natural technique
for tightening a network, has received great attention fromthe community. Nevertheless,
this is not the only way to tighten a network, and as early as inthe 70’s, several authors
proposed techniques that discover more inconsistencies than arc consistency.

3.4.1 Path Consistency

Path consistency was proposed by Montanari as a necessary condition for the consistency
of pairs of values in binary normalized networks [95]. Roughly speaking, it says that if
for a given pair of values(vi, vj) on a pair of variables(xi, xj) there exists a sequence of
variables fromxi to xj such that we cannot find a sequence of values for these variables
starting atvi and finishing atvj , and satisfying all binary constraints along the sequence,
then(vi, vj) is inconsistent.

Definition 3.36(Path consistency). LetN = (X,D,C) be a normalized network.

• Given two variablesxi andxj in X , the pair of values(vi, vj) ∈ D(xi)×D(xj) is
path consistent iff for any sequence of variablesY = (xi = xk1 , xk2 , . . . , xkp

= xj)
such that for allq ∈ [1..p − 1], ckq,kq+1 ∈ C, there exists a tuple of values(vi =
vk1 , vk2 , . . . , vkp

= vj) ∈ πY (D) such that for allq ∈ [1..p − 1], (vkq
, vkq+1) ∈

ckq,kq+1 .

• The networkN is path consistent (PC)iff for any pair of variables(xi, xj), i 6= j,
any locally consistent pair of values on(xi, xj) is path consistent.

Example 3.37. Consider the networkN with variablesx1, x2, x3, domainsD(x1) =
D(x2) = D(x3) = {1, 2}, andC = {x1 6= x2, x2 6= x3}. N is not path consistent
because neither((x1, 1), (x3, 2)) nor ((x1, 2), (x3, 1)) can be extended to a value ofx2

satisfying bothc12 andc23. The networkN ′ = (X,D,C ∪ {x1 = x3}) is path consistent.

Montanari observed that it is sufficient to enforce path consistency only on paths of
length 2 to obtain the same level of local consistency as pathconsistency.

Definition 3.38(2-path consistency). LetN = (X,D,C) be a normalized network.

• Given two variablesxi andxj in X , the pair of values(vi, vj) ∈ D(xi)×D(xj) is
2-path consistent iff for any third variablexk ∈ X with cik ∈ C andckj ∈ C, there
exists a valuevk ∈ D(xk) such that(vi, vk) ∈ cik and(vj , vk) ∈ ckj .
• The networkN is 2-path consistentiff for any pair of variables(xi, xj), i 6= j, any

locally consistent pair of values on(xi, xj) is 2-path consistent.

Proposition 3.39. Path consistency and 2-path consistency are equivalent.

Path consistency does not reduce domains of variables but removes pairs of values. As
a result, the path consistent closure of a normalized network N is not inPsolND. I define
PN2 as the subset ofPN where networks are normalized and differ fromN only by adding
or tightening binary constraints. The path consistent closurePC(N) of N is the union
(according to⊔N ) of all path consistent networks inPN2. In PN2, there can be several
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networks nogood-equivalent toPC(N) because constraints with the same scheme can dif-
fer on non valid tuples, which does not change the set of locally inconsistent instantiations.
Nevertheless, PC algorithms represent modified constraints extensionally, generating only
embedded constraints. So, if we consider networks where allbinary constraints are embed-
ded, the relation� is a partial order onPN2 and PC algorithms are guaranteed to converge
onPC(N).

Several algorithms achieving PC were proposed in the literature. Each time a new
technique was proposed for arc consistency, it was soon applied to path consistency. PC1
[95, 87] can be seen as the path consistency counterpart of the brute-force AC1. PC2 is the
extension of AC3 to path consistency [87]. PC3 [92] and PC4 [68] use lists of support, like
AC4, to reach optimality. PC5 [111] and PC6 [32] extend AC6. PC7 [31] and PC8 [33] are
simplifications of PC6 that perform well in practice. PC5++ [111] applies bidirectionality
of AC7. Finally, PC2001 [126, 25] extends AC2001.

A drawback of path consistency is that enforcing it can produce additional constraints
that were not inCN (see Example 3.37). Furthermore, even when a constraintc(xi, xj) is
already inCN , its refinement by PC can impose to change its semantics and torepresent
this new constraint extensionally whereas it was given as a function.

Example 3.40. Consider the network with variablesx1, x2, x3, domainsD(x1) = D(x2)
= D(x3) = {1, 2, 3, 4}, andC = {|x1 − x2| ≥ 2, x2 6= x3, x1 6= x3}. These three con-
straints can be given by their arithmetic expression if the constraint toolkit in use permits
them. However, enforcing PC will discard the tuples(2, 4), and(3, 1) from c13, which
probably requires a storage in extension of this constraint. If c13 had a specific propaga-
tion algorithm for enforcing AC on it (see Section 3.8), it nolonger works on this new
constraint.

The last thing we can notice is that even if path consistency is usually considered in
binary normalized networks, nothing in Definition 3.36 prevents its use on non-binary
normalized networks. Non-binary constraints are just ignored.

3.4.2 k-Consistencies

A few years after Montanari’s paper, Freuder extended the notion of local consistencies
stronger than AC to a whole class of consistencies, calledk-consistencies [53, 54].

Definition 3.41(k-consistency). LetN = (X,D,C) be a network.

• Given a set of variablesY ⊆ X with |Y | = k − 1, a locally consistent instantiation
I on Y is k-consistent iff for anykth variablexik ∈ X \ Y there exists a value
vik ∈ D(xik) such thatI ∪ {(xik , vik )} is locally consistent.

• The networkN is k-consistentiff for any setY of k − 1 variables, any locally
consistent instantiation onY is k-consistent.

Given a normalized networkN , PNk denotes the subset ofPN containing all normal-
ized networksN ′ in which only constraints of arityk can differ fromN . More formally,
N ′ ∈ PNk if and only if N ′ ∈ PN , DN ′ = DN , and any constraint inCN ′ \ CN has
arity k. Thek-consistent closure ofN is the union (according to⊔N ) of all k-consistent
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networks inPN(k−1). (Enforcingk-consistency makes explicit nogoods of sizek−1.) I re-
strict to normalized networks because⊔N is not defined on arbitrary networks (see Section
3.2).� is a partial order onPN(k−1) only if all constraints of arityk − 1 are embedded.

As observed by Dechter [46], even if 3-consistency has strong similarities with (2-)path
consistency, it is not equivalent. Indeed, 3-consistency ensures that any instantiation of
length 2 can be extended to an instantiation involving any third variable without violating
any constraint, whereas (2-)path consistency only guaranteesthat binary constraints are
not violated.

Example 3.42. Suppose a network involving variablesx1, x2, x3 with domainsD(x1) =
D(x1) = D(x1) = {1, 2}, and a single constraintc(x1, x2, x3) = {(1, 1, 1), (2, 2, 2)}.
This network is path consistent because it does not contain any binary constraint. It is
not 3-consistent because the instantiation(x1 = 1, x2 = 2), which is locally consistent,
cannot be extended consistently tox3. 3-consistency produces the three binary constraints
c12 = {(1, 1), (2, 2)}, c23 = {(1, 1), (2, 2)} andc13 = {(1, 1), (2, 2)}.

k-consistency ensures that each time we have a locally consistent instantiation of size
k − 1, we can consistently extend it to anykth variable. So, the question is ’how to build
locally consistent instantiations of sizek − 1?’. Strongk-consistencies are properties that
guarantee that the network isj-consistent for1 ≤ j ≤ k. Thus, we can build from scratch
a locally consistent instantiation of sizek without any backtrack.

Definition 3.43(Strongk-consistency). A network isstronglyk-consistentiff it is j-consis-
tent for all j ≤ k.

Given a normalized networkN , P∗
Nk denotes the subset ofPN containing all normal-

ized networksN ′ in which only the domains and constraints of arity at mostk can differ
fromN . More formally,N ′ ∈ P∗

Nk if and only if N ′ ∈ PN , DN ′ ⊆ DN , and any con-
straint inCN ′ \ CN has arity at mostk. The strongk-consistent closure ofN is the union
of all stronglyk-consistent networks inP∗

N(k−1). The relation� is not a partial order
in P∗

N(k−1) even if we restrict to embedded constraints. As a consequence, an algorithm
achieving strongk-consistency by iteratively enforcingj-consistency,1 ≤ j ≤ k, is not
guaranteed to terminate on the strongk-consistent closure ofN . It may terminate on a
network ofP∗

N(k−1) nogood-equivalent to the closure.

Example 3.44. Consider the network with variablesx1, . . . , x6, domains equal to{1, 2}
andC = {c1(x1, x2, x3, x4), c2(x2, x3, x4, x5), x2 = x6, x6 6= x3}, with c1 = {(1112),
(1121), (1211), (2122), (2212), (2221)} and c2 = {(1112), (1211), (1222), (2112),
(2122), (2222)}. If we apply 4-consistency onx2, x3, x4 wrt x1 andx5, we derive the
constraintc3(x2, x3, x4) = {(121), (122), (211), (212)}. 3-consistency onx2, x3 wrt x4

produces the constraintc4(x2, x3) = {(12), (21)}. By applying first 3-consistency to
x2, x3 wrt x6, the constraintc4 would have been produced beforec3. Soc3 would have
never been generated because all its tuples are already inconsistent withc4.

The algorithms proposed by Freuder and Cooper in [53, 37] both reach a fixpoint which
is not the strongk-consistent closure. They make all constraints (up to arityk − 1) as
explicit as possible. For instance, if a pair of values((xi, vi), (xj , vj)) is path inconsistent,
they create a constraint on every supersetY of {xi, xj} with |Y | < k, and this constraint
forbids all tuplesτ onY whereτ [(xi, xj)] = (vi, vj). Cooper showed that his algorithm



C. Bessiere 51

runs inO(nkdk), which is the optimal time complexity for strongk-consistency. The
algorithm proposed by Cooper requiresO(nkdk) space. The optimal space complexity for
strongk-consistency isO(nk−1dk−1) because we must store all the constraints of arity
k− 1 thatk-consistency creates each time an instantiation of sizek− 1 does not extend to
akth variable. .

I said in Section 3.2 that the maximal amount of simplification we can perform on a
network is to reach a globally consistent network, that is, anetwork on whichall locally
consistent instantiations can be extended to solutions. Strongn-consistency guarantees
that.

Proposition 3.45. If a network is stronglyn-consistent then it is globally consistent.

Enforcing global consistency on an arbitrary network is fartoo space consuming (in
O(nn−1dn−1)). Freuder gave conditions on the associated hypergraph forwhich strong
k-consistency (k < n) is sufficient to allow a backtrack-free search [54]. In [47], Dechter
and Pearl developedadaptive consistency (AdC), a technique inspired from dynamic pro-
gramming. Given a total ordering on the variables, AdC adapts the level ofk-consistency
enforced on each variablexi depending on the number of variables that share a constraint
with xi and that precede it in the ordering. The obtained network guarantees backtrack-free
search. (See Chapter 5.)

In [55], Freuder proposed(i, j)-consistency, a generalization ofk-consistency where
we do not guarantee that instantiations of sizek−1 can be extended to instantiations of size
k, but instantiations of sizei can be extended toj additional variables.k-consistency is
(k − 1, 1)-consistency. Since the main drawback ofk-consistencies is the huge space they
require to store all forbidden instantiations of sizek− 1, we can design local consistencies
requiring less space by settingi to a small value in(i, j)-consistency.

3.4.3 Montanari’s Decomposability and Minimality

Montanari characterized networks that can be made globallyconsistent in polynomial
space. These are networks for which the set of solutions is a decomposable relation [95],
also named binary decomposable relation in [46].

Definition 3.46(Decomposable in the sense of Montanari).

• A relationρ with schemeX is binary-representable iff there exists a binary network
N ,XN = X , such thatsol(N) = ρ.

• A relationρ with schemeX is decomposable in the sense of Montanari iff for all
Y ⊆ X , πY (ρ) is binary-representable.

• A networkN is decomposable in the sense of Montanari iffsol(N) is a decompos-
able relation.

Example 3.47. ([95]) Consider the networkN in Fig. 3.4, with variablesx1, x2, x3,
x4, domainsD(x1) = {1, 2, 3, 4}, D(x2) = D(x3) = D(x4) = {0, 1}, and constraints
as shown in the boxes on the figure.sol(N) is equal to the relationR on the top right-
hand corner of the figure, which is thus representable by a binary network. However,R
is not decomposable in the sense of Montanari becauseπ{x2,x3,x4}(R) = {(000), (101),
(110), (111)} = {x2 = x3 ∨ x4} cannot be represented by a binary network. (Any binary
network onx2, x3, x4 that accepts all tuples in the relation also accepts the tuple (100).)
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Figure 3.4: A relationR that can be represented by a binary network but which is non
decomposable in the sense of Montanari.

Proposition 3.48. If a networkN = (X,D,C) is decomposable in the sense of Montanari
then there exists a binary networkGN = (X,D,CG), which is globally consistent and
sol(N) = sol(GN ).

Decomposability of Montanari is stronger than what is commonly called ‘decompos-
able constraint’. (See [63] or Section 3.8.2 for more details.)

Example 3.47 shows that it is not because a network is binary that it is decomposable in
the sense of Montanari. For binary networks, Montanari proposed the concept ofminimal
network, which is the best approximating binary network for global consistency. This is
thus another technique for tightening binary networks.

Definition 3.49(Minimal network). Given a binary networkN = (X,D,C), theminimal
networkofN is the binary normalized and embedded inD networkMN = (X,D,CM )
such that any locally consistent instantiation of length 2 is globally consistent andsol(MN )
= sol(N).

Corollary 3.50. Given a binary networkN , if sol(N) is decomposable in the sense of
Montanari, the minimal networkMN is globally consistent.

Minimality on a binary network could be considered as a kind of local consistency. But
local consistencies usually refer to properties which are polynomial to enforce. Building
the minimal network is obviously intractable because once we have the minimal network, it
is constant time to decide consistency of the original network (by checking non emptiness
of any constraint).

The question of building the minimal network was called the ‘central problem’ by
Montanari. This led to some confusion as it was sometimes believed that generating a
solution is polynomial if the network is minimal. Dechter partially fixed the ambiguity by
saying that:

“it is still not clear, however, whether or not generating a single solution of
a minimal network is hard, even though empirical experienceshows that it is
normally easy. Nevertheless, we do speculate that generating a single solution
from the minimal network is hard...”

We can say a little more about this.
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Proposition 3.51(Generating solutions of a minimal network). Generating a solution of
a minimal networkMN is not backtrack-free (unlessΠP

2 = ΣP2 ).

Proof. The clause entailment problem is known to be non compilable7 unlessΠP
2 = ΣP2

[29]. In [38], Cros reduced the clause entailment problem tothe compilability of the prob-
lem of the global consistency of a partial instantiation in abinary networkN . If build-
ing solutions in a minimal network was backtrack-free, it would be polynomial to answer
whether a partial instantiation is globally consistent or not. Furthermore, a minimal net-
work has a size inO(n2d2), which is polynomial in the size ofN . Hence, the problem
of the consistency of partial instantiations would be compilable, and clause entailment as
well.

3.4.4 Consistencies Based on Constraints

All consistencies I studied until now (except arc consistency) are properties of partial in-
stantiations of variables wrt other variables. They do not take into account the network
topology, i.e., which sets of variables are linked by a constraint and which are not. This
is a limitation for constraint propagation, which creates new constraints everywhere in the
network. This is also a limitation on non-binary networks ifwe want to link the level
of consistency and the hypergraph structure in backtrack-free conditions. In this section,
I restrict my attention to embedded networks because all theworks I present used this
restriction.

Janssen et al. proposed a first local consistency based on constraints instead of variables
[72]. It was applied from works on relational databases [7].

Definition 3.52 (Pairwise consistency). Given an embedded networkN , a pair of con-
straintsc1 and c2 in CN is pairwise consistent iff any tuple onX(c1) (resp. onX(c2))
satisfyingc1 (resp.c2) can be extended to an instantiation onX(c1)∪X(c2) satisfyingc2
(resp. c1), that is, iffπX(c1)∩X(c2)(c1) = πX(c1)∩X(c2)(c2). N is pairwise consistentiff
any pair of constraints inCN is pairwise consistent.

Example 3.53. Consider the network with variablesx1, x2, x3, x4, domainsD(x1) =
D(x2) = D(x3) = D(x4) = {1, 2} and constraintsc1(x1, x2, x3) = {(121), (211),
(222)} andc2(x2, x3, x4) = {(111), (222)}. This network is generalized arc consistent.
However, it is not pairwise consistent because the tuple(121) from c1 is not compatible
with any tuple inc2.

Janssen et al. showed in [72] that pairwise consistency is equivalent to 2-consistency on
the dual encoding of the network, where dual variables represent constraints of the original
network [48].

In a database context, Gyssens proposedk-wise consistency, a direct extension of pair-
wise consistency where we considerk constraints at a time instead of two [67]. Jégou
applied this notion to constraint networks [73].

7The problem of asking queries of a classQ to instances of a classP is said to becompilableif there exists a
polynomial space transformationp′ of any instancep of P (the time for the transformation should just be finite)
such that any queryq from Q asked onp can be answered in polynomial time by usingp′ [29].
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Definition 3.54(k-wise consistency). Given an embedded networkN , a set of constraints
{c1 . . . , ck} in CN is k-wise consistent iff for anyci, i ∈ [1..k], any tuple onX(ci) satis-
fying ci can be extended to an instantiation on

⋃k
j=1X(cj) satisfyingcj for all j ∈ [1..k],

that is, iff ci = πX(ci)(⋊⋉
k
j=1 cj). N is k-wise consistentiff for all {c1 . . . , ck} in CN ,

{c1 . . . , ck} is k-wise consistent.

k-wise consistency is the constraint-based counterpart ofk-inverse consistency (see
Section 3.5). Enforcingk-wise consistency does not alter the associated hypergraph. It
just alters existing constraints.

In [74], Jégou proposed another duality between variablesand constraints. He presents
hyperk-consistency. This is the constraint-based counterpart ofk-consistency.

Definition 3.55 (Hyperk-consistency). LetN be an embedded network. A set{c1, . . . ,
ck−1} of k − 1 constraints inCN is hyperk-consistent relative to akth constraintck iff
any instantiation on∪k−1

i=1X(ci) satisfyingc1, . . . , ck−1 has an extension on the variables
in X(ck) that satisfiesck, that is, iffπY (⋊⋉k−1

i=1 ci) ⊆ πY (ck), whereY = (∪k−1
i=1X(ci)) ∩

X(ck). N is hyper k-consistentiff for all {c1, . . . , ck−1} ⊆ CN , for all ck ∈ CN ,
{c1, . . . , ck−1} is hyperk-consistent relative tock.

Pairwise consistency is both 2-wise consistency and hyper 2-consistency.
Based on definition 3.55, Jégou characterized some sufficient conditions for a network

to be consistent. These conditions link the level of hyperk-consistency of the network to
the width of its hypergraph. Nevertheless, hyperk-consistency inherits one of the draw-
backs ofk-consistencies because enforcing hyperk-consistency creates new constraints on
sets of variables that were not linked in the original network.

Dechter and van Beek proposed a new form of local consistencywhich is more bound
to schemes of constraints already in the network than hyperk-consistency is. They refer to
those new types of consistencies asrelationalconsistencies [49].

Definition 3.56(Relational arc consistency). LetN be an embedded network. A constraint
c in CN is relationally arc consistent relative to a subset of variablesY ⊆ X(c) iff any
locally consistent instantiation onY has an extension to a tuple onX(c) that satisfiesc.
c is relationally arc consistent iff it is relationally arc consistent relative to every subset
Y of X(c). N is relationally arc consistentiff every constraint inCN is relationally arc
consistent.

An advantage of relational arc consistency is that enforcing it does not create con-
straints between variables not linked in the original network. However, it creates subcon-
straints on subsets of the schemes of the original constraints, which can be prohibitive on
large arity constraints because it can create up to2|X(c)| subconstraints for a constraintc.

Definition 3.57(Relationalm-consistency). LetN be an embedded network. A set{c1, . . . ,
cm} of m constraints inCN is relationally m-consistent relative to a subset of vari-
ablesY ⊆ ⋃mi=1X(ci) iff any locally consistent instantiation onY has an extension to
⋃m
i=1X(ci) that satisfiesc1, . . . , cm simultaneously. A set{c1, . . . , cm} ofm constraints

in CN is relationallym-consistent iff it is relationallym-consistent relative to every subset
Y of

⋃m
i=1X(ci). N is relationallym-consistentiff every set ofm constraints inCN is

relationallym-consistent.
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Relationalm-consistency has the same drawbacks as hyperk-consistency because it
can create new constraints on any subset of variables involved in one ofm constraints.
Dechter and van Beek proposed aboundedversion of relationalm-consistency that permits
to tackle the space and time explosion.

Definition 3.58 (Relational(i,m)-consistency). Let N be an embedded network. A set
of constraints{c1, . . . , cm} ⊆ CN is relationally(i,m)-consistent iff it is relationallym-
consistent relative to every subset of variablesY ⊆ ⋃mi=1X(ci), |Y | = i. N is relationally
(i,m)-consistentiff every subset ofm constraints inCN is relationally(i,m)-consistent.
N is strong relational (i,m)-consistent iff it is relationally(j,m)-consistent for every
j ≤ i.

Relational arc consistency corresponds to strong relational (n, 1)-consistency and rela-
tionalm-consistency corresponds to strong relational(n,m)-consistency. Generalized arc
consistency is relational(1, 1)-consistency. Relational(1,m)-consistencies are domain-
based consistencies, and so, do not modify the set of constraints.

As in the case of strongk-consistencies, algorithms enforcing strong relational(i,m)-
consistencies can converge to different networks depending on the order in which they
generate new constraints.

Dechter and van Beek proposed an algorithm enforcing relational(i,m)-consistency.
Its complexity is exponential ini ·m. They also proposed an algorithm for adaptive rela-
tional consistency. It is inspired from adaptive consistency (see Chapter 5) and applies the
right level of relational consistency to guarantee a backtrack-free search for solutions wrt
a given ordering of the variables.

Walsh performed an extensive theoretical comparison of relational consistencies with
k-consistencies,k-inverse consistencies and generalized arc consistency [123].

3.5 Domain-based Consistencies Stronger than AC

There exist local consistencies that permit to prune more values than arc consistency while
keeping the set of constraints unchanged (as opposed to whatis done byk-consistencies
and consistencies based on constraints —see Section 3.4). The first ones I present are
different kinds of reasoning we can apply on triples of variables. The others involve the
whole neighborhood of a variable or check local consistencyof the whole network after a
single assignment of a variable.

3.5.1 Triangle-Based Local Consistencies

The local consistencies defined here are limited to binary normalized networks. They all
deal with ‘triangles’ of constraints, namely triples of variables connected two-by-two by
binary constraints.

The first local consistency following this line of research is Restricted Path Consis-
tency (RPC), proposed by Berlandier [13]. The motivation for RPC is to remove more
inconsistent values than arc consistency whereas avoidingthe cost of path consistency.
Path consistency removes all pairs of values that cannot be extended to a third variable.
The idea of RPC is to try to extend only those pairs of values that if removed, would lead
to arc inconsistency of a value. So, in addition to arc consistency, RPC guarantees path
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Figure 3.5: (a) Network on which RPC prunes more than AC:(xi, 1) is not RPC whereas
the whole network is AC. (b) Network on which PIC prunes more than RPC:(xi, 1) is not
PIC whereas the whole network is RPC.

consistency of the pairs of values((xi, vi), (xj , vj)) that are the only support for(xi, vi)
oncij . If such a pair is path inconsistent, its deletion would leadto the arc inconsistency of
(xi, vi). Thus(xi, vi) can be removed. These few additional path consistency checks allow
the detection of more inconsistent values than arc consistency without having to delete any
pair of values, and so leaving the structure of the network unchanged.

Definition 3.59 (Restricted path consistency). A binary normalized networkN = (X,D,
C) is restricted path consistent (RPC)iff it is arc consistent and for allxi ∈ X , for all
vi ∈ D(xi), for all cij ∈ C such that(xi, vi) has a unique support((xi, vi), (xj , vj)) on
cij , for all xk ∈ X linked to bothxi andxj by a constraint, there existsvk ∈ D(xk) such
that (vi, vk) ∈ cik and(vj , vk) ∈ cjk.

RPC is strictly stronger than AC. An example of a network on which RPC prunes more
values than AC is shown in Figure 3.5. Berlandier proposed analgorithm inO(end3). The
optimal complexity of achieving RPC on a binary normalized network is inO(en+ ed2 +
td2), wheret is the number of triples of variables(x,, xj , xk) with cij , cjk andcik all in C.
An algorithm with this optimal time complexity was presented by Debruyne and Bessiere
[42].

In [57], Freuder and Elfe proposed other alternatives to enforce local consistencies
stronger than AC whereas modifying only the domains. The idea is to take the inverse of
what is done byk-consistency.k-consistency (or(k − 1, 1)-consistency) ensures that any
locally consistent instantiation of sizek − 1 can be extended to anykth variable in a con-
sistent way. This implies the explicit removing of all instantiations of sizek−1 that cannot
fit this property.k-inverse consistency ensures that any locally consistent instantiation of
size 1 can be consistently extended to anyk − 1 additional variables. This is(1, k − 1)-
consistency. Since 2-inverse consistency is the same as 2-consistency, the simplest non
trivial such inverse consistency is 3-inverse consistency, or path-inverse consistency (PIC),
as called in [57].

Definition 3.60(Path inverse consistency). A binary normalized networkN = (X,D,C)
is path-inverse consistent (PIC)iff for all xi ∈ X , for all vi ∈ D(xi), for all xj , xk ∈ X ,
there existsvj ∈ D(xj) andvk ∈ D(xk) such that((xi, vi), (xj , vj), (xk, vk)) is locally
consistent.
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PIC is strictly stronger than RPC. An example of a network on which PIC prunes
more values than RPC is shown in Figure 3.5. Freuder and Elfe proposed an algorithm in
O(en2d4). In [41], Debruyne proposed some sufficient conditions for the path-inverse con-
sistency of a network. They permit to avoid some constraint checks. Debruyne presented
an optimal algorithm for PIC that runs inO(en+ ed2 + td3).

Following RPC and PIC, Debruyne and Bessiere proposed max-restricted path consis-
tency (maxRPC) [42]. maxRPC still increases the amount of local consistency on triangles
of variables. Given a value(xi, vi) and a constraintcij , maxRPC ensures that(xi, vi) has
a support oncij path consistent on any third variable.

Definition 3.61 (Max-restricted path consistency). A binary normalized networkN =
(X,D,C) is max-restricted-path consistent (maxRPC)iff for all xi ∈ X , for all vi ∈
D(xi), for all cij ∈ C, there existsvj ∈ D(xj) such that(vi, vj) ∈ cij and for allxk ∈ X
there existsvk ∈ D(xk) with ((xi, vi), (xj , vj), (xk, vk)) locally consistent.

maxRPC is strictly stronger than PIC. An example of a networkon which maxRPC
prunes more values than PIC is shown in Figure 3.6. An optimalalgorithm for maxRPC
was proposed in [42]. It runs inO(en+ ed2 + td3).

3.5.2 Consistency According to the Neighborhood

Sincek-inverse consistency is polynomial with the exponent depending onk, checking
k-inverse consistency is prohibitive ifk is large. However, if variables are not uniformly
constrained, it can be worthwhile to adapt the level ofk-inverse consistency to the size
of their neighborhood, focusing filtering effort on the mostconstrained variables (as it
is done in Adaptive consistency —see Section 3.4.2). This isthe basis of neighborhood
inverse consistency (NIC, [57]), which ensures that every valuevi in a domainD(xi) can
be extended consistently to all the neighbors ofxi.

Definition 3.62(Neighborhood inverse consistency). A networkN = (X,D,C) is neigh-
borhood-inverse consistent (NIC)iff for all xi ∈ X , for all vi ∈ D(xi), the instantiation
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(xi, vi) can be extended to a locally consistent instantiation on theset of all variables
involved in a constraint withxi.

An algorithm for NIC was proposed in [57]. It runs inO(g2(n+ ed)dg+1), whereg is
the maximum degree of a variable in the associated hypergraph. It is not proved optimal.
Anyway, it seems difficult to go below the exponential factornd ·dg because every value of
every variable must be proved consistent with its neighborhood (possibly of sizeg). NIC
is strictly stronger than maxRPC.

NIC networks do not have the good property of backtrack-freesearch that adaptive
consistent networks have. Although achieving NIC is exponential in the size of the largest
neighborhood, it guarantees neither backtrack-free search nor consistency of the network.
In addition, the behavior of NIC is dependent on the structure of the network. If two vari-
ablesxi andxj are not neighbors, the network obtained by adding a universal constraint
allowing all the pairs of values(vi, vj) ∈ D(xi)×D(xj) betweenxi andxj is equivalent
to the initial one. However, as opposed to the other local consistencies, NIC is affected
by this change because the neighborhood ofxi has changed. NIC can detect more in-
consistent values. Obviously, this process increases timecomplexity because the sizes of
neighborhoods increase.

3.5.3 Singleton Consistencies

A general technique, which has been used in several areas of automated reasoning consists
in trying in turn different assignments of a value to a variable, and performing constraint
propagation on the subproblem obtained by this assignment.If the problem is found to
be inconsistent, this means that this value does not belong to any solution and thus can be
pruned. This kind of technique was used on the bounds of interval domains in scheduling
(’shaving’ in [90]) or on continuous CSPs (3B-consistency in [83]). This technique was
also used on literals as a way to derive better variable ordering heuristics in DPLL for SAT
formulas (by counting the size of the remaining clauses after instantiation of a literal and
unit propagation) in [52, 85]. Finally, it was formalized asa class of local consistencies
in [43, 102, 44] under the name ‘singleton consistencies’. Igive the definition in the case
where the amount of propagation applied to each subproblem is arc consistency. Any other
local consistency can be used in a similar way. In the following, the subnetwork obtained
from a networkN by reducing the domain of a variablexi to the singleton{vi} is denoted
byN |xi=vi

.

Definition 3.63 (Singleton arc consistency). A networkN = (X,D,C) is singleton arc
consistent (SAC)iff for all xi ∈ X , for all vi ∈ D(xi), the subproblemN |xi=vi

is not arc
inconsistent.

SAC is strictly stronger that maxRPC. An example of a networkon which SAC prunes
more values than maxRPC is given in Fig. 3.6. The first algorithm for SAC was proposed
by Debruyne and Bessiere in [43], and was later named SAC1. Itis a brute-force algorithm
that checks SAC of each value by performing AC on each subproblemN |xi=vi

. It removes
vi fromD(xi) if N |xi=vi

is arc inconsistent. After each change in a domain, it rechecks
SAC of every remaining value. It can then perform ACnd times on each subproblem, and
because there arend subproblems, it runs inO(en2d4) on binary normalized networks,
where AC is inO(ed2). In [6], Bartàk and Erben proposed SAC2, a smarter algorithm
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Strong PC SAC maxRPC PIC RPC AC
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A B: A and B are incomparable

A B: A is strictly stronger than B

Figure 3.7: Summary of the comparison between domain-basedconsistencies lying be-
tween AC and Strong PC.A → B means that local consistencyA is strictly stronger than
local consistencyB. (The stronger relation is transitive.)

that avoids unnecessary work by storing lists of supports, abit like AC4. Unfortunately, its
worst-case time complexity is stillO(en2d4). Recently, Bessiere and Debruyne showed
that the complexity of SAC on binary normalized networks is in O(end3), and they pro-
posed SAC-Opt, an algorithm with this optimal time complexity [16, 17]. To achieve opti-
mal time, SAC-Opt stores a lot of information in large data structures that requireO(end2)
space. SAC-SDS (Sharing Data Structures) is a lighter version in which less structures are
stored. ItsO(end4) time complexity is a compromise between former SAC algorithms and
SAC-Opt, whereas its space complexity is the same as SAC2, namely,O(n2d2). Lecoutre
and Cardon proposed SAC3, a different technique to enforce SAC [82]. SAC3 incremen-
tally assigns values to variables in the network until arc consistency wipes out a domain.
If the current sequence of assignments isI = ((x1, v1), . . . , (xk, vk)), it deduces that the
values(x1, v1), (x2, v2), . . . , (xk−1, vk−1) are currently SAC. This technique permits to
prove SAC of several values in a single arc consistency pass.SAC3 does not have optimal
worst-case time complexity but it works well in practice.

Several extensions of SAC have been proposed. Prosser et al.proposed restricted-SAC,
a weakened version of SAC that checks SAC of each value in one pass, without propagating
removals to values already processed [102]. Some subtle extensions that are stronger than
SAC itself have been proposed in [12, 34, 16]. Their effectiveness and efficiency in practice
have not yet been assessed.

Many other singleton consistencies can be constructed because any local consistency
can be used to detect the possible inconsistency of the network N |xi=vi

. If a local con-
sistency can be enforced in polynomial time, the corresponding singleton consistency also
has a polynomial worst-case time complexity. Prosser et al.analyzed this wider picture. In
[102, 122], they theoretically compared the pruning capabilities of (i, j)-consistencies and
singleton(i, j)-consistencies:

Theorem 3.64. Strong (i + 1, j)-consistency is strictly stronger than singleton(i, j)-
consistency. Singleton(1, j)-consistency is strictly stronger than(1, j + 1)-consistency.

Fig. 3.7 summarizes the qualitative comparison between thelocal consistencies pre-
sented in this section. Complete proofs can be found in [44].Verfaillie et al. proposed a
generic algorithm schema that can enforce most of the local consistencies presented in this
section, plus new ones that are combinations of existing ones [119].
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3.6 Domain-based Consistencies Weaker than AC

Arc consistency is not the weakest level of consistency we can define on a network. The
80’s and first half of 90’s have seen quite a lot of works tryingto find the amount of filtering
that should be performed by a backtrack search procedure. Atthat time, even if the studies
were mostly interested in binary constraints, it was the conventional wisdom that AC was
too expensive to be maintained. As a result, several other properties weaker than AC were
proposed. The idea behind these properties is to reduce the number of times arc consistency
of variables must be checked against constraints. In other words, these properties reduce
the number of calls to functionRevise in a coarse-grained algorithm. They are presented
in Section 3.6.1.

More recently, and essentially because of the cost of arc consistency on non-binary
constraints, other forms of consistency were introduced. These techniques do not try to
reduce the number of calls to theRevise procedure, but instead, they try to reduce the
amount of work such aRevise procedure performs. Section 3.6.2 describes them.

3.6.1 Reducing the Number of Times Constraints are Revised

The filtering techniques that try to reduce the number of times constraints are revised are
based on properties a network must verify according to some additional parameter such
as an ordering on the variables, or a partial instantiation.This extra parameter permits to
specify which variables must be arc consistent with which constraints.

Directional arc consistency

Dechter and Pearl proposed directional arc consistency in [47]. The idea is to associate an
ordering to the variables in the network and to impose that constraints are arc consistent in
the direction of this ordering.

Definition 3.65 (Directional arc consistency). A binary networkN = (X,D,C) is di-
rectional arc consistent (DAC)according to orderingo = (xk1 , . . . , xkn

) on X , where
(k1, . . . , kn) is a permutation of(1, . . . , n), iff for all c(xi, xj) ∈ C, if xi <o xj thenxi is
arc consistent onc(xi, xj).

Directional arc consistency is simpler to enforce than arc consistency. Removing a
valuevi in D(xi) for some variablexi cannot make a variablexj directional arc incon-
sistent oncij if xi <o xj . As a result, there is no need to use a propagation queue for
an algorithm achieving DAC. It is sufficient to process the variables from the last in the
ordering to the first, revising each variable preceding the current one on the constraint they
share, if any (see Algorithm 3.5).

Algorithm 3.5 : Algorithm for DAC
procedureDAC(N,o);

for j ← n downto 2 do1

foreach cikj
∈ CN | xi <o xkj

do2

if not Revise(xi, cikj
) then return false3
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Example 3.66.Consider the network with variablesX = {x1, x2, x3}, domainsD(x1) =
D(x2) = {1..5}, D(x3) = {1..3}, constraintsC = {x1 < x2, x2 = x3, x1 > x3}, and
orderingo = (x1, x2, x3). Revisingx1 on c13 andx2 on c23 (in whatever order) prunes
value 1 fromD(x1) and values 4 and 5 fromD(x2). Revisingx1 on c12 prunes values
3,4,5 fromD(x1). Therefore,N ′ = (X,D′, C) with D′(x1) = {2}, D′(x2) = D′(x3) =
{1, 2, 3} is the DAC closure ofN . Note that arc consistency proves inconsistency.

Proposition 3.67. The algorithm DAC enforces directional arc consistency according to
orderingo in O(ed2) time.

Forward checking

Even if they are often presented as stand alone preprocessing of a network, local consis-
tencies are usually intended to be maintained during a backtrack search. It is thus natural
to include in our analysis the filtering techniques that wereonly defined as associated with
backtrack search. The amount of filtering performed by the famousforward checking (FC)
[66, 69] can be defined as a local consistency. The FC search procedure guarantees that at
each step of the search, all the constraints between alreadyassigned variables and not yet
assigned variables are arc consistent.

Definition 3.68(Forward checking). LetN = (X,D,C) be a binary network andY ⊆ X
such that|D(xi)| = 1 for all xi ∈ Y . N is forward checking consistent (FC)according to
the instantiationI onY iff I is locally consistent and for allxi ∈ Y , for all xj ∈ X \ Y ,
for all c(xi, xj) ∈ C, xj is arc consistent onc(xi, xj).

Algorithm 3.6 presents a procedure that applies FC on a network N according to a
subset of instantiated variablesY ∪ {xi} if N is already FC according toY .

Algorithm 3.6 : Algorithm for FC
procedureFC(N,Y, xi);

foreach cij ∈ CN | xj ∈ X \ Y do1

if not Revise(xj , cij) then return false2

Example 3.69. On the network of Example 3.66, whereX = {x1, x2, x3}, domains
D(x1) = D(x2) = {1..5}, D(x3) = {1..3}, andC = {x1 < x2, x2 = x3, x1 > x3},
applying FC according to{x1} after an instantiationx1 = 3 (i.e.,D(x1) = {3}) prunes
values 1,2,3 fromD(x2) and 3 fromD(x3).

FC has the property that once a variablexj is made arc consistent oncij (|D(xi)| = 1),
it remains AC oncij in spite of any future domain reduction, becausexi is singleton. This
means that each constraint needs to be revised only once along a branch of instantiations.
As opposed to chronological backtracking, a procedure maintaining FC does not need to
check consistency of values of the current variable againstalready instantiated ones. FC is
the weakest level of local consistency with this property.

The complexity of a call toRevise in FC is inO(d) because one of the domains
involved is a singleton. Hence, enforcing FC on a binary network according to a partial
instantiation of arbitrary length is inO(ed).
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Algorithm 3.7 : Algorithms for PL and FL
procedurePL(N, Y, xi);

FC(N, Y, xi);1

foreach j ← i + 1 to n do2

foreachk← j + 1 to n | cjk ∈ CN do3

if not Revise(xj, cjk) then return false4

procedureFL(N, Y, xi);
FC(N, Y, xi);5

foreach j ← i + 1 to n do6

foreachk← i + 1 to n, k 6= j | cjk ∈ CN do7

if not Revise(xj, cjk) then return false8

The definition of FC can be extended to non-binary constraints in several different
ways. Van Hentenryck proposed a basic one in [115]: A networkis FC according to a
partial instantiationI on a subsetY of X if and only if I is locally consistent and for all
xj ∈ X \ Y , for all c ∈ C such thatX(c) \ Y = {xj}, xj is arc consistent onc. Bessiere
et al. presented five additional extensions of FC to non-binary constraints [22].

Other lookahead filterings

The idea of reducing the amount of filtering of arc consistency to avoid complex algorithms
led to other forms of propagation. In [69], Haralick and Elliott proposedpartial lookahead
(PL) and full lookahead (FL), two levels of propagation, stronger that FC. Haralick and
Elliott gave operational definitions of PL and FL in terms of algorithms performing a given
amount of filtering. As opposed to DAC and FC, no clear property on the output of PL or
FL can be specified and thus, no clear fixpoint can be defined.

PL and FL are presented in Algorithm 3.7. Given a networkN , an orderingo =
(x1, . . . , xn), and a current variablexi, PL first performs FC and then takes the variables
xj from xi+1 to xn and callsRevise for xj on eachcjk, j < k ≤ n. FL performs
a stronger level of filtering than PL. Given a networkN , an orderingo, and a current
variablexi, FL takes the variablesxj from xi+1 to xn and callsRevise for xj on each
cjk, i < k ≤ n, k 6= j.

PL and FL cannot guarantee any property on the arc consistency of arcs at the end of the
process. Afterxj has been made arc consistent oncjk, j < k, values ofxk can be removed
when makingxk arc consistency on arcs leavingxk. Thus, it is no longer guaranteed that
the arc(xj , cjk) is arc consistent at the end of the process because each arc isrevised only
once.

The complexity of functionRevise is in O(d2) because it is called on constraints
involving non singleton variables for both PL and FL. Thus, PL and FL are inO(ed2), like
DAC.

In [98, 99], Nadel encapsulated these forms of consistency in a general schema, going
from the consistency maintained by simple backtracking, i.e., local consistency of the in-
stantiated variables (noted AC1/5), to arc consistency. FC is denoted by AC1/4 while PL
and FL are denoted by AC1/3 and AC1/2 respectively.

In [112], Tsang gave a comparison of the pruning capabilities of these different levels
of filtering. He proved that DAC and FL are strictly stronger than PL, which itself is
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strictly stronger than FC. FL and DAC are incomparable: There are cases where DAC
prunes values FL does not prune and vice versa. AC is strictlystronger than all of them.

Selective revision

As a last technique to reduce the number of calls to functionRevise in arc consistency,
there is the work by Freuder and Wallace. They proposed to usecriteria to discard arc
revisions when they are not likely to be effective [58].

Given a coarse-grained arc consistency algorithm,distance-boundedpropagation con-
fines constraint propagation to a fixed distanceδ from the variables at which it began. This
is implemented by attaching astampto each arc inQ. Arcs put inQ in the initialization of
the arc consistency call are stamped with zero. Forthcomingarcs are stamped witht + 1
if t is the stamp of the revised arc that provoked their addition toQ. When an arc is to be
stamped with a value greater than the maximal distanceδ, it is not put inQ.

Response-boundedpropagation stops subsequent propagations when the amountof
change in a domain falls below a given thresholdr. This is implemented by testing if
the ratio of values removed by a revision is greater thanr before adding relevant arcs inQ.

3.6.2 Using the Order on the Domains to RelaxRevise

The second form of local consistencies weaker than arc consistency do not try to reduce the
number of arc revisions, but instead, they try to reduce the cost of revisions to overcome
the prohibitive cost of generalized arc consistency on someconstraints. The idea behind
these local consistencies is to use the fact that domains arecomposed of integers. Integer
domains inherit the total ordering onZ and by consequence they inherit the two particular
valuesminD(xi) andmaxD(xi), called theboundsof D(xi). I present two ways of
relaxing generalized arc consistency on a constraintc. The first option is to ensure support
on c only for the bounds of the domain of each variable inX(c). The second option is to
look for supports not inπX(c)(D) but inπX(c)(D

I), whereDI is the domain such that for
all xi, DI(xi) = {v ∈ Z | minD(xi) ≤ v ≤ maxD(xi)}. Using the first option or the
second, or combining both, give rise to three relaxed forms of local consistency.

Definition 3.70 (Consistencies on bounds). Given a networkN = (X,D,C), given a
constraintc, a bound supportτ on c is a tuple that satisfiesc and such that for allxi ∈
X(c),minD(xi) ≤ τ [xi] ≤ maxD(xi), that is,τ ∈ c ∩ πX(c)(D

I). (A bound support in
which each variable is assigned a value in its domain is a support.)

• A constraintc is bound(Z) consistent (BC(Z))iff for all xi ∈ X(c), (xi,minD(xi))
and(xi,maxD(xi)) belong to a bound support onc.

• A constraintc is range consistent (RC)iff for all xi ∈ X(c), for all vi ∈ D(xi),
(xi, vi) belongs to a bound support onc.

• A constraintc is bound(D) consistent (BC(D))iff for all xi ∈ X(c), (xi,minD(xi))
and(xi,maxD(xi)) belong to a support onc.

The networkN is bound(Z) / range / bound(D) consistent iff all its constraints are bound(Z)
/ range / bound(D) consistent.
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Figure 3.8: Amount of propagation performed by BC(Z), BC(D), RC and GAC on the
constraintalldifferent (x1 . . . , x6) of Example 3.71.

Example 3.71.Consider the network with variablesx1, . . . , x6, domainsD(x1) = D(x2)
= {1, 2},D(x3) = D(x4) = {2, 3, 5, 6},D(x5) = {5},D(x6) = [3..7] andC = {all-
different (x1 . . . , x6)}. These domains are depicted in Fig. 3.8 after BC(Z), BC(D),
RC, and GAC are applied to the constraint.

The notion of local consistency on bounds comes from works onarithmetic constraints
over real variables (variables taking values in intervals of reals). The move to integer is
not so direct, and the names chosen in Definition 3.70 are not unanimously used in the
literature.8 Collavizza et al. presented a review of several local consistency notions for
continuous domains [36]. One of these local consistencies is named bound consistency
but has no link at all with those named bound(Z) or bound(D) consistencies in Definition
3.70. In [109, 2], Schulte and Stuckey, and Apt gave a definition for bound consistency on
integer variables that is the direct application of the definition on reals. Choi et al. called
it bound(R) consistency[35]. Bound(R) consistency differs from bound(Z) consistency in
that it looks for bound supports composed ofreal values (instead of integer values). For
instance, in Fig. 3.8 the bound(x3, 2), removed by BC(Z), is bound(R) consistent because
it belongs to the tuple(1, 3

2 , 2, 4, 5, 3) which satisfies thealldifferent constraint and
where each variable takes a real value between its bounds. In[109], Schulte and Stuckey
showed that there exist constraints on which BC(R) is polynomial to enforce whereas
BC(Z) is NP-hard. The bound consistency of Dechter in [46] corresponds to bound(D)
consistency in Definition 3.70. The local consistency namedinterval consistency by Van
Hentenryck et al. and by Apt in [118, 2] corresponds to bound(Z) consistency in Defini-
tion 3.70. In recent papers dealing with integer variables,it seems that the name bound
consistency is uniformly used to refer to BC(Z) [103, 105]. As seen in Fig. 3.8, these local
consistencies do not all prune the same amount of values.

8We took the names bound(Z) consistency and bound(D) consistency in [35] and range consistency in [80].
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Theorem 3.72. Generalized arc consistency is strictly stronger than range and bound(D)
consistencies, which are themselves strictly stronger than bound(Z) consistency, which it-
self is strictly stronger than bound(R) consistency. Bound(D) consistency and range con-
sistency are incomparable.

These local consistencies being all strictly weaker than GAC, the only reason to use
one of them instead of GAC is to have a faster algorithm. BC(D)requires finding supports,
as in GAC. Hence, it only decreases the cost by a factord because it seeks supports for 2
values per domain (the bounds) instead ofd values. RC, BC(Z) and BC(R) look for bound
supports (on integers or on reals). Now, looking for bound supports is not necessarily
simpler than looking for supports. To keep things simple, let us focus on BC(Z) but the
same reasoning applies to BC(R) or RC.

Proposition 3.73(Complexity of bound(Z) consistency). Deciding bound(Z) consistency
of a constraint can take exponential time, even if the constraint is binary, where arc con-
sistency is inO(d2) time,d being the size of the largest domain.

Proof. Let c be any binary constraint with no particular semantics that could be used
by a propagation algorithm. It is well-known that deciding AC on such a constraint
is in O(d2) time [92]. If X(c) = (xi, xj), deciding BC(Z) is done by looking for a
bound support for the four valuesminD(xi), minD(xj), maxD(xi), maxD(xj). Find-
ing a bound support forminD(xi) is done by exploringDI(xj). Supposec is char-
acterized by a Boolean function requiring constant space (this is often the case), and
supposeD(xi) = {minD(xi),maxD(xi)}, D(xj) = {minD(xj),maxD(xj)}, with
maxD(xi) < maxD(xj). The size of the input is inO(log2(maxD(xj))). The cost of
exploring the whole setDI(xj) is thus exponential in the size of the input.

A direct consequence of Proposition 3.73 is that deciding BC(Z) is NP-hard. Supposeϕ
is a set of clauses on the Boolean variablesx1, . . . , xn andc(y,z) is the constraint satisfied
by all tuples on(y, z) wherey 6= 0 if and only if the bit vector of sizen representing
z mod 2n in base 2 is a tuple of 0/1 values forx1, . . . , xn that satisfiesϕ. If maxD(z) −
minD(z) ≥ 2n, deciding BC(Z) for a bound ofD(y) other than 0 is equivalent to deciding
the satisfiability ofϕ.

This shows that bound(Z) consistency is useful only if the constraint we want to prop-
agate has inherent properties that permit a computation of bound supports faster than
supports. Take for example the constraintsumk(x1, . . . , xn) that holds if and only if
∑n

i=1 xi = k. Deciding generalized arc consistency on this constraint is NP-complete
because we can easily transform the decision problem SUBSETSUM [60] into the problem
of deciding whether asumk constraint has support.9 On the contrary, testing bound(Z)
consistency on thesumk constraint is polynomial because it is sufficient to verify that
minD(xi) is at leastk−∑j 6=imaxD(xj) andmaxD(xi) is at mostk−∑j 6=iminD(xj),
for all i, 1 ≤ i ≤ n.

Zhang and Yap showed that bound(R) consistency is equivalent to generalized arc con-
sistency when constraints are linear [125]. For example, the constraint

∑n
i=1 xi ≤ k is

bound(R) consistent if and only if it is generalized arc consistent. Schulte and Stuckey

9The constraintsumk(x1, . . . , xn) whereD(xi) = {0, ji} has support if and only if there exists a subset
of {j1, . . . , jn} of sumk, which is exactly the SUBSETSUM problem.
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gave other sufficient conditions on constraints that permitto guarantee that bound(R) con-
sistency is equivalent to generalized arc consistency [109]. Even when a constraint does
not fit the required conditions, there are cases where additional properties on the input
domains guarantee that the output of enforcing BC(R) will beGAC. For instance, if all
variables have interval domains, BC(R) on thesumk constraint is equivalent to GAC. This
is a polynomial case for GAC onsumk, which is NP-hard in general. Interestingly, Schulte
and Stuckey showed how to analyze a constraint model to discover on which constraints
generalized arc consistency enforcing can be replaced by bound(R) consistency whereas
preserving the amount of pruning.

3.7 Constraint Propagation as Iteration of Reduction Rules

Local consistency is a way to formally define which amount of consistency we want a
network to guarantee, and as a consequence, which network will be produced by an algo-
rithm enforcing this level of consistency. But nothing is said about the way the algorithm
enforces it. Rules iteration takes the question on the otherside. A reduction rule speci-
fies under which conditions and on which constraints operations of filtering are performed.
The network produced guarantees a formal property such as a given level of local consis-
tency only if the reduction rules and the way they are appliedhave some good properties.
The rules iteration approach was first formalized by Montanari and Rossi under the name
relaxation rules[96]. Benhamou et al. studied rules iterationvia interval arithmetics (that
is, reducing only bounds) [10, 11]. Constraint Handling Rules (CHR) is a programming
language based on reduction rules (see [59] and Chapter 13 inPart II). In [1, 2], Apt gave
a comprehensive presentation of the rules iteration approach. I essentially follow Apt’s
presentation of the concept of reduction rule.

A reduction rule is simply a function that maps a network to another, where the image
is a tightening of the input.

Definition 3.74(Reduction rule). Given a networkN , a reduction ruleis a functionf from
PN toPN such that for allN ′ ∈ PN , f(N ′) ∈ PN ′ .

We should bear in mind thatPN contains all the networks that are tightenings ofN
(see Definition 3.13). In most cases, reduction rules are reduction steps that reduce a
single variable domain according to a single constraint. I name them propagators.

Definition 3.75 (Propagator). Given a constraintc in a networkNc = (X,D, {c}), a
propagatorf for c is a reduction rule fromPNc

to PNc
that tightens only domains in-

dependently of the constraints other thanc. That is, for allN ′ = (X,D′, C′) ∈ PNc
,

f(N ′) = (X,D′′, C′), withD′′ ⊆ D′ andD′′ = Df(X,D′,{c}).

Propagators can verify some properties.

Definition 3.76 (Properties of propagators). Given a networkN = (X,D,C) and two
propagatorsf andg onPND:

• f is calledmonotonicif N1 ≤ N2 impliesf(N1) ≤ f(N2) for all N1, N2 ∈ PND,

• f is calledidempotentif ff(N1) = f(N1) for all N1 ∈ PND,

• we say thatf andg commuteif fg(N1) = gf(N1) for all N1 ∈ PND,
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I give examples of propagators that do not verify these properties.

Example 3.77. Consider two networksN1 = (X,D1, C) andN2 = (X,D2, C) with
C = {c ≡ (x1 = x2)}, D1(x1) = {1, 2}, D1(x2) = {2}, D2(x1) = {1, 2, 3} and
D2(x2) = {2}. Consider the propagatorf that prunes all values fromx1 that have no
support onc if less than half of them have support.f is not monotonic becauseDf(N1) 6⊆
Df(N2) whereasDN1 ⊆ DN2 (f reducesD2(x1) to {2}). Consider the propagatorg that
prunesone of the values fromx1 that have no support onc if such a value exists.g is
not idempotent becauseDgg(N2) 6= Dg(N2) (g reducesD2(x1) to {1, 2} or {2, 3} whereas
gg reduces it to{2}). f andg do not commute becauseDfg(N2) 6= Dgf(N2) (fg reduces
D2(x1) to {1, 2} or {2, 3} whereasgf reduces it to{2}).

Most of the propagators used in practice satisfy the properties of Definition 3.76.
Among them, monotonicity is particularly interesting. I first need to define what I mean
by iteration and by stability of a propagator.

Definition 3.78(Iteration). LetN = (X,D,C) be a network andF = {f1, . . . , fk} be a
finite set of propagators onPND. An iterationof F onN is a sequence〈N0, N1, . . .〉 of
elements ofPND defined by

N0 = N,

Nj = fnj
(Nj−1),

wherej > 0 andnj ∈ [1..k]. We say thatfnj
is activatedat stepj.

Definition 3.79(Stability). LetN = (X,D,C) be a network andF be a set of propagators
onPND. A networkN ′ ∈ PND is stablefor F iff for all f ∈ F, f(N ′) = N ′.

There can be many networks inPND that are stable for a given set of propagators. But
monotonicity of propagators implies that only one of them will be produced.

Proposition 3.80(Least fixpoint). LetN = (X,D,C) be a network andF be a set of
propagators onPND. If S = 〈N0, N1, . . .〉 is an infinite iteration ofF where eachf ∈ F
is activated infinitely often, then there existsj ≥ 0 such thatNj is stable forF . If all f in
F are monotonic,Nj is unique and is called theleast fixpointofF onN .

Algorithm 3.8 is a procedure that takes as input a networkN and a setF of propagators
onPND. Thanks to Proposition 3.80, we are guaranteed that it terminates. If allf in F
are monotonic, the output of Algorithm 3.8 is the least fixpoint ofF onN .

Algorithm 3.8 : Generic Iteration Algorithm
procedureGeneric-Iteration(N, F );

G← F ;
while G 6= ∅ do

select and removeg from G;
if N 6= g(N) then

update(G);
N ← g(N);

/* update(G) adds toG at least all functionsf in F \G for which g(N) 6= f(g(N)) */
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Sometimes, in addition to monotonicity, propagators can have some other properties.
In those cases, Algorithm 3.8 can be simplified, while still ensuring to produce the same
result.

Proposition 3.81(Direct iteration). LetN = (X,D,C) be a network andF = {f1, . . . ,
fk} be a set of monotonic and idempotent propagators onPND that commute with each
other. If an iterationS = 〈N0, N1, . . . , Nk〉 is such thatN = N0 and for allfi ∈ F there
existsNj ∈ S such thatNj = fi(Nj−1), thenNk is stable forF and is the least fixpoint
of F onN .

Proposition 3.81 guarantees that Algorithm 3.9 produces the least fixpoint ofF .

Algorithm 3.9 : Direct Iteration Algorithm
procedureDirect-Iteration(N, F );

G← F ;
while G 6= ∅ do

select and removeg from G;
N ← g(N);

By defining the appropriate set of propagators, we can obtainmost of the local consis-
tencies presented in previous sections. For instance, we can enforce arc consistency on a
networkN = (X,D,C). I first define the propagatorsfi,j such that:

∀N1 = (X,D1, C) ∈ PND, ∀xi ∈ X, ∀cj ∈ C, fi,j(N1) = (X,D′
1, C) with

D′
1(xi) = π{xi}(cj ∩ πX(cj)(D1)) and D′

1(xk) = D1(xk), ∀k 6= i.

I consider the set of propagatorsFAC = {fi,j | xi ∈ X, cj ∈ C}. They are all monotonic.
Then,Generic-Iteration(N,FAC) terminates on the least fixpoint forFAC , which is the
arc consistent closure ofN .

It is shown in [2] that we can also enforce higher-order consistencies, such as path
consistency, by defining sets of monotonic propagators thatinvolve several constraints at a
time and that alter the set of constraints.

3.8 Specific Constraints

In previous sections, I presented constraint propagation and local consistencies in a generic
way without saying what should be done when we have some specific information on the
semantics of a constraint. In this section, I develop some ofthe available techniques to take
into account constraint semantics.

3.8.1 Specific Propagators in Solvers

All constraint solvers attach a specific propagation algorithm to the specific types of con-
straints they contain. In addition, most of them allow the user to design her own propaga-
tors for the new constraints she incorporates. The fact thatarithmetic constraints are at the
core of most constraint solvers influences the way these solvers are implemented. Not only
all basic arithmetic constraints are present, but the programming possibilities they provide
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Algorithm 3.10: AC3-like constraint propagation schema
function Constraint-Propag (in X: set): Boolean ;

begin
foreach c ∈ C do performinit-propag on c and updateQ with relevant events;1

while Q 6= ∅ do2

select and remove(xi, c, xj , Mtype) from Q;3

if Revise(xi, c, (xj , Mtype),Changes) then4

if D(xi) = ∅ then returnfalse ;5

foreach c′ ∈ ΓC(xi), Mtype ∈ Changes do6

foreachxj ∈ X(c′), j 6= i do Q← Q ∪ {(xj , c
′, xi, Mtype)};7

returntrue ;8

end
/* ΓC(xi) is the set of constraints withxi in their scheme */

for building new propagators is arithmetic-oriented. I give a brief overview of what is the
common point to most solvers. The art of designing constraint propagators is not a ma-
ture science yet, and things can differ from one solver to another, and will most probably
evolve in the next years. This topic has been addressed in some academic publications
[79, 94, 117, 118, 78, 110] and in manuals of constraint solvers. See also Chapter 14 in
Part II.

In most arithmetic constraints, it appears that a reductionof a domain does not produce
the same effect on the other variables of the constraint, depending on if it is the removal
of a value in the middle of the domain, if it is the increase of its minimum value, if it is
the decrease of its maximum value, or if it is an instantiation to a single value. Then, it
is worth differentiating these different types ofeventsto be able to propagate exactly as
necessary. The events usually recognized by constraint solvers are:

• RemValue : when a valuev is removed fromD(xi)

• IncMin : when the minimum value ofD(xi) increases

• DecMax: when the maximum value ofD(xi) decreases

• Instantiate : whenD(xi) becomes a singleton

The way these events are used in a constraint solver is usually bound to the type of prop-
agation architecture handled by the solver. The description I give here is just an illustrative
example of how to use those events. If we follow an AC3 like schema of propagation,
the use of event types leads to a modified version of Algorithm3.1 that takes into account
the typeMtype of reduction performed on a domain (see Algorithm 3.10). Themodified
functionRevise has parameters(xi, c, (xj ,Mtype), Changes) where(xi, c) is the arc
to revise because of anMtype change inD(xj). In addition to a Boolean indicating if
a domain has been changed, functionRevise returns the setChanges of the types of
changes it performed onD(xi) (line 4). Each modification of typeMtype on domain
D(xi) requires the addition of 4-tuples(xj , c′, xi,Mtype) to the listQ of pending events
(lines 6–7). The presence of(xj , c, xi,Mtype) in Q means thatxj should be revised onc
because of anMtype change inD(xi). I suppose that each constraint is associated with a
functioninit-propag that performs the very first pass of propagation on the constraint
and appends to listQ all 4-tuples relevant to events performed on some domains (line 1).
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The benefit of this differentiation between types of events is twofold. First, it permits
to process constraint propagation differently according to the type of event (line 4). As
shown in the following example, this can have a dramatic effect on the cost of revision.

Example 3.82. Let x1 ≤ x2, with D(x1) = D(x2) = {1..100}. If value 100 is removed
fromD(x2), the regularRevise procedure of AC3 takes each of the 100 values inD(x1)
one by one, and looks for a support by traversingD(x2). This requires1 + 2 + . . . +
99 + 99 = 100·101

2 − 1 constraint checks to discover that(x1, 100) must be removed.
An adaptedRevise procedure knowing that 100 is aDecMax event simply decreases
maxD(x1) to the same value asmaxD(x2), i.e., 99. If the value removed fromD(x2)
is 50, again regularRevise performs around 5,000 constraint checks whereas a specific
Revise knows that removing 50 is aRemValue event for which nothing should be done
because the only events that can alterD(x1) areDecMax andInstantiate . Algorithm
3.11 is a specific functionRevise for constraintsxk1 ≤ xk2 (kl is the index of thelth
variable in the scheme of the constraint).

Algorithm 3.11: FunctionRevise for the constraint of Example 3.82
function revise (inout xi; in c ≡ xk1 ≤ xk2 ; in (xj , Mtype); out Changes): Boolean ;

Changes← ∅;
switch Mtypedo

caseRemValue
nothing;

caseIncMin
if j = k1 then remove allv < minD(xj) from D(xi);

caseDecMax
if j = k2 then remove allv > maxD(xj) from D(xi);

caseInstantiate
if j = k1 then remove allv < minD(xj) from D(xi);
elseremove allv > maxD(xj) from D(xi);

Changes← the types of changes performed onD(xi);

The second advantage of the information on events is that in some cases, we know that
it is useless to propagate a constraint because a given eventcannot alter the other variables
of the constraint. For instance, in the constraintx1 ≤ x2 of the example above,RemValue
has no effect. Instead of having a setΓC(xi) of all constraints involvingxi, we can build
such a set for each type of event.ΓCMtype(xi) only contains constraints involvingxi for
which anMtype event onxi requires propagation. Line 6 in Algorithm 3.10 becomes:

6 foreachc′ ∈ ΓC
Mtype(xi), Mtype ∈ Changes do ...

Example 3.83. Let c ≡ x1 ≤ x2. The only events that require propagation areIncMin
andInstantiate onx1, andDecMax andInstantiate onx2. Thus,c is only put
in ΓCIncMin(x1), ΓCInstantiate(x1), ΓCDecMax(x2), andΓCInstantiate(x2). It avoids not only
useless calls toRevise but also insertions and deletions of useless events inQ.

In the extreme case, the domains have been reduced in such a way that a constraintc is
entailed. That is,c is satisfied for any valid combination of values onX(c). (See [118, 110]
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or Section 3.3.1.)c can then be removed from the set of constraints of the networkas long
as the domains are not relaxed.

Example 3.84. Let c ≡ x1 ≤ x2, D(x1) = {1, 2, 4} andD(x2) = {5, 6, 7}. Any valid
instantiation ofx1 andx2 satisfiesc. So,c can safely be removed from the network.

There is a third way of saving work during the propagation of changes in domains.
It consists in storing not only the type of change performed on a domainD(xi) during a
call to Revise , but also the set∆i of values removed. FunctionRevise has the extra
parameter∆j of the values removed fromD(xj) that led to this revision. In addition to
Changes, Revise returns the set∆i of values it removes fromD(xi). ∆i is put inQ
with the other information. Lines 3–7 in Algorithm 3.10 become:

3 select and remove(xi, c, xj , Mtype,∆j) from Q;
4 if Revise (xi, c, (xj, Mtype,∆j), Changes,∆i) then
5 if D(xi) = ∅ then returnfalse;
6 foreachc′ ∈ ΓC

Mtype(xi), Mtype ∈ Changes do
7 foreachxj ∈ X(c′), j 6= i do Q← Q ∪ {(xj , c

′, xi, Mtype,∆i)}

Such a facility was already proposed by Van Hentenryck et al.in the AC5 propaga-
tion schema [117]. This notably permits to decrease the complexity of arc consistency on
functional or anti-functional constraints.

Example 3.85.The functional constraintxk1 = xk2+m can be propagated by the function
Revise in Algorithm 3.12.

Algorithm 3.12: FunctionRevise for the constraint of Example 3.85
function revise (inout xi; in c ≡ xk1=xk2 + m; in (xj , Mtype,∆j);

out Changes; out ∆i): Boolean ;
Changes← ∅;
switch Mtypedo

caseRemValue
if j = k1 then foreachv ∈ ∆j do remove(v −m) from D(xi);
else foreachv ∈ ∆j do remove(v + m) from D(xi);

caseIncMin
if j = k1 then remove allv < minD(xj)−m from D(xi);
elseremove allv < minD(xj) + m from D(xi);

caseDecMax
if j = k1 then remove allv > maxD(xj)−m from D(xi);
elseremove allv > maxD(xj) + m from D(xi);

caseInstantiate
if j = k1 then assignminD(xj)−m to xi;
elseassignminD(xj) + m to xi;

Changes← the types of changes performed;
∆i ← all values removed fromD(xi);

These four types of events permit to build efficient propagators for elementary con-
straints. But as soon as constraints are not arithmetic or donot have properties such as
being functional, antifunctional or others, it is difficultto implement propagators with this
kind of architecture.
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3.8.2 Classes of Specific Constraints: Global Constraints

There are ‘constraint patterns’ that are ubiquitous when trying to express real problems as
constraint networks. For example, we often need to say that aset of variables must all
take different values. The size of the pattern is not fixed, that is, there can be any number
of variables in the set. Thealldifferent constraint, as introduced in CHIP [50], is
not a single constraint but a whole class of constraints. Anyconstraint specifying that its
variables must all take different values is analldifferent constraint. The conventional
wisdom is to name ‘global constraints’ these classes of constraints defined by a Boolean
function whose domain contains tuples of values of any length. An instancec of a given
global constraint is a constraint with a fixed scheme of variables which contains all tuples
of length|X(c)| accepted by the function defining the global constraint.10 In the last years,
the literature became quite verbose on this subject. Beldiceanu et al. proposed an extensive
list of global constraints [9].

Example 3.86. The alldifferent (x1, . . . , xn) global constraint is the class of con-
straints that are defined on any sequence ofn variables,n ≥ 2, such thatxi 6= xj for all
i, j, 1 ≤ i, j ≤ n, i 6= j. The NValue (y, [x1, . . . , xn]) global constraint is the class
of constraints that are defined on any sequence ofn + 1 variables,n ≥ 1, such that
|{xi | 1 ≤ i ≤ n}| = y [100, 8].

It is interesting to incorporate global constraints in constraint solvers so that users can
use them to express the corresponding constraint pattern easily. Because these global con-
straints can be used with a scheme of any size, it is importantto have a way to propagate
them without using generic arc consistency algorithms. (Remember that optimal generic
arc consistency algorithms are inO(erdr) for constraints involvingr variables —see Sec-
tion 3.3.1.)

The first alternative to the combinatorial explosion of generic algorithms for GAC on
a global constraint is to decompose it with ‘simpler’ constraints. A decompositionof a
global constraintG is a polynomial time transformationδk (k being an integer) that, given
any networkN = (X(c), D, {c}) wherec is an instance ofG, returns a networkδk(N)
such thatX(c) ⊆ Xδk(N), for all xi ∈ X(c), D(xi) = Dδk(N)(xi), for all cj ∈ Cδk(N),
|X(cj)| ≤ k, andsol(N) = πX(c)(sol(δk(N))). That is, transformingN in δk(N) means
replacingc by some new bounded arity constraints (and possibly new variables) whereas
preserving the set of tuples allowed onX(c). Note that by definition, the domains of the
additional variables in the decomposition are necessarilyof polynomial size.11

Example 3.87.The global constraintatmost p,v(x1, . . . , xn) holds if and only if at most
p variables inx1, . . . , xn take valuev [116]. This constraint can be decomposed withn+1
additional variablesy0, . . . , yn. The transformation involves the constraint(xi = v ∧ yi =
yi−1 + 1)∨ (xi 6= v ∧ yi = yi−1) for all i, 1 ≤ i ≤ n, and the domainsD(y0) = {0} and
D(yi) = {0, . . . , p} for all i, 1 ≤ i ≤ n.

10This definition does not allow constraints defined on severalsequences of variables, such as the
disjoint ([x1 . . . , xn], [y1 . . . , ym]) constraint [9]. In such a case, we need to extend to Boolean functions
with parameters giving the length of each sequence. This is essentially the same.

11Some decompositions depend only on the instancec of the global constraint and not on the domain. How-
ever, in other decompositions, the domain of the new variables depends on the domain of the variables inX(c).



C. Bessiere 73

Some global constraintsG admit a decompositionδk that preservesGAC. That is,
given any instancec of G and any domainD onX(c), given any subdomainD′ ⊆ D,
GAC on (X(c), D′, {c}) prunes the same values as GAC on the network obtained from
δk((X(c), D, {c})) by reducingD(xi) to D′(xi) for all xi ∈ X(c). atmost p,v is a
global constraint that admits a decomposition preserving GAC (see Example 3.87). But
there are some constraints, such as thealldifferent , for which we do not know any
such decomposition.12 For those constraints, it is sometimes possible to build a specialized
algorithm that enforces GAC in polynomial time on all instances of the global constraint.
For instance, Knuth and Raghunathan, and Régin, made the link between GAC on the
alldifferent constraint and the problem of finding maximal matchings in a bipartite
graph [77, 106], which is polynomial.

In [20], Bessiere et al. relaxed the definition of decomposition. They allow decomposi-
tions using constraints with unbounded arity as long as enforcing GAC on them is polyno-
mial. The decomposition of a global constraintG is GAC-polytimeif for any instancec of
G and any domain onX(c), enforcing GAC on the decomposition is polynomial. This en-
larges the set of global constraints that can be decomposed.Nevertheless, there are global
constraints for which we do not know any GAC-polytime decomposition that preserves
GAC. Tools of computational complexity help us decide when agiven global constraint
has no chance to allow a GAC-polytime decomposition preserving GAC. In fact, if en-
forcing GAC on a global constraintG is NP-hard, there does not exist any GAC-polytime
decomposition that preserves GAC (assuming P6= NP). For instance, enforcing GAC on
NValue is NP-hard. This tells us that there is no way to find a GAC-polytime decompo-
sition on which GAC always removes all GAC inconsistent values of the originalNValue
constraint.

Decompositions were limited to transformations in polynomial time, and so polynomial
space. If we remove these restrictions, any global constraint allows a transformation into a
binary network via the hidden variable encoding, where the unique additional variable has
a domain of exponential size [45, 108]. GAC on this transformation is equivalent to GAC
on the original constraint, even if enforcing GAC on it is NP-hard.

It is sometimes possible to express a global constraint as a combination of simpler
constraints which is not a conjunction. Disjunctions are not naturally handled by constraint
solvers. Van Hentenryck et al. proposed constructive disjunction as a way to partially
propagate disjunctions of constraints [70]. Given a constraint c = c1 ∨ c2 ∨ . . . ∨ ck,
constructive disjunction propagates constraintsci one by one independently of the others,
and finally prunes values that were inconsistent with allci. This technique has been refined
by Lhomme [84]. Bacchus and Walsh proposed a constraint algebra in which we can define
meta-constraints as logical expressions composed of simpler constraints [4]. They give
ways to propagate them and conditions under which GAC is guaranteed.

When enforcing GAC is too expensive on a global constraint, another possibility is
to enforce a weaker level of consistency, such as BC(Z) or RC.BC(Z) and RC are sig-
nificantly cheaper than GAC on constraints composed of arithmetic expressions (espe-
cially linear constraints). BC(Z) and RC are also used on other classes of constraints for
which GAC is too expensive. In [80], Leconte showed that RC can be enforced on the

12In [26], Bessiere and Van Hentenryck characterized three types of globality for global constraints, depending
on the non existence of decompositions preserving the solutions, preserving GAC or preserving the complexity
of enforcing GAC.
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alldifferent constraint at a cost asymptotically lower than that of Régin’s GAC al-
gorithm ([106]). Puget proposed a BC(Z) algorithm foralldifferent with an even
lower complexity [103]. On the global cardinality constraint (gcc ) defined by Régin
[107], Quimper et al. showed that GAC is NP-hard if cardinalities are variables instead
of fixed intervals [104]. Katriel and Thiel proposed a BC(Z) algorithm for gcc that runs
in polynomial time even if cardinalities are variables [75]. In this case, BC(Z) is a means
to propagate the constraint polynomially.

3.8.3 Creating Propagators Automatically

As an alternative to specialized algorithms for propagating a specific constraint, Apt and
Montfroy proposed to generate sets of reduction rules [3]. Arule is of the form “ifxi1
takes value inSi1 , . . ., xik takes value inSik theny cannot take valuev”, wherexij ’s and
y belong to the scheme of the constraint andSij ’s are subsets of given domainsD(xij ).
For any constraint, there exists a set of rules that simulates arc consistency. However, its
size can be exponential in the number of variables in the scheme of the constraint.

To avoid this combinatorial explosion, Dao et al. proposed to restrict their attention to
rules in which variablesxij take values in intervalsIij instead of arbitrary subsets of the
domainsSij [39]. This reduces the space of possibilities and permits toexpress the task of
generating rules as a linear program to be solved by a simplex.

Another way to avoid combinatorial explosion when buildingpropagators for a con-
straint cadhoc is to take into account the internal structure of the constraint to factorize
many satisfying tuples under the same rule. Barták proposed to decompose ad hoc binary
constraintscadhoc(xi, xj) into rectangles[5]. The Cartesian productr = Si × Sj of two
sets of integersSi andSj is a rectangle forcadhoc if (vi, vj) ∈ Si×Sj ⇒ (vi, vj) ∈ cadhoc.
Given a collectionR of rectangles such that

⋃

r∈R r = cadhoc, Barták gives a propa-
gation algorithm that revisescadhoc more efficiently than a generic algorithm. Cheng et
al. extended this technique by proposing to decompose (possibly non-binary) constraints
into ‘triangles’ instead of rectangles [30]. More precisely, they decompose a constraint
cadhoc(x1, . . . , xk) into a disjunction of ‘box constraints’. A box is ak-dimensional hy-
percube[l1..u1] × · · · × [lk..uk] where[li..ui] is an interval of integers forxi. A box
constraint is the conjunction of a boxB and asimpleconstraintcb, that is, a constraint of
the form

∑k
1 aixi ≤ a0 (the set of allowed tuples looks like a triangle when the constraint

is binary). Cheng et al. proposed an algorithm that generates a representation of the con-
straintcadhoc as a disjunction of box constraints. Applying constructivedisjunction on this
representation is equivalent to arc consistency oncadhoc.

3.8.4 Priorities in the Propagation List

A simple way to improve the efficiency of propagation in constraint solvers is to put pri-
orities on the different propagation events of the different constraints. We saw in Section
3.3.3 that the propagation list of arc consistency algorithms can be heuristically ordered.
The main criterion in the case of generic AC algorithms for binary constraints was to put
first the constraints that are expected to prune more. Constraint solvers contain various
types of constraints and various types of propagation events for these constraints which
can have different complexities. Laburthe et al. in [78] andSchulte and Stuckey in [110]
proposed to maintain a propagation list with several levelsof priority. The idea is to put
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a propagation event in a different level of the list depending on its time complexity. An
event in theith level is not popped while the(i− 1)th level is not empty. The instantiation
event on a simple arithmetic constraint is the kind of event that is put at the first level.
Propagating GAC on an expensive global constraint is put at the last level. Propagating
BC(Z) on the same constraint will be put in some intermediatelevel. The CHOCO solver
uses a propagation list with 7 levels of priority [78].
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Chapter 4

Backtracking Search Algorithms

Peter van Beek

There are three main algorithmic techniques for solving constraint satisfaction problems:
backtracking search, local search, and dynamic programming. In this chapter, I sur-
vey backtracking search algorithms. Algorithms based on dynamic programming [15]—
sometimes referred to in the literature as variable elimination, synthesis, or inference
algorithms—are the topic of Chapter 5. Local or stochastic search algorithms are the topic
of Chapter 8.

An algorithm for solving a constraint satisfaction problem(CSP) can be either complete
or incomplete. Complete, or systematic algorithms, come with a guarantee that a solution
will be found if one exists, and can be used to show that a CSP does not have a solution
and to find a provably optimal solution. Backtracking searchalgorithms and dynamic
programming algorithms are, in general, examples of complete algorithms. Incomplete, or
non-systematic algorithms, cannot be used to show a CSP doesnot have a solution or to
find a provably optimal solution. However, such algorithms are often effective at finding
a solution if one exists and can be used to find an approximation to an optimal solution.
Local or stochastic search algorithms are examples of incomplete algorithms.

Of the two classes of algorithms that are complete—backtracking search and dynamic
programming—backtracking search algorithms are currently the most important in prac-
tice. The drawbacks of dynamic programming approaches are that they often require an
exponential amount of time and space, and they do unnecessary work by finding, or mak-
ing it possible to easily generate, all solutions to a CSP. However, one rarely wishes to find
all solutions to a CSP in practice. In contrast, backtracking search algorithms work on only
one solution at a time and thus need only a polynomial amount of space.

Since the first formal statements of backtracking algorithms over 40 years ago [30, 57],
many techniques for improving the efficiency of a backtracking search algorithm have been
suggested and evaluated. In this chapter, I survey some of the most important techniques
including branching strategies, constraint propagation,nogood recording, backjumping,
heuristics for variable and value ordering, randomizationand restart strategies, and alter-
natives to depth-first search. The techniques are not alwaysorthogonal and sometimes
combining two or more techniques into one algorithm has a multiplicative effect (such as
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combining restarts with nogood recording) and sometimes ithas a degradation effect (such
as increased constraint propagation versus backjumping).Given the many possible ways
that these techniques can be combined together into one algorithm, I also survey work on
comparing backtracking algorithms. The best combinationsof these techniques result in
robust backtracking algorithms that can now routinely solve large, hard instances that are
of practical importance.

4.1 Preliminaries

In this section, I first define the constraint satisfaction problem followed by a brief review
of the needed background on backtracking search.

Definition 4.1 (CSP). A constraint satisfaction problem(CSP) consists of a set ofvariables,
X = {x1, . . . , xn}; a set ofvalues,D = {a1, . . . , ad}, where each variablexi ∈ X has an
associated finite domaindom(xi) ⊆ D of possible values; and a collection ofconstraints.

Each constraintC is a relation—a set of tuples—over some set of variables, denoted
by vars(C). The size of the setvars(C) is called thearity of the constraint. Aunary
constraint is a constraint of arity one, abinary constraint is a constraint of arity two, a
non-binaryconstraint is a constraint of arity greater than two, and aglobal constraint is
a constraint that can be over arbitrary subsets of the variables. A constraint can be spec-
ified intensionallyby specifying a formula that tuples in the constraint must satisfy, or
extensionallyby explicitly listing the tuples in the constraint. Asolution to a CSP is an
assignment of a value to each variable that satisfies all the constraints. If no solution exists,
the CSP is said to be inconsistent or unsatisfiable.

As a running example in this survey, I will use the 6-queens problem: how can we place
6 queens on a6 × 6 chess board so that no two queens attack each other. As one possible
CSP model, let there be a variable for each column of the board{x1, . . . , x6}, each with
domaindom(xi) = {1, . . . , 6}. Assigning a valuej to a variablexi means placing a queen
in row j, columni. Between each pair of variablesxi andxj , 1 ≤ i < j ≤ 6, there is a
constraintC(xi, xj), given by(xi 6= xj) ∧ (|i− j| 6= |xi − xj |). One possible solution is
given by{x1 = 4, x2 = 1, x3 = 5, x4 = 2, x5 = 6, x6 = 3}.

The satisfiability problem (SAT) is a CSP where the domains ofthe variables are the
Boolean values and the constraints are Boolean formulas. I will assume that the constraints
are in conjunctive normal form and are thus written as clauses. A literal is a Boolean
variable or its negation and a clause is a disjunction of literals. For example, the formula
¬x1 ∨x2 ∨x3 is a clause. A clause with one literal is called a unit clause;a clause with no
literals is called the empty clause. The empty clause is unsatisfiable.

A backtracking search for a solution to a CSP can be seen as performing a depth-
first traversal of asearch tree. The search tree is generated as the search progresses and
represents alternative choices that may have to be examinedin order to find a solution.
The method of extending a node in the search tree is often called abranching strategy, and
several alternatives have been proposed and examined in theliterature (see Section 4.2).
A backtracking algorithmvisits a node if, at some point in the algorithm’s execution, the
node is generated. Constraints are used to check whether a node may possibly lead to a
solution of the CSP and to prune subtrees containing no solutions. A node in the search
tree is adeadendif it does not lead to a solution.
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The naive backtracking algorithm (BT) is the starting pointfor all of the more so-
phisticated backtracking algorithms (see Table 4.1). In the BT search tree, the root node
at level 0 is the empty set of assignments and a node at levelj is a set of assignments
{x1 = a1, . . . , xj = aj}. At each node in the search tree, an uninstantiated variableis
selected and the branches out of this node consist of all possible ways of extending the
node by instantiating the variable with a value from its domain. The branches represent
the different choices that can be made for that variable. In BT, only constraints with no
uninstantiated variables are checked at a node. If a constraint check fails—a constraint is
not satisfied—the next domain value of the current variable is tried. If there are no more
domain values left, BT backtracks to the most recently instantiated variable. A solution is
found if all constraint checks succeed after the last variable has been instantiated.

Figure 4.1 shows a fragment of the backtrack tree generated by the naive backtracking
algorithm (BT) for the 6-queens problem. The labels on the nodes are shorthands for the
set of assignments at that node. For example, the node labeled 25 consists of the set of
assignments{x1 = 2, x2 = 5}. White dots denote nodes where all the constraints with
no uninstantiated variables are satisfied (no pair of queensattacks each other). Black dots
denote nodes where one or more constraint checks fail. (The reasons for the shading and
dashed arrows are explained in Section 4.5.) For simplicity, I have assumed a static order
of instantiation in which variablexi is always chosen at leveli in the search tree and values
are assigned to variables in the order1, . . . , 6.

4.2 Branching Strategies

In the naive backtracking algorithm (BT), a nodep = {x1 = a1, . . . , xj = aj} in the
search tree is a set of assignments andp is extended by selecting a variablex and adding
a branch to a new nodep ∪ {x = a}, for eacha ∈ dom(x). The assignmentx = a is
said to bepostedalong a branch. As the search progresses deeper in the tree, additional
assignments are posted and upon backtracking the assignments are retracted. However,
this is just one possible branching strategy, and several alternatives have been proposed
and examined in the literature.

More generally, a nodep = {b1, . . . , bj} in the search tree of a backtracking algo-
rithm is a set ofbranching constraints, wherebi, 1 ≤ i ≤ j, is the branching con-
straint posted at leveli in the search tree. A nodep is extended by adding the branches
p∪{b1j+1}, . . . , p∪{bkj+1}, for some branching constraintsbij+1, 1 ≤ i ≤ k. The branches
are often ordered using a heuristic, with the left-most branch being the most promising.
To ensure completeness, the constraints posted on all the branches from a node must be
mutually exclusive and exhaustive.

Usually, branching strategies consist of posting unary constraints. In this case, a vari-
able ordering heuristic is used to select the next variable to branch on and the ordering of
the branches is determined by a value ordering heuristic (see Section 4.6). As a running
example, letx be the variable to be branched on, letdom(x) = {1, . . . , 6}, and assume that
the value ordering heuristic is lexicographic ordering. Three popular branching strategies
involving unary constraints are the following.

1. Enumeration.The variablex is instantiated in turn to each value in its domain. A
branch is generated for each value in the domain of the variable and the constraint
x = 1 is posted along the first branch,x = 2 along the second branch, and so
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Figure 4.1: A fragment of the BT backtrack tree for the 6-queens problem (from [79]).

on. The enumeration branching strategy is assumed in many textbook presentations
of backtracking and in much work on backtracking algorithmsfor solving CSPs.
An alternative name for this branching strategy in the literature isd-way branching,
whered is the size of the domain.

2. Binary choice points.The variablex is instantiated to some value in its domain.
Assuming the value 1 is chosen in our example, two branches are generated and the
constraintsx = 1 andx 6= 1 are posted, respectively. This branching strategy is often
used in constraint programming languages for solving CSPs (see, e.g., [72, 123]) and
is used by Sabin and Freuder [116] in their backtracking algorithm which maintains
arc consistency during the search. An alternative name for this branching strategy in
the literature is2-way branching.

3. Domain splitting. Here the variable is not necessarily instantiated, but rather the
choices for the variable are reduced in each subproblem. Forordered domains such
as in our example, this could consist of posting a constraintof the formx ≤ 3 on
one branch and postingx > 3 on the other branch.

The three schemes are, of course, identical if the domains are binary (such as, for example,
in SAT).
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Table 4.1: Some named backtracking algorithms. Hybrid algorithms which combine tech-
niques are denoted by hyphenated names. For example, MAC-CBJ is an algorithm that
maintains arc consistency and performs conflict-directed backjumping.

BT Naive backtracking: checks constraints with no uninstantiated vari-
ables; chronologically backtracks.

MAC Maintains arc consistency on constraints withat leastone uninstanti-
ated variable; chronologically backtracks.

FC Forward checking algorithm: maintains arc consistency on constraints
with exactlyone uninstantiated variable; chronologically backtracks.

DPLL Forward checking algorithm specialized to SAT problems: uses unit
propagation; chronologically backtracks.

MCk Maintains strongk-consistency; chronologically backtracks.

CBJ Conflict-directed backjumping; no constraint propagation.

BJ Limited backjumping; no constraint propagation.

DBT Dynamic backtracking: backjumping with 0-order relevance-bounded
nogood recording; no constraint propagation.

Branching strategies that consist of posting non-unary constraints have also been pro-
posed, as have branching strategies that are specific to a class of problems. As an example
of both, consider job shop scheduling where we must schedulea set of taskst1, . . . , tk on
a set of resources. Letxi be a finite domain variable representing the starting time ofti
and letdi be the fixed duration ofti. A popular branching strategy is to order or serialize
the tasks that share a resource. Consider two taskst1 andt2 that share the same resource.
The branching strategy is to post the constraintx1 + d1 ≤ x2 along one branch and to post
the constraintx2 + d2 ≤ x1 along the other branch (see, e.g., [23] and references therein).
This continues until either a deadend is detected or all tasks have been ordered. Once all
tasks are ordered, one can easily construct a solution to theproblem; i.e., an assignment of
a value to eachxi. It is interesting to note that, conceptually, the above branching strategy
is equivalent to adding auxiliary variables to the CSP modelwhich are then branched on.
For the two taskst1 andt2 that share the same resource, we would add the auxiliary vari-
ableO12 with dom(O12) = {0, 1} and the constraintsO12 = 1 ⇐⇒ x1 + d1 ≤ x2 and
O12 = 0 ⇐⇒ x2 + d2 ≤ x1. In general, if the underlying backtracking algorithm has a
fixed branching strategy, one can simulate a different branching strategy by adding auxil-
iary variables. Thus, the choice of branching strategy and the design of the CSP model are
interdependent decisions.

There has been further work on branching strategies that hasexamined the relative
power of the strategies and proposed new strategies. Van Hentenryck [128, pp.90–92]
examines tradeoffs between the enumeration and domain splitting strategies. Milano and
van Hoeve [97] show that branching strategies can be viewed as the combination of a value
ordering heuristic and a domain splitting strategy. The value ordering is used to rank the
domain values and the domain splitting strategy is used to partition the domain into two or
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more sets. Of course, the set with the most highly ranked values will be branched into first.
The technique is shown to work well on optimization problems.

Smith and Sturdy [121] show that when using chronological backtracking with 2-way
branching to find all solutions, the value ordering can have an effect on the efficiency
of the backtracking search. This is a surprise, since it is known that value ordering has
no effect under these circumstances when usingd-way branching. Hwang and Mitchell
[71] show that backtracking with 2-way branching is exponentially more powerful than
backtracking withd-way branching. It is clear thatd-way branching can be simulated by
2-way branching with no loss of efficiency. Hwang and Mitchell show that the converse
does not hold. They give a class of problems where ad-way branching algorithm with an
optimal variable and value ordering takes exponentially more steps than a 2-way branching
algorithm with a simple variable and value ordering. However, note that the result holds
only if the CSP model is assumed to be fixed. It does not hold if we are permitted to add
auxiliary variables to the CSP model.

4.3 Constraint Propagation

A fundamental insight in improving the performance of backtracking algorithms on CSPs
is that local inconsistencies can lead to much thrashing or unproductive search [47, 89].
A local inconsistencyis an instantiation of some of the variables that satisfies the relevant
constraints but cannot be extended to one or more additionalvariables and so cannot be
part of any solution. (Local inconsistencies are nogoods; see Section 4.4.) If we are using
a backtracking search to find a solution, such an inconsistency can be the reason for many
deadends in the search and cause much futile search effort. This insight has led to:

(a) the definition of conditions that characterize the levelof local consistency of a CSP
(e.g., [39, 89, 102]),

(b) the development of constraint propagation algorithms—algorithms which enforce
these levels of local consistency by removing inconsistencies from a CSP (e.g., [89,
102]), and

(c) effective backtracking algorithms for finding solutions to CSPs that maintain a level
of local consistency during the search (e.g., [31, 47, 48, 63, 93]).

A generic scheme to maintain a level of local consistency in abacktracking search is
to perform constraint propagation at each node in the searchtree. Constraint propagation
algorithms remove local inconsistencies by posting additional constraints that rule out or
remove the inconsistencies. When used during search, constraints are posted at nodes as
the search progresses deeper in the tree. But upon backtracking over a node, the con-
straints that were posted at that node must be retracted. When used at the root node of the
search tree—before any instantiations or branching decisions have been made—constraint
propagation is sometimes referred to as a preprocessing stage.

Backtracking search integrated with constraint propagation has two important benefits.
First, removing inconsistencies during search can dramatically prune the search tree by
removing many deadends and by simplify the remaining subproblem. In some cases, a
variable will have an empty domain after constraint propagation; i.e., no value satisfies the
unary constraints over that variable. In this case, backtracking can be initiated as there
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is no solution along this branch of the search tree. In other cases, the variables will have
their domains reduced. If a domain is reduced to a single value, the value of the variable
is forced and it does not need to be branched on in the future. Thus, it can be much easier
to find a solution to a CSP after constraint propagation or to show that the CSP does not
have a solution. Second, some of the most important variableordering heuristics make use
of the information gathered by constraint propagation to make effective variable ordering
decisions (this is discussed further in Section 4.6). As a result of these benefits, it is now
standard for a backtracking algorithm to incorporate some form of constraint propagation.

Definitions of local consistency can be categorized in at least two ways. First, the def-
initions can be categorized into those that are constraint-based and those that are variable-
based, depending on what are the primitive entities in the definition. Second, definitions of
local consistency can be categorized by whetheronly unary constraints need to be posted
during constraint propagation, or whether posting constraints of higher arity is sometimes
necessary. In implementations of backtracking, the domains of the variables are repre-
sented extensionally, and posting and retracting unary constraints can be done very effi-
ciently by updating the representation of the domain. Posting and retracting constraints of
higher arity is less well understood and more costly. If onlyunary constraints are necessary,
constraint propagation is sometimes referred to as domain filtering or domain pruning.

The idea of incorporating some form of constraint propagation into a backtracking
algorithm arose from several directions. Davis and Putnam [31] propose unit propaga-
tion, a form of constraint propagation specialized to SAT. Golomb and Baumert [57] may
have been the first to informally describe the idea of improving a general backtracking
algorithm by incorporating some form of domain pruning during the search. Constraint
propagation techniques were used in Fikes’ REF-ARF [37] andLauriere’s Alice [82], both
languages for stating and solving CSPs. Gaschnig [47] was the first to propose a back-
tracking algorithm that enforces a precisely defined level of local consistency at each node.
Gaschnig’s algorithm usedd-way branching. Mackworth [89] generalizes Gaschnig’s pro-
posal to backtracking algorithms that interleave case-analysis with constraint propagation
(see also [89] for additional historical references).

Since this early work, a vast literature on constraint propagation and local consistency
has arisen; more than I can reasonably discuss in the space available. Thus, I have cho-
sen two representative examples: arc consistency and strong k-consistency. These local
consistencies illustrate the different categorizations given above. As well, arc consistency
is currently the most important local consistency in practice and has received the most at-
tention so far, while strongk-consistency has played an important role on the theoretical
side of CSPs. For each of these examples, I present the definition of the local consistency,
followed by a discussion of backtracking algorithms that maintain this level of local con-
sistency during the search. I do not discuss any specific constraint propagation algorithms.
Two separate chapters in this Handbook have been devoted to this topic (see Chapters 3
& 6). Note that many presentations of constraint propagation algorithms are for the case
where the algorithm will be used in the preprocessing stage.However, when used during
search to maintain a level of local consistency, usually only small changes occur between
successive calls to the constraint propagation algorithm.As a result, much effort has also
gone into making such algorithms incremental and thus much more efficient when used
during search.

When presenting backtracking algorithms integrated with constraint propagation, I
present the “pure” forms of the backtracking algorithms where a uniform level of local
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consistency is maintained at each node in the search tree. This is simply for ease of presen-
tation. In practice, the level of local consistency enforced and the algorithm for enforcing
it is specific to each constraint and varies between constraints. An example is the widely
used all-different global constraint, where fast algorithms are designed for enforcing many
different levels of local consistency including arc consistency, range consistency, bounds
consistency, and simple value removal. The choice of which level of local consistency to
enforce is then up to the modeler.

4.3.1 Backtracking and Maintaining Arc Consistency

Mackworth [89, 90] defines a level of local consistency called arc consistency1. Given a
constraintC, the notationt ∈ C denotes a tuplet—an assignment of a value to each of the
variables invars(C)—that satisfies the constraintC. The notationt[x] denotes the value
assigned to variablex by the tuplet.

Definition 4.2 (arc consistency). Given a constraintC, a valuea ∈ dom(x) for a variable
x ∈ vars(C) is said to have asupportin C if there exists a tuplet ∈ C such thata = t[x]
andt[y] ∈ dom(y), for everyy ∈ vars(C). A constraintC is said to bearc consistentif
for eachx ∈ vars(C), each valuea ∈ dom(x) has a support inC.

A constraint can be made arc consistent by repeatedly removing unsupported val-
ues from the domains of its variables. Note that this definition of local consistency is
constraint-based and enforcing arc consistency on a CSP means iterating over the con-
straints until no more changes are made to the domains. Algorithms for enforcing arc
consistency have been extensively studied (see Chapters 3 &6). An optimal algorithm for
an arbitrary constraint hasO(rdr) worst case time complexity, wherer is the arity of the
constraint andd is the size of the domains of the variables [101]. Fortunately, it is almost
always possible to do much better for classes of constraintsthat occur in practice. For ex-
ample, the all-different constraint can be made arc consistent inO(r2d) time in the worst
case.

Gaschnig [47] suggests maintaining arc consistency duringbacktracking search and
gives the first explicit algorithm containing this idea. Following Sabin and Freuder [116],
I will denote such an algorithm as MAC2. The MAC algorithm maintains arc consistency
on constraints withat leastone uninstantiated variable (see Table 4.1). At each node of
the search tree, an algorithm for enforcing arc consistencyis applied to the CSP. Since
arc consistency was enforced on the parent of a node, initially constraint propagation only
needs to be enforced on the constraint that was posted by the branching strategy. In turn,
this may lead to other constraints becoming arc inconsistent and constraint propagation
continues until no more changes are made to the domains. If, as a result of constraint
propagation, a domain becomes empty, the branch is a deadendand is rejected. If no
domain is empty, the branch is accepted and the search continues to the next level.

1Arc consistency is also called domain consistency, generalized arc consistency, and hyper arc consistency
in the literature. The latter two names are used when an author wishes to reserve the name arc consistency for the
case where the definition is restricted to binary constraints.

2Gaschnig’s DEEB (Domain Element Elimination with Backtracking) algorithm usesd-way branching.
Sabin and Freuder’s [116] MAC (Maintaining Arc Consistency) algorithm uses2-way branching. However, I
will follow the practice of much of the literature and use theterm MAC to denote an algorithm that maintains arc
consistency during the search, regardless of the branchingstrategy used.
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As an example of applying MAC, consider the backtracking tree for the 6-queens prob-
lem shown in Figure 4.1. MAC visits only node 25, as it is discovered that this node is a
deadend. The board in Figure 4.2a shows the result of constraint propagation. The shaded
numbered squares correspond to the values removed from the domains of the variables by
constraint propagation. A valuei is placed in a shaded square if the value was removed
because of the assignment at leveli in the tree. It can been seen that after constraint prop-
agation, the domains of some of the variables are empty. Thus, the set of assignments
{x1 = 2, x2 = 5} cannot be part of a solution to the CSP.

When maintaining arc consistency during search, any value that is pruned from the
domain of a variable does not participate in any solution to the CSP. However, not all
values that remain in the domains necessarily are part of some solution. Hence, while
arc consistency propagation can reduce the search space, itdoes not remove all possible
deadends. Let us say that the domains of a CSP areminimalif each value in the domain of a
variable is part of some solution to the CSP. Clearly, if constraint propagation would leave
only the minimal domains at each node in the search tree, the search would be backtrack-
free as any value that was chosen would lead to a solution. Unfortunately, finding the
minimal domainsis at least as hard as solving the CSP. After enforcing arc consistency on
individual constraints, each value in the domain of a variable is part of some solution to
the constraint considered in isolation. Finding the minimal domains would be equivalent
to enforcing arc consistency on theconjunctionof the constraints in a CSP, a process that
is worst-case exponential inn, the number of variables in the CSP. Thus, arc consistency
can be viewed as approximating the minimal domains.

In general, there is a tradeoff between the cost of the constraint propagation performed
at each node in the search tree, and the quality of the approximation of the minimal do-
mains. One way toimprovethe approximation, but with an increase in the cost of constraint
propagation, is to use a stronger level of local consistencysuch as a singleton consistency
(see Chapter 3). One way toreducethe cost of constraint propagation, at the risk of a
poorer approximation to the minimal domains and an increasein the overall search cost, is
to restrict the application of arc consistency. One such algorithm is called forward check-
ing. The forward checking algorithm (FC) maintains arc consistency on constraints with
exactlyone uninstantiated variable (see Table 4.1). On such constraints, arc consistency
can be enforced inO(d) time, whered is the size of the domain of the uninstantiated vari-
able. Golomb and Baumert [57] may have been the first to informally describe forward
checking (called preclusion in [57]). The first explicit algorithms are given by McGregor
[93] and Haralick and Elliott [63]. Forward checking was originally proposed for binary
constraints. The generalization to non-binary constraints used here is due to Van Henten-
ryck [128].

As an example of applying FC, consider the backtracking treeshown in Figure 4.1.
FC visits only nodes 25, 253, 2531, 25314 and 2536. The board in Figure 4.2b shows the
result of constraint propagation. The squares that are leftempty as the search progresses
correspond to the nodes visited by FC.

Early experimental work in the field found that FC was much superior to MAC [63, 93].
However, this superiority turned out to be partially an artifact of the easiness of the bench-
marks. As well, many practical improvements have been made to arc consistency prop-
agation algorithms over the intervening years, particularly with regard to incrementality.
The result is that backtracking algorithms that maintain full arc consistency during the
search are now considered much more important in practice. An exception is the widely



92 4. Backtracking Search Algorithms

used DPLL algorithm [30, 31], a backtracking algorithm specialized to SAT problems in
CNF form (see Table 4.1). The DPLL algorithm uses unit propagation, sometimes called
Boolean constraint propagation, as its constraint propagation mechanism. It can be shown
that unit propagation is equivalent to forward checking on aSAT problem. Further, it
can be shown that the amount of pruning performed by arc consistency on these problems
is equivalent to that of forward checking. Hence, forward checking is the right level of
constraint propagation on SAT problems.

Forward checking is just one way to restrict arc consistencypropagation; many vari-
ations are possible. For example, one can maintain arc consistency on constraints with
various numbers of uninstantiated variables. Bessière etal. [16] consider the possibilities.
One could also take into account the size of the domains of uninstantiated variables when
specify which constraints should be propagated. As a third alternative, one could placead
hoc restrictions on the constraint propagation algorithm itself and how it iterates through
the constraints [63, 104, 117].

An alternative to restricting theapplicationof arc consistency—either by restricting
which constraints are propagated or by restricting the propagation itself—is to restrict the
definition of arc consistency. One important example is bounds consistency. Suppose
that the domains of the variables are large and ordered and that the domains of the vari-
ables are represented by intervals (the minimum and the maximum value in the domain).
With bounds consistency, instead of asking that each valuea ∈ dom(x) has a support in
the constraint, we only ask that the minimum value and the maximum value each have a
support in the constraint. Although in general weaker than arc consistency, bounds con-
sistency has been shown to be useful for arithmetic constraints and global constraints as it
can sometimes be enforced more efficiently (see Chapters 3 & 6for details). For exam-
ple, the all-different constraint can be made bounds consistent inO(r) time in the worst
case, in contrast toO(r2d) for arc consistency, wherer is the arity of the constraint and
d is the size of the domains of the variables. Further, for someproblems it can be shown
that the amount of pruning performed by arc consistency is equivalent to that of bounds
consistency, and thus the extra cost of arc consistency is not repaid.

x1 x2 x3 x4 x5 x6

1

2

3

4

5

6

Q

Q

1

1

1

2

1

2

1

1

2

2

1

2

2

1

2

2

1

2

2

2

1

2

1

2

2

2

2

x1 x2 x3 x4 x5 x6

1

2

3

4

5

6

Q

Q

Q

1

1

1

1

1

2

2

1

2

3

1

3

1

3

2

1

2

1

3

2

3

(a) (b)

Figure 4.2: Constraint propagation on the 6-queens problem; (a) maintaining arc consis-
tency; (b) forward checking.
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4.3.2 Backtracking and Maintaining Strongk-Consistency

Freuder [39, 40] defines a level of local consistency called strongk-consistency. A set of
assignments isconsistentif each constraint that hasall of its variables instantiated by the
set of assignments is satisfied.

Definition 4.3 (strongk-consistency). A CSP isk-consistent if, for any set of assignments
{x1 = a1, . . . , xk−1 = ak−1} to k − 1 distinct variables that is consistent, and any
additional variablexk, there exists a valueak ∈ dom(xk) such that the set of assignments
{x1 = a1, . . . , xk−1 = ak−1, xk = ak} is consistent. A CSP is stronglyk-consistent if it
is j-consistent for allj ≤ k.

For the special case of binary CSPs, strong 2-consistency isthe same as arc consistency
and strong 3-consistency is also known as path consistency.A CSP can be made strongly
k-consistent by repeatedly detecting and removing all thoseinconsistenciest = {x1 =
a1, . . . , xj−1 = aj−1} where1 ≤ j < k andt is consistent but cannot be extended to
somejth variablexj . To remove an inconsistency or nogoodt, a constraint is posted to
the CSP which rules out the tuplet. Enforcing strongk-consistency may dramatically
increase the number of constraints in a CSP, as the number of new constraints posted can
be exponential ink. Once a CSP has been made stronglyk-consistent any value that
remains in the domain of a variable can be extended to a consistent set of assignments
overk variables in a backtrack-free manner. However, unlessk = n, there is no guarantee
that a value can be extended to a solution over alln variables. An optimal algorithm
for enforcing strongk-consistency on a CSP containing arbitrary constraints hasO(nkdk)
worst case time complexity, wheren is the number of variables in the CSP andd is the size
of the domains of the variables [29].

Let MCk be an algorithm that maintains strongk-consistency during the search (see
Table 4.1). For the purposes of specifying MCk, I will assume that the branching strategy
is enumeration and that, therefore, each node in the search tree corresponds to a set of
assignments. During search, we want to maintain the property that any value that remains
in the domain of a variable can be extended to a consistent setof assignments overk
variables. To do this, we must account for the current set of assignments by, conceptually,
modifying the constraints. Given a set of assignmentst, only those tuples in a constraint
that agree with the assignments int are selected and those tuples are then projected onto
the set of uninstantiated variables of the constraint to give the new constraint (see [25] for
details). Under such an architecture, FC can be viewed as maintaining one-consistency,
and, for binary CSPs, MAC can be viewed as maintaining strongtwo-consistency.

Can such an architecture be practical fork > 2? There is some evidence that the
answer is yes. Van Gelder and Tsuji [127] propose an algorithm that maintains the closure
of resolution on binary clauses (clauses with two literals)and gives experimental evidence
that the algorithm can be much faster than DPLL on larger SAT instances. The algorithm
can be viewed as MC3 specialized to SAT. Bacchus [2] builds on this work and showsthat
the resulting SAT solver is robust and competitive with state-of-the-art DPLL solvers. This
is remarkable given the amount of engineering that has gone into DPLL solvers. So far,
however, there has been no convincing demonstration of a corresponding result for general
CSPs, although efforts have been made.
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4.4 Nogood Recording

One of the most effective techniques known for improving theperformance of backtrack-
ing search on a CSP is to add implied constraints. A constraint is implied if the set of
solutions to the CSP is the same with and without the constraint. Adding the “right” im-
plied constraints to a CSP can mean that many deadends are removed from the search tree
and other deadends are discovered after much less search effort.

Three main techniques for adding implied constraints have been investigated. One
technique is to add implied constraints by hand during the modeling phase (see Chapter
11). A second technique is to automatically add implied constraints by applying a con-
straint propagation algorithm (see Section 4.3). Both of the above techniques rule out local
inconsistencies or deadendsbeforethey are encountered during the search. A third tech-
nique, and the topic of this section, is to automatically addimplied constraintsaftera local
inconsistency or deadend is encountered in the search. The basis of this technique is the
concept of a nogood, due to Stallman and Sussman [124]3.

Definition 4.4 (nogood). A nogood is a set of assignments and branching constraints that
is not consistent with any solution.

In other words, there does not exist a solution—an assignment of a value to each vari-
able that satisfies all the constraints of the CSP—that also satisfies all the assignments and
branching constraints in the nogood. If we are using a backtracking search to find a so-
lution, each deadend corresponds to a nogood. Thus nogoods are the cause of all futile
search effort. Once a nogood for a deadend is discovered, it can be ruled out by adding
a constraint. Of course, it is too late for this deadend—the backtracking algorithm has
already refuted this node, perhaps at great cost—but the hope is that the constraint will
prune the search space in the future. The technique, first informally described by Stallman
and Sussman [124], is often referred to as nogood or constraint recording.

As an example of a nogood, consider the 6-queens problem. Theset of assignments
{x1 = 2, x2 = 5, x3 = 3} is a nogood since it is not contained in any solution (see the
backtracking tree shown in Figure 4.1 where the node 253 is the root of a failed subtree).
To rule out the nogood, the implied constraint¬(x1 = 2 ∧ x2 = 5 ∧ x3 = 3) could be
recorded, which is justx1 6= 2 ∨ x2 6= 5 ∨ x3 6= 3 in clause form.

The recorded constraints can be checked and propagated justlike the original con-
straints. In particular, since nogoods correspond to constraints which are clauses, forward
checking is an appropriate form of constraint propagation.As well, nogoods can be used
for backjumping (see Section 4.5). Nogood recording—or discovering and recording im-
plied constraints during the search—can be viewed as an adaptation of the well-known
technique of adding caching (sometimes called memoization) to backtracking search. The
idea is to cache solutions to subproblems and reuse the solutions instead of recomputing
them.

The constraints that are added through nogood recording could, in theory, have been
ruled outa priori using a constraint propagation algorithm. However, while constraint
propagation algorithms which add implied unary constraints are especially important, the

3Most previous work on nogood recording implicitly assumes that the backtracking algorithm is performing
d-way branching (only adding branching constraints which are assignments) and drops the phrase “and branching
constraints” from the definition. The generalized definition and descriptions used in this section are inspired by
the work of Rochart, Jussien, and Laburthe [113].
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algorithms which add higher arity constraints often add toomany implied constraints that
are not useful and the computational cost is not repaid by a faster search.

4.4.1 Discovering Nogoods

Stallman and Sussman’s [124] original account of discovering nogoods is embedded in
a rule-based programming language and is descriptive and informal. Bruynooghe [22]
informally adapts the idea to backtracking search on CSPs. Dechter [33] provides the first
formal account of discovering and recording nogoods. Dechter [34] shows how to discover
nogoods using the static structure of the CSP.

Prosser [108], Ginsberg [54], and Schiex and Verfaillie [118] all independently give
accounts of how to discover nogoods dynamically during the search. The following def-
inition captures the essence of these proposals. The definition is for the case where the
backtracking algorithm does not perform any constraint propagation. (The reason for the
adjective “jumpback” is explained in Section 4.5.) Recall that associated with each node
in the search tree is the set of branching constraints postedalong the path to the node. For
d-way branching, the branching constraints are of the formx = a, for some variablex and
valuea; for 2-way branching, the branching constraints are of the formx = a andx 6= a;
and for domain splitting, the branching constraints are of the formx ≤ a andx > a.

Definition 4.5 (jumpback nogood). Letp = {b1, . . . , bj} be a deadend node in the search
tree, wherebi, 1 ≤ i ≤ j, is the branching constraint posted at leveli in the search tree.
Thejumpback nogoodfor p, denotedJ(p), is defined recursively as follows.

1. p is a leaf node. LetC be a constraint that is not consistent withp (one must exist);

J(p) = {bi | vars(bi) ∩ vars(C) 6= ∅, 1 ≤ i ≤ j}.

2. p is not a leaf node. Let{b1j+1, . . . , b
k
j+1} be all the possible extensions ofp at-

tempted by the branching strategy, each of which has failed;

J(p) =

k
⋃

i=1

(J(p ∪ {bij+1})− {bij+1}).

As an example of applying the definition, consider the jumpback nogood for the node
25314 shown in Figure 4.1. The set of branching constraints associated with this node is
p = {x1 = 2, x2 = 5, x3 = 3, x4 = 1, x5 = 4}. The backtracking algorithm branches on
x6, but all attempts to extendp fail. The jumpback nogood is given by,

J(p) = (J(p ∪ {x6 = 1})− {x6 = 1}) ∪ · · · ∪ (J(p ∪ {x6 = 6})− {x6 = 6}),
= {x2 = 5} ∪ · · · ∪ {x3 = 3},
= {x1 = 2, x2 = 5, x3 = 3, x5 = 4}.

Notice that the order in which the constraints are checked orpropagated directly influences
which nogood is discovered. In applying the above definition, I have chosen to check the
constraints in increasing lexicographic order. For example, for the leaf nodep∪{x6 = 1},
bothC(x2, x6) andC(x4, x6) fail—i.e., both the queen atx2 and the queen atx4 attack
the queen atx6—and I have chosenC(x2, x6).
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The discussion so far has focused on the simpler case where the backtracking algo-
rithm does not perform any constraint propagation. Severalauthors have contributed to
our understanding of how to discover nogoods when the backtracking algorithm does use
constraint propagation. Rosiers and Bruynooghe [114] givean informal description of
combining forward checking and nogood recording. Schiex and Verfaillie [118] provide
the first formal account of nogood recording within an algorithm that performs forward
checking. Prosser’s FC-CBJ [108] and MAC-CBJ [109] can be viewed as discovering
jumpback nogoods (see Section 4.5.1). Jussien, Debruyne, and Boizumault [75] give an
algorithm that combines nogood recording with arc consistency propagation on non-binary
constraints. The following discussion captures the essence of these proposals. The key idea
is to modify the constraint propagation algorithms so that,for each value that is removed
from the domain of some variable, an eliminating explanation is recorded.

Definition 4.6 (eliminating explanation). Let p = {b1, . . . , bj} be a node in the search
tree and leta ∈ dom(x) be a value that is removed from the domain of a variablex by
constraint propagation at nodep. Aneliminating explanationfor a, denotedexpl(x 6= a),
is a subset (not necessarily proper) ofp such thatexpl(x 6= a) ∪ {x = a} is a nogood.

The intention behind the definition is thatexpl(x 6= a) is sufficient to account for the
removal ofa. As an example, consider the board in Figure 4.2a which showsthe result of
arc consistency propagation. At the nodep = {x1 = 2, x2 = 5}, the value 1 is removed
from dom(x6). An eliminating explanation for this value isexpl(x6 6= 1) = {x2 = 5},
since{x2 = 5, x6 = 1} is a nogood. An eliminating explanation can be viewed as the
left-hand side of an implication which rules out the stated value. For example, the implied
constraint to rule out the nogood{x2 = 5, x6 = 1} is ¬(x2 = 5 ∧ x6 = 1), which can be
rewritten as(x2 = 5)⇒ (x6 6= 1). Similarly, expl(x6 6= 3) = {x1 = 2, x2 = 5} and the
corresponding implied constraint can be written as(x1 = 2 ∧ x2 = 5)⇒ (x6 6= 3).

One possible method for constructing eliminating explanations for arc consistency
propagation is as follows. Initially at a node, a branching constraintbj is posted and arc
consistency is enforced onbj. For each valuea removed from the domain of a variable
x ∈ vars(bj), expl(x 6= a) is set to{bj}. Next constraint propagation iterates through the
constraints re-establishing arc consistency. Consider a valuea removed from the domain
of a variablex during this phase of constraint propagation. We must recordan explana-
tion that accounts for the removal ofa; i.e., the reason thata does not have a support in
some constraintC. For each valueb of a variabley ∈ vars(C) which could have been
used to form a support fora ∈ dom(x) in C but has been removed from its domain,
add the eliminating explanation fory 6= b to the eliminating explanation forx 6= a; i.e.
expl(x 6= a) ← expl(x 6= a) ∪ expl(y 6= b). In the special case of arc consistency prop-
agation called forward checking, it can be seen that the eliminating explanation is just the
variable assignments of the instantiated variables inC.

The jumpback nogood in the case where the backtracking algorithm performs con-
straint propagation can now be defined as follows.

Definition 4.7 (jumpback nogood with constraint propagation). Let p = {b1, . . . , bj} be
a deadend node in the search tree. Thejumpback nogoodfor p, denotedJ(p), is defined
recursively as follows.
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1. p is a leaf node. Letx be a variable whose domain has become empty (one must
exist), wheredom(x) is the original domain ofx;

J(p) =
⋃

a∈dom(x)

expl(x 6= a).

2. p is not a leaf node. Same as Definition 4.5.

Note that the jumpback nogoods are not guaranteed to be the minimal nogood or the
“best” nogood that could be discovered, even if the nogoods are locally minimal at leaf
nodes. For example, Bacchus [1] shows that the jumpback nogood for forward checking
may not give the best backjump point and provides a method forimproving the nogood.
Katsirelos and Bacchus [77] show how to discovergeneralizednogoods during search
using either FC-CBJ or MAC-CBJ. Standard nogoods are of the form {x1 = a1 ∧ · · · ∧
xk = ak}; i.e., each element is of the formxi = ai. Generalized nogoods also allow
conjuncts of the formxi 6= ai. When standard nogoods are propagated, a variable can
only have a value pruned from its domain. For example, consider the standard nogood
clausex1 6= 2 ∨ x2 6= 5 ∨ x3 6= 3. If the backtracking algorithm at some point makes the
assignmentsx1 = 2 andx2 = 5, the value 3 can be removed from the domain of variable
x3. Only indirectly, in the case where all but one of the values have been pruned from the
domain of a variable, can propagating nogoods cause the value of a variable to be forced;
i.e., cause an assignment of a value to a variable. With generalized nogoods, the value of a
variable can also be forced directly which may lead to additional propagation.

Marques-Silva and Sakallah [92] show that in SAT, the effects of Boolean constraint
propagation (BCP or unit propagation) can be captured by an implication graph. An impli-
cation graph is a directed acyclic graph where the vertices represent variable assignments
and directed edges give the reasons for an assignment. A vertex is either positive (the vari-
able is assigned true) or negative (the variable is assignedfalse). Decision variables and
variables which appear as unit clauses in the original formula have no incoming edges;
other vertices that are assigned as a result of BCP have incoming edges from vertices that
caused the assignment. A contradiction occurs if a variableoccurs both positively and neg-
atively. Zhang et al. [139] show that in this scheme, the different cuts in the implication
graph which separate all the decision vertices from the contradiction correspond to the dif-
ferent nogoods that can be learned from a contradiction. Zhang et al. show that some types
of cuts lead to much smaller and more powerful nogoods than others. As well, the nogoods
do not have to include just branching constraints, but can also include assignments that are
forced by BCP. Katsirelos and Bacchus [77] generalize the scheme to CSPs and present
the results of experimentation with some of the different clause learning schemes.

So far, the discussion on discovering nogoods has focused onmethods that are tightly
integrated with the search process. Other methods for discovering nogoods have also been
proposed. For example, many CSPs contain symmetry and taking into account the sym-
metry can improve the search for a solution. Freuder and Wallace [43] observe that a
symmetry mapping applied to a nogood gives another nogood which may prune additional
parts of the search space. For example, the 6-queens problemis symmetric about the hori-
zontal axis and applying this symmetry mapping to the nogood{x1 = 2, x2 = 5, x3 = 3}
gives the new nogood{x1 = 5, x2 = 2, x3 = 4}.

Junker [74] shows how nogood discovery can be treated as a separate module, indepen-
dent of the search algorithm. Given a set of constraints thatare known to be inconsistent,
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Junker gives an algorithm for finding a small subset of the constraints that is sufficient
to explain the inconsistency. The algorithm can make use of constraint propagation tech-
niques, independently of those enforced in the backtracking algorithm, but does not re-
quire modifications to the constraint propagation algorithms. As an example, consider the
backtracking tree shown in Figure 4.1. Suppose that the backtracking algorithm discovers
that node 253 is a deadend. The set of branching constraints associated with this node is
{x1 = 2, x2 = 5, x3 = 3} and this set is therefore a nogood. Recording this nogood
would not be useful. However, the subsets{x1 = 2, x2 = 5}, {x1 = 2, x3 = 3}, and
{x2 = 5, x3 = 3} are also nogoods. All can be discovered using arc consistency prop-
agation. Further, the subsets{x2 = 5} and{x3 = 3} are also nogoods. These are not
discoverable using just arc consistency propagation, but are discoverable using a higher
level of local consistency. Clearly, everything else beingequal, smaller nogoods will lead
to more pruning. On CSPs that are more difficult to solve, the extra work involved in
discovering these smaller nogoods may result in an overall reduction in search time.

While nogood recording is now standard in SAT solvers, it is currently not widely used
for solving general CSPs. Perhaps the main reason is the presence of global constraints in
many CSP models and the fact that some form of arc consistencyis often maintained on
these constraints. If global constraints are treated as a black box, standard methods for de-
termining nogoods quickly lead to saturated nogoods where all or almost all the variables
are in the nogood. Saturated nogoods are of little use for either recording or for back-
jumping. The solution is to more carefully construct eliminating explanations based on
the semantics of each global constraint. Katsirelos and Bacchus [77] present preliminary
work on learning small generalized nogoods from arc consistency propagation on global
constraints. Rochart, Jussien, and Laburthe [113] show howto construct explanations for
two important global constraints: the all-different and stretch constraints.

4.4.2 Nogood Database Management

An important problem that arises in nogood recording is the cost of updating and querying
the database of nogoods. Stallman and Sussman [124] proposerecording a nogood at each
deadend in the search. However, if the database becomes too large and too expensive to
query, the search reduction that it entails may not be beneficial overall. One method for
reducing the cost is to restrict the size of the database by including only those nogoods that
are most likely to be useful. Two schemes have been proposed:one restricts the nogoods
that are recorded in the first place and the other restricts the nogoods that are kept over
time.

Dechter [33, 34] proposesith-order size-bounded nogood recording. In this scheme
a nogood is recorded only if it contains at mosti variables. Important special cases are
0-order, where the nogoods are used to determine the backjump point (see Section 4.5)
but are not recorded; and 1-order and 2-order, where the nogoods recorded are a subset of
those that would be enforced by arc consistency and path consistency propagation, respec-
tively. Early experiments on size-bounded nogood recording were limited to 0-, 1-, and
2-order, since these could be accommodated without moving beyond binary constraints.
Dechter [33, 34] shows that 2-order was the best choice and significantly improves BJ
on the Zebra problem. Schiex and Verfaillie [118] show that 2-order was the best choice
and significantly improves CBJ and FC-CBJ on the Zebra and random binary problems.
Frost and Dechter [44] describe the first non-binary implementation of nogood recording
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and compare CBJ with and without unrestricted nogood recording and 2-, 3-, and 4-order
size-bounded nogood recording. In experiments on random binary problems, they found
that neither unrestricted nor size-bounded dominated, butadding either method of nogood
recording led to significant improvements overall.

In contrast to restricting the nogoods that are recorded, Ginsberg [54] proposes to
record all nogoods but then delete nogoods that are deemed tobe no longer relevant. As-
sume ad-way branching strategy, where all branching constraints are an assignment of a
value to a variable, and recall that nogoods can be written inthe form,

((x1 = a1) ∧ · · · ∧ (xk−1 = ak−1))⇒ (xk 6= ak).

Ginsberg’s dynamic backtracking algorithm (DBT) always puts the variable that has most
recently been assigned a value on the right-hand side of the implication and only keeps
nogoods whose left-hand sides are currently true (see Table4.1). A nogood is consid-
ered irrelevant and deleted once the left-hand side of the implication contains more than
one variable-value pair that does not appear in the current set of assignments. When all
branching constraints are of the formx = a, for some variablex and valuea, DBT can be
implemented usingO(n2d) space, wheren is the number of variables andd is the size of
the domains. The data structure maintains a nogood for each variable and value pair and
each nogood isO(n) in length.

Bayardo and Miranker [10] generalize Ginsberg’s proposal to ith-order relevance-
bounded nogood recording. In their scheme a nogood is deleted once it contains more
than i variable-value pairs that do not appear in the current set ofassignments. Subse-
quent experiments compared unrestricted, size-bounded, and relevance-bounded nogood
recording. All came to the conclusion that unrestricted nogood recording was too expen-
sive, but differed on whether size-bounded or relevance-bounded was better. Baker [7], in
experiments on random binary problems, concludes that CBJ with 2-order size-bounded
nogood recording is the best tradeoff. Bayardo and Schrag [11, 12], in experiments on a
variety of real-world and random SAT instances, conclude that DPLL-CBJ with 4-order
relevance-bounded nogood recording is best overall. Marques-Silva and Sakallah [92], in
experiments on real-world SAT instances, conclude that DPLL-CBJ with 20-order size-
bounded nogood recording is the winner.

Beyond restricting the size of the database, additional techniques have been proposed
for reducing the cost of updating and querying the database.One of the most important of
these is “watch” literals [103]. Given a set of assignments,the nogood database must tell
the backtracking search algorithm whether any nogood is contradicted and whether any
value can be pruned from the domain of a variable. Watch literals are a data structure for
greatly reducing the number of nogoods that must be examinedto answer these queries
and reducing the cost of examining large nogoods.

With the discovery of the watch literals data structure, it was found that recording
very large nogoods could lead to remarkable reductions in search time. Moskewicz et
al. [103] show that 100- and 200-order relevance-bounded nogood recording with watch
literals, along with restarts and a variable ordering basedon the recorded nogoods, was
significantly faster than DPLL-CBJ alone on large real-world SAT instances. Katsirelos
and Bacchus [77] show that unrestricted generalized nogoodrecording with watch literals
was significantly faster than MAC and MAC-CBJ alone on a variety of CSP instances from
planning, crossword puzzles, and scheduling.
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4.5 Non-Chronological Backtracking

Upon discovering a deadend, a backtracking algorithm must retract some previously posted
branching constraint. In the standard form of backtracking, called chronological backtrack-
ing, only the most recently posted branching constraint is retracted. However, backtracking
chronologically may not address the reason for the deadend.In non-chronological back-
tracking, the algorithm backtracks to and retracts the closest branching constraint which
bears some responsibility for the deadend. Following Gaschnig [48], I refer to this process
asbackjumping4.

Non-chronological backtracking algorithms can be described as a combination of (i) a
strategy for discovering and using nogoods for backjumping, and (ii) a strategy for deleting
nogoods from the nogood database.

4.5.1 Backjumping

Stallman and Sussman [124] were the first to informally propose a non-chronologicalback-
tracking algorithm—called dependency-directed backtracking—that discovered and main-
tained nogoods in order to backjump. Informal descriptionsof backjumping are also given
by Bruynooghe [22] and Rosiers and Bruynooghe [114]. The first explicit backjumping
algorithm was given by Gaschnig [48]. Gaschnig’s backjumping algorithm (BJ) [48] is
similar to BT, except that it backjumps from deadends. However, BJ only backjumps from
a deadend node when all the branches out of the node are leaves; otherwise it chrono-
logically backtracks. Dechter [34] proposes a graph-basedbackjumping algorithm which
computes the backjump points based on the static structure of the CSP. The idea is to jump
back to the most recent variable that shares a constraint with the deadend variable. The
algorithm was the first to also jump back at internal deadends.

Prosser [108] proposes the conflict-directed backjumping algorithm (CBJ), a general-
ization of Gaschnig’s BJ to also backjump from internal deadends. Equivalent algorithms
were independently proposed and formalized by Schiex and Verfaillie [118] and Ginsberg
[54]. Each of these algorithms uses a variation of the jumpback nogood (Definition 4.5)
to decide where to safely backjump to in the search tree from adeadend. Suppose that
the backtracking algorithm has discovered a non-leaf deadend p = {b1, . . . , bj} in the
search tree. The algorithm must backtrack by retracting some branching constraint fromp.
Chronological backtracking would choosebj. Let J(p) ⊆ p be the jumpback nogood for
p. Backjumping chooses the largesti, 1 ≤ i ≤ j, such thatbi ∈ J(p). This is the back-
jump point. The algorithm jumps back in the search tree and retractsbi, at the same time
retracting any branching constraints that were posted after bi and deleting any nogoods that
were recorded afterbi.

As examples of applying CBJ and BJ, consider the backtracking tree shown in Fig-
ure 4.1. The light-shaded part of the tree contains nodes that are skipped by Conflict-
Directed Backjumping (CBJ). The algorithm discovers a deadend after failing to extend
node 25314. As shown earlier, the jumpback nogood associated with this node is{x1 =
2, x2 = 5, x3 = 3, x5 = 4}. CBJ backtracks to and retracts the most recently posted
branching constraint, which isx5 = 4. No nodes are skipped at this point. The remaining

4Backjumping is also referred to as intelligent backtracking and dependency-directed backtracking in the
literature.
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two values forx5 also fail. The algorithm has now discovered that 2531 is a deadend node
and, because a jumpback nogood has been determined for each branch, the jumpback no-
good of 2531 is easily found to be{x1 = 2, x2 = 5, x3 = 3}. CBJ backjumps to retract
x3 = 3 skipping the rest of the subtree. The backjump is represented by a dashed arrow.
In contrast to CBJ, BJ only backjumps from deadends when all branches out of the dead-
end are leaves. The dark-shaded part of the tree contains twonodes that are skipped by
Backjumping (BJ). Again, the backjump is represented by a dashed arrow.

In the same way as for dynamic backtracking (DBT), when all branching constraints
are of the formx = a, for some variablex and valuea, CBJ can be implemented using
O(n2d) space, wheren is the number of variables andd is the size of the domains. The
data structure maintains a nogood for each variable and value pair and each nogood is
O(n) in length. However, since CBJ only uses the recorded nogoodsfor backjumping and
constraints corresponding to the nogoods are never checkedor propagated, it is not neces-
sary to actually store a nogood for each value. A simplerO(n2) data structure, sometimes
called a conflict set, suffices. The conflict set stores, for each variable, the union of the
nogoods for each value of the variable.

CBJ has also been combined with constraint propagation. Thebasic backjumping
mechanism is the same for all algorithms that perform non-chronological backtracking,
no matter what level of constraint propagation is performed. The main difference lies in
how the jumpback nogood is constructed (see Section 4.4.1 and Definition 4.7). Prosser
[108] proposes FC-CBJ, an algorithm that combines forward checking constraint propa-
gation and conflict-directed backjumping. An equivalent algorithm as independently pro-
posed and formalized by Schiex and Verfaillie [118]. An informal description of an al-
gorithm that combines forward checking and backjumping is also given by Rosiers and
Bruynooghe [114]. Prosser [109] proposes MAC-CBJ, an algorithm that combines main-
taining arc consistency and conflict-directed backjumping. As specified, the algorithm only
handles binary constraints. Chen [25] generalizes the algorithm to non-binary constraints.

Many experiments studies on conflict-directed backjumpinghave been reported in the
literature. Many of these are summarized in Section 4.10.1.

4.5.2 Partial Order Backtracking

In chronological backtracking and conflict-directed backjumping, it is assumed that the
branching constraints at a nodep = {b1, . . . , bj} in the search tree are totally ordered. The
total ordering is the order in which the branching constraints were posted by the algorithm.
Chronological backtracking then always retractsbj, the last branching constraint in the
ordering, and backjumping chooses the largesti, 1 ≤ i ≤ j, such thatbi is in the jumpback
nogood.

Bruynooghe [22] notes that this is not a necessary assumption and proposes partial
order backtracking. In partial ordering backtracking the branching constraints are consid-
ered initially unordered and a partial order is induced uponjumping back from deadends.
Assume ad-way branching strategy, where all branching constraints are an assignment of
a value to a variable. When jumping back from a deadend, an assignmentx = a must
be chosen from the jumpback nogood and retracted. Bruynooghe notes that backjumping
must respect the current partial order, and proposes choosinganyassignment that is maxi-
mal in the partial order. Upon making this choice and backjumping, the partial order must
now be further restricted. Recall that a nogood{x1 = a1, . . . , xk = ak} can be written in



102 4. Backtracking Search Algorithms

the form((x1 = a1)∧· · ·∧ (xk−1 = ak−1))⇒ (xk 6= ak). The assignmentx = a chosen
to be retracted must now appear on the right-hand side of any nogoods in which it appears.
Adding an implication restricts the partial order as the assignments on the left-hand side
of the implication must come before the assignment on the right-hand side. And if the re-
tracted assignmentx = a appears on the left-hand side in any implication, that implication
is deleted and the value on the right-hand side is restored toits domain. Deleting an im-
plication relaxes the partial order. Rosiers and Bruynooghe [114] show, in experiments on
hard (non-binary) word sum problems, that their partial order backtracking algorithm was
the best choice over algorithms that did forward checking, backjumping, or a combination
of forward checking and backjumping. However, Baker [7] gives an example (the example
is credited to Ginsberg) showing that, because in Bruynooghe’s schemeany assignment
that is maximal in the partial order can be chosen, it is possible for the algorithm to cycle
and never terminate.

Ginsberg proposes [54] the dynamic backtracking algorithm(DBT, see Table 4.1).
DBT can be viewed as a formalization and correction of Bruynooghe’s scheme for partial
order backtracking. To guarantee termination, DBT always chooses from the jumpback no-
good the most recently posted assignment and puts this assignment on the right-hand side
of the implication. Thus, DBT maintains a total order over the assignments in the jump-
back nogood and a partial order over the assignments not in the jumpback nogood. As a
result, given the same jumpback nogood, the backjump point for DBT would be the same
as for CBJ. However, in contrast to CBJ which upon backjumping retracts any nogoods
that were posted after the backjump point, DBT retains thesenogoods (see Section 4.4.2
for further discussion of the nogood retention strategy used in DBT). Ginsberg [54] shows,
in experiments which used crossword puzzles as a test bed, that DBT can solve more prob-
lems within a fixed time limit than a backjumping algorithm. However, Baker [7] shows
that relevance-bounded nogood recording, as used in DBT, can interact negatively with a
dynamic variable ordering heuristic. As a result, DBT can also degrade performance—by
an exponential amount—over an algorithm that does not retain nogoods such as CBJ.

Dynamic backtracking (DBT) has also been combined with constraint propagation.
Jussien, Debruyne, and Boizumault [75] show how to integrate DBT with forward check-
ing and maintaining arc consistency, to give FC-DBT and MAC-DBT, respectively. As
with adding constraint propagation to CBJ, the main difference lies in how the jumpback
nogood is constructed (see Section 4.4.1 and Definition 4.7). However, because of the re-
tention of nogoods, there is an additional complexity when adding constraint propagation
to DBT that is not present in CBJ. Consider a value in the domain of a variable that has
been removed but its eliminating explanation is now irrelevant. The value cannot just be
restored, as there may exist another relevant explanation for the deleted value; i.e., there
may exist several ways of removing a value through constraint propagation.

Ginsberg and McAllester [56] propose an algorithm called partial order dynamic back-
tracking (PBT). PBT offers more freedom than DBT in the selection of the assignment
from the jumpback nogood to put on the right-hand side of the implication, while still
giving a guarantee of correctness and termination. In Ginsberg’s DBT and Bruynooghe’s
partial order algorithm, deleting an implication relaxes the partial order. In PBT, the idea
is to retain some of the partial ordering information from these deleted implications. Now,
choosing any assignment that is maximal in the partial orderis correct. Bliek [18] shows
that PBT is not a generalization of DBT and gives an algorithmthat does generalize both
PBT and DBT. To date, no systematic evaluation of either PBT or Bliek’s generalization
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have been reported, and no integration with constraint propagation has been reported.

4.6 Heuristics for Backtracking Algorithms

When solving a CSP using backtracking search, a sequence of decisions must be made
as to which variable to branch on or instantiate next and which value to give to the vari-
able. These decisions are referred to as the variable and thevalue ordering. It has been
shown that for many problems, the choice of variable and value ordering can be crucial to
effectively solving the problem (e.g., [5, 50, 55, 63]).

A variable or value ordering can be either static, where the ordering is fixed and de-
termined prior to search, or dynamic, where the ordering is determined as the search pro-
gresses. Dynamic variable orderings have received much attention in the literature. They
were proposed as early as 1965 [57] and it is now well-understood how to incorporate a
dynamic ordering into an arbitrary tree-search algorithm [5].

Given a CSP and a backtracking search algorithm, a variable or value ordering is said
to beoptimal if the ordering results in a search that visits the fewest number of nodes
over all possible orderings when finding one solution or showing that there does not exist
a solution. (Note that I could as well have used some other abstract measure such as the
amount of work done at each node, rather than nodes visited, but this would not change
the fundamental results.) Not surprisingly, finding optimal orderings is a computationally
difficult task. Liberatore [87] shows that simply deciding whether a variable is the first
variable in an optimal variable ordering is at least as hard as deciding whether the CSP
has a solution. Finding an optimal value ordering is also clearly at least as hard since, if
a solution exists, an optimal value ordering could be used toefficiently find a solution.
Little is known about how to find optimal orderings or how to construct polynomial-time
approximation algorithms—algorithms which return an ordering which is guaranteed to
be near-optimal (but see [70, 85]). The field of constraint programming has so far mainly
focused on heuristics which have no formal guarantees.

Heuristics can be either application-independent, where only generic features common
to all CSPs are used, or application-dependent. In this survey, I focus on application-
independent heuristics. Such heuristics have been quite successful and can provide a good
starting point when designing heuristics for a new application. The heuristics I present
leave unspecified which variable or value to choose in the case of ties and the result is im-
plementation dependent. These heuristics can often be dramatically improved by adding
additional features for breaking ties. However, there is noone best variable or value order-
ing heuristic and there will remain problems where these application-independent heuris-
tics do not work well enough and a new heuristic must be designed.

Given that a new heuristic is to be designed, several alternatives present themselves.
The heuristic can, of course, be hand-crafted either using application-independent features
(see [36] for a summary of many features from which to construct heuristics) or using
application-dependent features. As one example of the latter, Smith and Cheng [122] show
how an effective heuristic can be designed for job shop scheduling given deep knowledge
of job shop scheduling, the CSP model, and the search algorithm. However, such a combi-
nation of expertise can be scarce.

An alternative to hand-crafting a heuristic is to automatically adapt or learn a heuristic.
Minton [98] presents a system which automatically specializes generic variable and value
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ordering heuristics from a library to an application. Epstein et al. [36] present a system
which learns variable and value ordering heuristics from previous search experience on
problems from an application. The heuristics are combinations from a rich set of primitive
features. Bain, Thornton, and Sattar [6] show how to learn variable ordering heuristics for
optimization problems using evolutionary algorithms.

As a final alternative, if only relatively weak heuristics can be discovered for a problem,
it has been shown that the technique of randomization and restarts can boost the perfor-
mance of problem solving (see Section 4.7). Cicirello and Smith [27] discuss alternative
methods for adding randomization to heuristics and the effect on search efficiency. Hulubei
and O’Sullivan [70] study the relationship between the strength of the variable and value
ordering heuristics and the need for restarts.

4.6.1 Variable Ordering Heuristics

Suppose that the backtracking search is attempting to extend a nodep. The task of the
variable ordering heuristic is to choose the next variablex to be branched on.

Many variable ordering heuristics have been proposed and evaluated in the literature.
These heuristics can, with some omissions, be classified into two categories: heuristics that
are based primarily on the domain sizes of the variables and heuristics that are based on
the structure of the CSP.

Variable ordering heuristics based on domain size

When solving a CSP using backtracking search interleaved with constraint propagation,
the domains of the unassigned variables are pruned using theconstraints and the current
set of branching constraints. Many of the most important variable ordering heuristics are
based on the current domain sizes of the unassigned variables.

Definition 4.8 (remaining values). Let rem(x | p) be the number of values that remain in
the domain of variablex after constraint propagation, given a set of branching constraints
p.

Golomb and Baumert [57] were the first to propose a dynamic ordering heuristic based
on choosing the variable with the smallest number of values remaining in its domain. The
heuristic, hereafter denoteddom, is to choose the variablex that minimizes,

rem(x | p),

wherex ranges over all unassigned variables. Of course, the heuristic makes sense no
matter what level of constraint propagation is being performed during the search. In the
case of algorithms that do not perform constraint propagation but only check constraints
which have all their variables instantiated, definerem(x | p) to contain only the values
which satisfy all the relevant constraints. Given that our backtracking search algorithm is
performing constraint propagation, which in practice it will be, thedom heuristic can be
computed very efficiently. Thedom heuristic was popularized by Haralick and Elliott [63],
who showed thatdom with the forward checking algorithm was an effective combination.
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Much effort has gone into understanding this simple but effective heuristic. Intrigu-
ingly, Golomb and Baumert [57], when first proposingdom, state that from an information-
theoretic point of view, it can be shown that on average choosing the variable with the
smallest domain size is more efficient, but no further elaboration is provided. Haralick and
Elliott [63] show analytically thatdom minimizes the depth of the search tree, assuming
a simplistic probabilistic model of a CSP and assuming that we are searching for all so-
lutions using a forward checking algorithm. Nudel [105], shows thatdom is optimal (it
minimizes the number of nodes in the search tree) again assuming forward checking but
using a slightly more refined probabilistic model. Gent et al. [52] propose a measure called
kappa whose intent is to capture “constrainedness” and whatit means to choose the most
constrained variable first. They show thatdom (anddom+deg, see below) can be viewed
as an approximation of this measure.

Hooker [66], in an influential paper, argues for the scientific testing of heuristics—as
opposed to competitive testing—through the construction of empirical models designed to
support or refute the intuition behind a heuristic. Hooker and Vinay [67] apply the method-
ology to the study of the Jeroslow-Wang heuristic, a variable ordering heuristic for SAT.
Surprisingly, they find that the standard intuition, that “a[heuristic] performs better when
it creates subproblems that are more likely to be satisfiable,” is refuted whereas a newly
developed intuition, that “a [heuristic] works better whenit creates simpler subproblems,”
is confirmed. Smith and Grant [120] apply the methodology to the study ofdom. Haralick
and Elliott [63] proposed an intuition behind the heuristiccalled the fail-first principle: “to
succeed, try first where you are most likely to fail”. Surprisingly, Smith and Grant find that
if one equates the fail-first principle with minimizing the depth of the search tree, as Har-
alick and Elliott did, the principle is refuted. In follow onwork, Beck et al. [14] find that if
one equates the fail-first principle with minimizing the number of nodes in the search tree,
as Nadel did, the principle is confirmed. Wallace [132], using a factor analysis, finds two
basic factors behind the variation in search efficiency due to variable ordering heuristics:
immediate failure and future failure.

In addition to the effort that has gone into understandingdom, much effort has gone
into improving it. Brélaz [20], in the context of graph coloring, proposes a now widely
used generalization ofdom. Let the degree of an unassigned variablex be the number
of constraints which involvex and at least one other unassigned variable. The heuristic,
hereafter denoteddom+deg, is to choose the variable with the smallest number of values
remaining in its domain and to break any ties by choosing the variable with the highest
degree. Note that the degree information is dynamic and is updated as variables are instan-
tiated. A static version, where the degree information is only computed prior to search, is
also used in practice.

Bessière and Régin [17] propose another generalization of dom. The heuristic, here-
after denoteddom/deg, is to divide the domain size of a variable by the degree of the
variable and to choose the variable which has the minimal value. The heuristic is shown to
work well on random problems. Boussemart et al. [19] proposeto divide by the weighted
degree, hereafter denoteddom/wdeg. A weight, initially set to one, is associated with
each constraint. Every time a constraint is responsible fora deadend, the associated weight
is incremented. The weighted degree is the sum of the weightsof the constraints which
involvex and at least one other unassigned variable. Thedom/wdeg heuristic is shown to
work well on a variety of problems. As an interesting aside, it has also been shown empir-
ically that arc consistency propagation plus thedom/deg or thedom/wdeg heuristic can
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reduce or remove the need for backjumping on some problems [17, 84].
Gent et al. [50] propose choosing the variablex that minimizes,

rem(x | p)
∏

C

(1− tC),

whereC ranges over all constraints which involvex and at least one other unassigned vari-
able andtC is the fraction of assignments which do not satisfy the constraintC. They also
propose other heuristics which contain the product term in the above equation. A limitation
of all these heuristics is the requirement of an updated estimate oftC for each constraint
C as the search progresses. This is clearly costly, but also problematic for intensionally
represented constraints and non-binary constraints. As well, the product term implicitly
assumes that the probability a constraint fails is independent, an assumption that may not
hold in practice.

Brown and Purdom [21] propose choosing the variablex that minimizes,

rem(x | p) + min
y 6=x







∑

a∈rem(x|p)

rem(y | p ∪ {x = a})







,

wherey ranges over all unassigned variables. The principle behindthe heuristic is to pick
the variablex that is the root of the smallest 2-level subtree. Brown and Purdom show that
the heuristic works better thandom on random SAT problems as the problems get larger.
However, the heuristic has yet to be thoroughly evaluated onhard SAT problems or general
CSPs.

Geelen [49] proposes choosing the variablex that minimizes,
∑

a∈dom(x)

∏

y

rem(y | p ∪ {x = a}),

wherey ranges over all unassigned variables. The product term can be viewed as an upper
bound on the number of solutions given a valuea for x, and the principle behind the
heuristic is said to be to choose the most “constrained” variable. Geelen shows that the
heuristic works well on then-queens problem when the level of constraint propagation
used is forward checking. Refalo [111] proposes a similar heuristic and shows that it is
much better thandom-based heuristics on multi-knapsack and magic square problems.
Although the heuristic is costly to compute, Refalo’s work shows that it can be particularly
useful in choosing the first, or first few variables, in the ordering. Interestingly, Wallace
[132] reports that on random and quasigroup problems, the heuristic does not perform well.

Freeman [38], in the context of SAT, proposes choosing the variablex that minimizes,
∑

a∈dom(x)

∑

y

rem(y | p ∪ {x = a}),

wherey ranges over all unassigned variables. Since this is an expensive heuristic, Free-
man proposes using it primarily when choosing the first few variables in the search. The
principle behind the heuristic is to maximize the amount of propagation and the number of
variables which become instantiated if the variable is chosen, and thus simplify the remain-
ing problem. Although costly to compute, Freeman shows thatthe heuristic works well on
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hard SAT problems when the level of constraint propagation used is unit propagation, the
equivalent of forward checking. Malik et al. [91] show that atruncated version (using just
the first element indom(x)) is very effective in instruction scheduling problems.

Structure-guided variable ordering heuristics

A CSP can be represented as a graph. Such graphical representations form the basis of
structure-guided variable ordering heuristics. Real problems often do contain much struc-
ture and on these problems the advantages of structure-guided heuristics include that struc-
tural parameters can be used to bound the worst-case of a backtracking algorithm and
structural goods and nogoods can be recorded and used to prune large parts of the search
space. Unfortunately, a current limitation of these heuristics is that they can break down in
the presence of global constraints, which are common in practice. A further disadvantage
is that some structure-guided heuristics are either staticor nearly static.

Freuder [40] may have been the first to propose a structure-guided variable ordering
heuristic. Consider the constraint graph where there is a vertex for each variable in the
CSP and there is an edge between two verticesx andy if there exists a constraintC such
that bothx ∈ vars(C) andy ∈ vars(C).

Definition 4.9 (width). Let the vertices in a constraint graph be ordered. The width of an
ordering is the maximum number of edges from any vertexv to vertices prior tov in the
ordering. The width of a constraint graph is the minimum width over all orderings of that
graph.

Consider the static variable ordering corresponding to an ordering of the vertices in the
graph. Freuder [40] shows that the static variable orderingis backtrack-free if the level
of strongk-consistency is greater than the width of the ordering. Clearly, such a variable
ordering is within anO(d) factor of an optimal ordering, whered is the size of the domain.
Freuder [40] also shows that there exists a backtrack-free static variable ordering if the
level of strong consistency is greater than the width of the constraint graph. Freuder [41]
generalizes these results to static variable orderings which guarantee that the number of
nodes visited in the search can be boundeda priori.

Dechter and Pearl [35] propose a variable ordering which first instantiates variables
which cut cycles in the constraint graph. Once all cycles have been cut, the constraint
graph is a tree and can be solved quickly using arc consistency [40]. Sabin and Freuder
[117] refine and test this proposal within an algorithm that maintains arc consistency. They
show that, on random binary problems, a variable ordering that cuts cycles can out perform
dom+deg.

Zabih [136] proposes choosing a static variable ordering with small bandwidth. Let
then vertices in a constraint graph be ordered 1, . . . ,n. The bandwidth of an ordering is
the maximum distance between any two vertices in the ordering that are connected by an
edge. The bandwidth of a constraint graph is the minimum bandwidth over all orderings
of that graph. Intuitively, a small bandwidth ordering willensure that variables that caused
the failure will be close by and thus reduce the need for backjumping. However, there is
currently little empirical evidence that this is an effective heuristic.

A well-known technique in algorithm design on graphs is divide-and-conquer using
graph separators.
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Definition 4.10(separator). A separator of a graph is a subset of the vertices or the edges
which, when removed, separates the graph into disjoint subgraphs.

A graph can be recursively decomposed by successively finding separators of the re-
sulting disjoint subgraphs. Freuder and Quinn [42] proposea variable ordering heuristic
based on a such a recursive decomposition. The idea is that the separators (called cutsets in
[42]) give groups of variables which, once instantiated, decompose the CSP. Freuder and
Quinn also propose a special-purpose backtracking algorithm to correctly use the variable
ordering to get additive behavior rather than multiplicative behavior when solving the inde-
pendent problems. Huang and Darwiche [69] show that the special-purpose backtracking
algorithm is not needed; one can just use CBJ. Because the separators are found prior to
search, the pre-established variable groupings never change during the execution of the
backtracking search. However, Huang and Darwiche note thatwithin these groupings the
variable ordering can be dynamic and any one of the existing variable ordering heuristics
can used. Li and van Beek [86] present several improvements to this divide-and-conquer
approach. So far the divide-and-conquer approach has been shown to be effective on hard
SAT problems [69, 86], but there has as yet been no systematicevaluation of the approach
on general CSP problems.

As two final structure-guided heuristics, Moskewicz et al. [103], in their Chaff solver
for SAT, propose that the choice of variable should be biasedtowards variables that occur
in recently recorded nogoods. Jégou and Terrioux [73] use atree-decomposition of the
constraint graph to guide the variable ordering.

4.6.2 Value Ordering Heuristics

Suppose that the backtracking search is attempting to extend a nodep and the variable
ordering heuristic has chosen variablex to be branched on next. The task of the value
ordering heuristic is to choose the next valuea for x. The principle being followed in the
design of many value ordering heuristics is to choose next the value that is most likely to
succeed or be a part of a solution. Value ordering heuristicshave been proposed which
are based on either estimating the number of solutions or estimating the probability of a
solution, for each choice of valuea for x. Clearly, if we knew either of these properties
exactly, then a perfect value ordering would also be known—simply select a value that
leads to a solution and avoid a value that does not lead to a solution.

Dechter and Pearl [35] propose a static value ordering heuristic based on approximating
the number of solutions to each subproblem. An approximation of the number of solutions
is found by forming a tree relaxation of the problem, where constraints are dropped until
the constraint graph of the CSP can be represented as a tree. Counting all solutions to a
tree-structured CSP is polynomial and thus can be computed exactly. The values are then
ordered by decreasing estimates of the solution counts. Followup work [76, 94, 131] has
focused on generalizing the approach to dynamic value orderings and on improving the
approximation of the number of solutions (the tree relaxation can provide a poor estimate
of the true solution count) by using recent ideas from Bayesian networks. A limitation
of this body of work is that, while it compares the number of solutions, it does not take
into account the size of the subtree that is being branched into or the difficultly or cost of
searching the subtree.
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Ginsberg et al. [55], in experiments which used crossword puzzles as a test bed, propose
the following dynamic value ordering heuristic. To instantiatex, choose the valuea ∈
dom(x) that maximizes theproductof the remaining domain sizes,

∏

y

rem(y | p ∪ {x = a}),

wherey ranges over all unassigned variables. Ginsberg et al. show that the heuristic works
well on crossword puzzles when the level of constraint propagation used is forward check-
ing. Further empirical evidence for the usefulness of this heuristic was provided by Geelen
[49]. Geelen notes that the product gives the number of possible completions of the node
p and these completions can be viewed in two ways. First, assuming that every comple-
tion is equally likely to be a solution, choosing the value that maximizes the product also
maximizes the probability that we are branching into a subproblem that contains a solution.
Second, the completions can be viewed as an upper bound on thenumber of solutions to the
subproblem. Frost and Dechter [46] propose choosing the value that maximizes thesum
of the remaining domain sizes. However, Geelen [49] notes that the product differentiates
much better than summation. In the literature, the product heuristic is sometimes called the
“promise” heuristic and the summation heuristic is sometimes called the “min-conflicts”
heuristic—as it was inspired by a local search heuristic of the same name proposed by

Minton et al. [99].

4.7 Randomization and Restart Strategies

It has been widely observed that backtracking algorithms can be brittle on some instances.
Seemingly small changes to a variable or value ordering heuristic, such as a change in
the ordering of tie-breaking schemes, can lead to great differences in running time. An
explanation for this phenomenon is that ordering heuristics make mistakes. Depending on
the number of mistakes and how early in the search the mistakes are made (and therefore
how costly they may be to correct), there can be a large variability in performance between
different heuristics. A technique called randomization and restarts has been proposed for
taking advantage of this variability.

The technique of randomization and restarts within backtracking search algorithms
goes back at least to the PhD work of Harvey [64]. Harvey foundthat periodically restart-
ing a backtracking search with different variable orderings could eliminate the problem
of “early mistakes”. This observation led Harvey to proposerandomized backtracking
algorithms where on each run of the backtracking algorithm the variable or the value or-
derings are randomized. The backtracking algorithm terminates when either a solution
has been found or the distance that the algorithm has backtracked from a deadend ex-
ceeds some fixed cutoff. In the latter case, the backtrackingalgorithm is restarted and the
search begins anew with different orderings. Harvey shows that this randomize and restart
technique gives improved performance over a deterministicbacktracking algorithm on job
shop scheduling problems. Gomes et al. [60, 61, 62] have donemuch to popularize and ad-
vance the technique through demonstrations of its wide applicability, drawing connections
to closely related work on Las Vegas algorithms, and contributions to our understanding of
when and why restarts help.
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In the rest of this section, I first survey work on the technique itself and then survey
work that addresses the question of when do restarts help. For more on the topic of ran-
domization and restart strategies see, for example, the survey by Gomes [58].

4.7.1 Algorithmic Techniques

The technique of randomization and restarts requires a method of adding randomization
to a deterministic backtracking algorithm and a restart strategy, a schedule or method for
deciding when to restart.

Randomization

Several possible methods of adding randomization to backtracking algorithms have been
proposed in the literature. Harvey [64] proposes randomizing thevariableordering. Gomes
et al. [61, 62] propose randomizing the variable ordering heuristic either by randomized tie
breaking or by ranking the variables using an existing heuristic and then randomly choos-
ing a variable from the set of variables that are within some small factor of the best variable.
They show that restart strategies with randomized variableorderings lead to orders of mag-
nitude improvement on a wide variety of problems including both SAT and CSP versions
of scheduling, planning, and quasigroup completion problems. Cicirello and Smith [27]
discuss alternative methods for adding randomization to heuristics and the effect on search
efficiency. Other alternatives are to choose a variable witha probability that is propor-
tional to the heuristic weight of the variable or to randomlypick from among a suite of
heuristics. One pitfall to be aware of is that the method of adding randomization to the
heuristic must give enough different decisions near the topof the search tree. Harvey [64]
proposes randomizing thevalueordering so that each possible ordering is equally likely.
As well, all the options listed above for randomizing variable orderings are also options
for value orderings. Zhang [138] argues that randomizing a heuristic can weaken it, an
undesirable effect. Prestwich [106] and Zhang [138] propose a random backwards jump in
the search space upon backtracking. Although effective, this has the consequence that the
backtracking algorithm is no longer complete.

Restart strategies

A restart strategyS = (t1, t2, t3, ...) is an infinite sequence where eachti is either a pos-
itive integer or infinity. The idea is that the randomized backtracking algorithm is run for
t1 steps. If no solution is found within that cutoff, the algorithm is run fort2 steps, and so
on. A fixed cutoffstrategy is a strategy where all theti are equal. Various restart strategies
have been proposed.

Luby, Sinclair, and Zuckerman [88] (hereafter just Luby) examine restart strategies in
the more general setting of Las Vegas algorithms. A Las Vegasalgorithm is a randomized
algorithm that always gives the correct answer when it terminates, however the running
time of the algorithm varies from one run to another and can bemodeled as a random
variable. Letf(t) be the probability that a backtracking algorithmA applied to instance
x stops after taking exactlyt steps. LetF (t) be the cumulative distribution function off ;
i.e., the probability thatA stops after takingt or fewer steps.F (t) is sometimes referred
to as the runtime distribution of algorithmA on instancex. The tail probability is the
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probability thatA stops after taking more thant steps; i.e.,1 − F (t), which is sometimes
referred to as the survival function. Luby shows that, givenfull knowledge of the runtime
distribution, the optimal strategy is given bySt∗ = (t∗, t∗, t∗, . . .), for some fixed cutoff
t∗. Of course, the runtime distribution is not known in practice. For the case where there
is no knowledge of the runtime distribution, Luby shows thata universal strategy given
by Su = (1, 1, 2, 1, 1, 2, 4, 1, 1, 2, 1, 1, 2, 4, 8, 1, . . .) is within a log factor of the optimal
strategySt∗ and that this is the best performance that can be achieved up to a constant
factor by any universal strategy. Further, Luby proves that, no matter what the runtime
distribution of the original algorithmA, if we applyA using restart strategySt∗ or Su, the
tail probability of the restart strategy is small as it decays exponentially.

To use a restart strategy in practice, one must decide what counts as a primitive oper-
ation or step in the computation. Several methods have been used in the literature. Har-
vey [64] uses a fixed cutoff strategy which restarts the backtracking algorithm when the
distance that the algorithm has backtracked from a deadend exceeds some fixed cutoff.
Richards [112] restarts at every deadend, but maintains completeness by first recording a
nogood so the deadend is not revisited. Gomes et al. [61] use afixed cutoff strategy that
restarts the backtracking algorithm when the number of backtracks exceeds some fixed cut-
off. Kautz et al. [78, 115] use the number of nodes visited by the backtracking algorithm.
For a fixed cutoff strategy, one must also decide what cutoff to use. So far it appears that
good cutoffs are specific to an instance. Thus one must perform some sort of trial-and-error
search for a good cutoff value. However, van Moorsel and Wolter [130] observe that for
some runtime distributions a wide range of cutoffs perform well. They further observe that
it is often safer to make the cutoff too large rather than too small. For the universal strategy,
one does not need to decide the cutoff. However, it has been reported that the universal
strategy is slow in practice as the sequence increases too slowly (e.g., [61, 78, 115]). Note
that this does not contradict the fact that the universal strategy is within a log factor of
optimal, since this is an asymptotic result and ignores constant factors. However, it may
also be noted that one can scale the universal strategySu = (s, s, 2s, . . .), for some scale
factors, and possibly improve performance while retaining the optimality guarantee.

Walsh [134] proposes a universal strategySg = (1, r, r2, . . .), where the restart values
are geometrically increasing, and shows that values ofr in the range1 < r < 2 work well
on the problems examined. The strategy has the advantage that it increases more quickly
than the universal strategy but avoids the search for a cutoff necessary for a fixed cutoff
strategy. Although it appears to work well in practice, unfortunately the geometric strategy
comes with no formal guarantees for its worst-case performance. It can be shown that the
expected runtime of the geometric strategy can be arbitrarily worse than that of the optimal
strategy.

Kautz et al. [78, 115] (hereafter just Kautz) observe that Luby makes two assumptions
when proving the optimality ofSt∗ that may not hold in practice. The assumptions are (i)
that successive runs of the randomized algorithm are statistically independent and identi-
cally distributed, and (ii) that the only feasible observation or feature is the length of a run.
As an example of where the first assumption may be false, consider the case where the cur-
rent instance is drawn from one of two distributions but we donot know which. The failure
to find a solution in previous runs can change our belief aboutthe runtime distribution of
the current instance. To show that the second assumption maybe false, Kautz shows that
a Bayesian model based on a rich set of features can with sufficient accuracy predict the
runtime of the algorithm on the current instance. Kautz removes these assumptions and
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proposes context-sensitive or dynamic restart strategies. In one set of experiments, Kautz
shows that a dynamic strategy can dobetterthan the static optimal strategySt∗ . The strat-
egy uses a Bayesian model to predict whether a current run of the algorithm will be either
“long” or “short”, and restarts if the prediction is “long”.

Van Moorsel and Wolter [130] consider a case that often arises in practice where a
solution is useful only if it is found within some deadline; i.e., we are given a deadline
c and we may run the restart strategy until a total ofc steps of the algorithm have been
executed. Van Moorsel and Wolter consider restart strategies that maximize the probability
the deadline is met.

4.7.2 When Do Restarts Help?

The question of when and why the technique of randomization and restarts is useful has
been addressed from two angles: For what kinds of runtime distributions are restarts help-
ful and what are the underlying causes for these runtime distributions.

Runtime distributions for which restarts are useful

In the case where restarts are helpful on satisfiable instances, Gomes et al. [61, 62] show
that probability distributions with heavy-tails can be a good fit to the runtime distribu-
tions of backtracking algorithms with randomized heuristics. A heavy-tailed distribution
is one where the tail probability or survival function (see above) decays polynomially;
i.e., there is a significant probability that the backtracking algorithm will run for a long
time. For unsatisfiable instances, Gomes et al. [61] report that in their experiments on
random quasigroup completion problems, heavy-tailed behavior was not found and that
restarts were consequently not helpful on these problems. As an interesting aside, Bap-
tista and Marques-Silva [8] show experimentally that—because of synergy between the
techniques—a backtracking algorithm that incorporates nogood recording can benefit from
randomization and restarts when solving unsatisfiable instances.

Hoos [68] notes that restarts will not only be effective for heavy tails, but that its effec-
tiveness dependssolelyon there existing some point where the cumulative runtime distri-
bution is increasing slower than the exponential distribution. It is at this point, where the
search is stagnating, that a restart would be helpful.

Van Moorsel and Wolter [129] provide necessary and sufficient conditions for restarts
to be helpful. Their work can be seen as a formalization of Hoos’ insight and its exten-
sion from one restart to multiple restarts. LetT be a random variable which models the
runtime of a randomized backtracking algorithm on an instance and letE[T ] be the ex-
pected value ofT . Under the assumption that successive runs of the randomized algorithm
are statistically independent and identically distributed, Van Moorsel and Wolter show that
anynumber of restarts using a fixed cutoff oft steps is better than just letting the algorithm
run to completion if and only if,

E[T ] < E[T − t | T > t]

holds; i.e., if and only if the expected runtime of the algorithm is less than the expected
remaining time to completion given that the algorithm has run for t steps. Van Moorsel and
Wolter also show that if a single restart improves the expected runtime, multiple restarts
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perform even better, and unbounded restarts performs best.For what kinds of distribu-
tions does the above condition hold? Restarts will be most effective (the inequality will
be greatest) for heavy-tailed distributions, where the tail decays polynomially, but Van
Moorsel and Wolter observe that the condition also hold for some distributions where the
tail decays exponentially. For other exponentially decaying distributions, restarting will
be strictly worse than running the algorithm to completion.Zhan [137] shows that this is
not an isolated case and for many problems restarts can be harmful. For pure exponential
distributions, the condition is an equality and restarts will be neither helpful or harmful.

Underlying causes for these runtime distributions

Various theories have been postulated for explaining why restarts are helpful; i.e., why do
runtime distributions arise where restarts are helpful. Itis superficially agreed that an ex-
planation for this phenomenon is that ordering heuristics make mistakes which require the
backtracking algorithm to explore large subtrees with no solutions. However, the theories
differ in what it means for an ordering heuristic to make a mistake.

Harvey [64] defines a mistake as follows.

Definition 4.11 (value mistake). A mistake is a node in the search tree that is a nogood
but the parent of the node is not a nogood.

When a mistake is made, the search has branched into a subproblem that does not
have a solution. The result is that the node has to be refuted and doing this may require
a large subtree to be explored, especially if the mistake is made early in the tree. In this
definition, value ordering heuristics make mistakes, variable ordering heuristics do not.
However, changing the variable ordering can mean either that a mistake is not made, since
the value ordering is correct for the newly chosen variable,or that any mistake is less costly
to correct. Harvey constructs a probabilistic model to predict when a restart algorithm will
perform better than its deterministic counterpart. With simplifying assumptions about the
probability of a mistake, it is shown that restarts are beneficial when the mistake probability
is small. Clearly, the definition, and thus the probabilistic model on which it depends, only
applies if a CSP has a solution. Therefore, the theory does not explain when restarts would
be beneficial for unsatisfiable problems.

As evidence in support of this theory, Hulubei and O’Sullivan [70] consider the dis-
tribution of refutation sizes to correct mistakes (the sizeof the subtrees that are rooted at
mistakes). They show that when using a poor value ordering inexperiments on quasigroup
completion problems, heavy-tailed behavior was observed for every one of four different
high-quality variable ordering heuristics. However, the heavy-tailed behavior disappeared
when the same experiments were performed but this time with ahigh-quality value order-
ing heuristic in place of the random value ordering.

Williams, Gomes, and Selman [135] (hereafter just Williams) define a mistake as fol-
lows.

Definition 4.12 (backdoor mistake). A mistake is a selection of a variable that is not in a
minimal backdoor, when such a variable is available to be chosen.

A backdoor is a set of variables for which there exists value assignments such that the
simplified problem (such as after constraint propagation) can be solved in polynomial time.
Backdoors capture the intuition that good variable and value ordering heuristics simplify
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the problem as quickly as possible. When a mistake is made, the search has branched into
a subproblem that has not been as effectively simplified as itwould have been had it chosen
a backdoor variable. The result is that the subproblem is more costly to search, especially
if the mistake is made early in the tree. In this definition, variable ordering heuristics
make mistakes, value ordering heuristics do not. Williams constructs a probabilistic
model to predict when heavy-tailed behavior will occur but there will exist a restart strategy
that will have polynomial expected running time. With simplifying assumptions about the
probability of a mistake, it is shown that both of these occurwhen the probability of a
mistake is sufficiently small and the size of the minimal backdoor is sufficiently small.
The theory can also explain when restarts would be beneficialfor unsatisfiable problems,
through the notion of a strong backdoor. However, the theorydoes not entirely account for
the fact that a random value ordering together with a restartstrategy can remove heavy-
tail behavior. In this case the variable ordering remains fixed and so the probability of a
mistake also remains unchanged.

Finally, some work contributes to our understanding of why runtime distributions arise
where restarts are helpful while remaining agnostic about the exact definition of a mistake.
Consider the probability distribution of refutation sizesto correct mistakes. It has been
shown both empirically on random problems and through theoretical, probabilistic models
that heavy-tails arise in the case where this distribution decays exponentially as the size
of the refutation grows [24, 59]. In other words, there is an exponentially decreasing
probability of making a costly (exponentially-sized) mistake.

4.8 Best-First Search

In the search tree that is traversed by a backtracking algorithm, the branches out of a
node are assumed to be ordered by a value ordering heuristic,with the left-most branch
being the most promising (or at least no less promising than any branch to the right). The
backtracking algorithm then performs a depth-first traversal of the search tree, visiting
the branches out of a node in left-to-right order. When a CSP instance is unsatisfiable
and the entire search tree must be traversed, depth-first search is the clear best choice.
However, when it is known or it can safely be assumed that a CSPinstance is satisfiable,
alternative search strategies such as best-first search become viable. In this section, I
survey discrepancy-based search strategies, which can be viewed as variations on best-first
search.

Harvey and Ginsberg [64, 65] were the first to propose a discrepancy-based search
strategy, in an algorithm called limited discrepancy search. A discrepancy is the case
where the search does not follow the value ordering heuristic and does not take the left-
most branch out of a node. The idea behind limited discrepancy search is to iteratively
search the tree by increasing number of discrepancies, preferring discrepancies that occur
near the root of the tree. This allows the search to recover from mistakes made early in the
search (see Definition 4.11). In contrast, with backtracking (or depth-first) search, mistakes
made near the root of the tree can be costly to discover and undo. On theith iteration, the
limited discrepancy algorithm visits all leaf nodes with upto i discrepancies in the path
from the root to the leaf. The algorithm terminates when a solution is found or the iteration
is exhausted. Limited discrepancy search is called iteratively with i = 0, 1, . . . , k. If
k ≥ n, wheren is the depth of the search tree, the algorithm is complete; otherwise it is
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incomplete. Harvey and Ginsberg show both theoretically and experimentally that limited
discrepancy search can be better than depth-first search on satisfiable instances when a
good value ordering heuristic is available.

Korf [80] proposes a modification to the limited discrepancyalgorithm so that it visits
fewer duplicate nodes on subsequent iterations. On theith iteration, Korf’s algorithm visits
all leaf nodes withexactlyi discrepancies in the path from the root to the leaf. However,to
achieve these savings, Korf’s algorithm prefers discrepancies deeper in the tree. Korf notes
that limited discrepancy search can be viewed as a variationon best-first search, where the
cost of a nodep is the number of discrepancies in the path from the root of thesearch tree
to p. In best-first search, the node with the lowest cost is chosenas the next node to be
extended. In Harvey and Ginsberg’s proposal, ties for lowest cost are broken by choosing
a node that isclosestto the root. In Korf’s proposal, ties are broken by choosing anode
that isfarthestfrom the root.

Walsh [133] (and independently Meseguer [95]), argues thatvalue ordering heuris-
tics tend to be less informed and more prone to make mistakes near the top of the search
tree. Walsh proposes depth-bounded discrepancy search, which biases search to discrep-
ancies near the top of the tree, but visits fewer redundant nodes than limited discrepancy
search. On theith iteration, the depth-bounded discrepancy search algorithm visits all
leaf nodes where all discrepancies in the path from the root to the leaf occur at depthi or
less. Meseguer [95] proposes interleaved depth-first search, which also biases search to
discrepancies near the top of the tree. The basic idea is to divide up the search time on the
branches out of a node using a variation of round-robin scheduling. Each branch—or more
properly, each subtree rooted at a branch—is searched for a given time-slice using depth-
first search. If no solution is found within the time slice, the search is suspended and the
next branch becomes active. Upon suspending search in the last branch, the first branch
again becomes active. This continues until either a solution is found or all the subtrees
have been exhaustively searched. The strategy can be applied recursively within subtrees.

Meseguer and Walsh [96] experimentally compare backtracking algorithms using tradi-
tional depth-first search and the four discrepancy-based search strategies described above.
On a test bed which consisted of random binary, quasigroup completion, and number par-
titioning CSPs, it was found that discrepancy-based searchstrategies could be much bet-
ter than depth-first search. As with randomization and restarts, discrepancy-based search
strategies are a way to overcome value ordering mistakes made early in the search.

4.9 Optimization

In some important application areas of constraint programming such as scheduling, se-
quencing and planning, CSPs arise which have, in addition toconstraints which must be
satisfied, an objective functionf which must be optimized. Without loss of generality, I
assume in what follows that the goal is to find a solution whichminimizesf and thatf is
a function over all the variables of the CSP. I also assume that a variablec has been added
to the CSP model and constrained to be equal to the objective function; i.e.,c = f(X),
whereX is the set of variables in the CSP. I call this the objective constraint.

To solve optimization CSPs, the common approach is to find an optimal solution by
solving a sequence of CSPs; i.e., a sequence of satisfactionproblems. Several variations
have been proposed and evaluated in the literature. Van Hentenryck [128] proposes what
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can be viewed as a constraint-based version of branch-and-bound. Initially, a backtracking
search is used to find any solutionp which satisfies the constraints. A constraint is then
added to the CSP of the formc < f(S) which excludes solutions that are not better than
this solution. A new solution is then found for the augmentedCSP. This process is repeated
until the resulting CSP is unsatisfiable, in which case the last solution found has been
proven optimal. Baptiste, Le Pape, and Nuijten [9] suggest iterating on the possible values
of c by either (i) iterating from the smallest value indom(c) to the largest until a solution
is found, (ii) iterating from largest to smallest until a solution is no longer found, or (iii)
performing binary search. Each time, of course, we are solving a satisfaction problem
using a backtracking search algorithm. For these approaches to be effective, it is important
that constraint propagation techniques be applied to the objective constraint. For example,
see [9, Chapter 5] for propagation techniques for objectiveconstraints for several objective
functions that arise in scheduling.

4.10 Comparing Backtracking Algorithms

As this survey has indicated, many improvements to backtracking have been proposed and
there are many ways that these techniques can be combined together into one algorithm. In
this section, I survey work on comparing the performance of backtracking algorithms. The
work is categorized into empirical and theoretical approaches. Both approaches have well-
known advantages and disadvantages. Empirical comparisons allow the comparison of any
pair of backtracking algorithms, but any conclusion about which algorithm is better will
always be weak since it must be qualified by the phrase, “on theinstances we examined”.
Theoretical comparisons allow categorical statements about the relative performance of
some pairs of backtracking algorithms, but the requirementthat any conclusion be true for
all instances means that statements cannot be made about every pair of algorithms and the
statements that can be made must sometimes be necessarily weak.

When comparing backtracking algorithms, several performance measures have been
used. For empirical comparisons, of course runtime can be used, although this requires
one to be sure that one is comparing the underlying algorithms and not implementation
skill or choice of programming language. Three widely used performance measures that
are implementation independent are number of constraint checks, backtracks, and nodes
visited.

4.10.1 Empirical Comparisons

Early work in empirical comparisons of backtracking algorithms was hampered by a lack
of realistic or hard test problems (e.g., [21, 48, 63, 93, 108, 114]). The experimental test
bed often consisted of only toy problems—the ubiquitousn-queens problem first used in
1965 [57] was still being used as a test bed more than 20 years later [125]—and simple
random problems. As well, often only CSPs with binary constraints were experimented
upon. The focus on simple, binary CSPs was sometimes detrimental to the field and led to
promising approaches being prematurely dismissed.

The situation improved with the discovery of hard random problems that arise at a
phase transition and the investigation of alternative random models of CSPs (see [51] and
references therein). Experiments could now be performed which compared the algorithms
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on the hardest problems and systematically explored the entire space of random problems
to see where one algorithm bettered another (e.g., [17, 45, 126]). Unfortunately, most
of the random models lack any structure or realism. The situation was further improved
by the realization that important applications of constraint programming are often best
modeled using global constraints and other non-binary constraints, and the construction
and subsequent wide use of a constraint programming benchmark library [53].

In the remainder of this section, I review two representative streams of experiments:
experiments that examine what level of constraint propagation a backtracking algorithm
should perform and experiments that examine the interaction between several techniques
for improving a backtracking algorithm. Many other experiments—such as those per-
formed by authors who have introduced a new technique and then show that the technique
works better on a selected set of test problems—are reportedelsewhere in this survey.

Experiments on level of constraint propagation

Experiments have examined the question of what level of local consistency should be main-
tained during the backtracking search. Consider the representative set of experiments sum-
marized in Table 4.2. Gaschnig [47] originally proposed interleaving backtracking search
with arc consistency. Early experiments which tested this proposal concluded that an algo-
rithm that maintained arc consistency during the search wasnot competitive with forward
checking [48, 63, 93].

This view was maintained for about fifteen years until it was challenged by Sabin and
Freuder. Sabin and Freuder [116], using hard random problems, showed that MAC could
be much better than forward checking. More recently, with anincreasing emphasis on ap-
plying constraint programming in practice, has come an understanding of the importance of
global constraints and other intensionally represented non-binary constraints for modeling
real problems. With such constraints, special purpose constraint propagation algorithms
are developed and the modeler has a choice of what level of constraint propagation to
enforce. It is now generally accepted that the choice of level of constraint propagation de-
pends on the application and different choices may be made for different constraints within
the same CSP.

Table 4.2:Experiments on constraint propagation: MAC vs FC.

Faster? Comment
McGregor (1979) [93] FC 3× faster
Haralick & Elliott (1980) [63] FC 3× faster
Sabin & Freuder (1994) [116] MAC much better
Bacchus & van Run (1995) [5] FC 3–20× faster
Bessière & Régin (1996) [17] MAC much better
Larrosa (2000) [81] both much better
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Experiments on the interaction between improvements

Experiments have examined the interaction of the quality ofthe variable ordering heuris-
tic, the level of local consistency maintained during the backtracking search, and the addi-
tion of backjumping techniques such as conflict-directed backjumping (CBJ) and dynamic
backtracking (DBT). Unfortunately, these three techniques for improving a backtracking
algorithm are not entirely orthogonal. Consider the representative set of experiments sum-
marized in Table 4.3. These experiments show that, if the variable ordering is fixed and
the level of constraint propagation is forward checking, conflict-directed backjumping is
an effective technique. However, it can also be observed in previous experimental work
that as the level of local consistency that is maintained in the backtracking search is in-
creased and as the variable ordering heuristic is improved,the effects of CBJ are dimin-
ished [5, 17, 107, 108]. For example, it can be observed in Prosser’s [108] experiments
that, given a static variable ordering, increasing the level of local consistency maintained
from none to the level of forward checking, diminishes the effects of CBJ. Bacchus and
van Run [5] observe from their experiments that adding a dynamic variable ordering (an
improvement over a static variable ordering) to a forward checking algorithm diminishes
the effects of CBJ. In their experiments the effects are so diminished as to be almost neg-
ligible and they present an argument for why this might hold in general. Bessière and
Régin [17] observe from their experiments that simultaneously increasing the level of lo-
cal consistency even further to arc consistency and furtherimproving the dynamic variable
ordering heuristic diminishes the effects of CBJ so much that, in their implementation,
the overhead of maintaining the data structures for backjumping actually slows down the
algorithm. They conjecture that when arc consistency is maintained and a good variable
ordering heuristic is used, “CBJ becomes useless”. All of the above experiments were on
small puzzles—the Zebra problem andn-queens problem—and on random CSPs which
lacked any structure.

In contrast, in subsequent experiments on both random and real-worldstructuredCSPs,
backjumping was found to be a useful technique. Jussien, Debruyne, Boizumault [75]
present empirical results that show that adding dynamic backtracking to an algorithm that
maintains arc consistency can greatly improve performance. Chen and van Beek [26]
present empirical results that show that, although the effects of CBJ may be diminished,
adding CBJ to a backtracking algorithm that maintains arc consistency can still provide
orders of magnitude speedups. Finally, CBJ is now a standardtechnique in the best back-
tracking algorithms for solving structured SAT problems [83].

Table 4.3:Experiments on backjumping: FC vs FC-CBJ.

Faster? Comment
Rosiers and Bruynooghe (1987) [114] FC-CBJ never worse
Prosser (1993) [108] FC-CBJ three times better
Frost & Dechter (1994) [45] FC-CBJ somewhat better
Bacchus & van Run (1995) [5] FC-CBJ slightly
Smith & Grant (1995) [119] FC-CBJ sometimes much better
Bayardo & Schrag (1996, 1997) [11, 12] FC-CBJ much better
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4.10.2 Theoretical Comparisons

Worst-case analysis and average-case analysis are two standard theoretical approaches to
understanding and comparing algorithms. Unfortunately, neither approach has proven gen-
erally successful for comparing backtracking algorithms.The worst-case bounds of back-
tracking algorithms are always exponential and rarely predictive of performance, and the
average-case analyses of backtracking algorithms have, bynecessity, made simplifying and
unrealistic assumptions about the distribution of problems (e.g., [63, 105, 110]).

Two alternative approaches that have proven more successful for comparing algorithms
are techniques based on proof complexity and a methodology for constructing partial or-
ders based on characterizing properties of the nodes visited by an algorithm.

Proof complexity and backtracking algorithms

Backtracking algorithms can be compared using techniques from the proof complexity of
resolution refutation proofs. The results that can be proven are of the general form: Given
any CSP instance, algorithmA with an optimal variable and value ordering never visits
fewer and can visit exponentially more nodes when applied tothe instance than algorithm
B with an optimal variable and value ordering. The optimal orderings are relative to the
algorithms and thusA andB may use different orderings. I begin by briefly explaining
resolution refutation proofs and proof complexity, followed by an explanation of some
results of applying proof complexity techniques to the study of backtracking algorithms
for CSPs.

The resolution inference rule takes two premises in the formof clauses(A ∨ x) and
(B ∨ ¬x) and gives the clause(A ∨ B) as a conclusion. The two premises are said to
be resolved and the variablex is said to be resolved away. Resolving the two clauses
x and¬x gives the empty clause. Given a set of input clausesF , a resolution proof or
derivation of a clauseC is a sequence of applications of the resolution inference rule such
thatC is the final conclusion and each premise in each application of the inference rule is
either a clause fromF or a conclusion from a previous application of the inferencerule. A
resolution proof that derives the empty clause is called a refutation proof, as it shows that
the input set of clausesF is unsatisfiable.

A resolution proof of a clauseC can be viewed as a directed acyclic graph (DAG).
Each leaf node in the DAG is labeled with a clause fromF , each internal node is labeled
with a derived clause that is justified by resolving the clauses of its two parents, and there
is a single node with no successors and the label of that node isC. Many restrictions on
the form of the proof DAG have been studied. For our purposes,one will suffice. A tree
resolution proof is a resolution proof where the DAG of inferences forms a tree. The size
of a proof is the number of nodes (clauses) in the proof DAG.

Proof complexity is the study of the size of thesmallestproof a method can produce
[28]. It is known that the smallest tree resolution refutation proof to show a set of clauses
F is unsatisfiable can be exponentially larger than the smallest unrestricted resolution refu-
tation proof and can never be smaller (see [13] and references therein). To see why tree
proofs can be larger, note that if one wishes to use a derived clause elsewhere in the proof
it must be re-derived. To see why tree proofs can never be smaller, note that every tree
resolution proof is also an unrestricted resolution proof.
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Why is resolution refutation proof complexity interestingfor the study of backtracking
algorithms? The search tree that results from applying a complete backtracking algorithm
to an unsatisfiable CSP can be viewed as a resolution refutation proof. As an example of
the correspondence, consider the backtracking tree that results from applying BT to the
SAT problem which consists of the set of clauses{a ∨ b ∨ c, a ∨ ¬c, ¬b, ¬a ∨ c, b ∨ ¬c}.
Each leaf node is labeled with the clause that caused the failure, interior nodes are labeled
by working from the leaves to the root applying the resolution inference rule, and the root
will be labeled with the empty clause. Thus, proof complexity addresses the question of
the size of the smallest possible backtrack tree; i.e., the size of the backtrack treeif one
assumes optimal variable and value ordering heuristics.

The connection between backtracking algorithms for SAT andresolution has been
widely observed and it is known that DPLL-based algorithms on unsatisfiable instances
correspond to tree resolution refutation proofs. Baker [7]shows how to generalize this cor-
respondence to the backtracking algorithm BT for general CSPs, when BT is usingd-way
branching. Mitchell [100], using earlier work by de Kleer [32], shows how to generalize
this correspondence when BT is using2-way branching.

Beame, Kautz, and Sabharwal [13] (hereafter Beame) use proof complexity techniques
to investigate backtracking algorithms with nogood recording. LetDPLL be a basic back-
tracking algorithm for SAT, letDPLL+nr be DPLL with a nogood recording scheme (called
FirstNewCut) added, and letDPLL+nr+restarts be DPLL with nogood recording and in-
finite restarts added. Beame shows that the smallest refutation proofs usingDPLL can be
exponentially longer than the smallest refutation proofs usingDPLL+nr. In other words,
DPLL with an optimal variable and value ordering never visits fewer and can visit expo-
nentially more nodes than DPLL with nogood recording and an optimal variable and value
ordering. Beame also shows thatDPLL+nr+restarts is equivalent to unrestricted resolu-
tion if the learned nogoods are retained between restarts. It is an open question whether
DPLL+nr is equivalent to unrestricted resolution or falls strictlybetween unrestricted res-
olution and tree resolution proofs.

Hwang and Mitchell [71] use proof complexity techniques to investigate backtrack-
ing algorithms with different branching strategies. LetBT-2-way be a basic backtracking
algorithm for general CSPs using 2-way branching, and letBT-d-way be a backtracking
algorithm usingd-way branching. Hwang and Mitchell show thatBT-d-way with an opti-
mal variable and value ordering never visits fewer and can visit exponentially more nodes
thanBT-2-way with an optimal variable and value ordering.

Although a powerful technique, a limitation of the proof complexity framework is that
it cannot be used to distinguish between some standard improvements to the basic chrono-
logical backtracking algorithm. For example, consider thefour combinations of adding
or not adding unit propagation and conflict-directed backjumping to DPLL. When using
an optimal variable and value ordering each algorithm visits exactly the same number of
nodes. Similar results hold for adding conflict-directed backjumping, dynamic backtrack-
ing, or forward checking to BT [7, 26, 100].

A partial order on backtracking algorithms

Backtracking algorithms can be compared by formulating necessary and sufficient condi-
tions for a search tree node to be visited by each backtracking algorithm. These charac-
terizations can then be used to construct a partial order (orhierarchy) on the algorithms
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according to two standard performance measures: the numberof nodes visited and the
number of constraint checks performed.

The results that can be proven are of the general form: Given any CSP instance and
any variable and value ordering, algorithmA with the variable and value ordering never
visits more nodes (and may visit fewer) when applied to the instance than algorithmB with
the same variable and value ordering. In other words, algorithmA dominates algorithmB
when the performance measure is nodes visited. A strong feature of this approach is that
the results still hold (A still dominatesB), even if the CSP model used by both algorithms
is the model that is best from algorithmB’s point of view and even if the variable and value
ordering used by both algorithms are the orderings that are best (optimal) from algorithm
B’s point of view.

Kondrak and van Beek [79] introduce the general methodologyand give techniques
and definitions that can be used for characterizing backtracking algorithms. Using the
methodology, they formulate necessary and sufficient conditions for several backtracking
algorithms including BT, BJ, CBJ, FC, and FC-CBJ. As an example of a necessary condi-
tion, it can be shown that if FC visits a node, then the parent of the node is 1-consistent (see
Definition 4.3). As an example of a sufficient condition, it can be shown that if the parent
of a node is 1-consistent, then BJ visits the node. The necessary and sufficient conditions
can then be used to order the two backtracking algorithms. For example, to show that FC
dominates BJ in terms of nodes visited, we show that every node that is visited by FC is
also visited by BJ. The necessary condition for FC is used to deduce that the parent of the
node is 1-consistent. Since the parent of the node is 1-consistent, the sufficient condition
for BJ can then be used to conclude that BJ visits the node.

Chen and van Beek [26] extend the partial ordering of backtracking algorithms to in-
clude backtracking algorithms and their CBJ hybrids that maintain levels of local consis-
tency beyond forward checking, including the algorithms that maintain arc consistency.
To analyze the influence of the level of local consistency on the backjumping, Chen and
van Beek use the notion ofbackjump level. Informally, the level of a backjump is the
distance, measured in backjumps, from the backjump destination to the farthest deadend.
By classifying the backjumps performed by a backjumping algorithm into different levels,
CBJ is weakened into a series of backjumping algorithms which perform limited levels of
backjumps. Let BJk be a backjumping algorithm which backjumps if the backjump level
j is less than or equal tok, but chronologically backtracks ifj > k. BJn is equivalent to
CBJ, which performs unlimited backjumps, and BJ1 is equivalent to Gaschnig’s [48] BJ,
which only does first level backjumps. Recall that the maintaining strongk-consistency
algorithm (MCk) enforces strongk-consistency at each node in the backtrack tree, where
MC1 is equivalent to FC and on binary CSPs MC2 is equivalent to MAC. MCk can be com-
bined with backjumping, namely MCk-CBJ. Chen and van Beek show that an algorithm
that maintains strongk-consistency never visits more nodes than a backjumping algorithm
that is allowed to backjump at mostk levels. Thus, as the level of local consistency that
is maintained in the backtracking search is increased, the less that backjumping will be an
improvement.

Figure 4.3 shows a partial order or hierarchy in terms of the size of the backtrack tree
for BJk, MCk, and MCk-CBJ. If there is a path from algorithmA to algorithmB in the
figure,A never visits more nodes thanB. For example, for all variable orderings, MCk
never visits more nodes than BJj , for all j ≤ k.

Bacchus and Grove [3] observe that the partial orderings with respect to nodes visited
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can be extended to partial orderings with respect to constraint checks, or other measures
of the amount of work performed at each node. For example, on binary CSPs the MAC
algorithm can performO(n2d2) work at each node of the tree, wheren is the number of
variables andd is the size of the domain, whereas the FC algorithm can perform O(nd)
work. Thus, one can conclude that on binary CSPs MAC can be at mostO(nd) times
slower in the worst case (when the two algorithms visit the same nodes). The partial
orderings with respect to nodes and constraint checks are consistent with and explain some
of the empirical results reported in the literature (e.g., see the experiments reported in
Tables 4.2 & 4.3).

Besides the relationships that are shown explicitly, it is important to note the ones that
are implicit in the hierarchy. If there isnot a path from algorithmA to algorithmB in
the hierarchy,A andB are incomparable. To show a pair of algorithmsA andB are
incomparable, one needs to find a CSP and a variable ordering on whichA is better than
B, and one on whichB is better thanA. Examples have been given that cover all the
incomparability results [4, 26, 79]. Some of the more surprising results include: CBJ and
FC-CBJ are incomparable [79], CBJ and MCk are incomparable for any fixedk < n in
that each can be exponentially better than the other [4], andMAC-CBJ and FC-CBJ and
more generally MCk-CBJ and MCk+1-CBJ are incomparable for any fixedk < n in that
each can be exponentially better than the other [26].
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Figure 4.3: A hierarchy for BJk, MCk, and MCk-CBJ in terms of the size of the backtrack
tree (adapted from [26, 79]). On binary CSPs, MC2 is equivalent to MAC and MC2-CBJ
is equivalent to MAC-CBJ.
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Chapter 5

Tractable Structures for Constraint
Satisfaction Problems

Rina Dechter

Throughout the past few decades two primary constraint processing schemes emerge—
those based onconditioningor search, and those based oninferenceor derivation. Search
in constraint satisfaction takes the form of depth-first backtracking, while inference is per-
formed by variable-elimination and tree-clustering algorithms, or by bounded local consis-
tency enforcing. Compared to human problem solving techniques, conditioning is analo-
gous to guessing (a value of a variable), or reasoning by assumption. The problem is then
divided into subproblems, conditioned on the instantiation of a subset of variables, each
of which should be solved. On the other hand, inference corresponds to reinterpreting or
making deduction from the problem at hand. Inference-basedalgorithms derive and record
new information, generating equivalent problem representations that facilitate an easier
solution.

Search and inference algorithms have their relative advantages and disadvantages. In-
ference-based algorithms are better at exploiting the independencies captured by the un-
derlying constraint graph. They therefore provide a superior worst-case time-guarantee as
a function of graph-based parameters. Unfortunately, any method that is time-exponential
in the tree-width is alsospace-exponential in the tree-width and, therefore, not practical
for dense problems.

Brute-force Search algorithms are structure-blind. They traverse the network’s search
space where each path represents a partial or a full solution. The linear structure of these
search spaces hide the structural independencies displayed in the constraint graph and
therefore, algorithms which explore these search spaces, may not be as effective. In par-
ticular they lack useful performance guarantees. On the other hand search algorithms are
flexible in their memory needs and can even operate with linear memory. Also search often
exhibits a much better average performance than their worst-case bounds, when augmented
with various heuristics and especially when looking for a single solution. Given their
complementary properties, combining inference-based andconditioning-based algorithms
may better utilize the benefit of each scheme and allow improved performance guarantees,
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reduced space complexity and improved average performance.
This chapter focuses on structure-driven constraint processing algorithms. We will start

with inference algorithms and show that their performance is controlled by graph parame-
ters such as tree-width, induced-width and hypertree width. We then show that hybrids of
search and inference can be controlled by graph-based parameters such as cycle-cutset, and
w-cutset and separator-size. Finally, we present the notion of AND/OR search spaces for
exploiting independencies displayed in the constraint graph during search, which, similar
to inference, leads to graph-based performance bounds using parameters such as the depth
of the pseudo-tree, path-width and tree-width.

5.1 Background

5.1.1 Constraint Networks and Tasks

A constraint problem is defined in terms of a set of variables taking values on finite domains
and a set of functions defined over these variables. We denotevariables or subsets of
variables by uppercase letters (e.g., X, Y, Z, S, R . . .) and values of variables by lower
case letters (e.g., x, y, z, s). An assignment (X1 = x1, . . . , Xn = xn) can be abbreviated
asx = (〈X1, x1〉, . . . , 〈Xn, xn〉) or x = (x1, . . . , xn). For a subset of variablesS, DS

denotes the Cartesian product of the domains of variables inS. xS andx[S] are both used
as the projection ofx = (x1, . . . , xn) over a subsetS. We denote functions by lettersf , g,
h etc., and the scope (set of arguments) of the functionf by scope(f).

A constraint networkR consists of a finite set ofvariablesX = {X1, . . . , Xn},
each associated with adomainof discrete values,D1, . . . , Dn and a set ofconstraints,
{C1, . . . , Ct}. Each of the constraints is expressed as a relation, defined on some subset
of variables, whose tuples are all the simultaneous value assignments to the members of
this variable subset that, as far as this constraint alone isconcerned, are legal.1 Formally, a
constraintCi has two parts: (1) the subset of variablesSi = {Xi1 , . . . , Xij(i)}, on which
it is defined, called aconstraint-scope, and (2) arelation,Ri defined overSi : Ri ⊆ Di1 ×
· · · ×Dij(i) . The relation denotes all compatible tuples ofDSi

allowed by the constraint.
Thus a constraint networkR can be viewed as the tripletR = (X,D,C). Theschemeof a
constraint network is its set of scopes, namely,scheme(R) = {S1, S2, . . . , St}, Si ⊆ X .

Definition 5.1 ((operations on constraints)). LetR be a relation on a setS of variables, let
Y ⊆ S be a subset of the variables. We denote byπY (R) the projection of the relationR
on the subsetY ; that is, a tuple overY appears inπY (R) if and only if it can be extended
to a full tuple inR. LetRS1 be a relation on a set of variablesS1 and letRS2 be a relation
on a set of variablesS2. We denote byRS1 ⋊⋉ RS2 the natural join of the two relations.
The join ofRS1 andRS2 is a relation defined overS1 ∪ S2 containing all the tuplest,
satisfyingt[S1] ∈ RS1 andt[S2] ∈ RS2 .

An assignment of a unique domain value to each member of some subset of variables is
called aninstantiation. An instantiation is said to satisfy a given constraintCi if the partial
assignment specified by the instantiation does not violateCi. An instantiation is said to

1This does not mean that the actual representation of any constraint is necessarily in the form of its defining
relation, but that the relation can, in principle, be generated using the constraint’s specification without the need
to consult other constraints in the network.
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Figure 5.1: A crossword puzzle and its CN representation.

be legal or locally consistentif it satisfiesall the (relevant) constraints of the network. A
consistent instantiation ofall the variables of a constraint network is called asolutionof
the network, and the set of all solutions is a relation,ρ, defined on the set of all variables.
This relation is said to berepresentedby the constraint network. Formally,

ρ = {x = (x1, . . . , xn) | ∀ Si ∈ scheme, πSi
x ∈ Ri}.

It can also be expressed as the join over all relations asρ =⋊⋉Ri∈C Ri.

Example 1: Figure 5.1a presents a simplified version of a crossword puzzle (see
constraint satisfaction). The variables areX1 (1, horizontal),X2 (2, vertical),X3 (3,
vertical), X4 (4, horizontal), andX5 (5, horizontal). The scheme of this problem is
{{X1, X2}, {X1, X3}, {X4, X2}, {X4, X3}, {X5, X2}}. (We will sometime abuse no-
tation and denote a scope such as{X,Y } or asXY . ) The domains and some constraints
are specified in Figure Figure 5.1b. A tuple in the relation associated with this puzzle is
the solution: (X1 = sheet,X2 = earn,X3 = ten,X4 = aron,X5 = no).

Typical tasks defined in connection with constraint networks are to determine whether
a solution exists, to find one or all of the solutions, to countsolutions or, when the problem
is inconsistent, to find a solution that satisfies the maximumnumber of constraints (Max-
CSP). Sometime, given a set of preferences over solutions defined via a cost function, the
task is to find a consistent solution having maximum cost.

5.1.2 Graphical Representations

Graphical properties of constraint networks were initially investigated through the class
of binary constraint networks[23]. A binary constraint networkis one in which every
constraint scopeinvolves at most two variables. In this case the network can be associ-
ated with a constraint graph, where each node represents a variable, and the arcs connect
nodes whose variables are explicitly constrained. Figure 5.2 shows the constraint graph
associated with the crossword puzzle in Figure 5.1.

A graphical representation of higher order networks can be provided byhypergraphs,
where again, nodes represent the variables, andhyperarcsor hyperedges(drawn as regions)
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Figure 5.2: A constraint graph of the crossword puzzle.

group variables that belong to the same scope. Two variations of this representation that
can be used to facilitate structure-driven algorithms areprimal-constraint graphanddual-
constraint graph. A Primal-constraint graph(a generalization of the binary constraint
graph) represents variables by nodes and associates an arc with any two nodes residing in
the same constraint. Adual-constraint-graphrepresents each scope by a node (also called
ac-variable) and associates a labeled arc with any two nodes whose scopesshare variables.
The arcs are labeled by the shared variables.

For example, Figure 5.3 depicts thehypergraph(a),primal (b), and thedual (c) repre-
sentations of a network with variablesA, B, C, D, E, F and constraints on the scopes
(ABC),(AEF ), (CDE) and (ACE). The constraints themselves are symbolically given
by the inequalities:A + B ≤ C, A + E ≤ F , C +D ≤ E, A + C ≤ E, where the
domains of each variable are the integers[2, 3, 4, 5, 6].

Thedual constraint graph can be viewed as a transformation of a nonbinary network
into a special type ofbinary network: the domain of the c-variables ranges over all possi-
ble value combinations permitted by the corresponding constraints, and any two adjacent
c-variables must obey the restriction that their shared variables should have the same val-
ues (i.e., the c-variables are bounded by equality constraints). For instance, the domain of
thec-variableABC is {224, 225, 226, 235, 236, 325, 326, 246, 426, 336} and the binary
constraint betweenABC andCDE is given by the relation:RABC,CDE = {(224,415),
(224,426)}. Viewed in this way, any network can be solved by binary networks’ tech-
niques. Next we summarize the above graph concepts.

Definition 5.2 (graph, hypergraph). A graphis a pairG = {V,E}, whereV = {X1, . . . ,
Xn} is a set of vertices, andE = {(Xi, Xj)|Xi, Xj ∈ V } is the set of edges (arcs). The
degree of a variable is the number of arcs incident to it. Ahypergraphis a pairH = (V, S)
whereS = {S1, ..., St} is a set of subsets ofV , called hyperedges or simple edges.

Definition 5.3 (primal graph, dual graph). Theprimal graphof a hypergraphH = (V, S) is
an undirected graphG = (V,E) such that there is an edge(u, v) ∈ E for any two vertices
u, v ∈ V that appear in the same hyperedge (namely, there existsSi, s.t.,u, v ∈ Si). The
dual graphof a hypergraphH = (V, S) is an undirected graphG = (S,E) that has a
vertex for each hyperedge, and there is an edge(Si, Sj) ∈ E when the corresponding
hyper-edges share a vertex (Si ∩ Sj 6= ∅).
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5.2 Structure-Based Tractability in Inference

Almost all the known structure-based techniques rely on theobservation thatbinary con-
straint networks whose constraint graph is atreecan be solved in linear time [23, 36, 17]
in the number of variables. The solution of tree-structurednetworks are discussed next,
and later it is shown how they can be used to facilitate the solution of a general constraint
network.

5.2.1 Solving Tree-Networks

Given a tree-network overn variables (Fig. 5.5), the first step of thetree-algorithmis to
generate arooted-directedtree. Each node in this tree (excluding the root) has oneparent
nodedirected toward it and may have severalchild nodes, directed away from it. Nodes
with no childrenare calledleaves. An ordering,d = X1, X2, . . . , Xn, is then enforced
such that a parent always precedes its children. In the second step, the algorithm processes
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Tree-solving
Input : A tree networkT = (X,D,C).
Output: A backtrack-free network along an orderingd.
1. generate a width-1 ordering,d = X1, . . . , Xn.
2. let Xp(i) denote the parent ofXi in the rooted ordered tree.
3. for i = n to 1do
4. Revise((Xp(i)), Xi);
5. if the domain ofXp(i) is empty, exit (no solution exists).
6. endfor

Figure 5.4: Tree-solving algorithm
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Figure 5.5: A tree network

each arc and its associated constraint from leaves to root, in an orderly layered fashion.
For each directed arc fromXi toXj it removes a value from the domain ofXi if it hasno
consistent matchin the domain ofXj . Finally, after the root is processed, a backtracking
algorithm is used to find a solution along the orderingd.

It can be shown that the algorithm is linear in the number of variables. In particular,
backtracking search, which in general is an exponential procedure, is guaranteed to find a
solution without facing any dead-ends.

The tree algorithm is sketched in Figure 5.4. Thereviseprocedure revise(Xj, Xi)
remove any value from the domain ofXj that has no match in the domain ofXi. The
complexity of thetree-solvingalgorithm is bounded byO(nk2) steps wherek bounds the
domain size, because thereviseprocedure, which is bounded byk2 steps, is executed at
mostn times.

Theorem 5.4. [37] A binary tree constraint problem can be solved inO(nk2) whenn is
the number of variables andk bounds the domain size.
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5.2.2 Acyclic Networks

The notion of constraint trees can be extended beyond binaryconstraints to problems hav-
ing scope higher than 2, using the notions of hypergraphs andhypertrees, leading to the
creation of a class ofacyclic constraint networks.

As noted, any constraint networkR = (X,D,C), whereC = {RS1 , ..., RSt
} can be

associated with a hypergraphHR = (X,H), whereX is the set of nodes (variables), and
H is the set of scopes of the constraints inC, namelyH = {S1, ..., St}. The dual graph
of a constraint hypergraph associates a node with each constraint scope (or a hyperedge)
and has an arc for each two nodes sharing variables. As noted before, this association
facilitates the transformation of a non-binary constraintproblem into a binary one, called
thedual problem. Therefore, if a problem’s dual graph happens to be a tree, itmeans that
the dual constraint problem, can be efficiently solved by thetree-solving algorithm.

It turns out, however, that sometimes, even when the dual graph does not look like a
tree, it is in fact a tree, if some of its arcs (and their associated constraints) areredundant
and can be removed, leaving behind a tree structure. A constraint is considered redundant
if its removal from the constraint network does not change the set of all solutions. It is
not normally easy to recognize redundant constraints. In the dual representation, however,
some redundancies are easy to identify: since all the constraints in the dual network enforce
equalities (over shared variables), a constraint and its corresponding arc can be deleted if
the variables labeling the arc are shared by every arc along an alternatepath between the
two end points. This is because the alternate path (of constraints) already enforces that
equality. Removing such constraints does not alter the problem.

Example 5.5.Looking again at Figure 5.3, we see that the arc between (AEF ) and (ABC)
in Figure 5.3(c) is redundant because variableA also appears along the alternative path
(ABC)−AC−(ACE)−AE−(AEF ). A consistent assignment toA is thereby ensured
by these constraints even if the constraint betweenAEF andABC is removed. Likewise,
the arcs labeledE andC are also redundant, and their removal yields the graph in 5.3(d).

We call the property that ensures such legitimate arc removal the running intersection
property or connectednessproperty. The running intersection property can be defined over
hypergraphs or over their dual graphs, and is used to characterize equivalent concepts such
asjoin-trees(defined over dual graphs) orhypertrees(defined over hypergraphs). Anarc
subgraphof a graph contains the same set of nodes as the graph, and a subset of its arcs.

Definition 5.6 (connectedness, join-trees, hypertrees and acyclic networks). Given a dual
graph of a hypergraph, an arc subgraph of the dual graph satisfies theconnectednessprop-
erty iff for each two nodes that share a variable, there is at least one path of labeled arcs,
each containing the shared variables. An arc subgraph of thedual graph that satisfies the
connectedness property is called ajoin-graph. A join-graph that is a tree is called ajoin-
tree. A hypergraph whose dual-graph has a join-tree is called ahypertree. A constraint
network whose hypergraph is a hypertree is called anacyclic network.

Example 5.7. Considering again the graphs in Figure 5.3, we can see that the join-tree in
Figure 5.3(d) satisfies the connectedness property. That is, the hypergraph in Figure 5.3(a)
has a join-tree and is therefore a hypertree.

An acyclic constraint network can be solved efficiently. Because the constraint problem
has a join-tree, its dual problem is a tree of binary constraints and can therefore be solved
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by the tree-solving algorithm. Note that the domains of variables in the dual problem are
bounded by the number of tuples in the input constraints. In Figure 5.6, we reformulate
the tree algorithm for solving acyclic problems.

Example 5.8. Consider the tree dual problem in Figure 5.3(d) and assume that the con-
straints are given by:RABC = RAEF = RCDE = {(0, 0, 1) (0, 1, 0) (1, 0, 0)} andRACE
= {(1, 1, 0) (0, 1, 1) (1, 0, 1)}. Assume the orderingd= (RACE ,RCDE ,RAEF ,RABC).
When processingRABC , its parent relation isRACE ; we therefore generateπACE (RACE
⋊⋉ RABC), yielding the revised relationRACE = {(0, 1, 1) (1, 0, 1)}. Next, processing
RAEF (likewise connected toRACE) we generate relationRACE = πACE (RACE ⋊⋉

RAEF ) = {(0, 1, 1)}. Note that the revised relationRACE is now being processed. Subse-
quently, processingRCDE we generate:RACE = πACE(RACE ⋊⋉ RCDE) = {(0, 1, 1)}.
A solution can then be generated by picking the only allowed tuple forRACE ,A = 0, C =
1, E = 1, extending it with a value forD that satisfiesRCDE , which is onlyD = 0, and
then similarly extending the assignment toF = 0 andB = 0, to satisfyRAEF andRABC .

ALGORITHM ACYCLIC-SOLVING

Input: an acyclic constraint networkR = (X,D,C), C = {R1, ..., Rt}.
Si is the scope ofRi. A join-treeT ofR.
Output: Determine consistency, and generate a solution.
1. d = (R1, ..., Rt) is an ordering such that every relation

appears before its descendant relations in the tree rooted at R1.
2. for j = t to 1, for edge (j,k) ,k < j, in the tree do

Rk ← πSk
(Rk ⋊⋉ Rj)

if the empty relation is created, exit, the problem has no solution.
endfor

3. return: The updated relations and a solution:
Select a tuple inR1. After instantiatingR1, ..., Ri−1 select a tuple inRi
that is consistent with all previous assignments.

Figure 5.6: Acyclic-solving algorithm

Since the complexity of a tree-solving algorithm isO(nk2), wheren is the number
of variables andk bounds the domain size, the implied complexity of acyclic-solving is
O(r · l2) if there arer constraints, each allowing at mostl tuples. However, the complexity
can be improved for this special case. The join operation canbe performed in time linear
in the maximum number of tuples of each relation, like so: projectRj on the variables
shared byRj and its parent constraint,Rk, anO(l) operation, and then prune any tuple
in Rk that has no match in that projection. If tuples are ordered lexicographically, which
requiresO(l · logl) steps, the join operator has a complexity ofO(l), yielding an overall
complexity ofO(r · l · logl) steps [13]. For a more recent analysis see [30]. In summary,

Theorem 5.9. [13] [correctness and complexity] Algorithm acyclic-solving decides the
consistency of an acyclic constraint network, and its complexity is O(r · l · logl) steps,
wherer is the number of constraints andl bounds the number of tuples in each constraint
relation . �
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Several efficient procedures for identifying acyclic networks and for finding a represen-
tative join-tree were developed in the area of relational databases [38]. One scheme that
proved particularly useful is based on the observation thata network is acyclic if, and only
if, its primal graph is bothchordalandconformal[6]. A graph ischordal if every cycle
of a length of at least four has a chord, i.e., an edge joining two nonconsecutive vertices
along the cycle. A graph isconformalif each of its maximalcliques(i.e. subsets of nodes
that are completely connected) corresponds to a constraintscope in the original constraint
networks. Thechordalityof a graph can be identified via an ordering of the graph called
themaximal cardinality ordering, (m-ordering); it always assigns the next number to the
node having the largest set of already numbered neighbors (breaking ties arbitrarily).

It can be shown [46] that in anm-ordered chordal graph, the parent-set of each node,
namely,its earlier neighbors in the ordered graph, must be completely connected. If, in
addition, the maximal cliques coincide with the scopes of the originalR, both conditions
for acyclicity would be satisfied. Because for chordal graphs each node and its parent
set constitutes a clique, the maximal cliques can be identified in linear time, and then a
join treecan be constructed by connecting each maximal clique to an ancestor clique with
which it shares the largest set of variables [18].

5.2.3 Tree-Decompositions, Tree-Width and Induced-Width

Since acyclic constraint networks can be solved efficiently, we naturally aim at compiling
an arbitrary constraint network into an acyclic one. This can be achieved by grouping sub-
sets of constraints into clusters, or subproblems, whose scopes constitute a hypertree, thus
transforming a constraint hypergraph into a constraint hypertree. Replacing each subprob-
lem with its set of solutions yields an acyclic constraint problem. If the transformation
process is tractable the resulting algorithm is polynomial. This compilation process is
calledjoin-tree clustering.

The graphical input to the above scheme is the constraint hypergraphH = (X,H),
whereH is the set of scopes of the constraint network. Its output is ahypertreeS =
(X,S) and a partition of the original hyperedges into the new tree hyperedges defining the
subproblems. Each subproblem is then solved, and its set of solutions is a new constraint
whose scope is the hyperedge. Therefore, the result is a network having one constraint per
hyperedge of the treeS, and, by construction, is acyclic.

Join-tree clustering and processing

There are various specific methods that decompose a hypergraph into a hypertree. The
aim is to generate hypertrees having small-sized hyperedges because this implies small
constraint subproblems. The most popular approach manipulates the constraint’s primal
graph and it emerges from the primal recognition process of acyclic networks described
earlier. Since acyclic problems have primal graph that is chordal, the idea is to make the
primal graph of a given network, which is not acyclic, chordal and then associates the
maximal cliques of the resulting chordal graph with hyper-edges. Those hyperedges will
be the new scopes in the targeted acyclic problem. Given an ordered graph, chordality
can be enforced by recursively connecting all parents of every node starting from the last
node to the first. This process leads to the notion of induced-graph, induced-width and
tree-width which will be used extensively.
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Definition 5.10 (induced-width,tree-width). An ordered graph is a pair (G, d) denoted
Gd whereG is an undirected graph, andd = (X1, ..., Xn) is an ordering of the vertices.
Thewidth of a vertexin an ordered graph is the number of its earlier neighbors. Thewidth
of an ordered graph,w(Gd), is the maximum width of all its vertices. Theinduced width of
an ordered graph,w∗(Gd), is the width of the induced ordered graph, denotedG∗

d, obtained
by processing the vertices recursively, from last to first; when vertexX is processed, all
its earlier neighbors are connected. When the identity of the graph is known we will also
denotew∗(Gd) byw∗(d). Theinduced width of a graph, w∗(G), is the minimal induced
width over all its orderings [17]. It is well known that the induced width of a graph is
identical to its tree-width[1, 18], we will therefore define tree-width of a graph as the
induced-width of the graph.

The procedure that generates the hypertree partitioning using the chordality algorithm
and that then associates each cluster of constraints with its full set of solutions is called
join-tree clustering (JTC) described in Figure 5.7. The first three steps of algorithm JTC
manipulate the primal graph, embedding it in a chordal graph(whose maximal cliques
make a hypertree), and then identifying its join-tree. Step4 partitions the constraints into
the cliques (the hypertree edges). Step 5 solves each subproblem defined by a cluster, and
thus creates one new constraint for each subproblem (clique).

JOIN-TREE CLUSTERING(JTC)

Input: A constraint problemR = (X,D,C) and its primal graphG = (X,E).
Output: An equivalent acyclic constraint problem and its join-tree: T = (X,D,C′)
1. Select a variable ordering,d = (X1, ..., Xn).
2. Triangulation (create the induced graph alongd and call itG∗):

for j = n to 1 by -1 do
E ← E ∪ {(i, k)| (i, j) ∈ E, (k, j) ∈ E}

3. Create a join-tree of the induced graphG∗:
a. Identify all maximal cliques in the chordal graph (each variable and its parents is

a clique). LetC1, ..., Ct be all such cliques, created going from last variable to
first in the ordering.

b. Create a tree-structureT over the cliques:
Connect eachCi to aCj (j < i) with whom it shares largest subset of variables.

4. Place each input constraint in one clique containing its scope, and let
Pi be the constraint subproblem associated withCi.

5. SolvePi and letR′
i be its set of solutions.

6. ReturnC′ = {R′
1, ..., R

′
t}, the new set of constraints and their join-tree,T .

Figure 5.7: Join-tree clustering

We can conclude,

Theorem 5.11. [18] Algorithm join-tree clustering transforms a constraint network into
an equivalent acyclic network.�
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Figure 5.8: A graph (a) and two of its induced graphs (b) and (c). All arcs included.
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Figure 5.9: Join-graphs of the induced graphs from (a)Figure 5.8(b) and Figure 5.8(c).
(All arcs included.) The corresponding join-trees are the same figures with the broken arcs
removed.
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Example 5.12. Consider the graph in Figure 5.8(a), and assume it is a primalgraph of a
binary constraint network. In this case, the primal and hypergraph are the same. Consider
the orderingd1 = (F,E,D,C,B,A) in Figure 5.8(b). Performing join- tree-clustering
connects parents recursively from the last variable to the first, creating the induced-ordered
graph by adding the new (broken) edges of Figure 5.8(b). The maximal cliques of this
induced graph are:Q1 = {A,B,C,E}, Q2 = {B,C,D,E} andQ3 = {D,E, F}.
Alternatively, if orderingd2 in Figure 5.8(c) is used, the induced graph generated has
only one added edge. The cliques in this case are:Q1 = {D,F}, Q2 = {A,B,E},
Q3 = {B,C,D} andQ4 = {A,B,C}. The corresponding join-trees of both order-
ings are depicted in Figure 5.9 (broken arcs are not part of the join-trees). Next, fo-
cusing on the join-tree in Figure 5.9b, JTC partition the constraints into the tree-nodes.
It places the following subproblems into the nodes:P1 = {RFD} is placed in node
(FD), P2 = {RBD, RCD} is placed in node(BCD), P3 = {RAB, RAC} is placed in
node(ABC) andP4 = {RAB, RBE , RAE} is placed in(ABE). Next, applying steps 4
and 5 of the algorithm we solves the subproblemsP1, P2, P3, P4, and replace each with
R′

1, R
′
2, R

′
3, R

′
4, whereR′

i is the solution relation ofPi, yielding a desired acyclic net-
work.

Theorem 5.13. [18] [complexity of JTC] Given a constraint network havingn variables
and r constraints, the time complexity of join-tree clustering isO(r · kw∗(d)+1), and the
space complexity isO(n ·kw∗(d)+1) wherek is the maximum domain size andw∗(d) is the
induced width of the ordered graph.

Proof: Finding a tree-decomposition of a hypergraph (Step 1 of JTC)is performed over
the constraint primal graph and requiresO(n2) steps. The most expensive step is Step 5,
which computes all the solutions of each subproblem. Since the size of each subproblem
corresponds to a clique in the induced (triangulated) ordered graph, it is bounded by the
induced width plus one. Solving a problemPi having at mostw∗(d) + 1 variables andri
constraints costsO(ri · kw

∗(d)+1). Summing over all subproblems
∑

i rik
w∗(d)+1, yields

the desired bound. The space complexity is due to the need to record the solutions for each
of then clusters having at mostw∗(d) + 1 variables.�

Once algorithm JTC delivers an acyclic problem, it can be solved byACYCLIC-SOLVING

yielding a solution. algorithm JTC followed byACYCLIC-SOLVING provide a procedure
for solving the CSP problem. We get:

Theorem 5.14(complexity of JTC followed byACYCLIC-SOLVING). Given a constraint
network havingn variables andr constraints, the time complexity of finding a solution
using join-tree clustering andACYCLIC-SOLVING isO(r ·w∗(d) · logk ·kw∗(d)+1) and the
space complexity isO(nkw

∗(d)+1), wherek is the maximum domain size andw∗(d) is the
induced width of the ordered graph.

Proof: JTC generates an acyclic problem having at mostn relations whose sizes are
bounded bykw∗(d)+1. Thus the complexity of acyclic-solving on these relationsis bounded
by O(n · w∗(d) · logk · kw∗(d)+1), which is just applying acyclic-solving whenl =
O(kw

∗(d)+1). �

General tree-decomposition schemes

Algorithm Join-tree-clustering commits to a specific structuring algorithm that is based
on chordal graphs. In this section we reformulate the notionof a tree-decomposition and
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Figure 5.10: Two tree-decompositions

provide an alternative, time-space sensitive algorithm, for its processing. This exposition
unifies several related schemes such as variable elimination, join-tree clustering and hyper-
tree decomposition (to be discussed later).

Definition 5.15 (tree-decomposition). LetR = (X,D,C) be a CSP problem. Atree-
decompositionfor R is a triple< T, χ, ψ >, whereT = (V,E) is a tree, andχ andψ
are labeling functions which associate each vertexv ∈ V with two sets,χ(v) ⊆ X and
ψ(v) ⊆ C, that satisfy the following conditions:

1. For each constraintRi ∈ C, there isat leastone vertexv ∈ V such thatRi ∈ ψ(v),
andscope(Ri) ⊆ χ(v).

2. For each variableXi ∈ X , the set{v ∈ V |Xi ∈ χ(v)} induces a connected subtree
of T . (This is the connectedness property.)

Definition 5.16 (tree-width, hypertree-width, separator). The tree-width of a tree-decom-
position< T, χ, ψ > is tw = maxv∈V |χ(v)| − 1 and its hypertree width ishw =
maxv∈V |ψ(v)|. Given two adjacent verticesu and v of a tree-decomposition, the sep-
arator ofu andv is defined assep(u, v) = χ(u)∩ χ(v). The tree-width of a CSP problem
is the minimal tree-width over all its tree-decompositions.

Remarks: It is easy to see that the definition of a tree-decomposition of a constraint
networkR = (X,D,C) is completely determined by the hypergraph of the constraint
networkH = {X,S} whereS is the scheme ofR: S = {Si|Si = scope(Ci)}. Thus a
tree-decomposition of a constraint network defines a tree-decomposition of its hypergraph
and its tree-width. The tree-width of a hypergraph is the minimal tree-width over all its
tree-decompositions. It can be shown that the tree-width ofa hypergraph is identical to the
induced-width of its primal graph.

Example 5.17. Consider the binary constraint problem whose primal graph appears in
Figure 5.8(a). The join-trees in Figure 5.9(a) and (b) were obtained via triangulation in
orderings of Figure 5.8b and 5.8c and can be redescribed in Figure 5.10, using the two
labeling functions. Theχ labelings are the sets inside each node.
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CLUSTER TREE-ELIMINATION (CTE)
Input: A tree decomposition< T, χ, ψ > for a problemR =< X,D,C >.
Output: An augmented tree whose nodes are clusters containing the original constraints
as well as messages received from neighbors. A decomposableproblem for each nodev.
Compute messages:
for every edge(u, v) in the tree, do

• Letm(u,v) denote the message sent by vertexu to vertexv. After nodeu has
received messages from all adjacent vertices, except maybefrom v

– Define,clusterv(u) = ψ(u) ∪ {m(i,u)|(i, u) ∈ T, i 6= v}
– Compute and send tov:

m(u,v) ← πsep(u,v)(⋊⋉Ri∈clusterv(u) Ri) (5.1)

endfor
Return: A tree-decomposition augmented with constraint messages.For every node
u ∈ T , return the decomposable subproblemcluster(u) = ψ(u) ∪ {m(i,u)|(i, u) ∈ T }

Figure 5.11: Algorithm cluster-tree elimination (CTE)

Once a tree-decomposition is available, algorithmCluster-Tree Elimination (CTE)in
Figure 5.11, can processes the decomposition. The algorithm is presented as a message-
passing algorithm, where each vertex of the tree sends a constraint to each of its neighbors.
If the tree containsm edges, then a total of2mmessages will be sent. Nodeu takes all the
constraints inψ(u) and all the constraint messages received byu from all adjacent nodes,
and generate their join projected on the various separatorswith its neighbors. The resulting
constraint is then sent tov (remember thatv is adjacent tou in the tree).

Implementing Equation 5.1: The particular implementation of equation (5.1) in CTE
can vary. One option is to generate the combined relation(⋊⋉Ri∈clusterv(u) Ri) before
sending messages to neighborv. The other option, which we assume here, is that the
message sent to each neighbor is created without recording the relation(⋊⋉Ri∈clusterv(u)

Ri). Rather, each tuple in the join is projected on the separatorimmediately after being
created. This will yields a better memory utilization. Furthermore, whenu sends a message
tov its cluster may contain the message it received fromv. Thus in a synchronized message
passing we can allow a single enumeration of the tuples incluster(u) when the messages
are sent back towards the leaves, each of which be projected in parallel on the separators
of the outgoing messages.

The output of CTE is the original tree-decomposition where each node is augmented
with the constraints sent to it from neighboring nodes, called clusters. For each node the
augmented set of constraints is aminimal subproblemrelative to the input constraint prob-
lemR. Intuitively, a subproblem of a constraint network is minimal if one can correctly
answer any query on it without having to refer back to information in the whole network.
More precisely, a subproblem over a subset of variablesY is minimal relative to the whole
network, if its set of solutions is identical to the projection of the networks’ solutions on
Y .
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Figure 5.12: Example of messages sent by CTE

.

Definition 5.18(decomposable subproblem). Given a constraint problemR = (X,D,C)
and a subset of variablesY ⊆ X , a subproblem overY , RY = (Y,DY , CY ), is decom-
posable relative toR iff sol(RY ) = πY sol(R) wheresol(R) is the set of all solutions of
networkR.

Convergence ofCTE is guaranteed. The above description implies that the computa-
tion will proceed from leaves towards the root and back. Therefore, convergence is guar-
anteed after two passes, where only one constraint message is sent on each edge in each
direction.

Example 5.19. Figure 5.12 shows the messages propagated over the tree-decomposition
in Figure 5.10b. Since cluster 1 contains only one relation,the message from cluster 1 to
2 is the projection ofRFD over the separator between cluster 1 and 2, which is variable
D. The messagem(2,3) from cluster 2 to cluster 3 joins the relations in cluster 2 with the
messagem(1,2), and projects over the separator between cluster 2 and 3, which is{B,C},
and so on.

CTE can be shown to be equivalent to generating and solving an acyclic constraint
problem by a tree-solving algorithm and therefore it is clearly sound [33].

Complexity of CTE

It is well known that given an induced graph having an induced-width w∗(d) along an
orderingd, it implies a tree-decomposition having tree-widthtw = w∗. The opposite is
also true: if there is a tree-decomposition having tree-width tw, it dictates an ordering
d having induced-widthw∗(d) = tw. Thus, from now on we will usew∗(d) for both
induced-width and tree-width of a given tree decomposition, whilew∗ or tw∗ for the min-
imal tree-width/induced-width of a graph.

Computing the messages.AlgorithmCTE can be subtly varied to influence its time and
space complexities. If we first record the joined relation inEquation (5.1) and subsequently
project on the separator, we will have space complexity exponential inw∗. However, we
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can interleave the join and project operations, and therebymake the space complexity
identical to the size of the sent constraint message. The message can be computed by
enumeration (or search) as follows: For each assignmentv to χ(u), we can test ifv is
consistent with each constraint in cluster(u), and if it is,we will project the tuplev over
sep, creatingvsep, and add it to the relationm(sep).

Theorem 5.20. [33] [Complexity of CTE] LetN be the number of vertices in a given tree
decomposition of a constraint network,w∗ its tree-width,sep its maximum separator size,
r the number of input functions,deg the maximum degree inT , andk the maximum domain
size of a variable. The time complexity ofCTE isO((r +N) · deg · kw∗+1) and its space
complexity isO(N · ksep).

Proof. The time complexity of processing a vertexu is degu · (|ψ(u)| + degu) · k|χ(u)|,
wheredegu is the degree ofu, because vertexu has to send outdegu messages, each being
a combination of at most(|ψ(u)|+degu) functions, and require the enumeration ofk|χ(u)|

combinations of values. The time complexity of CTE,T ime(CTE) is

T ime(CTE) =
∑

u

degu · (|ψ(u)| + degu) · k|χ(u)|

By bounding the first occurrence ofdegu by deg and|χ(u)| by the tree-widthw∗ + 1, we
get

T ime(CTE) ≤ deg · kw∗+1 ·
∑

u

(|ψ(u)|+ degu)

Since
∑

u |ψ(u)| = r we can write

T ime(CTE) ≤ deg · kw∗+1 · (r +N)

= O((r +N) · deg · kw∗+1)

For each edge CTE will record two functions. Since the numberof edges is bounded
byN and the size of each function we record is bounded byksep, the space complexity is
bounded byO(N · ksep).

If the cluster-tree is minimal (for anyu andv, sep(u, v) ⊂ χ(u) andsep(u, v) ⊂ χ(v)),
then we can bound the number of verticesN by n. Assumingr ≥ n, the time complexity
of a minimal CTE isO(deg · r · kw∗+1).

If r ≥ n, this yields complexity ofO(deg · r · kw∗+1). It is possible to have an
implementation of the algorithm whose time complexity willnot depend ondeg, but this
improvement will be more expensive in memory [44, 33].�

Join-tree clustering as tree-decomposition.Algorithm JTC is a specific algorithm
for creating the tree-decomposition. Because it generatesthe full set of solutions for each
node, its space complexity is exponential inw∗ + 1, unlikeCTE whose space complexity
is exponential in the separator’s size only. On the other hand, while the time complexity of
CTE isO(r ·deg ·kw∗+1) if N ≤ r, the time complexity ofJTC, followed byACYCLIC-
SOLVING is O(r · w · logk · kw∗+1). Clearly, this distinction matters only if there is a
substantial difference between the tree-width and the maximum separator size of a given
tree-decomposition. See [33] for more details.
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Figure 5.13: A graph coloring example

5.2.4 Variable-Elimination Schemes

We next show that variable-elimination algorithms such as Adaptive-consistency [17] can
be viewed as message passing in a CTE type algorithm. Adaptive consistency, described
in Figure 5.15, works by eliminating variables one by one, while deducing the effect of the
eliminated variable on the rest of the problem. Adaptive-consistency can be described us-
ing the bucket data-structure. Given a variable orderingd = A,B,D,C,E in a graph col-
oring example depicted in Figure 5.13 we process the variables from last to first, namely,
from E to A. Step one is to partition the constraints intoordered buckets. All the con-
straints mentioning the last variableE are put in a bucket designated asbucketE. Subse-
quently, all the remaining constraints mentioningD are placed inbucketD, and so on. The
initial partitioning of the constraints is depicted in Figure 5.14a. In general, each constraint
is placed in the bucket of its latest variable.

After this initialization step, the buckets are processed from last to first by Adaptive-
consistency. Processing the bucket ofE, all three constraints in the buckets are solved and
the solution is projected overD,C,B, recording the ternary constraintRDCB which is
placed in the bucket ofC. Next, the algorithm processC ’s bucket which containsC 6= B
and the new constraintRDCB. Joining these two constraints and projecting outC yields a
constraintRDB that is placed in the bucket ofD, and so on.

At each step the algorithm generates a reduced but equivalent problem with one less
variable expressed by the union of unprocessed buckets. Once the reduced problem is
solved its solution is guaranteed to be extendible to a full solution since it accounted for
the deduced constraints generated by the rest of the problem. Therefore, once all the buck-
ets are processed, and if no inconsistency is discovered, a solution can be generated in a
backtrack-free manner. Namely, a solution is assembled progressively assigning values
to variables from the first variable to the last. A value of thefirst variable is selected
satisfying all the current constraints in its bucket. A value for the second variable is
then selected which satisfies all the constraints in the second bucket, and so on. Pro-
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Bucket(E): E 6= D,E 6= C, E 6= B
Bucket(C): C 6= B
Bucket(D): D 6= A,
Bucket(B): B 6= A,
Bucket(A):

(a)
Bucket(E): E 6= D,E 6= C, E 6= B
Bucket(C): C 6= B || RDCB
Bucket(D): D 6= A, || , RDB
Bucket(B): B 6= A, || RAB
Bucket(A): || RA

(b)

Figure 5.14: A schematic execution of adaptive-consistency

Algorithm Adaptive consistency (AC)
1. Input: A constraint problemR1, ...Rt, orderingd = X1, ..., Xn.
2. Output: An equivalent backtrack-free set of constraints and a solution.
3. Initialize: Partition constraints intobucket1, ...bucketn. bucketi contains
all relations whose scope includeXi but no higher indexed variable.
4. For p = n downto 1, processbucketp as follows

for all relationsR1, ...Rm defined overS1, ...Sm ∈ bucketp do
(Find solutions tobucketp and project outXp:)
A← ⋃m

j=1 Sj − {Xi}

RA ← πA(⋊⋉m
j=1 Rj)

5. if RA is not empty, add it to the bucket of its latest variable.
else, exit and return the empty network.

6. Return∪jbucketj and generate a solution: forp = 1 to n do
assign a value toXp that is consistent with previous assignments and satisfies
all the constraints inbucketp.

Figure 5.15: Algorithm Adaptive consistency

cessing a bucket amounts to solving a subproblem defined by the constraints appearing
in the bucket, and then restricting the solutions to all but the current bucket’s variable.
Adaptive-consistency is an instance of a general class of variable elimination algorithms
called bucket-elimination that are applicable across manytasks [15].

The complexity of adaptive-consistency is linear in the number of buckets and in the
time to process each bucket. Since processing a bucket amounts to solving a constraint
subproblem (the computation in a bucket can be described in terms of the relational opera-
tors ofjoin followed byprojection) its complexity is exponential in the number of variables
mentioned in a bucket which is bounded by theinduced-widthof the constraint graph along
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Figure 5.16: A constraint network example

that ordering [17].

Theorem 5.21(Complexity of AC). [15, 33] Letw∗(d) be the induced width ofG along
orderingd. The time complexity of adaptive-consistency isO(r · kw∗(d)+1) and the space
complexity isO(n · kw∗(d)).

5.2.5 Adaptive-Consistency as Tree-Decomposition

We now show that adaptive-consistency can be viewed as a message-passing algorithm
along a bucket-tree, which is a special case of tree-decomposition. LetR = (X,D,C) be
a problem andd an ordering of its variables,d = (X1, ..., Xn). LetBX1 , ..., BXn

be the set
of buckets, each contains those constraints inC whose latest variable ind isXi. A bucket-
treeofR in an orderingd, has buckets as its nodes, and bucketBX is connected to bucket
BY if the constraint generated by adaptive-consistency in bucketBX is placed inBY . The
variables ofBXi

are those appearing in the scopes of any of its original constraints, as well
as those received from other buckets. Therefore, in a buckettree, every nodeBX has one
parent nodeBY and possibly several child nodesBZ1 , ...BZt

.
It is easy to see that a bucket tree ofR is a tree-decomposition ofR where for bucket

BX , χ(BX) containsX and its earlier neighbors in the induced graph along ordering d,
while ψ(BX) contains all constraints whose highest-ordered argument isX . Therefore,

Theorem 5.22. [33] A bucket tree of a constraint networkR is a tree-decomposition of
R.

Thus we can add a bottom-up message passing to adaptive-consistency yieldingAdap-
tive Tree Consistency(ATC) given in Figure 5.17. In the top-down phase, each bucket
receives constraint messagesρ from its children and sendsρ constraint messages to its
parent. This portion is identical to AC. In the bottom-up phase, each bucket receives aρ
constraint from its parent and sends aρ constraint to each child.

Example 5.23. Consider a constraint network defined over the graph in Figure 5.16. Fig-
ure 5.18 left shows the initial buckets along the orderingd = (A,B,C,D, F,G), and theρ
constraints that will be created and passed by adaptive-consistency from top to bottom. On
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Algorithm Adaptive-Tree Consistency (ATC)
Input: A problemR = (X,D,C), orderingd.
Output: Augmented buckets containing the original constraints andall theρ constraints
received from neighbors in the bucket-tree.
0. Pre-processing:
Place each constraint in the latest bucket, alongd, that mentions a variable in its scope.
Connect bucketBX toBY , Y < X , if variableY is the latest earlier neighbor ofX in the
induced graphGd.
1. Top-down phase:(AC)
For i = n to 1, process bucketBXi

:
Let ρ1, ..., ρj be all the constraints inBXi

at the timeBXi
is processed, including original

constraints ofR. The constraintρYXi
sent fromXi to its parentY , is computed by

ρYXi
(sep(Xi, Y )) = πsep(Xi,Y ) ⋊⋉

j
i=1 ρi (5.2)

2. Bottom-up phase:
For i = 1 to n, process bucketBXi

:
Let ρ1, ..., ρj be all the constraints inBXi

at the timeBXi
is processed, including the

original constraints ofR. The constraintsρZj

Xi
for each child bucketzj is computed by

ρ
Zj

Xi
(sep(Xi, Zj)) = πsep(Xi,Zj)(⋊⋉

j
i=1 ρi)

Figure 5.17: Algorithm Adaptive-Tree Consistency (ATC)������ �� �	
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Figure 5.18: Execution ofAC along the bucket-tree

its right, the figure displays the same computation as a message-passing along its bucket-
tree. Figure 5.19 shows a complete execution of ATC along thelinear order of buckets and
along the bucket-tree. Theρ constraints are displayed as messages placed on the outgoing
arcs.

Theorem 5.24(Complexity of ATC). [33] Let w∗(d) be the induced width ofG along
orderingd. The time complexity ofATC isO(r·deg·kw∗(d)+1), wheredeg is the maximum
degree in the bucket-tree. The space complexity ofATC isO(n · kw∗(d)).
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Figure 5.19: Propagation ofρ messages along the bucket-tree

5.2.6 Hypertree Decomposition

One problem with the tree-width in identifying tractability is that they are sensitive only to
the primal constraint graph and not to its hypergraph structure. For example, an acyclic
problem whose constraint’s scope have high arity would havea high tree-width even
though it can be processed in quadratic time in the input. A different graph parameter
that is more sensitive to the hypergraph structure is the hypertree width [29]. It relies on
a notion of hypertree decompositions for Constraint Satisfaction and it provides a stronger
indicator of tractability than the tree-width.

Definition 5.25(hypertree decomposition). [29] A (complete) hypertree decomposition of
a hypergraphHG = (X,S) is a triple< T, χ, ψ >, whereT = (V,E) is a rooted tree,
andχ andψ are labelling functions which associate with each vertexv ∈ V two sets
χ(v) ⊆ X andψ(v) ⊆ S, and which satisfies the following conditions:

1. For each edgeh ∈ S, there existsv ∈ V such thath ∈ ψ(v) andscope(h) ⊆ χ(v)
(we say thatv strongly coversh).

2. For each variableXi ∈ X , the set{v ∈ V |Xi ∈ χ(v)} induces a (connected)
subtree ofT .

3. For eachv ∈ V , χ(v) ⊆ scope(ψ(v)).

4. For eachv ∈ V , scope(ψ(v)) ∩ χ(Tv) ⊆ χ(v), whereTv = (Vv, Ev) is the subtree
of T rooted atv andχ(Tv) = ∪u∈Vv

χ(u).

The hypertree widthhw of a hypertree decomposition ishw = maxv|ψ(v)|.
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A hypertree decomposition of a constraint networkR is a hypertree decomposition of
its hypergraph where the vertices are the variables ofR and the scopes of constraints are
the hyperedges. The hypertree decomposition can be processed by joining all the relations
in each cluster and then applying acyclic-solving procedure, or by CTE.

Processing hypertree decomposition by acyclic-solving:Once a hyper-tree decomposi-
tion is available, 1. join all the relations in each cluster,yielding a single relation on each
cluster. This step takes time and spaceO(m · thw) wheret bounds the relation size andm
is the number of edges in the hypertree decomposition, and itcreates an acyclic constraint
satisfaction problem. 2. Process the acyclic problem by arc-consistency. This step can
be accomplished in timeO(m · hw · thw · logt) because there arem arc in the hypertree
decomposition, each has at mostO(thw) tuples so acyclic-solving isO(m · thw · log(thw))
which yields the desired bound. We can summarize,

Theorem 5.26. [29] Let m be the number of edges in the hypertree decomposition of a
constraint networkR, hw be its hypertree width andt be a bound on the relation size. The
hypertree decomposition can be processed byACYCLIC-SOLVING in timeO(m ·hw · logt ·
thw) and in spaceO(m · thw).

Processing hypertree decompositions by CTE:Recall that given a hypertree decomposi-
tion, each nodeu has to send a single message to each neighborv. We can computem(u,v)

in the space saving mode as follows. 1., Join all functionsψ(u) in nodeu yielding function
h(u), namely,h(u) =⋊⋉R∈ψ(u) R. This step can be done in time and spaceO(t|ψ(u)|). 2.
For each neighborc of u, c 6= v iterate,h(u) ← h(u) ⋊⋉ m(c,u). This step can be accom-
plished inO(deg · hw · logt · thw) time andO(thw) space. 3.m(u,v) ← πχ(u)∩χ(v)h(u).
We can conclude:

Theorem 5.27. A hypertree decomposition of a constraint network can be processed by
CTE in time

O(m · deg · hw · logt · thw)

and spaceO(m · thw), wherem is the number of edges in the hypertree decomposition,
hw its hypertree width, andt is a bound on the size of the relational representation of each
function inR.

Notice that CTE may be more space efficient than processing bygenerating the joins
in each cluster followed byACYCLIC-SOLVING. However, we cannot capture this saving
usinghw alone. If we use thesep parameter we could boundCTE’s space complexity by
O(N · ksep).

Notice that there are tree-decompositions that are not hypertree decompositions as in
Definition 5.25, because hypertree decompositions requirethat the variable-sets labeling a
vertex, will be contained in the combined scope of its labeling functions (Condition 3 of
Definition 5.25). This is not required by the tree-decomposition definition. For example,
consider a single n-ary constraintR. It can be mapped into a bucket-tree with n vertices.
Nodei contains variables{1, 2, ...i} but no constraints, except that noden contains also
the original constraints of the problem. Both join-tree andhypertree decomposition will
allow just one vertex that include the function and all its variables.
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Therefore, Theorem 5.27 does not apply to Definition 5.15 of tree-decomposition be-
cause the analysis assumed Condition 3 of Definition 5.25. Wecan overcome this problem
by thinking of all uncovered variables in a node as having a universal relation with the
variables as its scope. In this case we can show

Theorem 5.28.A tree-decomposition of a constraint networkR can be processed by CTE
in time

O(m · deg · hw∗ · logt · thw∗

)

wheret is a bound on the relation size,hw∗(v) = (|ψ(v)| + |{Xi|Xi 6∈ scope(ψ(v)}|),
andhw∗ = max

v∈V hw
∗(v) and in spaceO(m · thw∗).

Proof. Once we add the universal relation on uncovered variables wehave a restricted
hypertree decomposition to which we can apply the bound of Theorem 5.27 assuming the
same implementation of CTE. The number of uncovered variables in a nodev is n(v) =
|{Xi|Xi 6∈ scope(ψ(v)}|. So the processing of a node takes timeO(thw · kn(v)) where
k bounds the domain size, yieldingO((max(t, k)hw

∗

). Assuming thatt > k we can use
the time and space boundO(N · thw∗

). Consequently, message passing between all nodes
yields overall complexity as in Theorem 5.27 whenhw is replaced byhw∗.

5.2.7 Summary

This section discussed inference algorithms that transform a general constraint problem
into a tree of constraints which can be solved efficiently. The complexity of the trans-
formation process is exponentially bounded by the tree-width (or induced-width) of the
constraint graph. It is also exponentially bounded by any hypertree width of the hypertree-
decomposition. Thus both the induced-width and tree-widthhypertree width can be used to
define structure-based tractable classes. Yet, the hypertree width defines a larger tractabil-
ity class because every problem with a bounded tree-width has a bounded hypertree width
but not vice-versa.

5.3 Trading Time and Space by Hybrids of Search and Inference

As we noted at the introduction, search and inference have complementary properties.
Inference exploit the graph structure and therefore allowsstructure-based time guarantees
but require substantial memory. Search, does not posses good complexity time bounds yet
it can operate in linear space. Therefore, using a hybrid of search and inference allows
structure-driven tradeoff of space and time. Two such hybrids are presented next.

5.3.1 The Cycle-Cutset andw-Cutset Schemes

The algorithms presented in this section exploit the fact that variable instantiation changes
the effective connectivity of the constraint graph. Consider a constraint problem whose
graph is given in Figure 5.20a. For this problem, instantiating X2 to some value, saya,
renders the choices of values toX1 andX5 independent, as if the pathwayX1 −X2 −X5

were blocked atX2. Similarly, this instantiation blocks dependency in the pathwayX1 −
X2 −X4, leaving only one path between any two variables. In other words, given thatX2
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Figure 5.20: An instantiated variable cuts its own cycles.

was assigned a specific value, the “effective” constraint graph for the rest of the variables
is shown in Figure 5.20b. Here, the instantiated variableX2 and its incident arcs are first
deleted from the graph, andX2 subsequently is duplicated for each of its neighbors. The
constraint problem having the graph shown in Figure 5.20(a)whenX2 = a is identical
to the constraint problem having the graph in Figure 5.20(b)with the same assignment
X2 = a.

In general, when the group of instantiated variables constitutes a cycle-cutset; a set of
nodes that, once removed, would render the constraint graphcycle-free. The remaining
network is a tree (as shown in Figure 5.20b), and can be solvedby tree-solvingalgorithm.
In most practical cases it would take more than a single variable to cut all the cycles in
the graph. Thus, a general way of solving a problem whose constraint graph contains
cycles is to identify a subset of variables that cut all cycles in the graph, find a consistent
instantiation of the variables in the cycle-cutset, and then solve the remaining problem
by the tree algorithm. If a solution to this restricted problem (conditioned on the cycle-
cutset values) is found, then a solution to the entire problem is at hand. If not, another
instantiation of the cycle-cutset variables should be considered until a solution is found.
If the task is to solve a constraint problem whose constraintgraph is presented in Figure
5.20a, (assumeX2 has two values{a, b} in its domain), firstX2 = amust be assumed, and
the remaining tree problem relative to this instantiation,is solved. If no solution is found,
it is assumed thatX2 = b and another attempt is made.

The number of times the tree-solving algorithm needs to be invoked is bounded by the
number of partial solutions to the cycle-cutset variables.A small cycle-cutset is therefore
desirable. However, since finding a minimal-size cycle-cutset is computationally hard, it
will be more practical to settle for heuristic compromises.One approach is to incorporate
this scheme within backtracking search. Becausebacktrackingworks by progressively
instantiating sets of variables, we only need to keep track of the connectivity status of the
constraint graph. As soon as the set of instantiated variables constitutes a cycle-cutset, the
search algorithm is switched to the tree-solving algorithmon the restricted problem, i.e.,
either finding a consistent extension for the remaining variables (thus finding a solution to
the entire problem) or concluding that no such extension exists (in which case backtracking
takes place and another instantiation tried).
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cutset variable and the conditioned variable, where the assigned variables are darkened.

Example 5.29.Assume that backtracking instantiates the variables of theCSP represented
in Figure 5.21a in the orderC,B,A,E,D, F (Figure 5.21b). Backtracking will instantiate
variablesC, B andA, and then, realizing that these variables cut all cycles, will invoke
a tree-solving routine on the rest of the problem: the tree-problem in Figure 5.21c with
variablesC, B andA assigned, should then be attempted. If no solution is found,control
returns to backtracking which will go back to variableA.

The cycle-cutset scheme can be generalized. Rather than insisting on conditioning on
a subset (cutset) that cuts all cycles and yields subproblems having induced-width 1, we
can allow cutsets that create subproblems whose induced-width is higher than 1 but still
bounded. This suggests a framework of hybrid algorithms parameterized by a boundw on
the induced-width of subproblems solved by inference.

Definition 5.30 (w-cutset). Given a graphG, a subset of nodes is called aw-cutset iff
when the subset is removed the resulting graph has an induced-width less than or equal to
w. A minimalw-cutset of a graph has a smallest size among allw-cutsets of the graph. A
cycle-cutset is a 1-cutset of a graph.

Finding a minimalw-cutset is a hard task. However, like in the special case of a cycle-
cutset we can settle for aw-cutset relative to the given variable ordering. We can lookfor
an initial set of the ordering that is a w-cutset. Then a backtracking algorithm can traverse
the search space over the w-cutset and for each of its consistent assignment solve the rest
of the problem byADAPTIVE-CONSISTENCYor by CTE.

Algorithm cutset-decomposition(w) (called elim-cond in [15]) is described in Figure
5.22. It runs backtracking search on the w-cutset and adaptive-consistency on the remain-
ing variables. The constraint problemR = (X,D,C) conditioned on an assignment
Y = ȳ and denoted byRȳ is R augmented with the unary constraints dictated by the
assignment̄y. In the worst-case, all possible assignments to the w-cutset variables need to
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Algorithm cutset-decomposition(w)
Input: A constraint networkR = (X,D,C), Y ⊆ X which is a w-cutset.d is an
ordering that starts withY such that the induced-width whenY is removed, alongd, is
bounded byw, Z = X − Y .
Output: A consistent assignment, if there is one.

1. while ȳ ← next partial solution ofY found by backtracking,do

a) z̄ ← adaptive− consistency(RY=ȳ).

b) if z̄ is notfalse, return solution(ȳ, z̄).

2. endwhile.

3. return: the problem has no solutions.

Figure 5.22: Algorithmcutset-decomposition(w)

be enumerated. Ifc is the w-cutset size,kc is the number of subproblems of induced-width
bounded by w needed to be solved, each requiringO((n− c)kw+1) steps.

Theorem 5.31. [15] Algorithm cutset-decomposition(w) has time complexity of O(n ·
kc+w+1) wheren is the number of variables,c is the w-cutset size andk is the domain
size. The space complexity of the algorithm isO(kw). �

The special case ofw = 1 yield the cycle-cutset decomposition algorithm whose time
complexity isO((n−c)kc+2) and it operates in linear space. Thus, the constantw can con-
trol the balance between search and inference (e.g., variable-elimination), and can affect
the tradeoff between time and space.

Another approach that uses the w-cutset principle is to alternate between search and
variable-elimination. Given a variable ordering for adaptive-consistency we can apply
variable elimination as long as the induced-width of the variables does not exceedw. If a
variable has induced-width higher than w, it will be conditioned upon. The algorithm alter-
nates between conditioning and elimination. This scheme was used both for solving SAT
problems and for optimization tasks [40, 34] and is currently used for Bayesian networks
applications [20, 22]. Clearly, a cutset uncovered via thealternating algorithmis also a
w-cutset and therefore can be used within the cutset-decomposition scheme.

Both cutset-decomposition and the alternating cutset-elimination algorithm call for a
new optimization task on graphs:

Definition 5.32 (finding a minimal w-cutset). Given a graphG = (V,E) and a constant
w, find a smallest subset of nodesU , such that when removed the resulting graph has
induced-width less than or equalw.

Finding a minimal w-cutset is hard, but various greedy heuristic algorithms were in-
vestigated empirically. Several greedy and approximationalgorithms for the special case
of cycle-cutset can be found in the literature [5]. The general task of finding a minimal
w-cutset was addressed in recent papers [21, 8] both for the cutset-decomposition version
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Figure 5.23: a primal constraint graph

and for the alternating version. Note that verifying that a given subset of nodes is aw-
cutset can be accomplished in polynomial time (linear in thenumber of nodes), by deleting
the candidate cutset from the graph and verifying that the remaining graph has an induced
width bounded byw [1].

In summary, the parameterw can be used within the cutset-decomposition scheme to
control the trade-off between search and inference. Ifd is the ordering used by cutset-
decomposition(w) and ifw ≥ w∗(d), the algorithm coincides withADAPTIVE-CONSIS-
TENCY. Asw decreases, the algorithm requires less space and more time.It can be shown
that the size of the smallest cycle-cutset (1-cutset),c∗1 and the smallest induced width,w∗,
obey the inequalityc∗1 ≥ w∗−1. Therefore,1+c∗1 ≥ w∗, where the left side of this inequal-
ity is the exponent that determines the time complexity of cutset-decomposition(w=1),
while w∗ governs the complexity ofADAPTIVE-CONSISTENCY. In general, ifc∗w is the
size of a minimalw-cutset then,

1 + c∗1 ≥ 2 + c∗2 ≥ ...b+ c∗b , ... ≥ w∗ + c∗w∗ = w∗

We get a hybrid scheme controlled byw, whose time complexity decreases and its
space increases asw changes fromw∗ to 1.

5.3.2 The Super-Bucket and Super-Cluster Schemes; Separator-Width

We now present an orthogonal approach for combining search and inference. The inference
algorithmCTE that process a tree-decomposition already contains a hidden combination
of variable elimination and search. It computes constraints on the separators using variable
elimination and is space exponential in the separator’s size. The clusters themselves can be
processed by search in time exponential in the cluster size.Thus, one can trade even more
space for time by allowing larger cliques but smaller separators.

Assume a problem whose tree-decomposition has tree-widthr and maximum separator
sizes. Assume further that our space restrictions do not allow thenecessaryO(ks) memory
required when applyingCTE on such a tree. One way to overcome this problem is to
combine the nodes in the tree that are connected by large separators into a single cluster.
The resulting tree-decomposition has larger subproblems but smaller separators. This idea
suggests a sequence of tree-decompositions parameterizedby the sizes of their separators
as follows.
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Figure 5.24: A tree-decomposition with separators equal to(a) 3, (b) 2, and (c) 1

Let T be a tree-decomposition of hypergraphH. Let s0, s1, ..., sn be the sizes of the
separators inT , listed in strictly descending order. With each separator sizesi we associate
a secondary tree decompositionTi, generated by combining adjacent nodes whose sepa-
rator sizes are strictly greater thansi. We denote byri the largest set of variables in any
cluster ofTi, and byhwi the largest number of constraints inTi. Note that assi decreases,
bothri andhwi increase. Clearly, from Theorem 5.20 it follows that,

Theorem 5.33.Given a tree-decompositionT overn variables andm constraints, separa-
tor sizess0, s1, ..., st and secondary tree-decompositions having a correspondingmaximal
number of nodes in any cluster,r0, r1, ..., rt. The complexity ofCTE when applied to each
secondary tree-decompositionsTi isO(m · deg · exp(ri)) time, andO(n · exp(si)) space
(i ranges over all the secondary tree-decomposition).

We will call the resulting algorithm the super-cluster treeelimination algorithm, or
SCTE(s). It takes a primary tree-decomposition and generates a tree-decomposition
whose separator’s size is bounded bys, which is subsequently processed byCTE. In
the following example we assume that a naive-backtracking search processes each cluster.

Example 5.34. Consider the constraint problem having the constraint graph in Figure
5.23. The graph can be decomposed into the join-tree in Figure 5.24(a). If we allow only
separators of size 2, we get the join treeT1 in Figure 5.24(b). This structure suggests
that applyingCTE takes time exponential in the largest cluster, 5, while requiring space
exponential in 2. If space considerations allow only singleton separators, we can use the
secondary treeT2 in Figure 5.24(c). We conclude that the problem can be solvedeither in
O(k4) time (k being the maximum domain size) andO(k3) space usingT0, or inO(k5)
time andO(k2) space usingT1, or inO(k7) time andO(k) space usingT2.

Superbuckets. Since as we saw in Section 5.2.5, bucket-elimination algorithms can be
extended to bucket-trees and since a bucket-tree is a tree-decomposition, by merging ad-
jacent buckets we generate asuper-bucket-tree(SBT) in a similar way to generating super
clusters. This implies that in the top-down phase of bucket-elimination several variables
are eliminated at once (see [12]). Algorithm SCTE suggests anew graph parameter.
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Definition 5.35. Given a graphG and a constants find a tree-decomposition ofG having
the smallest induced-width,w∗

s . Or, find a hyper-tree decomposition having the smallest
hypertree width,hw∗

s .

A related problem of finding a tree-decomposition with a bounded tree-widthw having
the smallest separator, was shown to be polynomial [42]. Findingw∗

s however, is hard but
it is easy for the special case ofs = 1 as we show next.

Decomposition into non-separable components

A special tree-decomposition occurs when all the separators are singleton variables. This
type of tree-decomposition is attractive because it requires only linear space. While we
generally cannot find the best tree-decompositions having abounded separators’ size in
polynomial time, this is a feasible task when the separatorsare singletons. To this end, we
use the graph notion ofnon-separable components[19].

Definition 5.36 (non-separable components). A connected graphG = (V,E) is said
to have a separation nodev if there exist nodesa andb such that all paths connectinga
and b pass throughv. A graph that has a separation node is calledseparable, and one
that has none is callednon-separable. A subgraph with no separation nodes is called a
non-separable componentor a bi-connected component.

An O(| E |) algorithm exists for finding all the non-separable components and the
separation nodes. It is based on a depth-first search traversal of the graph. An impor-
tant property of non-separable components is that that theyare interconnected in a tree-
structured manner [19]. Namely, for every graphG there is atreeSG, whose nodes are the
non-separable componentsC1, C2, . . . , Cr of G. The separating nodes of these trees are
V1, V2, . . . , Vt and any two component nodes are connected through a separating node ver-
tex inSG. Clearly the tree of non-separable components suggests a tree-decomposition
where each node corresponds to a component, the variables ofthe nodes are those appear-
ing in each component, and the constraints can be freely placed into a component that
contains their scopes. ApplyingCTE to such a tree requires only linear space, but is time
exponential in the components’ sizes (see [12]).

Example 5.37. Assume that the graph in Figure 5.25(a) represents a constraint network
having unary, binary and ternary constraints as follows:R = {RAD, RAB, RDC , RBC ,
RGF , DG, DF , REHI , RCFE}. The non-separable components and their tree-structure
are given in Figure 5.25(b,c). The ordering of componentsd = (C1, C2, C3, C4) dictates
super-clusters associated with variables{G, J, F}, {E,H, I}, {C,F,E} and{A,B,C,D}.
The initial partition into super-clusters and a schematic execution of CTE are displayed in
Figure 5.25d.

Theorem 5.38(non-separable components). [24] If R = (X,D,C), |X | = n, is a con-
straint network whose constraint graph has non-separable components of at most sizer,
then the super-cluster-tree elimination algorithm, whosebuckets are the non-separable
components, is time exponentialO(n · exp(r)) but requires only linear in space.
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Figure 5.25: A graph and its decomposition into non-separable components.
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Hinge decomposition

The non-separable component principle can be applied to thedual graph rather than to the
primal constraint graph. Better yet, since the dual graph may contain redundant edges, we
can first try to remove those edges to obtain a minimal dual graph (also called minimal join-
graph) and then generate a tree of non-separable components. This idea is very related to
another tree-decomposition principle proposed in the literature called hinge-decomposition
[32]. Indeed a best hinge decomposition can be obtained in polynomial time, yielding
smallest component in a bi-component tree decomposition ofthe dual graph whose some
redundant arcs are removed. For a formal proof see [31].

5.4 Structure-based Tractability in Search

Search algorithms typically traverse the problem’s space whose paths represent a partial
or full solutions. Their main virtue is that they can operateusing bounded memory. Their
main weakness however is that the structure of the search space hides the independencies
of the constraint network. Next we show thatAND/OR search spacescan overcome this
difficulty because they display the independencies in the constraint graph and can some-
time yield exponential saving compared to the traditional search space (called OR space).
As a result, search algorithms can have graph-based performance guarantees like inference
schemes.

5.4.1 AND/OR Search Trees

Definition 5.39(AND/OR search tree based on DFS tree). Given a constraint networkR
and a DFS spanning treeT of its primal graph, the AND/OR search tree ofR based on
T , denotedST , has alternating levels of OR nodes (labeled with variable names, e.g.X)
and AND nodes (labeled with variable values, e.g.〈X, v〉). The root ofST is an OR node
labeled with the root ofT . The children of an OR nodeX are AND nodes, each labeled
with a value ofX , 〈X, v〉. The children of an AND node〈X, v〉, are OR nodes, labeled
with the variables that are children ofX in T . A solution is a subtree containing the root
node and for every OR node, it includes one of its child nodes and for every AND nodes it
includes all its children.

Consider the treeT in Fig. 5.26 describing a graph coloring problem over domains
{1, 2, 3}. Its traditional OR search tree along the DFS orderingd = (X,Y, T,R, Z, L,M)
is given in Fig. 5.27, and its AND/OR search tree based on the DFS treeT with a high-
lighted solution subtrees are given in Fig. 5.28.

The construction of AND/OR search trees can be guided not just DFS spanning trees
but also bypseudo-treeswhich include DFS trees [25, 26, 3]. Pseudo-trees have the prop-
erty that every arc of the constraint graph is a back-arc in the pseudo-tree (i.e. it doesn’t
connect across different branches). Clearly, any DFS tree and any chain are pseudo-trees.
It is easy to see that searching an AND/OR tree guided by a pseudo-treeT is exponential
in the depthm of T . Also, it is known that if a graph has a tree-widthw∗ it also has a
pseudo-tree whose depthm satisfiesm ≤ w∗ · logn [3]. In summary,

Theorem 5.40. Given a constraint networkR and a pseudo-treeT , its AND/OR search
treeST is sound and complete (contains all and only solutions) and its size isO(n · km)
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wherem is the depth of its backbone pseudo-tree. Moreover, a constraint network that has
a tree-widthw∗ has an AND/OR search tree whose size isO(kw

∗·logn).

Backjumping algorithms [28, 3] are backtracking search schemes appliedto the regular
OR space, which uses the problem structure to jump back from adead-end as far back as
possible. Ingraph-based backjumping(GBJ) [14] each variable maintains a graph-based
induced ancestor set which ensures that no solutions are missed when jumping back to
its deepest variable. Graph-based backjumping extracts knowledge about dependencies
from the constraint graph alone. Whenever a dead-end occursat a particular variableX ,
the algorithm backs up to the most recent variable connectedto X in the graph. It can
be shown that backjumping in effect explores an AND/OR search space. Indeed, when
backjumpingis performed on aDFS ordering of the variables, its complexity can be
bounded byO(km) steps,m being the depth of theDFS tree. Therefore, if the graph has
an induced-widthw∗, there exists an ordering for which backjumping can be bounded by
O(kw

∗·logn).

5.4.2 AND/OR Search Graphs

It is often the case that certain states in the search tree canbe merged because the subtrees
they root are identical. Any two such nodes are calledunifiable, and when merged, trans-
form the search tree into a search graph. For example, in Fig.5.28, the search trees below
the paths〈X, 2〉, 〈Y, 1〉 and 〈X, 3〉, 〈Y, 1〉 are identical, so the corresponding nodes are
unifiable.

In general, merging all the unifiable subtrees given an AND/OR search graph yields
a unique graph, called theminimal AND/OR search graph. Merging is applicable to the
traditional OR search space as well. However, in many cases it will not be able to reach
the compression we can get in AND/OR representations. Fig. 5.29 and Fig. 5.30 show
a comparison between minimal OR and AND/OR search graphs forthe problem in Fig.
5.26. Indeed some variable-value instantiations appear multiple times in the OR graph
while just once in the AND/OR graph.

In some cases identifying unifiable nodes is easy. The idea isto extract from each path
only the relevantcontextthat completely determines the unexplored portion of the space.
Subsequently, the subgraph is only solved once and the results are cached and indexed
by the context. Searching the AND/OR graphs rather than the AND/OR tree is related to
recording no-goods during backtracking search [11]. It canbe shown that,
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Theorem 5.41. [16] GivenG, a pseudo-treeT ofG and its induced widthw∗ the size of
the minimal AND/OR search graph based onT isO(n · kw∗

), whenk bounds the domain
size andn is the number of variables.

We can show that the minimal AND/OR search graph is bounded exponentially by the
primal graph’s induced-width while the OR minimal search graph is bounded exponentially
by its path-width. The path-width,pw∗, of a graph is the minimum tree-width over all
tree-decompositions whose trees are chains. It is well known [10] that for any graphw∗ ≤
pw∗ ≤ w∗ · logn. It is also easy to placem∗ (the minimal pseudo-tree depth) yielding
w∗ ≤ m∗ ≤ pw∗ ≤ w∗ · logn.

5.5 Summary and Bibliographical Notes

5.5.1 Structure-Based Tractability

Throughout this chapter several techniques that exploit the structure of the constraint net-
work were presented. Several graph parameters stood out in the analysis. The two main
classes arewidth-based andcutset-based. Width-based parameters capture the size of clus-
ters required to make the graph a tree of clusters. These include thetree-widthalso known
asinduced-widthw∗, (appearing inadaptive-consistency, tree-clusteringand in searching
AND/OR graphs using caching of goods and no-goods. It also includes path-width (pw)
which captures the cluster size required to embed a graph in achain of clusters, and the
hypertreehw appearing in the hypertree decomposition which captures the number of con-
straints in a tree of clusters. Cutset-based parameters include thecycle-cutset sizec1 and
more generally thew-cutset sizecw (appearing in the cutset-decomposition method, which
capture the number of variables that need to be removed from the constraint graph to make
its tree-width bounded byw. This concept can be extended in an obvious way to hypercut-
set decompositions defining cutsets for which the remaininggraph has a bounded hypertree
width, rather than tree-width. Other parameters that do notbelong to the above two classes
is 1) thedepth of aDFS-tree and a pseudo-treem (appearing when searching AND/OR
trees and in backjumping), 2) thesize of the largest non-separable componentr1 (appear-
ing in the decomposition to bi-connected components), 3) the size of hinges (appearing in
bi-connected decomposition of a minimal dual graphs) and 4)the size ofseparator-based
tree-widthrs appearing in SCTE method capturing time-space tradeoffs.

It is well known [10, 3] that for any graphw∗ ≤ m∗ ≤ pw∗ ≤ w∗ · logn. Relating
width-based parameters to cutset parameters we have thatw∗ ≤ c∗i + i holds. Also graphs
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having bounded tree-width also have bounded hypertree width but not vice-versa. There-
fore the hypertree width is the most informative parameter capturing tractability. However,
when memory is bounded we can use SCTE(i) or cutset-decomposition(i) for an appropri-
atei so that memory ofO(ki) is feasible.

5.5.2 Bibliographical Notes

Join-tree clustering was introduced in constraint processing by Dechter and Pearl [18] and
in probabilistic networks by Spigelhalter et. al [35]. Bothmethods are based on the char-
acterization by relational-database researchers that acyclic-databases have an underlying
tree-structure, called join-tree, that allows polynomialquery processing using join-project
operations and easy identification procedures [6, 38, 46]. In both constraint networks
and belief networks, it was observed that the complexity of compiling any knowledge-
base into an acyclic one is exponential in the cluster size, which is characterized by the
induced-width or tree-width. At the same time, variable-elimination algorithms developed
in [7, 43] and [17] (e.g., adaptive-consistency and bucket-elimination) were also observed
to be governed by the same complexity graph-parameter. In [17, 18] the connection be-
tween induced-width and tree-width was recognized throughthe work of [1] on tree-width
and k-trees and partial k-trees, which was made explicit later in [27]. The similarity be-
tween variable-elimination and tree-clustering from the constraint perspective was ana-
lyzed [18]. Independently of this investigation, the tree-width parameter was undergoing
intensive investigation in the theoretic-graph-community. It characterizes the best embed-
ding of a graph or a hypergraph in a hypertree. Various connections between hypertrees,
chordal graphs and k-trees were made by Arnborg and his colleagues [1, 2]. They showed
that finding the smallest tree-width of a graph is NP-complete, but deciding if the graph
has a tree-width below a certain constant k is polynomial in k. A recent analysis shows
that this task can be accomplished inO(n · f(k)) wheref(k) is a very bad exponential
function ofk [9].

The decomposition into hinges was presented in [32]. As noted any hinge-decom-
position is closely related to bi-component tree decomposition of the dual graph whose
redundant arcs are removed [31]. The hypertree-width parameter was introduced in [29]
and shown to provide the most inclusive characterization oftractability. In recent years,
research has focused on a variety of greedy and other approximation algorithms for tree-
width and induced-width [4, 45]. For recent work see [39, 41]
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Chapter 6

The Complexity of
Constraint Languages

David Cohen and Peter Jeavons

One of the most fundamental challenges in constraint programming is to understand the
computational complexity of problems involving constraints. It has been shown that the
class of all constraint satisfaction problem instances is NP-hard [72], so it is unlikely
that efficient general-purpose algorithms exist for solving all forms of constraint prob-
lem. However, in many practical applications the instancesthat arise have special forms
that enable them to be solved more efficiently [11, 25, 70, 83].

One way in which this occurs is that there is some special structure in the way that the
constraints overlap and intersect each other. The natural theory for discussing the structure
of such interaction between constraints is the mathematical theory of hypergraphs. Much
work has been done in this area, and many tractable classes ofconstraint problems have
been identified based on structural properties (see Chapter5). There are strong parallels
between this work and similar investigations into the structure of so-calledconjunctive
queriesin relational databases [41, 59].

Another way in which constraint problems can be defined whichare easier to solve
than in the general case is when thetypes of constraintsare limited. The natural theory
for discussing the properties of constraint types is the mathematical theory of relations and
their associated algebras. Again considerable progress has been made in this investigation
over the past few years. For example, a complete characterisation of tractable constraint
types is now known for both 2-element domains [86] and 3-element domains [14]. In
addition, a number of novel efficient algorithms have been developed for solving particular
types of constraint problems over both finite and infinite domains [3, 8, 16, 25, 26, 28, 64].

In this chapter we will focus on the second approach. That is,we will investigate
how the complexity of solving constraint problems varies with the types of constraints
which are allowed. One fundamental open research problem inthis area is to characterise
exactly which types of constraints give rise to constraint problems which can be solved
in polynomial time. This problem is important from a theoretical perspective, because
it helps to clarify the boundary between tractability and intractability in a wide range of
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combinatorial search problems [27, 37, 49, 63]. It is also important from a practical per-
spective, as it allows the development of constraint programming languages which exploit
the existence of diverse families of tractable constraintsto provide more efficient solution
techniques [70, 83].

In this chapter a set of types of constraints will be called aconstraint language. Sec-
tion 6.1 gives the basic definitions, and Section 6.2 lists some typical examples of tractable
(and intractable) constraint languages.

In Section 6.3 we present the mathematical theory that leadsus to the major results in
the area: we will characterise the complexity of constraintlanguages (over finite domains)
in terms of properties of associated finite algebras.

In Section 6.4 we show how the algebraic theory can be used to identify tractable
constraint languages and select an appropriate algorithm.This section presents a strong
conjecture for a simple algebraic characterisation of all tractable constraint languages. We
will also show that a direct result of the theory is that if thedecision problem for a constraint
language can be solved in polynomial time, then so can the search problem. In other words,
for any language for which it can be decided in polynomial time whether a solution exists,
a solution can be found in polynomial time.

In Section 6.5 we consider how the algebraic theory can be extended to deal with
constraint languages over infinite domains, and in Section 6.6 we consider multi-sorted
constraint languages (where different variables can take their values from different sets).

Finally, in Section 6.7 we briefly consider some alternativeapproaches, including a
constructive approach which builds new tractable constraint languages by combining sim-
pler languages. This theory applies to constraint languages over both finite and infinite
domains. This constructive approach has a rather differentflavour from the more descrip-
tive algebraic approach, and the two approaches have not yetbeen fully unified.

We conclude the chapter in Section 6.8 with a discussion of possible future work in
this exciting area.

6.1 Basic Definitions

In this section we begin by defining the fundamental decisionproblem associated with any
given constraint language. It is the complexity of this decision problem that is the main
focus of this chapter.

The central notion in the study of constraints and constraint satisfaction problems is
the notion of arelation.

Definition 6.1. For any setD, and any natural numbern, the set of alln-tuples of elements
ofD is denoted byDn. Theith component of a tuplet will be denoted byt[i].

A subset ofDn is called ann-ary relation overD. The set of all finitary relations over
D is denoted byRD.

A constraint language overD is a subset ofRD.

The ‘constraint satisfaction problem’ was introduced by Montanari [76] in 1974 and
has been widely studied [33, 37, 66, 72, 73, 74] (see Chapter 2). In this chapter we study a
parameterised version of the standard constraint satisfaction problem, in which the param-
eter is a constraint language specifying the possible formsof the constraints.
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Definition 6.2. For any setD and any constraint languageΓ overD, theconstraint sat-
isfaction problem CSP(Γ) is the combinatorial decision problem with

Instance: A triple 〈V,D, C〉, where

• V is a set ofvariables;

• C is a set ofconstraints, {C1, . . . , Cq}.
• Each constraintCi ∈ C is a pair 〈si, Ri〉, where

– si is a tuple of variables of lengthni, called theconstraint scope;
– Ri ∈ Γ is anni-ary relation overD, called theconstraint relation.

Question: Does there exist asolution, that is, a functionϕ, fromV to D, such that, for
each constraint〈s,R〉 ∈ C, with s = 〈v1, . . . , vn〉, the tuple〈ϕ(v1), . . . , ϕ(vn)〉
belongs to the relationR?

The setD, specifying the possible values for the variables, is called thedomain of the
problem. The set of solutions to a CSP instanceP = 〈V,D,C〉 will be denotedSol(P).

In order to determine the computational complexity of a constraint satisfaction problem
we need to specify how instances are encoded as finite stringsof symbols. Thesizeof a
problem instance can be taken to be the length of a string specifying the variables, the
domain, all constraint scopes and corresponding constraint relations. We shall assume in
all cases that this representation is chosen so that the complexity of determining whether
a constraint allows a given assignment of values to the variables in its scope is bounded
by a polynomial function of the length of the representation. For finite domains it is most
straightforward to assume that the tuples in the constraintrelations are listed explicitly.

Throughout the chapter we shall be concerned with distinguishing between constraint
languages which give rise to tractable problems (i.e., problems for which there exists a
polynomial-time solution algorithm) and those which do not. Since many practical ap-
plications define constraint relations implicitly we ensure that our explicit representation
does not affect our results by defining the notion of tractability in such a way that it only
depends on finite subsets of the constraint language.

Definition 6.3. A constraint language,Γ, is said to betractable if CSP(Γ′) can be solved
in polynomial time, for each finite subsetΓ′ ⊆ Γ.

A constraint language,Γ, is said to beNP-complete if CSP(Γ′) is NP-complete, for
some finite subsetΓ′ ⊆ Γ.

There are known to be infinitely many computational problemswhich are neither solv-
able in polynomial time nor NP-complete [67], but we shall see below that all constraint
languages over domains of size 2 and 3 are known to be either tractable or NP-complete.
The same dichotomy is conjectured to hold for all constraintlanguages over any finite
domain (see Conjecture 6.52 below), although this questionis still open [11, 37].

6.2 Examples of Constraint Languages

This section introduces some typical constraint languagesthat we will be concerned with
in this chapter. For each language mentioned we simply statein this section whether it
is known to be tractable or NP-complete. A more detailed discussion of many of these
languages can be found later in the chapter.
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Example 6.4. LetD be anyfield (that is, a set on which the operations of addition, sub-
traction, multiplication and division are defined, such as the rational numbers). LetΓL IN

be the constraint language consisting of all those relations overD which consist of all the
solutions (for a fixed ordering of the unknowns) to some system of linear equationsover
D.

Any relation fromΓL IN , and therefore any instance ofCSP(ΓL IN ), can be represented
by a system of linear equations1 overD, and so can be solved in polynomial time (e.g., by
Gaussian elimination). HenceΓL IN is a tractable constraint language. �

Example 6.5. A constraint language over a two-element setD = {d0, d1} is known as a
Booleanconstraint language. Using such languages we can express the standard proposi-
tional SATISFIABILITY problem [38, 78] as a constraint satisfaction problem, by identify-
ing the 2 elements ofD with the logical valuesTRUE andFALSE.

It was established by Schaefer in 1978 [86] that a Boolean constraint language,Γ, is
tractable if (at least) one of the following six conditions holds:

1. Every relation inΓ contains a tuple in which all entries are equal tod0;

2. Every relation inΓ contains a tuple in which all entries are equal tod1;

3. Every relation inΓ is definable by a conjunction of clauses, where each clause has
at most one negative literal;

4. Every relation inΓ is definable by a conjunction of clauses, where each clause has
at most one positive literal (i.e., a conjunction ofHorn clauses);

5. Every relation inΓ is definable by a conjunction of clauses, where each clause con-
tains at most 2 literals;

6. Every relation inΓ is the set of solutions of a system of linear equations over the
finite field with 2 elements, GF(2).

In all other casesΓ is NP-complete.
This result establishes adichotomyfor Boolean constraint languages: any Boolean con-

straint language is either tractable or NP-complete. Hencethis result is known asSchae-
fer’s Dichotomy Theorem [86].

Similar dichotomy results have also been obtained for many other combinatorial prob-
lems over a Boolean domain which are related to the Boolean constraint satisfaction prob-
lem [63, 27]. �

Example 6.6. It follows from Schaefer’s Dichotomy Theorem [86] (Example6.5) that
some Boolean constraint languages containing just asingle relationare NP-complete.

For example, for any 2-element setD = {d0, d1}, letND be the ternarynot-all-equal
relation overD defined by

ND = D3 \ {〈d0, d0, d0〉 , 〈d1, d1, d1〉}
= {〈d0, d0, d1〉 , 〈d0, d1, d0〉 , 〈d0, d1, d1〉 , 〈d1, d0, d0〉 , 〈d1, d0, d1〉 , 〈d1, d1, d0〉}.

The problemCSP({ND}) corresponds to the NOT-ALL -EQUAL SATISFIABILITY prob-
lem [86] which is known to be NP-complete2.

1Moreover, this system of equations can be computed from the relations in polynomial time - see [11]
2The standard version of NOT-ALL -EQUAL SATISFIABILITY given in [38, 78] is slightly more general, but

can be shown to be polynomial-time equivalent toCSP({ND}).
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Similarly, letTD be the ternaryone-in-threerelation overD defined by

TD = {〈d0, d0, d1〉 , 〈d0, d1, d0〉 , 〈d1, d0, d0〉}.

The problemCSP({TD}) corresponds to the ONE-IN-THREE SATISFIABILITY problem
(with positive literals) [86, 38, 27] which is known to be NP-complete. �

Example 6.7. The class of constraints known asmax-closedconstraints was introduced
in [54] and shown to be tractable. This class of constraints has been used in the analysis
and development of a number of industrial scheduling tools [70, 83].

Max-closed constraints are defined for arbitrary finite domains which are totally or-
dered. This class of constraints includes all of the ‘basic constraints’ over the natural num-
bers in the constraint programming language CHIP [91], as well as many other forms of
constraint. The following are examples of max-closed constraints over a domainD which
can be any fixed finite set of natural numbers:

3x1 + x5 + 3x4 ≥ 2x2 + 10,
4x1 6= 8,

x1 ∈ {1, 2, 3, 5, 7, 11, 13},
2x1x3x5 ≥ 3x2 + 1,

(3x1 ≥ 7) ∨ (2x1 ≥ 4) ∨ (5x2 ≤ 7).

Hence the constraint language comprising all relations of these forms is tractable. �

Example 6.8. LetD be any finite set, and letΓZOA be the set of all relations of the follow-
ing forms:

• All unary relations;

• All binary relations of the formD1 ×D2 for subsetsD1, D2 of D;

• All binary relations of the form{〈d, π(d)〉 | d ∈ D1}, for some subsetD1 of D and
some permutationπ of D;

• All binary relations of the form{〈a, b〉 ∈ D1 × D2 | a = d1 ∨ b = d2} for some
subsetsD1, D2 of D and some elementsd1 ∈ D1, d2 ∈ D2.

These relations were introduced in [58], where they are called implicational relations,
and independently in [26], where they are called0/1/all relations.

It was shown in [26] thatΓ ZOA is tractable, and that for any binary relationR overD
which isnot in ΓZOA , ΓZOA ∪ {R} is NP-complete. �

Example 6.9.The class of binary constraints known asconnected row-convexconstraints
was introduced in [35] and shown to be tractable. This class properly includes the ‘mono-
tone’ relations, identified and shown to be tractable by Montanari in [76].

Let the domainD be the ordered set{d1, d2, . . . , dm}, whered1 < d2 < · · · < dm.
The definition of connected row-convex constraints given in[35] uses a standard matrix
representation for binary relations: the binary relationR overD is represented by the
m × m 0-1 matrixM , by settingMij = 1 if the relation contains the pair〈di, dj〉, and
Mij = 0 otherwise.
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A relation is said to be connected row-convex if the following property holds: the pat-
tern of 1’s in the matrix representation (after removing rows and columns containing only
0’s) is connected along each row, along each column, and forms a connected 2-dimensional
region (where some of the connections may be diagonal).

By [35] we see that the following examples of connected row-convex relations:























0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 1 1 0 0 0
0 0 0 1 1 1 1 0 1 0
0 1 1 1 1 1 1 0 1 0
1 1 1 1 1 1 1 0 1 1
0 1 1 1 1 1 1 0 1 0
0 0 1 1 1 1 1 0 1 0
0 0 1 1 1 1 1 0 1 0
0 0 0 1 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0













































1 1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
0 0 1 1 1 0 0 0 0 0
0 0 1 1 1 0 0 0 0 0
0 0 1 1 1 0 0 0 0 0
0 0 1 1 1 0 0 0 0 0
0 0 0 0 0 1 1 1 1 1
0 0 0 0 0 1 1 1 1 1
0 0 0 0 0 1 1 1 0 0
0 0 0 0 0 1 1 1 0 0













































0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 1 1 1 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0
0 1 1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0























form a tractable constraint language. �

Example 6.10.The binaryinequality relation over an ordered setD is defined as follows:

<D = {〈d1, d2〉 ∈ D2 | d1 < d2}.

WhenD is the set of natural numbers,N, the class of constraint satisfaction problem
instancesCSP({<D}) corresponds to the ACYCLIC DIGRAPH problem [4]. An instance
of this problem is a directed graphG, and the question is whetherG is acyclic, that is,
contains no directed cycles. It is easy to show that a directed graph is acyclic if and only if
its vertices can be numbered in such a way that every arc leadsfrom a vertex with smaller
number to a vertex with a greater one.

Since the ACYCLIC DIGRAPH problem is tractable, it follows that{<N} is a tractable
constraint language. �

Example 6.11.The binarydisequality relation over a setD is defined as follows:

6=D = {〈d1, d2〉 ∈ D2 | d1 6= d2}.

The class of constraint satisfaction problem instancesCSP({6=D}) corresponds to the
GRAPH COLORABILITY problem [38, 78] with|D| colours. This problem is tractable
when|D| ≤ 2 or |D| =∞, and NP-complete when3 ≤ |D| <∞. �

Example 6.12. The ternarybetweennessrelation over an ordered setD is defined as
follows:

BD = {〈x, y, z〉 ∈ D3 | x < y < z or x > y > z}.

For a finite setD, the constraint language{BD} is tractable when|D| ≤ 4 and is NP-
complete when|D| ≥ 5 (see Example 6.45).

For an infinite setD, the constraint language{BD} is NP-complete because the class of
constraint satisfaction problem instancesCSP({BD}) corresponds to the BETWEENNESS

problem, which is known to be NP-complete [38]. An instance of this problem is a pair
〈A, T 〉 whereA is a finite set andT ⊆ A3; the question is whether there is a function
f : A → {1, . . . , |A|} such that, for every triple〈a, b, c〉 ∈ T , we have eitherf(a) <
f(b) < f(c) or f(a) > f(b) > f(c). �
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Example 6.13.The class of constraints known aslinear Horn constraints was introduced
in [55, 62] and shown to be tractable.

The constraint relation of a linear Horn constraint is a relation over an infinite ordered
set which is specified by a disjunction of an arbitrary finite number of linear disequali-
ties and at most one weak linear inequality. The following are examples of linear Horn
constraints:

3x1 + x5 − 3x4 ≤ 10,
x1 + x3 + x5 6= 7,

(3x1 + x5 − 4x3 ≤ 7) ∨ (2x1 + 3x2 − 4x3 6= 4) ∨ (x2 + x3 + x5 6= 7),
(4x1 + x3 6= 3) ∨ (5x2 − 3x5 + x4 6= 6).

Linear Horn constraints are an important class of linear constraints for expressing problems
in temporal reasoning [55]. In particular, the class of linear Horn constraints properly
includes the point algebra of [92], the (quantitative) temporal constraints of [60, 61] and
the ORD-Horn constraints of [77]. �

6.3 Developing an Algebraic Theory

A series of papers by Jeavons and co-authors [50, 51, 52, 54] has shown that the complexity
of constraint languages over a finite domain can be characterised using algebraic properties
of relations (see Figure 6.1).

The first step in the algebraic approach to constraint languages exploits the well-known
idea that, given an initial set of constraint relations, there will often be further relations that
can be added to the set without changing the complexity of theassociated problem class.
In fact, it has been shown that it is possible to add all the relations that can be derived from
the initial relations using certain simple rules. The larger sets of relations obtained using
these rules are known asrelational clones[34, 81]. Hence the first step in the analysis is
to note that it is sufficient to analyse the complexity only for those sets of relations which
are relational clones (see Section 6.3.1).

The next step in the algebraic approach is to note that relational clones can be char-
acterised by theirpolymorphisms, which are algebraicoperationson the same underlying
set [49, 52] (see Section 6.3.2). As well as providing a convenient and concise method
for describing large families of relations, the polymorphisms also reflect certain aspects of
the structure of the relations that can be used for designingefficient algorithms. This link
between relational clones and polymorphisms has already played a key role in identifying
many tractable constraint classes and developing appropriate efficient solution algorithms
for them [14, 15, 17, 19, 28, 50].

The final step in the algebraic approach links constraint languages with finite univer-
sal algebras (see Section 6.3.3). The language of finite algebras provides a number of
very powerful new tools for analysing the complexity of constraints, including the deep
structural results developed for classifying the structure of finite algebras [45, 75, 88].

6.3.1 Step I: From Relations to Relational Clones

As stated above, the first step in the algebraic approach is toconsider what additional re-
lations can be added to a constraint language without changing the complexity of the cor-
responding problem class. This technique has been widely used in the analysis of Boolean



176 6. The Complexity of Constraint Languages

Complexity of a constraint language

m
Properties of the corresponding relational clone

m
Properties of polymorphisms

m
Structural properties of a corresponding algebra

Figure 6.1: Translating questions about the complexity of constraint languages into ques-
tions about the properties of algebras.

constraint satisfaction problems [27, 86], and in the analysis of temporal and spatial con-
straints [36, 77, 84, 64, 65]; it was introduced for the studyof constraints over arbitrary
finite sets in [49].

Definition 6.14. A constraint languageΓ expresses a relationR if there is an instance
P = 〈V,D,C〉 ∈ CSP(Γ) and a list〈v1, . . . , vn〉 of variables inV such that

R = {〈ϕ(v1), . . . , ϕ(vn)〉 | ϕ ∈ Sol(P)}

For any constraint languageΓ, the set of all relations which can be expressed byΓ will
be called theexpressive powerof Γ. The expressive power of a constraint languageΓ can
be characterised in a number of different ways [53]. For example, it is equal to the set of all
relations that can be obtained from the relations inΓ using therelational join andproject
operations from relational database theory [43]. It has also been shown to be equal to the
set of relations definable byprimitive positive formulasover the relations inΓ together with
the equality relation, where a primitive positive formula is a first-order formula involving
only conjunction and existential quantification [11]. In algebraic terminology [34, 81], this
set of relations is called therelational clonegenerated byΓ, and is denoted by〈Γ〉.

Example 6.15. Consider the Boolean constraint languageΓ = {R1, R2} whereR1 =
{〈0, 1〉 , 〈1, 0〉 , 〈1, 1〉} andR2 = {〈0, 0〉 , 〈0, 1〉 , 〈1, 0〉}.

It is straightforward to check that all 16 binary Boolean relations can be expressed
by a primitive positive formula involvingR1 andR2. For example, the relationR3 =
{〈0, 0〉 , 〈1, 0〉 , 〈1, 1〉} can be expressed by the formulaR3 = ∃yR1(x, y) ∧ R2(y, z).
Hence〈Γ〉, the relational clone generated byΓ, includes all 16 binary Boolean relations.

In fact it can be shown that, for this constraint languageΓ, the set〈Γ〉 consists of
precisely those Boolean relations (of any arity) that can beexpressed as a conjunction of
unary or binary Boolean relations [82, 88]. This is equivalent to saying that the constraint
languageΓ expresses precisely this set of relations. �
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The link between these notions and the complexity of constraint languages is estab-
lished by the next result.

Theorem 6.16([11, 49]). For any constraint languageΓ and any finite subsetΓ0 ⊆ 〈Γ〉
there is a polynomial time reduction fromCSP(Γ0) to CSP(Γ).

Corollary 6.17. A constraint languageΓ is tractable if and only if〈Γ〉 is tractable. Simi-
larly, Γ is NP-complete if and only if〈Γ〉 is NP-complete.

This result reduces the problem of characterising tractable constraint languages to the
problem of characterising tractable relational clones.

6.3.2 Step II: From Relational Clones to Sets of Operations

We have shown in the previous section that to analyse the complexity of arbitrary constraint
languages over finite domains it is sufficient to consider only relational clones. This con-
siderably reduces the variety of languages to be studied. However, it immediately raises
the question of how to represent and describe relational clones. For many relational clones
the only known generating sets are rather sophisticated, and in some cases no generating
sets are known.

Very conveniently, it turns out that there is a well-known alternative way to represent
and describe any relational clone: usingoperations.

Definition 6.18. LetD be a set, andk a natural number. A mappingf : Dk → D is called
a k-ary operation onD. The set of all finitary operations onD is denoted byOD.

We first describe a fundamental algebraic relationship between operations and rela-
tions. Observe that any operation on a setD can be extended in a standard way to an
operation on tuples of elements fromD, as follows. For any (k-ary) operationf and
any collection of tuplest1, . . . , tk ∈ Dn, definef(t1, . . . , tk) ∈ Dn to be the tuple
〈f(t1[1], . . . , tk[1]), . . . , f(t1[n], . . . , tk[n])〉.

Definition 6.19([34, 75, 81, 88]). A k-ary operationf ∈ OD preserves ann-ary relation
R ∈ RD (or f is a polymorphism ofR, or R is invariant underf ) if f(t1, . . . , tk) ∈ R
for all choices oft1, . . . , tk ∈ R.

For any given setsΓ ⊆ RD andF ⊆ OD, we define the mappingsPol andInv as
follows:

Pol(Γ) = {f ∈ OD | f preserves each relation fromΓ},
Inv(F ) = {R ∈ RD | R is invariant under each operation fromF}.

We remark that the mappingsPol and Inv form a Galois correspondencebetween
RD andOD (see Proposition 1.1.14 of [81]). Brief introductions to this correspondence
can be found in [34, 80], and a comprehensive study in [81]. Wenote, in particular, that
Inv(F ) = Inv(Pol(Inv(F ))), for any set of operationsF .

It is a well-known result in universal algebra that the relational clone generated by a set
of relations over a finite set is determined by the polymorphisms of those relations [81].
Here we will establish this key result using purely constraint-based reasoning.
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Definition 6.20. LetΓ be a finite constraint language over a finite setD.
For any positive integerk, theindicator problem of order k for Γ is the CSP instance

P = 〈V,D, C〉 ∈ CSP(Γ) where:

• V = Dk (in other words, each variable inP is ak-tuple of domain elements).

• C = {〈s,R〉 | R ∈ Γ ands matchesR}.

In this definition we say that that a list ofk-tupless = 〈v1, . . . , vn〉matchesa relationR if
n is equal to the arity ofR and for eachi ∈ {1, 2, . . . , k} then-tuple〈v1[i], . . . , vn[i]〉 is
in R. Hence the CSP instanceP has constraints from the constraint languageΓ on every
possible scope which matches a relation fromΓ.

Note that the solutions to the indicator problem of orderk for Γ are mappings fromDk

to D that preserve each of the relations inΓ, hence they are precisely thek-ary elements
of Pol(Γ).

Indicator problems are described in more detail in [48], where a number of concrete
examples are given. A software system for constructing and solving indicator problems for
given constraint languages is described in [39].

Theorem 6.21([49, 81]). For any constraint languageΓ over a finite set,〈Γ〉 = Inv(Pol(Γ)).

Proof. If two relations both have a polymorphismf , then their conjunction also has the
polymorphismf . Similarly, if a relation has a polymorphismf , then any relation obtained
by existential quantification of that relation also has the polymorphismf . Finally the
equality relation has every operation as a polymorphism. Itfollows from these observations



D. Cohen, P. Jeavons 179

that for anyR in the relational clone ofΓ we havePol({R}) ⊇ Pol(Γ). Hence〈Γ〉 ⊆
Inv(Pol(Γ)).

To establish the converse, letΓ be a constraint language over a finite setD, let R be
an arbitrary relation inInv(Pol(Γ)), and letn be the arity ofR. We need to show that
R ∈ 〈Γ〉, or in other words thatR can be expressed using the constraint languageΓ.

Let k be the number of tuples in the relationR, and construct the indicator problem
P of orderk for Γ. Choose a list of variablest = 〈v1, . . . , vn〉 in P such that each of
then-tuples〈v1[i], . . . , vn[i]〉, for i = 1, . . . , k, is a distinct element of our target relation
R. Consider the relationRt = {〈f(v1), . . . , f(vn)〉 | f ∈ Sol(P)}. By the observation
above, the elements ofSol(P) are thek-ary polymorphisms ofΓ, and these include thek
projection operations which simply return one of their arguments. By the choice oft, each
of these projection operations results in a distinct tuple of R being included inRt, and so
R ⊆ Rt. Conversely, by the choice ofR, every polymorphism ofΓ preservesR, and hence
every element ofRt is contained inR.

Since the relational clone〈Γ〉 consists of those relations that can be expressed by the
constraint languageΓ, we immediately obtain the following strong link between polymor-
phisms and expressive power.

Corollary 6.22. A relationR over a finite set can be expressed by a constraint language
Γ precisely whenPol(Γ) ⊆ Pol({R}).

Combining Theorem 6.16 and Theorem 6.21 we obtain the following link between
polymorphisms and complexity.

Corollary 6.23. For any constraint languagesΓ,Γ0 over a finite set, ifΓ0 is finite and
Pol(Γ) ⊆ Pol(Γ0), thenCSP(Γ0) is reducible toCSP(Γ) in polynomial time.

This result implies that, for any finite constraint languageΓ over a finite set, the com-
plexity of CSP(Γ) is determined, up to polynomial-time reduction, by the polymorphisms
of Γ. Hence we can translate our original problem of characterising tractable constraint
languages into an equivalent problem for sets of operations.

Definition 6.24. A set of operationsF ⊆ OD is said to be tractable ifInv(F ) is tractable.
A setF ⊆ OD is said to be NP-complete ifInv(F ) is NP-complete.

With this definition we have translated our basic challenge into characterising tractable
sets of operations.

6.3.3 Step III: From Sets of Operations to Algebras

We have seen in the previous section that the problem of analysing the complexity of a
constraint language can be translated into the problem of analysing the complexity of the
set of operations which preserve all of the relations in thatlanguage. In this section we
shall open the way to the use of a further set of powerful analytical tools by making the
final translation step, from sets of operations to algebras.

Definition 6.25. Analgebra is an ordered pairA = 〈D,F 〉 such thatD is a nonempty set
andF is a family of finitary operations onD. The setD is called theuniverseofA, and
the operations fromF are calledbasic. An algebra with a finite universe is referred to as
a finite algebra.
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To make the translation from sets of operations to algebras we simply note that any set
of operationsF on a fixed setD can be associated with the algebra〈D,F 〉. Hence, we
will define what it means for an algebra to be tractable by considering the tractability of
the basic operations.

Definition 6.26. An algebraA = 〈D,F 〉 is said to be tractable if the set of basic op-
erationsF is tractable. An algebraA = 〈D,F 〉 is said to be NP-complete ifF is NP-
complete.

Our basic task is now translated as: characterise all tractable algebras.
It will be useful to describe an equivalence relation linking algebras that correspond

to the same constraint language. As we noted earlier, the mappingsPol andInv have the
property thatInv(Pol(Inv(F ))) = Inv(F ), so we can extend a set of operationsF to the
setPol(Inv(F )) without changing the associated invariant relations. The setPol(Inv(F ))
consists of all operations that can be obtained from the operations inF , together with the
set of all projection operations, by forming arbitrary compositions of operations3. Note
that any set of operations which includes all the projectionoperations and is closed under
composition is referred to by algebraists as acloneof operations. The clone of operations
obtained from a setF in this way is usually referred to as the set ofterm operationsover
F , so we will make the following definition.

Definition 6.27. For any algebraA = 〈D,F 〉, an operationf onD will be called aterm
operation ofA if f ∈ Pol(Inv(F )).

The set of all term operations ofA will be denotedTerm(A).

Two algebras with the same universe are calledterm equivalentif they have the same set
of term operations. Since, for any algebraA = 〈D,F 〉, we haveInv(F ) = Inv(Term(A)),
two algebras are term equivalent if and only if they have the same set of associated invari-
ant relations. It follows that we need to characterise tractable algebras only up to term
equivalence.

We will now show that we can restrict our attention to certainspecial classes of alge-
bras.

The first simplification we apply is to note that any unary polymorphism of a con-
straint language can be applied to all of the relations in thelanguage without changing the
complexity.

Proposition 6.28([52, 49]). Let Γ be a constraint language over a setD, and letf be a
unary operation inPol(Γ).

CSP(Γ) is polynomial-time equivalent toCSP(f(Γ)), wheref(Γ) = {f(R) | R ∈ Γ}
andf(R) = {f(t) | t ∈ R}.

If we apply Proposition 6.28 with a unary polymorphismf which has the smallest
possible range out of all the unary polymorphisms ofΓ, then we obtain a constraint lan-
guagef(Γ) whose unary polymorphisms are all surjective. Such a language will be called
a reducedconstraint language.

3If f is an m-ary operation on a setD, and g1, g2, . . . , gm are k-ary operations onD, then the
composition off and g1, g2, . . . , gm is the k-ary operationh on D defined byh(a1, a2, . . . , ak) =
f(g1(a1, . . . , ak), . . . , gm(a1, . . . , ak)).
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Definition 6.29. We call an algebrasurjective if all of its term operations are surjective4.

It is easy to verify that a finite algebra is surjective if and only if its unary term opera-
tions are all surjective, and hence form a group of permutations. It follows that an algebra
A = 〈D,F 〉 is surjective if and only ifInv(F ) is a reduced constraint language. Using
Proposition 6.28, this means that we can restrict our attention to surjective algebras.

The next theorem shows that for many purposes we need consider only those surjective
algebras with the additional property of being idempotent.

Definition 6.30. An operationf on D is calledidempotent if it satisfiesf(x, . . . , x) = x
for all x ∈ D.

Thefull idempotent reductof an algebraA = 〈D,F 〉 is the algebra〈D,Termid(A)〉,
whereTermid(A) consists of all idempotent operations fromTerm(A).

An operationf on a set D is idempotent if and only if it preserves all the relations in the
setΓCON = {{〈a〉} | a ∈ D}, consisting of all unary one-element relations onD. Hence,
Inv(Termid(A)) is the relational clone generated byInv(F ) ∪ ΓCON.

That is, considering only the full idempotent reduct of an algebra is equivalent to con-
sidering only those constraint languages in which we can arbitrarily fix variables to partic-
ular values from the domain.

Theorem 6.31([11]). A finite surjective algebraA is tractable if and only if its full idempo-
tent reductA0 is tractable. Moreover,A is NP-complete if and only ifA0 is NP-complete.

Next we link the complexity of a finite algebra with the complexity of its sub-algebras
and homomorphic images. In many cases, we can use these results to reduce the problem
of analysing the complexity of an algebra to a similar problem involving an algebra with a
smaller universe. In such cases we can reduce the problem of analysing the complexity of
a constraint language to a similar problem for a constraint language over a smaller domain.

Definition 6.32. LetA = 〈D,F 〉 be an algebra andU a subset ofD such that, for any
f ∈ F and for anyb1, . . . , bk ∈ B, wherek is the arity off , we havef(b1, . . . , bk) ∈ B.
Then the algebraB = 〈B,F |B〉 is called asub-algebra ofA, whereF |B consists of the
restrictions of all operations inF toB. IfB 6= A, thenB is said to be apropersub-algebra.

Definition 6.33. LetA1 = 〈D1, F1〉 andA2 = 〈D2, F2〉 be such thatF1 = {f1
i | i ∈ I}

andF2 = {f2
i | i ∈ I}, where bothf1

i andf2
i areki-ary, for all i ∈ I.

A mapΦ : A1 → A2 is called ahomomorphism fromA1 toA2 if

f1
i (a1, . . . , aki

) = f2
i (Φ(a1), . . . ,Φ(aki

))

holds for alli ∈ I and alla1, . . . , aki
∈ A1.

If the mapΦ is surjective, thenA2 is said to be ahomomorphic imageofA1.

Definition 6.34. A homomorphic image of a sub-algebra of an algebraA is called afactor
ofA.

Theorem 6.35([11]). If A is a tractable finite algebra, then so is every factor ofA.
If A has any factor which is NP-complete, thenA is NP-complete.

4Some authors call an algebra surjective if all of itsbasicoperations are surjective. However, such algebras
can have non-surjective term operations, so our definition is more restrictive.
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6.4 Applications of the Algebraic Theory

6.4.1 A Pre-Processing Algorithm

The theory described in the previous section has shown that many key properties of a
constraint language are determined by its polymorphisms. Hence calculating the polymor-
phisms of the constraint language used in a given CSP instance can be a useful step in
analysing that instance.

For example, using Construction 6.20 and Proposition 6.28 we can design a pre-pro-
cessing algorithm which can sometimes simplify the presentation of a constraint satisfac-
tion problem (Algorithm 6.1).

Since the indicator problem of order 1 only has|D| variables, this pre-processing step
is efficient for many problems and can result in an equivalentproblem instance with a
considerably smaller domain.

Algorithm 6.1 : Pre-processing to reduce the domain size

Input : An instanceP = 〈V,D, C〉 of CSP(Γ) whereD is finite.
Output : An equivalent instanceP ′.

1. Find all unary polymorphisms ofΓ by generating and solving the indicator
problem of order 1 forΓ;

2. Choose a unary polymorphismf with the smallest number of values in its range;

3. If the range off is smaller thanD, applyf to each constraint relation inP to
obtain a new problem instanceP ′ over a smaller domain.

6.4.2 Tractable Cases: Using Polymorphisms as Algorithm Selectors

In many cases, it has been shown that the existence of a singlepolymorphism satisfying
certain simple conditions is sufficient to ensure the tractability of a constraint language and
to identify an appropriate polynomial-time algorithm.

Definition 6.36. Letf be ak-ary operation a setD.

• If k = 2 andf satisfies the identitiesf(x, f(y, z)) = f(f(x, y), z) (associativity),
f(x, y) = f(y, x) (commutativity), andf(x, x) = x (idempotency), thenf is called
a semilattice operation.

• If f satisfies the identityf(x1, . . . , xk) ∈ {x1, . . . , xk}, thenf is called aconser-
vative operation.

• If k ≥ 3 andf satisfies the identitiesf(y, x, . . . , x) = f(x, y, x, . . . , x) = · · · =
f(x, . . . , x, y) = x, thenf is called anear-unanimity operation.

• If k = 3 andf satisfies the identitiesf(y, y, x) = f(x, y, y) = x, thenf is called a
Mal’tsev operation.
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Proposition 6.37 ([52]). For any constraint languageΓ over a finite setD, if Pol(Γ)
contains a semilattice operation, thenΓ is tractable, and all instances inCSP(Γ) can be
solved by enforcing arc consistency5.

This result has been extended to more generalsemigroupoperations in [12, 31].

Example 6.38. The Boolean constraint language consisting of all relations that can be
specified byHorn clauses, as described in Example 6.5, has the binary polymorphism∧
(conjunction) [54], and so is tractable by Proposition 6.37. Any collection of Horn clauses
can be solved byunit resolution, which is a specialised form of arc consistency. �

Example 6.39. The max-closed constraints defined in [54] and described in Example 6.7
all have the binary polymorphism,max, which is a semilattice operation, so they are
tractable by Proposition 6.37. Any collection of max-closed constraints can be solved
by enforcing arc consistency. �

Proposition 6.40 ([16]). For any constraint languageΓ over a finite setD, if Pol(Γ)
contains a conservative commutative binary operation, then Γ is tractable.

The algorithm for solving a collection of constraints preserved by a conservative com-
mutative binary operation is based on a generalisation of local consistency techniques [16].

Proposition 6.41([50]). For any constraint languageΓ over a finite setD, if Pol(Γ) con-
tains ak-ary near-unanimity operation, thenΓ is tractable, and all instances inCSP(Γ)
can be solved by enforcingk-consistency, which makes them globally consistent6.

In fact, it is shown in [50] that theonly finite domain languages for which enforcing
k-consistency guarantees global consistency are those which have a near-unanimity poly-
morphism.

Example 6.42.LetΓ be the Boolean constraint language consisting of all relations that can
be specified by clauses with at most 2 literals. This languagehas the ternary polymorphism,
d, given byd(x, y, z) = (x ∧ y) ∨ (y ∧ z) ∨ (x ∧ z), which is a near-unanimity operation,
soΓ is tractable by Proposition 6.41. A satisfying assignment for any collection of such
clauses can be obtained in a backtrack-free way after enforcing path consistency. �

Example 6.43. The 0/1/all relations defined in [58, 26] and described in Example 6.8 all
have the ternary polymorphism,d, given byd(x, y, z) = x wheny 6= z andd(x, y, z) = y
otherwise, which is a near-unanimity operation, so they aretractable by Proposition 6.41.
A solution for any collection of 0/1/all constraints can be obtained in a backtrack-free way
after enforcing path consistency [26, 50]. �

Example 6.44. The connected row-convex relations defined in [35] and described in Ex-
ample 6.9 all have the ternary polymorphism,m, given bym(x, y, z) = “the medianof
x, y andz”, which is a near-unanimity operation, so they are tractable by Proposition 6.41.
A solution for any collection of connected row-convex constraints can be obtained in a
backtrack-free way after enforcing path consistency [50]. �

5See Chapter 3 for a definition of this standard procedure, anda discussion of possible algorithms.
6See Chapter 3 for definitions and algorithms.
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Example 6.45. The betweenness relationBD on an ordered setD, described in Exam-
ple 6.12, has a ternary near-unanimity polymorphism when|D| ≤ 4, so the constraint
language containing just this relation is tractable when|D| ≤ 4, by Proposition 6.41.

The projection ofBD onto its second co-ordinate is the unary relation containing all
elements ofD except the largest and smallest. Hence the algebra〈D,Pol({BD})〉 has a
subalgebra of size|D|−2. When|D| ≥ 5 this subalgebra can be shown to be NP-complete.
Hence, by Theorem 6.35,{BD} is NP-complete for finite setsD with |D| ≥ 5. �

Proposition 6.46([15, 8]). For any constraint languageΓ over a finite setD, if Pol(Γ)
contains a Mal’tsev operation, thenΓ is tractable.

The algorithm for solving a collection of constraints preserved by a Mal’tsev operation
is based on a generalisation of Gaussian elimination [15]. Amuch more straightforward
version of the algorithm is given in [8]. Note that no fixed level of consistency is sufficient
to solve all problems involving constraints of this type.

Example 6.47. The linear constraints described in Example 6.4 all have theternary poly-
morphismp given byp(x, y, z) = x − y + z, which is a Mal’tsev operation, so they are
tractable by Proposition 6.46. A solution for any collection of linear constraints can be
obtained by a Gaussian elimination algorithm on the corresponding linear equations. �

A unified approach to Mal’tsev operations and near-unanimity operations, which gen-
eralises Proposition 6.41 and Proposition 6.46 is given in [29].

6.4.3 Towards a Complete Classification of Complexity

We have seen that the polymorphisms of a constraint languagecan identify many different
tractable cases and suggest an appropriate efficient solution algorithm for those cases.

However, what can be said about a constraint languageΓ wherePol(Γ) doesnot con-
tain a semilattice operation, a conservative commutative binary operation, a near-unanimity
operation or a Mal’tsev operation? We cannot in general immediately conclude thatΓ is
intractable. However, using Rosenberg’s analysis of minimal clones [85, 88], we do have
the following result (adapted slightly from [49]).

Definition 6.48. Letf be ak-ary operation a setD.

• If there exists a (non-constant)unary operationg onD and an indexi ∈ {1, 2, . . . , k}
such thatf satisfies the identityf(x1, x2, . . . , xk) = g(xi), thenf is called anes-
sentially unary operation. Ifg is the identity operation, thenf is called aprojection.

• If k ≥ 3 andf satisfies the identityf(x1, . . . , xk) = xi for some fixedi whenever
|{x1, x2, . . . , xk}| < k, butf is nota projection, thenf is called asemiprojection.
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Theorem 6.49. For any reduced constraint languageΓ on a finite setD, at least one of
the following conditions must hold:

1. Pol(Γ) contains a constant operation;

2. Pol(Γ) contains a near-unanimity operation of arity 3;

3. Pol(Γ) contains a Mal’tsev operation;

4. Pol(Γ) contains an idempotent binary operation (which is not a projection);

5. Pol(Γ) contains a semiprojection;

6. Pol(Γ) contains essentially unary surjective operations only.

If Pol(Γ) contains a constant operation, thenΓ is trivially tractable, since each (non-
empty) relation inΓ contains a tuple〈d, d, . . . , d〉, whered is the value of the constant oper-
ation. By Propositions 6.37 and 6.46, the second and third cases also guarantee tractability.
Hence the first three cases in Theorem 6.49 all guarantee tractability.

In the final case of Theorem 6.49 we observe thatInv(Pol(Γ)) includes the disequality
relation, 6=D, defined in Example 6.11, and when|D| = 2 it includes the not-all-equal
relation,ND, defined in Example 6.6. Hence in this case we have thatInv(Pol(Γ)) is
NP-complete for all finite setsD, so by Theorem 6.21 and Corollary 6.17 we conclude
thatΓ is NP-complete in this case. Hence the final case of Theorem 6.49 guarantees NP-
completeness.

A similar argument gives the following slightly more general result.

Proposition 6.50([49]). Any set of essentially unary operations over a finite set is NP-
complete.

Cases 4 and 5 of Theorem 6.49 are inconclusive, in general, although for a Boolean do-
main there are only two binary idempotent operations which are not projections: the two
semilattice operations∧ and∨ (conjunction and disjunction). Hence, over a Boolean do-
main, case 4 guarantees tractability by Proposition 6.37. Moreover, over a Boolean domain
there are no semiprojection operations, so case 5 cannot occur. These observations mean
that Theorem 6.49 is sufficient to classify the complexity ofany constraint language over a
Boolean domain, and hence derive Schaefer’s Dichotomy Theorem [86] (see Example 6.5).

Corollary 6.51 ([11]). An algebra with a 2-element universe is NP-complete if all ofits
basic operations are essentially unary. Otherwise it is tractable.

The single condition described in Proposition 6.50 is the only condition needed to
establish the NP-completeness of all known NP-complete constraint languages, and has
been used to establish a dichotomy theorem for several broadclasses of languages [11].
There is a longstanding conjecture [18] that this conditionis sufficient to characteriseall
forms of intractability in constraint languages. We state this conjecture for the special case
of idempotent algebras, where the only essentially unary operations are projections.

Conjecture 6.52([18, 11]). Tractable algebras conjecture: A finite idempotent algebra
A is NP-complete if it has a nontrivial factorB all of whose operations are projections.
Otherwise it is tractable.
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By Proposition 6.28 and Theorem 6.31, the problem of determining the complexity
of an arbitrary constraint language can be reduced to an equivalent problem for a certain
idempotent algebra associated with the language. Therefore, this conjecture, if true, would
completely solve the fundamental question of analysing thecomplexity of any constraint
language over a finite set.

Conjecture 6.52 has been verified [11] for algebras with a 2-element universe, algebras
with a 3-element universe, conservative algebras (i.e., those whose operations preserve all
unary relations), and strictly simple surjective algebras(i.e. those with no non-trivial fac-
tors). If Conjecture 6.52 is true in general, then it yields an effective procedure to determine
whether any finite constraint language is tractable or NP-complete, as the following result
indicates.

Proposition 6.53([11]). LetD be a fixed finite set. If Conjecture 6.52 is true, then for any
finite constraint languageΓ overD, there is a polynomial-time algorithm to determine
whetherΓ is NP-complete or tractable.

In another direction, Proposition 6.50 was used in [71] to show that most non-trivial
constraint languages over a finite domain are NP-complete. More precisely, letR(n, k) de-
note a randomn-ary relation on the set{1, . . . , k}, for which the probability that〈a1, . . . , an〉
∈ R(n, k) is equal to 1/2 independently for eachn-tuple 〈a1, . . . , an〉 where not allai’s
are equal; also, set〈a, a, . . . , a〉 6∈ R(n, k) for all a (this is necessary to ensure that
CSP({R(n, k)}) is non-trivial). It is shown in [71] that the probability that Pol{R(n, k)}
contains only projections tends to 1 as eithern or k tends to infinity.

6.4.4 Search is No Harder than Decision

In this chapter we have formulated the constraint satisfaction problem as a decision prob-
lem in which the question is to decide whether or not a solution exists. However, the
correspondingsearch problem, in which the question is to find a solution, is often the real
practical question. Using the algebraic theory in Section 6.3, we can now show that the
tractable cases of these two forms of the problem coincide.

Theorem 6.54([11, 20]). Let Γ be a constraint language over a finite set. The decision
problemCSP(Γ) is tractable if and only if the corresponding search problemcan be solved
in polynomial time.

Proof. Obviously, tractability of the search problem implies tractability of the correspond-
ing decision problem.

For the converse, letΓ be a tractable set of relations over a finite domainD.
Consider any instanceP in CSP(Γ). By the choice ofΓ, we can decide in polynomial

time whetherP has a solution. If it does not then the search returns with no solution.
Otherwise, using Proposition 6.28 we can transform this instance to an instanceP ′

over a reduced languageΓ′ which has a solution. Furthermore we can arrange that every
solution toP ′ is a solution toP .

SinceP ′ has a solution we know that for each variablev of P ′ there must be some
domain valuea ∈ D for which we can add the constraint〈〈v〉 , {〈a〉}〉 and still have a
solvable instance. By considering each variable in turn, and each possible value for that
variable, we can add such a constraint to each variable in turn, and hence obtain a solution
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toP ′. Checking for solvability for each possible value at each variable requires us to solve
an instance of the decision problemCSP(Γ∪ ΓCON) at most|P ′| times. By Theorem 6.31,
this can be completed in polynomial time in the size ofP .

6.5 Constraint Languages Over an Infinite Set

Some computational problems can be formulated as constraint satisfaction problems only
by using a constraint language over aninfiniteset (see Examples 6.10 and 6.12).

Many of the results of the algebraic theory described in Section 6.3 hold for both fi-
nite and infinite domains. However, Theorem 6.21 does not hold, in general, for arbi-
trary constraint languages over an infinite set. It is not hard to check that the inclusion
〈Γ〉 ⊆ Inv(Pol(Γ)) still holds. However, for constraint languages over an infinite set this
inclusion can be strict, as the next example7 shows.

Example 6.55.ConsiderΓ = {R1, R2, R3} onN, whereR1 = {〈a, b, c, d〉 | a = b or c =
d}, R2 = {〈1〉}, andR3 = {〈a, a+ 1〉 | a ∈ N}. It is not difficult to show that every
polymorphism ofΓ is a projection, and henceInv(Pol(Γ)) is the set ofall relations on
N. However, one can check that, for example, the unary relation consisting of all even
numbers does not belong to〈Γ〉. �

However, if we impose some additional conditions, then the required equality does
hold, as the next result indicates. Arelational structureconsists of a universeD, to-
gether with a collection of relations overD. A relational structure with a countably infinite
universe is calledω-categoricalif it is determined (up to isomorphism) by its first-order
theory [46].

Theorem 6.56([4]). LetΓ = {R1, . . . , Rk} be a finite constraint language over a count-
ably infinite setD.

If the relational structure〈D,R1, . . . , Rk〉 is ω-categorical, then〈Γ〉 = Inv(Pol(Γ)).

Examples ofω-categorical structures, as well as remarks on the complexity of the cor-
responding constraint satisfaction problems, can be foundin [3], including a complete
analysis of the countably infiniteω-categorical structures with a single binary relation.

6.5.1 Allen’s Interval Algebra

One form of infinite-valued CSP which has been widely studiedis the case where the val-
ues taken by the variables areintervalson some totally ordered set. This setting is used
to model the temporal behaviour of systems, where the intervals represent time intervals
during which events occur. The most popular such formalism isAllen’s Interval Algebra ,
introduced in [1], which concerns binary qualitative relations between intervals. This al-
gebra contains 13 basic relations (see Table 6.1), corresponding to the 13 distinct ways in
which two given intervals can be related. The complete set ofrelations in Allen’s Interval
Algebra consists of the213 = 8192 possibleunionsof the basic relations. This set of
relations will be denotedΓAIA .

The constraint languageΓAIA is NP-complete, and the problem of classifying the com-
plexity of subsets of this language has attracted much attention (see, for example, [87]).

7This example is from [3], where it is credited to F. Börner.
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Basic relation Example Endpoints

I precedesJ p III I+ < J−

J preceded byI p−1 JJJ

I meetsJ m IIII I+ = J−

J met byI m−1 JJJJ

I overlapsJ o IIII I− < J− < I+,
J overl. byI o−1 JJJJ I+ < J+

I duringJ d III I− > J−,
J includesI d−1 JJJJJJJ I+ < J+

I startsJ s III I− = J−,
J started byI s−1 JJJJJJJ I+ < J+

I finishesJ f III I+ = J+,
J finished byI f−1 JJJJJJJ I− > J−

I equalsJ ≡ IIII I− = J−,
JJJJ I+ = J+

Table 6.1: The 13 basic relations in Allen’s Interval Algebra.

Allen’s Interval Algebra has three operations on relations: composition, intersection,
and inversion. Note that these three operations can each be represented by using conjunc-
tion and existential quantification, so, for any subset∆ of ΓAIA , the subalgebra∆′ gener-
ated by∆ has the property that∆′ ⊆ 〈∆〉. It follows from Theorem 6.16 thatCSP(∆)
andCSP(∆′) are polynomial-time equivalent. Hence it is sufficient to classify all subsets
of ΓAIA which aresubalgebrasof Allen’s Interval Algebra.

Theorem 6.57([64]). For any constraint languageΓ ⊆ ΓAIA , if Γ is contained in one
of the eighteen subalgebras listed in Table 6.2, then it is tractable; otherwise it is NP-
complete.

The domain for Allen’s Interval Algebra can be taken to be thecountably infinite set
of intervals with rational endpoints. It was noted in [4] that the relational structure asso-
ciated with Allen’s Interval Algebra (without its operations) isω-categorical. Therefore,
by Theorem 6.56, the complexity classification problem for subsets ofΓAIA can be tackled
using polymorphisms. Such an approach might provide a routeto simplify the involved
classification proof given in [64].

6.6 Multi-Sorted Constraint Languages

In practical constraint programming it is often the case that different variables have differ-
ent domains. So far in this chapter we have considered a simplified situation in which all
of the variables are assumed to have the same domain. This apparently minor simplifica-
tion can have serious consequences for the analysis of the complexity of different forms of
constraint; it can in fact mask the difference between tractability and NP-completeness for
some languages, as we will demonstrate in this section.

The algebraic approach described in Section 6.3 has been extended to deal with the
case when different variables have different domains [10],and we will now present the
main results of the extended theory.
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Sp = {r | r ∩ (pmod−1f−1)±1 6= ∅ ⇒ (p)±1 ⊆ r}
Sd = {r | r ∩ (pmod−1f−1)±1 6= ∅ ⇒ (d−1)±1 ⊆ r}
So = {r | r ∩ (pmod−1f−1)±1 6= ∅ ⇒ (o)±1 ⊆ r}
A1 = {r | r ∩ (pmod−1f−1)±1 6= ∅ ⇒ (s−1)±1 ⊆ r}
A2 = {r | r ∩ (pmod−1f−1)±1 6= ∅ ⇒ (s)±1 ⊆ r}
A3 = {r | r ∩ (pmodf)±1 6= ∅ ⇒ (s)±1 ⊆ r}
A4 = {r | r ∩ (pmodf−1)±1 6= ∅ ⇒ (s)±1 ⊆ r}

Ep = {r | r ∩ (pmods)±1 6= ∅ ⇒ (p)±1 ⊆ r}
Ed = {r | r ∩ (pmods)±1 6= ∅ ⇒ (d)±1 ⊆ r}
Eo = {r | r ∩ (pmods)±1 6= ∅ ⇒ (o)±1 ⊆ r}
B1 = {r | r ∩ (pmods)±1 6= ∅ ⇒ (f−1)±1 ⊆ r}
B2 = {r | r ∩ (pmods)±1 6= ∅ ⇒ (f)±1 ⊆ r}
B3 = {r | r ∩ (pmod−1s−1)±1 6= ∅ ⇒ (f−1)±1 ⊆ r}
B4 = {r | r ∩ (pmod−1s)±1 6= ∅ ⇒ (f−1)±1 ⊆ r}

E∗ =

{

r

∣

∣

∣

∣

1) r ∩ (pmod)±1 6= ∅ ⇒ (s)±1 ⊆ r, and
2) r ∩ (ff−1) 6= ∅ ⇒ (≡) ⊆ r

}

S∗ =

{

r

∣

∣

∣

∣

1) r ∩ (pmod−1)±1 6= ∅ ⇒ (f−1)±1 ⊆ r, and
2) r ∩ (ss−1) 6= ∅ ⇒ (≡) ⊆ r

}

H =







r

∣

∣

∣

∣

∣

∣

1) r ∩ (os)±1 6= ∅ & r ∩ (o−1f)±1 6= ∅ ⇒ (d)±1 ⊆ r, and
2) r ∩ (ds)±1 6= ∅ & r ∩ (d−1f−1)±1 6= ∅ ⇒ (o)±1 ⊆ r, and
3) r ∩ (pm)±1 6= ∅ & r 6⊆ (pm)±1 ⇒ (o)±1 ⊆ r







A≡ = {r | r 6= ∅ ⇒ (≡) ⊆ r}

For the sake of brevity, relations are written as collections of basic relations. So, for
instance, we write(pmod) instead ofp ∪ m ∪ o ∪ d. We also use the symbol±,
which should be interpreted as follows: a condition involving± means the conjunction
of two conditions, one corresponding to+ and one corresponding to−. For example,
the condition(o)±1 ⊆ r ⇔ (d)±1 ⊆ r means that both(o) ⊆ r ⇔ (d) ⊆ r and
(o−1) ⊆ r ⇔ (d−1) ⊆ r.

Table 6.2: The 18 maximal tractable subalgebras of Allen’s Interval Algebra
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Definition 6.58. For any collection of setsD = {Di | i ∈ I}, and any list of in-
dices〈i1, i2, . . . , in〉 ∈ In, a subset ofDi1 × Di2 × · · · × Din , together with the list
〈i1, i2, . . . , in〉, will be called amulti-sorted relation overD with arity n and signature
〈i1, i2, . . . , in〉.

For any multi-sorted relationR, the signature ofR will be denotedσ(R).
In the special case whereD contains just a single setD we will call a multi-sorted

relation overD a one-sortedrelation overD.

Example 6.59.LetR be a 5-ary relation with 17 tuples defined as follows:

R = { 〈3, 1, 2, c, b〉 , 〈3, 3, 2, c, b〉 , 〈1, 0, 2, c, b〉 , 〈1, 2, 2, c, b〉 ,
〈1, 1, 0, c, b〉 , 〈1, 3, 0, c, b〉 , 〈3, 0, 0, c, b〉 , 〈3, 2, 0, c, b〉 ,
〈3, 1, 2, c, a〉 , 〈3, 3, 2, c, a〉 , 〈1, 0, 2, c, a〉 , 〈1, 2, 2, c, a〉 ,
〈3, 1, 2, a, b〉 , 〈3, 3, 2, a, b〉 , 〈1, 1, 0, a, b〉 , 〈1, 3, 0, a, b〉 , 〈3, 3, 2, a, a〉 }

This relation can be considered in the usual way as a one-sorted relation over the setD =
{0, 1, 2, 3, a, b, c}. Alternatively, it can be seen as a multi-sorted relation with signature
〈1, 1, 1, 2, 2〉 over the collection of setsD = 〈D1, D2〉, whereD1 = {0, 1, 2, 3} and
D2 = {a, b, c}. �

Given any set of multi-sorted relations, we can define a corresponding class of multi-
sorted constraint satisfaction problems, in the followingway.

Definition 6.60. LetΓ be a set of multi-sorted relations over a collection of setsD = {Di |
i ∈ I}. Themulti-sorted constraint satisfaction problem overΓ, denotedMCSP(Γ), is
defined to be the decision problem with

Instance: A quadruple〈V,D, δ, C〉, where

• V is a finite set of variables;

• δ is a mapping fromV to I called thedomain function;

• C is a set of constraints, where each constraintC ∈ C is a pair〈s,R〉 such that

– s, is a tuple of variables of lengthnC called the constraint scope, and

– R is an element ofΓ with arity nC and signature〈δ(s[1]), . . . , δ(s[nC ])〉
called the constraint relation.

Question: Does there exist a solution, that is a functionϕ from V to
⋃

i∈I Di such that,
for each variablev ∈ V, ϕ(v) ∈ Dδ(v), and for each constraint〈s,R〉 ∈ C with
s = 〈v1, . . . , vn〉, the tuple〈ϕ(v1), . . . , ϕ(vn)〉 belongs to the multi-sorted relation
R.

It might be tempting to assume that the complexity of a set of multi-sorted relations
could be determined by considering each of the domains involved separately; in other
words, by separating the relations into a number of one-sorted relations, and analysing the
complexity of each of these. However, in general this simpleapproach does not work, as
the next example demonstrates.
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Example 6.61. Consider the setsD1 = {0, 1} andD2 = {a, b, c}, and the multi-sorted
relationsR1, R2, R3 overD = {D1, D2}, each with signature〈1, 2〉, where

R1 = { 〈1, a〉 , R2 = { 〈0, a〉 , R3 = { 〈0, a〉 ,
〈0, b〉 , 〈1, b〉 , 〈0, b〉 ,
〈0, c〉} 〈0, c〉} 〈1, c〉}.

If we divide each of these multi-sorted relations into two separate one-sorted relations, then
we obtain just the unary relations{0, 1} and{a, b, c} over the setsD1 andD2 respectively.
Each of these unary relations individually is clearly tractable.

However, by establishing a reduction from the NP-complete problem ONE-IN-THREE

SATISFIABILITY (see Example 6.6), it can be shown that the set of multi-sorted relations
Γ = {R1, R2, R3} is NP-complete. (Details of this reduction are given in [10].) �

It is often desirable to convert a multi-sorted constraint satisfaction problem into a one-
sorted problem. The most straightforward way to do this for agiven multi-sorted problem
instance〈V,D, δ, C〉, is to takeD =

⋃

Di∈D
Di, and replace each constraint relation with

a one-sorted relation overD containing exactly the same tuples.
However, this straightforward conversion method doesnot necessarily preserve the

tractability of a multi-sorted constraint languageΓ, as the next example indicates.

Example 6.62. Let D1 andD2 be two distinct supersets of a setD0, and letΓ be the
constraint language containing the single binary disequality relation 6=D0 , as defined in
Example 6.11, but now considered as a multi-sorted relationover{D1, D2} with signature
〈1, 2〉.

Because of the signature, this constraint can only be imposed between two variables
when one of them has domainD1 and the other has domainD2. Hence, in this case
MCSP(Γ) corresponds to the problem of colouring abipartite graphwith |D0| colours,
which is clearly tractable for any setD0. Note that the tractability is entirely due to the
signature of the relation rather than the tuples it contains.

If we convertΓ to a one-sorted constraint language by considering the relation 6=D0

as a one-sorted relation over the setD = D1 ∪ D2, then we obtain the usual disequality
relation overD0, which for |D0| > 2 is NP-complete (see Example 6.11). �

To ensure that we do preserve tractability when converting amulti-sorted constraint
language to a one-sorted constraint language, we make use ofa more sophisticated conver-
sion technique, based on the following definition.

Definition 6.63. Let D = {D1, . . . , Dp} be a finite collection of sets, and defineD∗ =
D1 ×D2 × · · · ×Dp.

For anyn-ary relationR over D with signatureσ(R) = 〈i1, . . . , in〉, we define the
one-sortedn-ary relationχ(R) overD∗ as follows:

χ(R) = {〈t1, t2, . . . , tn〉 ∈ (D∗)n | 〈t1[i1], t2[i2], . . . , tm[im]〉 ∈ R}.

Note that for any one-sorted relationR, we haveχ(R) = R.

Example 6.64. Let R be the binary disequality relation6=D0 over{D1, D2} with signa-
ture 〈1, 2〉, as in Example 6.62. In this caseχ(R) is the relation consisting of all pairs
〈〈a, a′〉 , 〈b, b′〉〉 ∈ (D1 ×D2)× (D1 ×D2) such thata, b′ ∈ D0 anda 6= b′. �
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Proposition 6.65([10]). Let Γ be a multi-sorted constraint language over a finite collec-
tion of finite sets. The languageΓ is tractable if and only if the corresponding one-sorted
constraint language{χ(R) | R ∈ Γ} is tractable.

To extend the algebraic results of Section 6.3 to the multi-sorted case, we need to define
a suitable extension of the notion of a polymorphism. As we have shown in Example 6.61,
we cannot simply separate out different domains and consider polymorphisms on each one
separately; we must ensure that all of the domains are treated in a co-ordinated way. In
the following definition, this is achieved by defining differentinterpretationsfor the same
operation symbol applied to different sets.

Definition 6.66. Let D = {Di | i ∈ I} be a collection of sets. Ak-ary multi-sorted
operation f on D is defined by a collection ofinterpretations {fDi | i ∈ I}, where each
fDi is ak-ary operation on the corresponding setDi.

For any multi-sorted relationRwith signature〈i1, . . . , in〉, and any collection of tuples
t1, . . . , tk ∈ R, definef(t1, . . . , tk) to be

〈

fDi1 (t1[1], . . . , tk[1]), . . . , fDin (t1[n], . . . , tk[n])
〉

.

Definition 6.67. A k-ary multi-sorted operationf onD is said to be amulti-sorted poly-
morphism of a multi-sorted relationR over D if f(t1, . . . , tk) ∈ R for all choices of
t1, . . . , tk ∈ R.

For any given multi-sorted constraint languageΓ, the set of all multi-sorted polymor-
phisms ofeveryrelation inΓ is denotedMPol(Γ).

The next theorem is the main result of this section. It establishes the remarkable fact
that many of the polymorphisms that ensure tractability in the one-sorted case can be com-
bined in almost arbitrary ways to obtain new tractable multi-sorted constraint languages.

Note that a multi-sorted operation,f , is said to beidempotentif all of its interpretations
fD satisfy the identityfD(x, x, . . . , x) = x.

Theorem 6.68([10]). LetΓ be a multi-sorted constraint language over a finite collection
of finite setsD = {D1, . . . , Dn}.

If, for eachDi ∈ D, MPol(Γ) contains a multi-sorted operationfi such that

• fDi

i is a constant operation; or

• fDi

i is a semilattice operation; or

• fDi

i is a near-unanimity operation; or

• fi is idempotent andfDi

i is an affine operation,

thenMCSP(Γ) is tractable.

Example 6.69.Recall the relationR defined in Example 6.59.
If we considerR as a one-sorted relation over the domain{0, 1, 2, 3, a, b, c}, then it

does not fall into any of the many known (one-sorted) tractable classes described in Sec-
tion 6.4.2 above8.

8This was established by using the programPolyanna described in [39], which is available from
http://www.comlab.ox.ac.uk/oucl/research/areas/constraints/software/.
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However if we considerR as a multi-sorted relation with signature〈1, 1, 1, 2, 2〉 over
the setsD1 = {0, 1, 2, 3} andD2 = {a, b, c}, then we can use Theorem 6.68 to show
that {R} is tractable. To see this, it is sufficient to check thatR has two multi-sorted
polymorphismsf(x, y, z) andg(x, y), where

• fD1 is the affine operation of the groupZ4, andfD2 is the (ternary) maximum
operation onD2, with respect to the ordera < b < c (which is idempotent).

• gD1(x, y) = y, andgD2 is the (binary) maximum operation onD2, with respect to
the ordera < b < c (which is a semilattice operation).

�

Further developments in the algebraic approach to multi-sorted constraints, and applica-
tions to the standard one-sorted CSP where the constraints limit the domain of each vari-
able, are given in [10].

6.7 Alternative Approaches

6.7.1 Homomorphism Problems

An important reformulation of the CSP is the HOMOMORPHISMproblem: the question of
deciding whether there exists a homomorphism between tworelational structures(see [3,
37, 41, 59]). Recall (from Section 6.5) that a relational structure is simply a set, together
with a list of relations over that set.

Definition 6.70. LetA1 =
〈

D1, R
1
1, R

1
2, . . . , R

1
q

〉

andA2 =
〈

D2, R
2
1, R

2
2, . . . , R

2
q

〉

be
relational structures where bothR1

i andR2
i areni-ary, for all i = 1, 2, . . . , q.

A mappingΦ : D1 → D2 is called ahomomorphism fromA1 toA2 if it has the prop-
erty that〈Φ(a1), . . . ,Φ(ani

)〉 ∈ R2
i whenever〈a1, . . . , ani

〉 ∈ R1
i , for all i = 1, 2, . . . , q.

TheHOMOMORPHISM PROBLEMfor 〈A1,A2〉 is to decide whether there exists a ho-
momorphism fromA1 toA2.

To see that the HOMOMORPHISM PROBLEMis the same as the CSP, think of the el-
ements inA1 as variables, the elements inA2 as values, tuples in the relations ofA1 as
constraint scopes, and the relations ofA2 as constraint relations. With this correspondence,
the solutions to this CSP instance are precisely the homomorphisms fromA1 toA2.

Example 6.71.A relational structure with a single binary relation〈V,E〉 is usually known
as a (directed)graph.

An instance of the GRAPH H -COLORING problem consists of a finite graphG. The
question is whether there is a homomorphism fromG toH . WhenH is the complete graph
on k vertices, the GRAPH H -COLORING problem corresponds to the standard GRAPH

COLORABILITY problem with k colours (see Example 6.11). For an arbitrary graph
H = 〈V,E〉, the GRAPH H -COLORING problem precisely corresponds to the problem
CSP({E}).

For undirectedgraphsH , where the edge relationE is symmetric, the complexity
of GRAPH H -COLORING has been completely characterised [44]: it is tractable ifH is
bipartite or contains a loop; otherwise it is NP-complete. (Note that this characterisation
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also follows from Conjecture 6.52, see [7].) However, if we allow H andG to be directed
graphs, then the complexity of GRAPHH -COLORINGhas not yet been fully characterised.
In fact a complete classification would answer Conjecture 6.52 since it was shown in [37]
that every problemCSP(Γ) with finite Γ is polynomial-time equivalent to GRAPH H -
COLORING for some suitable directed graphH . �

6.7.2 Constraint Languages and Logic

In the field ofdescriptive complexity[47] the computational complexity of a problem is
investigated by studying the forms oflogic which can be used to express that problem. The
use of descriptive complexity techniques to analyse the complexity of constraint languages
was initiated by the pioneering work of Feder and Vardi [37].

As shown in Section 6.7.1, for any finite constraint languageΓ = {R1, . . . , Rq} over
a setD, the problemCSP(Γ) can be represented as the problem of deciding whether a
given relational structure has a homomorphism to the relational structure〈D,R1, . . . , Rq〉,
Hence the class of instances ofCSP(Γ) which do have a solution can be viewed as a class
of relational structures (sometimes called the “yes-instances”). If this class of relational
structures can be characterised in some restricted logic, then this can sometimes be used to
show thatCSP(Γ) is tractable, as the following example illustrates.

Example 6.72. Recall from Example 6.11 thatCSP({6=D}) is equivalent to the problem
of colouring a graph with|D| colours. The class of instances which have a solution is
the class of|D|-colourable graphs, which is a class of relational structures with a single
symmetric binary relationE (specifying which vertices are connected by edges).

Now assume thatD = {0, 1}. It is well-known that a graph(V,E) is 2-colourable
if and only if it does not have any odd-length cycles. The property of having an odd-
length cycle can be expressed in the logic programming languageDatalog [37] using the
following set of rules:

P (x, y) : − E(x, y)

P (x, y) : − P (x, z) ∧E(z, u) ∧ E(u, y)

Q : − P (x, x)

These rules give a recursive specification of two predicates, P andQ. PredicateP (x, y)
holds exactly when there exists an odd-length path in(V,E) from x to y. Predicate Q,
which acts as goal predicate, holds if there exists any odd-length cycle.

Hence, the class of structures for whichCSP({6={0,1}}) has a solution can be charac-
terised as the set of structures(V,E) for which the goal predicate in this Datalog program
does not hold. It was shown in [37] that any CSP problem whose yes-instances can be char-
acterised by a Datalog program in this way is tractable. It has also recently been shown
that any CSP problem whose yes-instances can be characterised in first-order logic can be
characterised by a Datalog program in this way [2]. �

The techniques of descriptive complexity can also be used toobtain a more refined de-
scription of the complexity of a constraint language. For example, Dalmau has shown [30]
that if a finite constraint languageΓ has a logical property which he calls “bounded path
duality”, then the problemCSP(Γ) is in the complexity class NL, and so can be solved
very efficiently using parallel algorithms.
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6.7.3 Disjunctive Combinations of Constraint Languages

Another approach to the analysis of constraint languages has been to consider how they
can be built up from combinations of simpler languages whoseproperties are more eas-
ily analysed [25, 6]. This approach has successfully unifiedseveral important classes of
tractable languages including five of the six tractable Boolean languages (Example 6.5), the
max-closed constraints (Example 6.7), the 0/1/all constraints (Example 6.8), the connected
row-convex constraints (Example 6.9) and the linear Horn constraints (Example 6.13).
One advantage of this constructive approach is that it worksequally well for both finite
and infinite domains.

The key step in this approach is to define how relations can be combined disjunctively.

Definition 6.73. LetR1 be ann-ary relation andR2 anm-ary relation over a common
setD. Thedisjunction ofR1 andR2, denotedR1 ∨R2, is the relation of arityn+m over
D defined as follows:

R1 ∨R2 = 〈〈x1, . . . , xn+m〉 | (〈x1, . . . , xn〉 ∈ R1) ∨ (〈xn+1, . . . , xn+m〉 ∈ R2)}〉
This definition of disjunction can be extended to constraintlanguages as follows.

Definition 6.74. For any two constraint languagesΓ and ∆, over the same domainD,
define the constraint languageΓ×

∨∆ as follows:

Γ×
∨∆ = Γ ∪∆ ∪ {R1 ∨R2 | R1 ∈ Γ, R2 ∈ ∆}

The constraint languageΓ×
∨∆ (pronouncedΓ “or-times”∆) contains all of the relations

in Γ and∆, together with the disjunction of each possible pair of relations fromΓ and∆.
The next example shows that when tractable constraint languages are combined using

the disjunction operation defined in Definition 6.74 the resulting constraint language may
or may not be tractable.

Example 6.75. Let Λ be the set of all relations over the domain{TRUE, FALSE} which
can be specified by a formula of propositional logic consisting of a singleliteral (where a
literal is either a variable or a negated variable).

The constraint languageΛ is clearly tractable, as it is straightforward to verify in linear
time whether a collection of simultaneous single literals has a solution.

Now consider the constraint languageΛ∨2 = Λ×
∨Λ. This set contains all Boolean

constraints specified by a disjunction of (at most) 2 literals. The problemCSP(Λ∨2) cor-
responds to the 2-SATISFIABILITY problem, which is well-known to be tractable [38] (see
Example 6.42).

Finally, consider the constraint languageΛ∨3 = (Λ∨2)×∨Λ. This set of relations con-
tains all Boolean relations specified by a disjunction of (atmost) 3 literals. The problem
CSP(Λ∨3) corresponds to the 3-SATISFIABILITY problem, which is well-known to be
NP-complete [38, 78]. �

Definition 6.76. For any constraint language,∆, define the set∆∗ as follows:

∆∗ =

∞
⋃

i=1

∆∨i, where

∆∨1 = ∆

∆∨(i+1) = (∆∨i)×∨∆ for i = 1, 2, . . .
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In the remainder of this section we identify a number of simple conditions on constraint
languagesΓ and∆ which are necessary and sufficient to ensure that various disjunctive
combinations ofΓ and∆ are tractable.

Definition 6.77. For any constraint languagesΓ and∆ over a common domainD, define
CSP∆≤k(Γ∪∆) to be the subproblem ofCSP(Γ∪∆) consisting of all instances containing
at mostk constraints whose relations are members of∆.

Using this definition, we now define what it means for one set ofconstraints to be
‘k-independent’ with respect to another.

Definition 6.78. For any constraint languagesΓ and∆ over a setD, we say that∆ is
k-independent with respect to Γ if the following condition holds: any instance〈V,D, C〉
in CSP(Γ ∪∆) has a solution provided that any instance〈V,D, C′〉 in CSP∆≤k(Γ ∪∆)
with C′ ⊆ C has a solution.

The intuitive meaning of this definition is that the satisfiability of any set of constraints
with relations chosen chosen from the set∆ can be determined by considering those con-
straintsk at a time, even in the presence of arbitrary additional constraints fromΓ.

Theorem 6.79([25, 6]). Let Γ and ∆ be constraint languages over a setD, such that
CSP∆≤1(Γ ∪∆) is tractable.

The constraint languageΓ×
∨∆∗ is tractable if∆ is 1-independent with respect toΓ.

Otherwise it is NP-complete.

A polynomial-time algorithm for solving instances ofCSP(Γ×
∨∆∗), for any constraint

languagesΓ and∆ satisfying the conditions of Theorem 6.79 is given in [25].

Example 6.80.LetD be the set of real numbers (or the rationals). LetΓ be the constraint
language overD consisting of all constraints specified by a single (weak) linear inequality
(e.g.,3x1 + 2x2 − x3 ≤ 6). Let ∆ be the constraint language overD consisting of all
constraints specified by a single linear disequality (e.g.,x1 + 4x2 + x3 6= 0).

To show thatCSP∆≤1(Γ ∪ ∆) is tractable, we note that the consistency of a set of
inequalities,C, can be decided in polynomial time, using Khachian’s linearprogramming
algorithm [56]. Furthermore, for any single disequality constraint,C, we can detect in
polynomial time whetherC ∪ {C} is consistent by simply running Khachian’s algorithm
to determine whetherC implies the negation ofC.

To show that∆ is 1-independent with respect toΓ, we consider the geometrical inter-
pretation of the constraints as half spaces and excluded hyperplanes inDn (see [62]).

Hence, we can apply Theorem 6.79 and conclude thatΓ×
∨∆∗ is tractable. This set

consists of the linear Horn relations described in Example 6.13.
Note that the problemCSP(Γ∪∆∗) is much simpler thanCSP(Γ×

∨∆∗) - it corresponds
to deciding whether a convex polyhedron, possiblyminusthe union of a finite number of
hyperplanes, is the empty set. This simpler problem was shown to be tractable in [69],
using a more restrictive notion of independence which has been widely used in the devel-
opment of consistency checking algorithms and canonical forms [68, 69]. However, the
much larger set of linear Horn constraints isnot independent in the sense defined in [69]
(see [62]). �
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Theorem 6.81([6]). LetΓ and∆ be constraint languages over a setD, such thatCSP(Γ∪
∆) is tractable.

The constraint languageΓ ∪∆∨2 is tractable if∆ is 2-independent with respect toΓ.
Otherwise it is NP-complete.

Note that∆ is 2-independent with respect to∅ if and only if for every〈V,D, C〉 ∈
CSP(∆) which has no solution, there exists a pair of (not necessarily distinct) constraints
Ci, Cj ∈ C such that〈V,D, {Ci, Cj}〉 has no solution.

A polynomial-time algorithm for solving instances ofCSP(Γ∪∆∨2), for any constraint
languagesΓ and∆ satisfying the conditions of Theorem 6.81 is given in [6].

Example 6.82. Consider the class of connected row-convex constraints over a setD de-
scribed in Example 6.9. In this example we will show that the tractability of connected
row-convex constraints is a simple consequence of Theorem 6.81. Furthermore, by us-
ing Theorem 6.81 we are able to generalise this result to obtain tractable constraints over
infinite sets of values.

Note that the 0-1 matrices defining binary connected row-convex constraints have a
very restricted structure. If we eliminate all rows and columns consisting entirely of zeros,
and then consider any remaining zero in the matrix, all of theones in the same row as the
chosen zero must lie one side of it (because of the connectedness condition on the row).
Similarly, all of the ones in the same column must lie on one side of the chosen zero. Hence
there is a complete path of zeros from the chosen zero to the edge of the matrix along both
the row and column in one direction. But this means there mustbe a complete rectangular
sub-matrix of zeros extending from the chosen zero to one corner of the matrix (because
of the connectedness condition).

This implies that the whole matrix can be obtained as the intersection (conjunction) of
0-1 matrices that contain all ones except for a submatrix of zeros in one corner (simply
take one such matrix, obtained as above, for each zero in the matrix to be constructed).

There are four different forms of such matrices, depending on which corner submatrix
is zero, and they correspond to constraints expressed by disjunctive expressions of the four
following forms:

(xi ≥ di) ∨ (xj ≥ dj)
(xi ≥ di) ∨ (xj ≤ dj)
(xi ≤ di) ∨ (xj ≥ dj)
(xi ≤ di) ∨ (xj ≤ dj)

In these expressionsxi, xj are variables anddi, dj are constants.
Finally, we note that a row or column consisting entirely of zeros corresponds to a

constraint of the form(xi ≤ d1) ∨ (xi ≥ d2) for an appropriate choice ofd1 andd2.
Hence, any connected row-convex constraint is equivalent to a conjunction of expres-

sions of these forms.
Now define∆ to be the set of all unary constraints overD specified by a single in-

equality of the formxi ≤ di or xi ≥ di, for somedi ∈ D.
It is easily shown that∆ is 2-independent with respect to∅ andCSP(∆) is tractable,

since each instance consists of a conjunction of upper and lower bounds for individual
variables. Hence, by Theorem 6.81,∆×

∨∆ is tractable. By the alternative characterisation
described above, this establishes that connected row-convex constraints are tractable.
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Unlike the arguments used previously to establish that connected row-convex con-
straints are tractable [35, 50], the argument above can still be applied when the set of
valuesD is infinite. �

Many further examples of constraint languages over both finite and infinite domains
which can be shown to be tractable by constructing them from simpler languages are given
in [25].

Disjunctive combinations of constraint languages overdifferentdomains are discussed
in [24, 13]. These papers make use of the algebraic methods discussed in Section 6.3
above.

6.8 Future Directions

We have shown in this chapter that considerable progress hasbeen made in analysing
the complexity of constraint problems with specified constraint languages. The algebraic
approach described in Section 6.3 has led to a complete classification for many special
cases of constraint languages, and has prompted the conjecture thatall constraint languages
can be classified as either tractable or NP-complete on the basis of their algebraic properties
(Conjecture 6.52).

Even greater progress has been made in analysing the complexity of constraint prob-
lems with restricted structure, where the constraint language is unrestricted. A number of
powerful structural decomposition algorithms [40], oftenbased on ideas from relational
algebra, have been developed which guarantee tractabilityfor constraint satisfaction prob-
lems whose structure is limited to certain infinite sets of structures but whose relations are
unrestricted. Furthermore, a complete classification of the complexity of constraint satis-
faction problems whose structure is limited to a any set of structures with bounded arity
scopes but whose relations are unrestricted is given in [42].

However, there is currently very little analytical work which combines these two ap-
proaches. One significant result of this kind shows that a certain level of local consistency
(see Chapter 3), which depends on the constrainttightnessand the maximum constraint
arity, is sufficient to ensure global consistency [90]. In general, enforcing the required
level of local consistency will increase the constraint arity, and so increase the required
level of consistency still further, which means that this result can only be used to establish
the tractability of classes of problems involving particular languages applied on particular
restricted structures [90]. Other “hybrid” results of thiskind, involving both structural and
language properties, are discussed in [89, 79] and in Chapter 12 of [32].

In many practical problems it will be the case that some constraints fall into one
tractable class and some fall into another. Can this fact be exploited to obtain an efficient
solution strategy? Does this depend on the structural way inwhich the different forms of
constraint overlap? There is currently no suitable theoretical framework to address this
question. One promising approach would be to incorporate ideas of space complexity, as
well as time complexity. The ability to construct solutionsusing only a limited amount
of working space and stored information seems to be a unifying principle between many
disparate techniques in constraint programming such as bucket elimination [32], hypertree
decomposition [40], and several forms of tractable constraint language [52].

Another direction of future work is to extend the analysis presented here to other
forms of constraint problem, such asquantifiedconstraint problems,softconstraint prob-
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lems,overconstrainedproblems, or problems where we wish tocountthe number of so-
lutions [63]. There has been considerable progress in analysing variations of this kind for
Boolean constraint problems [27]. For larger finite domainsthere have been some initial
studies of the complexity of quantified constraint problems[5] and counting constraint
problems [9] based on extensions to the algebraic theory described in this chapter: for ex-
ample, it has been shown that for both of these problems the complexity of a constraint
language is determined by its polymorphisms [5, 9].

A rather more substantial extension of the algebraic theorypresented here is required to
analyse the complexity of soft constraints, because in thisform of problem the constraints
are represented as functions from tuples of domain values tosome measure of desirability
(see Chapter 9, “Soft Constraints”). Many forms of combinatorial optimisation problems
can be represented in this very general framework [27, 57]. An initial approach to analysing
the complexity of such problems using algebraic techniquesis developed in [21, 22] and a
tractable soft constraint language is presented in [23].
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Chapter 7

Global Constraints

Willem-Jan van Hoeve and Irit Katriel

A global constraintis a constraint that captures a relation between a non-fixed number
of variables. An example is the constraintalldifferent (x1, . . . , xn), which specifies
that the values assigned to the variablesx1, . . . , xn must be pairwise distinct. Typically, a
global constraint is semantically redundant in the sense that the same relation can be ex-
pressed as the conjunction of several simpler constraints.Having shorthands for frequently
recurring patterns clearly simplifies the programming task. What may be less obvious is
that global constraints also facilitate the work of the constraint solver by providing it with
a better view of the structure of the problem.

One of the central ideas of constraint programming is the propagation-search tech-
nique, which consists of a traversal of the search space of the given constraint satisfaction
problem (CSP) while detecting “dead ends” as early as possible. An algorithm that per-
forms only the search component would enumerate all possible assignments of values to
the variables until it either finds a solution to the CSP or exhausts all possible assignments
and concludes that a solution does not exist. Such an exhaustive search has an exponential-
time complexity in thebest case, and this is where propagation comes in: It allows the
constraint solver to prune useless parts of the search spacewithout enumerating them. For
example, if the CSP contains the constraintx + y = 3 and bothx andy are set to1, we
can conclude that regardless of the values assigned to othervariables, the partial assign-
ment we have constructed so far cannot lead to a solution. Thus it is safe to backtrack and
reverse some of our previous decisions (see also Chapter 3, “Constraint Propagation”, and
Chapter 4 “Backtracking Search Algorithms for CSPs”).

The type of propagation that we will discuss in this chapter is calledfiltering of the
variable domains. The filtering task is to examine the variables which were not assigned
values yet, and remove useless values from their domains. A value is useless if it cannot
participate in any solution that conforms with the assignments already made. Since it is,
in general, NP-hard to determine whether or not a value in thedomain of a variable is
useful for the CSP, the solver filters separately with respect to each of the constraints. If a
value is useless with respect to one of the constraints, thenit is also useless with respect
to the whole CSP, but not vice versa. In other words, filteringseparately with respect
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to each constraint allows false-positives (keeping a valuewhich is useless for the CSP),
but not false-negatives (removing a useful value). We then arrive at a tradeoff between
the efficiencyof the filtering (i.e., the running time) and itseffectiveness(i.e., how many
useless values were identified). “Good” constraints are constraints that address this tradeoff
by allowing significant filtering with a low computational cost.

A filtering algorithm for a constraintC is an algorithm that filters the domains of
variables with respect toC. If the algorithm removes every useless value from the domain
of every variable thatC is defined on, we say that it achievescomplete filtering. If it
removes only some of the useless values, we say that it performspartial filtering.

This chapter explores the topic of globals constraints. Ourgoal is to familiarize the
reader with the important concepts of the field, which include different types of constraints,
different measures of filtering and different compromises between efficiency and effective-
ness of filtering. We will illustrate each of the concepts with some examples, that is,
specific global constraints and filtering algorithms. We believe that our (obviously non-
exhaustive) selection of constraints and algorithms suffices to provide the reader with an
overview of the state of the art of research on global constraints.

The rest of the chapter is organized as follows. Section 7.1 provides notation and
preliminaries for the rest of the chapter. In Section 7.2 we describe some useful global
constraints. In Section 7.3 we describe efficient algorithms that achieve complete filtering
for several global constraints. In Section 7.4 we describe global optimization constraints,
i.e., constraints that encapsulate optimization criteria, and filtering algorithms for them.
Section 7.5 covers the topic of partial filtering algorithms, beginning with their motivation
through definitions of different measures of filtering to actual examples of partial filtering
algorithms. In Section 7.6 we describe complex variable types, constraints defined on them
and filtering algorithms for such constraints. Finally, in Section 7.7 we review some recent
ideas and directions for further research.

7.1 Notation and Preliminaries

7.1.1 Constraint Programming

Thedomainof a variablex, denotedD(x), is a finite set of elements that can be assigned to
x. For a set of variablesX we denote the union of their domains byD(X) = ∪x∈XD(x).

Let X = {x1, . . . , xk} be a set of variables. AconstraintC onX is a subset of the
Cartesian product of the domains of the variables inX , i.e.,C ⊆ D(x1) × · · · ×D(xk).
A tuple (d1, . . . , dk) ∈ C is called asolutionto C. Equivalently, we say that a solution
(d1, . . . , dk) ∈ C is an assignment of the valuedi to the variablexi, for all 1 ≤ i ≤ k, and
that this assignmentsatisfiesC. If C = ∅, we say that it isinconsistent. When a constraint
C is defined on a setX of k variables together with a certain setp of ℓ parameters, we will
denote it byC(X, p), but consider it to be a set ofk-tuples (and notk + ℓ-tuples).

A constraint satisfaction problem(CSP) is a finite set of variablesX , together with a
finite set of constraintsC, each on a subset ofX . A solution to a CSPis an assignment of
a valued ∈ D(x) to eachx ∈ X , such that all constraints are satisfied simultaneously.

Given a constraintC defined on the variables{x1, . . . , xk}, the filtering task is to
shrink the domain of each variable such that it still contains all values that this variable can
assume in a solution toC. An algorithm that achieves complete filtering, computes, for
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every1 ≤ j ≤ k,

D(xj)← D(xj)∩{vi | D(x1)×· · ·×D(xj−1)×{vi}×D(xj+1)×· · ·×D(xk)∩C 6= ∅}.

In many applications, we wish to find a solution to a CSP that isoptimal with respect
to certain criteria. Aconstraint optimization problem(COP) is a CSPP defined on the
variablesx1, . . . , xn, together with anobjective functionf : D(x1) × · · · ×D(xn) → Q

that assigns a value to each assignment of values to the variables. Anoptimal solutionto
a minimization (maximization) COP is a solutiond to P that minimizes (maximizes) the
value off(d). The objective function value is often represented by a variablez, together
with the “constraint”maximize z or minimize z for a maximization or a minimization
problem, respectively.

7.1.2 Graph Theory

Basic notions

A graphor undirected graphis a pairG = (V,E), whereV is a finite set of vertices and
E ⊆ V ×V is a multiset1 of unorderedpairs of vertices, callededges. An edge “between”
u ∈ V andv ∈ V is denoted by{u, v}. A graphG is bipartite if there exists a partition
S ∪̇ T of V such thatE ⊆ S × T . We then writeG = (S, T,E).

A walk in a graphG = (V,E) is a sequenceP = v0, e1, v1, . . . , ek, vk wherek ≥ 0,
v0, . . . , vk ∈ V , e1, . . . , ek ∈ E and ei = {vi−1, vi} for 1 ≤ i ≤ k. If there is no
confusion,P may be denoted byv0, v1, . . . , vk or e1, e2, . . . , ek. A walk is called apathif
v0, . . . , vk are distinct. A closed path, i.e.,v0 = vk, is called acircuit.

An induced subgraphof a graphG = (V,E) is a graphG′ = (V ′, E′) such that
V ′ ⊆ V andE′ = {{u, v} | u ∈ V ′, v ∈ V ′, {u, v} ∈ E}. A componentor connected
componentof a graphG = (V,E) is an induced subgraphG′ = (V ′, E′) of G such that
there exists au-v path inG′ for every pairu, v ∈ V ′, andG′ is maximal with respect toV ′.

A digraphor directed graphis a pairG = (V,A) whereV is a finite set of vertices and
A ⊆ V × V is a multiset oforderedpairs of vertices, calledarcs. A pair occurring more
than once inA is called a multiple arc. An arc fromu ∈ V to v ∈ V is denoted by(u, v).
The set of arcs incoming into a vertexu is denoted byδin(u) = A ∩ (V × {u}) and the
set of arcs outgoing from a vertexu is denoted byδout(u) = A ∩ ({u} × V ). Similarly
to undirected bipartite graphs, a directed graphG = (V,A) is bipartite if there exists a
partitionS ∪̇ T of V such thatA ⊆ (S × T ) ∪ (T × S). We then writeG = (S, T,A).

A directed walkin a directed graphG = (V,A) is a sequenceP = v0, a1, v1, . . . , ak, vk
wherek ≥ 0, v0, . . . , vk ∈ V , a1, . . . , ak ∈ A andai = (vi−1, vi) for 1 ≤ i ≤ k. Again,
if there is no confusion,P may be denoted byv0, v1, . . . , vk or a1, a2, . . . , ak. A di-
rected walk is called adirected pathif v0, . . . , vk are distinct. A closed directed path, i.e.,
v0 = vk, is called adirected circuit.

An induced subgraph of a digraphG = (V,A) is a graphG′ = (V ′, A′) such that
V ′ ⊆ V andA′ = A∩(V ′×V ′). A strongly connected componentof a digraphG = (V,A)
is an induced subgraphG′ = (V ′, A′) of G such that there exists a directedu-v path inG′

for every pairu, v ∈ V ′, andG′ is maximal with respect toV ′.

1A multiset is a set in which an element may occur more than once.
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Matching theory

Given an undirected graphG = (V,E), amatchingin G is a setM ⊆ E of disjoint edges,
i.e., no two edges inM share a vertex. A matching is said tocovera vertexv if v belongs
to some edge inM . For a setS ⊆ V , we say thatM coversS if it covers every vertex in
S. A vertexv ∈ V is calledM -free if M does not coverv. Thecardinality of a matching
M is the number of edges in it,|M |. Themaximum cardinality matching problemis the
problem of finding a matching of maximum cardinality in a graph.

LetM be a matching in a graphG = (V,E). A pathP in G is calledM -augmenting
if P has odd length, its ends are not covered byM , and its edges are alternatingly out of
and inM . A circuit C in G is calledM -alternating if its edges are alternatingly out of
and inM . Given anM -augmenting pathP , the symmetric difference2 of M andP gives
a matchingM ′ with |M ′| = |M |+1. Furthermore, the existence of anM -alternating path
is anecessarycondition for the existence of a matching of larger cardinality:

Theorem 7.1 (Petersen [50]). Let G = (V,E) be a graph, and letM be a matching
in G. ThenM is a maximum-cardinality matching if and only if there does not exist an
M -augmenting path inG.

Hence, a maximum-cardinality matching can be found by repeatedly finding anM -
augmenting path inG and using it to extendM . On a bipartite graphG = (U,W,E), this
can be done with the following method, due to van der Waerden [67] and König [38]. Let
M be the current matching. Construct the directed bipartite graphGM = (U,W,A) by
orienting all edges inM fromW toU and all other edges fromU toW , i.e.,

A = {(w, u) | {u,w} ∈M,u ∈ U,w ∈W} ∪
{(u,w) | {u,w} ∈ E \M,u ∈ U,w ∈ W}.

Then every directed path inGM starting from anM -free vertex inU and ending in an
M -free vertex inW corresponds to anM -augmenting path inG. By choosing|U | ≤ |W |,
we need to find at most|U | such paths. As each path can be identified in at mostO(|A|)
time by breadth-first search, the time complexity of this algorithm isO(|U | |A|).

Hopcroft and Karp [28] improved this running time toO(|U |1/2 |A|), where we choose
again|U | ≤ |W |. Instead of repeatedly augmentingM along a singleM -augmenting
path, the idea is to repeatedly augmentM simultaneously along a collection of disjoint
M -augmenting paths. Such a collection of paths can again be found inO(|A|) time. By
reasoning on the lengths of the alternating paths, one can show that the algorithm needs
onlyO(|U |1/2) iterations, leading to a total time complexity ofO(|U |1/2 |A|).

Flow theory

Let G = (V,A) be a directed graph and lets, t ∈ V . A functionf : A → R is called a
flow froms to t, or ans-t flow, if

(i) f(a) ≥ 0 for eacha ∈ A,
(ii) f(δout(v)) = f(δin(v)) for eachv ∈ V \ {s, t}. (7.1)

2For two setsA andB, thesymmetric differenceA ⊕ B is the set of elements that belong toA or B but not
both. Formally,A ⊕ B = (A ∪ B) \ (A ∩ B).
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where for any setS of arcs,f(S) =
∑

a∈S f(a). Property (7.1)(ii) ensuresflow
conservation, i.e., for a vertexv 6= s, t, the amount of flow enteringv is equal to the
amount of flow leavingv.
Thevalueof ans-t flow f is defined to be

value(f) = f(δout(s)) − f(δin(s)).

In other words, the value of a flow is the net amount of flow leaving s, which by flow
conservation must be equal to the net amount of flow enteringt.

In a flow network, each arca is associated with arequirement[d(a), c(a)] wherec(a) ≥
d(a) ≥ 0. Viewing d(a) as the “demand” ofa andc(a) as its “capacity”, we say that a
flow f is feasiblein the network ifd(a) ≤ f(a) ≤ c(a) for everya ∈ A.

Let w : A → R be a “weight” (or “cost”) function for the arcs. For a directed pathP
in G we definew(P ) =

∑

a∈P w(a). Similarly for a directed circuit. Theweightof any
flow f : A→ R is defined to be

weight(f) =
∑

a∈A

w(a)f(a).

A feasible flowf is called aminimum-weight flowif weight(f) ≤ weight(f ′) for any
feasible flowf ′. Given a digraphG = (V,A) with s, t ∈ V , theminimum-weight flow
problemis to find a minimum-weights-t flow in G.

Let f be ans-t flow in G. The residual graphof G with respect tof is defined
asGf = (V,Af ) where for each(u, v) ∈ A, if f(u, v) < c(u, v) then (u, v) ∈ Af
with residual demandmax{d(u, v) − f(u, v), 0} and residual capacityc(u, v) − f(u, v),
and if f(u, v) > d(u, v) then(v, u) ∈ Af with residual demand0 and residual capacity
f(v, u) − d(v, u). Intuitively, if the capacity of an arc is not exceeded, thenthe residual
demand indicates how much more flowmustbe sent along this arc for its demand to be
fulfilled and the residual capacity indicates how much additional flow can be sent along
this arc without exceeding its capacity. If the flow on an arc is strictly higher than its
demand, then the residual capacity (on an arc which is oriented in the reverse direction)
indicates by how much we may reduce the flow on this arc, while still fulfilling its demand.

Let P be a directed path inGf . Every arca ∈ P appears inG either in the same
orientation (as the arca) or in reverse direction (as the arca−1). The characteristic vector
of P is defined as follows:

χP (a) =







1 if P traversesa,
−1 if P traversesa−1,

0 if P traverses neithera nora−1,

For a directed circuitC in Gf , we defineχC ∈ {−1, 0, 1}A similarly.
Using the above notation, a feasibles-t flow in G with minimum weight can be found

using Algorithm 7.1, which is sometimes referred to as thesuccessive shortest paths algo-
rithm, due to Ford and Fulkerson [18], Jewell [31], Busacker and Gowen [11], and Iri [30].
It begins by adding the arc(t, s) toG, with demand 0 and infinite capacity. This simplifies
the computations because we no longer need to considers and t as special vertices; all
we need in order to have a feasible flow is to ensure that flow conservation holds at every
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Algorithm 7.1 : Minimum-weight feasibles-t flow in G = (V,A)

setf = ~0
add the arc(t, s) with d(t, s) = 0, c(t, s) =∞, w(t, s) = 0 andf(t, s) = 0 toG
while there exists an arc(u, v) with f(u, v) < d(u, v) do

compute a directedv-u pathP in Gf minimizingw(P )
if P does not existthen stop (no feasible flow exists)
elsedefine the directed circuitC = P, u, v
resetf = f + εχC , whereε is maximal subject to~0 ≤ f + εχP ≤ ~c and
f(u, v) + ε ≤ d(u, v)

vertex. Then, the algorithm repeatedly finds an arc whose demand is not respected and
adds flow along a cycle in the residual graph that contains this arc. The flow is increased
maximally along this cycle, taking into account the demand and capacity requirements of
the arcs on the cycle. Note that in order to meet the demand of an arc, it may be necessary
to increase the flow along more than one directed cycle. It canbe proved that for integer
demand and capacity functions and non-negative weights, Algorithm 7.1 finds an integral
feasibles-t flow with minimum weight if it exists; see for example [62, p. 175–176].

The time complexity of Algorithm 7.1 isO(φ · SP), whereφ is the value of the flow
found and SP is the time to compute a shortest directed path inG. Although faster al-
gorithms exist for general minimum-weight flow problems, this algorithm suffices for our
purposes, because we only need to find flows of relatively small values.

Note that the van der Waerden-König algorithm for finding a maximum-cardinality
matching in a bipartite graph is a special case of the above algorithm. Namely, letG =
(U,W,E) be a bipartite graph. Similar to the construction of the directed bipartite graph
GM in Section 7.1.2, we transformG into a directed bipartite graphG′ by orienting all
edges fromU to W . Furthermore, we add a “source”s, a “sink” t, and arcs froms to
all verticesU and from all vertices inW to t. To all arcsa of the resulting graph we
assign a capacityc(a) = 1 and a weightw(a) = 0. Now the algorithm for finding a
minimum-weights-t flow in G′ mimics exactly the augmenting paths algorithm for find-
ing a maximum-cardinality matching inG. In particular, given a flowf in G′ and the
corresponding matchingM in G, the directed graphGM corresponds to the residual graph
G′
f wheres, t and their adjacent arcs have been removed. Similarly, anM -augmenting

path inGM corresponds to a directeds-t path inG′
f .

Finally, we mention a result that, as we will see, is particularly useful for designing
incremental filtering algorithms. Given a minimum-weights-t flow, we want to compute
the increase that would occur in the weight of solution when an unused arc is forced to be
used. The following result shows that this can be done by re-routing the flow through a
minimum-cost circuit containing the unused arc, see [2, p. 338].

Theorem 7.2.Letf be a minimum-weights-t flow of valueφ inG = (V,A) with f(a) = 0
for somea ∈ A. LetC be a directed circuit inGf with a ∈ C, minimizingw(C). Then
f ′ = f + εχC , whereε is subject tod ≤ f + εχC ≤ c, has minimum weight among all
s-t flowsg in G with value(g) = φ andg(a) = ε. If C does not exist,f ′ does not exist.
Otherwise, weight(f ′) = weight(f) + ε · w(C).
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The proof of Theorem 7.2 relies on the fact that for a minimum-weight flowf in G,
the residual graphGf does not contain directed circuits with negative weight.
For further reading on network flows we recommend Ahuja et al.[2] or Schrijver [62,
Chapter 6–15].

7.1.3 Linear Programming

A linear programconsists of continuous variables and linear constraints (inequalities or
equalities). The objective is to optimize a linear cost function. One of the standard forms
of a linear program is

min c1x1 + c2x2 + . . . + cnxn

subject to a11x1 + a12x2 + . . . + a1nxn = b1
a21x1 + a22x2 + . . . + a2nxn = b2

...
...

am1x1 + am2x2 + . . . + amnxn = bm

x1, . . . , xn ≥ 0

or, using matrix notation,

min {cTx | Ax = b, x ≥ 0} (7.2)

wherec ∈ Rn, b ∈ Rn, A ∈ Rm×n andx ∈ Rn. Herec represents the “cost” vector andx
is the vector of variables. Every linear program can be transformed into a linear program
in the form of (7.2); see for example [61, Section 7.4].

Recall that therankof a matrix is the number of linearly independent rows or columns
of the matrix. For simplicity, we assume in the following that the rank ofA ism, i.e. there
are no redundant equations in (7.2).

Let A = (a1, a2, . . . , an) whereaj is thej-th column ofA. For some “index set”
I ⊆ {1, . . . , n} we denote byAI the submatrix ofA consisting of the columnsai with
i ∈ I.

Because the rank ofA ism, there exists an index setB = {B1, . . . , Bm} such that the
m × m submatrixAB = (aB1 , . . . , aBm

) is nonsingular and is therefore invertible. We
callAB a basisof A. LetN = {1, . . . , n} \B. If we permute the columns ofA such that
A = (AB , AN ), we can writeAx = b as

ABxB +ANxN = b,

wherex = (xB , xN ). Then a solution toAx = b is given byxB = A−1
B b andxN = ~0.

This solution is called abasic solution. A basic solution isfeasibleif A−1
B b ≥ ~0. The

vectorxB contains thebasic variablesand the vectorxN contains thenonbasic variables.
If we permutec such thatc = (cB, cN ), the corresponding objective value iscTx =
cTBA

−1
B b+ cTN~0 = cTBA

−1
B b.

Given a basisAB, we can rewrite (7.2) into the following equivalent linear program

min cTBA
−1
B b+ (cTN − cTBA−1

B AN )xN

subject to xB +A−1
B ANxN = A−1

B b

xB , xN ≥ 0.

(7.3)
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Program (7.3) represents how the objective may improve if wewould replace (some) basic
variables by nonbasic variables. This means that some basicvariables will take value 0,
while some nonbasic variables will take a non-zero value instead. If we do so, feasibility
is maintained byxB + A−1

B ANxN = A−1
B b. The improvement of the objective value

is represented by(cTN − cTBA−1
B AN )xN . This rewritten cost vector forxN is called the

reduced-costvector and is defined on both basic and nonbasic variables ascT = cT −
cTBA

−1
B A. We have the following (cf. [46, pp. 31–32]):

Theorem 7.3. (xB, xN ) is an optimal solution if and only ifc ≥ ~0.

Apart from this result, reduced-costs have another interesting property. Namely, they
represent the marginal rate at which the solution gets worseif we insert a nonbasic variable
into the solution (by giving it a non-zero value). For example, if we insert nonbasic variable
xi into the solution, the objective value will increase by at leastcixi. This property will be
exploited in Section 7.5.2.

To solve linear programs one often uses thesimplex method, invented by Dantzig [15],
which employs Theorem 7.3. Roughly, the simplex method moves from one basis to an-
other by replacing a column inAB by a column inAN , until it finds a basic feasible
solution for which all reduced-costs are nonnegative. The method is very fast in practice,
although it has an exponential worst-case time complexity.Polynomial-time algorithms
for linear programs were presented by Khachiyan [36] and Karmarkar [33, 32].
For further reading on linear programming we recommend Chv´atal [14] or Nemhauser and
Wolsey [46].

7.2 Examples of Global Constraints

In this section we present a number of global constraints that are practically useful and for
which efficient filtering algorithms exist.

7.2.1 The Sum and Knapsack Constraints

Thesum constraint is one of the most frequently occurring constraints in applications. Let
x1, . . . , xn be variables. To each variablexi, we associate a scalarci ∈ Q. Furthermore,
let z be a variable with domainD(z) ⊆ Q. Thesum constraint is defined as

sum(x1, . . . , xn, z, c) =

{

(d1, . . . , dn, d) | ∀i di ∈ D(xi), d ∈ D(z), d =

n
∑

i=1

cidi

}

.

We also writez =
∑n
i=1 cixi.

Theknapsack constraint is a variant of thesum constraint. Rather than constraining
the sum to be a specific value, theknapsack constraint states the sum to be within a lower
boundl and an upper boundu. Traditionally, one writesl ≤ ∑n

i=1 cixi ≤ u. Here we
representl andu by a variablez, such thatD(z) = [l, u]. Then we define theknapsack
constraint as

knapsack (x1, . . . , xn, z, c) =
{(d1, . . . , dn, d) | ∀i di ∈ D(xi), d ∈ D(z), d ≤∑n

i=1 cidi} ∩
{(d1, . . . , dn, d) | ∀i di ∈ D(xi), d ∈ D(z),

∑n
i=1 cidi ≤ d} ,

which corresponds tominD(z) ≤∑n
i=1 cixi ≤ maxD(z).
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7.2.2 The Element Constraint

Let y be an integer variable,z a variable with finite domain, andc an array of variables, i.e.,
c = [x1, x2, . . . , xn]. Theelement constraint states thatz is equal to they-th variable in
c, or z = xy. More formally

element (y, z, x1, . . . , xn) =
{(e, f, d1, . . . , dn) | e ∈ D(y), f ∈ D(z), ∀i di ∈ D(xi), f = de}.

The element constraint was introduced Van Hentenryck and Carillon [24]. It can be
applied to model many practical problems, especially when we want to model variable
subscripts. An example is presented in Section 7.2.8 below.

7.2.3 The Alldifferent Constraint

The alldifferent constraint is probably the best-known, most influential andmost
studied global constraint in constraint programming. Apart from its simplicity and practical
applicability, this is probably due to its relationship to matching theory. This important
field of theoretical computer science has produced several classical results and provided
the basis for efficient filtering algorithms for thealldifferent constraint.

Definition 7.4 (Alldifferent constraint, [39]). Letx1, x2, . . . , xn be variables. Then

alldifferent (x1, . . . , xn) = {(d1, . . . , dn) | ∀i di ∈ D(xi), ∀i6=j di 6= dj}.

A famous problem that can be modeled withalldifferent constraints is then-
queens problem: Placen queens on ann × n chessboard in such a way that no queen
attacks another queen.

One way of modeling this problem is to introduce an integer variablexi for every row
i = 1, 2, . . . , n, which ranges over column 1 ton. This means that in rowi, a queen is
placed in thexi-th column. The domain of everyxi is D(xi) = {1, 2, . . . , n} and we
express the no-attack constraints by

xi 6= xj for 1 ≤ i < j ≤ n, (7.4)

xi − xj 6= i− j for 1 ≤ i < j ≤ n, (7.5)

xi − xj 6= j − i for 1 ≤ i < j ≤ n, (7.6)

The constraints (7.4) state that no two queens are allowed tooccur in the same column
and the constraints (7.5) and (7.6) state the diagonal cases. A more concise model can be
stated as follows. After rearranging the terms of constraints (7.5) and (7.6), we transform
the model into

alldifferent (x1, . . . , xn),
alldifferent (x1 − 1, x2 − 2, . . . , xn − n),
alldifferent (x1 + 1, x2 + 2, . . . , xn + n),
xi ∈ {1, 2, . . . , n} for 1 ≤ i ≤ n.
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7.2.4 The Global Cardinality Constraint

The global cardinality constraintgcc (x1, . . . , xn, cv1 , . . . , cvn′ ) is a generalization of
alldifferent . While alldifferent requires that every value is assigned to at
most one variable, thegcc is specified onn assignment variablesx1, . . . , xn andn′ count
variablescv1 , . . . , cvn′ and specifies that each valuevi is assigned to exactlycvi

assign-
ment variables.alldifferent , then, is the special case ofgcc in which the domain of
each count variable is{0, 1}. For any tuplet ∈ Dn and valuev ∈ D, let occ(v, t) be the
number of occurrences ofv in t.

Definition 7.5 (Global cardinality constraint, [47]). Let x1, . . . , xn be assignment vari-
ables whose domains are contained in{v1, . . . vn′} and let{cv1 , . . . , cvn′ } be count vari-
ables whose domains are sets of integers. Then

gcc (x1, . . . , xn, cv1 , . . . , cvn′ ) = {(w1, . . . , wn, o1, . . . , on′) |
∀j wj ∈ D(xj), ∀i occ(vi, (w1, . . . , wn)) = oi ∈ D(cvi

)}.

An example of a problem that can be modeled with agcc is the shift assignment
problem[13, 58] in which we are given a set of workersW = {W1, . . . ,Ws} and a set of
shiftsS = {S1, . . . , St} and the problem is to assign each worker to one of the shifts while
fulfilling the constraints posed by the workers and the boss:Each workerWi specifies in
which of the shifts she is willing to work and for each shiftSi the boss specifies a lower
and upper bound on the number of workers that should be assigned to this shift. In the
gcc , the workers would be represented by the assignment variables and the shifts by the
count variables. The domain of an assignment variable wouldcontain the set of shifts that
the respective worker is willing to work in and the interval corresponding to each count
variable would match the lower and upper bounds specified by the boss for this shift.

7.2.5 The Global Cardinality Constraint with Costs

Theglobal cardinality constraint with costs[59] combines agcc and a variant of thesum
constraint. As in Section 7.2.4, letX = {x1, . . . , xn} be a set of assignment variables and
let cv1 , . . . , cvn′ be count variables. We are given a functionw that associates to each pair
(x, d) ∈ X×D(X) a “cost”w(x, d) ∈ Q. In addition, the constraint is defined on a “cost”
variablez with domainD(z). Assuming that we want tominimizethe cost variablez, the
global cardinality constraint with costs is defined as

cost gcc (x1, . . . , xn, cv1 , . . . , cvn′ , z, w) = {(d1, . . . , dn, o1, . . . , on′ , d) |
(d1, . . . , dn, o1, . . . , on′) ∈ gcc (x1, . . . , xn, cv1 , . . . , cvn′ ),
∀i di ∈ D(xi), d ∈ D(z),

∑n
i=1 w(xi, di) ≤ d}.

(7.7)

In other words, the cost variablez represents an upper bound on the sum ofw(xi, di)
for all i. We want to find only those solutions to thegcc whose associated cost is not
higher than this bound.

As an example of the practical use of acost gcc we extend the above shift assign-
ment problem. It is natural to assume that different workersperform shifts differently. For
example, suppose that we have a prediction of “work output” when we assign a worker to a
shift. Denote this output byO(W,S) for each workerW and shiftS. The boss now wants



W.-J. van Hoeve, I. Katriel 215

to maximize the output, while still respecting the above preferences and constraints on the
shifts. We can model this as

cost gcc (W1, . . . ,Wn, S1, . . . , St, z, Õ),

whereÕ(W,S) = −O(W,S) for all workersW and shiftsS. Namely, maximizingO is
equivalent to minimizing−O.

7.2.6 Scheduling with Cumulative Resource Constraints

An important application area for constraint solvers is in solving NP-hard scheduling prob-
lems. Chapter 22, “Planning and Scheduling”, explores the use of constraint programming
for scheduling in depth. Here, we mention only one problem ofthis family; that of schedul-
ing non-preemptive tasks who share a single resource with bounded capacity.

We are given a collectionT = t1, . . . , tn of tasks, such that each taskti is associated
with four variables: Itsrelease timeri is the earliest time at which it can begin executing,
its deadlinedi is the time by which it must complete, itsprocessing timepi is the amount
of time it takes to complete and itscapacity requirementci is the capacity of the resource
that it takes up while it executes. In addition, we are given the capacity variableC of the
resource. (The special case in which∀i ci = 1 andC = 1 is known as thedisjunctivecase
while the general case in which arbitrary capacities are allowed is thecumulativecase.)

A solution is a schedule, i.e., a starting timesi for each taskti such thatri ≤ si ≤
di − pi (the task completes before its deadline), and in addition,

∀u
∑

i|si≤u≤si+pi

ci ≤ C

i.e., at any time unitu, the capacity of the resource is not exceeded. Note that the starting
times si are auxiliary variables; instead ofsi we reason about the release timesri and
deadlinesdi.
The cumulative ({r1, . . . , rn}, {d1, . . . , dn}, {p1, . . . , pn}, {c1, . . . , cn}, C) constraint
models scheduling problems as described above [1].

7.2.7 The Regular Language Membership Constraint

Theregular constraint [48] is defined on a fixed-length sequence of finite-domain vari-
ables and states that the sequence of values taken by these variables belongs to a given
regular language. Theregular constraint has applications, for example, in rostering
problems and sequencing problems.

Before we formally introduce theregular constraint, we need some definitions (see
[29]). A deterministic finite automaton(DFA) is described by a5-tupleM = (Q,Σ, δ, q0,
F ) whereQ is a finite set of states,Σ is an alphabet,δ : Q×Σ→ Q is a transition function,
q0 ∈ Q is the initial state, andF ⊆ Q is the set of final (or accepting) states. Given an
input string, the automaton starts in the initial stateq0 and processes the string one symbol
at the time, applying the transition functionδ at each step to update the current state. The
string isacceptedif and only if the last state reached belongs to the set of finalstatesF .
Strings processed byM that are accepted are said to belong to the language defined byM ,
denoted byL(M). As an example, the DFAM for the regular expressionaa⋆bb⋆aa⋆+cc⋆

is shown in Figure 7.1. It accepts the stringsaaabaa andcc, but notaacbba.
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q0
q2 q3

q4

q1
a b a

c

a b a

c

Figure 7.1: A representation of a DFA with each state shown asa circle, final states as a
double circle, and transitions as arcs.

Definition 7.6 (Regular language membership constraint, [48]). Let M = (Q,Σ, δ, q0,
F ) be a DFA and letX = {x1, x2, . . . , xn} be a set of variables withD(xi) ⊆ Σ for
1 ≤ i ≤ n. Then

regular (X,M) = {(d1, . . . , dn) | ∀i di ∈ D(xi), d1d2 · · · dn ∈ L(M)} .

Returning to our example, consider the CSP

x1 ∈ {a, b, c}, x2 ∈ {a, b, c}, x3 ∈ {a, b, c}, x4 ∈ {a, b, c},
regular (x1, x2, x3, x4,M).

One solution to this CSP isx1 = a, x2 = b, x3 = a andx4 = a.
The regular constraint allows us to express many relations between the variables

of a sequence. For example, it is possible to express the maximum length of identical
consecutive values, also known as thestretch constraint [49, 23]. A typical application
of the stretch constraint is to restrict the maximum number of night shiftsin a nurse
scheduling problem. Pesant [48] discusses even more complicated patterns.

7.2.8 The Circuit Constraint

Before we introduce thecircuit constraint, we need the following definition. Consider
a permutationS = s1, . . . , sn of {1, . . . , n}, i.e.,si ∈ {1, . . . , n} andsi 6= sj whenever
i 6= j. Define the setCS as follows:

1 ∈ CS ,
i ∈ CS ⇒ si ∈ CS .

We say thatS is cyclic if |CS | = n.

Definition 7.7 (Circuit constraint, [39]). LetX = {x1, x2, . . . , xn} be a set of variables
with respective domainsD(xi) ⊆ {1, 2, . . . , n} for i = 1, 2, . . . , n. Then

circuit (x1, . . . , xn) = {(d1, . . . , dn) | ∀i di ∈ D(xi), d1, . . . , dn is cyclic}.

To the variables in Definition 7.7 we can associate the digraphG = (X,A) with arc
setA = {(xi, xj) | j ∈ D(xi), 1 ≤ i ≤ n}. An assignmentx1 = d1, . . . , xn = dn
corresponds to the subset of arcsÃ = {(xi, xdi

) | 1 ≤ i ≤ n}. Thecircuit constraint
ensures that̃A is a directed circuit.
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A famous combinatorial problem that can be modeled with thecircuit constraint
is the Traveling Salesperson Problem, or TSP [40]: A salesperson needs to find a shortest
route to visitn cities exactly once, and return in its starting city.

We model the TSP as follows. Letcij denote the distance between cityi andj (where
1 ≤ i, j ≤ n). For each cityi, we introduce a variablexi with domainD(xi) =
{1, . . . , n} \ {i}. The value ofxi is the city that is visited by the tour immediately af-
ter city i. We also introduce for every1 ≤ i ≤ n the variabledi to indicate the distance
from city i to city xi. The TSP can then be modeled as follows.

minimize z,
circuit (x1, . . . , xn),
z =

∑n
i=1 di,

di = cixi
1 ≤ i ≤ n.

(7.8)

To perform the assignmentdi = cixi
, we use the constraintelement (xi, di, ci∗), where

ci∗ denotes the array[cij ]1≤j≤n.

7.2.9 The Soft Alldifferent Constraint

A soft constraint, as opposed to a traditionalhard constraint, is a constraint that may be
violated. Instead we measure its violation, and the goal is to minimize the total amount
of violation of all soft constraints. Soft constraints are particularly useful to model and
solve over-constrained and preference-based problems (see Chapter 9, “Soft Constraints”).
In this chapter, we follow the scheme proposed by Régin et al. [60] to soften global con-
straints.

A violation measurefor a soft constraintC(x1, . . . , xn) is a functionµ : D(x1) ×
· · · × D(xn) → Q. This measure is represented by a “cost” variablez, which is to be
minimized. There exist several useful violation measures for soft constraints. For the
soft alldifferent constraint, we consider two measures of violation, see [51]. The
first is thevariable-basedviolation measureµvar which counts the minimum number of
variables that need to change their value in order to satisfythe constraint. The second is
the decomposition-basedviolation measureµdec which counts the number of constraints
in the binary decomposition that are violated. Foralldifferent (x1, . . . , xn) the latter
amounts toµdec(x1, . . . , xn) = |{(i, j) | ∀i < j xi = xj}|.
Definition 7.8 (Soft alldifferent constraint, [51]). Let x1, x2, . . . , xn, z be variables with
respective finite domainsD(x1), D(x2), . . . , D(xn), D(z). Letµ be a violation measure
for thealldifferent constraint. Then

soft alldifferent (x1, . . . , xn, z, µ) =
{(d1, . . . , dn, d) | ∀i di ∈ D(xi), d ∈ D(z), µ(d1, . . . , dn) ≤ d}

is the softalldifferent constraint with respect toµ.

As stated above, the cost variablez is minimized during the solution process. Thus,
maxD(z) represents the maximum value of violation that is allowed, and minD(z) rep-
resents the lowest possible value of violation.

As an example, consider the following over-constrained CSP

x1 ∈ {a, b}, x2 ∈ {a, b}, x3 ∈ {a, b}, x4 ∈ {b, c},
alldifferent (x1, x2, x3, x4).
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We have, for instance,µvar(a, a, b, b) = 2, whileµdec(a, a, b, b) = 2, andµvar(b, b, b, b) =
3, while µdec(b, b, b, b) = 6. We soften thealldifferent constraint usingµdec, and
transform the CSP into the following COP

z ∈ {0, 1, . . . , 6},
x1 ∈ {a, b}, x2 ∈ {a, b}, x3 ∈ {a, b}, x4 ∈ {b, c},
soft alldifferent (x1, x2, x3, x4, z, µdec),
minimize z.

A solution to this COP isx1 = a, x2 = a, x3 = b, x4 = c andz = 1.

7.3 Complete Filtering Algorithms

As mentioned in Section 7.1, the filtering task with respect to a constraintC defined on a set
of variablesX is to remove values from the domains of variables inX without changing the
set of solutions toC. We say that the filtering is complete if the removal of any additional
value from the domain of any of the variables inX wouldchange the set of solutions toC.
Formally:

Definition 7.9 (Generalized arc consistency). LetC be a constraint on the variablesx1,
. . . , xk with respective domainsD(x1), . . . , D(xk). That is,C ⊆ D(x1)×· · ·×D(xk). We
say thatC is generalized arc consistent(arc consistent, for short) if for every1 ≤ i ≤ k
and v ∈ D(xi), there exists a tuple(d1, . . . , dk) ∈ C such thatdi = v. A CSP is arc
consistent if each of its constraints is arc consistent.

In the literature, arc consistency is also referred to ashyper-arc consistencyor domain
consistency. Note that arc consistency only guarantees that each individual constraint has
a solution; it doesnotguarantee that the CSP has a solution.

In this section we present filtering algorithms that establish arc consistency. In general,
establishing arc consistency for a non-binary constraint (or global constraint) is NP-hard
(see Chapter 3, “Constraint Propagation”). For a number of global constraints, however,
it is possible to establish arc consistency quite efficiently. We present such filtering algo-
rithms in detail for thealldifferent , thegcc , and theregular constraints.

7.3.1 The Alldifferent Constraint

Régin [57] proposed an arc consistency algorithm for thealldifferent constraint
which is based on matching theory.

Definition 7.10 (Value graph, [57]). LetX be a set of variables andD(X) the union of
their domains. The bipartite graphG = (X,D(X), E) with E = {{x, d} | x ∈ X, d ∈
D(x)} is called thevalue graphofX .

As an example, consider the following CSP:

x1 ∈ {b, c, d, e}, x2 ∈ {b, c}, x3 ∈ {a, b, c, d}, x4 ∈ {b, c},
alldifferent (x1, x2, x3, x4).

The value graph of the variables in this CSP is shown in Figure7.2.a.
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Figure 7.2: Graph representation for thealldifferent constraint, before and after
filtering. Bold edges represent a matching, corresponding to a solution to thealldiff-
erent constraint.

Theorem 7.11(Régin [57]). LetX = {x1, x2, . . . , xn} be a set of variables and letG be
the value graph ofX . Then(d1, . . . , dn) ∈ alldifferent (x1, . . . , xn) if and only if
M = {{x1, d1}, . . . , {xn, dn}} is a matching inG.

Proof: By definition. �

Note that the matchingM in Theorem 7.11 coversX , and is therefore a maximum-
cardinality matching.

Consider again the above CSP. A solution to this CSP, i.e., tothe alldifferent
constraint in the CSP, isx1 = d, x2 = b, x3 = a andx4 = c. This solution corre-
sponds to a maximum-cardinality matching in the value graph, indicated with bold edges
in Figure 7.2.a.

Corollary 7.12 (Régin [57]). LetG be the value graph of a set of variablesX = {x1, x2,
. . . , xn}. The constraintalldifferent (x1, x2, . . . , xn) is arc consistent if and only if
every edge inG belongs to a matching inG coveringX .

Proof: Immediate from Definition 7.9 and Theorem 7.11. �

The following Theorem identifies edges that belong to a maximum-cardinality match-
ing. The proof follows from [50]; see also [62, Theorem 16.1].

Theorem 7.13.LetG be a graph andM a maximum-cardinality matching inG. An edge
e belongs to some maximum-cardinality matching inG if and only if e ∈ M , or e is on
an even-lengthM -alternating path starting at anM -free vertex, ore is on an even-length
M -alternating circuit.

Proof: Let M be a maximum-cardinality matching inG = (V,E). Suppose edgee
belongs to a maximum-cardinality matchingN , ande /∈ M . The graphG′ = (V,M ⊕
N) consists of even-length paths (possibly empty) and circuits with edges alternatingly
in M andN . If the paths are not of even length, eitherM or N can be made larger
by interchanging edges inM andN along this path (a contradiction because they are of
maximum cardinality).
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Conversely, letM be a maximum-cardinality matching inG and letP be an even-
lengthM -alternating path starting at anM -free vertex or anM -alternating circuit. Lete
be an edge such thate ∈ P \M . ThenM ⊕ P is a maximum-cardinality matching that
containse. �

Using Theorem 7.13, we construct the following arc consistency algorithm. First we
compute a maximum-cardinality matchingM in the value graphG = (X,D(X), E).
This can be done inO(m

√
n) time, using the algorithm by Hopcroft and Karp [28], where

m =
∑n
i=1 |D(xi)|. Next we identify the evenM -alternating paths starting at anM -free

vertex, and the evenM -alternating circuits in the following way.
Define the directed bipartite graphGM = (X,D(X), A) with arc setA = {(x, d) |

x ∈ X, {x, d} ∈ M} ∪ {(d, x) | x ∈ X, {x, d} ∈ E \M}. In other words, edges inM
are oriented fromX (the variables) toD(X) (the domain values) and edges not inM are
oriented in reverse direction. We first compute the stronglyconnected components inGM
in O(n +m) time [65]. Arcs between vertices in the same strongly connected component
belong to an evenM -alternating circuit inG, and are marked as “used”. Next we search
for the arcs that belong to a directed path inGM , starting at anM -free vertex. This takes
O(m) time, using breadth-first search. Arcs belonging to such a path belong to anM -
alternating path inG starting at anM -free vertex, and are marked as “used”. For all edges
{x, d} whose corresponding arc is not marked “used” and that do not belong toM , we
updateD(x) = D(x) \ {d}. Then, by Theorem 7.13, the correspondingalldifferent
constraint is arc consistent.

It follows from the above that thealldifferent constraint can be checked for
consistency, i.e., determined to contain a solution, inO(m

√
n) time and that it can be

made arc consistent inO(m) additional time.
In Figure 7.2.b we have shown the corresponding value graph for our example CSP,

after establishing arc consistency. Note that the remaining edges are either in the matching
M (for examplex1d), or on an even-lengthM -alternating path starting at anM -free ver-
tex (for exampleex1dx3a), or on an even-lengthM -alternating circuit (namelyx2bx4cx2).

During the whole solution process of the CSP, constraints other thanalldiffer-
ent might also be used to remove values from variable domains. Insuch cases, we must
update the filtering of ouralldifferent constraint. As pointed out by Régin [57],
this can be done incrementally, i.e., we can make use of our current value graph and our
current maximum-cardinality matching to compute a new maximum-cardinality matching.
For example, if the domain ofk variables has changed, we can recompute our matching
in O(min{km,m√n}) time, and establish arc consistency inO(m) additional time again.
The same idea has been used by Barták [4] to make thealldifferent constraint dy-
namic with respect to the addition of variables during the solution process.

7.3.2 The Global Cardinality Constraint

Figure 7.3 shows an example of agcc and one of its solutions. Unfortunately, it is NP-hard
to filter the domains of all variables to arc consistency [53]. However, if we replace the
count variablescv1 , . . . , cvn′ by constant intervalsEi = [Li, Ui] (i = 1, . . . , n′), we can
use a generalization of the arc consistency algorithm for the alldifferent constraint
to efficiently filter the domains of all assignment variablesto arc consistency [58]: We
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Figure 7.3:gcc example: On the left are the domainsD(xi) of the assignment variables
and the fixed intervalsEi that replace the count variables. On the right is the corresponding
value graph with a solution marked by bold edges.
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Figure 7.4: a. The flow network for the example of Figure 7.3. The requirements of the
arcs are shown as intervals above each equal-requirement group. The numbers above the
arcs indicate a feasible flow. b. The residual capacity of an arc (vi, t) indicates how many
more variables can be assigned the valuevi without exceeding its capacity and the resid-
ual capacity of an arc(t, vi) indicates how many variables which are assignedvi can be
assigned another value without going belowvi’s demand.

construct the value graphG as before, orient the arcs from the variables to the values and
assign to each of them a requirement of[0, 1]. Then, we add two verticess andt, such that
for each variablexi there is an arc with requirement[1, 1] from s to xi, and for each value
vj , there is an arc with requirement[Lj, Uj ] from vj to t (see Figure 7.4.a). The following
theorem states that a solution to thegcc corresponds to an integral feasibles-t flow in this
network.

Theorem 7.14(Régin [58]). Let C = gcc (x1, . . . , xn, cv1 , . . . , cvn′ ) and letG be the
augmented value graph described above. Then there is a one-to-one correspondence be-
tween the solutions toC and integral feasibles-t flows inG.

Proof: Given a solutionS = (vi1 , . . . , vin , o1, . . . , on′) to the constraint, we construct
a feasible flow inG as follows. For each variablexj , f(xj , vij ) = 1 and for any value
v 6= vij , f(xj , v) = 0. For each valuevi, we setf(vi, t) = oi and for each variablexj we
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setf(s, xj) = 1. It is not hard to verify that the capacities of the arcs are respected byf
and that flow conservation holds, sof is an integral feasibles-t flow.

Conversely, letf be a feasible flow inG. Then by the demand and capacity require-
ment, for every arca from a variable vertex to a value vertex,f(a) ∈ {0, 1}. By flow
conservation, and by our selection of capacities for the arcs froms to the variable vertex,
we know that every variable vertex is incident to exactly onevariable-value arc that carries
flow 1.

Let S = (vi1 , . . . , vin , o1, . . . , on′) be a tuple such that for each1 ≤ j ≤ n, the arc
(xj , vij ) is the unique arc such thatf(xj , vij ) = 1 and for each1 ≤ j′ ≤ n′, oj′ is the
number of occurrences of the valuevj′ in (vi1 , . . . , vin). To see thatS is a solution to the
constraint, it remains to show that every variable is assigned a value in its domain. For
the assignment variables this is obvious: If a variable-value arc carries flow it must exist
in the graph, and this can hold only when the value is in the domain of the variable. For
the count variables, this holds, again, by flow conservationand by our choice of capacities
for the arcs in the network: The value of the flow on an arc from the value vertexvi to t
is, by construction of the flow network, some valuefi in Ei. By flow conservation, the
amount of flow entering this value vertex is alsofi, and since flow can only enter through
variable-value arcs, we get that the number of variables that are assigned the valuevi is fi.

�

We say that the arca belongs to a flowf if f(a) > 0. Once again, we conclude that:

Corollary 7.15 (Régin [58]). LetG be the value graph of a set of variablesX = {x1, . . . ,
xn}, augmented into a flow network as described above. The constraint gcc (x1, . . . , xn,
E1, . . . , En′), where eachEi is a fixed interval, is arc consistent if and only if every
variable-value arc inG belongs to some feasible integral flow inG.

The following theorem characterizes the arcs ofG that belong to feasible flows, in
terms of the residual graph ofG with respect to a given flow (see Figure 7.4.b). Its proof
is along the same lines as the proof of Theorem 7.13 and belongs to the folklore of flow
theory.

Theorem 7.16. Let G be a graph andf a feasible flow inG. An arc belongs to some
feasible flow inG if and only if it belongs tof or both of its endpoints belong to the same
SCC of the residual graph ofG with respect tof .

Therefore, given agcc whose count variables are fixed intervals, we can filter the do-
mains of the assignment variables to arc consistency by an algorithm that follows the same
approach as the arc consistency algorithm for thealldifferent constraint, except that
the maximum cardinality matching computation is replaced by a feasible flow computa-
tion. If we were to use a generic flow algorithm such as Algorithm 7.1, the running time
deteriorates toO(mn). However, Quimper et al. [53] recently showed that the structure of
the value graph can be exploited to compute the flow inO(m

√
n) time, using an adaptation

of the Hopcroft-Karp algorithm [28] for maximum cardinality bipartite matchings.

7.3.3 The Regular Language Membership Constraint

A filtering algorithm for theregular constraint, establishing arc consistency, was pre-
sented by Pesant [48]. It makes use of a specific digraph representation of the DFA, which
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Figure 7.5: Graph representation for theregular constraint, before and after filtering. A
double circle represents a final state. Arcs outgoing from a vertex which is not reachable
from q10 were omitted for clarity.

has similarities to dynamic programming.
Let M = (Q,Σ, δ, q0, F ) be a DFA and letX = {x1, . . . , xn} be a set of vari-

ables withD(xi) ⊆ Σ for each1 ≤ i ≤ n. We construct the digraphR representing
regular (X,M) as follows. The vertex setV consists ofn + 1 duplicates of the set of
states of the DFA:

V = V1 ∪ V2 ∪ · · · ∪ Vn+1,

where

∀1≤i≤n+1Vi = {qik | qk ∈ Q}.

The arc setA of the graph represents the transition functionδ of the DFA:

A = A1 ∪A2 ∪ · · · ∪An,

where

∀1≤i≤nAi = {(qik, qi+1
l ) | δ(qk, d) = ql for d ∈ D(xi)}.

Figure 7.5.a shows the graphR corresponding to the DFA in Figure 7.1.

Theorem 7.17(Pesant [48]). A solution toregular (X,M) corresponds to a directed
path inR from q10 in V1 to a final state inVn+1.

Proof: Follows immediately from the construction ofR and the definition of theregu-
lar constraint. �

We apply Theorem 7.17 to establish arc consistency for theregular constraint:
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Figure 7.6: Updated graph after the removal of elementa fromD(x3).

Corollary 7.18 (Pesant [48]). LetM = (Q,Σ, δ, q0, F ) be a DFA and letX = {x1, . . . ,
xn} be a set of variables withD(xi) ⊆ Σ for 1 ≤ i ≤ n. The constraintregular (X,M)
is arc consistent if and only if for allxi ∈ X andd ∈ D(xi), there exists an arca =
(qik, q

i+1
l ) such thatδ(qk, d) = ql anda belongs to a path fromq10 to a final state inVn+1.

Consider again the example presented in Section 7.2.7, i.e.,

x1 ∈ {a, b, c}, x2 ∈ {a, b, c}, x3 ∈ {a, b, c}, x4 ∈ {a, b, c},
regular (x1, x2, x3, x4,M).

The CSP is not arc consistent. For example, valueb can never be assigned tox1. If we
make the CSP arc consistent we obtain

x1 ∈ {a, c}, x2 ∈ {a, b, c}, x3 ∈ {a, b, c}, x4 ∈ {a, c},
regular (x1, x2, x3, x4,M).

In Figure 7.5.b, the graphR corresponding to this example is shown after establishing arc
consistency.

Corollary 7.18 implies the following filtering algorithm. First, we construct the graph
R, referred to in [48] as the “forward” phase. During this phase we omit all arcs that
are not on a directed path starting inq10 . Then we remove all arcs that are not on a path
from q10 to a final state inVn+1. This can be done in a “backward” phase, starting from
vertices inVn+1 which are not final states. The total time complexity of this algorithm is
dominated by the time to construct the graph, which is inO(n |Σ| |Q|). This is also the
space complexity of the algorithm.

Note that the algorithm can be made incremental. Whenever the domain of a variable
has changed, we remove the corresponding arc from the graph.Then we simply perform a
forward and backward phase on the affected parts of the graph, while leaving the rest un-
changed. An example is given in Figure 7.6. It shows the updated graph after the removal
of elementb fromD(x2). As a result,a is removed fromD(x3).
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It should be noted that this algorithm resembles the filtering algorithm for theknap-
sack constraint proposed by Trick [66]. Trick’s algorithm applies dynamic programming
techniques to establish arc consistency on theknapsack constraint. The same algorithm
can be applied to make thesum constraint arc consistent. It has a pseudo-polynomial run-
ning time however, as its complexity depends on the actual values of the domain elements
of the variable which represents the sum.

7.4 Optimization Constraints

In this section we consider global constraints in the context of constraint optimization
problems, or COPs. Recall that a COP contains an objective function to be optimized,
and the goal is to find a solution that minimizes or maximizes its value. Anoptimization
constraintis a constraint that is linked to the objective function of the problem at hand.
For example, thecost gcc is an optimization constraint. Every solution to it inducesa
“cost” that is represented by a variablez. The assumption is thatz appears in the objective
function, and is to be minimized. Whenever a solution to the COP is found, we obtain an
upper bound for the variablez. Then the domain ofz is filtered accordingly, and from that
point on, we will only be searching for improving solutions.

Traditionally, COPs were solved in the following way. Assume that the objective func-
tion is represented by a variablez, which is to be minimized. If we find a solution to the
problem, we compute its corresponding objective valueopt and add the constraintz < opt .
In that way, we search only for improving solutions. By reasoning on the domains of the
variables present in the objective function, we may even detect sub-optimality before in-
stantiating all variables, and backtrack. A major deficiency of this method, however, is that
there is no inference from the domain ofz to the domains of the other variables. Optimiza-
tion constraints do take this two-way inference into account. They are global constraints,
i.e., they specify a complex relation on a set of variables, but in addition they are also de-
fined on a variable such asz above, which represents the value of the best solution found
so far. Since we are only interested in improving solutions,a minimization (maximization)
constraint is satisfied only when the value of the solution isat most (at least)z.

In this section we present complete filtering algorithms fortwo types of optimization
constraints. First, we consider thecost gcc , which embodies the natural extension of
global constraints to optimization constraints. Next, we consider thesoft alldiffer-
ent constraint, which can be applied to over-constrained and preference-based problems.
In Section 7.5.2 we discusspartial filtering methods for optimization constraints.

7.4.1 The Global Cardinality Constraint with Costs

The filtering algorithm for the global cardinality constraint with costs (thecost gcc ) is
an extension of the filtering algorithm of thegcc without costs. As in Section 7.3.2, we
replace the count variablescv1 , . . . , cvn′ by constant intervalsE1, . . . , En′ and filter the
domains of the assignment variables.

Let X = {x1, . . . , xn}, E = {E1, . . . , En′} and letcost gcc (X,E, z, w) be the
constraint under consideration in this section. We extend the graphG of Section 7.3.2
by applying a “weight” function to its arcs. The weight of arc(xi, d) is w(xi, d) for all
1 ≤ i ≤ n andd ∈ D(xi). To all other arcs we assign a weight 0. The filtering algorithm
is based on finding a flow in the weighted version ofG, which we denote byCG.
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Theorem 7.19(Régin [59]). The constraintcost gcc (X,E, z, w) is arc consistent if
and only if

i) for all x ∈ X andd ∈ D(x) there exists an integral feasibles-t flow f in CG with
f(x, d) = 1 and weight(f) ≤ maxD(z), and

ii) minD(z) ≥ weight(f) for some integral feasibles-t flowf in CG.

Proof: If we ignore the costs, we know from thegcc case that there is a one-to-one
correspondence between integral feasibles-t flows and solutions to the constraint. By our
choice of weights for the arcs, the weight of a flow is equal to the cost of the corresponding
solution. Hence, a flow corresponds to a solution only if its weight is at mostmaxD(z)
and every value inD(z) (in particular,minD(z)) must be larger than the weight of at least
one feasible integrals-t flow. �

Theorem 7.19 gives rise to the following filtering algorithmfor the cost gcc . We
first build the digraphCG that represents the constraint. Then, for every variable-value pair
(xi, d) we check whether the pair belongs to a solution, i.e., whether there exists a flow in
CG that represents a solution containingxi = d, with cost at mostmaxD(z). If this is not
the case, we can removed fromD(xi). Finally, we updateminD(z) to be the maximum
between its current value and the weight of a minimum-weights-t flow of valuen in CG.

By applying the successive shortest paths algorithm described in Section 7.1, we can
compute a minimum-weight flow inCG in O(n(m+n logn)) time. Hence, the time com-
plexity of this filtering algorithm isO(n2d(m+n logn)) whered is the maximum domain
size. However, we can improve the efficiency by applying Theorem 7.2, as proposed by
Régin [59, 56].

The resulting, more efficient, algorithm is as follows. We first compute an initial
minimum-weight flowf in CG representing a solution. Then for each arca = (u, v)
representing(xi, d) with f(a) = 0, we compute a minimum-weight directed pathP from
v to u in the residual graphCGf . Together witha, P forms a directed circuit. Because
f represents a solution, it is an integer flow. This means that we can reroute one unit of
flow along the circuit and obtain a flowf ′. Then cost(f ′) = cost(f) + cost(P ), following
Theorem 7.2. If cost(f ′) > maxD(z) we removed from the domain ofxi.

An initial solution is still computed inO(n(m + n logn)) time, but we can reduce
the time complexity to establish arc consistency. A first attempt is to compute for all arcs
(xi, d) with f(xi, d) = 0 a shortest path in the residual graph. That would yield a time
complexityO((m−n)(m+n log n)). We can do better, however, see [59, 56]. We compute
for each (variable) vertex inX the distance to all other vertices inO(m + n logn) time.
Alternatively, this may be done for all (value) vertices inD(X) instead. This gives us the
lengths of all paths inO(∆(m + n logn)) time, where∆ = min(n, |D(X)|).

In addition, this algorithm is incremental. When the domainof k variables has changed,
it takesO(k(m + n logn)) time to recompute a feasible flow, starting from the previous
flow. Establishing arc consistency is done again inO(∆(m + n logn)) additional time.

Note that, by definition (7.7), we don’t restrict all values of D(z) to belong to a solution.
This would however be the case if we had defined

∑n
i=1 w(xi, di) = d in (7.7). The reason

for omitting this additional restriction onz is that it makes the task of establishing arc
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consistency NP-hard. This follows from a reduction from the“subset sum” problem (see
[20]). Definition (7.7) does allow an efficient filtering algorithm, as we have seen above. In
a sense, one could argue that while establishing arc consistency, the algorithm mimics the
establishment of bound consistency (see Section 7.5.1) with respect to the cost variablez.

7.4.2 The Soft Alldifferent Constraint

In this section we present filtering algorithms for thesoft alldifferent constraint.
Each of the violation measuresµvar andµdec gives rise to a different arc consistency prob-
lem, and we describe an algorithm for each of them.

Variable-based violation measure

Recall that the variable-based violation measureµvar counts how many variables need to
change their values in order for the constraint to be satisfied.

Theorem 7.20(Petit et al. [51]). Let G be the value graph of the variablesx1, . . . , xn
and letM be a maximum-cardinality matching inG. The constraintsoft alldiffer-
ent (x1, . . . , xn, z, µvar) is arc consistent if and only if one of the following conditions
holds

i) minD(z) ≤ n− |M | < maxD(z), or

ii) minD(z) ≤ n − |M | = maxD(z) and all edges inG belong to a matching inG
with cardinality|M |.

Proof: We can assign|M | variables to a different value. Thus we need to change the
value of at leastn− |M | variables, i.e.,µvar ≥ n− |M |. Given an assignment with min-
imum violation, every change in this assignment can only increaseµvar by 1. Hence, if
minD(z) ≤ n − |M | < maxD(z) all domain values belong to a solution. On the other
hand, ifn−|M | = maxD(z), only those edges that belong to a matching with cardinality
|M | belong to a solution. �

The constraintsoft alldifferent (x1, . . . , xn, z, µvar) can be filtered to arc con-
sistency by an algorithm which is similar to the one in Section 7.3.1. First we com-
pute a maximum-cardinality matchingM in the value graphG in O(m

√
n) time, where

m =
∑n
i=1 |D(xi)|. If n− |M | > maxD(z), the constraint is inconsistent. Otherwise, if

n− |M | = maxD(z), we identify all edges that belong to a maximum-cardinalitymatch-
ing. Here we apply Theorem 7.13, i.e., we identify the evenM -alternating paths starting
at anM -free vertex, and the evenM -alternating circuits. This takesO(m) time, as we
saw in Section 7.3.1. Note that in this case vertices inX may also beM -free. Finally, we
updateminD(z)← max{minD(z), n− |M |} if minD(z) < n− |M |.

Decomposition-based violation measure

Recall that the decomposition-based violation measure counts the number of constraints in
the binary decomposition (i.e., the set of pairwise not-equal constraints) that are violated.
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Figure 7.7: Graph representation for thesoft alldifferent constraint. The require-
ments of the arcs are shown as intervals above each equal-requirement group. Unless
indicated otherwise, the weightw of an arc is0. The numbers next to the arcs describe a
feasible flow with weight1.

Once again, we construct a directed graphS = (V,A), this time with

V = {s, t} ∪X ∪D(X) and A = AX ∪As ∪At

whereX = {x1, . . . , xn} and

AX = {(xi, d) | d ∈ D(xi)},
As = {(s, xi) | 1 ≤ i ≤ n},
At = {(d, t) | d ∈ D(xi), 1 ≤ i ≤ n}.

Note thatAt contains parallel arcs if two or more variables share a domain value. If there
arek parallel arcs(d, t) between somed ∈ D(X) andt, we distinguish them by numbering
the arcs as(d, t)0, (d, t)1, . . . , (d, t)k−1 in a fixed but arbitrary order.

To the arcs inAs we assign a requirement[1, 1] while the arcs inA \As have require-
ment[0, 1]. We also assign a “cost” functionw to the arcs. Ifa ∈ As∪AX , thenw(a) = 0.
If a ∈ At, such thata = (d, t)i for somed ∈ D(X) and integeri, the value ofw(a) = i.

Figure 7.7.a shows the graphS corresponding to thesoft alldifferent example
presented in Section 7.2.9.

Theorem 7.21(van Hoeve [26]). The constraintsoft alldifferent (x1, . . . , xn, z,
µdec) is arc consistent if and only if

i) every arca ∈ AX belongs to some feasible integral flowf in S with weight(f) ≤
maxD(z), and

ii) minD(z) ≥ weight(f) for a minimum-weights-t flowf in S.

Proof: Similar to the proof of Theorem 7.19. The weights on the arcs in At are chosen
such that the weight of a minimum-cost flow is exactly the smallest possible value ofµdec.
Namely, the first unit of flow entering a valued ∈ D(X) causes no violation and chooses
the outgoing arc with weight 0. Thek-th unit of flow that entersd causesk − 1 violations
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and chooses the outgoing arc with weightk − 1. �

Once again, we can filter the constraintsoft alldifferent (x1, . . . , xn, z, µdec)
to arc consistency by an algorithm which is similar to the onein Section 7.3.1. First we
compute a minimum-cost flowf in S. We apply the successive shortest paths algorithm,
i.e., we need to computen shortest paths in the residual graph. Because there are non-
zero weights only on arcs inAt, each shortest path computation takesO(m) time, using a
breadth-first search. Hence we can findf in O(nm) time. If weight(f) > maxD(z), we
know that the constraint is inconsistent.

To identify the arcsa = (xi, d) ∈ AX that belong to a feasible integral flowg with
weight(g) ≤ maxD(z), we again apply Theorem 7.2. Thus, we search for a shortestd-xi
path inSf that together witha forms a directed circuitC. We can compute all such shortest
paths inO(m) time, using again the fact that only arcsa ∈ At contribute to the cost of
such paths (more details are given in [26]).

In [27], the above algorithm was extended to other soft global constraints, such as the
soft regular constraint and the softgcc constraint. The result for the softregular
constraint was obtained independently in [5].

7.5 Partial Filtering Algorithms

The algorithms we have presented so far achieve perfect filtering: The removal of any
additional value from the domain of any variable would change the solution set of the
constraint. Sometimes, achieving this utopian goal is too costly, even intractable, and it
makes sense to compromise on a weaker level of filtering. Thissection describes some of
the approaches that have been suggested for partial filtering of global constraints.

7.5.1 Bound Consistency

Assume that the elements of the variable domains are drawn from a total order (e.g., the
integers) and that the domain of each variablexi is an interval of this total order. Thus,
a domainD(x) = [L(x), U(x)] is specified by a lower bound and an upper bound on the
values that variablex can take.

Definition 7.22 (Bound consistency). LetC be a constraint on the variablesx1, . . . , xk
with respective interval domainsD(x1), . . . , D(xk). We say thatC is bound consistentif
for every1 ≤ i ≤ k, there exists a tuple(d1, . . . , dk) ∈ C such thatdi = L(xi) and there
exists a tuple(e1, . . . , ek) ∈ C such thatei = U(xi).

Computing bound consistency, then, amounts to shrinking the domain intervals as
much as possible without losing any solutions.

Bound consistency foralldifferent and gcc

The assumption that the domain of each variable is an interval of the values, implies that
the value graph is convex:
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Definition 7.23(Convex graph). A bipartite graphG = (X,Y,E) is convexif the vertices
of Y can be assigned distinct integers from[1, |Y |] such that for every vertexx ∈ X , the
numbers assigned to its neighbors form a subinterval of[1, |Y |].

Algorithms for computing bound consistency exploit this property of the value graph
(either directly or implicitly). Naturally, filtering algorithms for alldifferent ap-
peared first and the generalizations togcc followed. Two parallel approaches were ex-
plored (see Table 7.1). The first is an adaption of the matching/flow method described
above and the second is based on Hall’s marriage theorem.

Theorem 7.24(Hall’s Marriage Theorem [22]). A bipartite graphG = (X,Y,E) has a
matching coveringX if and only if for any subsetX ′ ofX , we have that|D(X ′)| ≥ |X ′|.

In our terminology: there is a solution to analldifferent constraint if and only
if for every subset of the variables, the union of their domains contains enough values to
match each of them with a different value. This theorem implies that if there is a setS of
k variables whose domains are contained in a size-k intervalI of values, then the values
of I can be safely removed from the domain of any variable outsideof S. It also implies
that this filtering step suffices: If it cannot be applied, thealldifferent constraint is
bound consistent.
As we saw, the flow-based approach yields both arc consistency and bound consistency
algorithms. The second approach, using Hall’s marriage theorem, was first applied by
Leconte [41] who obtained an algorithm that computesrange consistency, a filtering level
which is stronger than bound consistency but weaker than arcconsistency. Subsequently,
Hall’s theorem was also used in bound consistency algorithms.

Hall’s Theorem Matchings/Flows
bound consistency arc consistency bound consistency

alldifferent Puget [52], Régin [57] Mehlhorn and Thiel [44]
López-Ortiz et al. [43]

gcc Quimper et al. [54] Régin [58] Katriel and Thiel [35]

Table 7.1: The two approaches for filtering ofalldifferent andgcc constraints.

In the following,n denotes the number of variables,n′ denotes the number of values in
the union of their domains andm denotes the sum of the cardinalities of the domains (so
the value graph hasn+ n′ vertices andm edges). Sincem may be as large asnn′, bound
consistency algorithms typically do not construct the graph explicitly.

Puget designed the first bound consistency algorithm foralldifferent , which is
based on Hall’s theorem and runs inO(n logn) time [52]. Mehlhorn and Thiel [44] later
showed that since the matching and SCC computations of Régin’s algorithm [57] can be
performed faster on convex graphs compared to general graphs, it is possible to achieve
bound consistency foralldifferent using the matching approach inO(n + n′) time
plus the time required to sort the variables according to theendpoints of their domains.
Katriel and Thiel [35] later generalized this algorithm forthegcc case. Simultaneously,
Quimper et al. [54] discovered an alternative bound consistency algorithm forgcc , based
on the Hall interval approach. The latter algorithm narrowsthe domains of only the assign-
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ment variables, while the former narrows the domains of the assignment variables as well
as the count variables, to bound consistency.

As mentioned in Section 7.3.2, it is NP-hard to filter all variables to arc consistency.
It is therefore significant that we can achieve at leastsomefiltering for the domains of the
count variables.

Glover’s algorithm

In order to demonstrate how much simpler convex bipartite graphs are from general bi-
partite graphs, we describe a simple, greedy algorithm thatfinds a maximum cardinality
matching in a convex value graph. Glover [21] was the first whosuggested this algo-
rithm as anO(nn′)-time solution. Using sophisticated data structures, the complexity was
later reduced toO(n′ + nα(n)) by Lipski and Preparata [42] and finally toO(n′ + n) by
Gabow and Tarjan [19]. The latter solutions assume that the values are integers in the in-
terval [1, n′] (which can be achieved inO(n′ logn′) time by sorting and relabeling them).
We will restrict our description to a simple implementationof Glover’s algorithm, which
uses only a priority queue and does not require that the values are in[1, n′]. This imple-
mentation runs inO(n′ + n logn) time. It is much faster than the best known solution for
general value graphs which, recall, runs inO(m

√
n) time [28].

The algorithm traverses the value vertices from smaller to larger and greedily decides,
for each value vertex, whether it is to be matched and if so, with which variable vertex.
For this purpose, it maintains a priority queue that contains variable vertices which are
candidates for matching, sorted by the upper endpoints of their domains. When considering
the value vertexvi, the algorithm first inserts into the queue all variable vertices whose
domains begin atvi; they were not candidates for matching before, but they are now.

Next, there are two cases to consider. If the priority queue is empty,vi will remain
unmatched. Otherwise, the minimum priority variable vertex xj is extracted, and there are
two subcases. Ifxj ’s priority is at leastvi, then it is matched withvi. Otherwise, it should
have been matched earlier, and the algorithm terminates andreports that there is no solution
(the graph does not have a matching coveringX , or, equivalently, thealldifferent
constraint does not have a solution).

The intuition behind this algorithm is that it always matches the candidate variable ver-
tex whose domain ends earliest, so whenxj is matched, any candidate vertex that remains
unmatched can be matched with at least as many value verticesasxj , but perhaps more.
For a formal proof of correctness see [21] or [44].

7.5.2 Reduced-Cost Based Filtering

Next we consider a partial filtering method for optimizationconstraints of the following
type. LetX = {x1, . . . , xn} be a set of variables with corresponding finite domains
D(x1), . . . , D(xn). We assume that each pair(xi, j) with j ∈ D(xi) induces a “cost”
cij . We now extend any global constraintC onX to an optimization constraintopt C by
introducing a cost variablez and defining

opt C(x1, . . . , xn, z, c) = {(d1, . . . , dn, d) |
(d1, . . . , dn) ∈ C(x1, . . . , xn),
∀i di ∈ D(xi), d ∈ D(z),

∑n
i=1 cidi

≤ d}.
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where we assume thatz is to be minimized. For example, thecost gcc is a particular
instance of such constraint. We have seen that its arc consistency algorithm is efficient
because of its correspondence with a minimum-weight flow. For many other optimization
constraints of this type, however, such correspondence does not exist, or is difficult to
identify. In such situations we may be able to applyreduced-cost based filteringinstead,
using a linear programming relaxation of the optimization constraint. This method was
first introduced in this form by Focacci et al. [17], althoughthe technique is part of the
linear programming folklore under the namevariable fixing. Note that in general, such a
filtering algorithm does not establish arc consistency.

In order to apply reduced-cost based filtering, we need to infer a linear programming
relaxation from the optimization constraint. First, we introduce binary variablesyij for all
i ∈ {1, . . . , n} andj ∈ D(xi), such that

xi = j ⇔ yij = 1,
xi 6= j ⇔ yij = 0.

(7.9)

To ensure that each variablexi is assigned to a single value in its domain we state the linear
constraints

∑

j∈D(xi)

yij = 1 for i = 1, . . . , n.

The linear objective function is stated as
n
∑

i=1

∑

j∈D(xi)

cijyij .

The next, most difficult, task is to rewrite (a part of) the optimization constraint as a system
of linear constraints using the binary variables. This is problem dependent, and no general
recipe exists. However, for many problems such descriptions are known, see, e.g., [55].
For example, for analldifferent constraint we may add the linear constraints

n
∑

i=1

yij ≤ 1 for all j ∈
n
⋃

i=1

D(xi)

to ensure that every domain value is assigned to at most one variable.
Finally, in order to obtain a linear programming relaxation, we remove the integrality

constraint on the binary variables and state

0 ≤ yij ≤ 1 for i ∈ {1, . . . , n}, j ∈ D(xi).

When we solve this linear programming relaxation to optimality, we obtain a lower
bound onz, and reduced-costsc. Recall from Section 7.1.3 that reduced-costs estimate the
increase of the objective function when we force a variable into the solution. Hence, if we
enforce the assignmentxi = j, the objective function value will increase by at leastcij .
Let z∗ be the objective value of the current optimal solution of thelinear program. Then
we apply the following filtering rule:

if z∗ + cij > maxD(z) thenD(xi)← D(xi) \ {j}.
A huge advantage of this approach is that it can be applied very efficiently. Namely,
reduced-costs are obtained automatically when solving a linear program. Hence, the filter-
ing rule can be applied without additional computational costs.
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7.5.3 Intractable Global Constraints

As already noted, global constraints serve to break up the CSP into a conjunction of simpler
CSPs, each of which can be filtered efficiently. We show below that if it is NP-hard to
determine whether a constraint has a solution, it is also NP-hard to compute arc consistency
for the constraint. The following is a special case of a Theorem due to Bessière et al. [9].

Theorem 7.25. LetC be a constraint. If there is a polynomial-time algorithm that com-
putes arc consistency forC then there is a polynomial-time algorithm that finds a single
solution toC.

Proof: Assume that we have an algorithmA that prunes the variable domains to arc
consistency in polynomial time. Then we can find a solution tothe constraint as follows:

1. Use algorithmA to compute arc consistency. The constraint has a solution ifand
only if all domains are now non-empty.

2. Repeat until a solution is found:

a) Letx be a variable such that|D(x)| > 1 and letv ∈ D(x).

b) SetD(x)← {v}
c) Use algorithmA to compute arc consistency.

In each iteration the value of one variable is determined, sothe total number of itera-
tions is at most equal to the number of variables and the running time of the algorithm is
polynomial. �

The converse of Theorem 7.25 does not hold; there are constraints for which arc consis-
tency is NP-hard while checking feasibility is not (see, e.g., [64]). A weaker version which
does hold is stated below. The crucial point to note is that there are constraints for which
it is possible to efficiently check whether the constraint has a solution, but it is NP-hard to
check whether it has a solution in which a certain variable isassigned a specific value in
its domain.

Theorem 7.26.LetC be a constraint defined on the variablesX = {x1, . . . , xk}. If there
is an algorithmA that, for anyxi ∈ X andd ∈ D(xi), determines in polynomial time
whether there is a solution to the constraintC ∧ (xi ← d), then there is a polynomial-time
algorithm that computes arc consistency forC.

Proof: For every variablexi and valued ∈ D(xi), use algorithmA to check if there is a
solution whenxi ← d and removed fromD(xi) otherwise. �

A consequence of Theorem 7.25 is that there is a very large class of practically useful
global constraints for which we probably cannot achieve perfect filtering. In some cases,
a possible remedy is to compromise on bound consistency; as already mentioned, bound
consistency can be computed in almost-linear time for thegcc , while arc consistency, for
the assignment and count variables, is NP-hard.
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Filtering for the cumulative constraint

Another method to cope with NP-hardness is torelax the constraint. That is, to transform
our NP-hard constraintC into a constraintC′ such thatC′ can be efficiently filtered to a
guaranteed consistency level (e.g., arc consistency or bound consistency) andC ⊂ C′, i.e.,
every solution toC is also a solution toC′. For example, the reduced-cost based filtering
method described above applies a linear programming relaxation of the constraint. Here
we will demonstrate this approach by describing a filtering algorithm for a relaxation of
the cumulative 3 constraint [45]. We assume for simplicity that the capacityof the
resource and the capacity requirements and processing times of the tasks are fixed, i.e.,
|D(C)| = 1 and |D(ci)| = |D(pi)| = 1 for all i. The filtering task is to increase the
minimum start times and decrease the maximum completion times of the tasks, without
losing any solutions to the constraint. We will describe thealgorithm that tightens the
earliest start times; the solution for the latest completion times is symmetric. The relaxation
of the cumulative constraint will be defined below, but first we wish to build up the
intuition behind the definition.

Let theenergyof taskti beei = cipi; it represents the total capacity of the resource
that is consumed by the task. For a setΩ ⊆ T of tasks, letrΩ be the earliest release time
of a task inΩ, dΩ the latest deadline of a task inΩ andeΩ the sum of the energies of tasks
in Ω. Clearly, if there is a subsetΩ ⊆ T of the tasks such thateΩ > C(dΩ − rΩ), the
problem is infeasible: Between timerΩ anddΩ, the tasks need more of the resource than
is available.

Now, let Ω be a set of tasks andti /∈ Ω another task such thateΩ∪{ti} > C(dΩ −
rΩ∪{ti}). If ti is scheduled such that it completes executing before any task in Ω, then it
completes beforedΩ, so the total energy of the tasks scheduled in the interval[rΩ∪{ti}, dΩ]
is above the capacity of the resource, a contradiction. Soti completes execution last among
the tasks inΩ ∪ {ti}.

Once we have found such a pair(Ω, ti), we can use it to adjust the starting time ofti as
follows. For each subsetΘ ⊆ Ω, we examine the time intervalI = [rΘ, dΘ] and determine
what is the earliest time in this interval at whichti can start executing. Since we know that
ti cannot complete before any task inΘ, we get that ifti is scheduled at time unitu ∈ I,
then in the interval[u, dΘ] the schedule allocates onlyC − ci capacity units of the resource
for tasks inΘ.

Conceptually, split the resource into two parts, with capacitiesC1 = C−ci andC2 = ci.
Assume that the schedule placedti on the second part and thatti was the last task scheduled
there. Clearly, on the first part we can schedule at most(C − ci)(dΘ − rΘ) units of energy
in the time intervalI. This means that at leastrest(Θ, ci) = eΘ− (C − ci)(dΘ− rΘ) units
of energy must be scheduled in this time interval on the second part just to schedule all the
tasks ofΘ. Even if all of this energy is scheduled as early as possible,it takes up at least
the first 1

ci
rest(Θ, ci) time units of the second part and thereforeti cannot begin before

time unitrΘ + 1
ci

rest(Θ, ci).
An algorithm that performs all such adjustments to the starting times of tasks is called

anedge-findingalgorithm (because the algorithm discovers edges in the precedence-graph
of the completion times of the tasks). The basic idea of such an algorithm is to efficiently

3Thecumulative constraint is, in general, NP-hard. Recently, Artiouchineand Baptiste [3] developed a
bound consistency algorithm for the special case in which all processing times are equal.
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identify a small number of pairs(Θ, ti) for which the rule described above needs to be
applied.

Edge-finding algorithms were first developed for the disjunctive case, which is much
simpler than the most general case. The fastest algorithm runs inO(n logn) time [12].
For the cumulative case, the fastest known solution is by Mercier and Van Hentenryck [45]
and runs inO(kn2) wherek is the number of different capacity requirements of the tasks
(a previously developedO(n2)-time solution was shown to be incomplete).

After giving an outline of the algorithm, we are ready to define the constraint that it
filters, i.e., the relaxation of thecumulative constraint. Since edge-finding algorithms
existed in the scheduling literature beforecumulative was a global constraint, this def-
inition may seem opportunistic: We define the problem to be whatever we already know
how to solve. Nevertheless, scheduling is an important application in constraint program-
ming so we believe that the edge-finding algorithm deserves adescription in constraint
programming terminology: It is a bound consistency algorithm for the relaxation of the
cumulative constraint (where the processing times and capacities of the tasks, as well
as the capacity of the resource are fixed) which is satisfied iffor every taskti

min{D(ri)} ≥ max max rΘ + ⌈ 1

ci
rest(Θ, ci)⌉

Ω ⊆ T Θ ⊆ Ω

i /∈ Ω rest(Θ, ci)

α(Ω, i)

whereα(Ω, i)⇔
(

C(dΩ − rΩ∪{i}) < eΩ∪{i})
)

.

Intractable optimization constraints

Sellmann [63, 64] suggested two forms of partial consistency, which are specifically mo-
tivated by NP-hard optimization constraints. The first is anadaptation of relaxed con-
sistency [64] to optimization constraints. That is, we transform the constraintC into a
constraintC′ such thatC ⊆ C′ andC′ can be filtered efficiently. The idea is similar to
the relaxation of thecumulative constraint described above, except that hereC and
C′ are both optimization constraints. The reduced-cost basedfiltering based on a linear
relaxation, which was described in Section 7.5.2, also employs this idea.

Sellmann demonstrates this technique by way of the shorter-path constraint, which is
defined on a digraphG, a source vertexs and a target vertext inG, an upper boundW and
a variableP whose domain is all subsets of arcs ofG (see Section 7.6.1). The constraint
is satisfied ifP is a set of arcs that form a path inG from s to t whose length is at most
W . Since it is NP-hard to determine whether there is a path froms to t that uses a certain
arc (while visiting each node at most once), it is NP-hard to compute bound consistency
for the set variablesP . However, it is easy to determine whether there is an “almost-path”
from s to t that uses the arc(u, v) and whose length is at most the upper bound: Find the
length of the shortest path froms to u and the length of the shortest path fromv to t. The
concatenation of these two paths through the arc(u, v) is a walk froms to t that visits
every vertex at most twice. The relaxed shorter-path constraint, then, excludes from the set
assigned toP any arc that does not belong to a path or almost-path froms to t in G whose
length is at mostW .
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Sellmann’s second form of partial consistency is termedapproximated consistency[63].
Here, the idea is to use efficient approximation algorithms for NP-hard problems as com-
ponents of the filtering algorithm. Recall that anα-approximation algorithm for a mini-
mization (maximization) problemP is a polynomial-time algorithmA such that for every
instancex of P , A finds a solution whose value is at most(1 + ǫ) · Opt(P, x) (at least
(1 − ǫ) · Opt(P, x)), whereOpt(P, x) is the value of the optimal solution to instancex
of problemP . Clearly, the smaller the value ofα, the better the quality of approximation.
1+α (resp.1−α) is referred to as theapproximation factorachieved by algorithmA. For
more details, see any text on approximation algorithms, such as [25, 68].

For a minimization (maximization) constraint that is defined on a variablez which
holds the upper (lower) bound on the value of a solution, we say thatC is ǫ-arc consistent
if every value in the domain of every variable participates in a solution of value at most
z + ǫOpt (at leastz − ǫOpt ). The motivation behind this definition is that approximation
algorithms allow us to efficiently identify problem instances whose optimal solutions are
much better or much worse than the best solution found so far,but may give inconclusive
replies for instances which are of comparable quality. In such cases, approximate consis-
tency allows one-sided errors: we keep the respective valuein the variable domain, to be
on the safe side.

7.6 Global Variables

In recent years, some of the work of global constraints, i.e., that of providing more struc-
tured information to the solver and simplifying the syntax of CSPs, is taken up by complex
variable types, which we will collectively refer to asglobal variables. Our focus in this
section is on constraints defined on global variables and thedesign of filtering algorithms
for such constraints. We will discuss two important examples: sets and graphs. Chapter 17,
“Beyond Finite Domains”, is devoted to the topic of complex variable types, and describes
many examples and aspects that are not mentioned here.

7.6.1 Set Variables

Let us revisit the shift-assignment problem for which we used the global cardinality con-
straint in Section 7.2.4. We assumed that each worker is to work exactly one shift. It is
more realistic, however, that we have a lower bound and an upper bound on the number
of shifts that each worker is to staff. The result is known as the symmetric cardinality
constraint[37]:

Definition 7.27. The symmetric cardinality constraintsymcc (x1, . . . , xn, cx1 , . . . , cxn
,

cv1 , . . . , cvn′ ) is defined on a collection of assignment variablesx1, . . . , xn and two sets
of count variables,cx1 , . . . , cxn

and cv1 , . . . , cvn′ . It specifies that the value assigned to
xj is a subset of{v1, . . . , vn′} of cardinalitycxj

, and that the number of such subsets that
containvi is cvi

.

We still have one variable for each worker, but the value of this variable is thesetof
shifts that the worker will staff. One way to handle this is tosay that the domain contains
all subsets of the shifts. This results in an exponential growth in the number of values (and
hence in the size of the value graph).
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An alternative is to useset variables. A set variablex is a variable that has a discrete
domainD(x) = [lb(x), ub(x)]. Thus, the domain of a set variable consists of two sets, the
setlb(x) of mandatoryelements and the setub(x) \ lb(x) of possibleelements. The value
assigned tox should be a sets(x) such thatlb(x) ⊆ s(x) ⊆ ub(x).

For a constraint on set variables, we are not interested in arc consistency because the
individual values that a set variable can take do not explicitly exist; we only have their
intersection (lb) and their union (ub). Viewing the intersection as a lower bound and the
union as an upper bound, we speak of bound consistency when filtering the domain of a
set variable. A bound consistency computation for a constraint C defined on a set variable
x requires that we:

• Remove a valuev from ub(x) if there is no solution toC in whichv ∈ s(x).

• Include a valuev ∈ ub(x) in lb(x) if in all solutions toC, v ∈ s(x).

To demonstrate such a computation4, we sketch how the flow-based filtering algorithm
for gcc can be adapted to compute bound consistency for the assignment variables of
symcc , assuming that the domains of all count variables are fixed intervals. The flow
network constructed from the value graph is almost identical, except that the requirement
of an arc froms to a variable vertex reflects the cardinality requirement for the set assigned
to the variable. That is, the capacity of the arc(s, xj) is equal to the intervalD(cxj

).
Then, we once again have a one-to-one correspondence between the integrals-t flows in
the network and the solutions to the constraint. As before, after finding a flow we have that
a non-flow arc belongs to some integrals-t flow if and only if its endpoints belong to the
same SCC of the residual graph.

However, unlike in thegcc case, this does not complete the filtering task: we must also
identify arcs that belong toany integrals-t flow, and make sure that they are in the lower
bounds of the domains of the relevant set variables. It is notdifficult to verify that this is
exactly the set of flow arcs whose endpoints belong to different SCCs of the residual graph
(recall that the requirement of an arc from a variable vertexto a value vertex is[0, 1]).

The bottleneck of the algorithm is the flow computation, which takesO(mn) time. It
is interesting to note that the cardinality of the domain of any of the set variables may well
be exponential in the running time of this algorithm, which handles all of these domains at
once.

7.6.2 Graph Variables

A graph variable[16] is simply two set variablesV andE, with an inherent constraint
E ⊆ V ×V . As with set variables, the domainD(G) = [lb(G), ub(G)] of a graph variable
G consists of mandatory vertices and edgeslb(G) (the lower bound graph) and possible
vertices and edgesub(G) \ lb(G) (the upper bound graph). The value assigned to the
variableG must be a subgraph ofub(G) and a super graph of thelb(G).

The usefulness of graph variables depends on the existence of efficient filtering algo-
rithms for useful constraints defined on them, i.e., constraints that force graph variables to
have certain properties or certain relations between them.As a simple example, the con-
straintSubgraph(G,S) specifies thatS is a subgraph ofG. Note that bothS andG are

4Additional examples can be found in [8].
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variables, so computing bound consistency for theSubgraph constraint means the follow-
ing:

1. If lb(S) is not a subgraph ofub(G), the constraint has no solution.

2. For eache ∈ ub(G) ∩ lb(S), includee in lb(G).

3. For eache ∈ ub(S) \ ub(G), removee from ub(S).

The conditions above can be checked in time which is linear inthe sum of the sizes of
ub(G) andub(S). As with set variables, we are in the interesting situation in which the
number of graphs that the bound consistency algorithm reasons about may be exponential
in the running-time of the algorithm.

The spanning tree constraint

As a slightly more sophisticated example, we consider the constraintST (G, T ), which
states that the graphT is a spanning tree of the graphG. Since a spanning tree is a sub-
graph, the conditions described above should be checked when computing bound consis-
tency forST . In addition, (1) the vertex-sets ofG andT must be equal, and (2)T must be
a tree.

To enforce (1), we remove fromub(G) any vertex which is not inub(T ) and we include
in lb(T ) any vertex which is inlb(G). As for (2), if lb(T ) contains a circuit thenT cannot
be a tree and ifub(T ) is not connected thenT cannot be connected. In both cases, the
constraint has no solution. Finally, any edge inub(T ) \ lb(T ) whose endpoints belong
to the same connected component oflb(T ) must be removed (including it in any solution
would introduce a circuit inT ) and any bridge5 in ub(T ) must be placed inlb(T ) (T cannot
be connected if it is excluded).

The running time of the algorithm we described is linear in the sum of the sizes of the
upper bounds ofG andT . To prove that it achieves bound consistency, one needs to show
that the following three conditions hold:

1. Every vertex or edge that was removed, does not participate in any solution.

2. Every remaining vertex or edge inub(T ) or ub(G) participates in at least one solu-
tion and every remaining vertex or edge inub(T )\lb(T ) orub(G)\lb(G) is excluded
from at least one solution to the constraint.

3. Every vertex or edge that the algorithm inserts intolb(G) or lb(T ) participates in all
solutions.

Note that in item 3 above we do not say that every element inlb(G) andlb(T ) belongs
to all solutions. This is only required of those elements that the filtering algorithm decided
to include in the lower bound sets. The input may include any vertex or edge in the lower
bound graph, and the filtering algorithm does not ask why: It may only remove values from
variable domains, and never add them.

5A bridge in a graph is an edge whose removal increases the number of connected components.
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7.7 Conclusion

The search for useful global constraints and the design of efficient filtering algorithms for
them is an ongoing research effort that tackles many challenging and interesting problems.
We have already mentioned some of the fundamental questions: What are the frequently
recurring sub-problems that we would like to capture by global constraints? For a specific
constraint, what is the computational complexity of filtering it to arc consistency? Should
we compromise on partial consistency? We would like to briefly mention several other
ideas on global constraints that have been proposed in recent years.

Given the large number of global constraints that were and will be defined, several
researchers are attempting to find generic methods to specify and handle constraints. Beldi-
ceanu et al. [7] describe a constraint solver that views a global constraint in terms of a
collection of graph properties (such as the number of strongly connected components in a
digraph). Then, the solver uses a database of known graph theoretic results to automatically
generate new constraints that strengthen the model by allowing more filtering. They point
out that out of the 227 global constraints listed in the global constraints catalog [6], about
200 can be described in terms of graph properties. Therefore, their approach seems to be
widely applicable. Bessière et al. [10] defined a declarative language that can be used to
specify many known constraints which model counting and occurrence problems. In this
language, a constraint is specified as the conjunction of constraints, each of which can be
a simple (binary) constraint on scalar or set variables, or one of two globals constraints
calledrange androots .

Another approach is to view the filtering task in the context of the tree search. We have
already mentioned the problem of dynamic filtering, i.e., recomputing arc consistency af-
ter a small change such as the removal of a few values from variable domains. Recently,
Katriel [34] pointed out that in a flow network withn nodes andm edges where every
edge belongs to at least one feasible flow, there are onlyO(n) edges whose removal would
renderother edges useless. This implies that if the filtering is random, i.e., the edge re-
moved from the value graph of analldifferent or gcc is always selected at random
among all possibilities, the expected number of edges that need to be removed before it
makes sense to recompute arc consistency isΘ(m/n). It would be interesting to evaluate
experimentally whether the assumption that filtering is random is realistic, and whether
delayed filtering is a good compromise between filtering efficiency and effectiveness. If
this approach is to be pursued, it is necessary to either analyze each global constraint in-
dependently and determine a reasonable filtering frequency, or find a generic or automated
way to do this for many global constraints.

In the area of partial filtering for NP-hard global constraints, there seems to be a lot of
potential for enhancements. Here we would like to suggest the idea of approximate filter-
ing. Recall that an approximation algorithm for an optimization problem is an algorithm
that finds a solution whose value, according to the objectivefunction of the problem, does
not deviate too much from the value of the optimal solution. For a filtering problem, the
objective function counts the sum of the cardinalities of the domains of the variables. An
optimal solution minimizes this number, and hence anα-approximate solution, forα ≥ 1,
is a solution that removes all butαOpt values from the variable domains. Formally,

Definition 7.28 (Approximate filtering). Let C(x1, . . . , xn) be a constraint and assume
that after filtering it to arc consistency, the sum of the cardinalities of the domains of
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x1, . . . , xn is Opt . Anα-approximate filtering algorithmfor C is an algorithm that re-
moves values from the domains of the variablesx1, . . . , xn such that the solution set ofC
remains unchanged and the sum of the cardinalities of the domains of the variables is at
mostαOpt .

Note that approximate filtering is different from the notionof approximated consistency
that was described in Section 7.5.3 in two ways. First, approximate filtering applies to
any constraint while approximated consistency is defined for optimization constraints. In
addition, with approximated consistency, what is being approximated is the value of the
solutions to the constraint that remain, while approximatefiltering directly approximates
the effectiveness of the filtering algorithm.
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programmation par contraintes, illustré par une application chez Renault. InProceed-
ings of the Ninth International Workshop on Expert Systems and their Applications:
General Conference, volume 1, pages 55–70, 1989.

[48] G. Pesant. A Regular Language Membership Constraint for Finite Sequences of
Variables. In M. Wallace, editor,Proceedings of the Tenth International Conference
on Principles and Practice of Constraint Programming (CP 2004), volume 3258 of
Lecture Notes in Computer Science, pages 482–495. Springer, 2004.

[49] G. Pesant. A Filtering Algorithm for the Stretch Constraint. In T. Walsh, editor,
Proceedings of the Seventh International Conference on Principles and Practice of
Constraint Programming (CP 2001), volume 2239 ofLecture Notes in Computer
Science, pages 183–195. Springer, 2001.
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Chapter 8

Local Search Methods

Holger H. Hoos and Edward Tsang

Local search is one of the fundamental paradigms for solvingcomputationally hard combi-
natorial problems, including the constraint satisfactionproblem (CSP). It provides the basis
for some of the most successful and versatile methods for solving the large and difficult
problem instances encountered in many real-life applications. Despite impressive advances
in systematic, complete search algorithms, local search methods in many cases represent
the only feasible way for solving these large and complex instances. Local search algo-
rithms are also naturally suited for dealing with the optimisation criteria arising in many
practical applications.

The basic idea underlying local search is to start with a randomly or heuristically gener-
ated candidate solution of a given problem instance, which may be infeasible, sub-optimal
or incomplete, and to iteratively improve this candidate solution by means of typically mi-
nor modifications. Different local search methods vary in the way in which improvements
are achieved, and in particular, in the way in which situations are handled in which no
direct improvement is possible.

Most local search methods use randomisation to ensure that the search process does not
stagnate with unsatisfactory candidate solutions and are therefore referred to asstochastic
local search(SLS) methods. Prominent examples of SLS methods are randomised iterative
improvement (also known as stochastic hill-climbing), evolutionary algorithms, simulated
annealing, tabu search, dynamic local search and, more recently, ant colony optimisation.
These classes of local search algorithms are also widely known asmetaheuristics.

Many SLS methods are conceptually rather simple and relatively easy to implement
compared to many other techniques. At the same time, they often show excellent perfor-
mance and in many cases define the state-of-the-art in the respective problems.1 Further-
more, SLS algorithms are often very flexible in that they can be easily adapted to changes
in the specification of a problem. This makes them a very popular choice for solving
conceptually complex application problems that are sometimes not fully formalised at the

1Still, the efficient implementation of some high-performance SLS algorithms requires considerable effort
and sophisticated data structures (see,e.g., [79]).
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beginning of a project. Consequently, SLS algorithms are amongst the most prominent and
widely used combinatorial problem solving techniques in academia and industry.

It may be noted that when taking a very broad view of constraint programming, many
combinatorial problems, including scheduling, sequencing, configuration and routing prob-
lems, can be seen as constraint programming problems. Localsearch algorithms for these
problems are widely studied by researchers from various disciplines, and the correspond-
ing, vast body of literature would be difficult (if not impossible) to survey within a single
book chapter.

Therefore, this chapter primarily provides an overview of SLS algorithms for the con-
straint satisfaction problem (CSP), one of the most prominent problems in constraint pro-
gramming. We focus on widely known and high-performing algorithms for the general
CSP and for SAT, the propositional satisfiability problem, aspecial case of CSP which
plays an important role not only in constraint programming and reasoning research, but
also in many other areas of computing science and beyond. We also briefly cover SLS
algorithms for constraint optimisation problems such as MAX-CSP and MAX-SAT, the
optimisation variants of CSP and SAT, respectively, and point the reader to some of the
best-known frameworks and toolkits for implementing localsearch algorithms for con-
straint programming problems.

8.1 Introduction

Constraint programming is a powerful conceptual frameworkthat can express many types
of combinatorial problems. In this chapter, we mainly focuson thefinite discrete con-
straint satisfaction problem (CSP), a problem of central importance within the area of con-
straint programming with many applications in artificial intelligence, operations research
and other areas of computing science and related disciplines.

The Constraint Satisfaction Problem (CSP)

An instance of the CSP is defined by a set of variables, a set of possible values (ordomain)
for each variable and a set ofconstraintseach of which involve one or more of the variables.
TheConstraint Satisfaction Problem (CSP)is to decide for a given CSP instance whether
it is possible to assign to each variable a value from its respective domain such that all
constraints are simultaneously satisfied. Formally, this can be expressed as follows [52]:

Definition 8.1. A CSP instanceis a tripleP = (V,D, C), whereV = {x1, . . . , xn} is a
finite set ofn variables,D is a function that maps each variablexi to the setDi of possible
values it can take (Di is called thedomain ofxi), andC = {C1, . . . , Cm} is a finite set of
constraints. Each constraintCj is a relation over an ordered setVar(Cj) of variables from
V , i.e., forVar(Cj) = (y1, . . . , yk), Cj ⊆ D(y1) × · · · × D(yk). The elements of the set
Cj are referred to assatisfying tuples ofCj , andk is called thearity of the constraintCj .
A CSP instanceP is calledn-ary, if the arity of all constraints inP have arity at mostn;
in particular, binary CSP instanceshave only constraints of arity at most two.

P is afinite discrete CSP instanceif all variables inP have discrete and finite domains.
A variable assignmentof P is a mappinga : V 7→ ⋃n

i=1Di that assigns to each variable
x ∈ V a value from its domainD(x). (The assignment of a value to an individual variable
is called anatomic assignment.) Let Assign(P ) denote the set of all possible variable
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assignments forP ; then a variable assignmenta ∈ Assign(P ) is a solution ofP if, and
only if, it simultaneously satisfies all constraints inC, i.e., if for all Cj ∈ C with, say,
Var(Cj) = (y1, . . . , yk) the assignmenta mapsy1, . . . , yk to valuesv1, . . . , vk such that
(v1, . . . , vk) ∈ Cj .

CSP instances for which at least one solution exists are calledconsistent(or soluble),
while instances that do not have any solutions are calledinconsistent(or insoluble).

Thefinite discreteCSP is the problem of deciding whether a given finite discreteCSP
instanceP is consistent.

The Propositional Satisfiability Problem (SAT)

The well-known satisfiability problem in propositional logic (SAT) can be seen as a promi-
nent special case of the general CSP. Consider a propositional formulaF in conjunctive
normal form,i.e., of the form

F :=

m
∧

i=1

ci with ci :=

k(i)
∨

j=1

lij

where each of thelij is a propositional variable or its negation; thelij are calledliterals,
while the disjunctionsci are referred to as theclausesof F . The objective of the satis-
fiability problem is then to decide whetherF is satisfiable, i.e., whether there exists an
assignmenta of truth valuestrue andfalseto the variablesxk such that every clause con-
tains at least one literal rendered true bya. Obviously, this corresponds to a CSP instance
where all variables have domains{true, false} and for every clauseci there is a constraint
Ci between the variables appearing inci that is satisfied if, and only if,ci is satisfied under
the (partial) assignment of its variables. Hence, a clause with k literals corresponds to a
k-ary constraint relation.

As the prototypicalNP -complete problem, SAT is of central importance to the theory
of computing; it also plays an important role in circuit design and verification (see,e.g.,
Biere et al. [6] or Gu and Puri [37]). Other practical applications of SAT include various
scheduling tasks [126, 15] as well as problems from machine vision, robotics, database
systems and computer graphics [38]. SAT also plays in important role in the development
of algorithms; its conceptual simplicity facilitates the design, implementation and evalu-
ation of new algorithms. Particularly with respect to localsearch algorithms, many ideas
and techniques have been first developed for SAT, before theywere generalised to more
general types of CSP instances.

SAT-Encodings of CSP

CSP instances can be encoded into SAT in a number of ways (see,e.g., Prestwich [84] or
Hoos and Stützle [52] for an overview), and using such encodings, arbitrary CSP instances
can be solved by state-of-the-art SAT solvers, including powerful local and systematic
search algorithms as well as preprocessing techniques. Themain appeal of this approach
stems from the previously mentioned advantages of SAT for algorithm development and
implementation in combination with the substantial amountof research on SAT solving
techniques. SAT encodings may, however, lead to potentially significant increases in the
size of problem instances and the respective search spaces;more problematically, they
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can obfuscate structural aspects of CSP instances that are important for efficiently solving
these.

There is some evidence that the ‘encode and solve as SAT’ approach can work surpris-
ingly well (see,e.g., Kautz and Selman [58], Ernst et al. [24] and Hoos [48]); furthermore,
it has been shown that some encodings allow SAT-solvers to directly exploit important as-
pects of CSP structure [5]. However, it is still unclear whether and to which extent finding
good SAT-encodings is any easier than developing good native CSP algorithms — particu-
larly in the case of local search methods, which can often benefit directly from insights and
improvements achieved on SAT. It should be noted that the general issue ofmodelling(i.e.,
finding good formulations of a problem) plays an important role in constraint programming
(see Chapter 11).

Local Search

Given a combinatorial problem such as the CSP, the key idea behind local search is very
simple: starting at aninitial search position(for the CSP, typically a randomly chosen,
complete variable assignment), in eachstepthe search process moves to a position selected
from the local neighbourhood(typically based on a heuristic evaluation function). This
process is iterated until atermination criterionis satisfied. To avoid stagnation of the search
process, almost all local search algorithms use some form ofrandomisation, typically in
the generation of initial positions and in many cases also inthe search steps. This leads
to the concept ofstochastic local search (SLS) algorithms, which is formally defined as
follows [52]:

Definition 8.2. Given a (combinatorial) problemΠ, a stochastic local search algorithm
for solving an arbitrary problem instanceπ ∈ Π is defined by the following components:

• thesearch spaceS(π) of instanceπ, which is a finite set ofcandidate solutionss ∈ S
(also calledsearch positions, locations, configurations, or states) — in the case of
the CSP, this is typically the set of all complete variable assignments;

• a set of (feasible) solutionsS′(π) ⊆ S(π) — for the CSP, this set typically consists
of all solutions of the given CSP instance;

• a neighbourhood relationon S(π), N(π) ⊆ S(π) × S(π) — this determines the
positions that can be reached in one search step at any given time during the search
process;

• a finiteset of memory statesM(π), which, in the case of SLS algorithms that do not
use memory, may consist of a single state only, and in other cases holds information
about the state of the search mechanism beyond the search position (e.g., tabu tenure
values in the case of tabu search);

• an initialisation functioninit(π) : ∅ 7→ D(S(π) ×M(π)), which specifies a prob-
ability distribution over initial search positions and memory states — this function
characterises the initialisation of the search process;

• a step functionstep(π) : S(π) ×M(π) 7→ D(S(π) ×M(π)) mapping each search
position and memory state onto a probability distribution over its neighbouring
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search positions and memory states — this function specifieswhat happens in ev-
ery search step;

• a termination predicateterminate(π) : S(π) ×M(π) 7→ D({true, false}) mapping
each search position and memory state to a probability distribution over truth val-
ues, which indicates the probability with which the search is to be terminated upon
reaching a specific search position and memory state.

In the above,D(S) denotes the set of probability distributions over a given set S, where
formally, a probability distributionD ∈ D(S) is a functionD : S 7→ R+

0 that maps
elements ofS to their respective probabilities.

Note that this definition includes deterministic local search algorithms as special cases,
in which the probability distributions used in the initialisation and step function as well
as in the termination criterion are degenerate, with all probability mass concentrated on
one value of the underlying domain. As previously noted, completely deterministic local
search algorithms are seldom used in research or applications.

In the case of almost all local search algorithms for CSP, thesearch space consists of
all complete variable assignments of the given CSP instance, the solution set is comprised
of all satisfying assignments, and the so-called1-exchange neighbourhoodis used, under
which two assignments are direct neighbours if, and only if,they differ at most in the
value assigned to one variable. In the special case of SAT, a variant of this neighbourhood
relation known as the1-flip neighbourhoodis typically used, under which two assignments
are direct neighbours if, and only if, one can be obtained from the other by flipping the truth
value assigned to exactly one of the variable from true to false or vice versa. In many cases
the initial search position is determined by generating a variable assignment uniformly at
random, and the termination criterion is satisfied if a solution is found or a given bound on
the number of search steps has been exceeded.

The various local search algorithms for CSP (and SAT) differfrom each other mainly
with respect to their step function, which for all but the most simple (and ineffective) algo-
rithms incorporates heuristic guidance in the form of anevaluation function. This function
typically maps the candidate solutions of the given probleminstanceπ onto a real num-
ber such that its global minima correspond to the solutions of π. The evaluation function
is used for assessing or ranking the direct neighbours of thecurrent search positions. A
commonly used evaluation function for the CSP maps each assignment to the number of
constraints violated under it. Note that solutions are characterised by evaluation function
value zero, and can hence be easily recognised.

The simplest local search method that effectively uses a given evaluation functiong is
called Iterative Improvement(or II ; also known ashill-climbing or iterative descent). In
each search step, II selects animproving positionfrom the current neighbourhood,i.e., a
positions′ ∈ N(s) with g(s′) < g(s), wheres is the current search position. There are
various commonly used heuristics for selecting such an improving neighbour. InItera-
tive Best-Improvement, a neighbours′ with minimal valueg(s′) within N(s) is chosen;
if multiple such neighbours exist, one is chosen uniformly at random. InIterative First-
Improvement, on the other hand, the neighbourhood is evaluated in a givenorder, and the
first improving neighbour encountered during this process is selected as the next search po-
sition. Variants of Iterative Improvement form the basis for almost all local search methods
for CSP, SAT and other combinatorial problems.
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procedureMCH (P, maxSteps)
input: CSP instanceP, positive integermaxSteps
output: solution ofPor “no solution found”

a := randomly chosen assignment of the variables inP ;
for step:= 1 to maxStepsdo

if a satisfies all constraints ofP then return a end
x := randomly selected variable from conflict setK(a);
v := randomly selected value from the domain ofx such that

settingx to v minimises the number of unsatisfied constraints;
a := a with x set tov;

end
return “no solution found”

endMCH

Figure 8.1: The basic MCH algorithm; all random selections are according to a uniform
probability distribution over the underlying sets.

The Min-Conflicts Heuristic

The simplest and probably most widely known iterative improvement algorithm for the
CSP is theMin Conflicts Heuristic (MCH)[76, 77]. MCH iteratively modifies the assign-
ment of a single variable in order to minimise the number of violated constraints, which is
achieved as follows (see also Figure 8.1): Given a CSP instanceP , the search process is
initialised by assigning to each variable inP a value that is chosen uniformly at random
from its domain. Then, in each local search step, first a CSP variablex is selected uni-
formly at random from the so-calledconflict setK(a), the set of all variables that appear
in a constraint that is unsatisfied under the current assignmenta. A new valuev is then
chosen from the domain ofx, such that by assigningv to x, the number of unsatisfied
constraints (conflicts) is minimised. If there are several values ofv with that property, one
of them is chosen uniformly at random. The search is terminated when a solution is found
or a user-specified bound on the number of search steps has been exceeded.

A variant of the basic MCH algorithm that uses a greedy initialisation procedure has
been very successfully applied to then-Queens Problem (a prominent special case of the
general CSP, for which specialized polynomial-time algorithms exist) with very largen
(say,n equals a million). Furthermore, the efficacy of MCH has been demonstrated in
applications to graph colouring and real-world schedulingproblems [77].

Like most iterative improvement methods, MCH can get stuck in local minima of the
underlying evaluation function; it is thereforeessentially incomplete[52], i.e., even if run
arbitrarily long, the probability for finding a solution to soluble CSP instance may ap-
proach a value strictly smaller than one. A simple generic approach for overcoming this
problem is to extend MCH with a static restart mechanism thatre-initialises the search
process everymaxStepssearch steps, wheremaxStepsis a user-specified parameter of the
algorithm. Unfortunately, the performance of the resulting algorithm depends critically
and quite sensitively on good choices ofmaxSteps, which vary substantially between dif-
ferent CSP instances. Substantially more effective variants of the MCH will be discussed
later in this chapter.
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procedureGSAT(F, maxTries, maxSteps)
input: CNF formulaF, positive integersmaxTriesandmaxSteps
output: model ofF or “no solution found”

for try := 1 to maxTries do
a := randomly chosen assignment of the variables in formulaF;
for step:= 1 to maxStepsdo

if a satisfiesF then return a end
x := randomly selected variable flipping which minimises

the number of unsatisfied clauses;
a := a with x flipped;

end
end
return “no solution found”

endGSAT

Figure 8.2: The basic GSAT algorithm; all random selectionsare according to a uniform
probability distribution over the underlying sets.

The GSAT Algorithm

Basic GSAT[91] is a simple iterative best-improvement algorithm for SAT that uses the
number of clauses unsatisfied under a given assignment as itsevaluation function. The
algorithm works as follows (see also Figure 8.2): Starting from a complete variable assign-
ment chosen uniformly at random, in each local search step, asingle propositional variable
is flipped fromtrue to falseor vice versa. The variable to be flipped is chosen such that
a maximal decrease in the number of unsatisfied clauses is achieved; if there are several
variables with that property, one of them is selected uniformly at random. The iterative
best-improvement search used in GSAT gets easily stuck in local minima of the evaluation
function. Therefore, GSAT uses a simple static restart mechanism that re-initialises the
search at a randomly chosen assignment everymaxStepsflips. The search is terminated
when a model of the given formulaF has been found, or aftermaxTriessequences (also
called ‘tries’) ofmaxStepsvariable flips each have been performed without finding a model
of F .

Straightforward implementations of GSAT are rather inefficient, since in each step the
scores of all variables,i.e., the changes in the number of unsatisfied clauses caused by the
respective flips, have to be calculated from scratch. The keyto efficiently implementing
GSAT is to compute the complete set of scores only once at the beginning of each try, and
then after each flip to update only the scores of those variables that were possibly affected
by the flipped variable (details on this mechanism can be found in Chapter 6 of Hoos and
Stützle [52]).

For any fixed setting of themaxTriesparameter, GSAT is essentially incomplete [44,
47], and severe stagnation behaviour is observed on most SATinstances. Still, when it
was first introduced, GSAT outperformed the best systematicsearch algorithms for SAT
available at that time. As one of the first SLS algorithms for SAT, basic GSAT had a
very significant impact on the development of a broad range ofmuch more powerful SAT
solvers, including most of the current state-of-the-art SLS algorithms for SAT. Further-
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more, GSAT and its variants (described later in this chapter) also had a significant impact
on the development of high-performance SLS algorithms for the CSP.

8.2 Randomised Iterative Improvement Algorithms

The main limitation of iterative improvement algorithms stems from the fact that they
get stuck in local minima of the given evaluation function. Asimple approach to deal
with this problem is to occasionally allow non-improving search steps,i.e., the selection
of neighbourss′ ∈ N(s) with g(s′) ≥ g(s) from the current neighourhood. There are
numerous different mechanisms that implement this approach; many of these make use of
randomised decisions in order to balance the diversification effects of worsening search
steps with the search intensification provided by IterativeImprovement.

Randomised Iterative Improvement (RII)is an extension of Iterative Improvement where
in each step with a fixed probabilitywp, a positions′ is selected uniformly at random from
the current neighbourhoodN(s) — this is called arandom walk step; otherwise (i.e., with
probability 1 − wp), a standard II step is performed. Note that using this mechanism,
arbitrarily long sequences of (possibly worsening) randomwalk steps can be performed.
Therefore, as long as the given neighbourhood graph is connected (i.e., any two candi-
date solutions can be reached from each other by means of a sequence of search steps),
RII, when run arbitrarily long, will find a solution to any soluble problem instance with
probability approaching one,i.e., limt→∞ Ps(RT ≤ t) = 1, wherePs(RT ≤ t) is the
probability that a solution is found in time at mostt.2 Algorithms with this property are
calledprobabilistically approximately complete (PAC).

The Min Conflicts Heuristic with Random Walk (WMCH)

By extending the Min Conflicts Heuristic with a simple randomwalk mechanism, a ran-
domised iterative improvement algorithm calledWMCH is obtained [116]. In each WMCH
step, first a variablexi is chosen uniformly at random from the conflict set (as in MCH).
Then, with probabilitywp ≥ 0, a random walk step is performed,i.e., xi is assigned a
value from its domainDi that has been chosen uniformly at random. In the remaining
cases, that is, with probability1−wp, a conflict-minimising value is chosen and assigned,
as in a conventional MCH step.

The walk probabilitywp (also callednoise setting) has a critical impact on the be-
haviour of the algorithm. Forwp = 0, the algorithm is equivalent to the standard Min-
Conflicts Heuristic and hence essentially incomplete, but for wp > 0, WMCH is provably
probabilistically approximately complete (PAC). Intuitively, for low walk probabilities,
the search process is likely to have difficulties escaping from local minima regions of the
search space, while for very high walk probabilities, its behaviour starts to resemble that
of an uninformed random walk, and it will increasingly lack effective heuristic guidance
towards solutions. However, for suitably chosenwp settings, WMCH has been empirically
observed to perform substantially better than MCH with random restart [101].

2Most local search algorithms for CSP use connected neighbourhoods; however, for more complex constraint
programming problems, connected neighbourhoods that can be searched efficiently are sometimes difficult to
construct.
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Random walk steps in WMCH always involve a variable that appears in a currently
unsatisfied constraint; they are therefore also calledconflict-directed random walk steps.
However, different from the GWSAT algorithm [92] (described in the following), which
preceded and inspired WMCH, the conflict-directed random walk steps in WMCH do not
necessarily render satisfied any previously unsatisfied constraint. WMCH can be varied
slightly such that in each random walk step, after choosing avariablexi involved in a
currently violated constraintC, xi is assigned a valuev such thatC becomes satisfied; if
no suchv exists, a value is chosen at random. This variant was found toperform marginally
better than the random walk mechanism used in WMCH [101].

GSAT with Random Walk (GWSAT)

The basic GSAT algorithm can be significantly improved by extending it with a random
walk mechanism similar to that used in WMCH. Here, in each conflict-directed random
walk step, the variable to be flipped is selected uniformly atrandom from the set of all
variables appearing in currently unsatisfied clauses. Notethat as a result of any such step,
at least one previously unsatisfied clause will become satisfied. This mechanism is closely
related to (and in fact inspired by) the conflict-directed random walk algorithm by Pa-
padimitriou, which has been proven to solve 2-SAT in quadratic expected time [80].

GSAT with Random Walk (GWSAT)[92] is variant of basic GSAT that in each local
search step probabilistically decides between performinga basic GSAT step and a conflict-
directed random walk step (as previously explained). The latter type of step is chosen with
a fixed walk probabilitywp, and basic GSAT steps are performed otherwise. While for
wp = 0, GWSAT is equivalent to basic GSAT, it has been proven to be probabilistically
approximately complete (PAC) for anywp> 0 [47].

For suitably chosen walk probability settings (which vary between problem instances,
but in many cases can be as high as 0.5), GWSAT achieves substantially better performance
than basic GSAT [92]. Furthermore, it has been shown that when using sufficiently high
noise settings, GWSAT does not suffer from stagnation behaviour; also, for hard SAT in-
stances, it typically shows exponential run-time distributions (RTDs) [44, 51]. Therefore,
static restarts are ineffective, and optimal speedup can beobtained by multiple indepen-
dent runs parallelisation [52]. For low noise settings, stagnation behaviour is frequently
observed; recently, there has been evidence that the corresponding RTDs can be charac-
terised by mixtures of exponential distributions [46].

WalkSAT

The WalkSAT algorithm is conceptually closely related to both GWSAT and MCH; it
was first published by Selman, Kautz and Cohen [92], and is nowcommonly known as
WalkSAT/SKC. This algorithm was later extended into an algorithmic framework called
the WalkSAT architecture[73], which includes the original WalkSAT/SKC algorithm as
well as several other high-performance SLS algorithms for SAT as special cases (several
of these will be covered in later sections of this chapter). Furthermore, variants of WalkSAT
have been developed for more general classes of CSP instances as well as for constraint
optimisation problems (see Section 8.6).

WalkSAT/SKC (and all other WalkSAT algorithms) are based ona 2-stage variable
selection process similar to that used in MCH. In each local search step, first a clausec
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is selected uniformly at random from the set of all currentlyunsatisfied clauses. Then,
one of the variables appearing inc is flipped to obtain a new assignment. The choice of
this variable is based on a heuristic scoring functionscoreb(x) that counts the number of
currently satisfied clauses that will be broken,i.e., become unsatisfied, by flipping a given
variablex. Using this scoring function, the following variable selection scheme is applied:
If there is a variablex with scoreb(x) = 0 in the clausec selected in stage 1, that is, ifc
can be satisfied without breaking another clause,x is flipped (this is called azero damage
step). If more than one such variable exists inc, one of them is selected uniformly at
random and flipped. If no such variable exists, with a certainprobability1-p, the variable
with minimal scoreb value is selected (greedy step; ties are broken uniformly at random);
in the remaining cases, that is, with probabilityp (the so-callednoise setting), one of the
variables fromc is selected uniformly at random (random walk step).

Note that — like in GWSAT, but unlike in MCH — every step in WalkSAT/SKC is
guaranteed to satisfy at least one previously unsatisfied clause (but may at the same time
cause many others to become unsatisfied). Otherwise, WalkSAT/SKC uses the same ran-
dom search initialisation, static random restart mechanism and termination criterion as
GSAT.

Although it has been proven that WalkSAT/SKC with fixedmaxTriesparameter has
the PAC property when applied to 2-SAT [16], it is not known whether the algorithm
is PAC in the general case. In practice, WalkSAT/SKC does notappear to suffer from
any stagnation behaviour when using sufficiently high (instance-specific) noise settings, in
which case its run-time behaviour is characterised by exponential RTDs [44, 51, 49]. As
in the case of GWSAT, stagnation behaviour is frequently observed for low noise settings,
and there is some evidence that the corresponding RTDs can becharacterised by mixtures
of exponential distributions [46].

Typically, when using (somewhat instance-specific) optimised noise settings, Walk-
SAT/SKC performs substantially better than GWSAT.3 Furthermore, because of its two-
stage variable selection scheme, WalkSAT/SKC (like all other WalkSAT algorithms and
MCH variants), can be implemented efficiently without usingthe incremental score update
technique essential for the efficient implementation of GSAT and GWSAT.

8.3 Tabu Search and Related Algorithms

The key idea behindTabu Search (TS)[35, 36] is to use memory to prevent the search
process from stagnating in local minima or, more generally,attractive non-solution ar-
eas of the given search space. InSimple Tabu Search, an iterative improvement strategy
is enhanced with a short-term memory that allows it to escapefrom local minima. This
memory is used to prevent the search from returning the most recently visited search po-
sitions for a fixed number of search steps. Simple TS can be implemented by explicitly
memorising previously visited candidate solutions and ruling out any step that would lead
back to those. More commonly, reversing recent search stepsis prevented by forbidding
the re-introduction of solution components (such as assignments of individual CSP vari-
ables) which have just been removed from the current candidate solution. A parameter

3Several techniques have been proposed for automatically tuning the noise setting for WalkSAT algorithms
(see Patterson and Kautz [83], Hoos [45]).
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calledtabu tenuredetermines the number of search steps for which these restrictions ap-
ply. Note that forbidding possible steps using a tabu mechanism has the same effect as
dynamically restricting the neighbourhoodN(s) of the current candidate solutions to a
subsetN ′ ⊆ N(s) of admissible neighbours.

As an undesirable side-effect, this tabu mechanism can sometimes rule out search steps
that lead to interesting, unvisited areas of the search space. Therefore, many tabu search
algorithms make use of a so-calledaspiration criterion, which specifies conditions under
which the tabu status of candidate solutions or solution components is overridden. One of
the most commonly used aspiration criteria overrides the tabu status of steps that lead to
an improvement in theincumbent candidate solution, i.e., the best candidate solution seen
throughout the search process.

Min Conflicts Heuristic with Tabu Search (TMCH)

Extending MCH with a simple tabu search mechanism leads to theTMCH algorithm [101,
98]. TMCH works exactly as MCH, except that after each searchstep,i.e., after the value
of a variablexi is changed fromv to v′, the variable/value pair(xi, v) is declared tabu
for the nexttt steps, wherett is the tabu tenureparameter. While(xi, v) is tabu, value
v is excluded from the selection of values forxi, unless assigningv to xi leads to an
improvement over the incumbent assignment (aspiration criterion).

According to empirical evidence, TMCH typically performs better than WMCH. In-
terestingly, a tabu tenure setting oftt = 2 was found to consistently result in good perfor-
mance for CSP instances of different types and sizes [101].

The Tabu Search Algorithm by Galinier and Hao (TS-GH)

Although conceptually quite similar to TMCH, the tabu search algorithm by Galinier and
Hao [29],TS-GH, typically shows much better performance. TS-GH is based onthe same
neighbourhood and evaluation function as MCH, but uses a different heuristic for selecting
the variable/value pair involved in each search step: Amongst all pairs(x, v′) for which
variablex appears in a currently violated constraint andv′ is any value from the domain
of x, TS-GH chooses the one that leads to a maximal decrease in thenumber of violated
constraints. If multiple such pairs exist, one of them is selected uniformly at random. As in
MCH, the actual search step is then performed by assigningv′ tox. This best-improvement
strategy is augmented with the same tabu mechanism used in TMCH: After changing the
assignment ofx from v to v′, the variable value pair(x, v) is declared tabu fortt search
steps. Furthermore, the same aspiration criterion is used to enable the algorithm to perform
search steps that lead to improvements over the incumbent assignment regardless of the
tabu status of respective variable/value pair.

Unlike for the MCH variants discussed so far, efficient implementations of TS-GH cru-
cially depend on an incremental update mechanism for evaluation function values similar
to the one used in GSAT. The basic idea is to maintain the effects of any potential search
step on the evaluation function (i.e., the number of conflicts resulting from any search step)
in a two-dimensional table of sizen× k, wheren is the number of variables, andk is the
size of the largest domain in the given CSP instance.

Furthermore, the tabu mechanism can be implemented efficiently as follows. For each
variable/value pair(x, v) the search step numbertx,v whenxwas last set tov is memorised.
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When initialising the search, all thetx,v are set to−tt; subsequently, every time a variable
x is set to a valuev, tx,v is set to the current search step numbert, where search steps
are counted starting from 0 at the initialisation of the search process. A variable/value pair
(x, v) is tabu if, and only if,t − tx,v ≤ tt. By using this technique in combination with
the previously described incremental update mechanism, search steps of TS-GH can be
performed as efficiently as those of MCH.

TS-GH was originally introduced as an algorithm for MAX-CSP, the optimisation vari-
ant of CSP in which the objective is to find a variable assignment that satisfies a maximal
number of constraints (see Section 8.6). Empirical studiessuggest that when applied to
the conventional CSP, TS-GH generally achieves better performance than any other MCH
variant, including TMCH, rendering it one of the best SLS algorithms for the CSP cur-
rently known [101]. Unlike in the case of TMCH, the optimal setting of the tabu tenure
parameter in TS-GH tends to increase with instance size; this makes it considerably harder
to solve new CSP instances with peak efficiency [101].

GSAT with Tabu Search

Integrating a simple tabu search strategy into the best-improvement procedure underlying
basic GSAT leads to an algorithm calledGSAT with Tabu Search (GSAT/Tabu)[72, 98].
In GSAT/Tabu, tabu status is associated with the propositional variables in the given for-
mula. After a variablex has been flipped, it cannot be flipped back within the nexttt
steps, where the tabu tenure,tt, is a parameter of the algorithm. In each search step, the
variable to be flipped is selected as in basic GSAT, except that the choice is restricted to
variables that are currently not tabu. Upon search initialisation, the tabu status of all vari-
ables is cleared. Otherwise, GSAT/Tabu works exactly as GSAT; in particular, it uses the
same restart mechanism and termination criterion. As in thecase of TMCH, to implement
GSAT/Tabu efficiently, it is crucial to use incremental score updating and tabu mechanisms.

Unlike in the case of GWSAT, it is not clear whether GSAT/Tabuwith fixed maxTries
parameter has the PAC property. Intuitively, for lowtt, the algorithm may not be able
to escape from extensive local minima regions, while for high tt settings, all the routes
to a solution may be cut off, because too many variables are tabu. However, when us-
ing instance-specific, optimised tabu tenure settings, GSAT/Tabu typically performs sig-
nificantly better than GWSAT with similarly optimised parameters. This is particularly
the case for large and structured SAT instances [49]; there are, however, a few excep-
tional cases where GSAT/Tabu performs substantially worsethan GWSAT, including well-
known SAT-encoded instances of logistics planning problems. Analogously to basic GSAT,
GSAT/Tabu can be extended with a random walk mechanism; limited experimentation sug-
gests that typically this hybrid algorithm does not performbetter than GSAT/Tabu [98].

WalkSAT with Tabu Search

Like GSAT and MCH, WalkSAT/SKC can be extended with a simple tabu search mech-
anism. WalkSAT/Tabu[73] uses the same two stage selection mechanism and the same
scoring functionscoreb as WalkSAT/SKC and additionally enforces a tabu tenure oftt
steps for each flipped variable. (To implement this tabu mechanism efficiently, the same
approach is used as previously described for TS-GH.) If the selected clausec does not al-
low a zero damage step, of all the variables occurring inc that are not tabu, WalkSAT/Tabu



H. H. Hoos, E. Tsang 257

picks the one with the highestscoreb value; when there are several variables with the same
maximal score, one of them is selected uniformly at random. In cases where all variables
appearing in the selected clausec are tabu, the variable assignment remains unchanged (a
so-callednull-flip), but the current tabu tenure values for all variables decrease exactly as
after any other flip.

WalkSAT/Tabu with fixedmaxTriesparameter has been proven to be essentially in-
complete [44, 47]. Although this is mainly caused by null-flips, it is not clear whether re-
placing null-flips by random walk steps, for instance, wouldbe sufficient for obtaining the
PAC property. In practice, however, WalkSAT/Tabu typically performs significantly better
than WalkSAT/SKC, especially on structured SAT instances,such as large SAT-encoded
blocks world planning problems [49].

Novelty and Variants

The Noveltyalgorithm [73] is derived from the WalkSAT framework. Like tabu search,
Novelty uses a limited information on the search history to avoid search stagnation. More
specifically, its variable selection mechanism is based on the intuition that repeatedly flip-
ping back and forth the same variable should be avoided. Thismechanism is based on the
age of a variable(see also Gent and Walsh [33]),i.e., the number of flips that have occurred
since it was last flipped. Different from WalkSAT/SKC and WalkSAT/Tabu, Novelty and
its more recent variants use the same variable scoring function as GSAT,i.e., the difference
in the number of unsatisfied clauses caused by the respectiveflip.

In each step of Novelty, after an unsatisfied clausec has been chosen uniformly at
random (exactly as in WalkSAT/SKC), the variable to be flipped is selected as follows. If
the variablex with the highest score does not have minimal age among the variables inc,
it is always selected. Otherwise,x is only selected with a probability of1-p, wherep is a
parameter called thenoise setting. In the remaining cases, the variable with the next lower
score is selected. When sorting the variables according to their scores, ties are broken
according to decreasing age. (If there are several variables with identical score and age,
the reference implementation by Kautz and Selman always chooses the one that appears
first in c.) Novelty (and the advanced variants described below) use the same initialisation
procedure, restart mechanism and termination condition asWalkSAT/SKC.

Note that even forp > 0, Novelty is significantly greedier than WalkSAT/SKC, since
always one of the two most improving variables from a clause is selected, where Walk-
SAT/SKC may select any variable if no improvement without breaking other clauses can
be achieved. Precisely for this reason, Novelty is provablyessentially incomplete for fixed
maxTriessetting and has been shown to occasionally suffer from extreme stagnation on
several commonly used benchmark instances [44, 49]. It may also be noted that, different
from WalkSAT/SKC, the Novelty strategy for variable selection within a clause is com-
pletely deterministic for bothp = 0 and p = 1. Still, in most cases, Novelty shows
significantly improved performance over WalkSAT/SKC and WalkSAT/Tabu [73, 49].

R-Novelty [73], a variant of Novelty that uses a more complexvariable selection mech-
anism, performs often, but not always, better than Novelty (for details, see McAllester et al.
[73] or Chapter 6 of Hoos and Stützle [52]). Despite its use of a loop-breaking strategy
designed to prevent search stagnation, this algorithm suffers from the effects of its provable
essential incompleteness [44, 47], but it sometimes performs somewhat better than Novelty
[73, 49].
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Both Novelty and R-Novelty can be easily extended with a simple conflict-directed
random walk mechanism similar to that used in GWSAT; this way, the essential incom-
pleteness as well as the empirically observed stagnation behaviour are effectively over-
come. TheNovelty+ algorithm [44, 47] selects the variable to be flipped according to the
standard Novelty mechanism with probability1−wp, and makes a uniform random choice
from the selected clause in the remaining cases.R-Novelty+ is obtained from R-Novelty
in the same way, but does not make use of R-Novelty’s loop-breaking mechanism.

Novelty+ is provably PAC forwp > 0 and shows exponential RTDs for sufficiently
high (instance-specific) settings of the primary noise parameter,p. In practice, small walk
probabilities,wp, are generally sufficient to prevent the extreme stagnationbehaviour occa-
sionally observed for Novelty and to achieve substantiallysuperior performance compared
to Novelty. In fact, the algorithm’s behaviour appears to bemuch more robust w.r.t. the
wp parameter than w.r.t. the primary noise setting,p, and uniformly good performance
has been observed forwp = 0.01 [47]. It may be noted that in cases where Novelty
does not suffer from stagnation behaviour, Novelty+’s performance forwp = 0.01 is typ-
ically almost identical to Novelty’s. Similar observations hold for R-Novelty+; however,
there is some indication that R-Novelty+ does not reach the performance of the conceptu-
ally simpler Novelty+ algorithm on several classes of structured SAT instances, including
SAT-encoded hard graph colouring and planning problems [49].

Adaptive Novelty+ [45] is an extension of Novelty+ that dynamically adapts the noise
parameter during the search process and hence does not require this parameter to be tuned
manually. An efficient implementation of this algorithm wonfirst prize in the random
category of the SAT 2004 SAT Solvers Competition. Novelty++, a more recent variant of
Novelty, has been found to perform better than Novelty+ in many cases; its performance
can be further improved by hybridising the underlying variable selection mechanism with
a greedy iterative improvement strategy similar to that underlying GSAT [69].

8.4 Penalty-based Local Search Algorithms

An alternative to extending an iterative improvement strategy such that it can escape from
local minima of a given evaluation function is to modify the evaluation function when the
search process is about to stagnate in a local minimum [71]. This approach is also known
asDynamic Local Search (DLS)[52].

Penalty-based algorithms modify the evaluation function by means ofpenalty weights,
which are associated with solution components or other features of candidate solutions; in
the case of the CSP, penalty weights are usually associated with the constraint relations of
the given CSP instance and for SAT, analogously, with the clauses of the given CNF for-
mula (in the latter case, the penalty weights are often referred to asclause weights). These
penalty weights are modified during the search process. Various penalty-based algorithms
differ in their underlying local search strategy and the mechanism used for penalty modi-
fication. The latter, in particular, can have a significant impact on the performance of the
algorithm.

Penalty-based algorithms have sometimes been motivated bythe intuition that by mod-
ifying the evaluation function, local minima can be eliminated or, in the case of CSP,
the search process can learn to distinguish ‘important’ from less critical constraints, thus
making it easier to find solutions (i.e., global optima). There is, however, increasing evi-
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dence that the primary reason for the excellent performanceof current penalty-based algo-
rithms lies rather in the effective search diversification caused by the penalty modifications
[111, 103]. The idea of diversifying search effort to different parts of the search space as
needed in a specific situation has a long history in operations research – see, for example,
Koopman [61] and Stone [99].

GENET and the Breakout Method

GENET [119, 107, 20, 17] was one of the earliest penalty-based algorithms in constraint
satisfaction. It is based on a neural network design with nodes representing atomic variable
assignments and links connecting conflicting atomic assignments. More precisely, a binary
CSP instance is represented by a network in which for each variable there is a cluster of
label nodesthat correspond to the values the variable can take. Any pairof label nodes
that correspond to variable assignments violating any constraint is connected by a link. A
penalty weight is associated with every link in the network;at the beginning of the search
process, these weights are all set to one and a random label node in each cluster is switched
on.

At any stage of the search, exactly one node per cluster is switched on, that is, every
variable has a unique value assigned to it, and the state of the network corresponds to a
complete variable assignment. Each label node receives a signal from each of its neighbor-
ing nodes that are switched on. The strength of the signal is equal to the weight associated
with the connection. For each cluster, the node that receives the least amount of inhibitory
signals is switched on. Note that when all penalty weights are one, GENET resembles the
Min-Conflicts Heuristic [76, 77].

Motivated by hardware implementations of neural networks,the variable whose cluster
is updated in a given search step is chosen asynchronously. Implemented on a sequential
machine, clusters are updated sequentially in a random order in each iteration. Whenever
the network settles in a stable state, that is, when there is no change of the active node
within any cluster that would reduce the total weight of edges between active nodes, the
weight of all edges between active nodes are increased by one. As a result, the network
may become unstable again.

The ‘energy’ of a network state (which is returned by the evaluation function) is the
total amount of input received by all the nodes that are switched on in that state [18]. The
stable states of the network correspond to the local minima of this evaluation function, and
GENET reaches these by performing iterative improvement steps. If the energy is 0, then
a solution to the CSP has been found.

GENET was extended to non-binary constraint satisfaction problems by using hyper-
edges as links in the network [119, 20, 67, 68]. Stuckey and Tam [100] used such an
extension of GENET to mutate chromosomes in an evolutionaryalgorithm. The resulting
memetic algorithm was demonstrated to be effective in solving hard CSP instances. Vari-
ants of GENET have also been used to solve challenging instances of a car sequencing
problem [19].

The Breakout Method [78] is another early penalty-based algorithm for the CSP. Un-
like GENET, it associates a single penalty weight with each constraint of the given CSP
instance and uses an evaluation function that maps each variable assignmenta to the total
weighted of the constraints violated undera. Otherwise, the two algorithms are basically
identical. In particular, like GENET, the Breakout Method initialises all penalty weights
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to one and uses iterative improvement until a local minima ofits evaluation function is
reached, at which point the weights of all unsatisfied constraints are incremented by one
before the search is continued.

Guided Local Search (GLS)

Unlike GENET or the Breakout Method, which were designed rather specifically for con-
straint satisfaction problems,Guided Local Search (GLS)[111] is a more general penalty-
based method that has been used for combinatorial decision and optimisation problems
(such as SAT and TSP, respectively) [113].

As a penalty-based method, GLS associates penalties with the constraints of the given
CSP instance. GLS uses an augmented evaluation function of the form

g′(a) = g(a) + λ

m
∑

i=1

piIi(a), (8.1)

wherea is a complete variable assignment,g(a) is the evaluation function value ofa (here:
the number of constraints unsatisfied undera), pi is the penalty of constrainti, andIi(a)
is an indicator function with value1 if constrainti is violated undera and0 otherwise.

All penalties are initialised to 0 at the beginning of the search, and penalty changes
are applied whenever the search process reaches a local minimum off . The penalties to
be increased in a given local minimum are selected such that they maximise theutility
function

utili(a) = Ii(a) · c(i)/(1 + pi) (8.2)

wherea, Ii(a), g(a) andpi are defined as in Eq. 8.1, andc(i) is the cost of having con-
straint i unsatisfied. This cost is set to one for all constraints in a standard CSP, but by
using different cost values, GLS can be easily extended to optimisation variants of the
CSP with weighted constraints. This selection mechanism ensures that only penalties of
currently violated constraints are increased. Secondly, the more a constraint has been pe-
nalised, the less incentive there is for penalising it again; this facilitates diversification of
the search. Each penalty selected is increased by one at a time. Finally, when non-uniform
constraint costs are used, this strategy keeps the search focused on satisfying higher-cost
constraints. This carefully designed penalty update mechanism has been proven to be use-
ful in various applications, including BT’s scheduling problem [106] and a version of the
Radio-Link Frequency Assignment Problem[112], an abstracted military communications
problem originating from the CALMA project [8].

One of the attractive properties of GLS is that it has only onemajor parameter, namely
λ, to tune. One good heuristic is to set the value ofλ to a fraction (between 0 and 1) of the
cost of the first local minimum encountered by GLS. This allowsλ to be selected according
to the characteristics of the given problem instance. At thetime of publication, GLS was
shown to be competitive with other high-performance algorithms on a widely studied set
of 11 benchmark problems. More recently, GLS has been extended to incorporate random
moves and aspiration [74]. The resulting algorithm,Extended GLS, was shown to be at
least as effective as GLS, but significantly less sensitive to the value of theλ parameter for
the problems it was tested on (which included SAT, Weighted MAX-SAT and the Quadratic
Assignment Problem).



H. H. Hoos, E. Tsang 261

GSAT with Clause Weights

This early penalty-based algorithm for SAT was motivated bythe observation that when
performing multiple runs of basic GSAT on some types of structured SAT instances, certain
clauses tend to be unsatisfied at the end of each run. The idea behindGSAT with Clause
Weights[90] is to bias the search process towards satisfying such ‘problem clauses’ by
associating weights with them. More precisely, weights areassociated with each clause.
These are initially set to one; but before each restart, the weights of all currently unsatisfied
clauses are increased byδ = 1. The underlying local search procedure is a variant of basic
GSAT that uses a modified evaluation functiong′(F, a) which measures the total weight
of all clauses in the given formulaF that are unsatisfied under assignmenta. Search
initialisation, restart and termination are as in basic GSAT. (A variant called ‘Averaging
In’ uses a modified search initialisation that introduces a bias towards the best candidate
solutions reached in previous local search phases [90].)

GSAT with Clause Weights was found to perform substantiallybetter than basic GSAT
on various classes of structured SAT instances, including SAT-encoded graph colouring
problems; furthermore, there is some indication that by using the same clause weighting
mechanism with GWSAT, further performance improvements can be achieved [90]. To
date, both of these algorithms are outperformed by WalkSAT algorithms such as Novelty+

and by state-of-the-art penalty-based algorithms, such asSAPS (which is covered later in
this section) and PAWS [102]. Several variants of GSAT with Clause Weights have been
studied by Cha and Iwama [12]. Some of these use slight variations of the weight update
scheme and a simple form of tabu search. However, from their limited empirical results
it is doubtful that any of these variations achieves significant performance improvements
over the original GSAT with Clause Weights algorithm.

Several variants of GSAT with Clause Weights that perform weight updates after each
local search step have been proposed and studied by Frank [26, 27]. These are based on
the idea that GSAT should benefit from discovering which clauses are most difficult to
satisfy relative to recent assignments. The most basic of these variants, calledWGSAT,
uses the same weight initialisation and update procedure asGSAT with Clause Weights,
but performs only a single GSAT step before updating the clause weights. A modification
of this algorithm, calledUGSAT, restricts the neighbourhood considered in each search
step to the set of variables appearing in currently unsatisfied clauses [26]. (This is the
same neighbourhood as used in the random walk steps of GWSAT.) While this leads to
considerable speedups for naı̈ve implementations of the underlying local search procedure,
the difference for efficient implementations is likely to beinsufficient to render UGSAT
competitive with other GSAT variants, such as GWSAT.

Frank also studied a variant of WGSAT in which the clause weights are subject to a
uniform decay over time [27]. The underlying idea is that therelative importance of clauses
w.r.t. their satisfaction status can change during the search, and hence a mechanism is
needed that focuses the weighted search on the most recentlyunsatisfied clauses. Although
using this decay mechanism slightly improves the performance of WGSAT when measured
in terms of variable flips, this gain is insufficient to amortise the added time complexity of
the frequent weight update steps. However, similar mechanisms for focusing the search on
recently unsatisfied clauses play a crucial role in state-of-the-art penalty-based algorithms
for SAT that are covered later in this section.
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The Discrete Lagrangian Method (DLM)

The use of penalties in dynamic local search is conceptuallyclosely related to the use of
Lagrange multipliers for solving continuous constrained optimisation problems [93, 115].
For a constrained optimisation problem in which a functionf(~x) is to be minimised subject
to equality constraintsgi(~x) = 0, we can define the Lagrangian function

L(~x,~λ) = f(~x) +
∑

i

λigi(~x) (8.3)

where theλi are continuous variables calledLagrange multipliers. Note that these play
the same role as the penalty weights in the augmented evaluation function typically used in
the previously discussed penalty-based algorithms. It canbe shown that a local minimum
satisfying all equality constraints can be obtained by finding a saddle point ofL, i.e., a
point (~x∗, ~λ∗) such that

L(~x∗, ~λ) ≤ L(~x∗, ~λ∗) ≤ L(~x,~λ∗) (8.4)

for all (~x∗, ~λ) and(~x,~λ∗) sufficiently close to(~x∗, ~λ∗). Based on this result, the problem
of finding a local minimum of a constrained optimisation problem can be reduced to the
problem of finding a saddle point of an unconstrained optimisation problem. This latter
task can be achieved by performing iterative improvement (e.g., in the form of gradient
descent) onL using the variables~x in combination with iterative ascent onL using the
Lagrange multipliers~λ. In a local minimum~x of f that does not satisfy all constraints,
increasing the Lagrange multipliers has the effect of more heavily penalising violated con-
straints. Eventually, for some value of~λ, L(~x,~λ) is no longer a local minimum, such
that further minimisation by modifying~x becomes possible, resulting in fewer violated
constraints.

This well-known approach for solving continuous constrained optimisation problems
provided the motivation for Shang and Wah’s DLM algorithm for SAT [93]. The basic
idea behind this dynamic local search algorithm is to perform iterative best improvement
on the same augmented evaluation function used in GSAT with clause weights (this corre-
sponds to the minimisation ofL(~x,~λ) over~x). Whenever a local minimum is reached, the
penalties for all unsatisfied clauses are increased (this corresponds to the ascent onL(~x,~λ)

by modifying~λ), until some previously worsening variable flip becomes improving, and
hence the search process is no longer stuck in a local minimum. The basic version of DLM
for SAT also uses a tabu mechanism equivalent to that found inGSAT/Tabu, as well as
periodic decreases of all clause penalties to avoid numerical overflow. Furthermore, before
the search process is started, the given formula is simplified by performing a complete pass
of unit propagation.

Several extensions of the basic DLM algorithm have been shown to achieve improved
performance [122, 121]; these use various memory-based mechanisms for avoiding and
overcoming search stagnation more effectively (for an overview of these methods, see Hoos
and Stützle [52].) All of these algorithms have a relatively large number of parameters that
need to be tuned carefully in order to achieve peak performance. DLM has also been
applied to weighted MAX-SAT problems [115], while extensions to non-binary problems
represent an interesting research direction.

It should be noted that despite the close conceptual relationship between the approaches,
important mathematical properties of Lagrangian methods for continuous optimisation do
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not carry over to DLM. This is primarily due to the heuristic mechanisms used by DLM
for determining search steps, as opposed to the rigorous useof derivatives of the objective
function in continuous Lagrangian methods.

ESG and SAPS

The Exponentiated Subgradient (ESG) algorithm[89] was originally motivated by sub-
gradient optimisation, a well-known method for minimisingLagrangian functions that is
widely used for generating lower bounds for branch-and-bound algorithms. As a penalty-
based algorithms for SAT, ESG associates penalty weights with the clauses of the given
CNF formula that are modified during the search process. The search is started from a ran-
domly selected variable assignment after initialising allclause weights to one. The local
search procedure underlying ESG for SAT is based on a best improvement search method
that can be seen as a simple variant of GSAT; in each local search step, the variable to be
flipped is selected uniformly at random from the set of all variables that appear in currently
unsatisfied clauses and whose flipping leads to a maximal decrease in the total weight of
unsatisfied clauses. When reaching a local minimum (i.e., an assignment in which flipping
any variable that appears in an unsatisfied clause would not lead to a decrease in the to-
tal weight of unsatisfied clauses), with probabilityη, the search is continued by flipping
a variable that is uniformly chosen at random from the set of all variables appearing in
unsatisfied clauses; otherwise, the local search phase is terminated.

After each local search phase, the clause weights are updated in two stages: First, the
weights of all clauses are multiplied by a factor that depends on the respective satisfac-
tion status (scaling stage): weights of satisfied clauses are multiplied byαsat, weights
of unsatisfied clauses byαunsat. Then, all clause weights are updated using the formula
clw(c) := clw(c) · ρ+ (1− ρ) · w (smoothing stage), wherew is the average of all clause
weights after scaling, and the parameterρ has a fixed value between zero and one. The
algorithm terminates when a satisfying assignment forF has been found or when a given
bound on the number of search steps has been reached.

Compared to the underlying local search steps, a weight update is computationally ex-
pensive, since it involves modifications of all clause weights. Additionally, experimental
evidence indicates that local search phases in ESG are typically quite short, and there-
fore the expensive smoothing operations have to be performed rather frequently [52, 53].
Even with the use of special implementation techniques thathelp ameliorate this problem,
Southey and Schuurmans’ highly optimised reference implementation of ESG for SAT
does not always reach the performance of high-performance WalkSAT algorithms such
as Novelty+. Compared to DLM-2000-SAT, ESG-SAT typically requires fewer steps for
finding a model of a given formula, but in terms of CPU-time, both algorithms show very
similar performance [89, 53]. It may be noted that the general ESG framework has been
originally proposed for the more general Boolean linear programming (BLP) problem, and
it has also been applied quite successfully to combinatorial auctions winner determination
problems [89].

The Scaling and Probabilistic Smoothing (SAPS) algorithmby Hutter et al. [53] is
based on the insight that the expensive weight update schemein ESG can be replaced by
a much more efficient procedure without negative impact on the underlying search proce-
dure. SAPS can be seen as a variant of ESG that uses a modified weight update scheme,
in which the scaling stage is restricted to the weights of currently unsatisfied clauses, and
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smoothing is only performed with a certain probabilitypsmooth. The first of these mod-
ifications is also used in Southey and Schuurmans’ efficient ESG implementation; but it
is the probabilistic, and hence less frequent, smoothing that results in a substantial per-
formance improvement over ESG and also renders superfluous the special implementation
tricks that are crucial for achieving good performance in ESG. SAPS was shown to perform
substantially better than ESG, DLM-2000-SAT and high-performance WalkSAT variants
[53]; however, there are some types of SAT instances (in particular, hard and large SAT
encoded graph colouring instances), for which SAPS does notreach the performance of
Novelty+.

A reactive variant of SAPS,RSAPS[53], automatically adjusts the smoothing probabil-
ity psmooth during the search, using a mechanism that is very similar to the one underlying
Adaptive WalkSAT [45]. RSAPS sometimes achieves significantly better performance than
SAPS; however, it still has other parameters, in particular, the scaling factorαunsat, that
need to be manually optimised.

8.5 Other Approaches

Besides the algorithms covered in the previous sections, many other local search methods
have been applied in the context of solving CSPs. Within the confines of this chapter it is
impossible to present a complete survey of the large and ever-increasing number of local
search algorithms for the CSP and closely related problems,such as the Graph Colouring
Problem and SAT. Therefore, the algorithms mentioned in thefollowing were selected to
illustrate some of the major approaches.

There is a large body of work on evolutionary algorithms for constraint satisfaction
problems. Some of the earliest work include Tsang and Warwick [108], Paredis [82], Hao
and Dorne [39], Warwick and Tsang [120] and Riff Rojas [87]; Craenen et al. [14] provides
on overview and comparison of more recent evolutionary algorithms. GENET and GLS
have been used as subsidiary search procedures in memetic algorithms for constraint sat-
isfaction [100] and optimisation [43]. Galinier and Hao [30] have developed a specialised
memetic algorithm for the Graph Colouring Problem (GCP) that uses short runs of an ef-
fective tabu search algorithm as its subsidiary search procedure; this algorithm is one of
the most effective GCP algorithms currently known.

Hao and Dorne [39] used a specialised genetic algorithm to search the space of partial
assignments. Lau [64] developed the Guided Genetic Algorithm (GGA), which applies the
principle of Guided Local Search in a genetic algorithm. Theidea is to use penalties to
construct a fitness template, which guides crossover and mutation in a genetic algorithm
such that better assignments will be chosen in the selectionprocess with higher probability.
GGA has been applied successfully to the Processor Configuration Problem [65], the Gen-
eral Assignment Problem in scheduling [64], and to a versionof the Radio-Link Frequency
Assignment Problem [66].

Constraints are used to help evolutionary algorithms search efficiently. This is done by
modifying the objective functions in evolutionary computation. For example, Yu et al.
[125] used penalties to guide the search away from ‘poor’ areas of the search space,
whereas Li [70], Tsang and Li [105], and Jin [54] used incentives to guide the search
towards promising areas.
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Ant colony optimisation (ACO), a population-based stochastic local search method in-
spired by the path-finding behaviour of ants [22], has been applied with some success to
the CSP [96], and in particular, to permutation constraint satisfaction problems, such as
car sequencing [95], and to binary CSPs [110]. Other widely used stochastic local search
methods have been applied to specific types of CSP instances.For example, there are
varioussimulated annealing algorithmsfor the graph colouring problem (GCP) [55] and
SAT [97]. Likewise, severaliterated local search algorithmshave been developed for the
GCP [13, 81] and MAX-SAT [123, 94]. A generalisation of GSAT to CSP that also in-
cludes various additional SLS mechanisms, including random walk and clause penalties,
was developed by Kask and Dechter [56] and later extended with a tree search mecha-
nism based on cycle-cutsets [57]. Walser [117] has introduced a WalkSAT algorithm for
Pseudo-Boolean CSP (a well-known special case of CSP), which includes a tabu mecha-
nism as well as biased random search initialisation.

Local search does not have to be incomplete. InSystematic Local Search[40] and re-
lated approaches (e.g., Richards et al. [86]), completeness is achieved through the recording
and resolution ofno-goodswhenever the underlying local search algorithm encountersa
local minimum. When a no-good is encountered, resolution isattempted: for example, if
both “P=true andQ=true” and “P=true andQ=false” have been encountered, then they
are replaced by “P=true” (a technique often used intruth maintenance systems; see,e.g.,
Doyle [23]). These no-goods help Systematic Local search toescape from local optima
and to achieve completeness, a desirable property which most other local search methods
do not enjoy: When both “P=true” and “P=false” are found to be no-goods for anyP ,
the given CSP instance has been shown to be unsatisfiable. To achieve completeness, Sys-
tematic Local Search may record an exponential number of no-goods in the worst case.
However, with careful memory management, the algorithm hasbeen demonstrated to be
effective for job shop scheduling problems [21].

Constrained Local Search[85] is an example for an approach that searches over partial
assignments that do not violate any constraints. Based ondynamic backtracking[34],
Constrained Local Search conducts a depth-first search. Whenever a partial assignment
cannot be further extended, a randomly chosen atomic assignment is removed from it,
such that the search can be continued in a different direction. Despite its use of depth-first
search, Constrained Local Search is incomplete.

Most local search algorithms for CSP use neighbourhood relations that restrict search
steps to modifying the value of only one variable at a time. However, the use of larger
neighbourhoods can sometimes be advantageous; for example, the swap neighbourhood,
in which search steps swap the values of two variables, has been used successfully on
sequencing problems in conjunction with GENET [19]. Large neighbourhoods are more
commonly used in SLS algorithms for constraint optimisation problems (see next section).

8.6 Local Search for Constraint Optimisation Problems

Many real-life problems are over-constrained. For example, in a production planning appli-
cation, there may be insufficient resources to complete all given jobs within their respective
deadlines. In this situation, it may be desirable to find a feasible assignment of resources
such that the total amount of revenue generated is maximised; this type of optimisation
problem is referred to as amaximal utility problem[104]. In other cases, some constraints
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may be violated, but doing so incurs a penalty cost. The objective is then to find a solution
with minimal penalty; this is known as theminimal violation problem[104].

These types of problems can be modelled by extending constraint satisfaction prob-
lems to include optimisation objectives. In the simplest case, the problem is represented as
a CSP instance, but the objective becomes to find a variable assignment that satisfies a max-
imal number of constraints (MAX-CSP). Note that this is equivalent to finding a variable
assignment that minimises the total number of violated constraints. In many cases, not all
constraints are equally important. InWeighted MAX-CSP, this is captured by weights asso-
ciated with the individual constraints, and the objective is to maximise the total weight of
the satisfied constraints. More general formalisations of constraint optimisation problems
include Partial CSP [28], Semi-Ring Based CSP [7] and ValuedCSP [88].

A widely studied special case of MAX-CSP and Weighted MAX-CSP is the optimi-
sation variant of SAT,MAX-SAT: Given a propositional formulaF in conjunctive normal
form, the objective in MAX-SAT is to find an assignment of truth values to the variables in
F such that a maximum number of clauses inF is satisfied. InWeighted MAX-SAT, each
clause has an associated weight, and the goal is to find an assignment that maximises the
total weight of the satisfied clauses. MAX-SAT and Weighted MAX-SAT are of particular
interest in algorithm development because of their conceptual simplicity in combination
with the fact that any Weighted MAX-CSP instance can be transformed into a Weighted
MAX-SAT instance (at the price of losing structures of the constraint graph and searching
a somewhat larger space).

Local search methods are naturally suited for solving constraint optimisation problems
[42]. In particular, most local search algorithms for the CSP can be directly applied to
MAX-CSP, since their evaluation function directly corresponds to the optimisation objec-
tive of minimising the number of violated constraints. Moreover, these algorithms can be
extended to Weighted MAX-CSP by modifying the standard evaluation function (number
of constraints violated under a given assignment) such thatit maps each variable assign-
ment to the total weight of the constraints violated under it(see,e.g., Lau [63]). In spe-
cial cases, different evaluation functions may be useful; for example, Walser’s WalkSAT
algorithm for Overconstrained Pseudo-Boolean CSP with hard and soft constraints uses
an evaluation function that takes into account the degree ofviolation of the given linear
pseudo-Boolean constraint relations [118].

It is worth noting that when generalising dynamic local search methods to Weighted
MAX-CSP, there is no single ‘correct’ way to integrate the constraint weights and the
penalty values into the augmented evaluation function. Perhaps the most obvious approach
is to simply add the weights and penalties over all violated constraints (see,e.g., Wah and
Shang [115]). An alternate solution was found to work betterin GLS, where constraint
weights are used for determining the penalty values to be increased after each local search
phase, but do not appear in the augmented evaluation function (see Section 8.4). A similar
approach is taken in Wu and Wah’s DLM algorithm for Weighted MAX-SAT [122], where
the clause weights are used for penalty initialisation and update, but not in the evaluation
function.

Larger neighbourhoods, which allow more than one variable to be changed in a single
local search step, have been more extensively studied in thecontext of in local search
for constraint optimisation than in the case of CSP. For example, Yagiura and Ibaraki
[123] have developed various types of SLS algorithms for MAX-SAT based on 2- and
3-flip neighbourhoods. Large neighbourhoods have also beenused successfully in vari-
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ous application-relevant combinatorial optimisation problems (see,e.g., Yao [124], Tsang
and Voudouris [106], Ahuja et al. [2], Abdullah et al. [1]). In all of these cases, special
techniques have to be used in order to search these large neighbourhoods efficiently.

Local search algorithms play a major role in solving real-life constraint optimisation
problems, because in many cases, they are able to find high-quality solutions more ef-
ficiently than other approaches. For example, GLS has been incorporated into ILOG’s
Dispatcher system (ILOG is the market leader in commercial constraint programming soft-
ware) [3, 60]. Dispatcher was specifically designed for vehicle routing, a prominent prob-
lem in Operations Research which is of central importance inthe transportation business
(see Chapter 23). Generally, local search algorithms can often be very usefully applied in
combination with other methods. For example, branch-and-bound algorithms can benefit
significantly from high-quality bounds obtained by high-performance local search meth-
ods.

8.7 Frameworks and Toolkits for Local Search

Both the development of local search algorithm for solving constraint satisfaction and op-
timisation problems and their practical application are often greatly facilitated by software
frameworks and programming toolkits. This is particularlythe case when dealing with con-
ceptually complex constraint programming problems. Such systems can substantially ease
the burden associated with achieving efficient implementations of SLS algorithms. They
also facilitate software reuse and support the separation of problem formulation (mod-
elling) and solving. In the following, we give a brief overview of some of the better known
frameworks and toolkits that support SLS algorithms; whilesome of these are general com-
binatorial optimisation or constraint programming systems, others are specifically focused
on local search methods.

ILOG Solveris a commercial system which provides users with a C++ library that
implements state-of-the-art algorithms for constraint satisfaction and optimisation. The
OPL interface to ILOG Solver supports a rich declarative syntax that can be used to define
the structure of problems and heuristics [41].ILOG Dispatcheris a specialised package
for vehicle routing that supports a variety of local search algorithms.

The commercialiOpt system implements a wide range of SLS methods. Through a
graphic interface, iOpt allows users to experiment with different local search strategies and
to construct hybrid algorithms. It also provides an abstract class library in Java that can
be used to implement local search methods [114]. Similarly,the freely available object-
oriented frameworksEasyLocal++ [31] andHotFrame[25] support the design and im-
plementation of local search algorithms in C++. In these general optimisation systems,
problem-independent parts of the algorithms are captured in the form of abstract classes,
which are specialised by the user to implement problem-specific algorithms.

TheCOMET programming language supports both modeling and search abstractions
in constraint programming. It allows users to specify and control local search algorithms
using constraints, modelling and search abstractions, andit has been applied to a wide
range of combinatorial problems [42]. The conceptually relatedSALSAlanguage facili-
tates the concise, declarative definition of local, systematic and hybrid search algorithms
[62]. Finally, the freely availableZDC system aims to help non-experts in constraint pro-
gramming by providing them with a simple declarative language (EaCL) and a graphic
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user interface. It implements a number of local search algorithms, including Guided Local
Search [10, 109].

Regardless of whether local search algorithms are realisedwithin such a framework
or environment or implemented ‘from scratch’, it is very important for the reproducibility
of empirical results to ensure that their published descriptions are accurate and complete
(covering also all performance-critical implementation details). Furthermore, whenever
possible, reference implementations should be made available to the research community.4

8.8 Conclusions and Outlook

Among the various approaches for solving constraint programming problems such as the
CSP, local search methods are of considerable interest to researchers and practitioners.
Although most local search algorithms are incomplete, in many cases, their performance
scales better with instance size than that of complete, systematic search algorithms. Conse-
quently, high-performance local search methods are often the only practical tool for solv-
ing large and difficult real-world problems, which often involve thousands of variable with
large domains. This is especially true for decision problems where the main objective
is to find feasible solutions quickly and for optimisation problems where high-quality or
(near-)optimal solutions need to be obtained as efficientlyas possible.

Local search methods have been shown to be very successful insolving many im-
portant classes of problems, including SAT, MAX-SAT, travelling salesman and quadratic
assignment problems. Their effectiveness and efficiency has also been demonstrated for
many real-world problems, including scheduling, vehicle routing and radio-frequency as-
signment tasks. In many of these applications, local searchalgorithms achieve comparable
or superior performance compared to all other methods.

Although efficient local search algorithms typically incorporate problem-specific knowl-
edge (often in the form of the neighbourhood relation and evaluation function), there are
general, high-level strategies that have been shown to be effective across a broad range of
combinatorial problems. Most of these general local searchstrategies involve randomisa-
tion to avoid search stagnation in or around local minima of the given evaluation function
and are therefore captured in the general framework of Stochastic Local Search (SLS). SLS
methods such as randomised iterative improvement, tabu search and dynamic local search
have provided the basis for some of the most prominent and best performing algorithms
for CSP and SAT. Other methods, including simulated annealing, evolutionary algorithms,
ant colony optimisation and iterated local search have alsobeen applied to these and many
other constraint programming problems, and were shown to beeffective for solving certain
types of instances. These search strategies employ different mechanisms for balancing the
exploration of the given search space (diversification) against the efficient exploitation of
heuristic information (intensification). Intensification and diversification mechanism often
interact in complex ways, and minor variations can have significant impact on the perfor-
mance of the resulting algorithms.

For this reason, in combination with the fact that theoretical results in this area are
difficult to obtain and typically very limited in their practical relevance, SLS algorithms
are mostly studied empirically, by means of computational experiments. (It may be noted
that a similar situation is encountered for most, if not all,other high-performance CSP

4The same applies, of course, to any other constraint programming algorithm that is evaluated empirically.
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algorithms.) In the case of SLS algorithms for CSP, many empirical studies have been
focused on distributions of relatively unstructured, random binary CSP instances. The
same holds for MAX-CSP, and the situations for prominent special cases, such as SAT
and MAX-SAT, is similar. While such instances can be useful for evaluating the efficacy
of search strategies, they lack the type of structure found in many real-world problems.
Consequently, there is an increasing emphasis on using structured problem instances for the
empirical analysis of SLS algorithms for the CSP and relatedproblems. This endeavour,
as well as the comparability of empirical results between studies, is facilitated by public
collections of benchmark problems, such as CSPLIB [32] and SATLIB [50].

Furthermore, while currently the design of new SLS algorithms largely resembles a
craft in that it requires experience and intuition to a significant extent, there is substan-
tial interest in developing more principled approaches that will facilitate the engineering
of high-performance SLS algorithms. In this context, advanced empirical methods (see,
e.g., Chapter 4 of Hoos and Stützle [52]) in combination with frameworks that specifically
support the formulation and implementation of local searchalgorithms (see Section 8.7)
are likely to play a major role. Furthermore, our understanding of the factors causing the
relative hardness of certain problem instances for a given SLS algorithm is fairly limited.
The investigation of these factors, for example, by means ofsearch space analysis, is an
active research area with many open problems.

Another attractive research direction is to develop SLS algorithms that adapt their be-
haviour based on information collected during the search process or over runs on various
problem instances. Interesting work in this area includes studies by Battiti and Tecchiolli
[4], Glover [35] and Minton [75], as well as Boyan and Moore [9], Patterson and Kautz
[83], Hoos [45], Mills [74], Hutter et al. [53], Burke and Newall [11] and [59].

It may be noted that in many ways, the development and understanding of SLS algo-
rithms is significantly further advanced for SAT than for thegeneral CSP. (The situation
for MAX-SAT and MAX-CSP is analogous.) This is mostly causedby the fact that as a
conceptually simpler problem, SAT for CNF formulae better facilitates the development,
analysis and efficient implementation of SLS algorithms. This raises the question to which
extent more efficient SLS algorithms for the general CSP can be obtained by augmenting
suitably generalised high-performance SLS algorithms forSAT with specific methods for
handling certain types of complex constraints known from other constraint programming
approaches. Furthermore, it is likely that advanced SLS methods that have been demon-
strated to be very successful in solving other combinatorial problems, such as iterated local
search, variable depth search or scatter search, may still hold considerable and largely un-
explored potential for solving constraint satisfaction and optimisation problems.

Overall, local search methods are among the most powerful and versatile tools for
solving constraint programming problems. They give rise toa broad range of interesting
research challenges, and continuing efforts to improve these methods and our understand-
ing of them will further enhance their usefulness in a broad range of challenging real-world
applications.
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Chapter 9

Soft Constraints

Pedro Meseguer, Francesca Rossi, Thomas Schiex

Many real-life combinatorial problems can be naturally modelled (see Chapters 2 and 11
and [34, 2]) and often efficiently solved using constraint techniques. It is essentially a
matter of identifying the decision variables of the problemand how they are related through
constraints. In a scheduling problem for example, there maybe as many variables as tasks,
each specifying its starting time, and constraints can model the temporal relations among
such variables, such as ”the beginning of task 2 must occur after the end of task 1”. Similar
models have been designed for many problems in staff rostering, resource allocation, VLSI
design and other classes of combinatorial problems. Typical solving techniques involve a
search in the space of all the solutions. During such search,the constraints are not merely
treated as tests, but play an active role by helping discovering inconsistencies early on,
via the so-called constraint propagation, which allows oneto eliminate parts of the search
space and thus to make the search shorter.

In many practical cases, however, the classical constraintframework does not help. For
example, it is possible that after having listed the desiredconstraints among the decision
variables, there is no way to satisfy them all. In this case, the instance is said to beover-
constrained, and several phases of manual model refinement are usually needed to often
heuristically chose which constraints to ignore. This process, when it is feasible, is rarely
formalized and always difficult and time consuming. Even when all the constraints can be
satisfied, and there are several solutions, such solutions appear equally good, and there is
no way to discriminate among them.

These scenarios often occur when constraints are used to formalize desired properties
rather than requirements that cannot be violated. Such desired properties are not faithfully
represented by constraints, but should rather be considered aspreferenceswhose violation
should be avoided as far as possible.Soft constraintsprovide one way to model such
preferences.

As an example, consider a typical timetabling problem whichaims at assigning courses
and teachers to classrooms and time slots in a university. Inthe description of this problem
there are usually manyhard constraints, such as the size of the classrooms, the opening
hours of the building, or the fact that the same teacher cannot teach two different classes
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at the same time. All these pieces of information are naturally modelled by constraints,
all of which have to be satisfied in order to find an acceptable assignment. However, there
are usually also manysoftconstraints, or preferences, which state for example the desires
of the teachers (like that he prefers not to teach on Fridays), or also university policies
(like that it is preferable to use smaller classrooms if possible). If all these desires would
be modelled by constraints, it is easy to figure out scenarioswhere there is no way to
satisfy all of them. On the contrary, there could be ways to satisfy all hard requirements
while violating the desires as little as possible, which is what we are looking for in the
real situation. Moreover, modelling the desires in a faithful way allows us to discriminate
among all the solutions which satisfy the hard constraints.In fact, there could be two
timetables which both satisfy the hard requirements, but where one of them satisfies better
the desires, and this should be the chosen one. Similar scenarios can be found in most
of the typical application fields for constraints, such as scheduling, resource allocation,
rostering, vehicle routing, etc.

To cope with similar situations, classical constraints have been generalized in various
ways in the past decades. Historically, first a variety of specific extensions of the basic
constraint formalism have been introduced. Later, these extensions have been generalized
using more abstract frameworks, which have been crucial in proving general properties and
in identifying the relationship among the specific frameworks. Moreover, for each of the
specific classes, algorithms for solving problems specifiedin the corresponding formalisms
have been defined.

In this Chapter we will review most of the frameworks to modelsoft constraints, start-
ing from the specific ones in Section 9.2 to the general ones inSection 9.3. We will discuss
the relationship among the several formalisms, and also their relationship to other pref-
erence modelling frameworks in AI. We will describe the mainapproaches to solve soft
constraint problems, considering search methods in Section 9.5, inference strategies in
Section 9.6, and approaches that combine both in Section 9.7. Many solving approaches
for soft constraints are generalizations of ideas already used for hard constraint solving.
Often, these generalizations are far from being direct. In those particular cases, we will
analyze in detail the specific issues that arise for soft constraints. Finally, in Section 9.8 we
will briefly describe some applications of soft constraints, and in Section 9.9 we will point
out some promising directions for future work in the area of soft constraints.

9.1 Background: Classical Constraints

Here we summarize the main notions and associated notationsthat will be used in this
Chapter. Since soft constraints often refer to the classical case, we also present the basic
concepts of classical constraint networks.

A sequence〈a1, . . . , ak〉 is a totally ordered set that allows repetition of elements.A
k-tuple, or simply a tuple is a sequence ofk elements. The Cartesian product of a sequence
of setsA1,. . . ,Ak, writtenA1 × · · · × Ak, is the set of all thek-tuples〈a1, . . . , ak〉 such
thata1 ∈ A1,. . . , ak ∈ Ak. A variablexi represents an unknown element of its domain
Di, that is a finite set of values. Given a sequence of distinct variablesV = 〈x1, . . . , xk〉
and their associated domainsD1, . . . , Dk, a relationR onV is a subset ofD1× · · · ×Dk.
The arity of the relation isk and the scope of the relation isV . To make scopes explicit,
we will often denote a relationR over variablesV asRV and an element ofRV as a tuple
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tV . Such a tupletV is called an assignment of the variables inV . The projection of a
tupletV over a sequence of variablesW , W ⊆ V , is the tuple formed by the values intV
corresponding to variables inW , denoted astV [W ].

A classical constraint network(classical CN) is a triple〈X,D,C〉 defined as follows:

• X = {x1, . . . , xn} is a finite set ofn variables.

• D = {D1, . . . , Dn} is the set of thedomainscorresponding to variables inX , such
thatDi is the domain ofxi; d bounds the domain size.

• C is a finite set ofe constraints. A constraintc ∈ C is defined by a relationR
on a sequence of variablesV ⊆ X . V is the scope of the constraint. The relation
specifies the assignments allowed byc for the variables ofV . Thus, a constraintc
can be viewed as a pair〈R, V 〉 also notedRV .

Given an assignmenttV and a constraintc = RW , we say thatc is completely assigned
by tV whenW ⊆ V . In such case, we say thattV satisfiesc whentV [W ] ∈ RW . If
tV [W ] /∈ RW , tV violatesc. An assignmenttV is consistentif it satisfies all constraints
completely assigned by it. An assignmenttV is complete ifV = X . A solution of a
classical CN is a complete consistent assignment. Since allconstraints must be mandatorily
satisfied in a solution, we often say that they arehard constraints. The task of finding a
solution in a classical CN is known as theconstraint satisfaction problem(CSP), which is
known to beNP-complete. In the following, we will usec to denote hard constraints, and
f, g to denote soft constraints.

9.2 Specific Frameworks

In this Section we describe the first frameworks that, historically, have been proposed in the
literature for modelling soft constraints. These frameworks are here calledspecificsince
they focus on specific interpretations of soft constraints,in terms of possibilities, priorities,
costs, or probabilities.

9.2.1 Fuzzy, Possibilistic, and Lexicographic Constraints

Originally introduced by [92], and based on fuzzy set theory[42], fuzzy constraints rep-
resent the first extension of the notion of classical constraints that allowed to explicitly
represent preferences. This framework has been analyzed indepth in [45, 43].

A classical constraint can be seen as thesetof value combinations for the variables in
its scope that satisfy the constraint. In the fuzzy framework, a constraint is no longer a set,
but rather afuzzy set[42]. This means that, for each assignment of values to its variables,
we do not have to say whether it belongs to the set or not, but how much it does so. In other
words, we have to use agraded notion of membership. This allows us to represent the fact
that a combination of values for the variables of the constraint is partially permitted.

Themembership functionµE of a fuzzy setE associates a real number between0 and
1 with every possible element ofE. If µE(a) = 1, thena completely belongs to the set.
If µE(a) = 0, thena does not belong to the set. Intermediary values allow for graded
membership degrees. To represent classical sets, only membership degrees0 and1 are
used.
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A fuzzy constraint network(fuzzy CN) is a triple〈X,D,C〉 whereX andD are the set
of variables and their domain, as in classical CNs, andC is a set of fuzzy constraints. A
fuzzy constraintis a fuzzy relationRV on a sequence of variablesV . This relation, that is
a fuzzy set of tuples, is defined by its membership function

µRV
:
∏

xj∈V

Dj → [0, 1]

The membership function of the relationRV indicates to what extent an assignmentt
of the variables inV belongs to the relation and therefore satisfies the constraint. Given
two assignmentst and t′ such thatµRV

(t) < µRV
(t′), we can say thatt′ satisfiesRV

better thant, or thatt′ is preferable tot for constraintRV . For example, ifµRV
(t) = 0.3

andµRV
(t′) = 0.9, thent′ is preferable tot. To model an assignmentt which satisfies

completely the constraint, we just have to setµRV
(t) = 1, while to model an assignment

which violates completely the constraint, and thus it is totally unacceptable, we have to set
µRV

(t) = 0. Therefore, we can say that the membership degree of an assignment gives us
thepreferencefor that assignment. In fuzzy constraints, preference 1 is the best one and
preference 0 the worst one.

In classical constraint satisfaction, when we have a set of constraints we want all of
them to be satisfied. Thus, we combine constraints by taking their conjunction. Although
defined differently, also in the fuzzy framework constraints are naturally combined con-
junctively. Since alternative semantics have been defined [95], this approach is calledcon-
junctive fuzzy constraints. Theconjunctive combinationRV ⊗RW of two fuzzy relations
RV andRW is a new fuzzy relationRV ∪W defined as

µRV ∪W
(t) = min(µRV

(t[V ]), µRW
(t[W ])) t ∈

∏

xi∈V ∪W

Di

We can now define the preference of a complete assignment, by performing a conjunc-
tion of all the fuzzy constraints. Given any complete assignmentt, its membership degree,
also calledsatisfaction degree, is defined as

µt = ( ⊗
RV ∈C

RV )(t) = min
RV ∈C

µRV
(t[V ])

Therefore, given a complete assignment of a fuzzy CN, the preference of such an as-
signment is computed by considering the preference given byeach constraint for that as-
signment, and by taking the worst one of them. In this way, we associate to a complete
assignment the preference for its worst feature. This is very natural for example when we
are reasoning about critical applications, such as space ormedical applications, where we
want to be as cautious as possible. Then, given a scenario, weusually forget about its best
features and just remember its bad parts, since these are theparts we are worried about.

A solutionof a fuzzy CN is a complete assignment with satisfaction degree greater
than 0. When we compare two complete assignments, the one with the highest prefer-
ence is considered to be better. Thus, theoptimal solutionof a fuzzy CN is the complete
assignment whose membership degree is maximum over all complete assignments, that is,

max
t∈

Q

xi∈X Di

min
RV ∈C

µRV
(t[V ])
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Going back to the medical application field, consider the situation where somebody
has to undergo a medical treatment and the doctor proposes two different treatments. Each
proposal is judged by considering all its features (pros andcons) and then the two proposals
are compared. According to the fuzzy framework, the judgement on each proposal will
be based on its worst consequence, and the proposal where such a worst consequence is
less bad will be chosen. Note that this way of reasoning implies that the actual values
of the membership degrees used in the fuzzy constraints are not really significant: only
the relative position of each membership degree with respect to others matters in order to
identify how assignments are ranked.

The fuzzy framework properly generalizes classical constraints, which are just fuzzy
constraints with membership degrees0 and1 (that is, each assignment either totally satis-
fies or totally violates a constraint). So it is not surprising that, as for classical constraints,
also solving fuzzy CNs is a difficult task. In fact, the task ofdeciding whether the best sat-
isfaction degree (among all solutions) is larger than a given value isNP-complete, while
the task of finding an optimal solution isNP-hard.

A framework which is closely related to the fuzzy one is thepossibilistic constraint
framework[99], where priorities are associated to constraints and the aim is to find an
assignment which minimizes the priority of the most important violated constraint. This
defines a min-max optimization task dual to the max-min task of fuzzy constraints (by just
using an order inversion over membership degrees), but the two frameworks have otherwise
the same expressive power. As usual for fuzzy sets, other operators besidesmin have also
been considered for fuzzy constraint aggregation (see workby [95]), which are useful in
domains where a less cautious way of reasoning is more natural.

A weakness of the conjunctive fuzzy constraint formalism isthe very little discrimina-
tion between assignments induced by themin operator. In fact, assignments with the same
worst preference are considered equally preferred. Consider two complete assignmentst
andt′ of a problem with only two fuzzy constraints, and such thatt satisfies these con-
straints with membership degrees0.5 and1.0 while t′ satisfies them with degrees0.5 and
0.5. Althought is obviously strictly preferable tot′, the overall satisfaction degree of the
two assignments are identical sincemin(0.5, 1.0) = min(0.5, 0.5). A possible way to dis-
criminate between such assignments is proposed in [47], which introduces the concept of
fuzzy lexicographic constraints. The main idea is to consider not just the least preference
value, but all the preference values when evaluating a complete assignment, and to sort
such values in increasing order. When two complete assignments are compared, the two
sorted preference lists are then compared lexicographically. If the least value is different,
the assignment with the highest one is considered better. Otherwise, if the least value is the
same, we pass to compare the next value in the increasing order, and so on. This means that
assignment which have the same minimal preference, and which are thus judged equally
preferable in the fuzzy framework, can now result one betterthan the other one. In the ex-
ample above,[0.5, 1.0] is strictly better than[0.5, 0.5], since the least values are the same
(that is,0.5), but the next values (that is,1 and0.5) differ, and thust is preferred.

9.2.2 Weighted Constraints

In many real-life problems, it is often natural to talk aboutcosts or penalties rather than
preferences. In fact, there are situations where we are moreinterested in the damages we
get by not satisfying a constraint rather than in the advantages we obtain when we satisfy
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it. For example, when we want to use highways to get to a different city, we may want to
find the itinerary with minimum overall cost. Also, when we want to put together a PC by
buying all its parts, we want to find the combination of parts which has minimum price.
A natural way to extend the classical constraint formalism to deal with these situations
consists of associating a certain penalty or cost to each constraint, to be paid when the
constraint is violated.

A weighted constraint network(weighted CN) is a triple〈X,D,C〉, whereX andD
are the set of variables and their domains defined as in classical CNs, andC is a set of
weighted constraints. Aweighted constraint〈c, w〉 is just a classical constraintc, plus a
weightw (over natural, integer, or real numbers).

Thecostof an assignmentt is the sum of allw(c), for all constraintsc which are vio-
lated byt. An optimal solutionis a complete assignmentt with minimal cost. In the par-
ticular case when all penalties are equal to one, this is called the MAX CSP problem [48].
In fact, in this case the task consists of finding an assignment where the number of violated
constraints is minimal, which is equivalent to say that the number of satisfied constraints
is maximal. Moreover, if constraints are clauses over propositional variables, this becomes
the well-known MAX SAT problem [85].

Originally considered in [101], this framework has been since then refined to include
the fact that beyond a (possibly infinite) thresholdk, costs are considered as unaccept-
able [65]. Ak-weighted constraint network(k-weighted CN) is a 4-tuple〈X,D,C, k〉
whereX andD are the set of variables and their domains defined as in classical CNs,C is
a set ofk-weighted constraints andk is an integer. Ak-weighted constraintfV ∈ C with
scopeV maps tuples defined onV to integers in[0, k], that is,

fV :
∏

xj∈V

Dj → [0, k]

A solutionis a complete assignment with cost lower thank. An optimal solutionis a
solution with minimal cost. If we define thek-bounded sum of two integersa andb as
a+k b = min{a+b, k}, then the cost of a complete assignmentt is defined as the bounded
sum of all the costs obtained by applying each constraint to the projection oft on the scope
of the constraint. A classical CN can be seen as ak-weighted CN where only costs0 and
k are used.

A closely related framework is the one using the so-calledprobabilistic constraint[46],
whose aim is to model constraint problems where the presenceof the constraints in the
real-life scenario that we want to model is uncertain. Each constraint is associated to a
probability that it is present in the real-life scenario. Assuming that the events (machine
break, weather issues, etc.) that make the constraints present or not are independent, each
constraintR can be associated with a probabilitypR of its presence. The probability that a
given assignment is a solution of the (unknown) real-life problem can then be computed by
multiplying the probabilities that all the violated constraints are not present in the problem,
that is,

∏

(1− pR).
It is easy to transform probabilities into additive costs bytaking their logarithm and

this allows us to reduce any probabilistic constraint instance to a weighted constraint in-
stance [100]. Notice however that probabilistic constraints are similar to fuzzy constraints,
since in both cases the values associated to the constraintsare between 0 and 1, and better
solutions have higher values. The main difference is that, while in fuzzy constraints the
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evaluation of a solution is the minimum value (over all the constraints), in probabilistic
constraints it is the product of all the values.

Weighted constraints are among the most expressive soft constraint frameworks, in
the sense that the task of finding an optimal solution for possibilistic, lexicographic or
probabilistic frameworks can be efficiently (that is, in polynomial time) reduced to the task
of finding an optimal solution for a weighted constraint instance [100].

9.3 Generic Frameworks

If we consider the specific frameworks described in the previous Section, it is easy to
observe that they all follow a common structure: given a complete assignment, each con-
straint specifies to what extent it is satisfied (or violated)by that assignment by using a
specific scale. Then, the overall degree of satisfaction (orviolation) of the assignment
is obtained by combining these elementary degrees of satisfaction (or violation). An op-
timal solution is the complete assignment with an optimal satisfaction/violation degree.
Therefore, choosing the operator used to perform the combination and an ordered satisfac-
tion/violation scale is enough to define a specific framework.

Capturing these commonalities in a generic framework is desirable, since it allows us
to design generic algorithms and properties instead of a myriad of apparently unrelated, but
actually similar properties, theorems and algorithms. Moreover, this offers an environment
where one can study the specific frameworks and better understand their relations.

Designing such a generic framework is a matter of compromisebetween generality
and specificity. In fact, one would like to cover as many specific frameworks as possi-
ble, while at the same time to have enough specific features tobe able to prove useful
properties and build efficient algorithms. The main generalformalisms that have been pro-
posed in the literature are the ones based onsemiring-based constraints[9, 11] andvalued
constraints[100]. We will now describe both of them and discuss their relationship.

9.3.1 Semiring-Based Constraints

Semiring-based constraints rely on a simple algebraic structure, called ac-semiringsince it
is very similar to a semiring, to formalize the notion ofsatisfaction degrees, or preference
levels. The structure is specified by a setE of satisfaction degrees, where two binary
operators are defined:×s specifies how to combine preferences, while+s is used to induce
a partial ordering (actually a lattice) onE. Additional axioms, including the usual semiring
axioms, are added to precisely capture the notion of satisfaction degrees in soft constraints.

A c-semiringis a 5-tuple〈E,+s,×s,0,1〉 such that:

• E is a set,0 ∈ E, 1 ∈ E.

• +s is an operator closed inE, associative, commutative and idempotent for which0

is a neutral element and1 an annihilator.

• ×s is an operator closed inE, associative and commutative for which0 is an anni-
hilator and1 a neutral element.

• ×s distributes over+s.
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The minimum level0 is used to capture the notion of absolute non-satisfaction,which is
typical of hard constraints. Since a single complete unsatisfaction is unacceptable,0 must
be an annihilator for×s. This means that, when combining a completely violated con-
straint with a constraint which is satisfied at some level, weget a complete violation. Con-
versely, a complete satisfaction should not hamper the overall satisfaction degree, which
explains why1 is a neutral element for×s. In fact, this means that, when we combine a
completely satisfied constraint and a constraint which is satisfied at some levell, we get
exactlyl. Moreover, since the overall satisfaction should not depend on the way elemen-
tary satisfactions are combined, combination (that is,×s) is required to be commutative
and associative.

To define the ordering over the preference levels, operator+s is used: ifa+s b = b, it
means thatb is preferred toa, and we write this asb <s a. If a+s b = c, andc is different
from botha and b, then we say thata and b are incomparable. To make sure that this
ordering has the right properties, operator+s is required to be associative, commutative
and idempotent. This generates a partial order, and more precisely a lattice. In all cases,
a +s b is the least upper bound ofa andb in the lattice〈E,<s〉. The fact that1 (resp.0)
is a neutral (resp. annihilator) element for+s follows from the fact that it is a maximum
(resp. minimum) element for<s.

Notice that the possible presence of incomparable elementsmeans that we can choose
a scale which is not totally ordered. This is useful for example when we need to reason
with more than one optimization criterion, since in this case there could be situations which
are naturally not comparable. For example, consider a problem which models the possible
routes from one city to another one, either by using highwaysor roads, and assume we want
to minimize cost and time, while at the same time getting the best view of the landscape.
Then, it could be that a route using highways is bad in terms ofcost and view, but reduces
time. On the other hand, a route with roads could cost nothingand give some nice views,
but could take much longer. Then these two routes would be modelled as incomparable,
and imposing an order over them would be unnatural.

Finally, assume thata is better thanb, and consider two complete assignments, one
that satisfies a constraint at levela and the other one that satisfies the same constraint at
level b. Then, if all the other constraints are satisfied equally by the two assignments,
it is reasonable to expect that the assignment satisfying atlevel a is overall better than
the one satisfying at levelb. For comparablea and b, this is equivalent to saying that
(a×s c) +s (b×s c) = (a+s b)×s c i.e., that×s distributes over+s. In a c-semiring, this
property is required in all cases, even ifa andb are incomparable.

Compared to a classical semiring structure, the additionalproperties required by a c-
semiring are the idempotency of+s (to capture a lattice ordering) and the existence of a
minimum and a maximum element (to capture hard constraints). A c-semiringS is said
idempotent iff×s is idempotent (a ×s a = a). In this case,a ×s b is the greatest lower
bound ofa andb in the distributive lattice〈E,<s〉. Examples of idempotent operators are
min, max and∩.

A semiring constraint network is then a constraint network where each constraint maps
the assignments of its variables to values in the c-semiring.

A semiring constraint network(semiring CN) is a tuple〈X,D,C, S〉 where:

• X = {x1, . . . , xn} is a finite set ofn variables.
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• D = {D1, . . . , Dn} is the collection of the domains of the variables inX such that
Di is the domain ofxi.

• C is a finite set of soft constraints. A soft constraint is a function f on a sequence
of variablesV ⊆ X , called the scope of the constraint, such thatf maps assign-
ments (of variables inV to values in their domains) to to semiring values, that is
f :

∏

xi∈V
Di → E. Thus a soft constraint can be viewed as a pair〈f, V 〉 also

written asfV .

• S = 〈E,+s,×s,0,1〉 is a c-semiring.

The consistency levelof a complete assignmentt, vals(t), is obtained by combining
the individual levels of each constraint, that is,

vals(t) = ×s
fV ∈C

fV (t[V ])

An optimal solutionis a complete assignment with a consistency level higher than, equal
to or incomparable with the consistency level of any other complete assignment. Because
the order<s may be partial, the optimal solutions of a semiring CN may have different,
but incomparable consistency levels.

Solving a semiring CN is a difficult task. Since semiring-based constraints properly
generalize classical constraints, it is easy to prove that this task isNP-hard. If the compu-
tation ofa ×s b anda +s b are time-polynomial in the size of their arguments (that is,a
andb), deciding if the consistency level of a network is higher than a given threshold is an
NP-complete task.

9.3.2 Valued Constraints

Valued constraints [100] are an alternative to semiring-based constraints. More precisely,
one can show that valued constraints can model exactly the same scenarios astotally or-
deredsemiring-based constraints. In this Section, we define precisely valued constraints
and show their relation to semiring-based constraints.

Valued constraints rely on an algebraic structure called avaluation structure, related to
a monoid. A first difference between valuation structures and c-semirings is that elements
of a valuation structure representviolation degreesinstead of satisfaction degrees, so the
ordering scale is reversed. The only truly significant difference is the use of a total order
4v to compare such degrees. For this reason, only one operator,written⊕, is needed to
define how valuations combine. It plays the same role as×s in c-semirings.

A valuation structureis a 5-tuple〈E,⊕,4v,⊥,⊤〉 such that:

• E is a set, whose elements are called valuations, totally ordered by4v, with a max-
imum element⊤ ∈ E and a minimum element⊥ ∈ E.

• E is closed under a binary operation⊕ that satisfies:

– ∀a, b ∈ E, (a⊕ b) = (b⊕ a). (commutativity)

– ∀a, b, c ∈ E, (a⊕ (b⊕ c)) = ((a⊕ b)⊕ c). (associativity)

– ∀a, b, c ∈ E, (a 4v b)→
(

(a⊕ c) 4v (b⊕ c)
)

. (monotonicity)
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– ∀a ∈ E, (a⊕⊥) = a. (neutral element)

– ∀a ∈ E, (a⊕⊤) = ⊤. (annihilator)

The monotonicity axiom, which is a refinement of the distributivity axiom of c-semiring
(see later), is easier to justify, since it simply says that one increased violation cannot yield
an overall smaller combined violation. Other axioms have exact replicates in c-semirings.

This structure can be described as a positive totally ordered commutative monoid, a
structure also known as a positivetomonoid[44]. WhenE is restricted to[0, 1], this is also
known in uncertainty reasoning as a triangular co-norm [61]. It is well known that this
axiom set is not minimal in the sense that the annihilator axiom is actually implied by the
rest ((⊥⊕⊤) = ⊤ (neutral),(⊥⊕⊤) 4v (a⊕⊤) (minimum). Since⊤ is maximum, we
derive(a⊕⊤) = ⊤). A valuation structureS is idempotent iff⊕ idempotent (a⊕ a = a).

A valued constraint network(valued CN) is otherwise defined as a semiring CN ex-
cept that a valuation structure replaces the c-semiring. Wenow show that valuation struc-
tures precisely capture the same structures as totally ordered c-semirings. To do this,
we show how to transform valuation structures in equivalenttotally ordered c-semirings,
and vice-versa. Consider a valuation structureS = 〈E,⊕,4v,⊥,⊤〉. We defineS′ =
〈E,+s,×s,0,1〉 by choosing0 = ⊤, 1 = ⊥, ×s = ⊕ and by defininga +s b =
min4v

{a, b}. It is easy to show thatS′ is a c-semiring. Then, any semiring CN de-
fined overS′ is a valued CN overS, and the two networks are equivalent, which means
that, given a complete assignment, they associate to it the same preference/violation level.
Conversely, consider atotally orderedc-semiringS = 〈E,+s,×s,0,1) and defineS′ =
〈E,⊕,4v,⊥,⊤〉 where⊥ = 1, ⊤ = 0, ⊕ = ×s anda 4v b iff a +s b = a. It is easy
to check thatS′ is a valuation structure. Any valued CN overS′ is an equivalent semiring
CN overS. This shows that the assumption of a total order is sufficient(and obviously
necessary) to reduce semiring CNs to valued CNs (see [11] formore details).

9.3.3 Fundamental Operations on Soft Constraints

When processing soft constraints to find an optimal solution, there are two operations
which are repeatedly used. They are calledcombinationandprojection. Combination is
used, as the word says, to combine two or more constraints andobtain a new constraint
which gives all the information of the original ones. On the other hand, projection is used
to eliminate one or more variables from a constraint, obtaining a new constraint which
gives all the information of the original one on the remaining variables.

Consider a soft constraint network (soft CN)〈X,D,C, S〉 and two soft constraints
fV andf ′

V ′ . Then, theircombination, fV ⋊⋉ f ′
V ′ , is the constraintgV ∪V ′ whereg(t) =

f(t[V ]) ×s f ′(t[V ′]). Moreover, given a constraintfV and a set of variablesW ⊆ V , its
projectionoverW , writtenfV [W ], is the constraintgW defined as

g(t) = +s
t′|t′[W ]=t

f(t′)

In particular, whenV −W = {x}, the projection overW is writtenfV [−x], an operation
also called projecting outx from fV .

Notice that the combination of all the constraints of a network, ⋊⋉f∈C f , is a soft
constraint that associates to each complete assignment itspreference levelvals(t). The
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projection of this constraint on the empty set of variables is then a constraint of zero arity
(⋊⋉f∈C f)[∅] such that it is precisely equal to the level of consistency ofthe network.

The notion of solution of a soft CN, which has been informallystated in earlier sections,
can now be defined formally using the above notions of projection and combination. A
solution of a soft CNN = 〈X,D,C, S〉 is a complete assignmentt such that(⋊⋉f∈C

f)(t) 6= 0. An optimal solutiont is a solution such that there is no other solutiont′ that
satisfiesval(t′) ≻s val(t).

As for classical CNs, the interactions between variables ina soft CN can be represented
by an hyper-graph whose vertices represent variables and where an hyper-edge connects
all the variables that appear in the scope of a constraint.

Themicro-structureof a soft CN〈X,D,C, S〉 is defined as an hyper-graph with one
vertex for every value of the domain of every variable inX . For every constraintfV ∈ C
and for every assignmentt overV such thatf(t) 6= 1, a labelled hyper-edge connects
all the vertices that represent the values int. The label on the hyper-edge isf(t). For
simplicity, if f(t) = 0 (that is, if the tuple is completely forbidden), the label may be
omitted. Iff(t) = 1 then the edge can be omitted. Note that this convention is inconsistent
with the classical CSP representation where an absence of edge represents a forbidden
tuple. When all constraints are binary, the micro-structure is a graph.

In semiring-based (or valued) constraints,×s (or ⊕) is always monotonic. However,
when it is strictly monotonic (that is,∀a, b, c ∈ E, (a ≻s c), (b 6= 0) then(a ×s b) ≻s
(c ×s b)), thenS will be said to be strictly monotonic. If we consider two complete
assignmentst and t′ such that for allfV ∈ C, fV (t) <s fV (t′) 6= 0 and for some
gW ∈ C, gW (t) ≻s gW (t′), strict monotonicity guarantees thatt will be preferred tot′ i.e,
val(t) ≻s val(t′). This is therefore an attractive property from a rationality point of view.
Note that strict monotonicity is incompatible with idempotency as soon as|E| > 2 [100].

9.4 Relations among Soft Constraint Frameworks

In previous sections we have defined several frameworks for modelling soft constraints,
both generic and specific. Here we relate the two generic frameworks, and present the
specific frameworks as particular instances of the generic ones. We also analyze their
relations with other preference formalisms.

9.4.1 Comparison Between the Generic Frameworks

As noticed, semiring-based and valued constraints are verystrictly related: results ob-
tained in the semiring framework apply to the valued framework, and results obtained in
the valued framework apply to the subclass of totally ordered semiring-based constraints.
Apart from this semantic difference, syntactically the only (possibly disturbing) difference
is that the semiring framework maximizes a satisfaction level while the valued framework
minimizes a violation level.

Actually, the two frameworks are so close that we will use either of them depending
on the context. Because of its generality, fundamental definitions and notions will be
written in the semiring framework. For algorithms, the valued formalism will be used for
simplicity and consistency with published papers. Generalization to the semiring level will
be mentioned.
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Semiring ×s +s <s 0 1 ubs lbs
Valued ⊕ minv 4v ⊤ ⊥ lbv ubv

Table 9.1: Translation between valued and semiring-based notations.lbv andubv stand for
possible lower bounds (resp., upper bounds) on violation degrees in the valued notation,
which correspond respectively to upper and lower bounds on satisfaction degrees in the
semiring notation.

To make the simple connection between the two framework veryclear, remember that
in the semiring framework, satisfaction levels are maximized and handled using×s, +s,
<s, 0, and1. In the valued-based one, violation levels are minimized and handled using⊕,
minv, 4v, ⊤ and⊥. Table 9.1 gives a simple reminder on how to pass from one notation
to the other one.

9.4.2 Specific Frameworks as Soft Constraint Networks

Table 9.2 outlines the choices ofE, +s, and×s needed to instantiate the semiring-based
and the valued constraint formalism to get the previously outlined specific frameworks.
For example, for fuzzy constraints, the membership degreesof fuzzy relations belong to
[0, 1] and are combined with the operatormin, and an optimal assignment maximizes the
combined degree (i.e., the largest one is preferred). The most preferred degree istherefore
1 and the worst one is0. The corresponding semiring structure thus hasE = [0, 1],
×s = min, +s = max (which means<s=≥).

Since all the structures in this table are totally ordered, they also are instances of the
valued formalism. For example, fuzzy constraints are valued constraints which use the
same setE and⊕ = min (according to the usual order over[0, 1]). The maximum element
is⊤ = 0 and the minimum element⊥ = 1 which shows how scales are inverted in valued
and semiring constraints.

For k-weighted constraints, costs are elements of{0, . . . , k} (wherek is the maximal
cost) and are combined through the bounded addition+k. A minimum cost is preferred.
The most preferred degree is therefore0 and the worst one isk. The corresponding semir-
ing structure therefore hasE = {0, k}, ×s = +k, +s = min (which means<s=≤).
The extreme elements are defined by1 = 0 and0 = k. In this case, the corresponding
valuation structure uses the same setE and⊕ = +k. The maximum element is⊤ = k and
the minimum element is⊥ = 0.

Semiring E ×s +s <s 0 1

Classical {t, f} ∧ ∨ t <s f f t
Fuzzy [0, 1] min max ≥ 0 1

k-weighted {0, . . . , k} +k min ≤ k 0
Probabilistic [0, 1] xy max ≥ 1 0

Valued E ⊕ minv 4v ⊤ ⊥
Table 9.2: Different specific frameworks modelled as c-semirings.
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As noted above, the semiring framework allows one also to model partially ordered
structures such as those induced by multi-criteria optimization. This follows directly from
the fact that the product of two c-semirings is a c-semiring [10]. Other partially ordered
structures are those based on on sets inclusion and intersection. For more examples and
details, see [9, 100, 10, 11]. Note that, although valued CNsare incapable of directly
dealing with multiple criteria, those can simply be handledby using multiple valuation
structures simultaneously.

9.4.3 Fuzzy and Classical Constraints

Fuzzy constraints are the only totally ordered semiring instance with a combination op-
erator (that is,min) which is idempotent [100]. This gives this framework a verystrong
connection with classical constraints, since classical constraints can be seen as fuzzy con-
straints on a totally ordered structures with just two preference values. Consider a con-
junctive fuzzy CNP = 〈X,D,C〉 and the set of all the different membership degrees
used in all the fuzzy relations, defined asF =

⋃

RV ∈C(∪t∈Q

xj∈V Dj
µRV

(t)). P can be

decomposed into|F | different classical CNs. For each levelα ∈ F , there is one classical
CN Pα = 〈X,D,Cα〉 with the same variables and domains as inP . For each fuzzy con-
straintf ∈ C,Cα has a corresponding hard constraintfα whose relation contains only the
assignments that satisfyf with a degree higher or equal toα. This is called theα-cut of
the fuzzy set [42].

With increasing values ofα, each constraint in the classical CNPα allows less and
less combinations of values. Letα∗ be the maximumα such thatPα is consistent. Then
it is easy to show that the solutions ofPα∗

are the optimal solutions of the given fuzzy
CNP . In practice, using a dichotomic search approach, the membership degreeα∗ and an
associated optimal solution can easily be identified by solvingO(log(|F |)) classical CNs.

This simple decomposition process can actually be used to extend most results on clas-
sical constraint processing (such as polynomial classes) to fuzzy constraint processing, as
long as these results rely on properties preserved by this slicing approach.

9.4.4 Relations with Other AI Preference Formalisms

Soft constraints offer a very general framework to express both required and preferred
properties in a combinatorial setting. However, they also make some assumptions. First,
that the soft constraint statements are quantitative, thatis, refer to a scale of elements which
are ordered and which represent the preferences. Second, that it is reasonably easy to define
the operations to combine and to aggregate preference levels. Other preference formalisms
do not make these assumptions but pose different restrictions. Here we discuss the relation
between soft constraints and other AI formalisms developedwith a similar aim.

Partial constraint satisfaction

Inside the constraint community itself, several alternative generic formalisms have been
proposed to combine constraint representation and preferences. The notion ofpartial con-
straint satisfaction[49, 48] was a pioneering attempt to formalize the notion of soft con-
straints. In order to find a solution for an over-constrainedclassical CN, partial constraint
satisfaction tries to identify another classical CN which is both consistent and ascloseas
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possible to the original one. The space of networks considered to find this consistent net-
work is defined using constraint relaxations (which amount,for example, at forgetting con-
straints, or at simply adding extra authorized combinations to the original ones) together
with a specific metric, which is needed to identify a nearest network. The framework is
very general and not totally formalized so that it cannot be truly related to semiring-based
or valued constraints. It has been mainly illustrated by examples, among which a simplified
variant of weighted constraint satisfaction has received the most attention.

Hierarchical constraint logic programming

In the framework of constraint logic programming, the notion of constraint hierarchies
and HCLP (Hierarchical Constraint Logic Programming [13, 112]) also allows for soft
constraint expressions. Here, each constraint is assigneda level (also called astrength) in
a totally ordered hierarchy, among which the strongest level is used for hard constraints.

Once its variables are assigned, each constraint generatesa cost (called anerror) in
R+. A solution is an assignment to all the variables which satisfies all hard constraints
completely (that is, with error 0). An optimal solution is a solution which satisfies the
other constraints as much as possible.

To choose between possible solutions, acomparatoris used to eliminate assignments
which are dominated. There is much freedom in the definition of comparators which again
makes the comparison with semiring-based or valued constraints difficult. The so-called
global comparatorshave been the most studied. In this case, at each level of the hierarchy,
the errors generated by all the constraints are combined using a specificcombining func-
tion. Then, a lexicographic order on the sequence of combined errors for successive levels
in the hierarchy is used to order possible solutions.

For all existing proposals of combining functions (such as the sum of weighted errors,
the maximum of weighted errors, or the sum of square of weighted errors), it is possible
to show that HCLP reduces to valued and weighted CNs. However, the general definition
of combining functions does not forbid the use of functions that would definitely violate
fundamental semiring or valued constraint axioms (such as monotonicity).

MaxSAT

SAT (for SATisfiability) is the problem of satisfying a set ofclauses in propositional logic.
Each clause is a disjunction of literals, and each literal iseither a variable or a negated
variable. For example, a clause can bex ∨ not(y) ∨ not(z). Satisfying a clause means
giving values (eithertrue or false) to its variables such that the clause has valuetrue.
MAX SAT is the problem of maximizing the number of satisfied clauses.

Since the satisfiability problem in propositional logic (SAT) is a subcase of the con-
straint satisfaction problem using boolean variables and clauses, the problem MAX SAT [85]
is clearly a particular case of the weighted constraint satisfaction problem. See [31, 55] for
successful illustrations of this.

Bayesian nets

Outside the world of constraints, Bayesian networks [86] can also be considered as specific
soft constraint problems where the constraints are conditional probability tables (satisfying
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extra properties) using[0, 1] as the semiring values, multiplication as×s and the usual total
ordering on[0, 1]. The Most Probable Explanation (MPE) task is then equivalent to looking
for an optimal solution on such problems.

CP-nets

Conditional preferences networks (CP-nets) [14] have beenrecently proposed to capture
preferences. Beyond the usual variables and domains of constraint problems, CP-nets use
conditional preferences tables to specify a total preference order on the domain of each
variable depending on the values of a set of other variables.Such a set can also be empty,
thus there are also variables whose preference order is not conditional on the values of
other variables.

The syntax to specify a preference order over variabley given the values of variables
x1, . . . , xn is usually written as the preference statement

x1 = v1, . . . , xn = vn : y = w1 ≻ . . . ≻ y = wk

wherew1, . . . , wk are the elements in the domain ofy. CP-nets are usually graphically
represented by a hyper-graph, where nodes represent variables and there is one hyper-arc
for each conditional preference statement. A CP-net is saidto be acyclic if such a hyper-
graph does not have cycles.

Preference statements in CP-nets are interpreted under theso-calledceteris paribus
interpretation: ifx1 = v1, . . . , xn = vn, all else being equal, we prefery = wi to y = wj
if i < j. The change of value fory fromwi towj is then called aworsening flip.

A complete assignmentt to the variables of a CP-net is preferred to another one, sayt′,
if it is possible to obtaint′ from t via a sequence of worsening flips. An optimal solution is
then a complete assignment such that no other assignment is preferred to it. This semantics
produces in general a preorder over the set of all complete assignments.

Given an arbitrary CP-net (acyclic or not), we can generate aclassical CN such that its
set of solutions is exactly the set of preferred solutions ofthe CP-net [41]. It is enough to
take, for each preference statement of the formx1 = v1, . . . , xn = vn : y = w1 ≻ . . . ≻
y = wk, the constraintx1 = v1, . . . , xn = vn ⇒ y = w1. This means that, if we are just
interested in the set of optimal solutions, classical constraints are at least as expressive as
CP-nets.

However, this is not true if we are interested in maintainingthe solution ordering. In
this respect, CP-nets and soft constraints are incomparable since each can do something
that the other one cannot do. More precisely, dominance testing (that is, comparing two
complete assignments to decide which is preferred (if any))is is anNP-complete task [40]
in CP-nets. On the contrary, it is polynomial in soft constraints (if we assume×s and
+s to be polynomially computable). Thus, unlessP=NP, it is not possible to generate in
polynomial time a soft CN which has the same solution ordering of a given CP-net. On the
other hand, given any soft CN, it is not always possible to generate a CP-net with the same
ordering. This depends on the fact that CP-nets cannot represent all possible preorders, but
just some of them. For example, no CP-net can generate a solution ordering where two
solutions which differ for just one flip are not ordered. On the other hand, soft CNs can
represent any partial order over solutions. Thus, when we are interested in the solution
ordering, CP-nets and soft constraints are incomparable. The same holds also when CP-
nets are augmented with a set of hard constraints.
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9.4.5 Relationship with Constraint Optimization

In most implementations of classical constraint systems (see Chapter 12, 13 and 14), there
are often primitives to optimize a criterion represented byone variable whose domain is
totally ordered (typically an integer domain variable). For example, we may have a variable
x which is linked to other variables by a constraint of the formx = a1.x1 + . . .+ an.xn,
representing an objective function to be optimized.

Since the central task in soft constraints is to find an assignment that optimizes a spe-
cific criterion, it is natural to consider possible formulations of soft constraint problems as
classical constraint problems with a specific variable representing the optimized criterion.
This can indeed be achieved.

Consider a totally ordered soft CN〈X,D,C, S〉. We now generate a classical CN
which has the variables inX plus one new variablexV for each constraintfV ∈ C.
These extra variables have domainE (that is, the set of possible semiring values). Each
original constraintfV ∈ C is then transformed into a classical constraintcV ′ whose scope
is V ′ = V ∪ {xV }. The set of allowed tuples ofcV ′ is obtained by taking every tuple
t of the Cartesian product of the domains of the variables inV extended toV ′ with the
semiring valuefV (t).

Finally, one extra variablexc is introduced to represent the criterion. This variable is
connected to all thexV variables using one constraint which states that

∏

s xV = xc where
∏

s uses the semiring operator×s. It is easy to check that for any assignmentt of X , the
only possible value forxc is the semiring value oft. Therefore, maximizing the value of
xc leads to an optimal solution. This transformation has been first proposed in a simplified
form by [87]. It is also used to model MAX SAT problems as pseudo-Boolean problems
in [31].

Extra attention should be taken in practice to avoid infinitedomains for the variables
xV . It is usually easy to bound them. As such, the transformation requires the addition
of extra variables and the use of constraints of increased arities which may lead to limited
efficiency (see Section 9.6.2 and [74, 31] for example) and strongly modifies the problem
structure.

Conversely, any classical CN with an optimization criterion can obviously be repre-
sented as a soft CN: hard constraints are kept and the criterion can be transformed in a soft
constraint which involves all the variables influencing thecriterion.

9.4.6 Some Representational Issues

In the soft constraint models presented here, we assume thatconstraints are cost functions
mapping tuples of domain values to semiring values. However, in actual instances, the
granularity of preferences may be coarser. It is easy to see that one may decide to associate
semiring values also to other kinds of objects in a constraint problem:

• Constraints: a fixed value is used when the constraint is violated, otherwise1 is
used. This scheme has been initially used in [100] for valuedCNs. It is shown to be
as expressive as the tuple-based scheme in [11].

• Values: only unary soft constraints are present. As shown in[66], this is surprisingly
as expressive as the tuple-based scheme (by going to the dualrepresentation) using
only hard binary constraints.
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• Variables: in this case, the value represents how much we care that the variable is
assigned. This can be simulated using soft constraints by adding one extra value in
the variable domain, which is compatible with all values of all other variables. A
unary soft constraint is then used to associate a semiring level to the value.

9.5 Search

For easiness of presentation, in this Section we restrict ourselves to valued constraints, that
is, totally orderedc-semiring structures. At the end, we will discuss how the presented
algorithms can be extended topartially orderedc-semirings.

As in the classical case, perhaps the most direct way to solvea soft CN is searching in
its state space, exploring the set of all possible assignments. Since an optimal solution is an
assignment that minimizes the violation degree (or equivalently, maximizes the satisfaction
degree), solving optimally a soft CN is an optimization problem, thus harder than solving
classical CNs.

As usual, we differentiate between two main families of search strategies: systematic
search and local search.Systematic searchvisits each state that could be a solution, or skips
only states that are shown to be dominated by others, so it is always able to find an optimal
solution.Local searchdoes not guarantee this behavior. When it terminates, afterhaving
exhausted resources (such as time available or a limit number of iterations), it reports the
best solution found so far, but there is no guarantee that it is an optimal solution. To prove
optimality, systematic algorithms are required, at the extra cost of longer running times
with respect to local search. Systematic search algorithmsoften scale worse with problem
size than local search algorithms. Nevertheless, algorithms from both families can nicely
cooperate to solve soft CNs, as we will see in the following.

9.5.1 Systematic Search: Branch and Bound

The state space of the problem is explored as a tree, calledthe search tree, defined as fol-
lows. A node represents a subproblem, defined by the subset ofunassigned variables, its
domains and constraints not completely assigned. The root represents the whole problem,
while leaves represent the empty problem. Node successors are produced by selecting
an unassigned variable and generating as many successors asthe number of values in the
variable domain. Each arc connecting a node with its successors is labelled with one of
those values, meaning that this value is assigned to the selected variable. A node successor
contains a subproblem of the problem in its parent node, which is obtained by removing
the variable just assigned. Each path in the tree (from the root to a node) represents an
assignment. Since each node has a unique path from the root, there is a one-to-one cor-
respondence between tree nodes and assignments. For this reason, we do not differentiate
between them in the following.

Depth-first branch and bound(DFBB) performs a depth-first traversal of the search
tree. It keeps two bounds,lb andub. Thelower boundat nodet, lb(t), is an underestimation
of the violation degree of any complete assignment belowt. Theupper boundub is the
maximum violation degree that we are willing to accept. Whenub 4v lb(t), the subtree
rooted att can be pruned because it contains no solution with violationdegree lower than
ub. If it finds a complete assignment with violation degree lower thanub, this violation
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degree becomes the newub; after exhausting the tree, DFBB returns the currentub. Its
time complexity isO(dn), while its space complexity isO(nd).

Algorithm 9.1 : Depth-first branch and bound

Function DFBB(t : tuple, ub : level) : level
if (|t| = n) then return lb(t);
else

let xi be an unassigned variable;
foreacha ∈ Di do

if (lb(t ∪ {(xi, a)}) ≺v ub) then
ub← min(ub,DFBB(t ∪ {(xi, a)}, ub) );

return ub;

The efficiency of DFBB depends largely on its pruning capacity, that relies on the
quality of its bounds: the higherlb and the lowerub, the better DFBB performs, since it
does more pruning, exploring a smaller part of the search tree. Many efforts have been
made to improve (that is, to increase) the lower bound.

Given a node, we defineP andF as the sets of assigned and unassigned variables at
that node. Regarding constraints,CP (resp.,CPF , CF ) is the set of of constraints whose
variables are completely assigned (resp., partially assigned, unassigned) at that node. Ob-
viously, at every node we haveX = P ∪ F andC = CP ∪ CPF ∪ CF .

In the context ofk-weighted binary constraints, lower bounds can be computedusing
bounded sum and by settingk = ub. DFBB performs the bounded sum, by taking the
minimum betweenub and the recursive call DFBB. The simplest lower bound is

lb1(t) =
∑

fV ∈CP

fV (t[V ])

wheret is the assignment tuple corresponding to the current node. Amore sophisticated
lower bound, that we calllb2, includes contributions from constraints inCPF . It has
been implemented in thepartial forward checking(PFC) algorithm [48]. Aninconsistency
count, icja, is the weight contribution fromCPF that will be added if the current partial
solution is extended with(xj , a). A lookahead phase (similar to the lookahead done by for-
ward checking in classical constraints, adapted to the softcase), performs the propagation
from the current assignment to the domains of unassigned variables. The formal definition
of lb2 is

lb2(t) =
∑

fV ∈CP

fV (t[V ]) +
∑

xj∈F

min
a
icja

Another lower bound, that we calllb3, includes contributions from constraints inCF . As-
suming a static variable ordering, adirected arc inconsistency count, dacja, is the weight
contribution fromCF that will be added if the current partial solution is extended to a
complete one including(xj , a). This contribution is computed from variables that are arc
inconsistent (see Chapter 3) with(xj , a) and appear afterxj in the ordering. lb3 was
first implemented using these counts [110], that were nicelycombined with inconsistency
counts in [67], producing the expression

lb3(t) =
∑

fV ∈CP

fV (t[V ]) +
∑

xj∈F

min
a

(icja + dacja)
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Since this implementation (that assumed binary constraints) was computinglb from sum-
mations on unassigned variables, constraints had to be directed to avoid counting more
than once the same constraint. This was reflected in a static variable ordering. This limi-
tation was relaxed in a more sophisticated implementation based on the directed constraint
graph on unassigned variablesGF , able to reverse its directed arcs. The new expression
for this lower bound is

lb3(t) =
∑

fV ∈CP

fV (t[V ]) +
∑

xj∈F

min
a

(icja + dacja(G
F ))

The whole algorithm, called PFC-MRDAC [71], showed a substantial improvement in
performance with respect to previous approaches. A range-based version of this algorithm,
suitable for problems with large domains, appeared in [89].

An alternative lower bound, that we calllb4, is presented within therussian doll search
(RDS) algorithm [109]. Imagine that variables are assignedby following a static order
x1, x2, . . . , xn and assume that they have been assigned up toxi−1. Subproblemi is then
defined by variablesxi, . . . , xn and constraints among them. A lower bound for the current
node is

lb4(t) =
∑

fV ∈CP

fV (t[V ]) +
∑

xj∈F

min
a
icja + min

t′

∑

fV ∈CF

fV (t′[V ]) t′ ∈
∏

xj∈F

Dj

where the third term (usually calledrdsi) is the optimal cost of solving subproblemi. In
RDS, one search is replaced byn searches on nested subproblems, each solving optimally
subproblemsn, n − 1, . . . , 1. Solving subproblemj generatesrdsj ; eachrdsj is stored
and later reused when solving subproblemi < j to compute lower bounds at different tree
levels:rdsi+1 when assigningxi, rdsi+2 when assigningxi+1, and so on.

Since two consecutive searches of RDS differ in one variableonly, thespecialized
RDS approach (SRDS) [79], computes the optimal cost of the new subproblem for each
value of the new variable. While RDS performsn independent searches, SRDS increases
this number up ton d. SRDS is able to compute a higher lower bound than RDS (the
contribution of solving subproblemi with value a for the new variable,rdsia, can be
combined withicia and take the minimum of them). Despite of performing more searches,
SRDS is often superior to RDS. A further extension was presented in [81].

Most lower bound implementations are based on counters associated with variables
and they aggregate two elements: the global contribution ofassigned variables, and indi-
vidual contributions of unassigned variables. In addition, a third element can be included:
contributions of disjoint subset of unassigned variables,not recorded in the individual con-
tributions. This new form of lower bound computation was calledpartition-based[68]. A
related approach [90] proposed theconflict-set basedlower bound.

Most of the mentioned implementations assumed binary constraints. Their generaliza-
tion to non-binary constraints were presented in [80] and [90]. These lower bounds can
be easily generalized by replacingk-bounded sum+k by the generic⊕ operator of val-
ued constraints. These lower bounds are presented for pedagogical reasons, since most are
subsumed by lower bounds based on soft local consistency, presented in Section 9.7.2.
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9.5.2 Local Search

Local search algorithms perform generic optimization of scalar functions (see Chapter 8).
Therefore, any local search algorithm is suitable to optimize the function⊕fV ∈CfV (t[V ]),
wheret is a complete assignment, providing thatt surpasses the consistency level consid-
ered as unacceptable (if any). Several empirical investigations about the performance of
different local search methods on over-constrained problems have been done. As an exam-
ple, we mention the comparison between tabu search and a hill-climbing strategy based on
min-conflicts plus random walk, that appears in [51].

When solving constraint networks, local search strategiesare often enhanced with some
kind of constraint propagation, to discard states that cannot be solutions and to rank states
that still are solution candidates. This idea has been applied to explore efficiently large
neighborhoods in local search [75]. A similar approach explores neighborhoods of variable
size, using limited discrepancy search [76].

In combination with DFBB, local search can be of great help for computing the initial
upper bound. As preprocessing, before DFBB starts, any local search method executed for
a limited period of time may provide a solution. There is no guarantee that it will be an
optimal solution, but its level is an upper bound of the levelof an optimal one. The DFBB
algorithm can take this upper bound as its initialub value. A goodub improves DFBB
performance, since it will allow pruning from earlier levels of the search tree.

Stochastic search is other strategy that has also been used for different applications.
They are based on iterative sampling, sometimes enhanced with the bias of one [15, 17] or
several heuristics [18].

9.5.3 Search in Partially Ordered Semirings

We restricted search strategies to totally ordered c-semirings. The reason for this limitation
is easiness of presentation of the search algorithms. On a totally ordered c-semiring, solv-
ing soft CNs becomes a scalar optimization task. An optimal solution is a single assign-
ment with an optimal level, and there is no other complete assignment with a better level,
since all levels are comparable. In a partially ordered c-semiring, several non-dominated
solutions with non-comparable levels may exist. This meansthat search algorithms have
to keep the levels of all non-dominated solutions found, anduse them to prune the search
tree below the current partial solution. In other words, solving soft constraint requires
algorithms which are, although conceptually related, morecomplex to present.

There exist approaches that deal with non-comparable solutions. For example, pre-
ference-based search is a general technique to speed up search by exploiting preferences
over search decisions [56]. Such a technique can be extendedalso to deal with multiple
optimization criteria. In [57], preferences are expressedover various optimization criteria,
and the search strategy looks for solutions which satisfy atbest the most important criteria
first, obtaining both extreme and balanced, or Pareto-optimal, solutions.

9.6 Inference

For simplicity, in this Section, we restrict ourselves to valued CNs, that istotally ordered
c-semiring structures.
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As an alternative to search strategies, inference-based algorithms can also solve soft
CNs. Before considering inference in soft constraints, letus first revisit inference in the
classical case.

In a classical CNP , a constraintc is said to be a consequence ofP (or implied byP)
iff any solution ofP satisfiesc. It is also said to be redundant becausec can be added to
P without changing its set of solutions. Inference inP consists in computing and adding
implied constraints, producing a network which is more explicit thanP and hopefully eas-
ier to solve. If this process is always capable of producing the zero arity implied constraint
(⋊⋉f∈C f)[∅] which gives the level of consistency of the network, then inference is said
to be complete. Otherwise, inference is incomplete and it has to be complemented with
search. For classical CN, adaptive consistency enforcing is complete while local consis-
tency (arc or path consistency) enforcing is incomplete.

Inference in soft constraints keeps the same basic idea: adding constraints that will
make the problem more explicit without changing the set of solutions nor their levels.
However, with soft constraints, the addition of a new constraint to an existing network will
typically change the distribution of levels on solutions. For this reason, inference becomes
more complex than simply adding implied constraints. One cannot speak of redundant
constraints and we prefer the “implied” terminology.

To properly define implication between soft constraints, wefirst define an ordering.
The main idea is that one soft constraint is tighter or smaller than another one if its require-
ments are stronger than the ones of the other constraint.

Consider two soft constraintsfV andf ′
W . We define theconstraint ordering⊑ as the

following partial order:fV ⊑ f ′
W if and only if, for all tuplest overV ∪W , f ′

W (t[W ]) 4v

fV (t[V ]). If fV ⊑ f ′
W we say thatf ′

W is implied byfV . Notice that as expected, any cost
function with constant cost⊤ (representing inconsistency) implies any other constraint.
WhenV = W , if f ⊑ f ′ andf ′ ⊑ f , thenf = f ′. This order between constraints
can be extended to entire networks. For two soft CNsN = 〈X,D,C, S〉 andN ′ =
〈X ′, D′, C′, S〉, we say thatN ⊑V N ′ if (⋊⋉f∈C f)[V ] ⊑ (⋊⋉f∈C′ f)[V ]. If N ⊑V N ′

andN ′ ⊑V N , we say thatN andN ′ areequivalentwith respect toV and we write
N ≡V N ′. If V = X = X ′ then we just say thatN andN ′ areequivalent.

When the⊕ operator is idempotent, any arbitrary implied constraint can be added
to a soft CN, yielding an equivalent network. However, if there is a levelα that violates
idempotency (such thatα⊕α 6= α), the new network will not be equivalent. For this reason,
three different approaches to inference in soft constraintnetworks can be considered:

1. When the operator⊕ is idempotent, it is possible, as in classical CNs, to saturate the
network by directly adding implied constraints to it. The problem remains equivalent
and increasingly explicit.

2. In any case, it is possible to remove the constraints whichhave been used to produce
the implied constraint and to put the implied constraint instead. Under simple condi-
tions, the problem will have the same optimum as before and will also be simplified.

3. It may be possible to add the implied constraint directly to the problem and then to
extract it from the set of constraints which have been used to producethe implied
constraint. This requires additional properties from the⊕ operator, but it produces
an equivalent problem and not simply one with the same optimum as in the previous
case.



300 9. Soft Constraints

In the Section 9.6.1, we present bucket elimination and cluster tree elimination, two
fundamental approaches to perform complete inference, by using the approach 2 to com-
pute the level of a soft CN.

In the Section 9.6.2, we detail three approaches for incomplete inference. The first one
(mini-buckets) uses the same approach as above, but fails tosatisfy a simple condition on
the implied constraint and therefore produces problems with a modified optimum. The
next one uses the approach 1 to enforce local consistency, but is restricted to idempotent
⊕, and the last one uses the approach 3 to enforce local consistency on a large subclass of
soft CNs. These two last approaches produce equivalent problems.

9.6.1 Complete Inference

The two algorithms we are going to detail now are direct operational extensions of existing
algorithms in classical CNs: it suffices to use our extended definitions of combination and
projection in the original algorithms (see Chapter 5) to obtain the extended algorithms,
which work for arbitrary c-semirings. This class of algorithms can actually be applied to
an even larger class of problems [102].

Bucket elimination

Bucket elimination(BE) [36, 34] is a complete inference algorithm which is ableto com-
pute all optimal solutions of a soft CN (as opposed to one optimal solution, as usually
done by search strategies). It is basically the extension oftheadaptive consistency(ADC)
algorithm [38] to the soft case but it was already introducedin 1972 asvariable elimina-
tion for cost function optimization in [7]. Before describing it, we have to introduce some
concepts.

Given a soft CN, a correspondingordered constraint graphG(o) is the primal con-
straint graph plus an orderingo = x1, x2, . . . , xn of its variables. Theinduced graph
G∗(o) is the graph obtained by processing the nodes ofG(o) from the last one to the first
one: when processingxi, all its neighbors that precede it in the ordering are connected
together, forming a clique. Theinduced widthof the ordering,w∗(o), is the maximum
number of preceding neighbors over all the nodes of the induced graph. The induced width
of the graphw∗ is the minimum induced width among the possible orderings. Thebucket
Bi of variablexi is the set of constraints havingxi as the highest indexed variable in their
scope.

BE works as follows. IfP is a soft CN withn variables, the idea is to select one variable
xi and remove it fromP , producing a soft CNP ′ with the same optimal solutions asP , but
with X − {xi} variables. This step is called the elimination of variablexi. Observe that
P ′ has one less variable thanP . Applying the same strategyn times, we obtain a soft CN
without variables, that produces the level of the optimal solution. A polynomial procedure
allows us to recover one or all optimal solutions ofP .

To eliminate variablexi, we have to replace all constraints that mentionxi by a new
constraint that summarizes the effect of these constraints, but that does not includexi.
This can be done by combining all constraints mentioningxi and projecting outxi from
the resulting constraint. If variables are processed alongthe orderingo, from the last to
the first one, the set of all constraints mentioningxi is precisely the bucketBi. The new
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constraint that summarizes the effect ofBi in the network, but it does not mentionxi is

gi = ( ⋊⋉
f∈Bi

f)[−xi]

where[−xi] means projecting over the scope of the new constraint minusxi. The new soft
CN is obtained from the previous one by removingxi and replacingBi with gi. The level
of the optimal solution of the new soft CN is equal to the levelof the optimal solution of
the previous one because, by construction,gi compensates for the absence ofBi. We have
obtained a new soft CN, with the same optimal solutions as theoriginal one, but with one
less variable.

BE works in two phases. First, it eliminates all variables one by one, from the last one
to the first one in the orderingo. When eliminating the last variable, the level of the final
zero arity constraint obtained is the level of the optimal solution. In the second phase, BE
constructs an optimal solution by assigning variables fromthe first one to the last one in the
orderingo, and by reusing the intermediate constraints built to replace buckets. Variablexi
is assigned the value that has the best extension of the current partial solutionx1, . . . , xi−1

with respect toBi. The solution obtained in this way is an optimal one, with thelevel
computed in the first phase.

BE has a time complexity ofO(n(2d)w
∗+1) and a space complexity ofO(ndw

∗

) [34].
Both are exponential inw∗, the induced width of the constraint graph, which essentially
measures the graph cyclicity. The high memory cost, that comes from the high arity of
intermediate constraintsgi that have to be stored as tables in memory, is the main drawback
of BE in practice. When the arity of thegi constraints remains reasonable, BE can perform
very well [73]. Different approaches have been made to enhance the applicability of BE,
by decreasing its memory requirements. The interested reader can consult [96, 97].

Algorithm 9.2 : Bucket Elimination

Function BE( (X : var set,D : dom set, C : constr set)) : level
foreachi = n, . . . , 1 do

Bi ← {fV ∈ C|xi ∈ V };
gi ← (⋊⋉fV ∈Bi

c)[−xi];
removexi fromX , replaceBi by gi in C;

foreachi = 1, . . . , n do
xi ← Di value that is the best extension ofx1, . . . , xi with respect toBi;

return g1;

Cluster tree elimination

Let us consider the dual graph of a soft constraint network, where nodes represent con-
straints, and two nodes are connected by an edge if the corresponding constraints share
some variable. In such a dual graph, we are interested in clustering the nodes in a way that
makes the resulting structure a tree.

A tree decompositionof a soft CN〈X,D,C, S〉 is a triplet〈T, χ, ψ〉, whereT = 〈V,E〉
is a tree.χ andψ are labelling functions which associate with each vertexv ∈ V two sets,
χ(v) ⊆ X andψ(v) ⊆ C that satisfy the following conditions:



302 9. Soft Constraints

1. For each constraintfW ∈ C, there is exactly one vertexv ∈ V such thatfW ∈ ψ(v).
In addition,W ⊆ χ(v).

2. For each variablex ∈ X , the set{v ∈ V |x ∈ χ(v)} induces a connected subtree of
T .

Tree decompositions for classical CNs often relax condition (1) by requiring that any con-
straintf ∈ C must appear inat leastone vertexv ∈ V of the decomposition [34]. This is
because in classical CNs a constraint can be repeated without causing any trouble.

Thetree widthof a tree decomposition is the maximum number of variables ina vertex
minus onetw = maxv∈V |χ(v)| − 1. If (u, v) is an edge of a tree decomposition, thesep-
arator of u andv is sep(u, v) = χ(u)∩χ(v), that is, the set of common variables between
the two vertices. We will calls the maximum separator sizes = max(u,v)∈E |sep(u, v)|.
The tree-widthtw∗ of a graph is the minimum tree-width over all possible tree decompo-
sitions. See Figure 9.7 on page 317 for an example of tree decomposition.

Cluster-tree elimination(CTE) [37, 34] is a generic algorithm able to solve classical
or soft CNs. For the soft case, it takes as input a soft CN plus atree decomposition, and it
computes for every nodeu its minimal subproblem, that is, the subproblem whose optimal
solutions are the same as the optimal solutions of the whole problem projected onχ(u).

CTE works by sending messages along edges of the tree decomposition. Given a tree
decomposition〈〈V,E〉, χ, ψ〉, every edge(u, v) ∈ E has associated two messages:m(u,v)

is the message fromu to v, andm(v,u) the one fromv to u. Messagem(u,v) is a constraint
computed by joining all constraints inψ(u) with all incoming CTE messages except from
v, projected over the separatorsep(u, v). When all incoming CTE messages have arrived
to u, except the one coming fromv,m(u,v) is computed inu and sent tov.

Algorithm 9.3 : Cluster tree elimination

ProcedureCTE(〈〈V,E〉, χ, ψ〉 : tree decom. of 〈X,D,C〉 soft CN)
foreach(u, v) ∈ E s.t. allm(i,u), i 6= v have arriveddo

B ← ψ(u) ∪ {m(i,u) | (i, u) ∈ E, i 6= v};
m(u,v) ← (⋊⋉f∈B f)[sep(u, v)];
sendm(u,v);

The complexity of CTE isO(deg(r + N)dtw) in time andO(Nds) in space, where
deg is the maximum degree ofT , r is the number of constraints,N is the number of nodes
in the tree decomposition,tw is the tree-width ands is the separator size.

There is a close relation between algorithms BE and CTE because induced widthw∗

and tree-widthtw∗ exploit the same graph properties (and we havew∗ = tw∗). The
way BE processes buckets along the orderingo defines a bucket tree that is also a tree
decomposition. In fact, there is a nodevi for each variablexi, the parent of nodevi is
the nodevj iff xj is the closest preceding neighbor ofxi in the induced graphG∗(o);
χ(vi) containsxi and every preceding neighbor ofxi in G∗(o); ψ(vi) is equal to the
bucketBi. Therefore, CTE can be applied to the bucket tree. In this setting, it is called
the BTE algorithm, which can be seen as a two-phase algorithm. The first phase, that is
equivalent to BE, computes messages from leaves to the root in the bucket tree. The second
phase computes messages from root to leaves, producing the constraints for the minimal
subproblem at each node [34].
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9.6.2 Incomplete Inference

Because complete inference can be extremely time and space intensive, it is often inter-
esting to have simpler processes able of producing just a lower bound on the network
consistency level. Such a lower bound can be immediately useful in branch and bound
algorithms.

Mini-buckets

BE has to compute and store intermediate constraintsgi that can be of high arity, causing
a high memory consumption. If we cannot afford such amount ofmemory, it is always
possible to limit the arity of intermediate constraints, atthe cost of losing optimality with
respect to the returned level and the solution found.

This approach is calledmini-bucket elimination(MBE(z)) [35], and it is an approxi-
mation scheme for BE. When eliminating variablexi, instead of having a single bucketBi
as BE has, MBE(z) partitionsBi into subsetsBi1 , . . . , Bim , such that the number of vari-
ables appearing in eachBij is bounded byz. EachBij is called a mini-bucket. Parameter
z limits the arity of the intermediate constraints which are

gij ← (⋊⋉f∈Bij
f)[−xi]

These constraints replace mini-bucketsBi1 , . . . , Bim . Since

m
⊕

j=1

(

(⋊⋉f∈Bij
f)[−xi]

)

4v (⋊⋉f∈Bi
f)[−xi]

MBE(z) computes a lower bound of the level of the optimal solution.Obviously, higher
values ofz increase the precision of mini-buckets, at the cost of usingmore memory. Both
time and space complexity of MBE(z) are exponential in thez parameter.

The same idea can be applied to CTE, producing themini-cluster tree elimination,
MCTE(z), that is an approximation schema for the CTE algorithm. When the number of
variables in a cluster is too high, it is not possible to compute a single message that captures
the joint effect of all constraints of the cluster plus all incoming messages, due to memory
limitations. In this case, MCTE(z) computes a lower bound of the problem by usingz to
limit the arity of the constraints sent in the messages.

An MCTE(z) message, notedM(u,v), is a set of constraints that approximate the cor-
responding CTE messagem(u,v). It is computed asm(u,v), but instead of joining all
constraints of setB, it computes a partitionP = {B1, B2, . . . , Bp} ofB such that the join
of constraints in everyBi does not exceed arityz. We computeM(u,v) fromP by joining
all constraints in every set of the partition, projected on the setsep(u, v).

Soft local consistency

Local consistency is an essential component of any constraint solver. A local consistency is
a local property with an associated enforcing (often polynomial time) algorithm that trans-
forms a classical CN into a unique and equivalent network that satisfies the property. If this
equivalent network is empty, then the initial network is obviously inconsistent, allowing to
detect some inconsistencies very efficiently.
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A similar motivation exists for extending local consistency to soft constraints: the hope
that an equivalent locally consistent network may provide abetter lower bound on the net-
work consistency level. This extension has been an incremental process and some problems
are still open nowadays. The first results were obtained on fuzzy CNs [92, 104, 99]. We
only consider extensions of node and arc consistency, but most results have been extended
to the general notion ofk-consistency [25].

For simplicity we consider binary valued CNs〈X,D,C, S〉, although most results have
been originally presented for arbitrary arities. A binary constraint involvingxi andxj is
denotedfij . Without loss of generality, we assume that networks contain one unary con-
straint denotedfi for each variablexi ∈ X , representing its domain, and one special zero-
arity constraintf∅ with a constant value. Notice thatf∅ is included in the computation of
the consistency level of any assignment.

In such a network, a naive lower bound on the level of the network is the value off∅.
Local consistency enforcing will improve this naive bound.

A first operational approach. An operational extension of local consistencies for clas-
sical CNs can be directly obtained by replacing the⋊⋉, ⊂, and projection operators with
their soft extensions (combination, constraint ordering,and projection, see 9.3.3) [9, 10].

In a classical CN(X,D,C), a variablexi is arc consistent with respect to constraint
Rij whenDi ⊂ (Rij ⋊⋉ Dj)[xi]. Generalized by using soft constraint operators, this gives
a first definition of arc consistency.

Given a soft idempotent CNP = 〈X,D,C, S〉, a variablexi ∈ X is arc consistent
with respect to a constraintfij iff for every valuea ∈ Di, fi ⊑ (fij ⋊⋉ fj)[xi]. The
variablexi is node consistentwhen∃a ∈ Di such thatfi(a) 6= ⊤. P is arc consistent when
every variable is node consistent and arc consistent with respect to all binary constraints
involving it.

The corresponding enforcing algorithm considers all variablesxi that violate the arc
consistency condition (fi 6⊑ (fij ⋊⋉ fj)[xi]) and enforcesfi ← fi ⋊⋉ ((fij ⋊⋉ fj)[xi])
(as theRevise procedure does in the classical case). Notice that this can only increase the
violation degree of values infi. This is done iteratively until quiescence in Algorithm 9.4.

Algorithm 9.4 : Enforcing arc consistency in soft idempotent constraint networks.
Q← true;
while Q do

Q← false;
foreachxi ∈ X do

foreachfij ∈ C do
f ← fi ⋊⋉ (fij ⋊⋉ fj)[xi];
if f 6= fi then fi ← f ; Q← true;

This definition and its enforcing procedure were initially formulated for arbitraryk-
consistency in semiring CNs in [9, 10, 12] with the followingresult: if⊕ is idempotent,
then the algorithm terminates and yields a unique equivalent arc consistent soft CN.

To see that idempotency is required for equivalence, consider a non-idempotent val-
uation structure. There existsα ∈ E such thatα ⊕ α 6= α. Consider a soft CN with
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two variablesx1 andx2, and two valuesa, b in each domain with the micro-structure il-
lustrated in Figure 9.1. A single binary constraintf12 assigns levelα to the pairs(a, a)
and(b, b) and levelα ⊕ α (denoted2α) to the pair(b, a). After one iteration of the algo-
rithm, (f12 ⋊⋉ f2)[x1] is equal toα onx1 = b. Whenf1 is modified accordingly, we get
the network on the right where the pair(b, b) has now levelf1(b) ⊕ f12(b, b) ⊕ f2(b) =
α⊕ α⊕⊥ = α⊕ α 6= α by assumption. Equivalence is lost.

equivalence preserving

x1 x2

α

b

a

b

a
α

equivalence

broken

equivalence
preserving

x1 x2

b

a

b

a

x1 x2
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α α

α

α

Figure 9.1: A non-idempotent network and three derived networks. On the right, the result
of one iteration of Algorithm 9.4. Below, how equivalence can be preserved.

Beyond idempotent operators

To see how equivalence can be preserved, consider the network on the lower left of Fig-
ure 9.1: the implicit cost ofα for the valueb of x1 has been explicited but simultaneously,
we have modifiedf12 by “subtracting” oneα from the levels of the pairs(b, a) and(b, b).
The network obtained is equivalent to the original one and more explicit sincex1 carries
some previously implicit information. The same process canbe applied to valuea of x2 to
get the network in the right hand side of Figure 9.1 which is equivalent to the original one.

The extra mechanism needed to perform such operations is theability to “extract”
some violation degree from any larger violation degree. This ability was used by [63] for
frequency assignment problems and introduced by [98] for valued CNs.

In a valuation structureS = 〈E,⊕,4v,⊥,⊤〉, if α, β ∈ E, α 4v β and∃γ ∈ E such
thatα⊕ γ = β, thenγ is known as adifferencebetweenβ andα. The valuation structure
S is fair if for any pair of valuationsα, β ∈ E, with α 4v β, there exists a maximum
difference ofβ andα. This unique maximum difference ofβ andα is denoted byβ ⊖ α.

Several examples of fair and unfair structures are given in [26] and fair structures are
totally analyzed in [25]. All the usual instances of valuation structures are fair, or can be
transformed into a fair equivalent structure. For example,in fuzzy CNs, where⊕ = max,
the difference is alsomax since ifβ 4v α, thenmax(α,max(α, β)) = β. In k-weighted
CNs, where⊕ is the bounded addition, defined byα+k β = min(α+β, k), the difference
is−k is defined by:

α−k β =

{

α− β : α 6= k
k : α = k
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This difference allows to define a new operation on cost functions called extraction.
Let fV andf ′

W be two cost functions such thatfV ⊑ f ′
W , theextractionof f ′

W from fV
is the cost functionfV ⊖ f ′

W with scopeV ∪W such that for any tuplet over(V ∪W ),
(fV ⊖ f ′

W )(t) = fV (t[V ])⊖ f ′
W (t[W ]).

Note thatf ′
W ⋊⋉ (fV ⊖ f ′

W ) is equivalent tofV . It becomes possible to add an implied
constraintf ′

W to a network and then to extract it from these to preserve equivalence. Using
this approach, arc consistency has been extended to fair valued structures in [98, 26] and
k-consistency in [25]. The fundamental mechanism of these local consistencies is to first
build an implied constraint by combining all the constraints of a subnetwork and by project-
ing the resulting cost function. The projection is then added to the network and extracted
from the constraint combination. Several existing local consistencies can be captured by
the following notion of inference rule that preserves equivalence.

A (K,Y )-equivalence-preserving inference rule(EPI rule) is defined by a set of con-
straintsK ⊂ C and a set of variablesY ⊂ X . The application of a(K,Y )-EPI rule
consists of:

1. RemovingK from the network.

2. Adding(⋊⋉ K)[Y ] and(⋊⋉ K)⊖ (⋊⋉ K)[Y ] to the network.

Once such a rule is applied, the implicit constraint(⋊⋉ K)[Y ] is explicit and equivalence is
preserved: cost has been moved fromK to the scopeY . In the following, we define local
consistencies as sets of EPI rules. Similarly to what Algorithm 9.4 does for idempotent
structures, enforcing such a local consistency is done by the repeated application of all
the EPI rules in the set until no change occurs: the network issaid to satisfy the local
consistency property.1

To illustrate this with an example, we use weighted binary CNs. Beyond its practical
usefulness, [26, 25] have shown that every fair valuation structure can be decomposed in
independent slices isomorphic to the valuation structure of weighted CNs, making such
problems central.

Node consistency. This is the simplest level of local consistency. Node consistency [65,
69, 70] (NC) is enforced using the set of EPI rules{({fi, f∅},∅), ∀xi ∈ X}. These rules
are applied iteratively until quiescence, as in the classical case.

Consider thek-weighted CN in Figure 9.2 withk = 4 (⊕ is +4, ⊖ is −4). It has
three variablesX = {x1, x2, x3} with valuesa, b. There are two constraintsf13, f23 and
two non-trivial unary constraintsf1 andf3. One optimal solution isx1 = x2 = x3 = b,
with cost2. It also contains a dummyf∅ constraint of zero arity equal to0. Applying the
({f3, f∅},∅) rule gives the equivalent network of Figure 9.2 on the right.It has a better
obvious lower boundf∅ and is NC since no other rule in the set may modify the network.2

Arc consistencies. Together with the NC rules, the set of rules{({fij, fj}, {xi}), ∀fij ∈
C} would give a natural definition of arc consistency. However,the repeated application
of this set of rules is not always terminating [98]. As Figure9.3 shows, the effect of the
application of one rule may be destroyed by another one.

1Note that local consistencies may get out of this schema by building other implied constraints or by simul-
taneously applying several rules which can be more powerful[24].

2The paper [65] introduces two notions of node consistency. Our definition corresponds to NC*.
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Figure 9.2: Ak-weighted CN before and after node consistency enforcing.
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Figure 9.3: Full arc consistency can run forever.

To enforce termination, two approaches have been used. The first approach avoids the
possible extraction of costs from the unary level to the binary level by simultaneously us-
ing the NC rules and({fij}, {xi}). This is called arc consistency [98, 65, 70]. Another
way to enforce termination is to restrict the direction of cost moves. If a variable order-
ing is assumed, directional arc consistency enforcing usesthe rules of NC combined with
the following set of rules of full arc consistency:{({fij , fj}, {xi}) | xi < xj}. Taking
the union of the rules of AC and DAC defines the stronger full directional arc consistency
(FDAC) [27, 69, 26].3 Figure 9.4 shows how FDAC can be enforced on our previous net-
work. On this simple problem, a lower boundf∅ of 2 is built (assuming orderx1, x2, x3).

DAC and AC are incomparable. AC and DAC are stronger than NC bydefinition, and
FDAC is stronger than AC or DAC. If⊤ = k = 1, thenk-weighted CNs become classical
CNs, and NC becomes classical node consistency, AC and FDAC become classical arc
consistency and DAC becomes classical directional arc consistency.

EPI rules can also be applied to weighted MAX SAT problems [31, 55]. Consider the
setK of two clashing weighted 2-clausesK = {(ℓ ∨ a, u), (¬ℓ ∨ b, v)} wherea andb
are literals,u andv costs of violation. IfV is the set of variables associated to literals
a, b andm = min(u, v), applying the(K,V )-EPI rule returns the equivalent pair of cost
functions(⋊⋉ K)[V ] and (⋊⋉ K) ⊖ (⋊⋉ K)[V ], respectively represented by the sets of
clauses{(a∨ b,m)} and{(ℓ∨A, u⊖m), (¬ℓ∨ b, v⊖m), (ℓ∨a∨ b,m), (¬ℓ∨a∨ b,m)}.
This can be considered as a form of resolution principle extended to MAX SAT [91, 55].

3There are differences between the definitions given here, which correspond to [65, 69, 70], and the defini-
tions in [26], which apply to arbitrary fair valued structures, do not use NC but, more subtly, exploit situations
wherefij(a, b) ⊕ fi(a) ⊕ fj(b) = ⊤.
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Figure 9.5: A MAX CSP and two different equivalent networks.

While most of the usual properties of local consistency in classical CNs are preserved
in these definitions (equivalence, polynomial time enforcing), local consistency enforcing
on non-idempotent soft CNs has a much more intricate behavior. Even for terminating
properties, the uniqueness of the result of enforcing arc consistency is lost. This is shown
in Figure 9.5 where each edge represents a unit cost. Applying AC rule({f12}, {x1}) on
the central network yields the network on the left. If we use({f12}, {x2}), we get the
network on the right which is AC (in fact, no more rule can be applied), but different.
The left network is more interesting since enforcing NC hereyields an AC network with
f∅ = 1. Finding an optimal closure has been proved to beNP-complete in [26] for integer
costs.

It can be shown [98] that the lower bounds obtained by arc consistency enforcing sub-
sume previous ad-hoc lower bounds such as directed or reversible arc consistency counts.
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Stronger local consistency notions, such as existential directional arc consistency (EDAC,
[32]), 3-cyclic consistency [24], andk-consistency [25] have been defined.

Soft global constraints

Important consistency enforcing algorithms in classical CNs are those associated to the
so-called global constraints. Such constraints have a specific semantics and an associated
algorithms that can enforce some type of local consistency on the constraint, usually much
more efficiently than a generic algorithm (see Chapter 7). Several global constraints and
their associated algorithms have been extended to handle soft constraints.

All these proposals have been made using the approach of [87]where a soft constraint
fS is represented as an hard constraint with an extra variablexS representing the cost of
the assignment of the other variables inS (see Section 9.4.5).

A global constraint is usually defined by three components: the precise semantics of
the constraint, the level of consistency enforced on this constraint and an algorithm to en-
force it. For example, a soft global constraint extends the classical all-different constraint.
Two semantics have been considered for the soft version: fora given assignment of the
variables involved in a soft all-different, the associatedlevel can be either the number of
variables whose value must be changed to satisfy the all-different constraint, or the number
of pairs of variables that have identical values. The level of consistency enforced is clas-
sical generalized arc consistency, also called hyper-arc consistency. Enforcing algorithms
based on (minimum cost) flow/matching algorithms offer efficient enforcing algorithms for
these two semantics [88, 106].

Before this, [4] proposed a soft global constraint handlinga variant of the One-Machine
scheduling problem. Following this first proposal, a few extra soft global constraints have
been proposed. Besides the previous soft all-different constraint, soft versions of the global
cardinality constraint (useful for example in personnel rostering problems, see Chapter 7)
and of the regular constraint (to capture regular language membership with errors) have
also been proposed by [107].

The problem of just computing the cost of an assignment for a single soft global con-
straint has been considered in [5]. For some semantics, thisproblem may naturally be
NP-hard, but all global constraints defined through specific graph properties can be com-
puted in polynomial time.

9.6.3 Polynomial Classes

As for classical CNs, most polynomial classes of soft CNs canbe characterized by restric-
tions on the (hyper)graph structure of the network, or by restrictions on the cost functions.

As observed in Section 9.6.1, the class of problems whose graph has a bounded induced
width can be solved to optimality using bucket or cluster-tree elimination in polynomial
time. This is an old result for optimizing combination of local cost functions which already
appears in [7] where induced width is called “dimension”. Note that minimizing induced
width is precisely the DIMENSION problem considered in [3], where it is shown to be NP-
complete (as a decision problem). This class of graphical parameters has been generalized
in various ways for hyper-graphs. For more information, thereader is invited to refer to
Chapter 5 and [54, 23].
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The use of restriction on cost functions is more interesting. LetD andE be fixed sets.
A soft constraint language overD with evaluation inE is defined to be a set of functions
Γ such that eachφ ∈ Γ is a function fromDe toE for somee ∈ N (e is the arity ofφ).

The setD represents the domain of the variables (that is, the union ofall domains) and
the setE is the set of violation/satisfaction levels used in semiring/valued constraints. An
instance of the soft constraint satisfaction problem induced by a soft constraint languageΓ,
denoted sCSP(Γ), is simply defined as a soft CN〈X,D,C, S〉 such that all soft constraints
in C belong toΓ andS is defined over the set of satisfaction levelsE. The associated
question is to identify a variable assignment with maximal overall satisfaction level, as
defined for semiring CNs. The soft constraint languageΓ is said to be tractable when
the problem sCSP(Γ) can be solved in polynomial time. All existing results we know
apply only to totally ordered structures satisfying the valued network axioms, but depends
crucially on the fact that the combination operator is idempotent or not.

Idempotent⊕ operator. In this case, when the order onE is total, it is known that the
only possible choice for⊕ is min. The corresponding max-min optimization problem is
the fuzzy constraint satisfaction problem considered in Section 9.2.1. As shown in Sec-
tion 9.4.3, the set of optimal solutions of a fuzzy CNP is equal to the set of solutions of its
maximum consistentα-cutPα. If p is the number of different levels of satisfaction used
in P , then a dichotomic search for the maximum consistentα requires at most⌈log2(p)⌉
calls to an oracle for consistency on classical CNs. This provides a simple, but powerful
result, which is capable of lifting many polynomial classesof classical CNs to fuzzy ones.

Let Γ be a soft constraint language. We noteΓcut the set of relations defined by the
α-cuts of all cost functions inΓ for anyα. If Γcut is a tractable constraint language, then
Γ is a tractable soft constraint language.

Indeed, there are at mostO(dn) different satisfaction levels in any fuzzy CN. Thus an
optimal solution can be identified by a sequence ofO(n log(d)) calls to a polynomial oracle
in this case. This shows that the language of binary cost functions over domains of size2
is tractable if⊕ is idempotent andE totally ordered. A more significant tractable language
can be obtained by lifting the tractable language of simple temporal constraint satisfaction
problems leading to the tractable class of semi-convex fuzzy temporal networks [60].

Non idempotent⊕ operators. The weighted constraint satisfaction problem (see Sec-
tion 9.2.2) provides very strong negative results for tractable languages. Indeed, when the
domains are restricted to boolean domains and cost functions takes only values0 and1,
this problems becomes the MAX SAT problem, known to be NP-complete and MAXSNP
complete, which means that it has no polynomial time approximation scheme. Even re-
strictions to binary clauses (cost functions) or to the binary functionfxor (soft exclusive
or) defined byfxor(x, y) = ((x 6= y)?0 : 1) are know to be NP-hard [28]. Tractable
languages for MAX SAT and weighted MAX SAT (where cost functions can take any finite
integer value) have been fully characterized by [28].

The weighted constraint satisfaction problem generalizesweighted MAX SAT by al-
lowing to simultaneously use finite and infinite costs. Such soft Boolean constraint lan-
guages have been completely characterized and eight tractable classes have been identified
(see Theorem 2 of [20]).
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Compared to weighted MAX SAT, weighted CSP also allows for domains of size greater
than two and this breaks some tractable MAX 2SAT languages. In [21], the language of
soft equality, denoted byfeq, defined byfeq(x, y) = ((x = y) ? 0 : 1)) is shown to be
NP-hard for domain sizes of size3 and more [21]. Amazingly, the non trivial language of
submodular cost functionsis a tractable language for weighted CSP [21].

A function f such that∀x, y, u, v, u ≤ x, v ≤ y, we have: f(u, v) + f(x, y) ≤
f(u, y) + f(x, v) is called a submodular function. This class is relatively rich in practice
and contains cost functions such asax + by + c,

√

x2 + y2, |x − y|r(r ≥ 1),max(x −
y, 0)r(r ≥ 1), etc. This class is maximal (no other function can be added to the language
without making it NP-complete). An algorithm inO(n3d3) that can solve submodular
networks is described in [21]. Other related results appearin [19, 22].

9.7 Combining Search and Inference

9.7.1 Direct Combination

As we have shown in Section 9.6, variable (or bucket) elimination is computationally and
space efficient when each variable to eliminate is only connected to few other variables
or when it is assigned. Once a variable is eliminated, we get anetwork with the same
optimal cost, a smaller number of variables and constraints, and that can be solved without
backtracking. Conversely, branch and bound explores the domain of every variable with
limited space complexity, but with the requirement of backtracking until a provably optimal
solution is found. This gives a natural way to combine both approaches: if some variable
in the network has a small degree (that is, less than a constant m), we can eliminate it.
Each elimination may reduce the degree of other variables and enable further eliminations.
Otherwise, we can branch on a well-chosen variable (that is,one with a high degree). Once
assigned, the variable becomes easy to eliminate and may enable further eliminations.

The corresponding algorithm has been described in [64] where its efficiency on prob-
lems with relatively structured or sparse graphs is shown. As variable/bucket or cluster-tree
elimination, the space and time complexity of the algorithmcan be a priori bounded using
a parameter derived frominduced widthand parameterized by the maximum degree bound
m for elimination.

9.7.2 Exploiting Stronger Bounds

The incomplete inference mechanisms all produce lower bounds which can be directly
used during a branch and bound optimization.

Mini-bucket-based bounds

Intermediate constraints produced by mini-bucket elimination can be used to generate
lower bounds inside branch and bound [59]. Let us assume thatMBE(z) has processed
the problem, from the last to first variable in an orderingo. After that, branch and bound
starts followingo as a static variable order. When assigningxi, all constraints in bucketi
can be evaluated, including the intermediate constraints produced by MBE(z). Their ag-
gregation gives a lower bound on the cost of extending the current partial solution to a
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complete one. This lower bound can also be used as heuristic to order values of the current
variable.

The previous approach can be seen as a preprocess before search starts. Since interme-
diate constraints have been computed along the orderingo, to use them for lower bound
computation requires that branch and bound followso as static variable ordering. However,
mini-buckets can also generate lower bounds when search uses dynamic variable ordering.
Instead of executing MBE(z) as preprocess, MBE(z) is executed at each node of the search
space, restricted to the subproblem rooted at that node and the current partial solution. The
aggregation of all constraints in the bucket of the current variable is a lower bound that, as
before, can be used as heuristic to order variable values [39].

A related approach considers mini-bucket tree eliminationapplied to an augmented
bucket tree, defined as follows. The bucket tree is the tree defined by the BE algorithm,
with n vertices{v1, v2, . . . , vn}. It is augmented withn − 1 new vertices,{u2, . . . , un},
andn−1 new arcs{(v2, u2), (v3, u3), . . . , (vn, un)}, such thatχ(ui) = xi andψ(ui) = ∅.
It is direct to check that the augmented bucket tree is a tree decomposition, so the MBTE(z)
algorithm can be applied on it. After MBTE(z) execution, constraints received inui can
be aggregated, producing a lower bound of the singletons (pairs variable-value) ofxi. This
approach can be combined with branch and bound. At each visited node of the search
space, MBTE(z) is executed to compute lower bounds of each singleton of unassigned
variables. These lower bounds are used for domain pruning. Since MBTE(z) is executed
at each node of the search tree, the validity of the lower bounds do not depend on any
variable ordering, so branch and bound can perform dynamic variable ordering. As before,
these lower bounds can be used as heuristic for value ordering.

Local consistency based bounds

Branch and bound application for minimizing combined violation relies on two essential
components: a lower boundlbv(p) on the violation degree of any complete assignment
below the current nodep, and a current upper boundubv which indicates the maximum
violation degree which is acceptable.

The main motivation for extending local consistency to softconstraints [98] has always
been to provide good lower bounds. As shown in [65], both lower and upper bounds can
be directly represented in the problem associated to the current nodep: a lower bound is
immediately available from the constraintf∅, while the upper boundubv can be enforced
by setting⊤ to ubv.

Local consistency enforcing is capable of improving the naive lower bound on viola-
tions defined byf∅ and backtracking can occur whenever this bound reaches the current
value of⊤. As in the classical case, for algorithms such as MAC (Chapter 4), the incre-
mentality of local consistency enforcing and the fact it caninform value ordering heuristics
is also essential. In soft constraints, it further providesvalue ordering heuristics.

Depending on the level of local consistency maintained at each node, several different
algorithms are obtained. For a stronger local consistency,more work is done at each node,
but less nodes are explored. Maintaining existential directional consistency [32], which is
among the strongest implemented local consistency property, is apparently the best cur-
rent compromise. For most problems, local consistency based bounds seem to outperform
previously defined bounds.
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The first combined use of local consistency and branch and bound was done on min-
max (that is, fuzzy) networks since arc consistency has beendefined for such networks
since [92]. See for example [99, 45]. For other types of valued networks, arc consistency
has been defined in [98] and combined with branch and bound in [65, 70]. The most recent
algorithms described in [69, 31, 32] rely on stronger consistencies which provide even
better efficiency, including on MAX SAT problems.

9.7.3 Exploiting Problem Structure

Problem structure can be exploited in several ways. Here, wewill focus on the exploitation
of subproblem independence and the exploitation of the locality of constraints.

Independent subproblems can be solved separately so searchcan be accelerated. Inside
a branch and bound scheme, variables are instantiated in a particular order. At some point
in search, independent subproblems become disconnected and they can be solved sepa-
rately. Such independent subproblems can be identified using pseudo-tree arrangements.

A pseudo-tree arrangementof the constraint graphG is a rooted tree with the same set
of vertices asG, where two adjacent vertices of the graph must appear in the same root-
leaf branch of the pseudo-tree [50]. The interesting feature is that when assigning variables
following pseudo-tree branches, independent subproblemsare easily identified: when the
successors of a node go to different branches, each represents an independent subproblem
that can be solved separately.

A first attempt to exploit pseudo-trees inside branch and bound is the PT-BB algo-
rithm [72]. It assigns variables following a depth-first pseudo-tree traversal, and solves
separately independent subproblems. In addition to the global bounds of DFBB, it con-
sider local upper and lower bounds, specialized for each particular subproblem. Using
global and local bounds, some parts of the search space can bepruned. To cope with the
issue of bad local upper bounds, this algorithm was combinedwith russian doll search,
producing the PT-RDS algorithm. The basic idea is to performs RDS on the pseudo-tree
starting from the leaves towards the root. When solving subproblemi, all its children sub-
problems have already been solved. When solving subproblemi− 1, a local upper bound
can be computed as the cost of extending the solution of subproblemi to a new variable.

The idea of pseudo-tree search is further developed in the context ofAND/OR search
[77, 78]. Developing the pseudo-tree state space, we obtainthe AND/OR search tree. This
tree is searched by the AOBB algorithm, that backs up costs from leaves towards the root.
It maintains local upper and lower bounds at each node of the current partial solution, used
to prune parts of the search space. Any lower bound computingstrategy can be used.

A related approach is thebounded backtrackingon valued CNs [105], a search strat-
egy based on a tree decomposition. Similarly to pseudo-treearrangements, when all the
variables of a cluster (a node of the tree decomposition) have been instantiated, the child
clusters become independent and can be solved separately. This property is exploited in
the BDTval algorithm, a branch and bound algorithm that assigns variables following an
order compatible with the preorder traversal of the tree decomposition. Local upper and
lower bounds are maintained and used to prune the search space.

BTD goes beyond this by caching the optimal solutions of the independent subprob-
lems solved. When the exact same subproblem needs to be solved again, the cached value
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is used instead.4 If we consider a clusterCi in the tree decomposition and one of its son
Cj , the subproblem rooted inCj which is solved onceCi is instantiated can be identified
by the assignment of the separator ofCi andCj . If a new partial solution that includes
that particular assignment for the variables of the separator is tried later, the optimal cost
of the subproblem cached is reused. The justification is easy: the only connection of the
subproblem with the rest of the problem passes through the separator, so with the same
instantiation of the separator the subproblem will have thesame optimal cost.

Bounded backtracking has time and space complexities similar to CTE. It performs
search, so it can use filtering algorithms to propagate hard inconsistencies, causing domain
sizes to change. Since it allows for dynamic variable ordering (compatible with the order-
ing of the decomposition), it can use domain-based heuristics, improving its performance
with respect to the theoretical bounds.

9.8 Using Soft Constraints

There may be several different reasons for using soft constraints. The first motivation can
be to just capture preferences. In this case, the essential problem is to identify (that is, to
elicitate) the preferences and this is related to machine learning issues. We have assumed
that soft constraints were clearly explicited, but the problem of learning soft constraints
from data has also been considered [93].

As soon as preferences are captured by soft constraints added to an existing classical
CN, it is possible to use such constraints to guide the searchtowards preferred solutions.
For example, preferences over variable values (such as those usually given by users in
configuration problems or produced as unary soft constraints by arc consistency enforcing)
can be used as a value ordering heuristics to be used during search, so that most preferred
values are tried first [108, 82, 103]. A similar technique canbe used for preferences over
variables. This is simple and can be very effective in practice, making soft constraints one
way to express heuristic guidance.

Constraint propagation such as arc consistency can also be performed faster via the
notion of preferred support, which is based on preferences over values and variables [8].
Preferences can also be used to improve several tasks beyondthat of finding an optimal so-
lution. For example, in the QUICKXPLAIN system [58], user preferences over constraints
can be used to identify the most useful explanations of failures for over-constrained prob-
lems, as well as the most useful relaxations of the problem which are satisfiable. The main
idea is to select, among a possibly very large number of explanations for a failure, one that
involves the most preferred constraints and is minimal.

Our main focus in this Section is on solving soft constraint problems to optimality. Be-
cause the history of soft constraint technology is essentially concentrated in the last decade,
it has not yet entered the arena of stable commercial solvers. But the recent progresses have
lead to the design of several solvers, often targeted towards a specific type of constraint
networks, either fuzzy CN, weighted CN, or weighted MAX SAT. Rather than giving an
exhaustive list of solvers, we invite the reader to refer to the Soft Constraints and MAX SAT
web site [30] that tries to maintain a list of complete and incomplete solvers for soft con-
straints together with many benchmarks from several areas.Despite their experimental

4The same idea appears in the Recursive conditioning algorithm [29] in the context of counting problems in
Bayesian networks.
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design, some of these solvers achieve excellent performances, sometimes outperforming
commercial solvers on difficult soft constraints problems [31, 32].

Soft CNs offer a very flexible model for representing constrained problems with prefer-
ences. As a general indication of this, one may note that manyusual and central problems
in complexity theory such MAX SAT, MAX CLIQUE, MAX ONES, M IN VERTEX COVER,
MAX CUT, M INONES, M INCOL, etc., are very straightforward to model as weighted
CNs. These academic problems have often an almost direct application in various areas.
For example, MIN VERTEX COVER is related to two-level logic minimization in electronic
design automation, MINCOL is a simplified version of over-constrained frequency assign-
ment, and MAX CUT has been used to solve spin glass or sport scheduling problems. Origi-
nally, however, soft constraints have been introduced to handle over-constrained problems.
We now consider two application domains where such problemsare frequent: resource
allocation and diagnosis based on experimental (that is, real word acquired) data. In par-
ticular, we will consider resource allocation in the context of the frequency assignment
problem and diagnosis in the context of bioinformatics problems.

9.8.1 Resource Allocation for Frequency Assignment

Soft constraints have been used, among others, in resource allocation problems such as
satellite scheduling [6], timetabling [94] or frequency assignment [16]. In such problems,
the available resources are often insufficient to answer therequirements (all expressed as
hard constraints) and the problems are easily over-constrained. Actually, even when not
over-constrained, optimization criteria can often be expressed as soft constraints.

The frequency assignment problem (FAP) defined by theCentre d’́Electronique de
l’Armement(CELAR) from real data is specifically interesting because of its variety and
difficulty. This problem has been described in [16] and more information on frequency
assignment can be found on the FAP web site [62]. A set of wireless communication con-
nections must be assigned frequencies such that, for every connection, data transmission
between the transmitter and the receiver is possible. The frequencies should be selected
from a given set that may depend on the location.5 The frequencies assigned to two dif-
ferent connections may incur interference resulting in a loss of quality of the signal. Two
conditions are needed simultaneously in order to create interference between two signals:

• The two frequencies must be close on the electromagnetic band.

• The connections must be geographically close to each other:the signals that may in-
terfere should have a similar level of energy at the positionwhere they might disturb
each other.

To avoid interference, when the second condition is satisfied, and depending on existing
physical wave-propagation models, a sufficient distance inthe frequency spectrum has to
be imposed. Because the frequency resource is not infinite, some frequencies have to be
reallocated and the problem of finding an assignment that satisfies all distance constraints
is alreadyNP-hard. Often, one also want to minimize some criteria. Two criteria are often
considered:

5In practice, much traffic is bidirectional, so that two frequencies must be chosen for each link, one for each
direction. This is often ignored by choosing two non-intersecting domains of frequency for forward and backward
communication.
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Figure 9.6: Frequency assignment

1. Minimizing the maximum frequency used allows one to use a small portion of an
available spectrum, which is often allocated on a slice by slice strategy by the re-
sponsible international agencies.

2. Minimizing the number of different frequencies used allows one to rapidly find an
available frequency for a new link.

When no solution exists that satisfies all distance constraints, a specific criterion over-
rides these possible criteria: the aim becomes interference minimization. In the CELAR
case, one should minimize a weighted sum of violated distance constraints.

The problem is easy to model using one variable per link, whose domain is the set
of available frequencies for the link. Constraints of the form |fi − fj| ≥ δij are used
to specify the minimum frequency margin required between geographically close links.
Because the problem may be over-constrained, these constraints are actually cost functions:
a satisfactory assignment has cost⊥ = 0 and otherwise a fixedpij cost. The aim is then to
minimize the sum of all costs, which is an instance of weighted MAX CSP.

If the problem is not over-constrained (that is, there is an assignment of cost⊥ = 0),
and one wants to minimize the maximum frequency used, the problem can still be mod-
eled as a soft fuzzy (max-min) CN where, for each variable, unary constraints associate a
decreasing membership degree to increasing frequencies (for a given frequency, the same
degree should be used on all variables). The alternative criteria which consists in minimiz-
ing the number of frequencies used is best modeled using a soft global constraint.

These instances have been tackled using many different combinatorial optimization
techniques in 1994 (including integer linear programming techniques such asbranch and
cut). All min-max problem have been solved using constraint network technology but
all over-constrained instances remained open until the first over-constrained instance was
solved using a combination of graph partitioning and russian doll search [16]. The graph
of the corresponding instance is visible in Figure 9.7. Thisvery specific structure is an
excellent support to algorithms exploiting tree decompositions. Some other instances have
been later solved using such techniques in [63] but some problems remain open.
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Figure 9.7: Frequency assignment graph structure of preprocessed CELAR instance 6 cov-
ered by a tree decomposition.

9.8.2 Diagnosis and Identification Problems in Bioinformatics

In diagnosis, we may build a constraint model of the normal behavior of the system that
describes how the components of the system behave in “normal” conditions. For a non-
working system, the observations are inconsistent with this model, and the conjunction of
the model and the observation is over-constrained.

A possible approach to diagnosis in this case is to find a minimum cardinality set of
components such that removing “normal behavior” constraints on these components re-
stores consistency. Such a parsimonious approach relies onthe fact that components usu-
ally work and breakage is rare. More sophisticated (for example, probabilistic) approaches
can also be used. An instance of the diagnosis problem appears in bioinformatics. For other
examples of uses of soft constraints in bioinformatics see [111, 53, 52] and Chapter 26.

The cell of sophisticated organisms (such as animals, plants and human beings) carry
pairs of chromosomes which hold the genetic information of an individual. A position
that carries some specific information on a chromosome is called alocus(which typically
identifies the position of a gene) and the specific information contained at a locus is the
allele carried at the locus (them possible alleles are identified by integers from1 to m).
Since (non-sexual) chromosomes occur in (here unordered) pairs, each locus carries a pair
of alleles, called thegenotypeof the individual at this locus (there arem(m+1)

2 different
genotypes). Determining this genotype on a large population of individuals having parental
relationships is crucial for building genetic maps, locating genes involved in diseases, re-
sistances to diseases, etc.

A large population of related individuals, together with some (possibly partial) obser-
vation of their genotype at a locus of interest, is called apedigree. The set of possible
genotypes for an individual is here called its phenotype. Each individual in a pedigree is
either afounder(that is, it has no parents in the pedigree) or not. In the latter case, par-
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ents can be identified in the pedigree. A pedigree can therefore be described using one
variable by individual in the pedigree, whose domain is the set of possible pairs of alleles
given the experimental data. For each non-founder, it is also known that one of his alleles
comes from his father and the other from his mother. Therefore we may introduce a ternary
constraint linking the two parents and each children and stating exactly this.
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Figure 9.8: Pedigree example taken from [84] with 12 individuals.

A small example of pedigree is given in Figure 9.8. There aren = 12 individuals and
m = 3 distinct alleles. Each box corresponds to a male individual, and each ellipse to a
female. The arcs describe parental relations. For instance, individuals 1 and 2 have three
children: 3,4, and 5. The founders are individuals 1, 2, 6, and 7. The set of possible geno-
types isG = {1|1, 1|2, 1|3, 2|2, 2|3, 3|3}wherei|j means that the genotype is composed
by allelei and allelej. The genotype of seven individuals (that is, 1, 3, 6, 7, 10, 11and
12) has been experimentally determined, reducing the set ofpossible genotypes to just one.
The corresponding CN has 12 variables, with maximum domain size of 6, and 8 ternary
constraints. The problem is that this pedigree is inconsistent in the sense that there is no
assignment of genotypes to all individuals that satisfy allconstraints. As such, pedigree
consistency checking offers an interestingNP-hard problem [1] for constraint networks.
The problem is easy when it is tree-structured, but this is rarely true for animal pedigree.

In practice, when the problem is inconsistent, it has to be diagnosed: likely sources of
the inconsistency have to be identified and removed so that further (probabilistic) analyzes
can be performed. One possible source of error lies in the genotyping process. One may
want to identify a set of genotyped individuals of minimum cardinality such that removing
the genotype information of these individuals (that is, allowing all possible genotypes for
them) restores consistency.

This problem can be simply modeled as a weighted CN. It has thesame variables
and constraints as the previous classical CN (hard Mendelian constraints are modelled as
cost functions taking values⊤ and⊥ = 0 only). However, when an individual has been
genotyped, this is translated in a unary cost function that maps the observed genotype to
cost⊥ and all other genotypes to cost1. This represents the fact that if this is the actual
genotype, then there was1 genotyping error.

The fact that onlyunarysoft constraints arise here is not a simplification in itselfwith
respect to general weighted CSPs, since every n-ary weighted CN can be simply trans-
lated in an equivalent dual network with only unary soft constraints and hard binary con-
straints [66].



P. Meseguer, F. Rossi, T. Schiex 319

In the previous example of Fig. 9.8, the problem still has 12 variables, with domain size
of 6. It has 8 hard ternary constraints and 7 soft unary constraints. The minimum number
of typing errors is one.

In practice, the problem arises on pedigree involving thousands of animals with many
loops and is better modelled by taking into account probabilistic information. As shown
in [33], this can still be modelled as weighted CN for which existing general solvers are
more efficient and require weaker assumptions than existingspecialized tools such as Ped-
Check [83, 84].

9.9 Promising Directions for Further Research

Research in the area of soft constraints, as an attempt to extend the classical constraint for-
malism to handle over-constraint problems and problems with preferences, started around
the late 80’s with Hierarchical CLP [13] and partial constraint satisfaction [49]. Then, in
the early 90’s specific extensions were considered, such as possibilistic constraints [99],
and in 1995 the two main general frameworks (semiring-basedand valued constraints)
were presented [9, 100]. Since then, in the last ten years much work has been done in the
area of soft constraints, and we have tried to report most of it in this Chapter: significant
results and improvements were obtained in search algorithms, lower bound computations,
soft constraint propagation, soft global constraints, andapplications. Also, a better under-
standing of the relationship between soft constraints and other knowledge representation
formalisms has been achieved.

The future of soft constraints has many promising directions for further development.
Here we point out some of them, for which we hope to see a fast development in the near
future:

• Stronger local consistencies need further study in the context of soft constraints.
Current experimental studies tend to prove that we have not yet reached the ideal
compromise between cost and quality in existing lower bounds. This may also re-
quire global constraints, which are so conveniently exploited in classical constraint
programming.

• Soft constraints can be very useful in the context of multi-agent constraint optimiza-
tion and preference aggregation, which occurs often in web-based search engines.
Their use in this context needs the study of reasonable preference aggregation oper-
ators and the development of distributed soft constraint solvers.

• Soft constraints are more difficult to express than classical constraints, since ap-
propriate valuations to tuples (or constraints, or variables) have to be specified by
the user. To ease the specification process, appropriate learning or elicitation tools
should be developed to transform user-specified preferences into soft constraints.

• The presence of so many classes of soft constraints, and several different formalisms
to express them, needs the development of ways to pass from one formalism to an-
other one without loosing too much information. This would allow easier preference
elicitation and the possibility for solver reuse.
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• The study of tractable classes of soft constraints is still at its infancy. Much work
is still needed to identify significant and practically useful classes of soft constraints
with good computational properties.

• Preferences are more varied than those that can be currentlyexpressed with soft
constraints or other preference-based formalisms. We envision extensions of the
concept of soft constraint to model also other kinds of preferences, such as bipolar,
qualitative, and conditional preferences.

Another more practical issue is the practical integration of existing algorithms in pop-
ular constraint based tools which is still unsatisfactory.Significant developments in these
and other lines of research will allow soft constraints to bepractically and widely used in
many real-life scenarios, as the main framework for the handling of over-constrained and
preference-based problems.
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[45] H. Fargier. Problèmes de satisfaction de contraintes flexibles et application à
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Chapter 10

Symmetry in Constraint Programming

Ian P. Gent, Karen E. Petrie, Jean-François Puget

Symmetry in constraints has always been important but in recent years has become a ma-
jor research area in its own right. A key problem in constraint programming has long been
recognised: search can revisit equivalent states over and over again. In principle this prob-
lem has been solved, with a number of different techniques. As we write, research remains
very active for two reasons. First, there are many difficulties in the practical application
of the techniques that are known for symmetry exclusion, andovercoming these remain
important research problems. Second, the successes achieved in the area so far have en-
couraged researchers to find new ways to exploit symmetry. Inthis chapter we cover both
these issues, and the details of the symmetry exclusion methods that have been conceived.

Figure 10.1: The solution to the puzzle of finding a chess position containing nine queens
and a king of each colour, with the rule that no piece is on the same line (row, column or
diagonal) as any queen of the opposite colour. Up to symmetry, the solution is unique.
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To illustrate what we mean by symmetry, we consider the chesspuzzle shown in Fig-
ure 10.1. The solution to this puzzle is unique “up to symmetry” [115], but what do
we mean by symmetry in this context? By a “symmetry”, we mean an operation which
changes the positions of the pieces, but whose end-state obeys all the constraints if and
only if the start-state does. Given a solution, which by definition satisfies all the con-
straints, we can find a new solution by applying any symmetry to the first solution we find.
For example, given the pictured solution to the puzzle, we can swap the colours of each
piece, so the black queens appear where the white queens are and vice versa. Similarly, we
can rotate the chessboard by any multiple of 90 degrees to yield a new solution. Finally,
we can reflect the chessboard about the horizontal axis, the vertical axis and both of the di-
agonal axes. Since these symmetries can be combined, there are 16 symmetries available,
including the identity operation of leaving everything where it is.

Why is symmetry important? The main reason is that we can exploit symmetry to
reduce the amount of search needed to solve the problem. Thisis of enormous potential
benefit. For example, suppose we search for a solution to our chess puzzle, and the first
assignment is to place a white queen in the top left hand corner. In fact, the search decision
was not really to try a white queen in the top left corner, but instead the decision was to
try all potential solutions with a queen of either colour in any corner of the board. Since
there are 16 symmetries, we have the potential to reduce search by a factor of 16. A second
reason for symmetry’s importance is that many constraint problems have symmetry in
them. Moreover, the act of modelling can introduce symmetries. For example, if we
modelled the chess puzzle above with a variable for each queen ranging from 1 to 64
expressing its placement, there would be2(9!)2 symmetric versions of each solution, as
each set of queens can be permuted and the two sets swapped. Yet, this model might be
desirable for effective propagation and heuristics, and sowe would like to be able to deal
with its symmetries effectively.

By far the most important application of symmetry in constraint programming is “sym-
metry breaking” in order to reduce search. The goal of symmetry breaking is never to
explore two search states which are symmetric to each other,since we know the result in
both cases must be the same.1 It is common to identify three main approaches to symme-
try breaking in constraint programming. The first approach is to reformulate the problem
so that it has a reduced amount of symmetry, or even none at all. The second is to add
symmetry breaking constraints before search starts, thereby making some symmetric solu-
tions unacceptable while leaving at least one solution in each symmetric equivalence class.
The final approach is to break symmetry dynamically during search, adapting the search
procedure appropriately. This breakdown is simplistic, inthat there is enormous variation
within each approach, and great commonalities between approaches. However, it is a very
useful informal categorisation and we will structure our discussion around it.

In the rest of this chapter we hope to answer the following questions: How do we go
about achieving the search reductions that are possible? What general methods are there,
and what tradeoffs are involved? How can we make it as easy as possible for the day-to-day
constraint programmer to use? What research directions remain?

1The phrase “symmetry breaking” might be misleading, because not all methods actually break symmetry
in the sense of creating a problem without symmetry. However, the usage is entrenched in the community and it
would be even more confusing to try to change it.
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10.1 Symmetries and Group Theory

The study of symmetry in mathematics is calledgroup theory. We assume no background
in group theory for reading this chapter, so we introduce allthe concepts we need. We
make no apologies for emphasising the role of group theory atthis early stage, as it es-
sential to understanding the role of symmetry in constraintprogramming. We can only
introduce very briefly the key concepts, so this section should be taken only as the light-
est introduction to what is one of the largest research areasin mathematics. Fortunately
for most constraint programmers, a little knowledge of group theory is in fact enough to
understand most of the work done to date. Sadly, introductions to group theory for math-
ematicians often take for granted the link with symmetry, sowe will spend a little time
explaining this. We will explain group theory throughpermutations. First, nothing is lost
since every group can be expressed as a set of permutations. Second, it makes it very
easy to understand the link between a symmetry as an element of a group and a symmetry
as anaction. We will emphasise the notion of a group action, since this expresses how
symmetries transform search states, and this is our main interest.

Example 10.1.Chessboard Symmetries
Consider a3 × 3 chessboard. We label the nine squares with the numbers 1 to 9.These
numbers are thepointsthat will be moved by symmetries. There are eight natural symme-
tries of a chessboard. We always include theidentitysymmetry, which leaves every point
where it is. The identity is shown at the top left of Figure 10.2. Then, we can rotate the
chessboard by 90, 180, and 270 degrees in a clockwise direction. The resulting locations of
the points are shown in the rest of the top row of Figure 10.2. Finally, there are reflections
in the vertical axis, in the horizontal axis, and in the two main diagonal axes, and these are
shown in the bottom row.

1 2 3
4 5 6
7 8 9

id

7 4 1
8 5 2
9 6 3

r90

9 8 7
6 5 4
3 2 1

r180

3 6 9
2 5 8
1 4 7

r270

3 2 1
6 5 4
9 8 7

x

7 8 9
4 5 6
1 2 3

y

1 4 7
2 5 8
3 6 9

d1

9 6 3
8 5 2
7 4 1

d2

Figure 10.2: The 8 Symmetries of a3× 3 chessboard

The link between symmetries and permutations can be seen very simply. A permu-
tation is a one-to-one correspondence between a set and itself. Each symmetry defines a
permutation of the set of points. An easy way to write down permutations is inCauchy
form. Cauchy form is two rows of numbers. The top row is the complete set of elements,
in ascending order, that the permutation acts over. The second row shows which number
each element of the top rows maps to. For example, the identity symmetry and permutation
maps each point to itself, and is shown in Cauchy form on the top left of Figure 10.3. The
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rotational symmetry by 90 degrees is shown in Cauchy form on the top right. We see that
the point 1 is replaced by 7 afterr90, 7 in turn is replaced by 9, 9 by 3, and 3 by 1. This
gives acycle(1 7 9 3). Another cycle is(2 4 8 6) and there is another trivial cycle just
containing(5). In the main, group theorists do not use Cauchy form, preferring a notation
based on the set of cycles a permutation defines.

id :

„

1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9

«

r90 :

„

1 2 3 4 5 6 7 8 9
7 4 1 8 5 2 9 6 3

«

r180 :

„

1 2 3 4 5 6 7 8 9
9 8 7 6 5 4 3 2 1

«

r270 :

„

1 2 3 4 5 6 7 8 9
3 6 9 2 5 8 1 4 7

«

x :

„

1 2 3 4 5 6 7 8 9
3 2 1 6 5 4 9 8 7

«

y :

„

1 2 3 4 5 6 7 8 9
7 8 9 4 5 6 1 2 3

«

d1 :

„

1 2 3 4 5 6 7 8 9
1 4 7 2 5 8 3 6 9

«

d2 :

„

1 2 3 4 5 6 7 8 9
9 6 3 8 5 2 7 4 1

«

Figure 10.3: Permutations representing the symmetries of achessboard, written in Cauchy
form

Example 10.2.Cyclic form
The symmetryr90 above contains cycles(1 3 9 7), (2 4 6 8), and(5). Thecyclic formof
r90 is (1 3 9 7)(2 4 6 8)(5) although cycles of length one can be omitted. The permutation
maps each point to the succeeding element of the cycle it is in, except that the last element
is mapped to the first and a point in no cycle is mapped to itself. In cyclic form, we can
write the symmetries of the3× 3 chessboard as shown in Figure 10.4.

id : () r90 : (1 3 9 7)(2 4 6 8)

r180 : (1 9)(2 8)(3 7)(4 8) r270 : (1 7 9 3)(2 4 8 6)

x : (1 3)(4 6)(7 9) y : (1 7)(2 8)(3 9)

d1 : (2 4)(3 7)(6 8) had2 : (1 9)(2 6)(4 8)

Figure 10.4: Permutations representing the symmetries of achessboard, written in cyclic
form

Comparing Figures 10.3 and 10.4 shows that the cyclic form isfar more concise, espe-
cially when many points are unmoved by a permutation. One disadvantage is that it does
not define exactly the set of points that the permutation is acting on: for example none of
the permutations above move the point 5, so the number 5 does not appear in Figure 10.4.
Also, the same permutation can be written down in many different ways, since cycles can
appear in any order and each cycle can start with any element in it. However, the cyclic
form is so natural for people to use that the computational group theory system GAP uses
it as its input language for permutations, even though it then converts them internally into
a more computationally efficient form.
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Both forms of writing down permutations make it easy to see how a permutationacts
on a point. In general, ifp is a point andg a permutation, then we will writepg to write
down the point thatp is moved to underg. For example,1r90 = 7, and1r270 = 3. We
often extend this notation in the natural way to sets of otherdata structures containing
points. For example, we have{1, 3, 8}r90 = {1r90, 3r90, 8r90} = {7, 1, 6} = {1, 6, 7}:
the equivalence between the last two terms is simply becausesets are unordered.

There are certain key facts about permutations which provide the link between them
and groups. We will explain these, then provide the fundamental definition of a group.
First, it is easy to work out the composition of two permutations, which for permutationsf
andg we will write asf ◦ g. The result off ◦ g is calculated by taking, for each point, the
result of moving that point underf and then byg. That is, for any pointp, pf◦g = (pf )g.
It is important to notice the order of action, i.e. we dof and theng when we writef ◦ g,
which is the other way round compared to function composition such assin(cos(x)). Since
bothf andg are one-to-one correspondences, so is their composition, so the composition
of two permutations is another permutation. We can calculate the composition pointwise:
we simply work out what 1 moves to underf , then what the result moves to underg, and
repeat for each other point.

Example 10.3.Composition of Permutations

r90 =

„

1 2 3 4 5 6 7 8 9
7 4 1 8 5 2 9 6 3

«

x =

„

1 2 3 4 5 6 7 8 9
3 2 1 6 5 4 9 8 7

«

r90 ◦ x =

„

1 2 3 4 5 6 7 8 9
9 6 3 8 5 2 7 4 1

«

= d2

We have already described the existence of the identity permutation, which we callid.
This can be defined as the empty set of cycles for any set of points. For any permutation
f there is aninversepermutation, such thatf ◦ f−1 = id. This is easily calculated: in the
cyclic form we just reverse the order of each cycle; and in theCauchy form we swap the
two rows and then reorder the columns so that the first row is innumerical order.

Example 10.4. Inverse of a permutation

r90 =

„

1 2 3 4 5 6 7 8 9
7 4 1 8 5 2 9 6 3

«

„

7 4 1 8 5 2 9 6 3
1 2 3 4 5 6 7 8 9

«

by swapping rows

r90−1 =

„

1 2 3 4 5 6 7 8 9
3 6 9 2 5 8 1 4 7

«

by reordering = r270

Finally, we note that composition of permutations is associative. That is,f ◦ (g ◦ h) =
(f ◦ g) ◦ h. The truth of this relies on the definition of permutation composition, i.e. that
g ◦ h gives, for each point, the same result as applyingg and thenh. So, for example,
7(f◦g)◦h) is the result of applyingf to 7, g to the result, andh to the result of that: but this
is exactly the same as7f◦(g◦h), which is also found by applyingf , to 7, g to the result, and
h to the result of that. We now, finally, present the axioms defining a group.
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Definition 10.5. Group Axioms
A group is a non-empty setG with a composition operator◦ such that:
- G is closed under◦. That is, for allg, h ∈ G, g ◦ h ∈ G; and
- there is an identityid ∈ G. That is, for allg ∈ G, g ◦ id = id ◦ g = g; and
- every elementg ofG has an inverseg−1 such thatg ◦ g−1 = g−1 ◦ g = id; and
- ◦ is associative. That is, for allf, g, h ∈ G, (f ◦ g) ◦ h = f ◦ (g ◦ h).

Definition 10.6. Order of a Group
Theorderof a groupG is the number of elements in the setG. It is denoted by|G|.

Example 10.7. The set of symmetries of a chessboard{id, x, y, d1, d2, r90, r180, r270}
form a group of order 8. We have thatr90−1 = r270, r270−1 = r90, and all other
elementsg are self-inverse, i.e.g−1 = g. The group of a chessboard is non-commutative,
sinced1 ◦ r90 = x but r90 ◦ d1 = y. In most applications in constraint programming,
the group is not commutative. Note that we omitted mention ofthe operation associated
with the group, i.e. permutation composition: this is oftendone where it will not cause
confusion.

Note that our (entirely standard) definition of a group nowhere mentions the action
done by the group element. It is vital to understand that group elements can operate in two
distinct ways. First, there is the action that a group element (i.e. symmetry) has on the
points that it acts on. In the chessboard example, the pointswere1 . . . 9, and we wrotepg

for the result of the action ofg on pointp. This is what we have emphasised up to now.
Second, a group elementg operates by the composition operator to permute the values of
other elements in the group. That is,f ◦ g gives another group element. The latter kind
of operation is the focus of most study in group theory. In contrast, it is the group action
which is of far more importance to us, since it is this action which represents the function
of a symmetry on the variables and values in a constraint problem.

For permutations, the operation◦ is composition as described above. We have already
shown that there is an identity permutation, all permutations have inverses, and that com-
position of permutations is associative. The final condition isclosure. We have shown that
the composition of two permutations is another permutation. However, for a set of permu-
tations to form a group, we have to have that the composition of any two permutations is
in the set. This depends on the set of permutations we have chosen. There is an easy way
to guarantee closure, which is to take a set of permutations and generateall permutations
which result from composing them arbitrarily.

Definition 10.8. The Generators of a Group
Let S be any set of elements (for example, permutations) that can be composed by the
group operation◦ (for example, permutation composition). The setS generatesG if every
element ofG can be written as a product of elements inS and every product of any se-
quence of elements ofS is inG. The setS is called aset of generatorsfor G and we write
G = 〈S〉.

Example 10.9.Generators of Chessboard Symmetries
The chessboard symmetries are generated by{r90, d1} since:
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id = r90 ◦ r90 ◦ r90 ◦ r90 =

„

1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9

«

r90 = r90 =

„

1 2 3 4 5 6 7 8 9
7 4 1 8 5 2 9 6 3

«

r180 = r90 ◦ r90 =

„

1 2 3 4 5 6 7 8 9
9 8 7 6 5 4 3 2 1

«

r270 = r90 ◦ r90 ◦ r90 =

„

1 2 3 4 5 6 7 8 9
3 6 9 2 5 8 1 4 7

«

d1 = d1 =

„

1 2 3 4 5 6 7 8 9
1 4 7 2 5 8 3 6 9

«

y = d1 ◦ r90 =

„

1 2 3 4 5 6 7 8 9
7 8 9 4 5 6 1 2

«

d2 = r90 ◦ r90 ◦ d1 =

„

1 2 3 4 5 6 7 8 9
9 6 3 8 5 2 7 4 1

«

x = r90 ◦ d1 =

„

1 2 3 4 5 6 7 8 9
3 2 1 6 5 4 9 8 7

«

Given any set of permutations, we can always work with the group generated by that
set, since it is by definition closed. Finding and working with generators can be a very
important means of representing groups. If there are|G| elements in a group, there is
always a generating set of sizelog2(|G|) or smaller.

Definition 10.10. Subgroup
A subgroupH of a groupG is a subset ofG that is itself a group, with the same composition
operator asG. Two simple and universal examples of subgroups are thatG is always a
subgroup ofG, as is{id}.

Example 10.11.Subgroup of Chessboard Symmetry:
The set{id, r90, r180, r270} form a subgroup of order 4. As can be seen from Exam-
ple 10.1, this can be generated by the elementr90.

Given a subgroupH of a groupG and an elementg of G, the (right)cosetH ◦ g is the
set of elements{h◦ g|h ∈ H}. Two cosets ofH inG constructed with different elements
are either disjoint or the same, i.e. ifH ◦ f ∩H ◦ g 6= ∅ thenH ◦ f = H ◦ g. Thus the
cosets ofH partition the elements ofG. Furthermore, all the cosets ofH have size|H |.
The number of cosets is called theindexof H in G and is denoted by|G : H |. If one
element is chosen from each coset ofH , then a set ofcoset representativesis formed, this
set is theright transversal. The groupG is the union of the cosets formed by composing
the elements ofH with these coset representatives.

Example 10.12.Cosets of Chessboard Symmetries
The groupG is the full chessboard symmetries, andH is the rotations of the chessboard.
Then the two cosets ofH are:{id, r90, r180, r270} and{d1, x, d2, y}, whereH = H ◦ id
andH = H ◦ d1. One set of coset representatives is{id, d1}, but there are a total of 16
possible sets of coset representatives, comprising one element from each coset.
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Theorbit of a point inG is a set of the different points that the point can be mapped to
by elements ofG.

Definition 10.13. Orbit
The orbit of a pointδ in G is the setδG = {δg | g ∈ G}.
Example 10.14.Orbits of Points on Chessboard
Looking back at the diagram of chessboard symmetries given in Example 10.1, the orbits
of a given point can be calculated. For example, the orbit of 1is {1, 3, 7, 9}, because
1id = 1, 1r90 = 7, 1r180 = 9, 1r270 = 3, and because all other group elements map 1 to
one of these points.

The stabiliserof a point is the set of elements which fixes or stabilises the point. It
indicates which elements can be applied to a point, which do not cause the value of the
point to move.

Definition 10.15. Stabiliser
LetG be a permutation group acting on (amongst others) a pointβ. Thestabiliserof β in
G is defined by:Gβ = {g ∈ G|βg = β}. The stabiliserGβ is a subgroup of the groupG.

Example 10.16.Stabilisers of chessboard symmetries
From Figure 10.2 of chessboard symmetries, the stabiliser of any given point can be iden-
tified. For instance, the stabiliser of point 1 isG1 = {id, d1} as these elements map point
1 back to itself. The stabiliser of point 5 is the whole groupG, i.e.G5 = G, since none of
the symmetries move point 5.

10.1.1 Group Theory in Constraint Programming

Whenever a constraint problem has symmetry, we can construct a group to represent the
symmetry in the problem. The elements of the group permute points, dependent on the
symmetries in the particular problem. The points that the elements of the group act on will
typically be variable-value pairs.

Example 10.17.Representing the Symmetry of the Chess problem in Figure 10.1
Variables- The CSP hasn2 variables corresponding to the squares of the chessboard, to
represent the variables requiresn2 labels
Values- There are5 possible values for each square of the chessboard: a white queen, a
black queen, a white king, a black queen, or it is empty.
Variable-Value- There aren2 possible labels for the variables, and5 possible labels for the
variables, to represent variable-value pairs requires5n2 points.

There is one particularly important group of permutations.The setSn of all permuta-
tions ofn objects forms a group and is called thesymmetric groupovern elements. The
groupSn is of sizen!. This group comes up frequently in constraints because we often
haven objects which are indistinguishable between each other, and which are thus acted
on bySn. It also arises in combinations. For example, we will see that a commonly oc-
curring situation is a two-dimensional matrix of variables, where we can freely permute
m columns (preserving the rows) andn rows (preserving the columns). Since we can first
permute the columns and then the rows, the group we have is a combination known as the
direct productSm × Sn.
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10.1.2 Computational Group Theory

Computational Group Theory is a large interdisciplinary research area in mathematics and
computer science. Butler has written a text book on the algorithms used in this area [17]
and Holtet al. [65] have recently written a handbook of computational group theory. There
are two major packages for computational group theory called GAP [46] and Magma [14].
Constraint programmers using symmetry can often employ GAPor Magma as an external
function. However, if that is not available or appropriate,understanding of computational
group theory algorithms is important. The most important algorithm of all is the Schier
Sims algorithm, for which we give an extremely brief outline.

The Schreier Sims algorithm [108] is used to construct a stabiliser chainG0, G1, . . . ,
Gn as follows:

G0 = G

∀i ∈ In, Gi = Gi−1

By definition,

Gi = {σ ∈ G : 0σ = 0 ∧ . . . ∧ (i− 1)σ = i− 1}
Gn ⊆ Gn−1 ⊆ . . . G1 ⊆ G0

The Schreier Sims algorithm also computes set of coset representativesUi. Those are
orbits ofi in Gi: Ui = iGi.

By definition,Ui is the set of values whichi is mapped to by all symmetries inG that
leave at least0, . . . , (i− 1) unchanged.

In constraint programming terms the stabiliser is perhaps the most useful concept of
those outlined above. The stabiliser of a variable/value pair shows what symmetry is left
unbroken once that value is assigned to the given variable, during search. This is explained
in more detail, with regards to GAP-SBDS, in Section 10.5.4.The stabiliser chain rep-
resents the symmetry which remains, after a collection of variables have been assigned
during search.

10.2 Definitions

It might seem self-evident that in order to deal with symmetry in constraint satisfaction
problems (CSPs), practitioners must first understand what is meant by symmetry. This
appears not to be true: many papers on the topic do not offer a precise definition of what
a symmetry is. The papers which do offer definitions often give fundamentally different
ones to each other, while still identifying the same symmetries in a given problem and
dealing with them correctly. There are two broad types of definition: those that define
symmetry as a property of the solution set and those that define symmetry as a property
that can be identified in the statement of the problem, without solving it. These will be
referred to as solution symmetry and problem symmetry. In this section we give a brief
survey of the definitions contained in the literature, before concentrating in more depth on
recent definitions proposed by Cohenet al [21].

An example of a definition of solution symmetry in CSPs is given by Brown, Finkel-
stein & Purdom [16]: “A symmetry is a permutation that leavesinvariant the set of so-
lutions sequences to a problem.” Backofen and Will [5] allowfor a much broader class
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of problem transformations: “A symmetryS for a constraint programCPr , where a set
of solutions for a given problem is denoted‖ CPr ‖, is a bijective function such thatS:
‖ CPr ‖→‖ CPr ‖.” Although not explicitly stated, Backofen and Will allow asymmetry
to be specified by its effect on each individual assignment ofa value to a variable, this
allows them to consider symmetries with regard to partial assignments.

Many definitions define restricted forms of symmetry that affect only the variables or
only the values. Interchangeability, as outlined in Definition 10.18 by Freuder [39], is a
limited form of solution symmetry, which only operates overvalues.

Definition 10.18. Two valuesa, b for a variablev are fully interchangeable iff every solu-
tion to the CSP containing the assignment〈v, a〉 remains a solution whenb is substituted
for a, and vice versa.

As Freuder notes, in general identifying fully interchangeable values requires finding
all solutions to the CSP. He defines local forms of interchangeability that can be identified
by inspecting the problem. Definition 10.19 outlines neighbourhood interchangeability,
which is a form of constraint symmetry.

Definition 10.19. Two valuesa, b for a variablev are neighbourhood interchangeable iff
for every constraintC on the variablev, the set of variable-value pairs that satisfies the
constraint with the pair〈v, a〉 is the same as the set of variable-value pairs that satisfies
the constraints with the pair〈v, b〉.

Choueiry and Noubir extend the idea of interchangeability to compute another form of
local interchangeability, and showed how to exploit these results in practice [19].

Benhamou [8] extends the ideas of value interchangeabilityslightly and distinguishes
betweensemanticandsyntacticsymmetry in CSPs, corresponding to solution symmetry
and problem symmetry respectively. He defines two kinds of semantic symmetry. Two
valuesai andbi for a CSP are symmetric for satisfiability if: there is a solution which
contains the valueai iff there is a solution which contains the valuebi. Two valuesai
and bi are symmetric for all solutions if: each solution containing the valueai can be
mapped to a solution containing the valuebi, and vice versa. If two values are symmetric
for all solutions they are also symmetric for satisfiability. Identifying semantic symmetries
requires solving the CSP to find all solutions, and then examining them. Benhamou defines
syntactic symmetry to mean that the permutation does not change any constraint relation,
defined as a set of tuples.

The notion of interchangeable values has been and is still widely used and studied, e.g.
[72, 55]. However, for the purposes of this overview, we regard interchangeability as a
kind of value symmetry. Thus, we often discuss methods below which can be applied to
interchangeable values, but do not point this out explicitly.

In contrast to this value centric approach, variable centric definitions have also been
proposed. In CSPs, permuting the variables in a constraint defined intensionally will in
general change the constraints, e.g. the constraintx+y = z is not the same as the constraint
x+z = y. Puget [97] defines the notion of a symmetrical constraint, i.e. a constraint which
is not affected by the order of the variables. For instance, the 6= constraint is symmetrical.
Puget’s definition means that a symmetry of a CSP is a permutation of the variables which
maps the set of constraints into a symmetrically equivalentset: any constraint is either
unchanged by the permutation or is an instance of a symmetrical constraint and is mapped
onto a constraint on the same set of variables.
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A similar idea was introduced by Roy and Pachet [105]. They define the notion of
intensional permutability. For two variables to be intensionally permutable they musthave
the same domain; any constraints affecting either of the twovariables must affect both; and
the two variables must be interchangeable in these constraints. The constraint is assumed
to be defined intensionally, i.e. in terms of a formula, hencethe name. An example of
intensional permutability can be given by considering a linear constraint: in this case any
two variables with the same coefficient and the same domain are intensionally permutable
with respect to that constraint.

The definitions of symmetry given by Puget [97] and Roy & Pachet are restricted to
permuting variables of the problem. Meseguer and Torras [84] give a definition of symme-
try which acts on both the variables and the values of a CSP. Their definition allows both
variable symmetries (that permute only the variables) and value symmetries (that permute
only the values) as special cases. However, it does not fit every transformation of a CSP
that we would want to recognise as a symmetry. Meseguer and Torras use the chessboard
symmetries as an example, in a commonly used CSP formulationwhere only one piece
is placed per row, the variables correspond to the rows of thechessboard and the values
correspond to the columns. They show that reflection through180◦ is a symmetry of the
CSP by their definition, but four symmetries are not: reflection in the diagonals, rotation
through90◦, and270◦.

McDonald and Smith [82] state that “a symmetry ofP is a bijective functionσ : A→
A whereA is some representation of a state in search e.g. a list of assigned variables,
a set of current domains etc., such that the following holds:1. Given A a partial or full
assignment of P, if A satisfies the constraints C, then so doesσ(A); and 2. Similarly, ifA
is a nogood, then so too isσ(A).” This allows symmetries operating on both the variables
and values; it gives a good intuitive view of problem symmetry space. However, due to
the undefined nature ofA it does not provide a rigorous definition, that could be used to
identify the symmetry of a problem.

The above survey of symmetry definitions shows that symmetrydefinitions differ both
on what aspect of the CSP they act on (only the variables, onlythe values or variable-value
pairs) and in what they preserve (the constraints or the set of solutions). All definitions
agree that symmetries map solutions to solutions; they disagree over whether this is a
defining property, so that any bijective mapping of the rightkind that preserves the solu-
tions must be a symmetry, or a consequence of leaving the constraints unchanged.

Defining symmetry as preserving the set of solutions does notseem to offer a practical
route to identifying symmetry in CSPs. Detecting semantic symmetries is, unsurprisingly,
intractable [85, 111]: to find the full symmetry group we might need all the solutions to the
CSP. On the other hand, the solution symmetry group is well-defined, whereas equivalent
CSPs differing only slightly in the way that constraints areexpressed, may have different
problem symmetries. It may be possible, either deliberately or inadvertently, to write the
constraints of a CSP in such a way that the symmetry of the problem being modelled is not
apparent.

For the purpose of this chapter a definition of both solution symmetry, Definition 10.20,
and a definition of problem symmetry, Definition 10.21 are given. These are in the spirit
of [21], but are less formally defined.

Definition 10.20. Solution Symmetry
A solution symmetry is a permutation of the set of〈variable, value〉 pairs which preserves
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the set of solutions.

Definition 10.21. Problem Symmetry
A problem symmetry is a permutation of the set of〈variable, value〉 pairs which preserves
the set of constraints.

Both problem and solution symmetry allow variable and valuesymmetries as special
cases.

In order for Definition 10.21 to be complete, a suitable interpretation of what it means
to preserve the sets of constraints is needed. Any constraint ci with scopeVi ⊆ V can
be defined by a set of satisfying〈variable, value〉 tuples. A symmetry whose action on
the set of possible〈variable, value〉 tuples has been specified can be applied to the set of
〈variable, value〉 tuples satisfying a constraint, yielding a new set of〈variable, value〉
tuples. The resulting〈variable, value〉 tuples may not all relate to the same set of vari-
ables as the original constraint or each other. However, if the results of applying the sym-
metry to all the〈variable, value〉 tuples, defining all the constraints is the same set of
〈variable, value〉 tuples, it can be said that the constraints are unchanged by the action
of the symmetry. This definition does not require a symmetry to leave each individual
constraint unchanged, but rather the set of constraints.

A recent paper by Cohenet al., looks more closely at the differences between Solution
Symmetry and Problem Symmetry (which they call Constraint Symmetry) [21]. Cohen
et al. both give more rigorous definitions of the two concepts, and show the difference
between the two definitions in practice.

10.3 Reformulation

Modelling has a substantial effect on how efficiently a problem can be solved. An appro-
priate reformulation of a model can turn an infeasible problem in practical terms into a
feasible one. Modelling and reformulation are equally important for symmetry breaking.
Different models of the same problem can have different symmetries; one formulation can
have symmetries which are easier to deal with than another. In extreme cases, one formu-
lation can have no symmetry at all. In other cases, the amountof symmetry can be greatly
reduced from one model to another. Moreover, once a problem has been reformulated the
remaining symmetries can still be dealt with before or during search, while other symme-
try breaking methods can lead to great difficulties in combination with each other. Thus,
reformulation of a problem can be critical in dealing with symmetries.

For a first example we mention the well known “social golfers problem”, problem 10
in CSPLib, although we will only sketch the issues here sinceSmith goes into some detail
in her chapter.2 In this problem, 32 golfers want to play in 8 groups of 4 each week, so
that any two golfers play in the same group at most once, for asmany weeks as possible,
the difficult case being 10 weeks. We can construct an otherwise sensible model with
32!10!8!104!80 symmetries: we can permute the 32 players; we can permute the10 weeks;
within each week we can (separately) permute the groups; andwithin each group we can
(separately) permute the four players. In this model there are more than10198 symmetric
versions of each essentially different solution, and thereis a very good chance that search

2“Modelling”, by Barbara Smith, this Handbook.
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will thrash impossibly. By remodelling, Smith reduces thisnumber to32!10! [113]. For
each pair of players we have a variable indicating which weekthey play together in (or
an extra variable if they never meet): the only symmetries left are the week and the player
symmetries. There are still huge numbers of symmetries left, but they are of a much simpler
form.

One important technique is the use ofset variableswhere we have a number of in-
distinguishable variables. Set variables are available inmost constraint solvers, and allow
us to express constraints on sets’ size, intersection, union, etc. In the golfers’ problem,
for example, one might encode the groups playing within eachweek as being eight set
variables. Each one is constrained to be of size 4 and they arepairwise constrained to have
no intersection. Because set variables are implemented with no implicit ordering between
elements, we have lost the4! symmetries in each group, reducing the total symmetries by
a factor of2480 in the problem. Furthermore, in the golfers’ problem we can represent
the constraint that two players play together no more than once, by saying that the inter-
section of any two groups in different weeks is of size 1 or 0. There are some theoretical
and practical difficulties associated with set variables. One is that different representations
of set variables by the solver have dramatically different behaviours in propagation [67]:
if a solver happens to use the representation least suitablefor the constraints being used,
search can be dramatically increased. Another difficulty occurs when we wish to use a
mixture of set and integer variables. We may have constraints on elements of a set that
are most natural to express on integer variables. “Channelling” between set and integer
variables can be difficult and can again lead to a failure to propagate until late in search.
Alternatively, we might re-introduce integer variables torepresent the elements of the set,
thereby bringing back many of the symmetry problems that theset variables avoided in
the first place. Despite these potential disadvantages, setvariables remain a very impor-
tant modelling technique to consider in any problem where a number of variables have
the symmetry groupSn. Because of this, representation of set variables and propagation
techniques for them are an important area of study [56, 67, 75, 106]. Another chapter in
this Handbook describes set variables in detail.3

Another example of reformulation again illustrates the dramatic improvements that can
be achieved, while even more dramatically illustrating theextent to which reformulating
is an art more than a science. The all-interval series problem (problem 7 in CSPLib) is
to find a permutation of then integers from 0 ton − 1 so that the differences between
adjacent numbers are also a permutation of the numbers from 1to n− 1. There are 4 ob-
vious symmetries in the problem: the identity, reversing the series, negating each element
by subtracting it fromn− 1, and doing both. Gent et al [54] report on a reformulation of
the problem based on the observation that we can cycle a solution to the problem about a
pivot to generate another solution. The location of this pivot is dependent on the assign-
ments made. As an example, here are two solutions forn = 11. Differences are written
underneath the numbers:

0 10 1 9 2 8 3 7 4 6 5 3 7 4 6 5 0 10 1 9 2 8
10 9 8 7 6 5 4 3 2 1 4 3 2 1 5 10 9 8 7 6

The difference between the first number (0) on the left and last number (5) is 5. This means
we can split the sequence between the 8 and 3, losing the difference 5. We can join the

3“Constraints over Structured Domains”, by Carmen Gervet, this Handbook.
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rest of the sequence on to the start, because the5 − 0 will now replace8 − 3. This yields
exactly the solution shown on the right. In this case the pivot is between the values 8 and
3. The difference between first and last terms must always duplicate a difference in the
sequence, so this operation can be applied to any solution. Because of this, we do not
merely reformulate the constraint model, but actually moveto solve a different problem,
whose solutions lead to solutions of the original. In the reformulated problem, we find a
permutation of the sequence0, 1, . . . n − 1, but we now include the difference between
first and last numbers, givingn differences instead ofn − 1. The sequence has to obey
two constraints: that the permutation starts0, n− 1, 1; and that then differences between
consecutive numbers contain all of1, . . . n−1 with one difference occurring exactly twice.
[50] show that (forn > 4) each solution gives 8 distinct solutions to the all-interval series
problem, but the reformulation has no symmetry at all. Search in this model is about 50
times faster than any competing technique.

It is possible to take advantage of different ‘viewpoints’ [73] of a constraint problem.
To take a simple example, suppose we insist thatn variables, each with the samen values,
must all take different values. We can look at this problem from two points of view: we can
find values for each variable, or we can find variables for eachvalue. If there is symmetry,
then value symmetry in the first viewpoint is interchanged with variable symmetry in the
second viewpoint, and vice versa. This is useful if we have athand a technique which is
good at one kind of symmetry: for example Roney-Dougalet al [103] used this idea to
break a group of variable symmetries using an efficient technique for value symmetries.
Flener et al [36]. showed how value symmetries in matrix models can be transformed to
variable symmetries by adding a dimension of 0/1 variables to the matrix, the new sym-
metries being broken using techniques described in Section10.4.5 below. Law and Lee
studied this idea theoretically and generalised it to caseswhere the translation is not to 0/1
variables [74].

Recently, there has been one significant advance in understanding how reformulation
can be applied mechanically. Prestwich has shown that valuesymmetries can be eliminated
automatically by a new encoding from constraints into SAT, the ‘maximality encoding’
[93]. This breaks all value symmetries of a special kind Prestwich calls ‘Dynamic Sub-
stitutability’, a variant of Freuder’s value interchangeability [39]. A particular important
aspect of the contribution is that Prestwich’s encoding eliminates all dynamic substitutabil-
ity without any detection being necessary. This means that no detection program needs to
be run, nor does the constraint programmer need to specify the symmetry in any form. A
disadvantage of this technique is its limitation to certaintypes of value symmetry. How-
ever, as mentioned above, any remaining symmetry in the translated SAT problem can be
detected and broken using standard SAT techniques.

Sadly, for a method with so many advantages, there is very little we can say about
reformulation because there is no fully general technique known. Not only that, but the il-
lustrative examples above show considerable insight abouttheir respective problems. Also,
there was no guarantee (before running the relevant constraint programs) that they would
lead to improved search. About the only truly general comment we can make is that the
very great importance of formulating problems to reduce symmetry is not fairly reflected
in the short space we devote to it in this chapter. There is a wonderful research opening for
the discovery of general techniques akin to the lex-leader method for adding constraints,
moving the area of reformulation from a black art to a sciencewhere questions were on
tradeoffs and implementation issues, rather than the need for magical insights.
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10.4 Adding Constraints Before Search

Without doubt, the method of symmetry breaking that has beenmost used historically
involves adding constraints to the basic model. In this context, the term “symmetry break-
ing” is entirely appropriate. We move from a problem with a lot of symmetry to a new
problem with greatly reduced symmetry – ideally with none atall. The constraints we add
to achieve this are called “symmetry breaking constraints”.

Constraint programmers have always added symmetry breaking constraints in an ad
hoc fashion when they have recognised symmetry in a constraint problem. Often it is easy
to think of constraints that break all or a large part of symmetry. For example, suppose
that we have 100 variables in an arrayX which are indistinguishable (so that they can
be freely permuted). It is straightforward, and correct, toinsist that the variables are in
nondecreasing order,X [1] ≤ X [2] . . . ≤ X [100]. If we further know that all variables
must be different, we can make this strictly increasing order: X [1] < X [2] . . . < X [100].
If it happens that the variables take the values 1..100, thensimple constraint propagation
will deduce thatX [1] = 1, X [2] = 2, . . . , X [100] = 100. If the programmer notices this
beforehand, then we can reformulate the problem to replace each variableX [i] with the
valuei throughout our program. There are many examples where constraint programmers
have added more complicated constraints to break symmetries. A typical example from
the literature is adding constraints to break symmetry in the template design problem [96].
This is fine if done correctly, but can obviously lose solutions if done incorrectly. Standard
methods have been developed which can make the process easier and more likely to be
correct, in the situations where they apply. Even where these are not directly applicable,
a knowledge of them will serve constraint programmers well,as it should simplify the
derivation of correct constraints which can be added by hand.

10.4.1 The Lex-Leader Method

Puget [97] proved that whenever a CSP has symmetry, it is possible to find a ‘reduced
form’, with the symmetries eliminated, by adding constraints to the original problem.
Puget found such a reduction for three simple constraint problems, and showed that this
reduced CSP could be solved more efficiently than in its original form. Following this, the
key advance was to show a method whereby such a set of constraints could be generated.
Crawford, Ginsberg, Luks and Roy outlined a technique, called “lex-leader” for construct-
ing symmetry-breaking ordering constraints for variable symmetries [22]. In later work,
Aloul et al also showed how the lex-leader constraints for symmetry breaking can be ex-
pressed more efficiently [2]. This method was developed in the context of Propositional
Satisfiability (SAT), but the results can also be applied to CP.

The idea of lex-leader is essentially simple. For each equivalence class of solutions
under our symmetry group, we will predefine one to be the canonical solution. We will
achieve this by adding constraints before search starts which are satisfied by canonical
solutions and not by any others.

The technique requires first choosing a static variable ordering. From this, we induce
an ordering on full assignments. The ordering on full assignments is straightforward. The
tuple is simply the values assigned to variables, listed in the order defined by our static
ordering. Since the method is defined for variable symmetries, any permutationg converts
this tuple into another tuple, and we prefer the lexicographically least of these. This method
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A B C
D E F

→ F E D
C B A

1. ABCDEF �lex ABCDEF
2. ABCDEF �lex ACBDFE
3. ABCDEF �lex BACEDF
4. ABCDEF �lex CBAFED
5. ABCDEF �lex BCAEFD
6. ABCDEF �lex CABFDE

7. ABCDEF �lex DEFABC
8. ABCDEF �lex DFEACB
9. ABCDEF �lex EDFBAC
10. ABCDEF �lex FEDCBA
11. ABCDEF �lex EFDBCA
12. ABCDEF �lex FDECAB

Figure 10.5: A3 × 2 matrix containing 6 variables; and the result of swapping the two
rows and reversing the columns, giving the permutation mapping ABCDEF to FEDCBA.
Also shown are the 12 lex-leader constraints, including thetrivial one, arising from its 12
symmetries. Note how each constraint corresponds to a permutation of the variables, as the
method is defined to work for variable symmetries: the illustrated matrix transformation
gives constraint 10.

is, in principle, simple to implement. Each permutation in the group gives us one�lex

constraint. So the set of constraints defined by the lex-leader method is

∀g ∈ G, V�lexV
g (10.1)

whereV is the vector of the variables of the CSP, and�lex is the lexicographic ordering
relation. The lexicographic ordering is exactly as is standard in computer science, e.g.
AD�lexBC iff eitherA < B orA = B andD ≤ C.

A small example illustrates the method. Consider a3×2 matrix depicted in Figure 10.5,
in a context where the rows and columns may be freely permuted. The symmetries form
the groupS3 × S2, with order3!2! = 12. We pick the variables in alphabetical order,
so the vector of the variables of the problem is ABCDEF. The 12symmetries lead to the
12 lex-leader constraints shown in Figure 10.5, including the vacuous symmetry from the
identity.

An important practical issue with the lex-leader constraints is that they do not “respect”
the variable and value ordering heuristics used in search. That is, it may well be that the
leftmost solution in the search tree, which would otherwisebe found first, is not canonical
and so is disallowed, leading to increased search. This is incontrast to techniques such
as SBDS and SBDD (Sections 10.5.1 and 10.5.2), which do respect the heuristic. Simple
examples have been reported where the “wrong” heuristic canlead to dramatic increases
in runtime [52]. This problem is inherent in the method, but in many cases it is easy to
work out what is the “right” heuristic. In particular, if thesame static variable ordering is
used in search as was used to construct the lex-leader ordering, and values are tried from
smallest to largest, this conflict should not occur. However, this does limit the power of the
constraint programmer to use dynamic variable ordering heuristics.

A less easily solved problem with lex-leader is that many groups contain an exponential
number of symmetries. Lex-leader requires one constraint for each element of the group.
In the case of a matrix withm rows andn columns, this ism!n!, which is impractical
in general. Therefore there are many cases where lex-leaderis applicable but impractical.
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1. true
2. BE �lex CF
3. AD �lex BE
4. AD �lex CF
5. ABDE �lex BCEF
6. ABDE �lex CAFD

7. ABC �lex DEF
8. ABC �lex DFE
9. ABC �lex EDF
10. ABC �lex FED
11. ABCDE �lex EFDBC
12. ABCDE �lex FDECA

Figure 10.6: The lex-leader constraints for the3×2 matrix reduced on an individual basis.

2. BE �lex CF
3. AD �lex BE
7. ABC �lex DEF
8. ABC �lex DFE

9. ABC �lex EDF
10. ABC �lex FED
11. ABCD �lex EFDB
12. ABC �lex FDE

Figure 10.7: The lex-leader constraints for the3× 2 matrix reduced as a set.

However, lex-leader remains of the highest importance, because there are a number of ways
it is used to derive new symmetry breaking methods. We discuss these in the following
sections.

Finally we reiterate that the lex-leader method is defined only for variable symmetries:
i.e. those which permute the variables but always leave the value unchanged. Thus the
same restriction applies to the methods below based on lex-leader. It is not an issue in
the technique’s original domain, SAT, since there are only 2values [22]. If necessary,
we can add a new variable to represent the negation of each variable, and so symmetries
which change values can be made into variable symmetries. Unfortunately, if we have
d values, we needd! versions of each variable to apply this simple idea. Therefore, a
proper generalisation of lex-leader to deal with value symmetries would be valuable, even
if restricted to some special cases.

10.4.2 Simplifying Lex-Leader Constraints

Lex-leader constraints can be simplified, or ‘pruned’ to remove redundancies [22, 77]. Fol-
lowing Frisch and Harvey [41], we can illustrate this using the example from Figure 10.5.
The first idea is to look at each constraint individually. Forexample, consider constraint 2
above, ABCDEF�lex ACBDFE. We can remove the first and fourth variables from each
tuple, since clearlyA = A andD = D, giving BCEF�lex CBFE. But if B<C the con-
straint is satisfied whatever the other values, and otherwise we have B=C to satisfy the
constraint. In other words, if the second variables in the tuples are relevant, they must be
equal. Similarly for E and F, so in fact the constraint is equivalent to BE�lex CF. Applying
this reasoning everywhere we get the constraints shown in Figure 10.6. It is interesting
to note that constraints 2 and 3 show that the columns must be lexicographically ordered,
and that constraint 7 forces the rows to be lexicographically ordered. We return to this
observation in Section 10.4.5.

We can go further, treating the constraints as a set and not just individually. For ex-
ample,�lex is transitive, so constraints 2 and 3 imply constraint 4. A more complicated
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example is in constraint 11. The last elements of each tuple are E and C. But if they are
relevant, we have A=E and B=F=D=C. But constraint 3 implies A≤B, from which it fol-
lows that E≤C, so the last elements of the tuple are irrelevant and may be deleted. This
reasoning leads to a set of 8 constraints shown in Figure 10.7, equivalent to the original 12
[41].

Unfortunately, the approach outlined here does not get round the fundamental problem
of the exponential number of symmetries. In general the number of symmetries even in
the reduced set will still be exponential [77]. However, theapproach does illustrate how
the set of constraints can be simplified, and we will see in thenext section a special case
where the results are quite dramatic.

10.4.3 Symmetry with All-Different

The ‘all-different’ constraint occurs very commonly in constraint programming. It perhaps
occurs even more often in problems with symmetry. Puget has shown that [101] if we have
only variable symmetry (the only case where lex-leader is defined) on a set ofn variables
constrained by an all-different constraint, symmetry can be broken completely by only
n− 1 binary constraints. This result applies toanygroupG acting on the set of variables.
This remarkable result could hardly be bettered, but is in fact relatively simple.

We begin with an example, which contains only variable symmetries on a set of all-
different variables, but in which the group is not a straightforward group such asSn.

Example 10.22. Graceful Graph
We say that a graph withm edges isgracefulif there exists a labelingf of its vertices such
that:

• 0 ≤ f(i) ≤ m for each vertexi,

• the set of valuesf(i) are all-different,

• the set of valuesabs(f(i), f(j)) for every edge(i, j) are all-different.

A straightforward translation into a CSP exists where thereis a variablevi for each ver-
texvi, see [78]. The variable symmetries of the problem are induced by the automorphism
of the graph. There is one value symmetry, which mapsv tom−v, but we ignore that sym-
metry to leave only value symmetries. More information on symmetries in graceful graphs
is available in [89]. Petrie and Smith have considered various forms of both dynamic and
static symmetry breaking methods in graceful graphs [89], using these techniques they
found instances of graceful graphs that were not previouslyknown. As an example, let us
consider the the graphK3 × P2, which is shown in Figure 10.8. The group allows any of
the3! permutations ofK3, as long as the same permutation is applied to both copies ofK3

at the same time, as well as swapping the two triangles. Thereare thus 12 symmetries. In
fact, the group is isomorphic to that of the matrix in Figure 10.5, so the constraints are the
same as we showed there.

Using the fact that the variable are subject to an all-different constraint, we can signif-
icantly reduce the number of symmetry breaking constraints. For example, consider the
symmetry breaking constraint

ABCDEF�lexACBDFE
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Figure 10.8: The graphK3 × P2.

SinceA = A is trivially true, and sinceB = C cannot be true because of the all-different
constraint, this constraint can be simplified to just be:

B < C

This simplification is true in general and can be formalized as follows. Given a permutation
g, let s(g) be the smallesti such thatig 6= i, and lett(g) be equal to(s(g))g .

Lemma 10.23. [101]
Given a CSP where the variablesV are subject to an all-different constraint, and a variable
symmetry group G for this CSP, then all variable symmetries can be broken by adding the
following constraints:

∀σ ∈ G, vs(σ) < vt(σ)

Note that if two permutationsg andh are such thats(g) = s(h) andt(g) = t(h), then
the corresponding symmetry breaking constraints are identical. Therefore, it is sufficient
to state only one symmetry breaking constraints for each pair i, j such that there exists a
permutationg with i = s(g) andj = t(h). The set of these pairs can be computed using
the Schreier Sims algorithm [108]. In our example, these constraints are :

A < B,A < C,A < D,A < E,A < F,B < C

Note that these constraints are redundant. The constraintA < C is entailed by the first
and the last constraints. This remark can be used to reduce the number of constraints further
by taking into account the transitivity of the< constraints. The Schreier Sims algorithm
gives us a stabiliser chain and sets of coset representativesUi, as defined in Section 10.1.2.
Puget uses this to prove:

Theorem 10.24.[101]
Given a CSP withn variablesV , such that there exists an all-different constraint on these
variables, then all variable symmetries can be broken by at mostn− 1 binary constraints.

For our example, we get exactly 5 constraints: notice this isn− 1 in this case.

A < B,A < D,A < E,A < F,B < C
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While this is only a reduction of a single constraint, that issimply because of the small size
of the example. In general, Puget has reduced the number of symmetries required from a
possiblyn! to as little asn−1, for the commonly occurring case of variable symmetries in
the presence of an all-different constraint. As well as its value in its own right, this shows
the power of combining symmetry breaking constraints with constraints from a problem,
and this remains an area ripe for exploitation.

10.4.4 Subsets of Lex Leader

The previous section showed how, in the right circumstances, a polynomial number of
constraints can lead to equivalent reasoning to the full setof lex-leader constraints. Un-
fortunately, such a subset is not always available. Severalresearchers have proposed ways
to state only a polynomial number of constraints without preserving complete symmetry
breaking. Since the full set of lex-leader constraints leaves exactly one solution in each
equivalence class, using a subset must leaveat leastone in each class, but may leave more
than one. Thus, the symmetry breaking constraints do not guarantee to break all symme-
tries. In general the goal is to reach an acceptable tradeoff, with the greatly reduced number
of constraints leading to more efficient search. In some cases, sets of symmetry breaking
constraints have been proposed, and only later has it been realised that they represent a
subset of the lex-leader constraints. This is a testament tothe generality and naturalness of
lex-leader.

Aloul et al have shown, in SAT, that very successful results can be obtained from very
small subsets of lex-leader constraints, on examples such as FPGA routing problems [1].
Unlike the constraint-based work described so far, the symmetry group of the SAT problem
was found using a graph-automorphism procedure on the instance. Surprisingly, the subset
of symmetry breaking predicates used was simply the generators of the group found by
the graph-automorphism check. It is remarkable that this gave good performance since,
for example, a set of 21 generators was used in a group with1016 elements. Only very
special sets of generators are as effective as this, and it isnot well understood what makes
the generators found by graph-automorphism programs so good. While this is in a SAT
context, similar results should apply to constraint programming.

Shlyakhter showed that good (though generally incomplete)subsets of lex-leader con-
straints could be found for acyclic digraphs, permutations, relations, and functions [109].
Apart from the individual contributions, this establishesthe methodology of using the lex-
leader constraints as a means of finding incomplete sets of symmetry breaking constraints,
but subsets which are effective in practice. A particular case where this has proven to be of
great interest is that of matrix models, to which we turn next.

10.4.5 Specialised Ordering Constraints for Matrix Models

A number of authors have taken a rather different approach tochoosing appropriate con-
straints to break symmetry. This is based on the kind of symmetries that seem to arise very
often in constraint programming. Given some class of symmetries we decide are impor-
tant, we can analyse in general a subset of the lex-leader constraints which typically break
a substantial number of symmetries and which can be reasonedwith efficiently. The ad-
vantage of such a focus is that one can build special purpose methods for dealing with the
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symmetry breaking constraints, for example specialised algorithms for propagating Gen-
eralised Arc Consistency for the given set of constraints. Most work has concentrated on
symmetry-breaking constraints formatrix models; where ‘a matrix model is a constraint
program that contains one or more matrices of decision variables’ [36]. Matrix models are
indeed very commonly occurring. For example the golfers problem can be modelled as a
3-d boolean matrix whose dimensions correspond to weeks, players and groups. A vari-
ablexijk = 1 iff in week i, playerj plays in groupk [113]. Other problems one could use
as illustration are balanced incomplete block designs, steel meel slab design, progressive
party problem, rack configuration, template design, and thewarehouse location problem
[35].

The prime example of this body of work is that on lexicographically ordering rows
and columns in matrix models [36]. We deal with matrices where rows andcolumnsare
independently fully permutable. By this we mean that we can swap, at the same time,
all the variables in any two rows, preserving the order of thevariables within each row.
Alternatively, we can swap any two columns, preserving the order of the variables within
a column. This kind of symmetry occurs very commonly becausewe often introduce
symmetry through modelling. For example, in the 3-d model ofthe golfers problem, the
order of players, groups and weeks are arbitrary and each canbe permuted freely. An
n × m matrix with row and column symmetry is acted on by a group of order n!m!.
These symmetries change the orders of rows and columns, but important relationships are
preserved: specifically two elements in the same row are always in the same row, while
two elements in the same column remain in the same column.

The rows in a 2-d matrix arelexicographically orderedif each row is lexicographically
smaller (denoted�lex) than the next (if any). Adding lexicographic ordering on the rows
breaks all row symmetries. Similarly, we can break all column symmetry by ordering the
columns. But the interesting case is where we insist that both rows and columns should be
simultaneously lexicographically ordered [36]. It is not at all obvious that this is consistent,
i.e. that there is always a symmetry which will permute the rows and columns so that
both sets are lexicographically ordered. In fact, we can remove solutions if we insist on
the rows being in increasing order and the columns in decreasing order. However, it is
always possible if we insist that all dimensions are in increasing order, and the best way
to understand this is that the set of constraints are equivalent to a subset of the lex-leader
constraints [109]. In general a lexicographic ordering on both the rows and the columns
doesnot break all the compositions of the row and column symmetries.Nevertheless, in
practice it often breaks a useful amount of symmetry. This isimportant, because in general
it is NP-hard to find the lexicographical least representative of a matrix under row and
column symmetry [22, 10].

Because of the usefulness of lex-ordering rows and columns,and the simplicity of
the constraints, Frischet al introduced an optimal algorithm to establish generalised arc-
consistency for the�lex constraint [40] between two vectors. Time complexity isO(nb),
wheren is the length of the vectors andb is the time taken to adjust the bounds of an
integer variable (dependent on the implementation of variables being used). This therefore
gives an extremely attractive point on the tradeoff: a linear time to establish a high level
of consistency on constraints which often break a lot of the symmetry in matrix models.
The algorithm can be used to establish consistency in any useof �lex, so in particular is
useful for any use of lex-leader constraints. Carlsson and Beldiceanu [18] showed that
the propagation algorithm can be extended to generalised arc-consistency for achain of
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vectorsV1�lexV2�lex . . .�lexVm. This can deduce information not available if vectors are
compared pairwise, and is done in linear timeO(nbm) if there arem vectors.

Provided care is taken, lex ordering matrices can be combined with additional con-
straints to break more symmetry while still taking advantage of the efficient algorithms for
the lex constraints. Normally, this is done by choosing an appropriate subset of lex-leader
constraints. This is an easy way to guarantee correctness provided that the same ordering
of variables in the matrix is used as for the lex constraints:this means starting at the top
left and going either in row order or column order. A very common technique is to insist
that the top left hand corner is occupied by the (possibly equal) smallest element in the
matrix: this is not guaranteed by the lex constraints themselves. If all values in the entire
matrix are different, this additional constraint guarantees that all symmetry is broken [36].
There are other special cases where all symmetries are broken [36].

Other constraints have been developed in a similar way to thedouble-lex constraint, and
applied to breaking symmetries in matrices. Kiziltan and Smith investigated themultiset
ordering [70] following a suggestion of Frisch. The ordering is lexicographic ordering of
the multiset of elements of vectors written in increasing order. More formally, we have
V1 �ms V2 if either the smallest element ofV1 is less than the smallest element ofV2, or if
the smallest elements are the same, andV −

1 �ms V −
2 , where the new vectors result from

the deletion of a single occurrence of the smallest element.An advantage of the multiset
ordering is that it can be placed on (say) the rows without affecting the column symmetries
of a matrix. So it can for example be used even if the column symmetries do not form
the groupSn. Frischet al proposed a linear propagation algorithm for it, giving it similar
efficiency to their algorithm for double-lex [43].

Another example of work in the same style was the introduction of the “allperm” con-
straint by Frisch, Jefferson and Miguel [42]. We haveV1 �perm V2 if arrayV1 is lexico-
graphically less than any permutation ofV2. Frischet al study the ways in which this may
(and may not) be combined with other constraints such as double-lex and multiset. For ex-
ample, it is consistent to insist that rows and columns are lex ordered, and simultaneously
that the first row is�perm all others, but we may not demand that the second row is�perm
later rows. Again, a specialised propagation algorithm wasgiven for allperm.

We can construct 2-dimensional2n × 2n matrix model in which we insist that rows
and columns are lex ordered, yet still contains full matrix symmetry in ann×n submatrix.
An example forn = 3 is shown in Figure 10.9. The values of variables A to I are uncon-
strained, but if we insist that they form a latin square, the example is valid where rows are
columns are ordered by the multiset ordering. If we also insist that all of A to I are≥ 0,
the example works if we insist that the first row is�perm all other rows.

10.5 Dynamic Symmetry Breaking Methods

Dynamic symmetry breaking methods are those that operate tobreak symmetry during the
search process. SBDD and SBDS are two such methods describedin this section. In both
these methods symmetry acts on variable/value pairs. Symmetry breaking by heuristic is
included in this category, as although these variable and value ordering heuristics are fully
defined before search commences, they are used during search. These methods are outlined
in the subsequent sections.
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0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

0 0 1 A B C
0 1 0 D E F
1 0 0 G H I

⇒

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

1 0 0 G H I
0 1 0 D E F
0 0 1 A B C

⇓
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

0 0 1 G H I
0 1 0 D E F
1 0 0 A B C

Figure 10.9: An example to show that full matrix symmetry in abottom right submatrix
can remain even when all rows and columns are lex ordered. Theinitial matrix (divided
into quarters for clarity) is first transformed by swapping the fourth and sixth rows, and
then by swapping the first and third columns. The result is still double-lex ordered but
we have swapped the first and third rows of the submatrix. We can swap two columns
similarly.

10.5.1 Symmetry Breaking During Search (SBDS)

Symmetry-excluding search trees were introduced by Backofen and Will [4, 5]. Gent and
Smith [51] described in more detail the implementation of this technique, using the name
“Symmetry Breaking During Search”, but it is this latter name and its acronym “SBDS”
which seems to have stuck as the general name for this method.This is perhaps slightly un-
fortunate since there are many other ways to break symmetry during search, most notably
SBDD to be discussed in Section 10.5.2.

The basic idea of SBDS is to add constraints to a problem so that, after backtracking
from a search decision, the SBDS constraints ensure that no symmetric equivalent of that
decision is ever allowed. This is adynamictechnique, since we cannot add the constraints
until we know what search decision is being made. In general terms, SBDS can work on
any kind of search decision. However, for simplicity of discussion we will assume that all
search decisions are of the formvar = val, and a number of implementations of SBDS
make the same assumption.

We will first illustrate with an example the kind of constraints added by SBDS. A
search tree for the 8-Queens problem where the symmetry constraints added by SBDS are
indicated by♦ can be found in Figure 10.10. It is easiest to explain SBDS by going over
the tree breadth-first, instead of the depth-first search theactual search algorithm would
explore.

• Starting from the root, the first search decision in the search tree in Figure 10.10 is
Q[1] = 2, i.e. the queen in row 1 goes in position 2. SBDS adds no constraints to
the positive decisionQ[1] = 2. If we backtrack at the root, we can assertQ[1] 6= 2.
From that point on, we never want to try any state which contains any symmetric
equivalent toQ[1] = 2. We can achieve this by adding symmetric versions ofQ[1] 6=
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Q[1] = 2

♦ (Q[1] 6= 2)r90 ≡ Q[2] 6= 8

♦ (Q[1] 6= 2)r180 ≡ Q[8] 6= 7

♦ (Q[1] 6= 2)r270 ≡ Q[7] 6= 1

♦ (Q[1] 6= 2)d2 ≡ Q[7] 6= 7

Q[1] 6= 2

Q[2] = 4 Q[2] 6= 4
♦ (Q[1] 6= 2)x ≡ Q[1] 6= 7♦ Q[1] = 2→ (Q[2] 6= 4)r90 ≡ Q[4] 6= 7

♦ (Q[1] 6= 2)d1 ≡ Q[2] 6= 1

♦ (Q[1] 6= 2)y ≡ Q[8] 6= 2♦ Q[1] = 2→ (Q[2] 6= 4)r180 ≡ Q[7] 6= 5

♦ Q[1] = 2→ (Q[2] 6= 4)r270 ≡ Q[5] 6= 2

Figure 10.10: Example of SBDS on a search tree with the 8-queens problem.

2, i.e. by adding(Q[1] 6= 2)g for eachg in the group, although we can omitid if
the search algorithm itself assertsQ[1] 6= 2. The result of this in the case of the
chessboard symmetries is given on the right hand branch of Figure 10.10.

• At the next level of search, on the left hand side, the next search decision isQ[2] = 4.
Again we add no constraints to this positive decision. But ifwe backtrack from
this, we assertQ[2] = 4. It would no longer be correct to ban each symmetric
version of this decision, because the initial search decision Q[1] = 2 may have
broken some of the symmetry already. In this example,Q[1] = 2 rules outQ[1] =
7, Q[7] = 7, Q[2] = 1 andQ[8] = 2 since those squares are on the same row,
column, diagonal, and diagonal respectively. This means that no solution containing
Q[1] = 2 can possibly have the symmetriesx, y, d1 or d2. There is no need to assert
any constraints for these symmetries belowQ[1] = 2, and they are omitted from
Figure 10.10.

• Still considering the same node, the more complicated case is that of the symmetries
r90, r180 andr270. At this point in search we do not know whether or not these
symmetries apply. They may hold in some future states and notin others. We cannot
rule out, for example,(Q[2] = 4)r90 for all future states, as we might lose solutions
in states wherer90 does not hold, but equally we will do redundant search if we do
not rule it out in states wherer90 does hold. SBDS solves this dilemma by adding
constraints which rule out(Q[2] = 4)r90 conditionally. This conditional constraint
states that if ther90 is not broken (i.e.Q[2] 6= 8) then we have(Q[2] 6= 4)r90, i.e.
Q[4] 6= 7.

We can now state in general the constraints that SBDS adds, consider a node in search
where the partial assignmentA is to be extended by the decisionvar = val. For any
problem symmetryg, we can add the constraint:

A & Ag & var 6= val ⇒ (var 6= val)g (10.2)

To understand this constraint’s soundness, note that it is equivalent to

(A⇒ var 6= val)⇒ (A⇒ var 6= val)g

which is almost a triviality. More significantly this equation is true before search begins,
since it holds for anyA, var, val andg. From this point of view we can view SBDS
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as making heuristic choices as to which of the (in practical terms) infinite variety of such
constraints to add. Practical implementations of SBDS do not normally add the full form of
(10.2). If we add the constraint at the point in search where we backtrack from the choice
of var = val, then we knowA is true and we also know thatvar 6= val, leading to the
much simpler, but in context equivalent, form:

Ag ⇒ (var 6= val)g (10.3)

We can explain this simpler form by pointing out that it must be ensured that only unbroken
symmetries are dealt with, so it is checked thatAg still holds. Then to ensure that the
symmetrically equivalent subtree to the current subtree will not be explored, the(var 6=
val)g is placed.

Backofen and Will proved that this method is sound in that thefull non-symmetric
search space will be explored [5], i.e. no solutions can be completely missed. Backofen
and Will also showed that as long as all symmetries are correctly supplied, all the symmetry
will be eliminated, i.e. no two solutions returned by SBDS can be equivalent.

A number of implementations of SBDS have been provided. The most publicly avail-
able to date is that in ECLiPSe [88]. These implementations always demand from the
constraint programmer a separate function to implement theaction of each symmetryg, in
the programming language the system uses. If a problem has a large number of symmetries
there may be too many for the user to identify and implement byhand. SBDS has been
used successfully, despite this difficulty, with problems containing a few thousand symme-
tries [49]. We will see in Section 10.5.4 how computational group theory can be used to
ease the burden on the programmer.

There are some important implementation issues for SBDS. A feature of SBDS is that
it only breaks symmetries which are not already broken in thecurrent partial assignment:
this avoids placing unnecessary constraints. A symmetry isbroken when the symmetric
equivalent of the current partial assignment is not consistent with the problem constraints.
SinceAg involves all values set so far, it is potentially large, so checking that a symmetry
is unbroken could be expensive. However, it can be noted thatif A is extended to the
next partial assignmentA1 thenA1 = A + (var = val) (wherevar = val is the next
decision on the search tree). ThenAg1 = Ag + (var = val)g. So a Boolean variable can
be constructed for each symmetryg representing whetherAg is satisfied or not: its value
for Ag1 is the conjunction of its values forAg andvar = valg. Hence, it can be decided
incrementally whetherAg holds. Further, when the value of one of these Boolean variables
becomes false, it is known that the corresponding symmetry is permanently broken, and
need no longer be considered on this branch.

One problem with SBDS is that when the number of symmetries islarge, than a large
number of symmetry functions has to be described. In the worst case, there could be
too many to be successfully compiled. This difficulty can be addressed by choosing a
subset of the symmetry functions to use with SBDS. McDonald and Smith [82] explore
this idea of ‘partial symmetry breaking’ with random subsets of symmetries, and also give
an algorithm for choosing a subset of symmetry functions which should, heuristically,
break a large amount of the symmetry. Unfortunately, it is infeasible to use the method in
its entirety with all but the smallest problems with small symmetry groups.

SBDS has some major advantages over adding symmetry breaking constraints before
search. First, the symmetries do not need to be variable symmetries, in contrast to the lex-
leader method. Second, the solution found in each class of equivalent solutions is always
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the leftmost one in the search tree being traversed. Again incontrast to lex-leader, this
means that arbitrary variable and value ordering heuristics may be used without changing
either SBDS or the set of symmetry functions supplied. We saythat SBDS “respects” the
variable and value ordering heuristics used by the search.

10.5.2 Symmetry Breaking via Dominance Detection (SBDD)

The method of Symmetry Breaking via Dominance Detection (SBDD) was developed in-
dependently by Focacci & Milano [34], and by Fahle, Schamberger & Sellmann [33]. The
title of SBDD comes from the latter of these papers, and has been adopted by the CP com-
munity as the standard name for the method. A similar algorithm was proposed by Brown,
Finkelstein and Purdom in 1988 [16]. In fact, this paper describes a computational group
theoretic version of this algorithm which is now familiar tothe CP community as GAP-
SBDD (described below in Section 10.5.5). Unfortunately, the paper by Brownet. al.,
while reasonably well known, seemed to have little influenceon the constraints commu-
nity, perhaps being too far ahead of its time.

0:root
/

1:v1=1
/ \

2:v2=2 5:v2!=2
/ \ /

3:v3=3 4:v3!=3 6:v2=3
/ \

7:v3=2 8:v3!=2

node decisions v1 v2 v3 solution
0 - 1,2,3,4 1,2,3,4 1,2,3,4
1 v1 = 1 1 2,3,4 2,3,4
2 v1 = 1, v2 = 2 1 2 3,4
3 v1 = 1, v2 = 2, v3 = 3 1 2 3 yes
4 v1 = 1, v2 = 2, v3 6= 3 1 2 4 yes
5 v1 = 1, v2 6= 2 1 3,4 2,3,4
6 v1 = 1, v2 6= 2, v2 = 3 1 3 2,4
7 v1 = 1, v2 6= 2, v2 = 3, v3 = 2 1 3 2 yes
8 v1 = 1, v2 6= 2, v2 = 3, v3 6= 2 1 3 4 yes

Figure 10.11: A partial search tree to illustrate SBDD, and atable listing the search states
corresponding to each node.

SBDD operates by performing a check at every node in the search tree to see if the
node about to be explored is symmetrically equivalent to onealready explored, and if so
prunes this branch. While a simple idea, this has the apparent problem that we will need to
store the whole, exponentially sized, tree already explored. A single key idea transforms
SBDD into a space-efficient method. This is that we need only store nodes at the roots of
fully explored subtrees. We do not check if a node is equivalent in full to one of our stored
nodes. Instead, we determine if a node is equivalent to any node which is an extension
of one of the stored nodes, i.e. a node which is in a fully explored subtree. Since search
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has backtracked, we must have either visited the equivalentnode before, or deduced for
some other reason that there was no need to visit it: in eithercase there is no need to visit
a symmetric equivalent.

Like SBDS, SBDD is based on binary branching between settinga variable and re-
moving the value from a variable’s domain. An example of how SBDD works in practice,
based on the example outlined in [34], here follows. Consider a problem with three vari-
ablesv1, v2 andv3 subject to an ‘alldifferent’ constraint. The domain of all the variables
is {1, 2, 3, 4}, and all the values can be permuted. There are 24 solutions ofthe problem.
Figure 10.11 shows a part of the tree search that will be explored by a depth first search
procedure to enumerate all solutions, assuming only a basicall-different propagation pro-
cedure. Decisions are selected in a lexicographic ordering. Nodes are represented byn : δ
wheren means the node is thenth node to be expanded by the search procedure, andδ
is the decision or the negation of a decision for the arc between a noden and its parent.
The Figure also gives for each noden the set of decisions taken on the path from the root
node ton, as well as the domains of the variables corresponding to itsstate. Four solutions
have been obtained in the illustrated search. However the solution found at node7 is sym-
metrical with the one found at node3. Those solutions are{v1 = 1, v2 = 3, v3 = 2},
{v1 = 1, v2 = 2, v3 = 3} The first solution can be mapped into the second one by the
symmetry swapping variablesv2 andv3. More generally, any variable permutation is a
symmetry of the problem.

SBDD is based on the notion of no-goods. No-goods are the roots of maximal sub
trees that are completely traversed by a depth first search beforen. Those no-goods can be
found by traversing the path from the root node ton as follows. Each time the path goes
from a node to its right child, then the left child of that nodeis a no-good: before traversing
the right child of a given node a depth first search completelytraverses the left sub tree of
that node. Note that we use the name “no-good” although wherewe are searching for all
solutions, fully explored trees may contain solutions. In such a case, we still wish to avoid
searching any symmetric equivalent to any node in the subtree, including the solutions. In
Figure 10.11, node3 is a no-good w.r.t. node4, node2 is a no-good for node5 and all the
nodes in its sub tree. The no-goods w.r.t. node8 are nodes2 and7.

Definition 10.25. No-good.
Nodeν is a no-goodw.r.t. n if there exists an ancestorna of n s.t. ν is the left hand child
of na andν is not an ancestor ofn.

For each no-good, SBDD stores information to be compared against the current state.
We use the set of decisions labeling the path from the root of the tree to the no-good [99].
We writeδ(n) for this. The column labeled “decisions” in the table in Figure 10.11 gives
the decision information corresponding to each node. We also use the state information
at the node being searched. Specifically, we write∆(S) for set of pairsvi = ai for all
variablesvi whose domains are reduced to a singleton. In node 8 in our example, the
decisions made from the root node areδ(8) = {v1 = 1, v2 = 3}, while ∆(8) = {v1 =
1, v2 = 3, v3 = 4}.

Definition 10.26. Dominance
We say that a noden is dominatedif there exists a no-goodν w.r.t. n and a symmetryg s.t.
(δ(ν))g ⊆ ∆(n). We say thatν dominatesn.
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SBDD is then quite simple, conceptually: it never generatesthe children of dominated
nodes, and it excludes dominated solutions. Therefore, a noden is a leaf iff it is either
a solution, a failure, or a dominated node. In our example, no-good2 dominates node7.
We haveδ(2) = {v1 = 1, v2 = 2}. Using the symmetryg which swaps variablesv2 and
v3, we obtain(δ(2))g = {v1 = 1, v3 = 2} which is a subset of∆(7) = {v1 = 1, v3 =
2, v2 = 3}.

Other definitions of dominance are possible: Definition 10.26 is from [99]. However,
if we know that search always chooses (var = val) before its negative (var 6= val) we
are free to ignore the negative decisions inδ(n) in Definition 10.26 [34, 59, 102]. For
example, consider the negative decisionv2 6= 2 ∈ δ(7) in Figure 10.11, and now suppose
that some future node is dominated byδ(7) with v2 6= 2 removed. We can still terminate
search, because every leaf node in the future subtree eitherhas the symmetric image of
v2 6= 2 or v2 = 2. If the former, the node is dominated byδ(7). But if the latter, the node
is dominated byδ(2) since the corresponding subtree fully exploredv2 = 2 and we have
δ7\{v2 6= 2}∪{v2 = 2} ⊃ δ(2) = {v1 = 1, v2 = 2}. The structure of search trees makes
this observation general, so if positive differences are explored first, we can omit negative
decisions from dominance checks.

The original definition of dominance from [33] is rather moredifferent and based on
state inclusion. A noden is dominated if there exists a no-goodν for n and a symmetryg
such that the domains of the variables inνg contains the domains of the variables inn. This
has the disadvantage that more space is required to store no-goods. Also, it goes against
the following intuition. Since we wish to establish that a set at this node is a superset of
a past no-good, we would like the set at this node to be big, andthe set at the no-good
small: this should make it as easy as possible to pass the dominance test. On the other
hand, we also want the dominance check to be as easy as possible to implement and as fast
as possible to run. We might therefore be best to use a definition of dominance which fails
as quickly as possible, which may be an argument in favour of state inclusion dominance.
No definitive study of this issue has ever been performed, andperhaps is not possible any
more than deciding what the single best heuristic is for backtrack search.

The critical issue we have glossed over so far is justhow the dominance check is per-
formed. The algorithm for SBDD requires a problem specific function Φ : (ν, n) →
{false, true} that yields true if the previous no-goodν dominates the current partial as-
signmentn. For problems with small symmetry groups, provision ofΦ can be a greater
load on the programmer than of the few symmetry functions required by SBDS. For larger
groups, SBDD has the enormous advantage that it has very limited space needs. However,
this does not solve the time complexity problems. For each pair ν andn, the search forg
amounts to solving a sub graph isomorphism problem, which isknown to be NP-complete.
Although SBDD requires the solution of several NP-completeproblems at each node, good
results have been obtained using the technique.

There seem to be three broad techniques for implementing dominance checks. First,
a programmer can implement a dominance checker for a particular class of problems, for
example instances of the social golfers’ problem [33]. The need for this is a major prob-
lem with SBDD. Encoding a function that will recognise when anode in the search tree
is symmetrically dominated by another one can be difficult, and it does not generalise be-
tween different problems with different types of symmetry.However, if such a function
can be found than SBDD is a very efficient method at breaking large amounts of symmetry.
Sellmann and Van Hentenryck have created a more general dominance detection function
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[107]. This can lead to very efficient solutions tuned to a particular application, but this
approach relies on the skill and insight of the programmer and imposes a considerable bur-
den on them. Second, since it is an NP-complete problem, one can construct a constraint
encoding of the dominance problem [99]. This is particularly interesting since it amounts
to using constraint programming for computational group theory. However, it is still nec-
essary to construct a special purpose constraint problem for each new class of problems to
be solved. The third approach is to use computational group theory directly [16, 53], and
we describe this further in Section 10.5.5.

An important refinement of SBDD is to notice that sometimesfaileddominance checks
can result in propagation [34, 33]. Suppose our dominance check can report that a certain
variable-value pair would, if set in the current node, lead to the current node being dom-
inated. Then we can remove that value from the domain of the variable and propagate
on the result. This can perform extremely useful propagation. As usual, we have to take
care that the benefits do not outweigh the costs of performingthe necessary calculations.
Another point to note is that the dominance check does not need to be done at every node
of the search tree. As long as a check is undertaken at every leaf node then only the non-
isomorphic solutions will be returned. Deciding where to apply the check is a tradeoff
between the cost of checks and the search savings that result: unfortunately little is known
about the best place on this tradeoff.

Like SBDS, SBDD can be shown to be a sound and complete symmetry breaking
method provided that the dominance check is implemented correctly. That is, exactly one
solution from each equivalence class is returned. Like SBDS, the solution found is the
leftmost one in the search tree with respect to the variable and value ordering heuristics.
SBDD therefore respects the variable ordering heuristic, and dynamic variable ordering
may be used without any change to SBDD [33]. SBDD has also beenapplied to soft CSP’s
[11].

Harvey [59] discusses how SBDS and SBDD are related. The difference between the
two algorithms is where symmetry breaking takes place. SBDSplaces constraints to stop
nodes symmetrically equivalent nodes, to those previouslyexplored in search, from ever
being reached. On the other hand, SBDD prunes nodes having reached them and found
them to be symmetrical to a previously explored part of search. In fact, it is entirely
reasonable to see the difference between it and SBDS as merely one of implementation.
As the set of acceptable solutions is the same in each case, animplementation of SBDS
is, in a sense, an implementation of SBDD, and vice versa. This view can be a useful way
of understanding the techniques in principle, but there areenormous practical differences.
SBDD can outperform SBDS on many problems, as it does not postconstraints, so does
not have the overhead of waiting for large numbers of symmetry breaking constraints to
propagate. It can successfully be used with problems which have too much symmetry for
SBDS to be an appropriate technique.

10.5.3 Symmetry Excluding Heuristics

Meseguer and Torras [84] studied how symmetry can be used to guide search. Specifically,
they direct search towards subspaces with a high degree of non-symmetric assignments, by
breaking as many symmetries as possible with each variable assignment. The symmetry
breaking heuristic proposed breaks as many symmetries as possible. Meseguer and Torras
go on to propose the ‘variety-maximization’ heuristic which combines the smallest do-
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main first heuristic, which can perform better than the symmetry breaking heuristic under
certain conditions, with the symmetry breaking heuristic.On a simple problem the variety-
maximization heuristic builds a slightly smaller search tree, than the smallest domain first
heuristic, to find all solutions. Variety-maximization does notably better to find the first
solution. Meseguer and Torras go on to combine the variety-maximization heuristic with
symmetric value pruning by no-good recording. The size of the set of no-goods is poten-
tially exponential, so only a subset is stored and used. The results of this combination are
rather disappointing; the inclusion of symmetric value pruning does not provide a major
advantage over variety-maximization alone, in any of the problems undertaken.

Using variable ordering heuristics (and indeed value ordering heuristics) to break sym-
metry is an attractive proposition, as it does not have the computational cost associated with
the other dynamic symmetry breaking methods. Despite the work of Meseguer and Torras,
there seems to be much more scope for using symmetry in heuristics than the community
has exploited to date. There is also considerable scope for other ways to use symmetry
heuristically. For example, if we are solving a problem witha large amount of symmetry,
we might look only for solutions with some symmetry. This excludes enormous parts of
the search space. On the one hand, this means that search willbe incomplete, in that a
negative answer does not mean there are no solutions with less symmetry. On the other
hand, we might get lucky, and there may be such solutions: if there are we have all the
advantage of the reduced search. While this may seem incredibly optimistic, it has been
successful in practice [119].

10.5.4 SBDS with Computational Group Theory

To allow SBDS to be used in situations where there are too manysymmetries to allow
a function to be created for each, Gentet al. [52] linked SBDS in ECLiPSe with GAP
(Groups, Algorithms and Programming) [46]. GAP is a system for computational algebra
and in particular Computational Group Theory (CGT). There is nothing fundamental about
the use of GAP or ECLiPSe, the point being that this is a co-operation between subsystems
to provide constraint algorithms and to provide computational group theory algorithms. A
library for GAP-SBDS is distributed with ECLiPSe.

GAP-SBDS allows the symmetry group, rather than its individual elements, to be de-
scribed. GAP-SBDS operates over a set of points, where each point corresponds to a
variable-value pair. One way to think of a point is in terms ofa member of an×m array,
wheren is the number of variables, andm is the size of the domain of each variable. The
i, j-th element in the array denotes variablei and valuej. The symmetry group,G, acts on
thesen×m points, each point being represented by a single integer. The group generators
are given in ECLiPSe and passed to GAP in terms of points. This means that functions
are required in ECLiPSe which convert from variable/value pairs to integers representing
points and vice-versa. This is a possible source of error when using the GAP-SBDS sys-
tem. Even without error, to effectively use the system, the user must have some knowledge
of CGT. While it is enough to write down a set of generators, even this makes the system
inaccessible for many users. However, some progress has been made in this area, as we
describe in Section 10.8.

The GAP-SBDS algorithm can be described in terms of Equation10.2 from Sec-
tion 10.5.1:A & Ag & var 6= val ⇒ (var 6= val)g, In GAP-SBDS, the only part
of this process that is controlled by GAP isg(A), the other components are controlled
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by ECLiPSe as in the standard SBDS algorithm.g(A) is calculated with the use of
a right-transversal chain, a set calculated iteratively atevery node in the search-tree, as
the Cartesian product of every right-transversal obtainedso far. More formallyRTchain
= RTk × RTk−1 × . . . × RT1 is defined aspk ◦ pk−1 ◦ . . . ◦ p1 wherepi ∈ RTi. Each
member ofRTchainis a representative of the set of symmetries which agree on what to
map each of the variable/value pairs inA ∧ var 6= val to. This means the symmetry
breaking constraint can be placed on backtracking, by transformingvar 6= val according
to the elements inRTchain. However, doing this by iterating over every symmetry would
be infeasible for all but relatively small groups. To counter this difficulty Gentet al. use
lazy evaluation. The constraintg(var 6= val) is only imposed wheng(A) is known to be
true, rather than placing conditional constraints as in theoriginal SBDS. This means that
although GAP-SBDS is guaranteed to break all the symmetry, it may not break the sym-
metry as early in search as SBDS. This can lead to GAP-SBDS having a larger backtrack
count than SBDS.

In GAP-SBDS Gentet al. have created an efficient implementation of SBDS, which
can handle relatively large amounts of symmetry effectively. This moves the order of
groups that SBDS can be be used with from the thousands to the billions. The number of
symmetries is limited to this kind of scale because the number of constraints being added
during search can cause space problems. Even billions is a small number when groups can
grow exponentially.

10.5.5 SBDD and Computational Group Theory

We mentioned, in Section 10.5.2, that in practice SBDD can bedifficult to implement. The
design of the dominance detection function may be complicated, and there are no general
rules for designing the function for problems with similar types of symmetry. In reality
two ‘similar’ problems may have completely different dominance functions; there may be
more than one dominance function for a problem, some of whichprune more effectively
than others. Gentet al. [53], developed GAP-SBDD to address this problem by providing
a generic dominance checker, which is now available as an ECLiPSe library.

GAP-SBDD is a generic version of SBDD that uses the symmetricgroup of the prob-
lem, rather than an individual dominance detection function. Like GAP-SBDS, GAP-
SBDD works by way of an interface between GAP and ECLiPSe and performs calcula-
tions over points, with the symmetry groups defined by a generating set of permutations.
GAP-SBDD operates by maintaining both afailSetand apointSet. ThefailSetcorresponds
to the set of points attributed to the positive decisions made during search to reach the root
of completed subtrees. ThepointSetdenotes the set of points corresponding to variables
which have been set to a fixed value on the current branch of search (both through assign-
ments and propagation). The current node on the search tree is dominated by a complete
subtree if there exists ag in the symmetry groupG and as in the failSetS such thatsg ⊆
pointSet.

The dominance check is implemented using a tree data structure which encodes all the
failSetscurrently applicable. Disjoint sets of pointsA1, . . . , Ak andB0, . . . , Bk can be
identified, thefailSetsassociated with these points areA1 ∪ . . . ∪Ai ∪Bi for eachi. The
right branching elements of the tree are labelled with elements ofA, the left ones elements
of B. Each node of the tree is associated with the sequence of labels on the path to it from
the root. The dominance check is performed using a recursivesearch, which traverses
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the tree, entering each node once for every way of mapping theassociated sequence of
points into the current point. This is implemented in GAP with the use of stabiliser chains.
While inherently just a backtracking search for an appropriate group element, the search in
GAP contains a number of optimisations which cause several orders of magnitude speedup
from a naive implementation [53]. As in regular SBDD, it is possible to identify cases
where all but the final element of afailSetcan be mapped into apointSet, and report them
back to ECLiPSe, so the value can be removed from the associated variables domain.
However, like GAP-SBDS, not all possible values are identified, as this would cause too
much increase in runtime.

GAP-SBDD is an efficient method for dealing with problems with large symmetry
groups. In principle, the size of groups that can be used is unlimited, and certainly it has
been used in practice on groups with1036 elements. However, it provides no magic bullet
to the inherent hardness of the dominance check. This hardness can manifest itself with
individual dominance checks that take inordinate amounts of time to run. Also, it has been
found that subtle differences can make enormous differences to run time. For example,
while GAP-SBDD does respect the variable ordering heuristic, different heuristics on the
same instance can lead to dramatic changes in the time dominance checks take. This means
that the method can suffer from a lack of robustness. Nevertheless, from a very small input
with no algorithmic content, GAP-SBDD constructs a complete symmetry breaking tool
automatically.

10.5.6 GE-Trees

The idea of constructing GE-trees is the most recent idea to join the suite of dynamic sym-
metry breaking methods [103]. (GE stands for “Group Equivalence” but the abbreviation is
used universally.) It differs from the others in this class,as it is more a way of considering
symmetry breaking methods, than a symmetry breaking methodin its own right. A GE-
tree is defined as a tree in which no two nodes are symmetrically equivalent, and in which,
for every solution to the problem, a symmetrically equivalent node is in the tree.4 GE-trees
are defined analogously to search trees in general: in particular, algorithms are free to stop
before they construct a complete tree, for example after finding a first solution. GE-trees
are intended in part to be viewed as a conceptual paradigm, toclassify and compare sym-
metry breaking techniques. Any method of GE-tree construction will (by definition) break
all problem symmetries as the search for solutions proceed.SBDS and SBDS can both
be viewed as methods for constructing GE-trees, but so can lex-leader provided that all
constraints it requires are used. Careful analysis of properties of GE-trees (constructed by
different methods such as SBDS and SBDD, applied to the same instances) may allow the
refinement and extension of existing techniques and even thedevelopment of new ones.

In some cases GE-trees are almost in the folklore. For example, consider graph colour-
ing where each colour is indistinguishable. Many programmers have realised that the first
node can be coloured arbitrarily. For the second node, we only have to consider giving it
the same colour or an arbitrary different one. The third nodeneed only be given the colours
given to the first two nodes, and an arbitrary different one. The process continues until we
have used all colours. This intuition can be generalised andformalised. Roney-Dougalet
al. used the GE-tree paradigm to create a polynomial time algorithm for breaking arbitrary

4The latter condition is easy to forget but otherwise legal GE-trees could exclude some or even all solutions.
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value symmetries. This can be viewed as a computational group theory-based general-
isation of an algorithm presented in [64]. It is a special purpose algorithm which only
creates new nodes which are guaranteed to be unique in the tree. In general this is hard, but
Roney-Dougalet al. showed that the special nature of groups of value symmetriescan be
used to construct GE-trees very efficiently [103]. They report on an experimental compar-
ison between this method and GAP-SBDD for problems which only have value symmetry.
GE-trees are found to be the best method in all cases. This is not surprising: GAP-SBDD
performs a potentially exponential search, at each node in the search tree, in order to break
symmetry, compared to the low-order polynomial algorithm to break all value symmetry.

10.5.7 The STAB Method

Symmetry Breaking Using Stabilizers (STAB), like SBDS, adds symmetry breaking con-
straints during search [98]. Unlike SBDS, which places constraints to break all the symme-
try of the problem, STAB places symmetry breaking constraints only for symmetries that
leave the partial assignmentA at the current node unchanged. That is, instead of breaking
symmetry in the whole group, STAB breaks symmetry in the stabiliser GA. These con-
straints take the form of lexicographic ordering constraints. Stabilisers were introduced in
Section 10.1. In practice the size of stabilisers is often much smaller than the size ofG.
The STAB method, amounts to adding the following set of constraints at each nodeA.

V �lex V
g, for all g ∈ GA

These constraints remove all the solutions that are not lexicographically minimum with
respect to the stabiliserGA in the sub tree rooted atA.

Example 10.27.Consider a4× 5 matrix model. For simplicity we will refer to the matrix
of variable byV , i.e. we identify the vector of variables with its matrix representation:

x1 x2 x3 x4 x5

x6 x7 x8 x9 x10

x11 x12 x13 x14 x15

x16 x17 x18 x19 x20

Consider a partial assignmentA where the first10 variables are assigned as follows:

0 0 0 1 1
0 1 1 0 0

Every symmetry forA is defined by a row permutation and a column permutation.We
can state constraints for each of these symmetries, except for the identity permutation. For
instance, let us state the constraint for the symmetryσ made up of the permutation(1 2) of
rows and(2 4 3 5) on columns. The matrixW = V σ is

x6 x9 x10 x8 x7

x1 x4 x5 x3 x2

x11 x14 x15 x13 x12

x16 x19 x20 x18 x17
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The symmetry breaking constraint is then, allowing for the assignmentA, is then

[0, 0, 0, 1, 1, 0, 1, 1, 0, 0, x11, x12, x13, x14, x15, x16, x17, x18, x19, x20]
�lex [0, 0, 0, 1, 1, 0, 1, 1, 0, 0, x11, x14, x15, x13, x12, x16, x19, x20, x18, x17]

As the two vectors have the same first 10 elements, the constraint can be simplified into:

[x11, x12, x13, x14, x15, x16, x17, x18, x19, x20]
�lex [x11, x14, x15, x13, x12, x16, x19, x20, x18, x17]

Going back to the general case, the simplification based on identical prefixes is valid in
general. Given then-vectorV , let tail(V,n-d) be the vector obtained by removing the first
d elements ofV . If A is ad-vector then constraints can be simplified into

tail(V, n− d) �lex (tail(V, n− d))g, for all g ∈ GA

It should be noted that STAB is an incomplete method with regard to symmetry break-
ing, meaning that it does not return only the non-isomorphicsolutions.

10.6 Combinations of Symmetry Breaking Methods

We have described a variety of symmetry breaking methods, each with advantages and
disadvantages. It would naturally seem a good idea to combine two or more methods in
order to reap all of the advantages. Unfortunately, correctly combining symmetry breaking
methods has proven to be very difficult. Symmetry breaking methods try to preserve one
solution from each equivalence class. How this solution is chosen depends on the method
of symmetry breaking. Combining any two methods arbitrarily may mean that different
solutions are ruled out by each symmetry breaking method, and so solutions are lost.

For a while it was thought by many that if the same variable andvalue ordering are
used, then it was valid to apply several symmetry breaking methods at the same time, since
none of these methods remove canonical solutions. Therefore, any combination will keep
canonical solutions. For instance, one could state theLex2 constraints and use SBDD
at the same time for matrix models. However, Smith [112] has shown this not to be the
case. Harvey [60] later documented an example of this result, then showed how SBDS and
SBDD can be modified so that they can be correctly combined with lexicographic ordering
constraints. Unfortunately, the empirical results for this combination were disappointing.
Another area which has received some study is combining a method to break variable
symmetry, with a method to break value symmetry. As both of these methods are acting on
different symmetry groups, this combination is intrinsically safe. Puget [101], showed how
all the variable symmetry can be broken by simple ordering constraints, when there is an
all-different constraint across all of the variables. He successfully combined this method
with GE-trees to also break the value symmetry. Another combination which includes GE-
trees has been tried [69]. This successfully combined GE-tree to break value symmetry and
GAP-SBDD to break variable symmetry. This method is provably complete and sound
with regard to breaking all symmetry, but is less efficient than GAP-SBDD alone on all
problems tried.

In Section 10.5.7 it was noted that STAB is an incomplete method with regard to sym-
metry breaking, meaning that it does not return only the non-isomorphic solutions. In order
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to counter this drawback, Puget combined SBDD with STAB. This combined method pro-
duces good results, outperforming SBDD alone.

Another successful combination of symmetry breaking methods was completed by
Petrie [90]. Petrie showed that neither of GAP-SBDS or GAP-SBDD is universally bet-
ter, so combined the two methods. This was done by having one operate at the top of the
search tree, than switching to the other method at a lower level. The empirical analysis
of this method showed it to sometime outperform either of themethods alone. However,
perhaps more importantly it was shown to be a more robust method, in that the combined
method was never less efficient, than the least efficient of the two contributing systems.

10.7 Successful Applications

Many of the symmetry breaking methods outlined in the previous sections have been ap-
plied successfully to a variety of problems. We have alreadymentioned two successful
applications: the chess puzzle at the start of the chapter, and graceful graphs. In both
cases new results were obtained using symmetry breaking in constraint programming. We
briefly outline some more applications, and indicate which symmetry breaking methods
have been successfully applied to them. CSPLib (www.csplib.org), is an online directory
of constraint problems: whenever a problem is contained within this resource, the number
of the problem is given in this text to help the interested party find a detailed problem spec-
ification. The references provided are the papers which discuss symmetry breaking within
the applications.

Balanced Incomplete Block Design(BIBD) generation is a standard combinatorial
problem from design theory, originally used in the design ofstatistical experiments but
since finding other applications such as cryptography. It isa special case of Block De-
sign, which also includes Latin Square problems. BIBD’s areproblem 28 in CSPLib,
Lam’s problem, which is problem number 25 in CSPLib is that offinding a specific BIBD
instance. BIBD’s can be easily modelled with the use of matrices, and so many of the
methods that place symmetry breaking constraints on matrices have been applied to them
[44]. This problem was also used as a test bed for STAB [98] andGAP-SBDD [53].

Steel Mill Slab Designis a simplification of a real industry problem, which is to sched-
ule the production of steel in a factory. It is problem number38 in CSPLib. Gentet al.
have considered conditional symmetry breaking in this problem [54]

Maximum Density Still Life problem arises from the Game of Life, invented by John
Horton Conway in the 1960s and popularized by Martin Gardnerin his Scientific American
columns. A stable pattern, or still-life, is not changed by the rules which cause the Game
of Life to iterate. The problem is to find the densest possiblestill-life pattern, i.e. the
pattern with the largest number of live cells, that can be fitted into ann × n section of
the board, with all the rest of the board dead. Maximum density still life is problem 38
in CSPLib. Smith [114] and both Bosch and Trick [12] have considered modelling and
symmetry breaking in Still Life. Petrieet al. have studied dynamic symmetry breaking in
a CP-LP hybrid, then applied this idea to this problem [90].

Social Golfers Problemis where the coordinator of a local golf club has the following
problem. In her club, there are 32 social golfers, each of whom play golf once a week, and
always in groups of 4. She would like you to come up with a schedule of play for these
golfers, to last as many weeks as possible, such that no golfer plays in the same group as
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any other golfer on more than one occasion. The problem can easily be generalized to that
of scheduling m groups of n golfers over p weeks, such that no golfer plays in the same
group as any other golfer twice (i.e. maximum socialisationis achieved). Social Golfers is
problem number 10 in CSPLib. Harvey and Winterer at the time of writing have the most
efficient algorithm for this problem, which includes symmetry breaking [62].

Peaceable Coexisting Armies of Queenswas introduced by Robert Bosch in his col-
umn in Optima in 1999 [13]. It is a variant of a class of problems requiring pieces to
be placed on a chessboard, with requirements on the number ofsquares that they attack:
Martin Gardner [47] discusses more examples of this class. In the “Armies of Queens”
problem, we are required to place two equal-sized armies of black and white queens on a
chessboard so that the white queens do not attack the black queens (and necessarily v.v.)
and to find the maximum size of two such armies. Bosch asked foran integer programming
formulation of the problem and how many optimal solutions there would be for a standard
8× 8 chessboard. However, this problem can obviously be generalised to an × n chess-
board. Various models for this problem in conjunction with dynamic symmetry breaking,
are considered by Smithet al., the puzzle at the start of this chapter being a spinoff of this
research [115].

Fixed Length Error Correcting Codes are defined as follows: A fixed length error
correcting codeC of lengthn over an alphabetF is a set of strings fromFn. Given
two strings fromFn we can define the distance between them. The most commonly used
distance is the Hamming distance, defined as the number of positions where the strings
differ. Using this we define the minimum distance ofC as the minimum of the distances
between distinct pairs of strings fromC. Fixed Length Error Correcting codes are problem
36 in CSPLib. This problem is studied in conjunction with symmetry breaking constraints
by Frischet al. [42].

Peg Solitare(also known as Hi-Q) is played on a board with a number of holes. In the
English version of the game, the board is in the shape of a cross with 33 holes. Pegs are
arranged on the board so that at least one hole remains. A number of different problems
arise from Solitaire, e.g. finding a path from the initial to agoal state, or finding the shortest
number of moves to a state where no more moves are possible. Peg solitare is problem 37
in CSPLib. Jeffersonet al. have studied on how to solve this problem using various AI
paradigms, including a discussion of symmetry breaking [42].

Alien Tiles is available for play over the internet at www.alientiles.com. Alien Tiles
is problem 27 in CSPLib. Gent, Smith and Linton have studied how dynamic symmetry
breaking can be successfully applied to the problem of finding the hardest instance. [49].

We can see that symmetry methods are flexible enough to be applied to a great vari-
ety of problems, and we have by no means mentioned all the successful applications to
date. The most successful seem to be on combinatorial puzzles such as graceful graphs. It
therefore remains to be proved by the community that symmetry breaking has significant
applications on industrial scale problems.

10.8 Symmetry Expression and Detection

Most research on symmetry constraints has assumed that the symmetries of a problem can
be provided, in some form, by the programmer. For example, SBDS relies on program-
mers providing a list of functions to implement the actions of symmetries; SBDD needs
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a dominance check to be written; and methods such as lex-leader and GAP-SBDS need
a group to be provided. Even for methods where this is not necessary, such as the use of
double-lex constraints in a matrix model, a programmer has to recognise that the matrix
symmetries occur and that the double-lex constraints are anappropriate technique to break
them with. In recent years, increasing amounts of work have been based on the premise
that this is an untenable position. Two ways of overcoming this flaw have been consid-
ered. First, it could be made easier for the programmers to write down the symmetries.
Second, the symmetries could be detected automatically so there is no work at all for the
programmer. This first method has been independently studied by both McDonald [48]
and Harveyet al. [63], with a view to creating a system which produces the group needed
for methods using computational group theory, without the user having to understand ex-
actly how groups are generated. There are three main aims to these systems. The first is
to get rid of the need for functions which map variable/valuepairs to points (this concept
is outlined in Section 10.1.1). The second is to allow the expression of the symmetry in a
simple yet powerful way. The third is to create a system whichrequires the user to have
no prior knowledge of group theory. These objectives are achieved, by providing a set of
functions, which map expressions of the symmetry with regard to the variables and values
(e.g. all the rows of a matrix can be interchanged) to group generators. These techniques
to date are limited to the most commonly occurring kinds of symmetry, and do not allow
users to express arbitrary groups.

The automatic identification of the symmetry group of some CSPs is possible through
determining the automorphism group of the graph associatedwith the constraint problem.
Puget [100] showed that this could be done in connection withthe microstructure graph,
which closely relates to the existential representation ofthe constraints. The concern with
this approach is that it may not scale well (it is in the complexity class of graph isomor-
phism in most cases). When the problem is large, so is the graph, and the automorphism
cannot be calculated in a reasonable time. Small problems can also have big graphs due
to non-binary constraints, which again would mean the automorphism could not be calcu-
lated in reasonable time. To counter this potential problemPuget also introduced a method
where he considered a graph related to intensional representation of each constraint. Puget
found that the symmetry could be detected very efficiently, using both methods, on a va-
riety of problems. Ramani and Markov have also has recently had some success [23],
with a method closely linked to Puget’s. This method undertakes graph isomorphism of
the parser trees associated with the intensional representation of the constraints. Although
this method is not guaranteed complete, in that it does not guarantee to find the full sym-
metry group, it has had some successful results in practice.It should be mentioned that
in the SAT community outstanding results have been obtainedusing automatic symmetry
detection, even on large problems [1]. This is particularlyencouraging because natural
structures, such as the microstructure of constraint problems, correspond to encodings into
SAT. In order to know when this attractively simple method isfeasible with regard to CP
empirical analysis is required.

Many symmetries are also added in the modelling process, as pointed out by Frischet
al. [45]. If we can understand when this symmetry is added, it should be easy to pass those
symmetries to symmetry-breaking methods.
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10.9 Further Research Themes

We now discuss a diverse range of research using symmetry, which is unified only by
not fitting easily elsewhere in this chapter. We do not to suggest that the work in this
section is less important than in the rest of this chapter. Indeed, the same reasons that
make this research hard to categorise makes some of it particularly innovative, and so it
has significant potential for future exploration.

Symmetry and inference: Almost all research on symmetry in constraints has focussed
on breaking symmetries to reduce search. When symmetry is present in a search problem,
its presence is information that we can exploit in other ways. A particular example is to en-
hance representation and inference of constraint problems. First, we can greatly compress
the size of the representation and thus enhance the representational power. Second, we can
exploit knowledge of the group structure to change our algorithms for inference and prop-
agation. This is necessary if we use a compressed representation based on the group, but
also offers advantages. If we perform some work to deduce that a value can be removed,
we need perform no more work to remove all symmetric equivalents of it. Similarly, if we
know that a given value cannot be removed, then we need perform no more work on trying
to propagate symmetric equivalents. A simple example of this idea was used to exploit the
bidirectionality of constraints in arc consistency to improve AC-6 [9]. More generally, we
may have arbitrary groups acting on the set of constraints. Dealing with groups correctly
and efficiently raises many difficult problems. These difficulties are now being seriously
attacked. By far the most significant body of work has been applied in the context of SAT,
by Dixonet al., in a three part journal paper spreading over almost 200 pages [27, 26, 28].
They have produced ZAP, a powerful SAT solver designed to allow concise expression
of problems using group theory, while exploiting the great efficiency advances made in
modern SAT solvers. At a much smaller scale, new propagationalgorithms have been
introduced into Constraint Programming. Gentet al. introduced symmetric variants of
(i,j)-consistency and singleton consistency, together with algorithms for their enforcement.
While implementations have been provided, it has not yet been proved that symmetry-
based inference techniques will be powerful in practice. Nevertheless, the research area is
of high promise, as suggested by Dixonet al.’s conclusion to their mammoth effort: “it is
important to realize that our results only scratch the surface of what ZAP’s representational
shift allows” [28].

Symmetry and implied constraints: When constraints are added before search, it is
possible to use them to derive ‘implied’ constraints. Theseimplied (or ‘redundant’) con-
straints may greatly reduce search, in ways which are not possible using the original prob-
lem constraints [44]. We saw, in Section 10.4.3, another example where symmetry break-
ing and problem constraints can interact very fruitfully. Dynamic symmetry breaking tech-
niques do not allow implied constraints to be added – at leastnot in the simple way that
static symmetry breaking methods do. Adding implied constraints suffers from similar
problems to reformulation. It can give very dramatic searchreductions, but no automatic
technique for adding effective implied constraints is known.
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Symmetry and local search: When we know about symmetry in a constraint problem,
there is no moral imperative to remove it: we can exploit the symmetry in any way we
choose. Where local search is used instead of backtracking search, Prestwich pointed out
that it is disadvantageous to add symmetry breaking constraints [94, 91]. While more so-
lutions are good forany search method, local search suffers particularly when solutions
are excluded. Since stochastic methods are designed to explore search spaces randomly,
it is hard to guide them away from parts of the search space where solutions have been
excluded, while each excluded solution becomes a new local optimum. In a detailed anal-
ysis, Prestwich and Roli identified two pathologies that symmetry breaking constraints
caused for local search methods: global solutions have relatively smaller basins of attrac-
tions while local optima become relatively larger [95]. Since excluding symmetries seems
bad for local search, can we improve it byintroducingsymmetries? Prestwich proposed
this lovely idea with some success [92, 91]. Exploiting symmetry within local search algo-
rithms remains an interesting but underdeveloped researcharea: Petcu and Faltings used
interchangeability to guide local search away from conflicts [87], but otherwise little has
been done in this direction.

Dominance and almost symmetries: Researchers have investigated cases where stan-
dard symmetry breaking methods are not applicable. For example, Beck and Prestwich
studied ‘dominances’ in constraint problems [7]. A dominance is a transition between as-
signments which is guaranteed to improve (or at least make noworse) some notion of a cost
function. We can see symmetries as special cases of dominances, where the cost is kept the
same, and hence the transitions are invertible. Beck and Prestwich argue that dominance
“should rank alongside symmetry breaking as a generic CP technique, and that it can be
profitable to treat both in a uniform way.” Another issue receiving recent attention is that
of “almost symmetries” [37], the subject of a recent workshop [29]. The general idea is
that these are symmetries which are almost, but not quite, there in the original problem.
They can arise by either adding or removing constraints on the problem [58]. Examples of
the former case would be symmetries which arise during search: dealing with these can be
difficult, because they cause significant problems for techniques such as SBDS or SBDD
[54]. The idea underlying relaxing constraints on a problemto give new symmetries is
as follows [61, 81]. If the relaxed problem is highly symmetric, its reduced search space
should help search. If the relaxed problem has no solutions,then neither does the original.
If we do find solutions to the relaxed problem, we need additional steps to ensure that they
correspond to solutions of the original.

Symmetry in other problems: Given the focus of this handbook to constraints, we have
naturally restricted our discussion to constraints and SAT. However, researchers interested
in symmetry in constraints should also be interested in how symmetry is tackled in other
domains. For example, can we apply ideas from symmetry in constraints to other prob-
lems? Can ideas developed in other domains be applied to constraints? While we now
point to some key literature in other areas, we do not even claim to provide an exhaus-
tive list of other search problems with symmetry, much less an exhaustive or analytical
study of relevant literature in those areas. InInteger Programming, Margot has shown
how algorithms can be adapted to exploit large symmetry groups [79, 80]. New cuts are
generated based on the symmetries, and large groups are handled using Schreier-Sims to
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represent them. InPlanning, Fox and Long have integrated symmetry reasoning into a
state-of-the-art planner, SymmetricStan [38, 37]. Fox andLong point out that symmetry
detection during search, and the presence of almost-symmetry, is very important due to the
nature of planning problems. It is perhaps surprising that there does not seem to be a more
significant body of work in these two research areas. This is less the case inAutomated
Theorem Proving, where there is a substantial literature in adapting proof systems to deal
with symmetry, e.g. [3, 71, 86, 24, 117]. There have also beensubstantial efforts inModel
Checkingover some years, e.g. [15, 20, 66, 110]. As in constraints, this work has tended
to assume that users recognise the symmetry, and they have also been limited to simple
cases of symmetry rather than using the power of computational algebra. Recently, Don-
aldsonet al. have shown that more general symmetries in model checking using GAP and
graph isomorphism software [30, 31, 32]. Finally, we touch only in the slightest way on
the extensive mathematical literature on search with symmetry. We particularly mention
McKay’s nautysoftware forGraph Isomorphism[83] and Soicher’s GRAPE package for
dealing with graphs relating to groups [116]. The key algorithm is “partition backtrack”
[83, 76], a very subtle intermingling of backtrack search and group-theoretic computations.
The mathematical applications of such techniques are numerous: one isDesign Theory,
which deals with combinatorial designs such as balanced incomplete block designs, and
for which an online repository is available at www.designtheory.org [6].

10.10 Conclusions

We have presented an overview of symmetry in constraint programming. We have been
unashamed in emphasising the links with group theory. The study of symmetryis group
theory, so anyone who has ever considered symmetry in constraints has been thinking
about group theory – though perhaps without realising it. Wehave also emphasised the
ability of computational group theory to contribute methods to the efficient exploitation
of symmetry in constraints. Researchers and users of constraint programming can access
these techniques either through linking to the existing computational algebra packages, or
by implementing their own algorithms. Again, anyone who haswritten code for exploit-
ing symmetry in constraints has been, whether unconsciously or not, doing computational
algebra.

The main part of this chapter is taken up by a study of symmetrybreaking methods,
since this is by far the largest body of research that has beenundertaken on symmetry
in constraints. We considered methods in three broad categories: reformulation of prob-
lems, adding symmetry breaking constraints before search,and dynamic symmetry break-
ing methods that operate during the search procedure. It is worth summarising in one place
the very broad advantages and disadvantages of each method.It will be seen that there is
no ‘one-size-fits-all’ method to recommend, but it should benoted that researchers have
proposed solutions which at least ameliorate many of the disadvantages we mention:

• Reformulation is when the problem is remodelled to eliminate some or all sym-
metry. It can be an astonishingly efficient method of breaking symmetry, but un-
fortunately there is no known systematic procedure for performing the remodelling
process in general. Where reformulation is possible, it canbe combined easily with
other methods.
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• Symmetry breaking constraints are perhaps the most natural technique and the
easiest to understand. Ideally, the new constraints shouldbe satisfied by only one
assignment in any equivalence class, but it can be difficult to find simple constraints
that eliminate all the symmetry. A systematic method called‘lex-leader’ is known
for generating symmetry breaking constraints, when the problem only contains vari-
able symmetry. The efficiency with which some kinds of symmetry breaking con-
straints can be propagated, for example in matrix models, means that adding sym-
metry breaking constraints can be very cost-effective evenwhere they do not break
all the symmetry. Symmetry breaking constraints do have a disadvantage in that they
can interact badly with the search heuristics being used.

• Dynamic symmetry breaking includes many methods which adapt the search pro-
cess in some way. This includes SBDS, SBDD (and the computational group theo-
retic versions of these methods), and STAB. Both SBDD and SBDS are complete,
in that only one solution will be returned from each symmetric equivalence class.
Group-theoretic versions add the advantage that only a small number of symmetries
in a problem need be specified, but this is related to a disadvantage, that they often
require symmetries to be expressed in a mathematical language that is unnatural for
constraint programmers. A significant advantage of these methods is that they do
not conflict with search heuristics. As relatively new methods, a final drawback is
that they can only be used if a library package is available, or the user spends the
time to adapt the search program themselves.

Quite apart from its inherent importance, we conclude by commending the study of
symmetry in constraints as an enjoyable and rewarding research topic.
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Chapter 11

Modelling

Barbara M. Smith

Constraint programming can be a successful technology for solving practical problems;
however, there is abundant evidence that how the problem to be solved is modelled as
a Constraint Satisfaction Problem (CSP) can have a dramaticeffect on how easy it is to
find a solution, or indeed whether it can realistically be solved at all. The importance
of modelling in constraint programming has long been recognized e.g. in invited talks by
Freuder [14] and Puget [34].

In this chapter, it will be assumed that the problem to be solved can be represented as a
CSP whose domains are finite; infinite domains are discussed in Chapter 16, “Continuous
and Interval Constraints”. In most of the examples, the variable domains will be sets of
integers; see Chapter 17, “Constraints over Structured Domains”, for more on set variables
and other variable types.

A complicating factor in modelling is the interaction between the model, the search
algorithm and the search heuristics. To simplify matters, it will be assumed that, having
modelled the problem of interest as a CSP, the CSP will be solved using a constraint solver
such as ILOG Solver, ECLiPSe, Choco, SICStus Prolog, or the like. The default com-
plete search algorithms provided by these solvers are sufficiently similar that they provide
a common context for discussing modelling. Furthermore, they are designed to solve large
problems of practical significance, and for such problems, it is worth the effort of develop-
ing the best model of the problem that we can find. Some of what follows will also apply
to other search techniques such as local search (covered in Chapter 8) or to other com-
plete search algorithms, but much will not, because the search algorithm has a profound
influence on modelling decisions.

In this chapter, it will be assumed that the problem to be solved is well-defined; al-
though eliciting a correct and full problem description canbe a significant proportion of
the problem-solving effort, it will be assumed here that that step has been done. It will
also be assumed that the problem does not involve preferences or uncertainty, which are
covered in Chapters 9 and 21.
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11.1 Preliminaries

In this section, the concepts needed in the rest of the chapter are defined.
A Constraint Satisfaction Problem(CSP) is a triple〈X,D,C〉 where:X is a set of

variables, {x1, ..., xn}; D is a set ofdomains, D1, ..., Dn associated withx1, ..., xn re-
spectively; andC is a set ofconstraints. Each constraintc ∈ C is a pairc = 〈σ, ρ〉 where
σ, the constraintscope, is a list of variables, andρ, the constraintrelation, is a subset of
the Cartesian product of their domains.

The domain of a variable is the set of possible values that canbe assigned to it. In this
chapter, it will be assumed that the domain of a variable is a finite set.

An assignmentis a pair(xi, a), which means that variablexi ∈ X is assigned the
valuea ∈ Di. A compound assignmentis a set of assignments to distinct variables inX .
A complete assignmentis a compound assignment to all variables inX .

The relation of a constraintc = 〈σc, ρc〉 specifies the acceptable assignments to the
variables in its scope. That is, if the constraint scopeσc is{xi1 , xi2 , ..., xik} and〈a1, a2, ...,
ak〉 ∈ ρc, the compound assignment assigningai to xik , 1 ≤ i ≤ k, is an acceptable
assignment; we say that the assignmentsatisfiesthe constraintc. A solution to the CSP
instance〈X,D,C〉 is a complete assignment such that for every constraintc ∈ C, the
restriction of the assignment to the scopeσc satisfies the constraint.

The relation of a constraint may be specifiedextensionallyby listing its acceptable
(satisfying) tuples, orintensionallyby giving an expression involving the variables in the
constraint scope such asx < y from which it can be determined whether or nor a given
tuple satisfies the constraint.

The arity of a constraint is the size of its scope. A unary constraint isdefined on a
single variable, a binary constraint on two variables. There is no requirement that different
constraints must have different scopes.

Given a constraintc = 〈σc, ρc〉, theprojectionof c ontoτ ⊂ σc is a constraintc′ whose
scope isτ and whose relation is the set of tuples derived by taking eachtuple inρc and
selecting only those components corresponding to the variables inτ .

Many forms of consistency have been defined for CSPs and individual constraints.
Here, only those commonly used by constraint solvers are defined. Consistency and con-
straint propagation are covered fully in Chapter 3.

A binary constraint isarc consistentif for every value in the domain of either variable,
there exists a value in the domain of the other such that the pair of values satisfies the
constraint. A non-binary constraint isgeneralized arc consistentor hyper-arc consistent
iff for any value for a variable in its scope, there exists a value for every other variable in
the scope such that the tuple satisfies the constraint.Domain propagationon a constraint
removes unsupported values (i.e. values which cannot be extended to a pair of tuple of
values satisfying the constraints) from the domains of the variables in its scope until the
constraint is (generalized) arc consistent.

A constraintc on variables with ordered domains (such as integers) isbounds consis-
tent if for every variablex in its scope, there exists a valuedj for every other variable
xj (1 ≤ j ≤ k) in the scope ofc, with minDj

≤ dj ≤ maxDj
, such that the com-

pound assignment{(x, l), (x1, d1), ..., (xk, dk)} satisfiesc, wherel is the minimum of the
domain ofx, and similarly, valuesd′j can be found withminDj

≤ d′j ≤ maxDj
, such

that{(x, u), (x1, d
′
1), ..., (xk, d

′
k)} satisfiesc, whereu is the maximum of the domain of

x. (For arithmetic constraints, the valuesdj , d′j can be real values rather than integers.)
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Bounds propagationon an arithmetic constraint reduces the bounds of the variables until
the constraint is bounds consistent.

11.2 Representing a Problem

It is difficult to define precisely what we mean when we say thata CSPrepresentsa prob-
lemP . A possible definition is that: a CSPM = 〈X,D,C〉 represents a problemP , orM
is amodelof P , if every solution ofC corresponds to a solution ofP and every solution
of P can be derived from at least one solution toC.

The definition does not require that there is a one-to-one correspondence between the
solutions ofP and the solutions ofM . This is because modelling a problem as a CSP often
introduces symmetry, by representing entities that are indistinguishable inP by distinct
variables or values inM . Hence, multiple solutions ofM may correspond to the same
solution toP .

Symmetry causes a further complication, because if there issymmetry in bothP and
M , one way to deal with it is to add constraints toM ; the aim is to eliminate all but one so-
lution in every symmetry equivalence class. The symmetry-breaking constraints exist only
in M , not inP , so that multiple symmetrically-equivalent solutions toP can correspond
to the same solution toM . Hence, the correspondence between the solutions toM and the
solutions toP can be many-to-many. We might avoid this last complication by agreeing
that symmetry-breaking constraints are a special case, intended to eliminate solutions to
M and therefore also solutions toP , and that they can be ignored in considering whether
M is a model ofP .

A final difficulty with the definition is that it implies that any CSP models a problem
that has no solutions. The definition of equivalence of CSPs given by Rossi, Petrie and
Dhar [36] similarly makes any CSPs with no solutions equivalent.

In practice, in modelling a problem as a CSP, we do not rely on this definition, but
choose variables and values to represent entities inP and write the constraints on these
variables to represent the rules and restrictions defining the solutions toP . However, it
must certainly be true that any solution toM yields exactly one solution toP , and that
any solution toP corresponds to a solution toM or is symmetrically equivalent to such a
solution, and that ifM has no solutions, this is becauseP itself has no solutions.

The aim in choosing a model of a problem is to arrive at a CSP that can be solved
quickly; we typically require good run-time behaviour overthe range of instances to be
solved. Note that the shortest run-time does not necessarily mean the least search (as
measured by nodes visited or backtracks, say).

11.3 Propagation and Search

In this chapter, it will be assumed, unless stated otherwise, that the CSP will be solved
by a complete search algorithm that interleaves search withconstraint propagation. Such
search algorithms are dealt with in Chapter 4, “Backtracking Search Algorithms for CSPs”,
along with variable and value ordering heuristics. The search proceeds by constructing
a series of choice points, at each of which a set of mutually exclusive and exhaustive
choices is constructed, involving variables whose value isnot yet assigned. Common sets
of choices are{xi = a, xi 6= a} (binary branching);{xi = 1, xi = 0} (when the variables
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are Boolean);{xi ≤ a, xi > a} (domain splitting);{xi = v1, xi = v2, ..., xi = vk},
wherev1, v2, ..., vk are the values currently available inDi (k-way branching). Choices
can involve more than one variable, e.g.{xi ≤ xj , xi > xj}; this is common in scheduling,
for instance, where the choices might represent the two possible orders for the starting
times of two activities (see Chapter 22). Although all thesetypes of choice, and more, are
possible, in the examples quoted in this chapter binary branching has been used.

The search pursues each choice in turn, first adding the constraint defining the choice
to the existing constraints and propagating it, until localconsistency is restored in the
resulting subproblem. Typically, each type of constraint in the problem has an associ-
ated propagation algorithm, achieving the level of consistency specified for that constraint.
Constraint propagation continues until no further propagation can be done, and every con-
straint is again in its target state of consistency. Given a target level of consistency for each
constraint inC, the CSP〈X,D,C〉 is locally consistentif every constraint achieves its tar-
get consistency level. If, at any stage during the search, constraint propagation results in an
empty domain for some future (not-yet-assigned) variable,the search backtracks, restoring
the domains to their state before the last choice was made, and exploring another of the
choices created at the last choice point; if no further choices remain, the search backtracks
to a previous choice point, and so on, until either a solutionis found or all possible choices
have been explored.

This form of search is used by default in commercial constraint solvers. It has a pro-
found influence on the modelling process, because in taking many modelling decisions, the
user needs to consider their effect on constraint propagation.

Typically, constraint solvers will enforce arc consistency (AC) on some, but not all,
binary constraints and bounds consistency (BC) on arithmetic constraints. They will not
usually maintain generalized arc consistency (GAC) on non-binary constraints, except for
global constraints for which an efficient propagation algorithm exists. For some global
constraints, the user may be able to choose the level of consistency to be maintained. For
some complex constraints, the default may be to do very little consistency checking; the
propagation algorithm may take action only when all but one or two of the variables in its
scope have been instantiated.

These decisions in designing constraint solvers stem from atrade-off between the time
and space required to maintain generalized arc consistencyon all constraints and the reduc-
tion in search that could result. Puget has explained the decision to maintain only bounds
consistency on arithmetic constraints in ILOG Solver by saying: “Solver is a compro-
mise between efficiency and completeness...In the example... [of constraint propagation of
arithmetic constraints] the incompleteness comes from thefact that arithmetic expressions
only propagate bounds.. This is an example of the choice we made. Propagating holes in
expressions would require much more memory and time than thecurrent implementation.
¿From tests made on a very large set of examples, we found thatthe current compromise
is by far better.”

Even if we start from the assumption that the CSP will be solved using this general
search algorithm, the form of the choices made at choice points, as well as the specific
variable and value choices, will also affect the solution time.

Beacham, Chen, Sillito and van Beek [2] investigate the interaction between constraint
models, search algorithms and search heuristics, using crossword puzzle problems. They
compare three constraint models and two well-known search heuristics (minimum domain
and domain/degree); the search algorithms are forward checking and a search algorithm
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that maintains generalized arc consistency, with three different ways of enforcing GAC.
They conclude that the three choices of model, algorithm andheuristic interact, and that
for the most efficient problem solving, none of the decisionscan be made independently
of the others.

It is a moot point whether the choice of search heuristics is part of modelling or not. It is
certainly true that the performance of a model will be affected by the search heuristics, but
for the purposes of this chapter, choosing the search heuristics will be excluded. However,
for some types of model, there is a choice of which of the variables in the model should be
used to drive the search, i.e. which variables should participate in choice points, and this
will be considered as part of modelling.

11.4 Viewpoints

Different models of a problemP may result from viewing the problemP from different
angles or perspectives. The termviewpointwas introduced informally by Geelen [19], in
discussing permutation problems, and was subsequently adopted and formally defined by
Law and Lee [29]. A viewpoint is a pair〈X,D〉, whereX = {x1, . . . , xn} is a set of vari-
ables, andD is a set of domains; for eachxi ∈ X , the associated domainDi is the set of
possible values forx. It must be possible to ascribe a meaning to the variables andvalues
of the CSP in terms of the problemP , and so to say what an assignment in the viewpoint
〈X,D〉 is intended to represent in terms ofP . The complete assignments defined by the
viewpoint are intended to include all possible solutions ofP . The constraints must then en-
sure that every solution to the CSP is a valid solution toP , and so are largely determined by
that requirement. Hence, it is different viewpoints that give rise to fundamentally different
models of a problem.

In principle, the values in the domain can be of any type. In practice, the types com-
monly supported by constraint solvers include integers, Booleans (perhaps only as a sub-
type of integers) and sets of integers. Other types have beenproposed, e.g. multisets and
tuples; constraint solvers may directly support these, or provide facilities to allow new
types to be defined. Some of what follows may also apply to modelling using real-valued
variables, and since the domains of integer variables are sometimes represented as inter-
vals, the boundary can be blurred.

Except for some very small problems, the variables of a CSP are usually implemented
using some data structure such as a list or an array. Flener, Frisch, Hnich, Kiziltan and
Walsh [12] suggest thatmatrix models, based on matrices of variables, are a natural way
to model many problems; indeed, almost all the examples given in this chapter use 1- or
2-dimensional matrices of variables. For some applications, other structures are important;
for instance, models based on graphs are used in the network applications discussed in
Chapter 25.

There are usually different viewpoints that could be chosenin modelling a problem.
Although viewpoints can be combined, as will be described insection 11.9, it will be
assumed for now that only one will be used. Having chosen a viewpoint, the next step is to
express the constraints to ensure that the solutions to the CSP are correct, i.e. are solutions
to P . However, although correctness is a minimum requirement, it is not sufficient if we
are also concerned with how efficiently the CSP can be solved.A good rule of thumb
in choosing a viewpoint is that it should allow the constraints to be easily and concisely
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expressed; we should prefer viewpoints that allow the problem to be described using as
few constraints as possible, as long as those constraints have efficient, low-complexity
propagation algorithms.

Nadel [30] was possibly the first to discuss different ways ofmodelling a problem. He
lists nine different representations of then-queens problem as a CSP (in fact, nine differ-
ent viewpoints), although two of these are derived from another two simply by swapping
the roles of rows and columns, and so result in identical CSPs. For instance, two of the
viewpoints are:

1. the variablesr1, .., rn represent the rows of the board, and the domain of each vari-
able is the set of integers{1, 2, ..., n} representing the columns; an assignment(ri, c)
means that the queen in rowi is in columnc;

2. the variablesq1, ..., qn correspond to then queens and the domain of each variable
is the set of integers{1, 2, ..., n2}, representing the squares; an assignment(qi, a)
means that theith queen is on squarea.

In the first viewpoint, the rule that there is only one (in fact, exactly one) queen on each
row is covered by the fact that any variable can only be assigned one value. The rule that
there is only one queen in each column can be expressed by the constraintsri 6= rj for
1 ≤ i < j ≤ n or by an allDifferent constraint onr1, ..., rn.

In the second viewpoint, the rules are more awkward to express. Constraints are needed
to ensure that no two queens are in the same row; if the ‘row’ element of a value can
be extracted, there could be a constraint between every pairof variables that their row
elements are not equal; the column constraints could be dealt with similarly. The diagonal
constraints are more difficult to write. One possibility is to state an extensional constraint
between each pair of variables, listing for each of then2 values, the values representing
squares that are not in the same row, column or diagonal, although domain propagation
would then be expensive. Furthermore, such constraints would only express that fact that
there isat mostone queen in each row or column, not that there must beexactlyone.
Although only correct solutions would be found using these constraints, the model would
allow partial solutions in which the queens already placed attack all the squares on a row
or column, since there is nothing explicit in the constraints to forbid this. Hence, a model
based on the second viewpoint would be less efficiently solved than the model based on
the first viewpoint.

11.5 Expressing the Constraints

Once we have arrived at a viewpoint that allows the constraints to be easily and concisely
expressed, there are often choices in exactly how to write the constraints; an example has
already been seen in the first viewpoint for then-queens problem, where there is a choice
between binary6= constraints and an allDifferent constraint.

The way in which the constraints are written affects the efficiency of the resulting
model, because it affects how the constraints will propagate during the search. Harvey and
Stuckey [22] observe that, “An unnerving and not well studied property of propagation
based solvers, is that the form of a constraint may change theamount of information that
propagation discovers.” They illustrate this with the constraints c1 ≡ (x = y), c2 ≡
(x + y = z) andc3 ≡ (2y = z), wherex, y andz are integer variables. IfC = {c1, c2}
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andC′ = {c1, c3},C andC′ are equivalent, in the sense that they have the same solutions.
However, ifC andC′ are made locally consistent, then inC′, the domain ofz (using AC)
or its upper and lower bounds (using BC) will be even integers, but this is not necessarily
true ofC.

Unfortunately, to arrive at a good model ofP , it is essential to be aware of the range of
constraints supported by the constraint solver and the level of consistency enforced on each
and to have some idea of the complexity of the corresponding propagation algorithms. This
is, of course, a long way from the declarative ideal. In this section, some of the choices
available when writing constraints are discussed.

11.5.1 Combining Constraints

Combining constraints with the same scope can be a way of expressing them more con-
cisely. The conjunction of two constraints with the same scope allows only the tuples that
are allowed by both. Enforcing the same level of local consistency on a conjunctionc1∧c2
as onc1 andc2 separately will remove at least as many domain values. However, it may
or may not reduce the run-time, depending on how time-consuming it is to enforce local
consistency on the conjunction and on the separate constraints.

An example can be found in then-queens problem. Using the first viewpoint listed
earlier (the standard CSP model for this problem), the variablesx1, x2, ..., xn representing
rows 1 ton of the board, and the values are{1, 2, ..., n}, representing the columns. The
rule that two queens cannot be on the same column or diagonal can most simply be written
using more than one constraint between each pair of variables xi andxj , i < j. For
instance:

• xi 6= xj

• xi − xj 6= j − i

• xj − xi 6= j − i

Figure 11.1 shows a state that might be arrived at during search, whenn = 6. Two
variables,x1 andx2, have already been assigned, and the crossed squares are no longer
available, because queens placed there would conflict with the two already placed; the
corresponding values will have been removed from the domains of the remaining variables
x3, x4, x5, x6. A queen cannot now be placed in row 5, column 3, because it would conflict

Q
Q

Figure 11.1: A search state in the 6-queens problem

with both remaining places for a queen in the 3rd row. However, the three constraints
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betweenx3 andx5 are arc consistent; the value 3 forx5 is supported by the value 1 for
x3 as far as the first constraint is concerned, and by the value 3 for x3 as far as the second
constraint is concerned. If the conjunction of the three constraints were expressed as a
single constraint, domain propagation would delete 3 from the domain ofx5. (However,
since the conjunction is unlikely to be expressible as a single constraint using the standard
constraints provided by constraint solvers, it might require writing a special constraint or
forcing AC in some other way. Simply writing a single constraint as a conjunction of the
separate constraints will not guarantee that the solver will enforce GAC on it, and it may
in fact dolessconsistency checking than on the separate constraints.)

Katsirelos and Bacchus [28] discuss improving constraint propagation by enforcing
GAC on conjunctions of constraints, rather than the individual constraints. Ifc1 andc2 are
two constraints in a CSP, domain propagation on their conjunctionc1 ∧ c2 removes at least
as many domain values as domain propagation onc1 andc2 separately. If the scopes of
c1 andc2 are disjoint, then domain propagation on the conjunction isequivalent to domain
propagation on the separate constraints, but the larger theoverlap in the scopes, the larger
the potential domain pruning from conjoining the constraints. Katsirelos and Bacchus use
Bessière and Régin’s GAC-schema algorithm [4] in their experiments: for that algorithm,
if the scope ofc1 is a subset of the scope ofc2, it is less time-consuming to enforce GAC
on the conjunction than on the individual constraints. Theypropose, as a heuristic, to
combine constraints which share all or most of their variables. They use the Golomb ruler
problem, discussed in more detail in section 11.9, as an example. They model the problem
as a CSP by using the positions of them ‘ticks’ on the ruler as the variablesx1, ..., xm.
The constraints are that|xj − xi| 6= |xl − xk|, for 1 ≤ i, j, k, l ≤ m. In this model,
there are seven constraints of this kind over any set of four variables (four quaternary and
three ternary). They show that combining the quaternary andternary constraints on each
set of four such variables reduces the number of backtracks slightly and the run-time a lot,
compared to using the individual constraints; they maintain GAC on constraints in either
case. (Note that this is not the model usually used for the Golomb ruler problem, so that
their results are not comparable with others.)

11.5.2 Eliminating Variables

Harvey and Stuckey [22] give a number of theorems on rewriting linear constraints and how
bounds propagation or domain propagation will be affected.For instance, one theorem
concerns using a two-variable linear equation to substitute for one of these variables in
a linear constraint: supposec1 ≡ (

∑n
i=1 aixi opd), where op∈ {=,≤, 6=} and c2 ≡

(bjxj + bkxk = e), j 6= k, bj 6= 0, bk 6= 0. Let c3 be the constraint resulting from
usingc2 to removexj in c1. Then bounds propagation on{c3, c2} is stronger than bounds
propagation on{c1, c2}. (i.e. each variable domain in the first case is a subset of itsdomain
in the second case). The same is true for domain propagation.

11.5.3 Global Constraints

Constraint solvers provide a range ofglobal constraints, developed to replace particular
sets of constraints that occur frequently. Global constraints are the subject of Chapter 7.
They allow a single constraint on any number of variables to replace a set of constraints,
and provide a propagation algorithm that typically enforces GAC on the constraint.
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There is sometimes a choice as to what level of consistency will be maintained on the
global constraint. A frequently occurring global constraint is the allDifferent constraint,
and it does provide such a choice. A constraint allDifferent(x1, x2, ..., xn) can either be
treated as if it had been written asn(n− 1)/2 binary 6= constraints on which AC is main-
tained; or bounds consistency (BC) can be maintained on the global constraint; or general-
ized arc consistency (GAC) can be maintained. Maintaining ahigher level of consistency
takes more time; on the other hand, if more values can be removed from the domains of the
variables, the search effort will be reduced and this will save time. Whether or not the time
saved outweighs the time spent depends on the problem. In thecase of the allDifferent
constraint, experience suggests that if the number of values in the union of the domains of
x1, x2, ..., xn is n or not much greater, maintaining GAC is likely to be worthwhile; but if
the number of values is much greater thann, so that the allDifferent constraint is looser, it
is less likely that domain propagation will remove more values than the6= constraints, and
so it may not be cost-effective (see for instance [31]).

11.5.4 Extensional Constraints

Some constraint solvers give the user the option to enforce GAC on any constraint. CHIP,
for instance, had the facility to enforce arc consistency onarbitrary constraints defined by
Prolog predicates, and this was used in solving a microcode labelling problem, described in
[47]. ILOG Solver provides a table constraint, in which the set of allowed (or not allowed)
tuples can be explicitly listed. SICStus Prolog similarly has acase constraint that allows
the solutions to the constraint to be specified as a directed acyclic graph.

Cheng and Yap [7] demonstrate the usefulness of the SICStus Prologcase constraint
in Maximum Density Still Life, a problem derived from the Game of Life. The game is
played on a squared board and in the problem considered, eachcell of the board is either
alive or dead according to the state of its eight neighbouring cells. The original model has
a Boolean variable for each cell, with the value 1 representing ‘alive’ and 0 representing
‘dead’. The constraint between a variable and the variablesrepresenting the neighbouring
cells is complex: the value of the cell is 1 if the sum of the neighbouring variables is exactly
3, or 0 if their sum is< 2 or> 4. The aim is to find a configuration of live and dead cells on
ann×n board that satisfies the constraints and maximizes the number of live cells. Cheng
and Yap use thecase constraint to represent the constraint between the cells ina 3 × n
‘super-row’. They use the fact that the variables in the problem are Boolean to construct
a Binary Decision Diagram of the constraint and convert the BDD to a DAG. For a good
ordering of the variables, the size of the resulting BDD increases only linearly withn, so
that maintaining consistency of thecase constraint remains efficient.

It can be useful to be able to express even binary constraintsextensionally and ensure
that arc consistency is maintained. For instance, in the Black Hole patience game [20], a
pack of playing cards has to be arranged in sequence, in such away that successive cards
in the sequence have consecutive values, so that for instance a five can only be followed
by a four or a six (of any suit). An ace can be either a high or a low value, and so can
be followed by a two or a king. (There are other conditions on the sequence that are not
relevant here.) The viewpoint used in solving Black Hole games using CP in [20] has a
variablexi for each positioni in the sequence,1 ≤ i ≤ 52; the domain of each variable
is {1, .., 52}, representing the cards, where the values 1 to 13 represent the ace to king of
spades respectively, 14 to 26 represent the ace to king of hearts, and so on. To ensure a
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correct sequence, there must be a binary constraint betweenxi andxi+1 for 1 ≤ i ≤ 51; for
instance, ifxi is assigned the value 15 (representing the two of hearts), the possible values
for xi+1 are 1, 3, 14, 16, 27, 29, 40, 42, representing the aces and threes. The constraint is
expressed extensionally by listing the possible values forxi+1 for each possible value of
xi, using the table constraint in ILOG Solver, which maintainsAC on the constraint.

11.5.5 Reified Constraints and Meta-Constraints

A reified constraint associates a 0/1 variablex with a constraintc, so thatx takes the value
1 if the constraintc is satisfied and 0 otherwise. More or less equivalently, in terms of
expressivity, a meta-constraint is a constraint over constraints. Fernandez and Hill [11]
discuss representing aself-referential puzzleintroduced by Henz [23] in a variety of con-
straint programming languages, using reified constraints and meta-constraints.

More significantly, they can be used to express disjunctionsof constraints. For instance,
the condition that constraintc1 or constraintc2 (or both) must be satisfied can be expressed
by associating the constraints with the variablesx1 andx2 respectively and adding the
constraint thatx1 + x2 ≥ 1.

Van Hentenryck and Deville [48] introduced the cardinalityoperator to express such
disjunctive conditions; it allows upper and lower bounds tobe stated on the number of
constraints in a set that must be satisfied. Of course, it is not sufficient simply to allow
disjunctive conditions to be expressed; changes to the domains of the variables involved
must also be propagated efficiently. The implementation of reified constraints in constraint
logic programming is discussed in Chapter 12.

11.6 Auxiliary Variables

In the last section, different ways of writing constraints on the variables in the chosen
viewpoint were discussed. However, more choices are available, and the potential for
more efficient models, if other variables can be introduced.

Auxiliary variables are variables introduced into a model,either because it is difficult
to express the constraints at all in terms of the existing variables, or to allow the constraints
to be expressed in a form that would propagate better, i.e. lead to more domain reductions.

An early example appears in a paper on the car sequencing problem (problem 1 in
CSPLib) by Dincbas, Simonis and van Hentenryck [9]. A numberof cars are to be made
on a production line: each of them may require one or more options which are installed
at different stations on the line. The option stations have lower capacity than the rest of
the production line, e.g. a station may be able to cope with atmost one car out of every
two. The cars are to be arranged in a production sequence so that these capacities are not
exceeded.

In [9], the initial viewpoint has variablessi, 1 ≤ i ≤ n, wheren is the number of
cars to be produced, and therefore the length of the production sequence. The value ofsi
represents the car to be produced in positioni in the sequence, or more precisely theclass
of car, since cars requiring the same set of options can be considered as identical.

It is straightforward to express some of the constraints required to model the problem
in this viewpoint, for instance, that the number of variables assigned a specific value is
equal to the number of cars in the corresponding class. However, the option capacities are
difficult to express using these variables alone.
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Dincbaset al. introduce auxiliary Boolean variablesoij , 1 ≤ i ≤ n, 1 ≤ j ≤ m, such
thatoij = 1 iff the car in theith slot in the sequence requires optionj. The constraints
expressing the option capacities are expressed in terms of these variables; suppose that
the capacity of option 1 is one car in every two. Then the capacity of the option can be
enforced using the constraints:

oi,1 + oi+1,1 ≤ 1 for 1 ≤ i < n

Constraints are also needed to express the relationship between the auxiliary vari-
ables and the original variables. In this case, this could bedone by the constraintsoij =
λsi,j, 1 ≤ i ≤ n, 1 ≤ j ≤ m, where the constantλkj = 1 iff car classk requires optionj.

Usually, auxiliary variables are not sufficient to define a viewpoint, i.e. it would not be
possible to build a model of the problem using only the auxiliary variables. However, the
auxiliary variables in the car sequencing problem could constitute a viewpoint; every valid
production sequence can be specified as a complete assignment to these variables.

It is sometimes worthwhile to use auxiliary variables as search variables, alongside the
original variables. An example occurs in a network design problem arising from the de-
ployment of synchronous optical networks (SONET) [43]. Thenetwork contains a number
of client nodes and a number of SONET rings. A SONET ring joinsa number of nodes;
a node is installed on a ring using an add-drop multiplexer (ADM). There are known de-
mands (in terms of numbers of channels) between pairs of nodes; in a simplified version
of the problem, the level of demand is ignored, but if there isa traffic demand between two
nodes, there must be a ring that they are both installed on. Each node can be installed on
more than one ring, and there is a maximum number of nodes thatcan be installed on each
ring. The objective is to minimise the total number of ADMs required, while satisfying all
the demands.

The viewpoint used in [43] has variablesxik, 1 ≤ i ≤ n, 1 ≤ k ≤ m, wheren is the
number of nodes andm is the number of available rings.xik = 1 if nodei is assigned to
ring k, 0 otherwise.

A number of auxiliary variables are introduced, representing for instance the number of
rings that each node is on. It was found to be a successful search strategy to assign this last
set of variables first, before assigning the variablesxik. In terms of the underlying problem,
although decidinghow manyrings each node is not sufficient to specify the network, it
greatly simplifies the remaining problem of decidingwhichrings each node is on.

Note that if the auxiliary variables would constitute a viewpoint in their own right, and
we assign values to these variables as well as the viewpoint variables, the resulting model
might be more appropriately considered as combining two viewpoints, as in section 11.9.

11.7 Implied Constraints

Implied constraints, also called redundant constraints, are constraints which are implied by
the constraints defining the problem. They do not change the set of solutions, and hence
are logically redundant. The aim in adding implied constraints to the CSP is to reduce the
search effort to solve the problem.

A necessary condition for an implied constraint to be usefulin reducing search is that it
forbids one or more compound assignments that the existing constraints will allow (given
the level of propagation that will be maintained on the individual constraints during search).
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A compound assignment forbidden by an implied constraint cannot lead to a solution, since
it does not change the set of solutions. Without the implied constraint, such an assignment
may occur during the search, and determining that it cannot be completed may take a very
long time.

Dincbas, Simonis and van Hentenryck [9] used implied constraints in solving the car
sequencing problem described earlier. In section 11.6, theconstraints on the variablesoij
enforcing the option capacities are given. These constraints only express that fact that the
option capacities cannot be exceeded; there is nothing to prevent a partial sequence of cars
from using a particular optionbelowcapacity. However, a certain number of cars requiring
each option have to be fitted into the sequence, so that going below capacity in one part of
the sequence may make it impossible to avoid exceeding the capacity elsewhere. Hence,
there are implied constraints which have not yet been expressed.

For instance, suppose there are 30 cars, and 12 of them require option 1, with capacity
1 car in any 2. Then at least one of the cars in slots 1 to 8 of the production sequence
must require option 1; otherwise 12 of cars 9 to 30 will require option 1, which violates
the capacity constraint. Similarly, cars 1 to 10 must include at least two option 1 cars,
... , and cars 1 to 28 must include at least 11 of the option 1 cars. Dincbaset al. added
implied constraints of this kind for each option and for all sub-sequences starting with slot
1. Without these constraints, partial sequences in which one or more option stations are
under-utilized can be formed, and eventually the search will have to backtrack when it is
found that the sequence cannot be completed without exceeding the option capacity. The
implied constraints prevent wasted search of unsatisfiablesubproblems.

11.7.1 Implied Constraints and Search Order

Ensuring that each implied constraint forbids an assignment that would be allowed other-
wise is not sufficient to guarantee that the added constraints will reduce the search effort.
It may be that the assignments forbidden by a proposed implied constraint would never
occur during the search anyway, given the search order. Hence, in backtracking search, the
order in which the variables are assigned can affect whetherit will be beneficial to add an
implied constraint or not.

For instance, Borrett & Tsang [5] discuss adding an implied constraint between vari-
ablesq andr when binary constraints betweenp andq and betweenp andr already exist
in the CSP. The constraintcqr could be derived by composing the constraintscpq andcpr
- effectively, making this triple of variables path consistent. Borrett & Tsang show that
using a simple backtracking algorithm (i.e. one doing no constraint propagation), if the
three variablesp, q andr are assigned in that order, the implied constraintcqr will have
no effect on the number of nodes visited. On the other hand, ifthe CSP already contains
the constraintscpr andcqr, then adding the constraintcpq can reduce the number of nodes
visited, given the same search order.

Similarly, in the car sequencing problem, the usefulness ofthe implied constraints used
by Dincbaset al. depends on the search order [39]. In the example given earlier, at least
one car in slotsi to i+7 of the sequence must require option 1, for any value ofi from 1 to
23; hence, as well as the constraint added by Dincbaset al., there are many other equally
valid constraints. Overall, there are potentially very many implied constraints imposing
a lower limit on the number of cars requiring a particular option in any sub-sequence of
lengthk. However, if the search builds up the sequence of cars consecutively from slot
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1, only the implied constraints on the firstk cars affect the search. The other possible
implied constraints would always be consistent, but checking this whenever one of the
variables involved is assigned a value would slow down the search. On the other hand, if
the variables were assigned in a different order, a different set of implied constraints would
be useful.

11.7.2 Implied Constraints v. Global Constraints

Following the work of Dincbaset al. on the car sequencing problem, Régin and Puget
[35] later developed a global constraint specifically for sequence problems, using the car
sequencing problem as a test case. They noted that “our filtering algorithm subsumes all
the implied constraints” used by Dincbaset al. The global constraint makes the effort of
devising and implementing implied constraints redundant,in this case. It may often be true
that implied constraints are only useful because a suitableglobal constraint does not (yet)
exist. On the other hand, many implied constraints are simple and cheap to propagate,
whereas global constraints are often time-consuming to propagate. Moreover, it is only
worth the effort of implementing a global constraint if it can be used for a significant class
of problems; for a one-off problem, where good implied constraints can be found, the
implied constraints are likely to be more cost-effective.

11.7.3 Implied Constraints from Subproblems

Van Beek and Wilken [46] use implied constraints in finding minimum length instruction
schedules for the object code produced by a compiler. The implied constraints are lower
bounds on the number of steps between a pair of instructions,found by considering sub-
problems; if a consistency check in the subproblem shows that the current lower bound
on the distance between two instructions cannot be achieved, a constraint increasing the
bound can be added. Van Beek and Wilken comment that generating powerful implied con-
straints in this way was the key to being able to solve very large real instruction scheduling
problems. In the SONET problem, described in section 11.6, implied constraints were also
derived (in that case by hand) from considering subproblems; the SONET constraints are
lower bounds on the auxiliary variables that represent the number of times that each node
is installed on a ring. These examples suggest that subproblems might also be a useful
source of tighter variable bounds in other cases.

11.7.4 Finding Implied Constraints

Implied constraints can often be explained as projections of a conjunction of a few of the
problem constraints onto a subset of the variables in the union of their scopes. These con-
straints can be seen as partially enforcing some higher level of consistency in the problem.
Although the search algorithm only enforces consistency onsingle constraints, there are
forms of consistency that take all the constraints on a subset of the variables and find in-
consistent tuples. Enforcing consistency on subsets of theconstraints is computationally
expensive, even if only done before search; if it generated the equivalent of useful implied
constraints, it would likely also generate a much larger number that would not be useful
during the search. Furthermore, consistency enforcing generates sets of forbidden tuples;
these would be presented to the constraint solver as extensional non-binary constraints,
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which are time-consuming to propagate. This does not at present appear a promising route
to generating implied constraints automatically; it is notsufficiently selective, and implied
constraints need to be expressed in form that can propagate efficiently, like other problem
constraints.

Alternatively, adding implied constraints to a CSP is ofteninspired by a search taking
an unacceptably long time to solve a problem, and discovering on examining the search
tree in detail that assignments that are obviously incorrect are being considered; implied
constraints are generalizations that state explicitly what is incorrect about these assign-
ments and other potential failed assignments of the same kind. On this view, implied
constraints are akin to nogoods (inconsistent compound assignments) that are uncovered
during search. However, individual nogoods have little effect on the search, and if there are
enough of them to be useful, checking them will hinder the constraint solver. An advan-
tage is that they do take account of the search heuristics. Again, automatically generating
implied constraints from nogoods identified during the search would require some means
of expressing the constraints in a form that can propagate efficiently.

Some attempts have been made to generate implied constraints automatically, by look-
ing for logical consequences of the existing constraints. Hnich, Richardson and Flener
[26] classify implied constraints, and discuss automatically generating implied constraints
of each type. Some of the types that they identify have been discussed separately here; for
instance, one of the types is a global constraint (such as an allDifferent constraint) used
to replace a set of constraints (a clique of6= constraints). Other types require introducing
new variables. However, two of their types fit closely the implied constraints discussed in
this section: variable elimination (using one constraint to eliminate a variable in its scope
from other constraints involving that variable) and constraints over a new scope (using a
set of constraints to derive a new constraint over a subset ofthe union of their scopes).
Hnich et al. describe using PRESS (PRolog Equation Solving System) to try to derive
implied constraints from linear and nonlinear arithmetic constraints; in their test cases, it
can find some implied constraints of the variable elimination type, and also implied linear
constraints derived from nonlinear constraints, but not the other types.

Frisch, Miguel and Walsh [18] also make some initial steps towards automating the
generation of implied constraints by developingmethods(analogous to methods in proof
planning) that can be applied to the set of constraints in a CSP to derive new constraints.
One is theeliminate method, which attempts to eliminate variables or terms froma
non-linear constraint, to give a constraint of lower arity that may propagate better. For
example:
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Neither of these approaches addresses the interaction of the search heuristics and the
implied constraints, but if a class of implied constraints can be identified for a type of prob-
lem, such as the car sequencing problem, it would be possibleto identify the constraints
that are useful during search, and discard the rest. Simoniset al. [38] discuss using visual-
ization tools in a constraint solver to assess the value of implied constraints, by examining
the progress of the search in detail. This makes it possible to check that the implied con-
straints work well with the search heuristics or to find out which of the implied constraints
are effective.
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11.8 Reformulations of CSPs

In the last sections, different ways of improving a model were discussed; the changes to
the model keep the same viewpoint but change or add to the constraints, or expand the
viewpoint by adding auxiliary variables. The alternative way to change the model is to
change the viewpoint. This may require literally looking atthe problem from a different
perspective and developing some insight into the problem. However, some transformations
from one viewpoint to another are standard or are useful in specific problem classes.

There is an established and continuing body of work on transforming CSPs into sat-
isfiability problems (e.g. [49]). This work will not be discussed here, because its aim is
fundamentally different; rather than developing a model that can be solved more efficiently
as a CSP, using a constraint solver, it aims to solve the underlying problem more efficiently
as a SAT problem, using a SAT solver.

11.8.1 Non-Binary to Binary translations

Early search algorithms for CSPs only dealt with binary constraints; as a result, there are
some standard transformations of a CSP with non-binary constraints into a binary CSP
[1]. Thehidden variabletransformation adds a new variablehi to the CSP for each non-
binary constraint,ci; the values ofhi correspond to tuples of variables in the scope ofci.
The original constraintci is replaced by binary constraints betweenhi and the variables in
the scope ofci; each value ofhi implies a value for each variable in the scope ofci, and
the binary constraints enforce this correspondence. In theterminology of this chapter, the
hidden variables would be classed as auxiliary variables, rather than a change of viewpoint.

The dual graphtranslation of a non-binary CSP replaces the original constraints by
new variables, and so produces a new CSP based on a different viewpoint. The dual vari-
abledi represents the constraintci, and its values represent the tuples satisfyingci. There
is a binary constraint between two dual variablesdi anddj if the scopes ofci andcj have
a non-empty intersection; the binary constraint forbids pairs of values which would assign
different values to any of the shared variables.

Bacchus and van Beek [1] investigate these transformationsempirically, using a for-
ward checking algorithm: when applied to the original non-binary model, the algorithm
checks ak-ary constraint whenever all but one variable in its scope has been assigned.
They show that both the hidden variable and dual graph transformation can outperform
the original model; however, given constraint solvers thathave better ways of dealing with
many types of non-binary constraint, these transformations have been little used in prac-
tice.

An exception is the use of dual variables to replace 9-ary constraints in the Maximum
Density Still Life problem, described earlier in section 11.5.4. In [42], the 9-ary constraints
between a cell and its eight neighbours are replaced by dual variables, exactly as in the
dual graph transformation. Unlike the dual graph transformation, the original variables
are also kept, although only in order to express the objective, that the number of live cells
should be maximized. The dual variables represent 3× 3 ‘supercells’; one advantage of
the dual graph translation, as well as replacing the cumbersome 9-ary constraints, is that it
allows the supercells rather than the cells to be the search variables. Hence, the dual graph
translation in this case corresponds to a genuinely different perspective on the problem.
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A similar transformation has been used by Hnich, Prestwich and Selensky [25] in mod-
elling the covering test problem (problem 45 in CSPLib), arising in software testing. The
covering test problem is: for a given tuple(t, k, g, b) find acovering arrayCA(t, k, g) of
sizeb or show that none exists. The covering array hask columns andb rows, and in every
subset oft columns every possiblet-tuple over the alphabetZg = {0, 1, 2, ..., g− 1}must
occur in at least one row. A solution fort = 3, k = 5, g = 2, b = 10 is shown in Figure
11.2. Every triple of values from{0, 1}, from (0, 0, 0) to (1, 1, 1), occurs in the first three
columns of the array, and this is true of every other subset ofthree columns as required.

1 2 3 4 5
0 0 0 0 0
0 0 0 1 1
0 0 1 0 1
0 1 0 0 1
0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 0 0
1 1 1 1 1

Figure 11.2: A covering arrayCA(3, 5, 2) of size 10.

A natural way to model the problem is to introduce ab× k matrix of integer variables,
xri, for 1 ≤ r ≤ b and1 ≤ i ≤ k, such thatxri = m if the value in columni and row
r of the array ism. However, it is hard to express the constraints that in everysubset oft
columns, every possiblet-tuple must occur.

To make these constraints easier to express, Hnichet al. introducedcompound vari-
ables, analogous to the variables of the dual graph transformation, to represent everyt-
tuple of columns in each row. In the case of a binary alphabet,each compound variable
has domain{0, ..., 2t}. There are still non-binary constraints on these variables: there is
a global cardinality constraint on the compound variables corresponding to a givent-tuple
in each row, to ensure that every value between 0 and2t − 1 is assigned at least once. In
addition, just as in the dual graph translation, there are binary constraints between the com-
pound variables corresponding to a row that if they have columns in common, in terms of
the original variables, they must agree on the values that they give to their shared variables.

These examples show that the dual variables of the dual graphtranslation can be prac-
tically useful in rewriting non-binary constraints, even without eliminating the non-binary
constraints completely.

11.8.2 Permutation Problems

A well-studied class of problem with two standard viewpoints is the class of permutation
problems. A CSP is a permutation problem if the union of the domains has the same
number of elements as there are variables and each variable must be assigned a different
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value. Any solution assigns a permutation of the values to the variables. Other constraints
in the problem determine which permutations are acceptablesolutions.

Each possible value is assigned to exactly one variable and each variable is assigned
exactly one value. Thedualviewpoint was identified by Geelen [19]; it switches the roles
of the variables and values. For example, the usual CSP modelof then-queens problem
in which the variables represent the rows and the values represent the columns is a permu-
tation problem; the dual model has the variables representing the columns and the values
representing the rows. In this instance, the two viewpointsgive the same CSP, so that one
is not better than the other. In many permutation problems, however, the constraints are
easier to express and propagate better in one viewpoint thanthe other. For example, the
problem of finding ann×nmagic square, containing the numbers 1 ton2 arranged so that
the sum of every row and column is the same, can be expressed asa permutation problem;
we can either find the number to go in each cell of square, or decide which cell to put
each number in. However, the constraints on the row and column sums are much easier to
express in the first viewpoint than the second.

As described in the next section, rather than choosing one viewpoint or its dual, we
can combine the two; much recent work on permutation problems has investigated this
possibility.

11.8.3 Boolean Models

Another possible viewpoint for a permutation problem has a Boolean variablexij for every
possible variable-value combination (or value-variable combination in the dual viewpoint).
For instance, in then-queens problem, the variablesxij , 1 ≤ i, j ≤ n correspond to the
squares of the board. The assignment(xij , 1) means that there is a queen on the square in
row i and columnj, and(xij , 0) means that there is not.

Similarly, a Boolean viewpoint can be derived from and CSP viewpoint with integer or
set variables. For any assignment(xi, j) in an integer viewpoint, there is a Boolean variable
bij in the Boolean viewpoint; the assignment(bij , 1) corresponds to the assignment(xi, j),
whereas any other assignment toxi corresponds to(bij , 0). For any assignment(Xi, S)
in a viewpoint with set variables, and for any valuej ∈ S, the Boolean variablebij is
assigned the value 1.

The variables of the Boolean viewpoint are closely similar to the variables of the direct
encoding of a CSP into SAT [49]. However, the Boolean viewpoint usually gives a less
efficient CSP than the integer or set model. The transformation to a Boolean viewpoint
is described here to emphasize that there is always a choice of models in representing a
problem as a CSP; in practice, it is often more useful to try toconvert an initial Boolean
model into one with integer or set variables.

11.8.4 Different Perspectives

So far in this section, the examples of changing viewpoint have involved reformulating an
existing viewpoint. However, for some problems, it may be possible to find a new view-
point by viewing the problem from a different angle; this is potentially valuable, because
the constraints expressed in a radically different viewpoint may express different insights
into the problem and so show different ways of solving it.
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A problem where many different viewpoints have been devisedis the ‘open stacks’
problem, set for the first Constraint Modelling Challenge, in connection with the Mod-
elling and Solving Problems with Constraints workshop at IJCAI’05. The submissions to
the Challenge can be found atwww.dcs.st-and.ac.uk/˜ipg/challenge . The
problem, as stated for the Challenge, is: “A manufacturer has a number of orders from
customers to satisfy; each order is for a number of differentproducts, and only one product
can be made at a time. Once a customer’s order is started (i.e.the first product in the
order has been made) a stack is created for that customer. When all the products that a
customer requires have been made, the order is sent to the customer, so that the stack is
closed. Because of limited space in the production area, thenumber of stacks that are in
use simultaneously i.e. the number of customer orders that are in simultaneous production,
should be minimized.”

A wide variety of viewpoints were represented amongst the Challenge entries. Perhaps
the most obvious viewpoint has variables representing positions in the production sequence
and values representing the products; this creates a permutation problem, so that this view-
point also has a dual. One insight into the problem is that although ostensibly requiring a
sequence of the products, it can in fact be solved by sequencing the customers; this gives
a viewpoint where the variables are the positions in a sequence of customers; the value
of the ith variable is theith customer to have their order completed. Other viewpoints
focus on the stacks: one has variables representing the customers, and the value assigned
to a variable is the stack area that customer will use. Also focussing on the stacks, an-
other viewpoint has a Boolean variable for each pair of customers: the value 0 means that
they share a stack location, and 1 means that they do not. Thislast viewpoint relates very
directly to the objective, since minimizing the maximum number of open stacks is equiva-
lent to maximizing the number of customers that can share a stack location. Several other
viewpoints also feature in the entries.

Different viewpoints can be used individually as the basis of a model of the problem.
However, a more interesting approach is to combine different viewpoints; this will be
discussed in the next section. When the viewpoints being combined are based on different
insights into the problem, this potentially allows all these insights to contribute to solving
the problem, rather than forcing the modeller to choose justone.

11.9 Combining Viewpoints

If two viewpointsV1 = 〈X1, D1〉, V2 = 〈X2, D2〉 for the same problem have been iden-
tified, a complete model of the problem can be constructed from each viewpoint, say
M1 = 〈X1, D1, C1〉, M2 = 〈X2, D2, C2〉. Hence, the models aremutually redundant.
It can be beneficial to combine the two models rather than to choose between them. The
combined model has variablesX1 ∪ X2 and (in the simplest form of combination) con-
straintsC1 ∪ C2 ∪ Cc, whereCc is a set ofchannelling constraints. The channelling
constraints express the relationship between the two sets of variables,X1, X2, in such a
way that assignments in either viewpoint can be translated into assignments in the other.
This idea was introduced by Cheng, Choi, Lee and Wu [6].

The potential advantage of combining viewpoints in this waycomes from propagating
the constraints of the two models during the search for a solution. The search variables
can be the variables of one of the viewpoints, sayX1 (this is discussed further below). As
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search proceeds, propagating the constraintsC1 removes values from the domains of the
variables inX1. The channelling constraints may then allow values to be removed from
the domains of the variables inX2. Propagating these value deletions using the constraints
of the second model,C2, may remove further values from these variables, and again these
removals can be translated back into the first viewpoint by the channelling constraints. The
net result can be that more values are removed within viewpointV1 than by the constraints
C1 alone, leading to reduced search. Chenget al. give a detailed account of how the
propagation in a combined model works, using then-queens problems as a case study.

Law and Lee [29] discuss a process they termmodel induction; this uses two view-
points, without combining them, and provides an insight into why multiple viewpoints
can be useful. Given two viewpoints〈X,D〉 and〈X ′, D′〉, the constraints of the second
viewpoint are translated into constraints in the first viewpoint, using the channelling con-
straints. The new constraints can be merged into the existing constraints with the same
scope in the first viewpoint. Law and Lee showed that this brings new information into the
first viewpoint and can speed up search.

In section 11.8, permutation problems were defined and the dual viewpoint described.
In solving a permutation problem, it is often beneficial to combine the two viewpoints.
In a permutation problem withk variablesx1, x2, ..., xk, the domain of each variable is
{1, 2, ..., k}. The dual variables ared1, d2, ..., dk, also with domains{1, 2, ..., k}. The
channelling constraints defining the relationship betweenthe variables of the two view-
points are:(xi = j) ≡ (dj = i), ∀i, j, 1 ≤ i ≤ k, 1 ≤ j ≤ k. (Note that these can
be more efficiently represented by a globalinverseconstraint [3] rather thann2 binary
constraints, although the binary constraints give the samepropagation.)

Hnich, Smith and Walsh [27] consider both permutation problems and injection prob-
lems (which are similar, but have more values than variables). Several possible combined
models for injection problems are investigated, in some cases using dummy values for the
dual variables, to allow for the values that are not assignedto the original variables.

Chenget al. [6] also give an example of combining an integer variable viewpoint
with a set variable viewpoint in a nurse rostering problem; the problem can be viewed as
either allocating shifts to nurses or as allocating nurses to shifts. The first viewpoint has
an integer variablenij for each nursei and dayj; its value represents the shift that nursei
works on dayj. The second viewpoint has a set variableSkj for each shiftk and dayj; its
value represents the set of nurses that work shiftk on dayj. The channelling constraints
to combine the viewpoints are(nij = k) ≡ (i ∈ Skj).

As well as theinverseconstraint already mentioned, a number of other global con-
straints such as theelementconstraint relate two sets of variables and so can often be
seen as channelling constraints between the variables of two viewpoints. (See Chapter 7,
“Global Constraints”.)

However, although it is not necessary for channelling constraints to be binary, they
must ensure that assignments in one viewpoint can trigger constraint propagation in the
other when only a few variables have been assigned. If constraint propagation via the
channelling constraints can only occur when a complete assignment has been made (i.e.
therefore when a solution has already been found) there is nobenefit from the combination.
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11.9.1 Selecting Constraints

It is clearly safe to combine two or more models of a problem into a single combined
model, containing the variables and the constraints of bothmodels, together with the chan-
nelling constraints. The constraints of either model will ensure that the solutions to the CSP
correspond to the solutions to the problem, so that this willalso be true of the combined
model.

However, it is often unnecessary to include all the constraints of both models, and the
search will be speeded up if some of the constraints are dropped.

In many cases, a motivation for combining viewpoints is thatsome of the constraints
are hard to express (and propagate weakly) in one viewpoint and some are hard to express
in the other. The combined model allows the constraints to beexpressed in the most con-
venient viewpoint. In this situation, it often happens thatthe two complete models, one for
each viewpoint, only exist in theory; the only model actually constructed is the combined
model, with a mixture of constraints expressed in each viewpoint.

In the Golomb ruler example, the requirement that the pairwise differences between the
marks on the ruler are all distinct can be expressed in terms of either viewpoint: either as
the 4-ary constraintsxj−xi 6= xl−xk or as a single global constraint allDifferent(d12, d13,
..., dm−1,m). These are equally correct in ensuring that the solutions meet the condition;
however, they are not equivalent in terms of propagation. [44] shows empirically that the
allDifferent constraint (or a clique of6= constraints) gives much better results than the 4-ary
constraints (if GAC is not maintained on the 4-ary constraints).

For permutation problems, where two viewpoints with variables x1, x2, ..., xn and
d1, d2, ..., dn can be combined as described earlier, with the channelling constraintsxi =
j) ≡ (dj = i), these channelling constraints are sufficient to ensure that the values assigned
to x1, x2, ..., xk (and so also those assigned tod1, d2, ..., dk) are distinct [27]. Hence, the
constraintsxi 6= xj , 1 ≤ i < j ≤ n or allDifferent(x1, x2, ..., xn), required in the original
model, are no longer needed in the combined model to ensure correct solutions. Main-
taining arc consistency on the binary channelling constraints can prune more values than
binary 6= constraints on these variables, though fewer than GAC on theallDifferent con-
straint. Enforcing AC on a set of binary6= constraints, representing an allDifferent con-
straint, removes a value from the domain of a variable if thatvalue is the only one value in
the domain of another variable (e.g. because it has been assigned that value). Enforcing AC
on the channelling constraints does the same pruning as the6= constraints, and in addition
removes all values but one from the domain of a variable (and thereby effectively assigns
the remaining value to the variable) if the remaining value does not appear in the domain
of any other variable in{x1, x2, ..., xk}. Hence, in a combined model of a permutation
problem, binary6= constraints between the variables of either viewpoint are awaste of
effort; an allDifferent constraint on one set of variables is not needed for correctness but
in some problems may do sufficient additional pruning to givea smaller run-time than the
channelling constraints alone.

[40] introduced the idea of aminimal dual modelof a permutation problem: this has
both sets of variables, the constraints (excluding the allDifferent constraint) of only one
model and the channelling constraints. For some permutation problems, the constraints
of one model are strictly stronger than those of the other, sothat including both sets of
constraints gives no benefit in terms of reducing search, andincurs an overhead in run-time.
In [40], it is demonstrated empirically that for Langford’sproblem (problem 24 in CSPLib),
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the minimal dual model generates the same search as a model using all constraints of both
models, but has a much shorter run-time.

Choi, Lee and Stuckey [8] investigate theoretically when some of the constraints in
one viewpoint arepropagation redundantin a model which also has the constraints of
another viewpoint and the channelling constraints. A constraint is propagation redundant
if the propagation that it would cause is subsumed by the propagation resulting from other
constraints in the model. Propagation redundant constraints can clearly be removed from
the model, and should be removed since they only add an unnecessary overhead. (Note
that unlike many other changes to a model, removing propagation redundant constraints
does not depend on the search heuristics.) Choiet al. suggest that their approach can be
automated.

11.9.2 Choice of Search Variables

When combining two (or more) viewpoints of a problem, there is a choice of which set of
variables to use to drive the search. Since each viewpoint could be the basis for a model
of the problem, assigning values to either set of variables would be sufficient to solve the
problem. This is obviously true if the combined model contains all the constraints of both
individual models; the combined model could be treated as either of the original models,
together with some extra baggage. It is still true if the combined model does not contain
all the constraints of both models, provided that every condition defining the solutions to
the underlying problem is expressed as a constraint in one orother viewpoint.

For instance, in Langford’s problem the constraints expressed in one viewpoint propa-
gate better than those in the other, but searching on the variables of the second viewpoint,
in a combined model, leads to solutions with less search effort [27].

Another possibility is to use both sets of variables together as search variables. This
makes most sense if the variables are of the same type and if the variable ordering is
dynamic; the next variable can then be chosen from either set, according to the state of the
search (although one could imagine a static ordering which chose alternately from each
set of variables, say). When a variable from either set is assigned a value, the channelling
constraints ensure that the corresponding dual variable isimmediately assigned a value too.
Hence, although the number of search variables may appear tobe twice as large as it need
be, only half of them will be specifically assigned during thesearch. This search strategy,
choosing the variable with smallest domain, has been successfully used with problems that
can be modelled as permutation problems, by Hnich, Smith andWalsh [27].

11.9.3 Multiple Viewpoints

Models in which more than two viewpoints are combined are possible. Given that com-
bining mutually redundant models can lead to additional constraint propagation, Chenget
al. [6] suggested that “it seems reasonable to combine and implement as many mutually
redundant models as one can dream of.” Dotú, del Val and Cebrián [10] investigated this
empirically in solving instances of the quasigroup completion problem, considered as a
multiple permutation problem. A quasigroup completion instance requires completion of
ann× n Latin square when some entries have already been filled.

The initial model has variablesxij , 1 ≤ i, j ≤ n representing the cell in rowi, column
j. The domain of every variable is the set{1, ..., n}. Since the values in every row and in
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every column of the Latin square must form a permutation of the values 1 ton, two other
models that are duals of this are possible: in one the variablesrik, 1 ≤ i, k ≤ n represent
the column in which the valuek appears in rowi; in the other, the variablescjk, 1 ≤ j, k ≤
n represent the row in which the valuek appears in columnj. There are three sets of
channelling constraints that link each pair of models, for instance(xij = k) ≡ (rik = j).
Dotú et al. found that overall, a model combining three viewpoints linked by three sets of
channelling constraints performed well.

11.10 Symmetry and Modelling

Symmetry in CSPs, and symmetry breaking, is a large topic in its own right and dealt with
in Chapter 10, but some aspects of symmetry and its interaction with modelling are worth
discussing here.

As already mentioned, modelling a problemP as a CSP may introduce symmetry, by
using distinct variables and/or values to represent entities that are indistinguishable inP .

An example is the second viewpoint for then-queens problem, given earlier, which has
a variable for each queen. This introduces an unnecessary notion of the 1st queen, the 2nd
queen and so on, so that different solutions to the CSP can correspond to exactly the same
layout of the board, but with the queen labelled 1 swapped with the queen labelled 2. Nei-
ther of the other two viewpoints given has this symmetry (although then-queens problem
has inherent symmetry which does appear in the other viewpoints). This illustrates that
introducing symmetry can sometimes easily be avoided by choosing another viewpoint.

The golfers problem (problem 10 in CSPLib) is another case inwhich some viewpoints
introduce symmetry. One instance of the problem is stated as: 32 golfers want to play in 8
groups of 4 each week, in such a way that any two golfers play inthe same group at most
once. How many weeks can they do this for?The problem can be generalised to different
sizes and numbers of groups. To model the problem of finding a schedule forn weeks,
using integer variables, a possible viewpoint has 0/1 variablesxijkl , wherexijkl = 1 if
playeri is thejth player in thekth group in weekl, and0 otherwise. However, the players
within each group, the groups within each week, the weeks within the schedule and the
players themselves could all be permuted in any solution to give an equivalent solution.

The first symmetry (the players within the group) can be eliminated by using set vari-
ables to represent the groups: the set variableGkl represents thekth group in weekl, and
the value of this variable represents the set of players forming that group. The constraints
on these variables are that:

• the cardinality of each set is 4;

• the sets in any week do not overlap, i.e. for alll, the setsGkl, k = 1, ..., 8 have an
empty intersection;

• any two sets in different weeks have at most one member in common.

Constraint solvers that support set variables provide cardinality constraints, and con-
straints on the intersection of set variables, to allow suchconstraints to be expressed. Using
set variables rather than integer variables is a common way to avoid introducing symmetry
in this way: where the order of objects within a group is immaterial, the group can be mod-
elled as a set rather than as a sequence, which would introduce symmetrically equivalent
sequences.
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The model of the car sequencing problem described by Dincbas, Simonis and van
Hentenryck [9], discussed in section 11.6, is also a reformulation to avoid symmetry. The
statement of the problem asks for a sequence of the cars to be produced, so that one obvious
way to model it would be as a permutation problem, in which thevariables are the slots
in the sequence and the values are the cars, or v.v. However, two cars requiring the same
options are effectively identical, so that this model wouldallow symmetrically equivalent
sequences in which identical cars are swapped. Dincbaset al. avoid this by introducing
classes of identical cars. This requires additional constraints to ensure that the correct
number of cars in each class appear in the sequence.

Both ideas can be useful in other contexts, such as staff rostering. Suppose a crew is
required for each shift. Some or all of the crew can often be treated as a set, e.g. if staff
are not allocated specific roles, and the only requirement isthat a minimum number must
be provided, they can be represented as a set. If staff with identical skills can be treated as
interchangeable in constructing a roster, it may only be necessary to count how many staff
within each skill-set have been allocated.

In [41], further models of the golfers problem are given which eliminate more of the
symmetry. The first has an integer variable for each pair of players,i1, i2: the value as-
signed to the variablepi1,i2 represents the week in which this pair of players plays together,
with a dummy value in case they never play together. This viewpoint does not distinguish
between the players within a group, or between the groups within a week. To allow the
constraints to be expressed concisely, auxiliary set variables were also introduced, for each
playeri and each weekl, representing the set of players that playeri plays with in weekl.

A final model presented in [41] also eliminates the symmetry due to the fact that the
weeks of the schedule are interchangeable, although it onlydeals with the special cases of
the golfers problem in which every player plays every other player at some point during
the schedule. For each pair of playersi1, i2, it has a set variable representing the group of
players that the pair plays with, and another representing the other pairs of players that play
together in the week thati1 andi2 play together. Unfortunately, the model has a very large
number of variables, but it proved better than the earlier models for solving small instances.
Note that it still has some of the original symmetry, due to the interchangeability of the
players. This work does demonstrate that designing models with the intention of reducing
the symmetry can sometimes be successful, although the resulting model may become
rather complex.

11.10.1 Symmetry-Breaking Constraints

When there is symmetry in the chosen model of a problem (either symmetry introduced
in modelling, or inherent in the problem), one possible way to eliminate or reduce it is to
add symmetry-breaking constraints. Devising such constraints is beyond the scope of this
chapter, but it is worth pointing out here that as a side-effect, such constraints often allow
implied constraints to be derived that would not otherwise be possible.

This was observed in the template design problem [33] (problem 2 in CSPLib). The
problem is to design templates for printing large sheets of card with items such as cat-food
boxes. An order quantity is specified for each product, such as different flavours of cat-
food. The overall objective is to minimize the total number of sheets that have to be printed
(and so minimize waste), while fulfilling the order quantities for each product.
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Thet templates to be used are numbered in the model, but in practice are interchange-
able; constraints are added to the model to eliminate this symmetry. The variableri rep-
resents the number of sheets of card to be printed from template i, and the symmetry-
breaking constraints specify thatri ≤ ri+1, for 1 ≤ i < t.

The objective is to minimizep =
∑

i ri, i.e. the total number of sheets of card to
be printed, and the number of templates needed,t, is at most 4 in the instances studied.
Implied constraints can be added, derived from the symmetry-breaking constraints. For
instance, if there are two templates, at most half the sheetsare printed from one template
and at least half from the other. Because of the symmetry-breaking constraints, we can
add: if t = 2, r1 ≤ p/2 andr2 ≥ p/2; if t = 3, r1 ≤ p/3; r2 ≤ p/2 andr3 ≥ p/3; and so
on.

Deriving implied constraints from symmetry-breaking constraints has been discussed
in more detail by Frisch, Jefferson and Miguel [15]. They show, for instance, that adding
lexicographic ordering constraints on the rows and columnsto reduce the symmetry in CSP
representing the Balanced Incomplete Block Design problem(prob28 in CSPLib) allows
powerful implied constraints and a considerable simplification of the other constraints,
giving for some instances a huge reduction in the time to solve the problem. In many
problems, there are several distinct ways of adding constraints to give the same reduction
in the symmetry; Frischet al. suggest that in some cases the choice could be guided by
considering the implied constraints that can then be derived.

11.11 Optimization Problems

Tsang [45] defines a Constraint Satisfaction Optimization Problem (CSOP) as follows:
A CSOP〈X,D,C, f〉 is defined as a CSP〈X,D,C〉 together with an optimization

functionf which maps every solution to a numerical value. The task in a CSOP is to find
the solutionT such that the value off(T ) is either maximized or minimized, depending
on the requirements of the problem.

If P is an optimisation problem, andMO = 〈X,D,C, f〉 is a CSOP that modelsP ,
then every solution ofC can be translated into exactly one solution ofP and at least one
optimal solution ofP can be derived from a solution toC. (There is no requirement in this
case that every optimal solution toP should be found as a solution ofC.)

Typically, a CSOP is solved in a branch-and-bound fashion, adding a constraint when-
ever a solutionT is found that the value of the optimization function must be better than
f(T ) in any future solution. This constraint provides an increasingly tight bound and can
prune the search for future solutions; eventually, if it is proved that no solution satisfying
the current bound exists, the last solution found has been proved optimal. The adapta-
tion of the branch-and-bound principle from operational research was described by van
Hentenryck [47].

Often, however, an optimization problem is represented andsolved as a CSP or as a
sequence of CSPs. This is especially appropriate when the optimization function measures
some feature of the CSP structure, typically the number of variables. Hnich, Prestwich
and Selensky [25], for instance, describe modelling a problem in software testing in which
the objective is to construct a set of test vectors with specified coverage properties: the
objective is to minimize the number of test vectors required. The CSP has a matrix of
variables to represent the test vectors and hence the optimization function is the number of
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rows in the matrix. A sequence of CSPs is constructed, addinga row to the matrix each
time, and the first CSP in the sequence that has a solution represents an optimal solution to
the problem.

Even when the optimization function can easily be represented by an additional vari-
able within the CSP, the problem may be represented as a CSP rather than a CSOP. For
instance, in [43], the objective in the SONET problem described in 11.6 is represented as
a variable, and assigned first during the search. The values of the objective variable are
assigned in ascending order, and hence the first solution found has the smallest possible
value of the objective variable, i.e. is optimal. For the problem described, this was found
(empirically) to be more efficient than a branch-and-bound approach. However, it would
only be feasible if there were only a few values between the smallest value in the domain
of the objective variable, after initial constraint propagation, and the optimal value.

In an optimization problem, a compound assignment that satisfies the constraints can be
forbidden if it can be shown that for any solution that this assignment would lead to, there
must be another solution that is equally good or better. Dominance rules are constraints that
forbid compound assignments that are dominated in this way;they are similar to implied
constraints, in their effect, but are not logical consequences of the constraintsC and do not
necessarily preserve the set of optimal solutions. Prestwich and Beck [32], on the other
hand, consider dominance rules as strongly related to conditional symmetry in satisfaction
problems.

Getoor, Ottosson, Fromherz and Carlson [21] describe a scheduling application (opti-
mal on-line scheduling of photo-copiers and similar machines) in which dominance rules
play an important part. (Note that Getooret al. use the term redundant constraint.) They
classify the types of dominance rule that they found, including lower and upper bounds on
the schedule length for a job, derived by relaxing some of theconstraints to give a simpler
problem.

Useful dominance rules can often be very simple and obvious.This can also be true
of implied constraints, but in satisfaction problems, the search heuristics tend to guide the
search away from obviously wrong compound assignments; in optimization problems, the
search at some point has to prove that there is no solution, unless there is a good bound
on the objective that makes the proof trivial. In proving that a problem has no solution by
exhaustive search, every possibility allowed by the constraints has to be explored.

For instance, in the SONET problem, described earlier [43],it is obviously suboptimal
to have a SONET ring with only one node on it, since installinga node on a ring contributes
to the cost, but the only reason to install a node on a ring is toallow it to communicate
with another node on that ring. A constraint that every ring must have at least two nodes
on it, and that there must be traffic between them, rules out these solutions and makes a
significant difference to the search.

Optimization problems arising in scheduling, and the importance of propagating the
value of the objective to prune the search, are discussed in Chapter 22.

11.12 Supporting Modelling and Reformulation

As will be clear from this chapter, there can often be many different ways to model a prob-
lem. Ideally, an automatic modelling system should generate the best model; but given the
interaction between the model, the search algorithm and thesearch heuristics, there is not
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likely to be a single best model. We could envisage a system that generates a number of
different models of a problem, and can advise that one is better than another under certain
circumstances. Flener, Pearson andÅgren [13] describe a system that refines a specifica-
tion to a model that uses matrices of Boolean variables. Systems that generate alternative
models from a specification of the problem are described by Hnich [24], and in two related
papers by Frisch, Hnich, Miguel, Smith & Walsh [16] and Frisch, Jefferson, Martinez
Hernandez and Miguel [17]. The system described in the last papers can generate models
with multiple viewpoints, linked by channelling constraints. [17] presents empirical results
based on a number of problems, comparing the models producedwith those described in
the literature. For instance, the system generated 27 models of the SONET problem, de-
scribed earlier; even so, this did not include all of those described in [43]. Comparing the
models generated, other than empirically, is still a gap.

A completely different route to formalizing modelling is byidentifying commonpat-
terns that can be transferred from one problem to another. Fleneret al. [12] advocated
a need to “identify, formalise and document these patterns of formulation and solution”.
Walsh [50] relates the idea to design patterns in architecture and software engineering. This
seems the most effective support available for modellers atpresent; for instance, since the
paper by Chenget al. [6], the use of multiple viewpoints linked by channelling constraints
has become commonplace, and dual viewpoints of permutationproblems in particular have
been thoroughly studied and understood.

Although there is some progress towards identifying a rangeof possible ways of mod-
elling a problem, there is less progress towards identifying good models, except by trying
them empirically. In the early days of constraint programming, models were sometimes
compared by estimating the sizes of their search spaces, i.e. the product of the domain
sizes. This could be a good indication of the search effort ifthe search algorithm simply
did generate and test, but it is too simplistic for any more sophisticated search algorithm.
Since the choice of model interacts with the choices of search algorithm and search heuris-
tics, models can only be compared in the context of the other choices. Simoniset al. [38]
describe the use of visualization tools to examine the progress of the search in detail and
to compare the performance of different models; in principle, such tools can also be used
to identify inefficiencies in the search and to guide furtherimprovements to the model.

Some modelling advice has been devised; for instance, Simonis [37] gives ‘30 Golden
Rules’ for modelling. There are a few specific guidelines in the CP folk-lore, e.g. “Avoid
Boolean models”, and more generally, “Reduce the number of variables” or “Reduce the
number of constraints”. These guidelines are worth discussing, because although they have
a grain of truth, they should not be taken too literally:

• Reduce the number of variables.Clearly, reducing the number of variables conflicts
with using multiple viewpoints and/or auxiliary variables, which have been demon-
strated to be a good approach to modelling. Furthermore, increasing the number of
search variables, by assigning values to the extra variables, can reduce search. Even
so, it is likely that a model which requires fewer variable assignments to describe the
solutions to the problem will be a better model; hence, an integer model is likely to
be better than a Boolean model of the same problem. However, this is only true if
the variables chosen allow the constraints to be expressed in a way that propagates
well; it would be easy, for instance, to artificially reduce the number of variables by
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making a single variable in the new model stand for a pair of variables in the old
model, but in general, this will not result in a better model.

• Reduce the number of constraints.Again, this conflicts with introducing implied
constraints, if taken literally. However, rewriting a set of constraints in a more
compact form is likely to be beneficial, if the resulting constraints can propagate
efficiently; this covers, for instance, combining constraints with the same scope or
using a global constraints to replace a set of constraints. As before, however, simply
conjoining constraints for the sake of reducing their number will not result in a better
model if the new constraints cannot propagate efficiently.

One could equally well reverse this advice, to say “Addmore variables and constraints”.
New variables (whether auxiliary variables or a complete new viewpoint), and constraints
on these variables, that make explicit knowledge of the underlying problem that was not
hitherto expressed, can allow the problem to be solved more easily.

However, with any changes to the model, whether the changes are adding variables and
constraints or removing them, one caveat should be borne in mind: changes to the model
that reduce search may not always reduce run-time. It may be necessary to test a model
empirically in order to see whether a proposed change will infact lead to solutions being
found more quickly.

Bearing in mind this caveat (and also the interaction between the model, the search
algorithm and the search heuristics), the best advice at present seems to be to aim for a rich
model, using multiple viewpoints, auxiliary variables andimplied constraints, incorporat-
ing as much insight into the problem as possible. The more we understand the problem
and build that understanding into the model, the better we will be able to solve it.
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Chapter 12

Constraint Logic Programming

Kim Marriott, Peter J. Stuckey, Mark Wallace

Constraint Logic Programming (CLP) is the merger of two declarative paradigms: con-
straint solving and logic programming. As both constraint solving and logic programs are
based on mathematical relations the merger is natural and convenient. CLP encourages
experimentation and fast algorithm development by narrowing the gap between the logic
and the solving algorithms. This is because CLP can express both conceptual and design
models and, even more importantly, CLP can also express mappings from conceptual to
design models. By aconceptualmodel of a problem, we mean its precise formulation in
logic, and by thedesignmodel of the problem we mean its algorithmic formulation, which
maps to a sequence of steps for solving it. A single problem may have many different
conceptual models, and many different design models.

The first important characteristic of constraint logic programs is that they allow suc-
cinct, natural conceptual modeling of satisfaction and optimization problems.

Example 12.1.For example, the cryptarithmetic problem

SEND + MORE = MONEY

where each letter represents a different digit, is naturally conceptually modeled by the
following CLP program: (we will use the concrete syntax of ECLiPSe [20] throughout this
chapter)

smm(S,E,N,D,M,O,R,Y) :-
[S,E,N,D,M,O,R,Y] :: 0..9,

1000 * S + 100 * E + 10 * N + D
+ 1000 * M + 100 * O + 10 * R + E

#= 10000 * M + 1000 * O + 100 * N + 10 * E + Y,
M #>= 1, S #>= 1,
alldifferent([S,E,N,D,M,O,R,Y]).

The first line initiates a rule to define a new predicate (or user-defined constraint)smm
which has the variables of the problem as arguments. The remainder of the rule defines
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smmin terms of other constraints. The second line defines that each variable is an integer
in the range 0 to 9 (i.e. they are digits), the third to fifth constrains them to satisfy the
cryptarithmetic constraint, the sixth line constrains bothM andS to be non-zero, and the
seventh uses a global constraintalldifferentto ensure that all the digits are different.

This example demonstrates the ability to define applicationspecific constraints and
the use of data structures such as lists. As we shall see in Section 12.3, CLP languages
are much more expressive than most other approaches for defining constraint problems,
in particular the standard framework of constraint satisfaction problems (CSPs) or math-
ematical modeling languages such as GAMS or OPL. They allow local variables and re-
cursive definitions that together allow one to express problems with an unbounded number
of variables. They can also represent solutions without necessarily fixing all variables.
This enables CP languages to support interactive problem solving. For example the user
can control search, by posting search decisions one at a time, and observing the resulting
partial solution calculated by the CLP program, before deciding what to do next.

The second characteristic of CLP languages is that they allow the programmer to define
search strategies for solving their model. This is a core component of the design model.
This is possible because CLP languages inherit backtracking search from logic program-
ming. When combined with reflection predicates that provideinformation about the current
solver state, this allows the programmer to specify sophisticated, efficient, problem specific
search strategies.

Example 12.2.The most basic search procedure in a CLP system is called “labeling” and
can be defined by the following two rules:

labeling([]).
labeling([V|Rest]) :-

indomain(V),
labeling(Rest).

This recurses through a list of variables and uses the predicate indomain(V) to non-
deterministically set each variableV to each of its possible values in turn.

We can solve the original cryptarithmetic problem by combining this search predicate
with the model above in the goal

smm(S,E,N,D,M,O,R,Y), labeling([S,E,N,D,M,O,R,Y]).

This gives a design model for the problem assuming the existence of an underlying finite
domain constraint solver. When this goal is evaluated by theCLP system it will return the
answerS = 9, E = 5, N = 6, D = 7,M = 1, O = 0, R = 8, Y = 2. We explore
programmer-defined search further in Section 12.5,

The third characteristic of modern CLP languages, such as ECLiPSe [20] or SICStus
Prolog [99], is that they allow the programmer to (at least partially) define how the un-
derlying constraint solver processes the constraints. This of course is the core part of the
design model. A variety of mechanisms have been utilized including disjunction, reifica-
tion, indexicals, constraint handling rules and generalized propagation. We shall discuss
this more in Section 12.4, also see Chapter 14 “Finite DomainConstraint Programming
Systems”.
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Finally, a fourth characteristic of constraint logic programming is that the CLP paradigm
is generic in the choice of the primitive constraints and constraint solving technology. Our
example above uses bounded integer constraints: one CLP system might use propagation-
based methods to solve these, while another might use a mixedinteger programming (MIP)
solver, while a third might use local search techniques. Another CLP system might not pro-
vide bounded integer constraints, but instead provide linear constraints over the reals and
use simplex or interior point solving techniques. The key tothis genericity is the CLP
Schema [50, 55]. This provides a common operational and declarative semantics for all
CLP languages, regardless of the constraints. We shall detail the semantic foundation of
CLP languages in Section 12.2.

As well as covering semantic foundations (Section 12.2), conceptual modeling (Sec-
tion 12.3), design modeling (Section 12.4), and search (Section 12.5), we provide a brief
history of CLP in Section 12.1, discuss its impact on other research fields in Section 12.6
before concluding with our thoughts on the future of CLP and important directions for
future research.

12.1 History of CLP

12.1.1 The Origins of CLP

The core ideas behind constraint logic programming were developed by three largely inde-
pendent research teams: that of Colmeraur in Marseilles; that of Jaffar and Lassez in Mel-
bourne (Australia) (then IBM T.J. Watson Research Center atYorktown Heights); and the
CHIP team led by Dincbas at the European Computer-Industry Research Center (ECRC)
in Munich.

Constraint logic programming emerged as a generalization of logic programming. In
the CLP view of logic programming, standard logic programming languages such as Prolog
provide a single kind of constraint, syntactic equality solved with unification. However,
syntactic equality is quite restrictive and a major thrust of logic programming research in
the early 1980s was devoted to developing and formalizing equational logic programming
languages in which unification was generalized to handle different kinds of equality. One
of the aims of this research was to combine the logic and functional paradigms. See for
example the collection of papers in [32].

Another major thrust was the development of languages in which Prolog’s fixed left-
to-right literal selection strategy was generalized to allow goals to be delayed until their
arguments were sufficiently instantiated, thus allowing more flexible dynamic evaluation.
The limitations of a fixed literal selection strategy were recognized early in the develop-
ment of logic programming languages. Absys1 [38] a precursor to Prolog provided dy-
namic scheduling as did the logic programming languages IC-Prolog [23], Prolog-II [25]
and MU-Prolog [73]. Thus, for example, in MU-Prologwait declarations can be used
to specify that evaluation of a particular predicate must “wait” until its arguments are
non-variable. Based on this, MU-Prolog provided syntacticdisequations and arithmetic
predicates that provide simple constraint solving using local propagation techniques.

The CLP paradigm, in which arbitrary constraints are allowed, was the natural conse-
quence of these two research directions. The actual term Constraint Logic Programming
was coined by Jaffar and Lassez [50] in 1986(7) and they gave aschema and semantics
for the CLP class of languages. This was an extension of theirwork on semantic schema
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for equational logic programs [53] and semantics for disequations [52]. With others, they
developed the language CLP(R) [54] a language extending Prolog by providing arithmetic
constraints. This used an incremental Simplex algorithm for solving linear constraints
and delayed evaluation of non-linear arithmetic constraints until they became linear or
sufficiently ground. The utility ofCLP (R) was demonstrated by using it for financial
modeling and for a variety of engineering applications.

Colmeraur and his team developed Prolog II [27] in the early 1980s and then Pro-
log III [26] in the late 1980s. Prolog II provided equations and disequations over ratio-
nal trees and was the first logic programming language explicitly described as using con-
straints. It also provided “freeze” the first kind of dynamicscheduling. Prolog III was a
true CLP language extending Prolog II by providing constraints over the Booleans, linear
arithmetic over the rational numbers, and constraints overlists (sequences). It was used for
applications such as chemical reasoning.

The team at ECRC (notably Dincbas, van Hentenryck and Simonis) developed CHIP
[34] in the period 1985-1988. It was developed for solving combinatorial optimization
problems for industry by marrying Prolog’s backtracking search with consistency tech-
niques from artificial intelligence research. It was the first CLP language to explicitly
provide finite domain constraints. It provided a limited form of dynamic scheduling by
way of demons. Showcase applications included circuit diagnosis, scheduling and cutting
stock problems.

Although constraint logic programming originated in logicprogramming related ideas
also arose in the artificial intelligence and operations research communities. Sutherland’s
SKETCHPAD [107] was one of the first computer systems to employ constraints. Other
notable precursors to CLP include research at MIT into languages and systems for con-
straint solving, for example the language CONSTRAINTS [106]. This research was moti-
vated by electrical circuit analysis and design. Steele [106] was probably the first to point
out the conceptual similarity between constraint solving and logic programming. Other
precursors are languages and systems such as REF-ARF [37] and ALICE [62] designed
to solve CSP style problems. ALICE allows models to be written using abstract functions
which may be injective, bijective, etc. Constraint solvingis handled by consistency meth-
ods as well as by reasoning about abstract functions. Mathematical modeling languages
such as AMPL [7] and symbolic algebra manipulation packagessuch as MATLAB [69]
also share some similarities with CLP languages allowing one the specify problems in a
high level mathematical way and solve them (using an external solver in the case of mod-
eling languages; and using algebraic and numerical solvingapproaches supported by the
algebra packages). Precursors to CLP are discussed more fully in [51]

12.1.2 Subsequent CLP Research Directions

The CLP Schema provided a generic way of building new programming languages: simply
take a class of constraints and some solver for these constraints and pop these into a rule-
based language. It was a simple, appealing recipe and in the first few years of CLP research
there was an explosion in the number of CLP languages.

The languages LOGIN [5] and LIFE [4] provided equality over feature trees and closely
related structures. The languagesclp(FD) (later GNU-Prolog [43]), Echidna [100] and
Flang provided finite domain constraints. BNR-Prolog [78] provides Boolean constraints,
finite domain constraints and real interval arithmetic, Trilogy [119] provided strings, inte-
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ger and real arithmetic constraints. CAL [3] and RISC-CLP [46] provided more powerful
constraint solving over non-linear arithmetic constraints.

One of the most important directions in CLP research has beento move away from the
original “black box” view of the underlying constraint solver of the first CLP languages,
where the solver simply answered satisfiability questions,to languages and systems which
provide the programmer with a “glass box” view of the underlying constraint solving in
which the programmer can extend, combine and even write new solvers [118].

A recent direction in CLP research has been the investigation of hybrid-constraint solv-
ing techniques which combine propagator-based solving techniques with linear program-
ming and MIP solving techniques and with local search techniques [90, 121]. Such ap-
proaches have proven to be extremely useful in solving industrial applications [89, 123,
28, 81]. The CLP language ECLiPSe [20] was expressly designed to support the devel-
opment of such hybrid constraint solving techniques. It hasdemonstrated that constraint
logic programming provides a good basis for programming andexperimenting with differ-
ent constraint solving techniques.

12.2 Semantics of Constraint Logic Programs

CLP languages extend logic-based programming languages byallowing constraints with
a pre-defined interpretation. The key insight of Jaffar and Lassez’s CLP Scheme is that
for these languages, the operational semantics, declarative semantics and the relationship
between these can be parameterized by a choice of constraints, solver and an algebraic and
logical semantics for the constraints. Our presentation ofthe main results follows:

We assume that the reader is familiar with the basics of first-order logic. See for exam-
ple [98, 35].

We let ∃WF denote the logical formula∃V1∃V2 · · · ∃VnF where variable setW =
{V1, . . . , Vn}, and we let̄∃WF denote the restriction of the logical formulaF to the vari-
ables inW . That is, ∃̄WF is ∃vars(F )\WF , where the functionvars takes a syntactic
object and returns the set of free variables occurring in it.We let∃̃F denote the existential
closure ofF and∀̃F denote the universal closure ofF .

A renamingis a bijective mapping between variables. We naturally extend renamings
to mappings between logical formulas, rules, and constraints. Syntactic objectss ands′

are said to bevariantsif there is a renamingρ such thatρ(s) = s′.
The CLP scheme defines a class of languages,CLP (C), which are parametric in the

choice ofconstraint domainC. The constraint domainC is a pre-interpretation defining
the “built-in” primitive constraints and functions, and their interpretation. It contains the
following components:

• Theconstraint domain signature, ΣC , which defines a set of function and predicate
symbols and associates an arity with each symbol. This implicitly defines theterms
of the constraint language, built from function symbols andvariables, and theprimi-
tive constraintswhich are theatomsdefined byΣC , i.e. predicates symbol with term
arguments.

• The domain of computation, DC , which is the intended interpretation of the con-
straints. It consists of a setD and a mapping from the symbols inΣC to relations
and functions overD which respects the arities of the symbols.
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• Theconstraint theoryTC , which is a possibly infinite set of formulae that describe
the logical semantics of the constraintsΣC .

• A solver, solvC , which maps each conjunction of primitive constraints to one of
true, false or unknown, indicating that the solver can determine the conjunction is
satisfiable, unsatisfiable or it cannot tell.

The solver provides an operational semantics for the constraints, while the domain
of computation provides an algebraic interpretation and the constraint theory provides a
logical interpretation.

We assume that:

• The binary predicate symbol “=” is in ΣC , that= is interpreted as identity inDC
and thatTC contains the standard equality axioms for=.

• The solver does not take variable names into account, that is, for all renamingsρ,
solvC(c) = solvC(ρ(c)).

• The domain of computation, solver and constraint theoryagree in the sense that
DC is a model ofTC , and for any primitive constraintc, if solvC(c) = false then
TC |= ¬∃̃c, and ifsolvC(c) = true thenTC |= ∃̃c.

The example constraint domain we saw in the cryptarithmeticproblem (Example 12.1)
consists of equality= over the uninterpreted functors (Herbrand terms) e.g. constructors
for lists: [ ] (the empty list) and[·|·] (cons), and bounded integer constraints constructed
from the usual integer constants e.g. 0, -1, 15, 167, . . . , integer functions+, −, ∗, and
integer comparison relations#=, #>=, #>, #<, #<= and the constraint:: restricting a list
of integer variables to a particular set of integers. The solver is incomplete (that is it some-
times returnsunknown), and uses unification to solve equalities over the uninterpreted
functors and propagation methods to solve the integer constraints.

12.2.1 Syntax of Constraint Logic Programs

Constraint logic programs are statements in logic (more precisely definite clauses) which
extend a constraint domain by defining new constraints in terms of the primitive con-
straints. Constraint logic programs over the domainC are termedCLP (C) programs.

A constraint logic program(CLP), orprogram, is a finite set of rules. Arule is of the
form H :- B whereH , the head, is an atom andB, the body, is a finite, non-empty
sequence of literals. We let� denote the empty sequence. We shall write rules of the form
H :- � simply asH . A literal is either an atom or a primitive constraint. Anatomhas
the formp(t1, ..., tn) wherep is a user-defined predicate symbol and theti are terms from
the constraint domain. For simplicity we assume that predicate symbols have a unique
arity.

We use the standard CLP convention that variables start withupper case letters, while
predicates and functions begin with lower case letters.

Example 12.3. The following simple CLP program defines the relationmax(x, y, z) ↔
z = max{x, y}.
max(X,Y,Z) :- X #>= Y, Z #= X. %% M1
max(X,Y,Z) :- Y #>= X, Z #= Y. %% M2
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Both the atommax(X,Y,Z) and the primitive constraintX #>= Y are literals. There
are two rules with headmax(X,Y,Z) . The body of the first rule isX #>= Y, Z #= X
The rules have names M1 and M2 given as comments which we shalluse later.

The CLP schema provides an operational, algebraic and logical semantics for the user-
defined constraints in a CLP program which extends that of theunderlying constraint do-
main.

12.2.2 Operational Semantics

The operational semantics allows us to compute with the predicates defined by the pro-
gram. In essence the operational semantics defines a way of repeatedly unfolding the user-
defined constraints in a goal (or conjunction of literals) until a conjunction of primitive
constraints is reached.

Thedefinition of a user-defined predicatep in programP , defnP (p), is the set of vari-
ants of rules inP such that the head of each rule has formp(s1, ..., sn). To side step
renaming issues, we assume that each timedefnP is called it returns variants with distinct
new variables.

The operational semantics is given in terms of the “derivations” from goals. Derivations
are sequences of reductions between “states”, where astateis a tuple〈G c〉which contains
the current literal sequence or “goal”G and the current constraint storec (a conjunction of
primitive constraints). At each reduction step, the leftmost literal in the goal is rewritten as
follows. If the literal is a primitive constraint, and it is consistent with the current constraint
store, then it is added to it. If it is inconsistent then the derivation “fails”. If the literal is an
atom, it is reduced using one of the rules in its definition.

A state〈L1, L2, ..., Lm c〉 can bereducedas follows:

1. If L1 is a primitive constraint andsolv(c ∧ L1) 6= false, it is reduced to

〈L2, ..., Lm c ∧ L1〉

.

2. If L1 is a primitive constraint andsolv(c ∧ L1) = false, it is reduced to〈� false〉.

3. If L1 is an atom, then it is reduced to

〈s1 = t1, ..., sn = tn, B, L2, ..., Lm c〉

for some(A :- B) ∈ defnP (p) whereL1 is of formp(s1, ..., sn) andA is of form
p(t1, ..., tn).

4. If L1 is an atom anddefnP (p) = ∅, it is reduced to〈� false〉 whereL1 is of form
p(s1, ..., sn).

A derivationfrom a goalG in a programP is a sequence of statesS0 ⇒ S1 ⇒ · · · ⇒
Sn whereS0 is 〈G true〉 and there is a reduction from eachSi−1 to Si, using rules inP .
The lengthof a derivation of the formS0 ⇒ S1 ⇒ · · · ⇒ Sn is n. A derivation fromG
is finishedif the last goal cannot be reduced. The last state in a finishedderivation from
G must have the form〈� c〉. If c is false the derivation is said to befailed. Otherwise
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the derivation issuccessful. Theanswersof a goalG for programP are the constraints
∃̄vars(G)c where there is a successful derivation fromG to final state with constraintc.

In many implementations of CLP languages the answer is simplified into a logically
equivalent constraint, perhaps by removing existentiallyquantified variables, before being
shown to the user.

Example 12.4. Consider the execution of the goalmax(A,B,C), B #= 2 with the
CLP program from Example 12.3. One successful derivation is:

〈max(A,B,C), B #= 2 true〉
⇓M1

〈A = X, B = Y, C = Z, X #>= Y, Z #= X, B #= 2 true〉
⇓

〈B = Y, C = Z, X #>= Y, Z #= X, B #= 2 A = X〉
⇓

〈C = Z, X #>= Y, Z #= X, B #= 2 A = X ∧B = Y 〉
⇓

〈X #>= Y, Z #= X, B #= 2 A = X ∧B = Y ∧ C = Z〉
⇓

〈Z #= X, B #= 2 A = X ∧B = Y ∧ C = Z ∧X ≥ Y 〉
⇓

〈B #= 2 A = X ∧B = Y ∧ C = Z ∧X ≥ Y ∧ Z = X〉
⇓

〈� A = X ∧B = Y ∧ C = Z ∧X ≥ Y ∧ Z = X ∧B = 2〉

The corresponding answer projected on to the original variablesA, B, andC is A ≥
2 ∧B = 2 ∧ C = A.

Apart from returning answers to a goal, execution of a constraint logic program may
also return the special answerno indicating that the goal has “failed” in the sense that all
derivations of the goal are failed.

Definition 12.5. If a state or goalG has a finite set of derivations all of which are failed,
G is said tofinitely fail.

Example 12.6.There are two possible derivations for the goalA #= 1, max(A,2,1)
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with the CLP program from Example 12.3. The first is :

〈A #= 1, max(1,2,1) true〉
⇓

〈max(A,2,1) A = 1〉
⇓M1

〈A = X, 2 = Y, 1 = Z, X #>= Y, Z #= X A = 1〉
⇓

〈2 = Y, 1 = Z, X #>= Y, Z #= X A = 1 ∧A = X〉
⇓

〈1 = Z, X #>= Y, Z #= X A = 1 ∧A = X ∧ 2 = Y 〉
⇓

〈X #>= Y, Z #= X A = 1 ∧A = X ∧ 2 = Y ∧ 1 = Z〉
⇓

〈� false〉

The second is:

〈A #= 1, max(1,2,1) true〉
⇓

〈max(A,2,1) A = 1〉
⇓M2

〈A = X, 2 = Y, 1 = Z, Y #>= X, Z #= Y A = 1〉
⇓

〈2 = Y, 1 = Z, Y #>= X, Z #= Y A = 1 ∧A = X〉
⇓

〈1 = Z, Y #>= X, Z #= Y A = 1 ∧A = X ∧ 2 = Y 〉
⇓

〈Y #>= X, Z #= Y A = 1 ∧A = X ∧ 2 = Y ∧ 1 = Z〉
⇓

〈Z #= Y A = 1 ∧A = X ∧ 2 = Y ∧ 1 = Z ∧ Y ≥ X〉
⇓

〈� false〉

Hence the goal is finitely failed.

Examining the operational semantics defined above, it is clear that the only use of
the solver is to determine whether the constraintc ∧ L1 is unsatisfiable whereL1 is a
new primitive constraint and the constraint solver has justpreviously determined that the
current constraint storec is not unsatisfiable. For this reason a significant componentof
CLP system research has been the design ofincrementalconstraint solving algorithms
specialised to answer this kind of problem. We return to thistopic in Section 12.4.1.
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It is important to recognize that, because the solver can be incomplete, a successful
derivation may give an answer which is unsatisfiable since the solver may not be powerful
enough to recognize that the constraint is unsatisfiable. When dealing with incomplete
solvers it is useful to identify a class of goals for which thesolver in known to be complete.
We say a solver iscompletefor a set of constraints if it returns eithertrue or false. We say
a CLP program issolver completefor a goalG if the solver is complete for all answers to
G. Typically constraint logic programs are written so that they are solver complete for the
goals of interest.

For finite domain solvers, there is no guarantee that inconsistencies will be detected
until all the variables in a constraints arefixed, that is, explicitly constrained to take a
single value. However thereis a guarantee in this case: the solver will fail if the ground
constraint is inconsistent and succeed otherwise, corresponding to the answersfalse and
true respectively. This is the reason for using the labeling predicate with the program from
Example 12.1 since this assigns a value to all variables in the problem.

For a simplex based linear inequality solver which handles non-linear constraints by
delaying them until enough variables are fixed for them to become linear (such as that
used in CLP(R) [54]), the solver is complete as long as no delayed non-linear constraints
remain.

12.2.3 The Semantics of Success

In this section we give an algebraic and a simple logical semantics for the answers to a
CLP program and show that these semantics accord with the operational semantics (and
each other).

Simple logical semantics

We can view each rule in a CLP program, say

A :- L1, . . . , Ln

as representing the implication

∀̃(A← L1 ∧ . . . ∧ Ln)
and the program is understood to represent the conjunction of its rules.

Example 12.7.For example, themax program represents

(∀X∀Y ∀Z.max(X,Y, Z)← (X ≥ Y ∧ Z = X)) ∧
(∀X∀Y ∀Z.max(X,Y, Z)← (Y ≥ X ∧ Z = Y ))

Note that from this formula we can infer thatmax(1, 2, 2) holds, but we cannot infer
negative consequences such as¬max(1, 2, 1).

The logical semanticsof aCLP (C) programP is the theory obtained by adding the
rules ofP to the constraint theory of the constraint domainC.

We can show that the operational semantics is sound and complete with respect to the
logical semantics where soundness means that the answers are logical consequences of
the information in the program and completeness means that the answers returned by the
operational semantics “cover” all of the constraints whichimply the goal.
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Theorem 12.8. (Logical Soundness of Success) Let TC be the constraint theory for con-
straint domainC andP be aCLP (C) program. If goalG has answerc, then

P, TC |= ∃̄vars(G)c→ G.

Theorem 12.9. (Logical Completeness of Success) Let TC be the constraint theory for
constraint domainC andP be aCLP (C) program. LetG be a goal andc a constraint. If
P, TC |= c→ G thenG has answersc1, . . . , cn such that

TC |= c→ (∃̄vars(G)c1 ∨ . . . ∨ ∃̄vars(G)cn).

Algebraic semantics

We now turn our attention to the algebraic semantics. Such a semantics requires us to find
a model for the program which is the “intended” interpretation of the program. Clearly,
the intended interpretation of a CLP program should not change the interpretation of the
primitive constraints or function symbols: All it should dois to extend this intended inter-
pretation by providing an interpretation for each user-defined predicate symbol inP .

Definition 12.10. A C-interpretationfor aCLP (C) programP is an interpretation which
agrees with the constraint interpretationDC on the interpretation of the symbols inC.
Definition 12.11. A C-modelof a CLP (C) programP is a C-interpretation which is a
model ofP .

Since the meaning of the primitive constraints is fixed byC we can identify eachC-
interpretation with the subset of theC-baseof P , written C-baseP , which it makes true
whereC-baseP is the set

{p(d1, . . . , dn) | p is ann-ary user-defined predicate inP and
eachdi is a domain element ofDC

}.

Every program has a leastC-model, denotedlm(P, C) which is usually regarded as
the intended interpretation of the program since it is the most conservativeC-model. This
result is analogous to that for logic programs in which the algebraic semantics of a logic
program is given by its least Herbrand model. The proof of existence of the least model is
almost identical to that for logic programs,

Theorem 12.12.(Algebraic Soundness of Success) LetP be aCLP (C) program. If goal
G has answerc, thenlm(P, C) |= ∃̄Gc→ G.

Soundness of the algebraic semantics ensures that the operational semantics only re-
turns solutions which are solutions to the goal. However, wewould also like to be sure that
the operational semantics is complete in the sense that the answers “cover” all solutions to
the goal.

Theorem 12.13.(Algebraic Completeness of Success)
LetP be aCLP (C) program andG be a goal. If for valuationθ

lm(P, C) |=θ G.

thenG has an answerc such thatDC |=θ ∃̄vars(G)c.
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12.2.4 Fixpoint Semantics

The standard proof for algebraic completeness of success relies on a fixpoint semantics to
bridge the gap between the algebraic and the operational semantics. This semantics is also
of independent interest so we will introduce it. For a more detailed treatment the reader is
referred to [55].

The fixpoint semantics is based on the “immediate consequence operator” which maps
the set of “facts” in aC-interpretation to the set of facts which are implied by the rules in
the program. In a sense, the function captures the Modus Ponens rule of inference. This
semantics generalizes theTP semantics for logic programs. TheT TermP operator is due to
van Emden and Kowalski [108] (who called itT ). Apt and van Emden [10] later used the
nameTP which has become standard.

Definition 12.14. LetP be aCLP (C) program. Theimmediate consequence functionfor
P is the functionT C

P . Let I be aC-interpretation, and letσ range over valuations forC.
ThenT C

P (I) is defined as

{σ(A) | A :- L1, . . . , Ln is a rule inP for whichI |=σ L1 ∧ . . . ∧ Ln}

This is quite a compact definition. It is best understood by noting that

I |=σ L1 ∧ · · · ∧ Ln

iff for each literalLi eitherLi is a primitive constraint andC |=σ Li orLi is a user-defined
predicate, sayp(t1, ..., tm), andp(σ(t1), ..., σ(tm)) ∈ I.

SinceT C
P is monotonic on the complete latticeC-baseP it has a least and greatest fix-

point which we denote bylfp(T C
P ) andgfp(T C

P ), respectively.
The key result relating the algebraic semantics and the fixpoint semantics is that the

least model of a programP is the least fixpoint ofT C
P .

Theorem 12.15.LetP be aCLP (C) program.lm(P, C) = lfp(T C
P ).

12.2.5 Semantics for Finite Failure

We have seen that in the operational semantics for CLP programs, goals can also finitely
fail. Intuitively, we would like a logical semantics such that if goalG finitely fails, then
¬G is a consequence of the semantics. Unfortunately, this is not true for the simple logical
semantics given in Section 12.2.3 since, as we have previously observed, it does not have
negative consequences. We now refine our logical and an algebraic semantics to provide a
semantics for finite failure.

We use a second logical semantics of the program called the Clark completion [21].
The Clark completion captures the reasonable assumption that the programmer really wants
the rules defining a predicate to be an “if and only if” definition—the rules should cover
all of the cases which make the predicate true.

Definition 12.16. The definition of n-ary predicate symbolp in the programP , is the
formula

∀X1 . . .∀Xn p(X1, . . . , Xn)↔ B1 ∨ . . . ∨Bm
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where eachBi corresponds to a rule inP of the formp(t1, . . . , tn) :- L1, . . . , Lk and
Bi is

∃Y1 . . .∃Yj (X1 = t1 ∧ . . . ∧Xn = tn ∧ L1 . . . ∧ Lk)
whereY1, . . . , Yj are the variables in the original rule andX1, . . . , Xn are variables that
do not appear in any rule. Note that if there is no rule with head p, then the definition ofp
is simply

∀X1 . . .∀Xn p(X1, . . . , Xn)↔ false

as
∨ ∅ is naturally considered to befalse.
The(Clark) completion, P ⋆, of a constraint logic programP is the conjunction of the

definitions of the user-defined predicates inP .

Example 12.17.For example the (simplified) completion of themax program from Ex-
ample 12.3 is

∀X∀Y ∀Z.max(X,Y, Z)↔ (X ≥ Y ∧ Z = X) ∨ (Y ≥ X ∧ Z = Y )

With this interpretation we can determine that¬max(1, 2, 1).

The completion semantics refines the logical semantics given earlier. In particular, both
semantics agree on the positive logical consequences of theprogram:

Theorem 12.18.Let TC be the constraint theory for constraint domainC and letP be a
CLP (C) program andG a goal. Then,P ⋆, TC |= ∃̃G iff P, TC |= ∃̃G

Thus, the completion semantics provides a logical semantics for success. Further, it
provides a logical semantics for finite failure:

Theorem 12.19. (Logical Soundness of Finite Failure) Let TC be the constraint theory
for constraint domainC and letP be aCLP (C) program. If goalG finitely fails then
P ⋆, TC |= ¬∃̃G.

We would also like to prove that the operational implementation of finite failure is
complete for this logical semantics. A goal is said to befinitely evaluablefor a program if
it has no infinite derivations.

Theorem 12.20.(Logical Completeness of Finite Failure for a Finitely Evaluable Goal)
Let TC be a theory for constraint domainC, letP be aCLP (C) program, and letG be a
goal. If

P ⋆, TC |= ¬∃̃G

thenG finitely fails providedG is finitely evaluable andP is solver complete forG.

The reason for requiring finite evaluability is that if thereis an infinite derivation the
fixed left-to-right evaluation order may mean that the unsatisfiability of the derivation is
not found.

Example 12.21.Consider the programP ,
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q :- q.

and the goalG ≡ X = 2, q,X 6= 2. Clearly

P ⋆, TC |= ¬∃̃G

butG will not finitely fail.

However the requirement for finite evaluability can be weakened to only require that
processing of literals in (infinite) derivations isfair in the sense that no literal in the goal
remains ignored forever. Of course, this is not true for the standard operational semantics.
However, in practice the programmer is usually only interested in finitely evaluable goals.

Our algebraic semantics for success was provided by the least C-model ofP . This
model also provides an algebraic semantics for finite failure of finitely evaluable goals.
If we take a program’s completion as the logical formula which captures thetrue mean-
ing of the program then the intended interpretation of the program should also be aC-
interpretation which is a model for the completion.

Definition 12.22. Let P be aCLP (C) program. We denote the leastC-model ofP ⋆ by
lm(P ⋆, C).

Fortunately,lm(P ⋆, C) = lm(P, C), thus our algebraic semantics can also be under-
stood as being the leastC-model ofP ⋆.

Soundness of finite failure for the algebraic semantics is animmediate consequence of
the soundness of finite failure for the logical semantics, asany intended interpretation of
the constraint domain is a model of the constraint theory.

Theorem 12.23.(Algebraic Soundness of Finite Failure) LetP be aCLP (C) program.
If goalG finitely fails then:lm(P ⋆, C) |= ¬∃̃G.

Theorem 12.24. (Algebraic Completeness of Finite Failure for a Finitely Evaluable
Goal) LetP be aCLP (C) program, and letG be a finitely evaluable goal. Iflm(P ⋆, C) |=
¬∃̃G thenG finitely fails providedP is solver complete forG.

Algebraic completeness of finite failure for non-finitely evaluable goals is difficult to
achieve. Even if we demand literal processing is fair we alsorequire that the program is
canonical and the result only holds for ground goals and onlywith respect to thegreatest
C-model ofP ⋆. See [55] for details.

12.2.6 Extending the Semantics

Negation and general CLP programs

One of the major directions in logic programming research has been to extend the basic
Horn clause framework to allow negative literals in the bodyof a rule. The simplest oper-
ational semantics for such negative literals is to usenegation as failure ruleof Clark [21]
in which a negative literal succeeds if the literal finitely fails. This is called SLDNF. This
is in accord with our earlier discussion of finite failure of agoal. As long all variables in
the negative literal have a fixed value by the time it is evaluated it is possible to show that
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this operational semantics is sound w.r.t. the program completion semantics [21]. Prov-
ing completeness is considerably more problematic. One difficulty for instance is that the
program completion may be inconsistent: Consider the program

p :- not p.

whose completion isp ⇔ ¬p. For more details the reader is referred to the survey paper
of Apt and Bol [8].

Most CLP languages provide negation as implemented by negation as failure. But for
this to be logically correct the programmer must ensure thatthe negative literal is ground
by the time it is evaluated and that the program is solver complete for the negative literal. In
essence the CLP system is providing a rather weak solver for negative literals. In practice
such negation is not very useful except for data structure manipulation.

A stronger operational semantics for negation that fits wellwith the CLP framework is
constructive negation. This was introduced for logic programming by Chan [61, 19] and
is related to intensional negation [11, 12] and to Sato and Tamaki’s earlier compile-time
technique for generating the negation of a predicate [93]. Stuckey [104] generalized con-
structive negation to CLP and it was further studied by Fages[36]. The idea is that negative
literals are allowed to construct answers. Recall the code for max given in Example 12.3

max(X,Y,Z) :- X #>= Y, Z #= X. %% M1
max(X,Y,Z) :- Y #>= X, Z #= Y. %% M2

The literalnot max(X,Y,Z) is evaluated by unfolding the definition ofmax and negat-
ing this and transforming into a disjunction of conjuncts ofliterals:

¬((X ≥ Y ∧ Z = X) ∨ (Y ≥ X ∧ Z = Y ))

which is equivalent to

(X 6≥ Y ∧ Y 6≥ X) ∨ (X 6≥ Y ∧ Z 6= Y ) ∨ (Z 6= X ∧ Y 6≥ X) ∨ (Z 6= X ∧ Z 6= Y ).

The system then tries each of the conjuncts in turn. Unfortunately, efficient implementation
of constructive negation is not straightforward so currentsystems do not support it. It
requires the underlying solver to support negated constraints and universally quantified
variables because of local variables and iterative unfolding of negated literals because of
recursion.

In practice, most CLP systems are designed so that the primitive constraints are closed
under negation and so allow the programmer to explicitly program the required negative
literal.

Example 12.25.We can define the negation of themax predicate explicitly as:

not_max(X,Y,Z) :- X #< Y, Z #\= Y.
not_max(X,Y,Z) :- Z #\= X, Y #< X.
not_max(X,Y,Z) :- Z #\= X, Z #\= Y.

where#\= encodes disequality (6=).
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Abductive CLP programming was recently introduced by Kakaset. al. [57] and gen-
eralizes abductive logic programming (see the review by Kakaset. al. [56]). This is based
on a dual view to the standard deductive operational semantics for CLP. The idea is that
the goal is an observation which must be explained by additional hypothesis which are
obtained by running the CLP program backwards. Somewhat related is inductive (con-
straint) logic programming in which the idea is to infer a logic program or CLP program
which best explains some data/observations. Muggleton andDe Raedt [72] provides an
overview of inductive logic programming while the papers ofSebag and Rouveirol [96]
and Padmanabhuni and Ghose [82] generalize it to a CLP context.

Answer set programming (ASP) is a form of logic programming devised for improved
handling of negation, for programs that can be interpreted on small constraint domains.
While ASP supports only= as a built-in constraint, it has proven to be an elegant formalism
for modelling CSP. Programs are evaluated by model generation, as opposed to the query
reduction detailed above for CLP. Intuitively, program clauses are used both for generating
the search space and for constraining it. Efficient constraint solving is achieved through
specialized propositional satisfaction solvers, but there is little support for search control
[65].

Optimization

The classical semantics for CLP is restricted to answering satisfaction questions. Mod-
ern CLP languages provide minimization subgoals of the formminimize(G,E) 1 which
require the system to find solutions of goalG which minimize the expressionE.

In order to answer such minimization subgoals the underlying solver needs to provide
strong enough minimization capabilities. In analogy to solver completeness, we say a
program isminimization completefor goalG and expressionE if the solver can determine
the minimum valueE can take for each answerc of G. In other words, it can determine
min{θ(E) | DC |=θ c} if one exists. We assume that if a solver is minimization complete
for a goal it is also solver complete.

In practice this usually means that each answerc ofG should fix all the variables ofE,
which makes the minimization calculation trivial since there is only one valueθ(E). For
solvers based on linear real constraints where the expressionE was a linear expression we
can use a linear programming algorithm to determine the value of this expression. Hence
a CLP(R) program will be minimization complete for goalG and expressionE if each
answerc of G is such that forc all nonlinear constraints have enough fixed variables to
become linear, and the expressionE is linear once we simplify away the variables fixed by
c.

The operational semantics can be extended to handle minimization subgoals as follows:
A state〈L1, . . . , Lm c〉 can be reduced as follows:

5. If L1 is a minimization subgoalminimize(G,E) there are two cases.

a) If there is at least one answerc′ of 〈G c〉 wherem = min{θ(E) |DC |=θ c
′},

and for all other answersc′′ of 〈G c〉 we have thatmin{θ(E) |DC |=θ c
′′} ≥

1They also provide maximization subgoalsmaximize(G,E) , but from a semantic viewpoint these are
equivalent tominimize(G,-E) .
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m then it is reduced to

〈G,L2 . . . , Lm c ∧E = m〉

b) If 〈G c〉 is finitely failed or has an answerc′ wheremin{θ(E) |DC |=θ c
′} is

unbounded, then it is reduced to〈� false〉.

Note that if the sub-derivation〈G c〉 does not terminate then there will be no minimization
derivation step.

In practice this is not precisely the operational semanticsused by most CLP systems
since these may use information about the current best minimum valuem to prune ex-
ploration of the remaining search space. We discuss this more fully in Section 12.5.3.
However this idealized semantics captures the basic operational behavior of minimization.

It impossible to ascribe a logical or algebraic semantics to(this form of) minimization
subgoals in general (see [68] for a more complete treatment of the semantics of optimiza-
tion). For this chapter we restrict ourselves to the case that minimization is only used as
the topmost goal. In practice this is usual.

We define the logical reading ofminimize(G,E) to be the formula

∃M(G ∧ E = M ∧ ¬∃̄{M}(G ∧ E < M))

and denote this bymt(minimize(G,E)). This captures that we want the answers to the
minimization goal to be those solutions toG for which there is no other solution toG
which makes the value ofE smaller.

Both the logical and algebraic semantics are sound and complete with respect to this
logical reading assuming that the goal to be minimized is finitely evaluable:

Theorem 12.26.(Soundness and Completeness for Minimization)
LetP be aCLP (C) program,G be a finitely evaluable goal andE an expression, where
P is minimization complete forG andE. Let TC be the constraint theory for constraint
domainC andDC the interpretation. Then,

P ⋆, TC |= mt(minimize(G,E))↔ (∃̄V c1 ∨ . . . ∨ ∃̄V cn)

and

lm(P ⋆, C) |= mt(minimize(G,E))↔ (∃̄V c1 ∨ . . . ∨ ∃̄V cn)

wherec1, . . . , cn are the answers ofminimize(G,E) andV = vars(minimize(G,E)).

12.3 CLP for Conceptual Modeling

Constraint logic programs provide an ideal conceptual modeling language since they pro-
vide a very expressive subset of first-order logic includingexistential quantification, and
implications defining new constraints in terms of conjunctions and disjunctions of other
constraints. We first demonstrate how CLP can be used to modelconstraint satisfaction
problems (CSP) and then discuss how CLP provides considerably more concise and pow-
erful ways of modeling problems than does the standard CSP formulation.
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12.3.1 Formulating Standard CSPs

The standard class of constraint satisfaction problems (CSPs), studied in many of the chap-
ters in this book, admits a fixed finite set of variablesV , upon which are imposed a number
of constraints. A unarydomainconstraint is imposed upon each variable, restricting the
set of values it can take. The remaining constraints involvemore than one variable. Each
n-ary constraint has adefinition, formally expressed as a set ofn-tuples, and ascopewhich
is a sequence ofn variables from the setV . CLP offers a direct conceptual model for all
CSPs in this class.

As we have seen CLP provides a very natural way to express logical combinations of
constraints. Briefly, if the constraintC1 is the conjunction ofC2 andC3, this can be
expressed in CLP asC1 :- C2, C3 . If, on the other hand, the constraintC1 is the
disjunction ofC2 andC3 then in CLP we can write

C1 :- C2.
C1 :- C3.

These two constructs allow us to naturally model CSPs.

Example 12.27.Consider the CSP which has variablesX,Y, Z, with respective domains
{1, 2, 3}, {2, 3, 4}, {1, 3}, and it has two constraints,c1 and c2. The constraintc1 has
scope〈X,Y 〉 and definition〈1, 2〉, 〈1, 3〉, 〈2, 3〉, and the constraintc2 has scope〈X,Z〉
and definition〈1, 1〉, 〈2, 2〉, 〈3, 3〉. This CSP is captured by the following program:

solve(X,Y,Z) :-
X :: [1,2,3], Y :: [2,3,4], Z :: [1,3],
c1(X,Y), c2(X,Z).

c1(1,2). c1(1,3). c1(2,3).

c2(1,1). c2(2,2). c2(3,3).

We have arbitrarily named the main predicatesolve . The definition of the predicate
solve/3 comprises a domain constraint for each of the variablesX ,Y andZ, a constraint
c1 on the variablesX andY , and a constraintc2 on the variablesX andZ. The definition
of c1 andc2 are given below.

In fact the above model of CSPs is a logic program whose execution requires no con-
straint solving beyond simple equality testing. As we shallsee CLP languages allow us
define the same problem in a manner that will execute far more efficiently than the model
above.

12.3.2 Defining Constraints

The standard CSP formulation, in which a constraint is defined as a set of tuples, abstracts
away from one of the key modeling issues in CP: how to define each constraint.

CLP systems typically provide equality and disequality as well as standard mathemat-
ical functions and relations, as illustrated in Example 12.1 in the Introduction as built-in,
that is, primitive constraints. These built-in constraints also typically include so called
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global constraints. Standard examples arealldifferent [110, 87] also used in Ex-
ample 12.1 andcumulative [2] which is useful in scheduling applications. Global
constraints are complex, compound constraints which are useful in high-level modeling
and which are logically equivalent to combination of simpler constraints but for which bet-
ter operational behavior (such as more propagation) is possible if they are implemented
as a single constraint rather than as a combination of simpler constraints. See Chapter 7
“Global Constraints” for a detailed discussion of global constraints.

As we have seen in Section 12.2, the code formax given in Example 12.3

max(X,Y,Z) :- X #>= Y, Z #= X.
max(X,Y,Z) :- Y #>= X, Z #= Y.

directly encodes the logical formula:

max(X,Y, Z)↔ ((X ≥ Y ∧ Z = X) ∨ (Y ≥ X ∧ Z = Y ))

Note however that the use of multiple rules implies that search will be required to solve the
constraint.

CLP programs allow local variables in constraints. These are implicitly existentially
quantified.

Example 12.28.For example the following constraint requires thatX is an even number.

even(X) :- X #= 2 * Y.

Y is a local variable. Logically this corresponds to the constraint∃Y.(X = 2× Y ).2

Note that local variables do not need to be given an initial domain. This example also
illustrates a constraint whose “extent” is infinite. The number of solutions to the evenness
constraint is unbounded, so it cannot be represented extensionally as we representedc1
andc2 in Example 12.27 above.3

This ability to encapsulate a CSP as a constraint, and to makeany of the variables
local to that constraint, makes it possible to construct complex CSPs from simple ones. In
particular by keeping variables as “local” as possible, it is possible to minimize the worst
case complexity for solving the complex CSP [70].

Moving further away from the standard CSP, we can define constraints recursively. The
following program is an example of a constraint logic program over the reals.

Example 12.29.Themortgageconstraint was introduced in [49]. Themortgageconstraint
relates the principal borrowedPrincipal; the interest rate paid on it in each time periodIn-
terest; the amount paid back in each time periodPayment; the total number of time periods
until the mortgage is paid offTime, and theBalanceowing at the end of the mortgage.4

2In ECLiPSe the relations symbols beginning with# (e.g. #>= and#=) constrain the variables involved to
be integers. Hence in this codeX must be even, sinceY is an integer.

3Of course given a finite domain forX we could represent it finitely, but then we need a possibly different
representation for each usage.

4In ECLiPSe the relation symbols beginning with$ allow the variables involved to be real or integer. Hence
for mortgagethe variables involved are real numbers, except forTimewhich must be an integer.
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mortgage(Principal,Interest,Payment,Time,Balance) :-
Time #>= 1,
NewPrincipal $= Principal * (1+Interest) - Payment,
NewTime #= Time - 1,
mortgage(NewPrincipal,Interest,Payment,NewTime,Bala nce).

mortgage(Principal,Interest,Payment,Time,Balance) :-
Time #= 0,
Balance $= Principal.

In this version of the constraint:

1. The interest rate is the same in every time period

2. The payment is the same in every time period

3. The balance is the amount owing at the end of the last time period.

Note that the number of primitive constraints collected in the constraint store will depend
on theTimeparameter. IfTime takes the valuen in the solution then3n + 2 primitive
constraints will have been collected.

12.3.3 Data Structures

One of the strengths of CLP languages is that they inherit constraint solving over finite trees
(i.e. terms) from logic programming languages. These provide standard data structures
such as records, lists and trees. Such data structures are important because they allow the
conceptual model and other constraints to be parametric in the number of variables. This is
important because for many CSP problems and many constraints, the number of variables
depends on the runtime data.

Lists are often used in global constraints, such asalldifferent used in thesmm
program of Example 12.1. In CLP thealldifferent constraint takes a single argument
which is a list of variables. Typically this constraint is built-in, so there is no need to pro-
vide its definition in a conceptual model. If we wish to imposethe constraint that, say, three
variablesX , Y andZ must take distinct values we writealldifferent([X,Y,Z]) .
The syntax[X,Y,Z] denotes a list, with elementsX , Y andZ.

Example 12.30.The well-knownN -queens problem is to placeN queens on anN × N
chess board, so that no queen can take another. Below we givenaCLP program defining
nqueens/2 , which defines the constraints for theN -queens problems whereN is the
first (integer) argument. Since each queen must be placed on adifferent row, we use a
model in which there is a single variable for each queen, representing the column it must
occupy. The first goal in the definition ofnqueens/2 below islength(Queens,N)
This creates a list ofN variables where theith variable in the list represents the column
occupied by the queen on theith row. The syntaxQueens :: 1..N is a shorthand
which constrains each variable in the listQueens to take an integer value between 1 and
N . The constraintalldifferent(Queens) ensures that all the queens are on different
columns, while the constraintsafe(Queens) is a recursively defined constraint which
ensures that all the queens are on different diagonals.
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nqueens(N,Queens) :-
length(Queens,N),
Queens :: 1..N,
alldifferent(Queens),
safe(Queens).

safe([Q1|Queens]) :-
noattack(Queens, Q1, 1),
safe(Queens).

safe([]).

noattack([Q2|Queens],Q1,Diff) :-
Q1 + Diff #\= Q2,
Q1 - Diff #\= Q2,
Diff1 #= Diff + 1,
noattack(Queens,Q1,Diff1).

noattack([],_,_).

The definition ofsafe/1 breaks its argument list into the first queenQ1and the remaining
queensQueens , checks the queenQ1is on a different diagonal from the remaining queens
Queens usingnoattack/3 , and then calls itself recursively on the remaining queens.

The noattack check itself iterates over each of the remaining queens in turn, in-
crementing a counterDiff , as it goes through the list of remaining queens. The counter
therefore reflects the number of rows between the first queenQ1 and the other queenQ2.
Consequently the constraintsQ1+Diff #\= Q2 andQ1-Diff #\= Q2 ensure that
Q1andQ2are on different diagonals.

While space does not allow a complete introduction to programming in CLP, it is hoped
that this small example program can provide a flavor of the conceptual modeling power of
CLP. The reader is referred to [67, 110] for more examples.

Real constraint problems are rarely presented neatly as a set of decision variables under
a set of constraints. Like then-queens example above, they are often presented in an
implicit form, from which the actual decision variables andconstraints have to be extracted
when the runtime data becomes available. For this purpose the additional data structures
and programming constructs provide by CLP are required.

12.3.4 Optimization and Soft Constraints

Constraint problems arising in real applications are rarely just satisfaction problems. They
are almost always optimization problems, where the number of resources is to be mini-
mized or the value of activities carried out with the available resources is to be maximized.

This is modeled in a CLP conceptual model using the constructminimize(G,E) in-
troduced in Section 12.2.6. Since the semantics of multiple, possibly nested minimization
goals is unclear, CLP languages typically require that onlyone variable minimization goal
is allowed. Historically this restriction to a single minimization goal has been achieved
by associating the optimization requirement with the search component of the CLP design
model, to be covered in the next section. We will follow historical precedence and also
describe optimization in the next section.
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Industrial applications of CP often allow constraints to beviolated, i.e. treated as soft
constraints, and maintain a measure of their violation to beincluded in the optimization
expression. This is modeled in CLP by adding an extra argument to the constraint, and
incorporating it in the expression to be optimized.

The following constraint succeeds without penalty if its arguments have different val-
ues, but incurs a penalty of one if they are the same:5

soft_diff(X,Y,0) :- X #\= Y.
soft_diff(X,X,1).

12.4 CLP for Design Modeling

Constraint logic programming not only provides a conceptual modeling language but also
a design modeling language since the primitive constraintsexpressed in the conceptual
model can be directly executed using the underlying constraint solver(s).

12.4.1 Constraint Solvers

One of the distinguishing features of CLP languages is that constraints are generated dy-
namically, and tests for satisfaction on the partially generated constraints controls subse-
quent execution and constraint generation. Themortgage program of Example 12.29
clearly illustrates this, the program will not terminate ifwe do not repeatedly check satis-
fiability during the derivation. This contrasts to say mathematical modeling languages in
which constraint solving only takes place after the constraints are generated.

Incremental constraint solvers keep an internal solver state which represents the con-
straints encountered so far in the derivation. As new constraints are added the solver state
is updated and checked for unsatisfiability. When the solverdetects that the current state is
unsatisfiable execution returns to the last state with an unexplored child state. The solver-
state must be restored to a state equivalent to the solver-state at that point and continue
execution on the unexplored derivation. This is calledbacktracking.

Example 12.31.Consider execution of the goalA #= 1, max(A,2,1) as shown in
Example 12.6. The first derivation is tried, and on failure the solver-state represents the
unsatisfiable constraintA = 1 ∧ A = X ∧ 2 = Y ∧ 1 = Z ∧ X ≥ Y . Execution now
backtracks to the state〈max(A,2,1) A = 1〉 and the solver-state must be returned to
represent the constraintA = 1.

As a consequence constraint logic programming has been the birthplace of a number
of constraint solving algorithms for supporting incremental backtracking constraint solv-
ing. In Prolog II an incremental algorithm for solving equations and disequations was
developed [27].

InCLP (R) incremental Simplex algorithms were developed [54, 105] that, opposed to
dual Simplex methods standard in operations research, handled strict inequalities, and de-
tected all variables fixed by the constraints in order to helpevaluate non-linear constraints.
The solvers essentially use a dual Simplex method to be incremental. The incremental
Simplex algorithms are complete when the constraints in thesolver are linear, or all the

5As we shall see in the next sectionsoft diff is areifieddisequality constraint.
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non-linear constraints have had enough of the variables involved fixed by linear constraints
to become linear. Similar approached were also developed in[113]

Finite domain solvers utilizing artificial intelligence techniques were first incorporated
in CHIP [34]. Essentially the finite domain solver maintainsa record of the possible values
of each variable, itsdomain, and implements constraints aspropagatorsthat are executed
when the domain of the variables involved change. Each propagator possibly reduces
the domains of the variables involved in the constraint. Theprocess is repeated until no
propagator can change a domain of a variable. The solvers areincremental since adding
a new constraint simply involves scheduling its propagators, and then remembering the
propagators for later rescheduling. Finite domain solversare guaranteed to be complete
when every variable is fixed to a unique value.

Another important class of domain constraints are intervaldomains over floating point
numbers. In this case propagation based techniques are alsoused to solve arithmetic con-
straints over the floating point numbers. The use of floating point intervals for constraint
solving was suggested by Cleary [24] and independently by Hyvönen [48]. The first im-
plementation in a CLP system was in BNR Prolog, and is discussed in [76, 77].

CLP solvers need to support backtracking. Typically backtracking is supported by
trailing (inherited from the WAM machine of Prolog [122, 6]) orcopying[94]. Trailing
records changes made to the solver state, and then undoes thechanges on backtracking.
Copying simply copies the solver state, and backtracks by moving back to an old copy.
There is alsosemantic backtracking[116] which rebuilds the previous state (or at least one
that is semantically equivalent) using a set of high-level descriptions of changes. For a
comparison of backtracking approaches see [95]

12.4.2 Understanding Solver Incompleteness

An important consideration in using a constraint logic programming system as a design
modeling language is understanding the incompleteness of the solver as well as the inter-
action of its modeling capabilities with search.

The design modeler will want to ensure that each goal of interest is solver complete,
that is, we are guaranteed the solver answerstrue or false at the end of each derivation.

When using a linear inequality solver based on the Simplex algorithm [54] for example
the design model must ensure that any primitive constraintssent to the solver eventually
become linear. Consider themortgage example program, the nonlinear constraints for
NewPrincipal can be ensured to become linear by usingmortgage in a manner where
Interest is eventually fixed, for example.

When using a finite domain propagation solver (e.g. [34]) or interval reasoning con-
straint solver (e.g. [78]) the design model must eventuallyensure that every variable is
fixed to reach a solver complete constraint store. Formortgage this can be ensured by
eventually fixingInterest andPayment and one ofPrincipal or Balance (since the
remaining variables will be fixed by propagation).

The considerations of incompleteness of the solver must be matched against its model-
ing and search capabilities. For example a Simplex-based solver is complete for linear
constraints, while interval reasoning is not. Nevertheless the interval reasoner returns
variable bounds which Simplex does not. These bounds can be exploited for search,
when constraints are posted to the interval solver. At each search node a variable is
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chosen, and its interval partitioned into subintervals which are explored on the differ-
ent branches under the node. The intervals provide a stopping condition for the search:
when all the intervals have a sufficiently small width. This kind of search is not pos-
sible if constraints are only posted to the Simplex-based solver.6 For example the goal
mortgage(100,I,60,2,0) will not lead to solver complete constraints for either
solver, but with the interval solver we can enter a search process seeking a solution for
I to an accuracy of 0.001 (locate([I],0.001) in ECLiPSe notation), which will
determine the unique answerI = 0.131. Since the constraints are non-linear, it is not
possible with a Simplex-based solver to follow a similar process of narrowing down the
variable intervals.

12.4.3 Modeling and Disjunction

As we have seen, the basic approach to modeling disjunction in CLP languages, is to use
multiple rules. The advantage of this form of disjunction isthat it can be used with any
underlying solver, but the disadvantage is that it usually leads to large search spaces.

Consider thesolve predicate from Example 12.27. We can model the domain con-
straint:: as

X :: L :- member(X,L).

member(X,[X|_]).
member(X,[_|R]) :- member(X,R).

The member(X,L) predicate effectively sets the variableX to each value in the listL
in turn. Now all domain constraints are managed by the backtracking through derivations
in the CLP system using only a solver that can test for term equality. The disadvantage of
this approach is that we will search through3 × 3 × 2 × 3 × 3 = 162 derivations to find
the two solutions. Note that since the Herbrand equation solver is complete all states only
contain solver complete constraints.

Finite domain propagation solvers allow us express the “disjunctive” domain constraint
directly without using multiple rules. A finite domain solver running thesolve predicate
from Example 12.27 will only require3 × 3 = 9 derivations to be explored to find the 2
solutions. Here since thec1 andc2 constraints fix all the variables, again all derivations
eventually lead to solver complete constraints.

But there are far better ways of handling the constraintsc1 andc2. We can model them
using a specific construct called atablewhich is handled by a finite domain propagation
solver [84]. This ensures during search that the variables remain arc-consistent for the
subproblemc1 ∧ c2. Alternatively we can model them in the usual way using multiple
rules, but model the problem in a special way. The CLP syntax makes it easy to wrap a
goal, or any part of it, in a higher-order predicate that can be used to control how it should
be evaluated.

Example 12.32.Supposing the control predicateprop is implemented so that it handles
its argument using constraint propagation. Then we can rewrite Example 12.27 as follows:

6Unless the problem is handled by maximising and minimising each variable in turn, which is computation-
ally very much more costly than interval reasoning.
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solve(X,Y,Z) :-
X :: [1,2,3], Y :: [2,3,4], Z :: [1,3],
prop( c1(X,Y) ), prop( c2(X,Z) ).

c1(1,2). c1(1,3). c1(2,3).

c2(1,1). c2(2,2). c2(3,3).

CLP languages have offered different control predicates, with different names and con-
trol behaviours. Some of these will be presented in section 12.4.6 below.

12.4.4 Reified Constraints

Most finite domain constraint solvers allow the user to add anextra Boolean argument
to the simple primitive constraints, that enforces or prohibits the constraint according to
the value of the Boolean.7 For example the constraint1 #= (X #= Y) enforces the
constraintX = Y and is equivalent to the constraintX #= Y. On the other hand the
constraint0 #= (X #= Y) prohibitsX = Y and is equivalent toX #\= Y . Hence
soft diff(X,Y,B) is equivalent toB #= (X #= Y) , but the reified constraint does
not use multiple rules to define the “disjunctive” constraint.

CLP languages introduced reified constraints to finite domain constraint solvers, orig-
inally using acardinality combinator [112] . They are now a standard feature of finite
domain constraint solvers.

Let us represent a reified constraint asc[B], wherec is the original constraint, andB is
the extra Boolean variable. The ideal behavior of the reifiedconstraintc[B] is to propagate
domain reductions on its variables as follows:

• If, with the current domains,c is unsatisfiable, then propagateB = 0.

• If the constraint is satisfied by every combination of valuesfrom the domains of its
variables, then propagateB = 1.

• If B = 0, then impose the constraint¬c.

• If B = 1, then imposec

Some reified constraints in some CLP systems have weaker propagation than this, but all
systems propagate a fixed Boolean value as soon as all the variables inc are instantiated.

Reified primitive constraints can be straightforwardly extended to reify logical combi-
nations of primitive constraints using conjunction, disjunction, and implication. For ex-
ample we can model conjunction(c1 ∧ c2)[B] asc1[B1] ∧ c2[B2] ∧ B = B1 × B2, and
implication(c1 → c2)[B] asc1[B1]∧c2[B2]∧B2 ≥ B1. The power of reified constraints
is that they allow logical combinations of constraints to beexpressed.

Example 12.33.We can re-define themax constraint of Example 12.3 using reification
as follows:

7The facility can also be provided for linear inequalities ina integer linear programming solver where the
variables have known finite possible ranges.
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max(X,Y,Z) :- 1 #= ((X #>= Y and Z #= X) or
(Y #>= X and Z #= Y)).

Unfortunately, most CLP languages do not allow reification of non-primitive constraints
and so the constraint must instead be defined by:

max(X,Y,Z) :-
B11 #= (X #>= Y), B12 #= (Z #= X),
B1 #= B11 * B12,
B21 #= (Y #>= X), B22 #= (Z #= Y),
B2 #= B21 * B22,
B1 + B2 #>= 1.

HereB11 represents whetherX ≥ Y holds, whileB12 represents whetherZ = X holds.
B1 represents the conjunction ofB1 andB2, i.e. that the first rule holds. Similarly
B2 represents the second rule similarly. Finally, at least oneof B1 andB2 must be true.
Systems that support reification of non-primitive constraints automatically convert the first
form into the second.

The difference between this definition ofmax and the original definition is important.
Both definitions have the same meaning, but they have very different operational behavior.
The original definition selects the first clause in the definition of max, and imposes the
constraints thatX ≥ Y andZ = X . Only if the problem is insoluble under these con-
straints, or failure occurs for some other reason, does the CLP system try the other clause
in the definition ofmax onbacktracking.

By contrast, the definition using reified constraints does not make any “guesses” in or-
der to satisfy themax goal. It imposes all the primitive reified constraints in thedefinition,
and they propagate finite domain reductions according to their built-in propagation behav-
ior. But one needs to be careful: the reified constraints do not propagate strongly as one
might expect, as we shall see in the next example.

In the design model, to separate search from constraint propagation, it is necessary to
avoid introducing any choice points into the definitions of the constraints.

12.4.5 Redundant Constraints

Since we are dealing with incomplete solvers, we must take care to understand exactly how
completely our solver will deal with the design model that wecreate. In many cases we can
add information to the solver that is logically redundant, but since the solver is incomplete,
allows the solver to infer more information.

Example 12.34. Using the reified design model formax/3 from Example 12.33 we
might expect that after the goal[X,Y,Z] :: 1..10, max(X,Y,Z), X #>= 4
the solver would reduce the domain ofZ to 4..10. But it does not, since neitherB1 orB2
can be fixed to 0 or 1, no information can be inferred by the reified model.

We can improve the design model ofmax to ensure this happens by adding the redun-
dant constraintsZ #>= X, Z #>= Y to the model. These are logically implied by the
reified description but give different propagation behavior.

Note that another form of redundant constraints can also be usefully used in design
modeling with CLP. When a predicate requires multiple rulesin order to be expressed we
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can add redundant information in order to make information that is true of all disjunctive
rules defining the constraint visible immediately.

Example 12.35.The constraintTime #>= 1 in themortgageprogram of Example 12.29
is redundant in the sense that in any success of mortgage using this rule the constraint must
hold. If we omit it we will not change the answers to the program. But many goals, for
example

10 #>= Time, mortgage(100, 0.1, Time, 20, Balance)

that would terminate for the original program will not terminate for the modified program
since the first clause can succeed recursively infinitely many times withTime constrained
to become more and more negative.

Before leaving this subsection, it should be noted that no definition ofmax in terms of
reified constraints can maintain bounds or arc consistency.

Example 12.36.The troublesome case is illustrated by the following goal:

X :: 3..8, [Y,Z] :: 1..10, max(X,Y,Z), Y #=< 6.

We would expect that the domain ofZ would be reduced to3..8. Unfortunately, it is still
unknown whetherX ≥ Y orX < Y and consequently none of the reified constraints can
propagate information about the upper bound ofZ.

In the next section we shall therefore introduce facilitiesfor propagating information
that cannot be expressed simply as a conjunction of the built-in constraints introduced
previously in this section.

12.4.6 Specifying Constraint Behavior

CLP systems offer many built-in constraints whose behavioris predefined. These include
a wide variety of global constraints: Beldiceanu lists over60 global constraints in [13].

However, there is no expectation that CLP systems could everhave built-in all the
(global) constraints that will ever be needed. AccordinglyCLP provides facilities to define
new constraints, and specify their behavior. One of the mostimportant directions in CLP
research has been to move away from the original “black box” view of the underlying
constraint solver of the first CLP languages to languages andsystems which provide the
programmer with a “glass box” view of the underlying constraint solving in which the
programmer can extend, combine and even write new solvers [118].

One simple mechanism for supporting this inherited from logic programming lan-
guages isdynamic scheduling. Dynamic scheduling in CLP languages simply allows an
atom to have an attached delay condition (usually in terms ofarguments being fixed or
non-variable) which prevents its execution until the current constraint store makes the con-
dition true. Prolog-II [27] was the first system to incorporate dynamic scheduling using the
freeze meta-predicate. Most modern CLP languages provide dynamicscheduling facil-
ities. The use of dynamic scheduling for writing constraintsolvers appears in the paper of
Kawamuraet al [59]. However the power of dynamic scheduling is essentially limited to
writing local propagation based solvers or extensions where some variable become fixed
allows us to fix other variables.
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Holzbaur [45] has demonstrated thatattributed variablesare simple, powerful low-
level method for extending logic programming languages with constraint solvers. These
allow the programmer to associate arbitrary attributes with variables, i.e. named prop-
erties that can be used as storage locations as well as to extend the default unification
algorithm when such variables are unified with other terms orwith each other. Attributed
variables are based on suspension (variables) provided in SICStus Prolog to support dy-
namic scheduling [18] and were introduced by Le Houitouze [47] and are very similar to
meta-structures, introduced by Neumerkel [74] to allow user defined unification. They are
provided in SICStus Prolog, ECLiPSe as well as other Prologs.

Support for solver extension is particularly useful for propagation-based finite domain
solvers as it allows the programmer to introduce new global constraints with better prop-
agation behavior. Almost all finite domain propagation solvers defined in CLP languages
offer support for building new propagators by providing hooks into the underlying data
structures and queuing mechanisms.

A higher level language construct for creating finite domainpropagators, called index-
icals, was first proposed in [117, 118] and then popularized by [33, 17]. An indexical is a
primitive constraint of form ofX in r, whereX is a domain variable andr is a range ex-
pression. More complex finite domain arithmetic constraints are compiled into indexicals.
For instanceX ≤ Y is compiled toX in −∞..max(Y ), Y inmin(X)..∞. This not only
simplifies the implementation of finite domain solvers, but also allows the programmer to
extend the finite domain solver by defining new constraints interms of indexicals. Indexi-
cals are provided in many recent CLP languages including GNU-Prolog [43] and SICStus
Prolog.

Example 12.37.An indexical definition for themax/3 predicate (using SICStus Prolog
syntax since ECLiPSe does not support indexicals) is:

max(X,Y,Z) +:
Z #>= X,
Z #>= Y,
Z in dom(X) \/ dom(Y).

The indexical constraint forZ ensures that it takes any possible value from the union of
possible values ofX andY . Hence it will provide the propagation missing in Exam-
ple 12.36.

Indexicals were inspired by concurrent constraint programming (CCP) languages [92]
and in fact can be understood to be a CCP language called cc(FD) [117, 118]. In gen-
eral this idea of defining a constraint solvers using CCP has proven very powerful. Such
approaches include residuation [103] and action rules [124] .

CHR (Constraint Handling Rules) [41, 40] extend this approach by allowing the left-
hand side of a rule to have multiple constraints. It can be used to program not only
constraint propagators but also constraint reasoning rules. CHR resembles a production
system. In CHR, the left-hand side of a rule specifies a pattern of constraints in the
constraint store and the right-hand side specifies new constraints to replace those on the
left-hand side or to be added into the store. Constraint handling rules were introduced
by Frühwirth [41] and are described more fully in [40] and Chapter 13 “Constraints in
Procedural and Functional Languages”. CHRs are provided inCLP languages ECLiPSe,
SICStus, and HAL [42].
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Recent research has examined how to automatically define constraint handling rules [9,
1] given a disjunctive definition of a constraint using multiple rules. The constraint han-
dling rules generated are guaranteed to perform all the inferences possible of a certain
form, thus providing a powerful form of automating the construction of design model for
a constraint.

The last approaches we discuss for defining constraint behaviors are based on defining
the constraint using multiple clauses (which is the conceptual model of the constraint) and
then mapping this definition, automatically, to a design model.

Generalized propagation [63] is one mechanism for doing this. As we saw earlier in
Section 12.4.3, generalized propagation executes a multiple clause definition to extract the
information that is true of all possible solutions. As more information is known about the
arguments of the constraint re-execution will find less solutions and thus propagate more
information that is true of all of them.

Example 12.38. Themax example can be defined straightforwardly using generalized
propagation as:

max(X,Y,Z) :- max_basic(X,Y,Z) infers most.

max_basic(X,Y,Z) :- X #>= Y, Z #= X.
max_basic(X,Y,Z) :- Y #>= X, Z #= Y.

This version ofmax/3 will infer the maximum possible information expressible asdo-
mains for any goal. Consider the goal from Example 12.36, initially whenmax is run the
domain ofX is 2..8. It will execute the two branches finding two answers:the first where
Y has domain 1..8 andZ has domains 3..8 and the second whereY andZ are in 3..10. So
the domain ofZ is updated by the generalized propagator to 3..8∪ 3..10 = 3..10. When
the domain ofY changes to 1..6 as a result ofY #=< 6 the generalized propagator for
max is re-executed this time determining that in the first answerZ has domain3..8 and
now in the second answer it has domain3..6 so the domain is updated to3..8. Note how
the generalized propagation definition extracts both the information from the redundant
constraintsZ ≥ X ∧ Z ≥ Y as well as the information about the maximal value.

Another form of generalized propagation is simply to construct all the ground solutions
of the constraint and then define an arc consistency propagator on this table of ground
values. The resulting table is used to construct an arc consistency propagator using an
arc consistency algorithm such as AC3 or AC6. This was illustrated previously for the
constraintssolveprogram of Example 12.32.

The different forms of generalisation are selected by a parameter, so for Example 12.32
we useGoal infers ac instead ofprop(Goal) .

12.5 Search in CLP

Search is an implicit part of constraint logic programming.Execution searches through
the possible derivations in a depth-first left right manner.Because of this it is relatively
straightforward to define specific search routines in constraint logic programs.

The aim of search is to overcome the incompleteness of the solver or its weakness in
modeling the constraints required by the user (hence requiring multiple rules). In the first
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case the constraint programmer will add search predicates to enforce that the derivations
are eventually solver complete. In the second case the constraint programmer should make
use of disjunctive definitions that efficiently determine solutions.

The first case is the more usual case. For finite domain propagation solvers the search
routine will almost always involve ensuring that enough variables are eventually fixed to
enforce solver completeness.

CLP is a form of declarative programming, so we can say what a search predicate
means, logically. A complete search routine finds all different ways of solving the problem,
on backtracking. Logically, therefore, a complete search routine does not constrain its
variables in any way that was not already implied by the constraints in the program. Given
a variableX is defined with an initial domainl..u, the built in predicateindomain(X)
is equivalent tox = l∨x = l+1∨· · ·∨x = u. The labeling predicatelabeling shown
in Example 12.2 is logically equivalent totrue, since it just appliesindomain to each of
the variables in the list of its argument.

However, the search routine does something very important.Each path in the search
doesimpose extra constraints on the variables that were not imposed at the root of the tree.
Because the constraints at each leaf of the search tree are decided by the solver, this allows
us to ensure the goal is solver complete.

In summary, a complete search routine elicits a disjunctionof conjunctions of con-
straints that is logically equivalent to the input problem constraints. Instantiating variables,
is just one way of adding constraints that drive the solver toa state where it will answer
true or false.

There is a wide variety of possible search procedures we can write. In a finite do-
main example we typically have choices on which order to treat the variables, which order
to treat values, whether we should explore the search tree ina depth-first or iterative-
deepening manner. There are many kinds of search such as limited discrepancy search. All
of these are programmable using constraint logic programs and reflection predicates.

12.5.1 Reflection

Programmable search is one of the most powerful features of constraint programming. In
order to program search in CLPreflection predicatesare provided which allow the con-
straint programmer to query the current state of the constraint store.

For finite domain propagation and interval reasoning solvers the most important re-
flection predicates return information about the current domains of variables. Information
such as the current lower bound on a variable domain, currentupper bound, the set of
current possible domain values for a variable, as well as aggregate data such as the num-
ber of current possible domain values. For ECLiPSeic solver some reflection predicates
are e.g.get min(X,L) which returns the minimum possible valueL of a variableX ,
get domain size(X,S) which returns the number of valuesS in the current domain
of variableX , is in domain(X,V) which succeeds ifV is a value in the current do-
main of variableX .

It is difficult to give any logical reading of the reflection predicates. Their use is usually
restricted to programming search strategies, where the meaning of the program will not be
affected by their interpretation (since the entire search will be logically equivalent totrue),
but of course the efficiency of the search in finding solutionswill be highly dependent on
their usage.
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12.5.2 Search Control

Search can be specified in most CLP languages (and other constraint programming para-
digms) by a single parameterized procedure with parametersfor

• variable choice

• value choice

• method

The “method” specifies how the search tree is explored (for example depth-first), and al-
ternative forms of incomplete search (for example bounded backtracking).

This makes it very simple to invoke standard (complete or incomplete) search routines,
which instantiate variables in some order (which may be dynamic such asfirst fail where
we pick the variable with the least number of remaining values), to values in their do-
mains. CLP systems typically offer a parameterised search routine where the choices can
be expressed as parameter values.

CLP is a “higher-order” language, that allows goals to be passed as arguments to other
predicates. This makes CLP search very flexible. For exampleit enables the programmer to
define a highly problem-specific variable choice routine, and pass it to the search procedure
as an argument.

Example 12.39. We can define our own value selection strategy, in this case trying the
median value, and then removing it from the domain, programmed using reflection predi-
cates.

indomain_median(V) :-
get_domain_as_list(V,List),
median(List,M),
choose(V,M).

choose(V,M) :- V #= M.
choose(V,M) :- V #\= M, indomain_median(V).

The codeindomain median gets the domain ofV as a listD using the reflection predi-
categet domain as list , finds the medianM of the listD, and either setsV toM or
removesM from the domain of the list and repeats. The definition ofmedian(List,M)
is omitted.

Again, because CLP supports a higher order syntax, such a user-defined value selection
strategy can be passed to a generic search routine as a parameter.

In the remainder of this section we shall explore ways in which CLP offers more than
just a set of search parameters. In particular we shall be looking at routines that program a
specific search, search without necessarily instantiatingvariables, and at repair search.

Search states and choices

Heuristics are key to efficient search. Good heuristics depend on access to all aspects of the
current search state. In CLP this information is typically linked to the decision variables.
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Naturally the user can define whatever heuristic works best for the problem at hand.
For scheduling it is sometimes best to choose the “start time” variable with the earliest
available time in its domain. This does not fit into the “generic” variable choice and value
choice search used previously, but we can straightforwardly program this heuristic using
reflection predicates.

Example 12.40.An example of a programmed search strategy used in scheduling is to set
the variable with the least possible value to this value or constrain it to be greater than this
value. It can be programmed using reflection predicates as:

label_earliest([]).
label_earliest([X0|Xs]) :-

get_min(X0, L0),
find_earliest(Xs, X0, L0, X, L, R),
try_earliest(X,L,R).

find_earliest([], X, L, X, L, []).
find_earliest([X1|Xs], X0, L0, X, L, [X0|R]) :-

get_min(X1,L1),
L1 #< L0,
find_earliest(Xs, X1, L1, X, L, R).

find_earliest([X1|Xs], X0, L0, X, L, [X1|R]) :-
get_min(X1,L1),
L1 #>= L0,
find_earliest(Xs, X0, L0, X, L, R).

try_earliest(X,L,R) :-
X #= L,
label_earliest(R).

try_earliest(X,L,R) :-
X #> L,
label_earliest([X|R]).

The codelabel earliest finds the variable with the least minimum value using the
predicatefind earliest , and then either sets it to its minimal value (and removes
the variable from further consideration since it is now fixed), or sets it to be greater
than the minimal value (and continues considering it) usingtry earliest . The code
for find earliest(Xs, X0, L0, X, L, R) finds the variableX in Xs ∪ {X0}
(givenX0 has minimum domain valueL0) with the least minimum domain valueL, where
R is the remaining set of variablesXs ∪ {X0} − {X}.

To further illustrate the power of CLP we now consider a specific kind of heuristic in-
formation. This is a tentative value associated with each future variable. One very widely
used method of constructing tentative values is to solve a relaxed problem, in which the
awkward constraints are switched off and it is easy to find an optimal solution. The “linear
relaxed” problem is very often used because efficient solvers are available for linear prob-
lems of a huge size (millions of variables and hundreds of thousands of constraints). One
optimal solution is returned and the variable values in thissolution are installed as tentative
values to support a CLP search heuristic.
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The variable chosen for labeling is typically the one whose tentative value most violates
the relaxed constraints.

These heuristics often support more sophisticated choicesthan simply labeling a vari-
able. For example the linear relaxation may not even return an integer value for a finite
domain constraint (since finite domains cannot be expressedin terms of linear constraints).
If the tentative value is, say1.5, the choice made at the search node might beX ≤ 1 on
one branch andX ≥ 2 on the other. This kind of choice is very easy to express in CLPby
defining abranch predicate with two clauses:

branch(Var,Tent) :-
Up is ceiling(Tent),
Var #>= Up.

branch(Var,Tent) :-
Down is floor(Tent),
Var #=< Down.

HereV ar is the chosen variable, andTent is its current tentative value. The added con-
straintsV ar ≥ Up andV ar ≤ Down are posted to the constraint solver used by the
programmer. This may be a linear constraint solver, a finite domain solver, or a continuous
interval solver, for example. The key point is that for the search to do its job, the constraints
imposed at each search step should accumulate until the constraint store becomes solver
complete.

Posting inequalities is the standard form of choice for problems involving continuous
decision variables. These problems arise on robotics, chemistry and many complex sci-
entific and engineering applications. The constraints in these kinds of applications are
typically non-linear and can only be handled by sophisticated “global optimization” tech-
niques.8 Constraint programming with interval solvers are proving very effective for solv-
ing such problems [111, 79].

Unfortunately, posting inequalities does not guarantee that solver completeness is
reached after any reasonable number of steps. Instead, at the leaves of the search tree
we require the variables to fall within a “sufficiently smallinterval”. The answer returned
by a CLP system is a conjunction of constraints which entail the goal. However in case
the goal is not solver complete, there is no guarantee that this conjunction is satisfiable. In
this case, therefore, the constraints comprise not only an interval for each constraint, but
also further constraints on the variables for which the solver can neither decide if they are
entailed nor if they are disentailed by the interval constraints. It is however guaranteed that
no solutions lie outside the final intervals returned on all the branches of the search tree.

Local search

The tentative values used as heuristics for tree search, as introduced above, can also be used
in a different way for local search. Many CLP systems supporta facility for propagating
changes to the tentative values. To enforce the constraintZ = X + Y , these systems
recompute a new tentative value forZ whenever the tentative values ofX orY are updated.
Moreover for other constraints a measure of the degree of violation can be propagated on

8Seehttp://www.mat.univie.ac.at/˜neum/glopt.html .
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updates to the variables occurring in the constraints in thesame way. This approach was
pioneered in the Localizer system [115].

To search for a solution, these CLP systems allow the programmer to simply change
the tentative values associated with one or more variables,propagating the changes auto-
matically. These updates can be used to compute the quality of the new tentative variable
assignment, in terms of the degree of constraint violation,or simply the tentative value of a
global cost variable. This facility supports a wide varietyof local search mechanisms from
hill climbing, to simulated annealing and tabu search [114]. For more information on local
search, see Chapter 8 “Local Search Methods”.

12.5.3 Optimization and Search

We finish off the section by remarking on the interaction between search and optimization
in constraint logic programming. Mostly optimization search in constraint logic program-
ming is simply a combination of the search primitives discussed above with an optimization
subgoal such asminimize/2 introduced in Section 12.2.6.

There are typically at least two forms of minimization subgoal provided in CLP sys-
tems. The usual default minimization is a form of branch and bound, that once a new
answer is found with a better minimal value, effectively imposes a new constraint requir-
ing solutions to be smaller than the new best value obtained,and continues the search.
The second approach is to restart the search from the beginning whenever a new minimum
value is found, including a new constraint requiring solutions to be better than the new
best value. This may have better behavior than the branch andbound methods when the
variable choice heuristics are strongly influenced by the new bound.

Minimization exploits the higher-order syntax of CLP: any search goal can be given as
the first argument to the higher-order predicateminimize/2 . After execution, the second
argument is instantiated to the minimum.

12.6 Impact of CLP

Research initiated in CLP, and covered in this volume

CLP provides a powerful and practical framework for thinking about constraint satisfac-
tion and optimization problems. Indeed it was within the CLPparadigm that many of the
concepts and research directions described in this handbook were first introduced. For ex-
ample global constraints were introduced in CLP [14]; it waswithin the CLP paradigm that
multiple cooperating constraint solvers were introduced [15]; it is within the CLP commu-
nity that much of the research has taken place exploring the interface between Operations
Research and Artificial Intelligence [120]; recently modeling languages for local search
have also emerged from CLP [115].

Constraint databases

Much early CLP-inspired research was based on the idea that if constraints could so suc-
cessfully be added to the logic programming paradigm, then why not add them to other
(usually declarative) paradigms. Two important outcomes of this were constraint databases
and concurrent constraint logic programming.
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The paper [50] gave both a logical reading for a CLP program and a fixpoint seman-
tics which provided a theoretical bottom-up evaluation mechanism for CLP programs. A
natural consequence of this is to think of a CLP program as a kind of database, in the same
way as logic programs can be considered to be deductive databases. Kanellakis, Kuper
and Revesz [58] were the first to formally define a constraint database in terms of “gen-
eralized tuples” which extended standard relational databases by allowing tuples in the
database to have attributes implicitly defined by associated constraints. The topic of con-
straint databases is now a fertile research area. The recentbook by Revesz [88] provides a
good introduction and overview.

Concurrent constraint programming

The concurrent constraint programming languages were another major offshoot of CLP.
They generalized research on concurrent logic languages tohandle constraints. Clark and
Gregory introduced committed choice and don’t care non-determinism into Prolog [22].
For more information about concurrent logic languages see the survey by Shapiro [97].
Maher generalized concurrent logic languages to the constraint setting by recognizing that
the synchronization operator used in concurrent logic languages can be thought of as con-
straint entailment [66]. The formal properties of concurrent constraint programming lan-
guages have been widely studied since then. In particular, Saraswat has provided elegant
theoretical semantics for these languages [92] and was responsible for the term “concur-
rent constraint programming.” A number of concurrent constraint programming languages
have been designed and implemented [44, 118], but arguably their greatest impact has been
in the implementation of constraint solvers in CLP systems.One notable exception to this
is the Mozart [71] implementation of the Oz language which combines concurrent con-
straint programming with distribution and object orientedprogramming. For more details
on Oz see Chapter 13 “Constraints in Procedural and Concurrent Languages”.

Constraints and other programming paradigms

Given the success of CLP it was also natural to investigate the combination of solving
constraints with the other major declarative programming language paradigm–functional
programming. The first approach is due to Darlingtonet al [30]. The paper of Crossleyet
al [29] describes the constrained lambda calculus approach inwhich only definite values
can be communicated from the constraint store. The Oz programming language has been
developed by Smolka. In addition to incorporating functional and concurrent constraint
programming, it also provides objects. It is introduced in [101, 102].

Combining constraints with term rewriting began with augmented term rewriting intro-
duced by Leler in [64]. Constrained term rewriting generalizes ordered rewriting systems.
An introduction is given by Kirchner [60]. Constraints havealso been integrated into type
inference by Oderskyet. al. [75] and Bürckett has given a resolution-based proof mecha-
nism for full logic that incorporates constraint solving [16].

Combining constraints with imperative programming languages has not been investi-
gated very fully. Kaleidoscope [39] developed by Borning and others, is one of the few
examples of such languages. The combination does not seem very successful because of
the conflict between the imperative programmer’s desire to fully know the state of every
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variable during execution and the constraint programming view of complex flow of infor-
mation.

Much more successful have been object-oriented constraintsolving toolkits. In the
toolkit approach the programmer is limited in their handling of constraints and constrained
variables by the abstract data type provided by the toolkit.CHARME [80] and ILOG
SOLVER [84] are commercial constraint-solving toolkits for finite domain constraints.
They are both off shoots of the CLP language CHIP developed atECRC and use similar
propagation based constraint solving techniques. An object oriented Lisp based toolkit
called PECOS [85] was the precursor to ILOG SOLVER.

CLP and problem modelling

One recent impact of CLP languages has been on mathematical modeling languages. Math-
ematical modeling languages were first introduced in the 1970’s, replacing matrix genera-
tors as the way of specifying large linear programs. The majority of mathematical model-
ing languages are designed for real linear arithmetic constraints with real linear optimiza-
tion functions, since these are the constraints supported by the underlying solvers used by
the modeling languages. Mixed integer constraints are supported by later modeling lan-
guages. AMPL [7] fits in this category and also provides additional forms of modeling such
as facilities for modeling graphs. There has been some research on extending MIP based
modeling languages to support CP-like global constraints [86] and more ambitiously to
support both CP and MIP solvers. Of particular note is the OPLmodeling language [109]
which dramatically extends mathematical modeling languages by providing CP-like global
constraints and search as well as sophisticated data structures. Again the interested reader
is referred to Chapter 13 “Constraints in Procedural and Concurrent Languages.”

Industrial applications

Finally, CLP and CP constraint solving toolkits are widely used in industrial applications.
One of the first industrial applications of CLP was for the container port of Hong Kong in
1990. Since then several constraint-based technology companies have emerged in Europe,
America and Asia. ILOG, is a major such company with revenuesof 125Million dollars
per annum. ILOG’s website claims that “Because only ILOG canboast a technology port-
folio that includes both ILOG CPLEX for mathematical programming and ILOG CP for
constraint programming—the proven foundation of planningand scheduling systems—8
of the Top 10 ERP/SCM vendors have embedded ILOG’s core technologies”.

CLP is used by major companies for production scheduling transport scheduling, finan-
cial planning and a host of resource planning and schedulingapplications. CLP is not only
used for traditional resource planning and scheduling but for the new generation of compa-
nies and applications: Cisco uses CLP for its internet routing products, and Cadence—the
electronic design automation company—is a major user of constraint technology.

12.7 Future of CLP and Interesting Research Questions

It is almost exactly 20 years since the CLP paradigm was introduced. It has been an impor-
tant component in the success of CP, providing the initial reason for the “programming”
component. One impact has been on logic programming. CLP is now a cornerstone of
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logic programming theory, systems and applications. Standard logic programming sys-
tems, such as GNU-Prolog and SICStus Prolog now provide constraint solving libraries.
It has also received substantial interest from researchersinto computational logic and has
had considerable impact on database research, and we believe an increasing impact on
modeling language design.

It is worth summarizing the strengths of CLP. CLP languages are fully-fledged pro-
gramming languages meaning that they provide the constraint programmer with great
power for modeling problems, for specifying problem specific search heuristics and for
experimenting with hybrid constraint solving techniques.They provide powerful and flex-
ible search control and modern CLP languages provide a variety of techniques, such as
attributed variables, indexicals, CHRs, for extending theconstraint solver.

However, CLP languages have some drawbacks, which are driving the current research
programs in this area.

First, some features inherited from logic programming—andmore particularly Prolog—
need to be learnt and comprehended for modeling and especially for writing search or hy-
brid solvers. It is awkward to use recursion rather than iteration, compile time checking
is limited, there is an unwieldy syntax for arrays, overloading of standard mathematical
operators is not supported and standard mathematical syntax is not available for model-
ing problems. There is no sharp distinction between the conceptual and the design model,
and the data is part of the program. The difficulty of programming in CLP languages was
identified as a problem in [91].

One solution is to modify and extend the syntax of CLP languages to be closer to
standard mathematical modeling. For instance, the CLP language ECLiPSe provides iter-
ation allowing conceptual modeling closer to traditional modeling languages. Arguably,
the modeling language OPL can be viewed as a (very) restricted CLP language. Although
this seems easy, there is considerable tension between the aims of designing a simple,
mathematical like modeling language, and a language expressive enough to allow the pro-
grammer to specify problem-specific constraint solving techniques. Another approach is
to explore the use of a problem-domain specific visual front ends. Yet a third, is to build a
modeling language on top of the CLP systems.

A major strength of CLP is a simple, elegant declarative semantics which brings to-
gether logical, algebraic and operational viewpoints. As aresult CLP is a powerful and
precise language for modelling problems. With the facilities for constraint solving and
search control, CLP is also a clean and powerful tool for solving problems. In this respect,
however, the declarative semantics serves little purpose:a highly efficient program can
have the same declarative semantics as a hopelessly inefficient one.

Programming semantics for CLP which allows design models tobe compared for effi-
ciency is now required. This semantics must account for optimisation, reflection, search,
and constraint handling. Work on semantics for propagatorsis partially addressing this
issue but much more work is required to build CLP semantics that enables us to directly
compare CLP models with the same declarative semantics so that we can predict which
will use more computational resources and under what circumstances.

The chronological backtracking search model of CLP languages needs to be combined
with local search techniques in which the search state is updated by local changes. The
combination of backtrack-based tree search and local search is an exciting research area.

With the flexibility of CLP comes a runtime overhead, which especially penalises the
implementation of constraint solvers within the CLP language itself. The goal of increasing
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efficiency of CLP languages has been addressed for many years. Approaches include better
compilation, local and global analysis, and programmer mode and type declarations [42].
On the other hand the declarative nature of CLP makes it naturally parallelisable [83, 31].
Many feel that the coming generation of hardware will be dependent on parallelism for
continued speed improvements, and that declarative paradigms like CLP will therefore
become increasingly important.
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Chapter 13

Constraints in Procedural and
Concurrent Languages

Thom Frühwirth, Laurent Michel, and Christian
Schulte

This chapter addresses the integration of constraints and search into programming lan-
guages from three different points of views. It first focuseson the use of constraints to
model combinatorial optimization problem and to easily implement search procedures,
then it considers the use of constraints for supporting concurrent computations and finally
turns to the use of constraints to enable open implementations of constraints solvers.

The idea of approaching hard combinatorial optimization problems through a combi-
nation of search and constraint solving appeared first in logic programming. The genesis
and growth of constraint programming within logic programming is not surprising as it
catered to two fundamental needs: a declarative style and non-determinism.

Despite the continued support of logic programming for constraint programmers, re-
search efforts were initiated to import constraint technologies into other paradigms (in par-
ticular procedural and object-oriented paradigms) to cater to a broader audience and lever-
age constraint-based techniques in novel areas. The first motivation behind a transition is a
desire to ease the adoption of a successful technology. Moving constraints to a platform and
paradigm widely accepted would facilitate their adoption within existing software systems
by reducing resistance to the introduction of technologiesand tools perceived as radically
different. A second motivation is that constraints are versatile abstractions equally well
suited for modeling and supporting concurrency. In particular, concurrent computation
can be seen as agents that communicate and coordinate through a shared constraint store.
Third, constraint-based techniques can leverage the semantics of a target application do-
main to design specialized constraints or search procedures that are more effective than
off-the-shelves constraints. The ability, for domain specialists, toeasilycreate, customize
and extend both constraints solvers and search is thereforea necessity for adaptability.

The continued success and growth of constraints depends on the availability of flexible,
extensible, versatile and easy to use solvers. It is contingent on retaining performance that
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rival or exceed the ad-hoc methods they supplant. Therefore, efficiency remains a key
objective, often at odds with flexibility and ease of use.

Meeting these broad objectives, namely ubiquity, flexibility, versatility and efficiency
within traditional paradigms that lack support for declarative programming creates unique
challenges. First, a flexible tool must support mechanisms to let users define new con-
straints either through combinators or from first principles. The mechanisms should focus
on the specification ofwhat each constraint computes (its declarative semantics) rather
thanhow it computes it (operational semantics) to retain simplicity without sacrificing ef-
ficiency. Second, search procedures directly supported by language abstractions, i.e., non-
determinism in logic programming, must be available in traditional languages and remain
under end-user control. Also, search procedures should retain their declarative nature and
style to preserve simplicity and appeal. Finally, a constraint tool must bridge the semantic
gaps that exists between a high-level model, its implementation and the native abstractions
of the host language to preserve clarity and simplicity while offering a natural embedding
in the target language that does not force its users to becomelogic programming experts.

Many answers to these challenges have been offered and strike different trade-offs.
Each answer can be characterized by features that address a subset of the objectives. Some
constraint tools favored ease of adoption and efficiency over preserving declarativeness and
flexibility. Others focused on the creation of newhybrid, multi-paradigm languages and
platforms that preserved declarative constructions, adopt constraints and concurrency as
first class citizens in the design, and preserve efficiency with a lesser emphasis on targeting
existing platforms. A third option focusing on flexibility and declarative constructions
brought rule-based systems where new solvers over entirelynew domains can be easily
constructed, extended, modified and composed.

This chapter provides insights into the strengths, weaknesses and capabilities of sys-
tems that fall in one of these three classes: toolkits for procedural and object-oriented
languages, hybrid systems and rule-based systems.

13.1 Procedural and Object-Oriented Languages

Over the last decade, constraint programming tools have progressively found their way into
mainstream paradigms and languages, most notably C++. Thistransformation, however,
is not obvious and creates many challenges. To understand the nature of the difficulty, it is
useful to step back and consider the initial motivations. Toapprehend the interactions be-
tween constraint toolkits and their procedural or object-oriented host languages, it is useful
to separate two key components of constraint programming, i.e.,modeling with constraints
andprogramming the search. Each component brings its own challenges that vary with the
nature of the host language. Section 13.1.1 reviews the design objectives and inherent
challenges before turning to the issue of constraint-basedmodeling in section 13.1.2, and
search programming in section 13.1.3. Finally, section 13.1.4 discusses pragmatic issues
that permeate throughout all integration attempts.

13.1.1 Design Objectives

Modern constraint-based languages strive to simplify the task of writing models that are
readable, flexible and easy to maintain. This is naturally challenging as programs for
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complex problems often requires ingenuity on the part of thedeveloper to express multiple
orthogonal concerns and encode them efficiently within a language that imposes its own
limitations. Logic programming is the cradle of constraintprogramming for good reasons
as it offers two important supports: a declarative framework on which to build constraints
as generalizations of unification; and non-determinism to support search procedures, and,
in particular, depth-first search.

The challenges

Nonetheless, logic programming imposes a few limitations.First, it does not lend itself
to the efficient implementation of extensible toolkits. Early on, efficiency considerations
as well as simplicity pushed logic programming systems to implement all constraints as
“built-ins” of the language giving rise to closedblack-boxsolvers. Second, it does not eas-
ily accommodate search procedures that deviate from the depth-first strategy. It therefore
raises significant challenges for potential users of strategies like BFS, IDFS [70] or LDS
[50] to name a few. Third, its target audience comprises almost exclusively computer-savvy
programmers, who feel comfortable writing recursive predicates for tasks as mundane as
generating constraints and constraint expressions. This relative difficulty does not appeal to
a much larger group of potential users of the technology: themathematical programming
community. Mathematical solvers (LP, IP, MIP [56, 46]) and their modeling languages
[34, 26, 104] indeed offer facilities that focus on modelingand, to a large extent, relieve
their users from most (all) programming efforts.

The past two decades saw improvements on one or more of these fronts. The next
paragraphs briefly review two trendsrelated toprocedural and object-oriented languages.

Libraries and glass-box extensibility. Ilog Solver [58] is a C++ library implementing
a finite domain solver and is thus a natural example of an object-oriented embodiment.
The embedding of a solver within a C++ library offers opportunities to address the ex-
tensibility issues as both decision variables and constraints can be represented with object
hierarchies that can be refined and extended. However the move to C++, a language that
does not support non-deterministic computation, has increased the challenges one faces
to write, debug and maintain search procedures. Note that CHR [39] supports glass-box
extensibility through user-definable rules and is the subject of Section 13.3.

From programming to modeling. Numerica [111] is a modeling language for highly
non-linear global optimization. It was designed to addressthe third limitation and make
the technology of Newton [112] (a constraint logic programming language) available to
a much broader audience of mathematical programmers. The objective behind Numerica
was to improve the modeling language to a point where executable models were expressed
at the level of abstraction of their formal counterparts typically found in scientific papers.
The approach was further broadened with novel modeling languages for finite domain
solvers supporting not only the statement of constraints but also the specification of ad-
vanced search procedures and strategies. OPL [105, 104, 114] embodies those ideas in a
rich declarative language while OplScript [108] implements a procedural language for the
composition of multiple OPL models. Note that OPL is an interpreted language whose vir-
tual machine is implemented in terms of ILOG SOLVER constructions. The virtual machine
itself is non trivial given the semantic gap between OPL and ILOG SOLVER.
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At the same time, a finite domain solver was implemented in LAURE [21] and then
moved to CLAIRE [63], a language compiled to C++ that simplified LAURE’s construc-
tions to make it accessible to a broader class of potential users. CLAIRE was later en-
hanced with SALSA [63], a declarative and algebraic extension that focused on the im-
plementation of search procedures.

13.1.2 Constraint Modeling

Constraint modeling raises two concerns: the ease of use andexpressiveness of the toolkit
and its underlying extensibility. Each concern is intrinsically linked to the host language
and has a direct impact on potential end users. This section discusses each one in turn.

Ease of use and expressiveness

The constraint modeling task within a procedural or an object-oriented language presents
interesting challenges. It is desirable to obtain adeclarativereading of ahigh-levelmodel
statement that exploits the facilities of the host language(e.g., static and strong typing
in C++). The difficulty is to leverage the language to simplify programs and raise their
modeling profile to a sufficient level of abstraction. Note that modeling languages (e.g.,
OPL) tightly couple the toolkit and the language to obtain the finest level of integration that
preserves a complete declarative reading of models despitean apparent procedural style.
Indeed, OPL looks procedural but is actually declarative as it is side effect free (i.e., it has
no destructive assignments).

Aggregation and combinators. Consider the classic magic series puzzle. The problem
consists of finding a sequence of numbersS = (s0, s1, · · · , sn−1) such thatsi represents
the number of occurrences ofiwithin the sequenceS. For instance,(6, 2, 1, 0, 0, 0, 1, 0,0,0)
is a sequence of length10 with 6 occurrences of0, 2 occurrences of1, 1 occurrence of2
and finally1 occurrence of6. Clearly, any solution must satisfy the following property

n−1
∑

k=0

(sk = i) = si ∀i ∈ {0, 1, 2, · · · , n− 1}

To solve the problem with a constraint programming toolkit,it is first necessary to state
then constraints shown above. Each constraint is a linear combination of the truth value
(interpreted as0 or 1) of elementary constraints of the formsk = i. The difficulty is
therefore to construct a toolkit with automatic reificationof constraints and with seamless
aggregation primitives, i.e., summations, products, conjunctions or disjunctions to name a
few that facilitate the combination of elementary primitives.

Figure 13.1 illustrates the differences between the OPL and ILOG SOLVER statements
for the magic series problem. The ILOG SOLVER model constructs an expression itera-
tively to build the cardinality constraint for each possible value. It also relies on conve-
nience functions likeIloScalProd to create the linear redundant constraint. The OPL

model is comparatively simpler as the mathematical statement maps directly to the model.
It is worth noting that the level of abstraction shown by the OPL model is achievable within
C++ libraries with the same level of typing safety as demonstrated in [72]. Finally, both
systems implement constraint combinators (e.g., cardinality) and offer global constraints
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I LOG SOLVER

1. int main(int argc,char * argv[]) {
2. IloEnv env;int n;cin>>n;
3. try {
4. IloModel m(env);
5. IloIntVarArray s(env,n,0,n);
6. IloIntArray c(env,n);
7. for(int i=0;i<n;i++) {
8. IlcIntExp e = s[0] == i;
9. for(int k=1;k<n;k++)
10. e += s[k] == i;
11. m.add(s[i] == e);
12. }
13. for(int i=0;i<n;i++) c[i]=i;
14. m.add(IloScalProd(s,c) == n);
15. solve(m,env,vars);
16. } catch(IloException& ex) ...
17. }

OPL

1. int n<<"Number of Variables:";
2. range Dom 0..n-1;
3. var Range s[Dom];
4. solve {
5. forall(i in Dom)
6. s[i] = sum(j in Dom) (s[j]=i);
7. sum(j in Dom) s[j] * j = n;
8. };

Figure 13.1: The Magic Series statements.

that capture common substructures, simplify some of the modeling effort, and can exploit
the semantics of constraints for better performance.

Typing. A seamless toolkit integration depends on the adherence to the precepts and
conventions of the host language. For instance, C++ programmers often expect static and
strong typing for their programs and rely on the C++ compilerto catch mistakes through
type checking. From a modeling point of view the ability to rely on types and, in particular,
on finite domain variables defined over domains of specific types is instrumental is writing
clean and simple models. Consider the stable marriage problem. The problem is to pair
up men and women such that the pairings form marriages and satisfy stability constraints
based on the preferences of all individuals. A marriage betweenm andw is stable if and
only if wheneverm prefers a womank over his wifew, k also happens to prefer her own
husband overm so thatm andw have no reason to part. The OPL model is shown in Figure
13.2. The fragmenthusband[wife[m]] = m illustrates that the type of values in the
domain ofwife[m] is an enumerated typeWomenthat happens to be equal to the type of
the index for the arrayhusband . Similarly, the type of each entry of the husband array is
Menand therefore equal to the type of the right hand side of the equality constraint. To the
modeler, the result is a program that can be statically type checked.

Matrices. From an expressiveness point of view, the ability to index arrays with finite
domain variables is invaluable to write concise and elegantmodels. It is equally useful on
matrices, especially when its absence implies a non trivialreformulation effort to derive
for an expressionm[x, y] a tight reformulation based on an element constraint. The refor-
mulation introduces a ternary relationR(i, j, k) = {〈i, j, k〉 | i ∈ D(x) ∧ j ∈ D(y) ∧ k ∈
0..|D(x)| · |D(y)| − 1} that, for each pair of indicesi ∈ D(x) andj ∈ D(y), maps the
entrym[i, j] to its locationk in an arraya. Then,m[x, y] can be rewritten asa[z] with the
addition of the constraint(x, y, z) ∈ R wherez is a fresh variable.
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1. enum Women ...;
2. enum Men ...;
3. int rankW[Women,Men] = ...
4. int rankM[Men,Women] = ...
5. var Women wife[Men];
6. var Men husband[Women];
7. solve {
8. forall(m in Men) husband[wife[m]] = m;
9. forall(w in Women) wife[husband[w]] = w;
10. forall(m in Men & o in Women)
11. rankM[m,o] < rankM[m,wife[m]] => rankW[o,husband[o]] < rankW[o,m];
12. forall(w in Women & o in Men)
13. rankW[w,o] < rankW[w,husband[w]] => rankM[o,wife[o]] < rankM[o,w];
14. }

Figure 13.2: The OPL model for Stable Marriage.

Note that if the language supports a rich parametric type system (e.g., C++), it is pos-
sible to write templated libraries that offer both automatic reformulations and static/strong
typing as shown in [72].

Extensibility

Extensibility is crucial to the success of toolkits and libraries alike. It affects them in at
least two respects. First, the toolkit or library itself should be extensible and support the
addition of user-defined constraints and user-defined search procedures. This requirement
is vital to easily develop domain specific or application specific constraints and blend them
seamlessly with other pre-defined constraints. Given that constraints are compositional and
implemented in terms of filtering algorithms that task should be easily handled. Second,
it is often desirable to embed the entire constraint programwithin a larger application to
facilitate its deployment.

Solver extensibility. Object orientation is a paradigm for writing extensible software
through a combination of polymorphism, inheritance, and delegation. In the mid 90s, the
first version of ILOG SOLVER [79, 80] was developed to deliver an extensible C++ library.
The extensibility of its modeling component stems from a reliance on abstract classes
(interfaces) for constraints to specify the API that must besupported to react to events
produced by variables. For instance an ILOG SOLVER integer variable can expose notifi-
cations for three eventswhenDomain, whenRange, whenValue to report a change
in the domain, the bounds, or the loss of a value. A constraintsubscribes to notifications
from specific variables to respond with itsdemon method. Figure 13.3 illustrates a user-
defined equality constraint implementing bound consistency. Itspost method creates two
demons and attaches them to the variables. Both demons are implemented with a macro
(last line) that delegates the event back to the constraint.Thedemon method propagates
the constraint by updating the bound of the other variable. The extension mechanism heav-
ily depends on the specification of afiltering algorithmrather than a set ofindexicals(e.g.,
clp(FD) [28]) or inference rules(e.g., CHR [39]) and therefore follows a far more pro-
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1. class MyEqual : public IlcConstraintI {
2. IlcIntVar x, y;
3. public:
4. MyEqual(IloSolver s,IlcIntVar x,IlcIntVar y)
5. : IlcConstraintI(s), x(x), y(y) {}
6. void post() {
7. x.whenValue(equalDemon(getSolver(),this, x));
8. y.whenValue(equalDemon(getSolver(),this, y));
9. }
10. void demon(IlcIntVar x) {
11. IlcIntVar other = (x == x) ? y : x;
12. other.setMin(x.getMin());
13. other.setMax(x.getMax());
14. }
15. };
16. ILCCTDEMON1(equalDemon,MyEqual,demon,IlcIntVar,v ar);

Figure 13.3: ILOG SOLVER custom constraint.

cedural mind-set that requires a fair level of understanding to identify relevant events and
variables and produce a filtering procedure.

Solver embedding. Extensibility also matters for the deployment of constraint-based
technology. In this respect, the integration of a CP toolkitwithin a mainstream object-
oriented language is a clear advantage as models can easily be encapsulated within reusable
classes linked within larger applications. Modeling languages present an additional diffi-
culty but can nonetheless be integrated through component technology (COM or CORBA)
[57] or even as web-services as illustrated by the OSiL efforts [33].

13.1.3 Programming the Search

The second component of a constraint programming model is concerned with the search.
The search usually addresses two orthogonal concerns. First, what is the topology of the
search tree that is to be explored. Second,howdoes one select the next node of the search
tree to be explored. Or, given a search tree, what is the orderused to visit its nodes? Both
can be thought of as declarative specifications but are oftenmixed to accommodate the
implementation language. The integration of the two elements in procedural and object-
oriented languages is particularly challenging, given thelack of language abstractions to
manipulate the search control flow.

Search tree specification

OPL is a classic example of declarative specification of the search tree. It supports state-
ments that specify the order in which variables and values must be considered. OPL pro-
vides default strategies and does not require the user to implement his own. However, as
problems become more complex, it is critical to provide thisability. Figure 13.4 illustrates
on the left-hand side the naive formulation for then−queens model. The constraints are
stated for all pairs of indicesi andj in Domsuch thati < j. The right-hand side shows
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the search procedure. Lines 10-14 specify the search tree with a variable and a value or-
dering . It simply scans the variables in the order indicatedby Dom(ascending) and, for
each variablei, it non-deterministically chooses a valuesv from Domand attempts to im-
pose the additional constraintqueen[i] = v . On failure, the non-deterministic choice
is reconsidered and the next value fromDomis selected.

1. int n = ...; range Dom 1..n;
2. var Dom queen[Dom];
3. solve {
4. forall(ordered i,j in Dom) {
5. queen[i] <> queen[j];
6. queen[i]+i <> queen[j]+j;
7. queen[i]-i <> queen[j]-j;
8. }
9. }

10. search {
11. forall(i in Dom)
12. tryall(v in Dom)
13. queen[i] = v;
14. }

Figure 13.4: The OPL queens model.

Implementing a search facility in an object-oriented language like C++ or Java is hard
for a simple reason: the underlying language has no support for non-determinism and
therefore no control abstractions for making choices liketryall . To date, all libraries
have used some form of embeddedgoal interpreterwhose purpose is to evaluate anand-or
tree data structure reminiscent of logic programming predicates where non-determinism
is expressed with or-nodes and conjunction with and-nodes.The approach was used in
ILOG SOLVER and more recently in CHOCO, a Java-based toolkit. Figure 13.5 shows
a goal-based implementation of then−queens search tree. ILOG SOLVER also provides
pre-defined search tree specifications for the often-used methods.

1. ILCGOAL4(Forall,IloIntVarArray,x,IloInt,i,IloInt, low,IloInt,up) {
2. if (i <= up)
3. return IlcAnd(Tryall(getSolver(),x[i],low,up),
4. Forall(getSolver(),x,i+1,low,up));
5. else return IlcGoalTrue(getSolver());
6. }
7. ILCGOAL3(Tryall,IloIntVar,x,IloInt,v,IloInt up) {
8. if (x.isBound()) return 0;
9. else if (v > up) fail();
10. else return IlcOr(x=v,IlcAnd(x!=v,Tryall(getSolver (),x,v+1)));
11. }
12. ...
13. solver.solve(Forall(queens,1,1,n));

Figure 13.5: An ILOG SOLVER implementation of a search tree specification.

Lines 1 through 6 define a goal that performs the same variableselection as line 11
of the OPL model. Lines 7-11 define a goal to try all the possible values for the chosen
variable and correspond to lines 12 and 13 of the OPL model. The two macrosILCGOAL4
andILCGOAL3 define two classes (ForallI andTryallI ) together with convenience
functions (Forall andTryall ) to instantiate them1. The block that follows each macro

1Observe that the code in Figure 13.5 always uses the convenience functions and never directly refer to the
underlying implementation class
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is the body of the goal whose purpose is to construct the And-Or tree on the fly.
Observe that the implementation of the search procedure is now broken down into

several small elements that are not textually close. A few observation are in order

• A goal-based solution relies on an embedded goal interpreter and is therefore in-
compatible with C++ development tools like a debugger. For instance, tracing the
execution is hard as there is no access to the state of the interpreter (e.g., current in-
struction, parameters’ value, etc..). To compensate, recent versions of ILOG SOLVER

provide debugging support through instrumented librariesto inspect and visualize
the state of the search tree.

• Every single operation that must occur during the search (e.g., printing, statistic
gathering, visualizations) must be wrapped up in user-defined goals that are inserted
into the search tree description.

• It is non-trivial to modularize entire search procedures inactual C++ functions or
classesto reuse search fragments. Again, the only option is to writea function or
class that willinline a goal data structure representing the search procedure to insert.
Note that a deep copy of the entire goal (the entire function)is required each time to
simulate the parameter passing as there is no call mechanismper se.

• The body of a goal’s implementation is both delicate and subtle as there is a temporal
disconnection between the execution of its various components. For instance, one
may be tempted to optimize theForall goal shown in Figure 13.5 to eliminate the
creation of a fresh goal instance for each recursive goal andfavor a purely recursive
solution as in

ILCGOAL4(Forall,IloIntVarArray,x,IloInt,i,IloInt,lo w,IloInt,up) {
if (i <= up) {

IloInt i0 = i; i = i + 1;
return IlcAnd(Tryall(getSolver(),x[i0],low,up),this) ;

} else return IlcGoalTrue(getSolver());
}

However, this would be wrong. Indeed,i is an instance variable of the goal that is
merely re-inserting itself back into the query resulting inmakingi = i + 1 visible
to the next invocation. However, on backtracki is not restored to its original value.
Consequently, one must compensate wit areversibleinteger (IlcRevInt ). Yet,
this is insufficient as the modification (i = i + 1) should occurinsidetheTryall
choice point and it is thus necessary to add a goal to increment i as in

ILCGOAL4(Forall,IloIntVarArray,x,IlcRevInt&,i,IloIn t,low,IloInt,up) {
if (i <= up) {

return IlcAnd(IlcAnd(Tryall(getSolver(),x[i],low,up) ,
IncrementIt(i)),this);

} else return IlcGoalTrue(getSolver());
}

Finally, note how the arguments to goal instantiations are evaluated when the parent
goal executes,not when the goal itself is about to execute. For instance, a goalthat
follows IncrementIt(i) should not expecti to be incremented yet.

Standard search procedures are not limited to static variable/value ordering but often rely
on dynamic heuristics in order to select the next variable/value to branch on. Such heuris-
tics can be implemented both within modeling languages and libraries.
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Variable selection heuristic. In OPL, the variable selection heuristic is specified with
a clause in theforall statement that associates with the selection a measure of how
desirable the choice is. For instance, the fragment

forall(i in Dom ordered by increasing dsize(queens[i])) .. .

indicates that the queens should be tried in increasing order of domain size. Note that
OPL supports more advanced criteria based on lexicographic ordering of tuple-values to
automate a useful but tedious task. For instance, the fragment

forall(i in Dom ordered by increasing <dsize(queens[i]),a bs(i - n/2)>)
tryall(v in Dom)

queen[i] = v;

implements a middle variable selection heuristic that considers first the variable with the
smallest domain and breaks ties by choosing the variable closest to the middle of the board.

ILOG SOLVER is equally capable at the expense of a few small additions to user-defined
goals. Indeed, the key change is that the index of the next variable to consider is no longer
a static expression (thei of theForall goal in Figure 13.5), but is instead computed at the
beginning of the goal. Note that the selection is re-done at each invocation of theForall
and can skip over bound variables.

Value selection heuristic. OPL provides an ordering clause for itstryall that matches
the variable ordering clause of theforall both in syntax and semantics. For instance the
statement

tryall(v in Domain ordered by increasing abs(v - n/2)) ...

would consider the values fromDomain in order of increasing distance from the middle of
the board. ILOG SOLVER goals for the value selection operate similarly with one caveat:
The value selection goal must track (with an additional datastructure) the already tried
values to focus on only the remaining values, a task hidden byOPL’s implementation.

Control flow primitives. For the search, the most significant difference between a mod-
eling language and a library is, perhaps, the availability of traditional control statements.
As pointed out earlier, ILOG SOLVER’s level of abstraction for programming the search is
the underlying and-or tree. OPL, provides traditional control primitives such as iterations
(while loops), selections (select ), local bindings (let expressions) and branchings
(if-then-else ). Consider for instance the simple OPL fragment shown in Figure 13.6
which, upon failure, adds the negation of the failed constraint. The distance between a
goal-based specification and a high-level procedure is significant.

Exploration strategies

The specification of the search tree was concerned withwhat was going to be explored.
Exploration strategies are concerned withhow the dynamic search tree is going to be ex-
plored. Many strategies are possible, ranging from the standard depth first search to com-
plex combination of iterated limited searches. Even thoughan exploration strategy sounds
like a very algorithmic endeavor, it is both possible and desirable to produce a declarative
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1. search {
2. forall(in in Dom)
3. while (not bound(queens[i])) do
4. let v = dmin(queens[i]) in
5. try
6. queens[i] = v | queens[i] <> v
7. endtry;
8. }

Figure 13.6: Traditional Control Abstractions Example in OPL.

specification and let the search engine implement it automatically. This is especially true
in the context of a procedural (or object-oriented) language as a procedural specification
would force programmers to explicitly address the issue of non-determinism (and its im-
plementation). This section briefly reviews two approachesbased on OPL [113] (or ILOG

SOLVER [78]) and COMET [73].

OPL and ILOG SOLVER strategy specifications. The key ingredient to specify an ex-
ploration strategy is to provide a search node management policy. Each time a choice is
considered during the search, it creates search nodes corresponding to the various alterna-
tives. Once created, the exploration mustselectthe node to explore next andpostponethe
less attractive ones. Theevaluationof a node’s attractiveness is, of course, strategy depen-
dent. But once the attractiveness function and the postponement rules are encapsulated in a
strategy object, the exploration algorithm becomes completely generic with respect to the
strategy.

1.SearchStrategy dfs() {
2. evaluated to - OplSystem.getDepth();
3. postponed when OplSystem.getEvaluation()>OplSystem. getBestEvaluation();
4. }

5.applyStrategy dfs()
6. forall(i in Dom)
7. tryall(v in Dom)
8. queen[i] = v;

Figure 13.7: Exploration Strategy in OPL.

Consider the statement in Figure 13.7. It first defines a DFS strategy and uses it to
explore the search tree. The specification contains two elements: the evaluation function
that defines the node’s attractiveness and the postponementrule that states when to delay.
Each time the exploration produces a node, it is subjected tothe strategy to evaluate its
attractiveness and decide its fate. To obtain DFS, it suffices to use the opposite of the
node’s depth as its attractiveness and to postpone a node whenever it is shallower than
the “best node” available in the queue. The system object (OplSystem gives access
to enough statistic about the depth, right depth, number of failures, etc..) to implement
advanced strategies like LDS or IDS to name a few. When the strategy is expressed as a
node management policy, one can implement the same mechanism in a library.
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COMET strategy specifications. COMET is an object-oriented programming language
for constraint-based local search offering control abstractions for non-determinism [71,
106]. These abstractions are equally suitable for local search methods (low overhead) and
complete methods.

COMET uses first-class continuations to represent and manipulatethe state of the pro-
gram’s control flow. COMET’s tryall is semantically equivalent to OPL’s tryall .
Search strategies can be expressed via policies for the management of the captured contin-
uations and embedded inSearch Controllers that parameterize the search.

1. DFS sc();
2. exploreall<sc> {
3. forall(i in Dom) {
4. tryall<sc>(v in Dom) {
5. queen[i] = v;
6. }
7. }
8. }

1. class DFS implements SearchController {
2. Stack s; Continuation exit;
3. DFS() { s = new Stack(); }
4. void start(Continuation c) { exit = c; }
5. void exit() { call( exit); }
6. void addChoice(Continuation c) {
7. s.push(c);
8. }
9. void fail() {
10. if ( s.empty()) exit();
11. else call( cont.pop());
12. }
13. }

Figure 13.8: Exploration strategies with COMET.

The code fragment on the left hand side of Figure 13.8 is a COMET procedure whose
semantics are identical to the OPL statement from Figure 13.7. The key difference is
the search controller (sc ) of typeDFSwhose implementation is shown on the right hand
side. The statements parameterized bysc (exploreall andtryall ) delegate to the
search controller the management of the continuations thatrepresent search nodes. To
derive DFS, it suffices to store in a stack the continuations produced by the branches in the
tryall . When a failure occurs (e.g., at an inconsistent node), the fail method transfers
the control to the popped continuation. If there is none left, the execution resumes after the
exploreall thanks to a call to theexit continuation.

COMET completely decouples the node management policy from the exploration algo-
rithm, allows both a declarative and an operational readingof the search specification and
provides a representation of the control flow’s state that isindependent of the underlying
computation model.

13.1.4 Pragmatics

The integration of a constraint programming toolkit withina purely procedural or object-
oriented language presents challenges for the modeling andimplementation of the search.

Constraint modeling

Constraint modeling is relatively easyif the host language supports first-class expressions
or syntactic sugar to simulate them. If operators cannot be overloaded (like in Java), the
expression of arithmetic and set-based constraint is heavier. See Figure 13.9 for a Java
fragment setting up the queens problem in the CHOCO solver.
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1. Problem p = new Problem();
2. IntVar[] queens = new IntVar[n];
3. for(int i = 0; i < n; i++)
4. queens[i] = p.makeEnumIntVar("queen" + i, 1, n);
5. for (int i=0; i<n; i++) {
6. for (int j=i+1; j<n; j++) {
7. p.post(p.neq(queens[i], queens[j]));
8. p.post(p.neq(queens[i],p.plus(queens[j], j-i)));
9. p.post(p.neq(queens[i],p.minus(queens[j], j-i)));
10. }
11. }

Figure 13.9: Then−queens problem in CHOCO.

Search implementation

The lack of support for non-determinism is far more disruptive. One extreme solution
is to close the specification of the search and only offer pre-defined procedures. The clear
advantage is an implementation of non-determinism that canbe specialized to deliver good
performance.

A second option, used with ILOG SOLVER [58], is to embed in the library a goal ori-
ented interpreter. With a carefully crafted API addressingthe issues listed below, it is
possible to open the interface to support user-defined extensions.

Control transfer. The interface between the goal-based search and the rest of the pro-
gram must be as seamless as possible.

Mixed memory models. Multiple memory models must coexist peacefully (traditional
C Heap, logical variables Heap, traditional execution stack, search stack or trail to name a
few) to avoid leaks or dangling pointer issues.

Debugging support. A significant part of the program runs inside an embedded inter-
preter which renders the native debugging facilities virtually useless. This must be mit-
igated with the inclusion of dedicated and orthogonal debugging tools to instrument the
goal interpreter.

Control abstractions. The native control abstraction tend to be ineffective to express
search procedures and underscore the importance of hiding or isolating the semantic sub-
tleties associated with the goal interpreter. Note that thelevel of abstraction of search pro-
cedures can be lifted closer to OPL as demonstrated in [72]. However, this implementation
retains a goal-like interpreter that also fails to integrate with existing tools.

13.2 Concurrent Constraint Programming

At the end of the 1980s, concurrent constraint logic programming (CCLP) integrated ideas
from concurrent logic programming [97] and constraint logic programming (CLP):

• Maher [65] proposed the ALPS class of committed-choice languages.
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• The ambitious Japanese Fifth-Generation Computing Project relied on a concurrent
logic language based on Ueda’s GHC [103].

• The seminal work of Saraswat [82] introduced theask-and-tellmetaphor for con-
straint operations and the concurrent constraints (CC) language framework that per-
mits both don’t-care and don’t-know non-determinism.

• Smolka proposed a concurrent programming model Oz that subsumes functional and
object-oriented programming [101].

Implemented concurrent constraint logic programming languages include AKL, CIAO,
CHR, and Mozart (as an implementation of Oz).

13.2.1 Design Objectives

Processes are the main notion in concurrent and distributedprogramming. They are build-
ing blocks ofdistributed systems, where data and computations are physically distributed
over a network of computers.Processesare programs that are executed concurrently and
that can interact with each other. Processes can either execute local actions orcommunicate
andsynchronizeby sending and receiving messages. The communicating processes build
aprocess networkwhich can change dynamically. For concurrency it does not matter if the
processes are executed physically in parallel or if they areinterleaved sequentially. Pro-
cesses can intentionally be non-terminating. Consider an operating system which should
keep on running or a monitoring and control program which continuously processes in-
coming measurements and periodically returns intermediate results or raises an alarm.

In CCLP, concurrently executing processes communicate viaa shared constraint store.
The processes are defined by predicates and are calledagents, because they are defined by
logical rules and often implement some kind of artificially intelligent behavior. Constraints
take the role of (partial) messages and variables take the role of communication channels.
Usually, communication is asynchronous. Running processes are CCLP goals that place
and check constraints on shared variables.

This communication mechanism is based onask-and-tellof constraints that reside in
the common constraint store.Tell refers to imposing a constraint (as in CLP). Ask is
an inquiry whether a constraint already holds.Ask is realized by anentailmenttest. It
checks whether a constraint is implied by the current constraint store. Ask and tell can be
seen as generalizations of read and write from values to constraints. The ask operation is a
consumerof constraints (even though the constraint will not be removed), the tell operation
is aproducerof constraints.

For a process, decisions that have been communicated to the outside and actions that
have affected the environment cannot be undone anymore.Don’t-know non-determinism
(Search) must be encapsulated in this context. Also, failure should be avoided. Failure of
a goal atom (i.e., a single process) always entails the failure of the entire computation (i.e.,
all participating processes). In applications such as operating or monitoring systems this
would be fatal.
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13.2.2 The CC Language Framework

We concentrate on the committed-choice fragment of Saraswat’s CC language frame-
work [83, 84, 81]. The abstract syntax of CC is given by the following EBNF grammar:

Declarations D ::= p(t̃)← A | D,D
Agents A ::= true | tell(c) | ∑n

i=1 ask(ci)→ Ai | A‖A | ∃xp(t̃) | p(t̃)

where t̃ stands for a sequence of terms,x for a variable, and wherec and theci’s are
constraints. Instead of using existential quantification (∃), projection is usually implicit in
implemented CC languages by using local variables as in CLP.

Each predicate symbolp is defined by exactly one declaration. ACC programP is a
finite set of declarations.

The operational model of CC is described by a transition system. States are pairs
consisting of agents and the common constraint store. The transition relation is given by
the transition rules in Fig. 13.10.

Tell 〈tell(c), d〉 → 〈true, c ∧ d〉

Ask 〈∑n
i=1 ask(ci)→ Ai, d〉 → 〈Aj , d〉 if CT |= d→ cj (1≤j≤n)

Composition 〈A, c〉 → 〈A′, c′〉
〈(A ‖ B), c〉 → 〈(A′ ‖ B), c′〉
〈(B ‖ A), c〉 → 〈(B ‖ A′), c′〉

Unfold 〈p(t̃), c〉 → 〈A ‖ tell(t̃ = s̃), c〉 if (p(s̃)← A) in programP

Figure 13.10: CC transition rules

Tell tell(c) adds the constraintc to the common constraint store. The constrainttrue
always holds.

Ask Don’t care non-determinismbetween choices is expressed as
∑n

i=1 ask(ci) → Ai.
One nondeterministically chooses oneci which is implied by the current constraint
stored, and continues computation withAi.

Composition The‖ operator enables parallel composition of agents. Logically, it is inter-
preted as conjunction.

Unfold Unfolding replaces an agentp(t̃) by its definition according to its declaration.

A finite CC derivation (computation) can be successful, failed or deadlocked depending
on its final state. If the derivation ends in a state with unsatisfiable constraints it is called
failed. Otherwise, the constraints of the final state are satisfiable. If its agents have reduced
to true, then it issuccessful, else it isdeadlocked(i.e., the first component contains at least
one suspended agent). Deadlocks come with concurrency. They are usually considered
programming errors or indicate a lack of sufficient information to continue computation.
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13.2.3 Oz and AKL as Concurrent Constraint Programming Languages

The concurrent constraint programming model establishes aclean and simple model for
synchronizing concurrent computations based on constraints. On the other hand, CLP
(see Chapter 12, “Constraint Logic Programming”) providessupport for modeling and
solving combinatorial problems based on constraints. The obvious idea to integrate both
models to yield a single and uniform model for concurrent andparallel programming and
problem solving however has proven itself as challenging. Besides merging concurrency
and problem solving aspects, the CCP model only captures synchronization based on a
single shared constraint store. Other common aspects such as controlling the amount of
concurrency in program execution and exchanging messages between concurrently running
computations are not dealt with.

These challenges and issues have been one main motivation for the development of
AKL and Oz as uniform programming models taking inspirations from both CCP and CLP.
The development of AKL started before that of Oz, and naturally Oz has been inspired by
many ideas coming from AKL. Later, the two development teamsjoined forces to further
develop Oz and its accompanying programming system Mozart [77]. As Oz integrates
all essential ideas but parallel execution from AKL, this section puts its focus on Oz and
mentions where important ideas have been integrated from AKL. Achieving parallelism
has been an additional motivation in AKL, this resulted in a parallel implementation of
AKL [76, 75].

Currently Oz and Mozart are used in many different application areas where the tight
combination of concurrency and problem solving capabilities has shown great potential.
Education is one particular area where many different programming paradigms can be
studied in a single language [115]. Oz as a multi-paradigm language is discussed in [117].

13.2.4 Expressive Concurrent Programming

The concurrent constraint programming model does not specify which amount of con-
currency is necessary or useful for program execution. Thisis clearly not practical: the
amount of concurrency used in program execution makes a hugedifference in efficiency.
The rationale is to use as little concurrency as possible andas much concurrency as neces-
sary.

Experiments with Oz for the right amount of concurrency range from an early ultra-
concurrent model [52], over a model with implicit concurrency control [100] to the final
model with explicit concurrency control. Explicit concurrency control means that execu-
tion is organized into threads that are explicitly created by the programmer. Synchroniza-
tion then is performed on the level of threads rather than on the level of agents as in the
CCP model.

Many-to-one communication. Variables in concurrent constraint programming offer an
elegant mechanism for one-to-many communication: a variable serves as a communication
channel. Providing more information on that variable by a tell amounts to message send-
ing on that variable. The variable then can be read by many agents with synchronization
through entailment on the arrival of the message.

With constraints that can express lists (such as constraints over trees) programs can
easily construct streams (often referred to as open-ended lists). A stream is defined by a
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current tail being a yet unconstrained variablet. Sending a messagem tells the constraint
t = cons(m, t′) (expressing that the messagem is the first element of the streamt followed
by elements on the streamt′) wheret′ is a new variable for the new current tail of the
stream.

This idea for stream-based communication is very useful forprogramming concurrent
applications [97, 82]. However, it has a serious shortcoming: it does not support many-to-
one communication situations where more than a single sender exists. The tail can be only
constrained at most once by a tell. Hence all potential senders need to know and update
the current tail of a stream.

AKL introducedports to solve this problem and allow for general message-passing
communication [62]. The importance of supporting general message-passing communica-
tion is witnessed by concurrent programming languages where communication is entirely
based on message passing, for example Erlang [13].

A port provides a single point of reference to a stream of messages. It stores the current
tail of the stream that is associated with a port. Ports provide a send operation. The send
operation takes a port and a message, appends the message to the tail of the port’s stream,
and updates the stream’s tail as described above.

Naming entities. Ports in AKL require that they can be referred to for a send operation.
Modeling a port as a constraint in the concurrent constraintprogramming framework is im-
possible. The very idea of a port is that its associated tail changes with each send operation.
Changing the tail is in conflict with a monotonically growingconstraint store.

A generic solution to this problem has been conceived in Oz bythe introduction of
names[100]. A name can be used similar to a constant in a constraint. Additionally, the
state of a computation now also has an additional compartment that maps names to entities
(such as ports). For example, using a namen for a port means that constraints can be used
to refer to the port by using the namen. The additional compartment then stores thatn
refers to a port and the current tail associated with that port. Names are provided in a way
that they cannot be forged and are unique, more details are available in [100].

Mutable state. Ports are not primitive in Oz. Ports are reduced to cells as a primitive
that captures mutable state. As discussed above, a cell is referred to by a name and the
only operation on a cell is to exchange its content. From cells, ports can be obtained
straightforwardly [101].

More expressive programming. Oz incorporates extensions to the concurrent constraint
model to increase its expressive power for programming. It adds first-class procedures by
using names to refer to procedural abstractions (closures). By this, the aspect of giving
procedures first-class status is separated from treating them in the underlying constraint
system. The constraint system is only concerned with names referring to procedural ab-
stractions but not with their denotation. This approach also supports functional computa-
tion by simple syntactic transformations [101].

The combination of names, first-class procedures, and cellsfor mutable state constitute
the ingredients necessary for object-oriented computing.Here names are used as refer-
ences to objects, mutable object state is expressed from cells, and classes are composed
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toplevel

nested propagation encapsulation

local space

Figure 13.11: Nested propagation and encapsulation for spaces.

from first-class procedures. This setup allows for full-fledged concurrent object-oriented
programming including object-based synchronization and class-based inheritance [51].

Distributed programming. The basic idea of distribution in Oz is to abstract away the
network as much as possible. This means that all network operations are invoked implicitly
by the system as an incidental result of using particular language operations. Distributed
Oz has the same language semantics as Oz by defining a distributed semantics for all
language entities such as variables or objects based on cells.

Network transparency means that computations behave the same independent of the
site they compute on, and that the possible interconnections between two computations
do not depend on whether they execute on the same or on different sites. Network trans-
parency is guaranteed in Distributed Oz for most entities.

An overview on the design of Distributed Oz is [48]. The distributed semantics of
variables is reported in [49]; the distributed semantics ofobjects is discussed in [116].

13.2.5 Encapsulation and Search

The main challenge in combining concurrency with problem solving is that constraint-
based computations used for problem solving arespeculativein nature: their failure is a
regular event. Using backtracking for undoing the effect ofa failed speculative compu-
tation is impossible in a concurrent context. Most computations including interoperating
with the external world cannot backtrack. The essential idea to deal with speculative com-
putations in a concurrent context is toencapsulatespeculative computation so that the
failure of an encapsulated computation has no effect on other computations.

Computation spaces. The idea of encapsulation has been pioneered by AKL, where en-
capsulation has been achieved by delegating computations to so-called deep guards (to be
discussed later in more detail). Oz generalizes this idea asfollows. Computations (roughly
consisting of threads of statements and a constraint store)are contained in acomputation
space. Encapsulation in Oz then is achieved by delegating speculative computations to
local computation spaces. The failure of a local space leaves other spaces unaffected.

Computation spaces can then be nested freely resulting in a tree of nested computa-
tion spaces as sketched in Figure 13.11. Encapsulation prevents that constraints told by
computations in local computation spaces are visible in spaces higher up in the space tree.
Nested propagation makes sure that constraints told in computation spaces are propagated
to nested spaces.
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NewSpace : Script→ Space
Ask : Space→ Status
Access : Space→ Solution
Clone : Space→ Space
Commit : Space× Int→ Unit
Inject : Space× Script→ Unit

Figure 13.12: Operations on first-class computation spaces.

Stability. Given a setup with local spaces for encapsulation, it is essential to have a crite-
ria when a computation is not any longer speculative. A ground-breaking idea introduced
by Janson and Haridi in the context of AKL isstability [61, 47, 60]. A speculative com-
putation becomesstable, if it has entirely reduced to constraints and that these constraints
are entailed or disentailed (that is, the constraints do notmake any speculative assumptions
themselves) by the constraints from computation spaces higher up in the space tree.

Stability naturally generalizes the notion of entailment by capturing when arbitrary
computations are not any longer speculative. In particular, both entailment and stability
are monotonic conditions: a stable computation space remains stable regardless of other
computations.

Deep guards. Stability has been first used as a control criteria for combinators using
so-calleddeep guards. A combinator can be disjunction, negation, or conditional, for ex-
ample. In the concurrent constraint programming model guards (that is, ask statements) are
flat as they are restricted to constraints. Deep guards allow arbitrary statements (agents) of
the programming language. Similar to how entailment defineswhen and how computation
can proceed for a flat guard, stability defines when and how computation can proceed for
a deep guard.

First-class computation spaces. Local computation spaces together with stability as
control regime serve as the foundation for both search and combinators in Oz. A gen-
eral idea in Oz is that important abstractions such as procedures, classes, and objects are
available as first-class citizens in the language. As discussed in Section 13.2.4, this is
achieved by names that separate reference to entities from the entities proper.

Similarly, local computation spaces are available as first-class computation spaces.
Having spaces available first-class, search and combinators become programmable within
Oz as programming language.

The operations on first-class computation spaces are listedin Figure 13.12.NewSpace
takes a script (a procedure that defines the constraint problem to be solved) and returns a
space that executes the script.Ask synchronizes until computation in the space has reached
a stable state. It then returns the status of the space, that is, whether the space isfailed ,
solved , or hasalternatives . Alternatives are then resolved by search.Access
returns the solution stored in a space.Clone returns a copy of a space.Commit selects
an alternative of a choice point.Inject adds constraints to a space. How the operations
are employed for programming search becomes is sketched briefly below.
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fun {All S}
case {Ask S}
of failed then nil
[] solved then [{Access S}]
[] alternatives then C={Clone S} in

{Commit S 1} {Commit C 2}
{Append {All S} {All C}}

end
end

Figure 13.13: Depth-first exploration for all solutions.

Programming search. Most constraint programming systems (see Chapter 14, “Finite
Domain Constraint Programming Systems”) have in common that they offer a fixed and
small set of search strategies. The strategies covered are typically limited to single, all,
and best-solution search. Search cannot be programmed, which prevents users to construct
new search strategies. Search hard-wires depth-first exploration, which prevents even sys-
tem developers to construct new search strategies. With first-class computation spaces,
Oz provides a mechanism to easily program arbitrary search engines featuring arbitrary
exploration strategies.

Figure 13.13 conveys that programming search based on first-class computation spaces
is easy. The figure contains a formulation of depth-first exploration that returns all solu-
tions. All takes a spaceS containing the problem to be solved as input. It returns either
the empty list, if no solution is found, or a singleton list containing the solution. If a space
needs to be resolved by search, the space is copied (by application ofClone ) and explo-
ration follows the left alternative (Commit S 1 ) and later the right alternative (Commit
C 2). Append then appends the solutions obtained from exploring bothS andC.

The complete search engine is obtained by adding space creation according to the prob-
lem P (specified by a procedureP) to be solved:

fun {SearchAll P}
{All {NewSpace P}}

end

First-class computation spaces not only cover many standard search engines but have
been applied to interactive visual search [94], parallel search [92], and recomputation-
based search [95]. A complete treatment of search with first-class computation spaces
is [93]. Abstractions similar to first-class computation spaces are also used in the C++-
based libraries Figaro [54] and Gecode [44].

Programming combinators. First-class computations spaces can also be used to pro-
gram deep-guard combinators such as disjunction, negation, blocking implication, for ex-
ample. Here the motivation is the same as for programming search: the user is not re-
stricted to a fixed set of combinators but can devise application-specific combinators when
needed. By this they generalize the idea of deep-guard combinators introduced in AKL.
Programming combinators is covered in [91] and more extensively in [93].
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13.3 Rule-Based Languages

Rule-based formalisms are ubiquitous in computer science,from theory to practice, from
modelling to implementation, from inference rules and transition rules to business rules.
Executable rules are used in declarative programming languages, in program transforma-
tion and analysis, and for reasoning in artificial intelligence applications. Rules consist of
a data description (pattern) and a replacement statement for data matching that descrip-
tion. Rule applications cause localized transformations of a shared data structure (e.g.,
constraint store, term, graph, database). Applications are repeated until no more change
happens.

Constraint Handling Rules (CHR) is a rule-based programming language in the tra-
dition of constraint logic programming, the only one specifically developed for the im-
plementation of constraint solvers. It is traditionally anextension to other programming
languages but has been used increasingly as a general-purpose programming language, be-
cause it can embed many rule-based formalisms and describe algorithms in a declarative
way.

The next section discusses design objectives and related work. Then we give an over-
view of syntax and semantics of CHR [35, 42] as well as of properties for program analysis
such as confluence and operational equivalence. Then we giveconstraint solvers written in
CHR, for Booleans, minima, arithmetic equations, finite andinterval domains and lexico-
graphic orders.

13.3.1 Design Objectives

Constraint solver programming. In the beginning of CLP, constraint solving was hard-
wired in a built-in constraint solver written in a low-levelprocedural language. While
efficient, this so-calledblack-boxapproach makes it hard to modify a solver or build a
solver over a new domain, let alone debug, reason about and analyse it. Several proposals
have been made to allow more for flexibility and costumization of constraint solvers (called
glass-box, sometimeswhite-boxor evenno-boxapproaches):

• Demons, forward rules and conditionals of the CLP language CHIP [29], allow
defining propagation of constraints in limited ways.

• Indexicals, clp(FD) [25], allow implementing constraintsover finite domains at a
medium level of abstraction.

• Given constraints connected to a Boolean variable that represents their truth [16, 98]
allow expressing any logical formula over primitive constraints.

• Constraint combinators, cc(FD) [110], allow building morecomplex constraints
from simpler constraints.

All approaches extend a solver over a given, specific constraint domain, typically finite
domains. The goal then was to design a programming language specifically for writing
constraint solvers. Constraint Handling Rules (CHR) [35, 42, 11, 87] is a concurrent
committed-choice constraint logic programming language consisting of guarded rules that
transform multi-sets of relations called constraints until no more change happens.
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Underlying concepts. CHR was motivated by the inference rules that are traditionally
used in computer science to define logical relationships andfixpoint computation in the
most abstract way.

In CHR, one distinguishes two main kinds of rules:Simplification rulesreplace con-
straints by simpler constraints while preserving logical equivalence, e.g.,X≤Y∧Y≤X ⇔
X=Y. Propagation rulesadd new constraints that are logically redundant but may cause
further simplification, e.g.,X≤Y∧Y≤Z⇒ X≤Z. Obviously, conjunctions in the head of a
rule and propagation rules are essential in expressing constraint solving succinctly.

Given a logical calculus and its transformation rules for deduction, its (conditional)
inference rules directly map to propagation rules and its (biconditional) replacement rules
to simplification rules. Also, the objects of logic, the (constraint) theories, are usually
specified by implications or logical equivalences, corresponding to propagation and sim-
plification rules.

Given a state transition system, its transition rules can readily be expressed with simpli-
fication rules. In this way, dynamics and changes (e.g., updates) can be modelled, possibly
triggered by events and handled by actions. This justifies the use of CHR as a general
purpose programming language.

Design influences. The design of CHR has many roots and combines their attractive
features in a novel way. Logic programming (LP), constraintlogic programming (CLP)
[66, 42] and concurrent committed-choice logic programming (CCP) [96, 81] are direct
ancestors of CHR. Like automated theorem proving, CHR uses formulae to derive new
information, but only in a restricted syntax (e.g., no negation) and in a directional way
(e.g., no contrapositives) that makes the difference between the art of proof search and an
efficient programming language.

CHR adapts concepts from term rewriting systems [14] for program analysis, but goes
beyond term rewriting by working on conjunctions of relations instead of nested terms,
and by providing in the language design propagation rules, logical variables, built-in con-
straints, implicit constraint stores, and more. Extensions of rewriting, such as rewriting
Logic [69] and its implementation in Maude [24] and Elan [19]have similar limitations as
standard rewriting systems for writing constraints. The functional language Bertrand [64]
uses augmented term rewriting to implement constraint-based languages.

Executable rules with multiple head atoms were proposed in the literature to model
parallelism and distributed agent processing as well as objects [15, 12], but not for con-
straint solving. Other influences for the design of CHR were the Gamma computation
model and the chemical abstract machine [15], and, of course, production rule systems like
OPS5 [20].

Independent developments related to the concepts behind CHR were the multi-paradigm
programming languages CLAIRE [22], and OZ [99] as well as database research: con-
straint and deductive databases, integrity constraints, and event-condition-action rules.

Expressiveness. The paper [102] introduces CHR machines, analogous to RAM and
Turing machines. It shows that these machines can simulate each other in polynomial time,
thus establishing that CHR is Turing-complete and, more importantly, that every algorithm
can be implemented in CHR with best known time and space complexity, something that
is not known to be possible in other pure declarative programming languages like Prolog.
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Applications. Recent CHR libraries exist for most Prolog systems, e.g., [55, 85], Java
[10, 119, 118, 67], Haskell [23] and Curry. Standard constraint systems as well as novel
ones such as temporal, spatial or description logic constraints have been implemented in
CHR. Over time CHR has proven useful outside its original field of application in con-
straint reasoning and computational logic2, be it agent programming, multi-set rewriting
or production rule systems: Recent applications of CHR range from type systems [31] and
time tabling [5] to ray tracing and cancer diagnosis [11, 87]. In some of these applications,
conjunctions of constraints are best regarded as interacting collections of concurrent agents
or processes. We will not discuss CHR as a general-purpose programming language for
space reasons.

Abstract syntax

We distinguish between two different kinds of constraints:built-in (pre-defined) con-
straints which are solved by a built-in constraint solver, and CHR(user-defined) con-
straintswhich are defined by the rules in a CHR program. Built-in constraints include
syntactic equality=, true, andfalse. This distinction allows to embed and utilize existing
constraint solvers as well as side-effect-free host language statements. Built-in constraint
solvers are considered as black-boxes in whose behavior is trusted and that do not need to
be modified or inspected. The solvers for the built-in constraints can be written in CHR
itself, giving rise to a hierarchy of solvers [88].

A CHR programis a finite set of rules. There are three kinds of rules:

Simplification rule: Name@ H ⇔ C B
Propagation rule: Name@ H ⇒ C B
Simpagation rule: Name@ H \H ′ ⇔ C B

Nameis an optional, unique identifier of a rule, theheadH , H ′ is a non-empty con-
junction of CHR constraints, theguardC is a conjunction of built-in constraints, and the
bodyB is a goal. Agoal is a conjunction of built-in and CHR constraints. A trivial guard
expression “true” can be omitted from a rule.

Simpagation rules abbreviate simplification rules of the formH ∧H ′ ⇔ C H ∧B, so
there is no further need to discuss them separately.

Operational semantics

At runtime, a CHR program is provided with an initial state and will be executed until
either no more rules are applicable or a contradiction occurs.

The operational semantics of CHR is given by a transition system (Fig. 13.14). LetP
be a CHR program. We define the transition relation7→ by two computation steps (tran-
sitions), one for each kind of CHR rule.Statesare goals, i.e., conjunctions of built-in and
CHR constraints. States are also called(constraint) stores. In the figure, all upper case let-
ters are meta-variables that stand for conjunctions of constraints. The constraint theoryCT
defines the semantics of the built-in constraints.Gbi denotes the built-in constraints ofG.

2Integrating deduction and abduction, bottom-up and top-down execution, forward and backward chaining,
tabulation and integrity constraints.
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Simplify

If (r@H ⇔ C B) is a fresh variant with variables̄x of a rule namedr in P
and CT |= ∀ (Gbi → ∃x̄(H=H ′ ∧ C))
then (H ′ ∧G) 7→r (B ∧G ∧H=H ′ ∧ C)

Propagate

If (r@H ⇒ C B) is a fresh variant with variables̄x of a rule namedr in P
and CT |= ∀ (Gbi → ∃x̄(H=H ′ ∧ C))
then (H ′ ∧G) 7→r (H ′ ∧B ∧G ∧H=H ′ ∧ C)

Figure 13.14: Computation steps of Constraint Handling Rules

Starting from an arbitrary initial goal, CHR rules are applied exhaustively, until a fix-
point is reached. A simplification ruleH ⇔ C B replacesinstances of the CHR con-
straintsH byB provided the guardC holds. A propagation ruleH ⇒ C B insteadadds
B to H . If new constraints arrive, rule applications are restarted. Computation stops in a
failed final state if the built-in constraints become inconsistent. Trivial non-termination of
thePropagatecomputation step is avoided by applying a propagation rule at most once to
the same constraints (see the more concrete semantics in [1]).

In more detail, a rule isapplicable, if its head constraints are matched by constraints
in the current goal one-by-one and if, under this matching, the guard of the rule is implied
by the built-in constraints in the goal. Any of the applicable rules can be applied, and the
application cannot be undone, it is committed-choice.

A computation (derivation)of a goalG is a sequenceS0, S1, . . . of states withSi 7→
Si+1 beginning with theinitial state (query, problem)S0 = G and ending in a final state
or not terminating. Afinal state (answer, solution)is one where either no computation step
is possible anymore or where the built-in constraints are inconsistent.

Example 13.1.We define a CHR constraint for a partial order relation≤:

reflexivity @ X≤X⇔ true
antisymmetry @ X≤Y∧ Y≤X ⇔ X=Y
transitivity @ X≤Y∧ Y≤Z ⇒ X≤Z

The CHR program implements reflexivity, antisymmetry, transitivity and redundancy
in a straightforward way.

Operationally the rulereflexivity removes occurrences of constraints that match
X≤X. The ruleantisymmetry means that if we findX≤Y as well asY≤X in the current
goal, we can replace them by the logically equivalentX=Y. The ruletransitivity
propagates constraints. It adds the logical consequenceX≤Z as a redundant constraint, but
does not remove any constraints.

A computation of the goalA≤B ∧ C≤A ∧ B≤C proceeds as follows (rules are applied
to underlined constraints):

A≤B ∧ C≤A ∧ B≤C 7→transitivity

A≤B ∧ C≤A ∧ B≤C ∧ C≤B 7→antisymmetry

A≤B ∧ C≤A ∧ B=C 7→antisymmetry

A=B ∧ B=C
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Starting from a circular relationship, we have found out that the three variables must
be the same.

Refined, parallel and compositional semantics. The high-level description of the op-
erational semantics of CHR given here does not explicitly address termination at failure
and of propagation rules, and leaves two main sources of non-determinism: the order in
which constraints of a query are processed and the order in which rules are applied (rule
scheduling). As in Prolog, almost all CHR implementations execute queries from left to
right and apply rules top-down in the textual order of the program. This behavior has been
formalized in the so-calledrefined semantics[32] that was proven to be a concretization
of the standard operational semantics given in [1]. In [41] aparallel execution model for
CHR is presented.

Search. Search in CHR is usually provided by the host language, e.g.,by the built-in
backtracking of Prolog or by search libraries in Java. In addition, in all Prolog implemen-
tations of CHR, the disjunction of Prolog can be used in the body of CHR rules. This
was formalized in the language CHR∨ [7, 8]. An early implementation of CHR in Eclipse
Prolog also featured so-called labeling declarations [35], that allowed Prolog clauses for
CHR constraints. These can be directly translated into CHR∨, which we will use to define
labeling procedures.

Pragmatics. When writing CHR programs, manuals such as [55] suggest to prefer sim-
plification rules and to avoid propagation rules and multiple heads (although indexing often
helps to find partner constraints in constant time [85]). Onewill often modify and compose
existing CHR and other programs. Some possibilities are: Flat composition by taking the
union of all rules [4]; hierarchical composition by turningsome CHR constraints into built-
in constraints of another constraint solver [90]; extending arbitrary solvers with CHR [30].
CHR are usually combined with a host language. In the host language, CHR constraints
can be posted; in the CHR rules, host language statements canbe included as built-in
constraints.

Declarative semantics

Owing to the tradition of logic and constraint logic programming, CHR features – besides
an operational semantics – adeclarative semantics, i.e., a direct translation of a CHR
program into a first-order theory. In the case of constraint solvers, this strongly facilitates
proofs of a program’s faithful handling of constraints.

The logical reading (meaning) of simplification and propagation rulesis given below.

H ⇔ C B ∀(C → (H ↔ ∃ȳ B))
H ⇒ C B ∀(C → (H → ∃ȳ B))

The sequencēy are the variables that appear only in the bodyB of a rule.
The logical reading of aCHR program is the conjunction of the logical readings of

its rules united with the constraint theoryCT that defines the built-in constraints. The
logical reading of a stateis just the conjunction of its constraints. State transitions preserve
logical equivalence, i.e., all states in a computation are logically the same. From this result,
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soundness and completeness theorems follow that show that the declarative and operational
semantics coincide strongly, in particular if the program is confluent [9].

Linear-logic semantics. The classical-logic declarative semantics, however, doesnot
suffice when CHR is used as a general-purpose concurrent programming language. Many
algorithms do not have a correct first-order logic reading, especially when they crucially
rely on change through updates. This problem has been demonstrated in [41, 86] and led
to the development of an alternative declarative semantics. It is based on a subset oflinear
logic [45] that can model resource consumption. It therefore moreaccurately describes the
operational behavior of simplification rules [18].

Program properties and their analysis

One advantage of a declarative programming language is the ease of program analysis. The
paper [27] introduces a fix-point semantics which characterizes the input/output behavior
of a CHR program and which isand-compositional. It allows to retrieve the semantics
of a conjunctive query from the semantics of its conjuncts. Such a semantics can be used
as a basis to define incremental and modular program analysisand verification tools. An
abstract interpretation framework for CHR is introduced in[89]. The basic properties
of termination, confluence and operational equivalence aretraditionally analysed using
specific techniques as discussed below. Time complexity analysis is discussed in [36], but
details often rely on problem specific techniques.

Minimal states. When analysing properties of CHR programs that involve the infinitely
many possible states, we can sometimes restrict ourselves to a finite number of so-called
minimal states. For each rule, there is a minimal, most general state to which it is appli-
cable. This state is the conjunction of the head and the guardof the rule. Removing any
constraint from the state would make the rule inapplicable.Every other state to which the
rule is applicable contains the minimal state. Adding constraints to the state cannot inhibit
the applicability of a rule because of themonotonicity propertyof CHR [9].

Termination. A CHR program is calledterminating, if there are no infinite computa-
tions. Since CHR is Turing-complete, termination is undecidable. For CHR programs that
mainly use simplification rules, simple well-founded orderings are often sufficient to prove
termination [37, 36]. For CHR programs that mainly use propagation rules, results from
bottom-up logic programming [43] as well as deductive and constraint databases apply. In
general, termination analysis is difficult for non-trivialinteractions between simplification
and propagation rules.

Confluence. In a CHR program, the result of computations from a given goalwill always
have the same meaning. However the answer may not be syntactically the same. The
confluence property of a program guarantees that any computation for a goal results in the
same final state no matter which of the applicable rules are applied.

The papers [1, 9] give a decidable, sufficient and necessary condition for confluence:
A terminating CHR program is confluent if and only if all its critical pairs are joinable.
For checking confluence, one takes two rules (not necessarily different) from the program.
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The minimal states of the rules are overlapped by equating atleast one head constraint
from one rule with one from the other rule. For eachoverlap, we consider the two states
resulting from applying one or the other rule. These two states form a so-calledcritical
pair. One tries tojoin the states in the critical pair by finding two computations starting
from the states that reach a common state. If the critical pair is not joinable, we have found
a counterexample for confluence of the program.

Example 13.2.Recall the program for≤ of Example 13.1. Consider the rules for reflexiv-
ity and antisymmetry and overlap them to get the following critical state and computations.

A≤A ∧A≤A
reflexivity

xxqqqqqqqqqqq antisymmetry

&&MMMMMMMMMMM

A≤A

reflexivity
''NNNNNNNNNNN

A=A

built-in
wwppppppppppp

true

The resulting critical pair is obviously joinable. The example also shows that multiplicities
matter in CHR.

Any terminating and confluent CHR program has a consistent logical reading [9, 1]
and will automatically implement a concurrent any-time (approximation) and on-line (in-
cremental) algorithm.

Completion. Completion is the process of adding rules to a non-confluent program until
it becomes confluent. Rules are built from a non-joinable critical pair to allow a transition
from one of the states into the other while maintaining termination.

Example 13.3.Given the≤ solver, assume we want to introduce a< constraint by adding
just one rule about the interaction between these two types of inequalities.

X≤Y ∧ Y≤X ⇔ X=Y (antisymmetry)
X≤Y ∧ Y <X ⇔ false (inconsistency)

The resulting program is not confluent.

A≤B ∧B≤A ∧B<A

antisymmetry
yytttttt

tttt

inconsistency
$$

JJJJJJJJJ

A=B ∧B<A

��

B≤A ∧ false

��

A=B ∧A<A false

Completion uses the two non-joinable states to derive an interesting new rule, discovering
irreflexivity of <.

X<X ⇔ false

In contrast to other completion methods, in CHR we generallyneed more than one rule
to make a critical pair joinable: a simplification rule and a propagation rule [3].
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Operational equivalence. A fundamental and hard question in programming language
semantics is when two programs should be considered equivalent. For example correctness
of program transformation can be studied only with respect to a notion of equivalence.
Also, if modules or libraries with similar functionality are used together, one may be inter-
ested in finding out if program parts in different modules or libraries are equivalent. In the
context of CHR, this case arises frequently when constraintsolvers written in CHR are
combined. Typically, a constraint is only partially definedin a constraint solver. We want
to make sure that the operational semantics of the common constraints of two programs do
not differ.

Two programs are operationally equivalent if for each goal,all final states in one pro-
gram are the same as the final states in the other program. In [2], the authors gave a
decidable, sufficient and necessary syntactic condition for operational equivalence of ter-
minating and confluent CHR programs3: The minimal states of all rules in both programs
are simply run as goals in both programs, and they must reach acommon state. An ex-
ample for operational equivalence checking can be found with the minimum example in
Section 13.3.2.

13.3.2 Constraint Solvers

We introduce some constraint solvers written in CHR, for details and more solvers see [38,
42]. We will use the concrete ASCII syntax of CHR implementations in Prolog: Conjunc-
tion ∧ is written as comma ’, ’. Disjunction∨ is written as semi-colon ’; ’. Let ’ =<’ and
’<’ be built-in constraints now.

Boolean constraint solver

Boolean algebra (propositional logic) constraints can be solved by different techniques [68].
The logical connectives are represented as Boolean constraints, i.e., in relational form. For
example, conjunction is written as the constraintand(X,Y,Z) , whereZ is the result of
andingX andY. In the following terminating and confluent Boolean constraint solver [42],
a local consistency algorithm is used. It simplifies one Boolean constraint at a time into one
or more syntactic equalities whenever possible. The rules for propositional conjunction are
as follows.

and(X,Y,Z) <=> X=0 | Z=0.
and(X,Y,Z) <=> Y=0 | Z=0.
and(X,Y,Z) <=> X=1 | Y=Z.
and(X,Y,Z) <=> Y=1 | X=Z.
and(X,Y,Z) <=> X=Y | Y=Z.
and(X,Y,Z) <=> Z=1 | X=1,Y=1.

The above rules are based on the idea that, given a value for one of the variables in a
constraint, we try to determine values for other variables.However, the Boolean solver
goes beyond propagating values, since it also propagates equalities between variables. For
example,and(1,Y,Z),neg(Y,Z) will reduce tofalse , and this cannot be achieved
by value propagation alone.

3To the best of our knowledge, CHR is the only programming language in practical use that admits decidable
operational equivalence.
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Search. The above solver is incomplete. For example, the solver cannot detect inconsis-
tency ofand(X,Y,Z),and(X,Y,W),neg(Z,W) . For completeness, constraint solv-
ing has to be interleaved with search. For Boolean constraints, search can be done by trying
the values0 or 1 for a variable. The generic labeling procedureenum traverses a list of
variables.

enum([]) <=> true.
enum([X|L]) <=> indomain(X), enum(L).

indomain(X) <=> (X=0 ; X=1).

Minimum constraint

The CHR constraintmin(X,Y,Z) means thatZ is the minimum ofX andY.

r1 @ min(X,Y,Z) <=> X=<Y | Z=X.
r2 @ min(X,Y,Z) <=> Y=<X | Z=Y.
r3 @ min(X,Y,Z) <=> Z<X | Y=Z.
r4 @ min(X,Y,Z) <=> Z<Y | X=Z.
r5 @ min(X,Y,Z) ==> Z=<X, Z=<Y.

The first two rulesr1 and r2 correspond to the usual definition ofmin . But we also
want to be able to compute backwards. So the two rulesr3 andr4 simplify min if the
order between the resultZ and one of the input variables is known. The last ruler5
ensures thatmin(X,Y,Z) unconditionally impliesZ=<X,Z=<Y . Rules such as these can
be automatically generated from logical specifications [6].

Example 13.4. Redundancy from a propagation rule is useful, as the goalmin(A,2,2)
shows. To this goal only the propagation rule is applicable,but to the resulting state the
second rule becomes applicable:

min(A,2,2)
7→r5 min(A,2,2) , 2=<A
7→r2 2=<A

In this way, we find out that formin(A,2,2) to hold,2=<A must hold.
Another interesting derivation involving the propagationrule is:

min(A,B,M) ,A=<M
7→r5 min(A,B,M) ,A=M,M=<B
7→r1 A=M,M=<B

It can be shown that the program is terminating and confluent.For example, the only
overlap of the minimal states for the first two rules,r1 andr2 is min(X,Y,Z),X=Y . For
both rules, their application leads to logically equivalent built-in constraintsX=Y,Y=Z .

Operational equivalence. We would like to know if these two CHR rules defining the
user-defined constraintmin with differing guards

min(X,Y,Z) <=> X=<Y | Z=X.
min(X,Y,Z) <=> Y<X | Z=Y.
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are operationally equivalent with these two rules

min(X,Y,Z) <=> X<Y | Z=X.
min(X,Y,Z) <=> Y=<X | Z=Y.

or if the union of the rules results in a better constraint solver formin .
Already the minimal state of the first rule of the first program, min(X,Y,Z),X=<Y ,

shows that the two programs are not operationally equivalent, since it can reduce toZ=X
in the first program, but is a final state for the second program, sinceX=<Y does not apply
any of the guards in the second program. Thus the union of the two programs allows for
more constraint simplification. In the union, the two rules with the strict guards can be
removed as another operational equivalence test shows thatthey are redundant.

Linear polynomial equation solving

Typically, in arithmetic constraint solvers, incrementalvariants of classical variable elim-
ination algorithms [59] like Gaussian elimination for equations and Dantzig’s Simplex
algorithm for equations are implemented.

A conjunction of equations isin solved formif the left-most variable of each equation
does not appear in any other equation. We compute the solved form by eliminating multiple
occurrences of variables. In this solved form, all determined variables (those that take a
unique value) are discovered.

eliminate @ A1 * X+P1 eq 0 \ P2X eq 0 <=>
find(A2 * X,P2X,P2) |
normalize(A2 * (-P1/A1)+P2,P3),
P3 eq 0.

constant @ B eq 0 <=> number(B) | zero(B).

Theconstant rule says that if the polynomial contains no more variables,then the num-
berB must be zero. Theeliminate rule performs variable elimination. It takes any pair
of equations with a common occurrence of a variable,X. In the first equation, the vari-
able appears left-most. This equation is used to eliminate the occurrence of the variable
in the second equation. The first equation is left unchanged.In the guard, the built-in
find(A2 * X,P2X,P2) tries to find the expressionA2* X in the polynomialP2X, where
X is the common variable. The plenumP2 is P2X with A2* X removed. The constraint
normalize(E,P) transforms an arithmetic expressionE into a linear polynomialP.

The solver is complete, so no search is necessary. It is terminating but not confluent
due to theeliminate rule: Consider two equations with the same left-most variable,
then the rule can be applied in two different ways. The solverproduces the solved form
as can be shown by contradiction: If a set of equations is not in solved form, then the
eliminate rule is applicable. The solver is concurrent by nature of CHR: It can reduce
pairs of equations in parallel or eliminate the occurrence of a variable in all other equations
at once.
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Finite domains

Here, variables are constrained to take their value from a given, finite set. Choosing inte-
gers for values allows for arithmetic expressions as constraints. Influential CLP languages
with finite domains are CHIP [29], clp(FD) [25] and cc(FD) [110].

Thedomain constraintX inDmeans that the variableX takes its value from the given
finite domainD. For simplicity, we start with thebounds consistencyalgorithm for interval
constraints [109, 17]. The implementation is based on interval arithmetic. In the solver,
in , le , eq , ne , andadd are CHR constraints, the inequalities<, >, =<, >=, and<> are
built-in arithmetic constraints, andmin , max, +, and- are built-in arithmetic functions.X
in A..B constrainsX to be in the intervalA..B . The rules for local consistency affect
the interval constraints (in ) only, the other constraints remain unaffected.

inconsistency @ X in A..B <=> A>B | false.
intersect@ X in A..B, X in C..D <=> X in max(A,C)..min(B,D).

le @ X le Y, X in A..B, Y in C..D <=> B>D |
X le Y, X in A..D, Y in C..D.

le @ X le Y, X in A..B, Y in C..D <=> C<A |
X le Y, X in A..B, Y in A..D.

eq @ X eq Y, X in A..B, Y in C..D <=> A<>C |
X eq Y, X in max(A,C)..B, Y in max(C,A)..D.

eq @ X eq Y, X in A..B, Y in C..D <=> B<>D |
X eq Y, X in A..min(B,D), Y in C..min(D,B).

The CHR constraintX le Y means thatX is less than or equal toY. Hence,X cannot
be larger than the upper boundD of Y. Therefore, if the upper boundB of X is larger than
D, we can replaceB by Dwithout removing any solutions. Analogously, one can reason on
the lower bounds to tighten the interval forY. Theeq constraint causes the intersection of
the interval domains of its variables provided the bounds are not yet the same.

Example 13.5.Here is a sample computation involvingle :

U in 2..3, V in 1..2, U le V
7→le V in 1..2, U le V, U in 2..2
7→le U le V, U in 2..2, V in 2..2 .

Finally,X+Y=Z is represented asadd(X,Y,Z) .

add @ add(X,Y,Z), X in A..B, Y in C..D, Z in E..F <=>
not (A>=E-D,B=<F-C,C>=E-B,D=<F-A,E>=A+C,F=<B+D) |

add(X,Y,Z),
X in max(A,E-D)..min(B,F-C),
Y in max(C,E-B)..min(D,F-A),
Z in max(E,A+C)..min(F,B+D).

For addition, we use interval addition and subtraction to compute the interval of one vari-
able from the intervals of the other two variables. The guardensures that at least one inter-
val becomes smaller whenever the rule is applied. Here is a sample computation involving
add :
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U in 1..3, V in 2..4, W in 0..4, add(U,V,W) 7→add

add(U,V,W), U in 1..2, V in 2..3, W in 3..4
For termination, consider that the rulesinconsistency andintersection from

above remove one interval constraint each. We assume that the remaining rules deal with
non-empty intervals only. This holds under the refined semantics and can be enforced by
additional guard constraints on the interval bounds. Then in each rule, at least one interval
in the body is strictly smaller than the corresponding interval in the head, while the other
intervals remain unaffected. The solver is confluent, provided the intervals are given. The
solver also works with intervals of real numbers of a chosen granularity, so that to ensure
termination rules are not applied anymore to domains which are considered too small.

Enumeration domains. Besides intervals, finite domains can be explicit enumerations
of possible values. The rules for enumeration domains are analogous to the ones for inter-
val domains and implement arc consistency [74], for example:

inconsistency @ X in [] <=> false.
intersect@ X in L1,X in L2 <=> intersect(L1,L2,L3) | X in L3.

Search. We implement the search routine analogous to the one for Boolean constraints.
For interval domains, search is usually done by splitting intervals in two halves. This
splitting is repeated until the bounds of the interval are the same.

indomain(X), X in A..B <=> A<B |
(X in A..(A+B)//2, indomain(X) ;

X in (A+B)//2+1..B, indomain(X)).

The guard ensures termination. For enumeration domains, each value in the domain (im-
plemented as a list) is tried.X=V is expressed asX in [V] .

indomain(X), X in [V|L] <=> L=[_|_] |
(X in [V] ; X in L, indomain(X)).

The guard ensures termination. Callingindomain(X) in the second disjunct ensures
that subsequently, the next value forX from the listL will be tried.

N-queens. The famousn-queens problem asks to placen queensq1, . . . , qn on ann ∗ n
chess board, such that they do not attack each other. The problem can be solved with a
CHR program, whereN is the size of the chess board andQs is a list ofN queen position
variables.

solve(N,Qs) <=> makedomains(N,Qs), queens(Qs), enum(Qs) .
queens([Q|Qs]) <=> safe(Q,Qs,1), queens(Qs).
safe(X,[Y|Qs],N) <=> noattack(X,Y,N), safe(X,Qs,N+1).

Instead of implementingnoattack with the usual three finite domain inequality con-
straints, we can usenoattack directly:

noattack(X,Y,N), X in [V], Y in D <=>
remove(D,[V,V+N,V-N],D1) | Y in D1.

noattack(Y,X,N), X in [V], Y in D <=>
remove(D,[V,V+N,V-N],D1) | Y in D1.
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The constraint between three listsremove(D,L,D1) holds ifD1 is Dwithout the values
in L and at least one value has been removed.

Lexicographic order global constraint

A lexicographic order�lex (lex ) allows to compare sequences by comparing the elements
of the sequences proceeding from start to end. Given two sequencesl1 andl2 of variables
of the same lengthn, [x1, . . . , xn] and[y1, . . . , yn], thenl1�lexl2 if and only if n=0 or
x1<y1 or x1=y1 and[x2, . . . , xn]�lex[y2, . . . , yn].

The solver [40] consists of three pairs of rules, the first twocorresponding to base cases
of the recursion (garbage collection), then two rules performing forward reasoning (recur-
sive traversal and implied inequality), and finally two for backward reasoning, covering a
not so obvious special case when the lexicographic constraint has a unique solution.

l1 @ [] lex [] <=> true.
l2 @ [X|L1] lex [Y|L2] <=> X<Y | true.
l3 @ [X|L1] lex [Y|L2] <=> X=Y | L1 lex L2.
l4 @ [X|L1] lex [Y|L2] ==> X=<Y.

l5 @ [X,U|L1] lex [Y,V|L2] <=> U>V | X<Y.
l6 @ [X,U|L1] lex [Y,V|L2] <=> U>=V, L1=[_|_] |

[X,U] lex [Y,V], [X|L1] lex [Y|L2].

The implementation is short and concise without giving up onlinear time worst case
time complexity. It is incremental and concurrent by natureof CHR. It is provably correct
and confluent. It is independent of the underlying constraint system. In [40], also com-
pleteness of constraint propagation is shown, i.e., given alex constraint and an inequality,
all implied inequalities are generated by the solver.

13.4 Challenges and Opportunities

The integration of constraint technology in more traditional or hybrid paradigms has been
a source of significant progress. Nonetheless, it is still shy of a comprehensive solution
that addresses all the motivating objectives. It has, however, created flexible platforms
particularly well-suited for experimenting with novel research ideas and directions. This
section considers some of these opportunities.

13.4.1 Cooperative Solvers

Cooperative solvers are already a reality. Linear Programming and Integer Programming
solvers have been used in conjunction with constraint solvers and the combination often
proved quite effective. New solvers are developed regularly either for domain specific
needs or as vertical extensions. In all cases, hybridization raises many issues: How should
solvers communicate? How do solvers compose? What is the composite’s architecture
(side-by-side, master-slave, concurrent,...)? What are the synchronization triggers and
events (variable bounds, heuristic information, objective function, impacts,...)? Should
the solvers operate on redundant statements of the same problems or on disjoint subset of
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constraints they are better suited for? Can solver-specificformulations be derived from a
unique master statement? Can the formulations be automatically refined over time?

13.4.2 Orthogonal Computation Models

Recent developments in constraint-based local search [107] clearly indicate that constraint-
based solvers can be developed for radically different computation models. From a declara-
tive standpoint, local search solvers rely on constraints to specify the properties of solutions
and write elegant, high-level, and reusable search procedures which automatically exploit
the constraints to guide the search. From a computational standpoint, the solver incremen-
tally maintains properties (e.g. truth value, violation degree, variable and value based vio-
lations) under non-monotonic changes to the decision variables that always have a tentative
value assignment. This organization is a fundamental departure from classic domain-based
consistency and filtering techniques found in traditional finite domain solvers.

The fundamental differences are related to the nature of theunderlying computational
models. How can these solvers be effectively hybridized? What steps are required for an
efficient integration of the computation models that does not result in severe performance
degradation for either? Once the two technologies coexist,how can the solvers be com-
posed? How can each solver benefit from results produced by its counter-part? Which
form of collaboration is most effective?

13.4.3 Orthogonal Concerns

As solvers sophistication increases, it becomes difficult to anticipate the behavior of a
solver on a given problem formulation. The advances in solver technology (efficiency,
flexibility, openness) should be matched with equal progress in supporting abstractions for
model designers. For Rapid application development, it is essential to assist the develop-
ers of optimization models. Improvements should include better debugging tools (where
debugging occurs at the abstraction level of the model), explanation tools for post-mortem
analysis, but also tracing tools for live analysis of the solver’s behavior during the search
process. Tools like the OZ Explorer [94] or the tree visualizer of OplStudio [114] provide
initial insights into the dynamics of the search but fail to relate this behavior to modeling
abstractions (constraints) and their interplay. Novel tools should also support the explo-
ration of alternative model formulation and search heuristics to quickly identify successful
strategies, a task which becomes increasingly burdensome given the large number of po-
tential heuristics that ought to be considered.

13.5 Conclusion

Constraint solving and handling has moved from logic programming into more common
programming paradigms and faced the challenges that it found there.

• Generalizing search from built-in backtracking of Prolog to flexible search routines
as in OPL, OZ and SALSA.

• User friendliness by providing well-known metaphors resulting in modelling lan-
guages such as OPL and Comet.
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• Integration into advanced multi-paradigm languages such as CLAIRE and OZ.

• The move from black-box solvers to glass-box solvers, that can be customized and
analysed more easily, with constraint handling rules (CHR)at the extreme end of
the spectrum.

These issues will remain a topic of research and developmentin constraint programming
for the near future, but impressive first steps have been done.

Acknowledgments

Christian Schulte is partially funded by the Swedish Research Council (VR) under grant
621-2004-4953.

Bibliography

[1] S. Abdennadher. Operational semantics and confluence ofconstraint propagation
rules. In3rd International Conference on Principles and Practice ofConstraint
Programming, LNCS 1330. Springer, 1997.
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Chapter 14

Finite Domain Constraint Programming
Systems

Christian Schulte and Mats Carlsson

One of the main reasons why constraint programming quickly found its way into applica-
tions has been the early availability of usable constraint programming systems. Given the
wide range of applications using constraint programming itis obvious that one of the key
properties of constraint programming systems is their provision of widely reusable services
for constructing constraint-based applications.

A constraint programming system can be thought of as providing a set of reusable
services. Common services include constraint propagation, search, and services for inter-
facing to the system. This chapter looks in more detail at which services are provided by
a constraint programming system and in particular what are the key principles and tech-
niques in constructing and coordinating these services.

To give the chapter a clear focus and a reasonably uniform presentation, we mostly
restrict our attention to propagation-based finite domain constraint programming systems.
That is, systems that solve problems using constraint propagation involving variables rang-
ing over some finite set of integers. The focus on finite domainconstraint programming
systems coincides with both practical relevance and known principles and techniques: sys-
tems at least offer services for finite domains; much of the known principles and techniques
have been conceived and documented for finite domains.

Essential for a system in providing the services mentioned above are some important
abstractions (or objects) to be implemented by a system: variables, implementations for
constraints, and so on. Important abstractions for propagation, search, and interfacing are
as follows.

Constraint propagation. To perform constraint propagation a system needs to imple-
mentvariablesranging over finite domains. Constraints expressing a relation among vari-
ables are implemented bypropagators: software abstractions which by execution perform
constraint propagation. Finally, apropagation enginecoordinates the execution of propa-
gators in order to deliver constraint propagation for a collection of constraints.



494 14. Finite Domain Constraint Programming Systems

Search. Search in a finite domain constraint programming system has two principal di-
mensions. The first dimension is concerned with how to describe the search tree, typically
achieved by abranchingor labeling. The second dimension is concerned with how to ex-
plore a search tree, this is typically achieved by anexploration strategyor search strategy.
Any system implementing search must provide astate restorationservice which maintains
computation states for the nodes of the search tree.

Interfacing. A system must provide access to the services mentioned aboveso that ap-
plications can use them. Depending on the underlying constraint programming system,
the services can be tightly integrated into some host language (such as Prolog) or being
provided by some library (pioneered by ILOG Solver as a C++-based library).

Different levels of interfaces can be observed with different systems. Clearly, all sys-
tems offer at least interfaces which allow to use the system-provided services in applica-
tions. Even though the constraints, search engines, and so on provided by a system are
sufficient for many applications, some applications might require more. For these applica-
tions, a system must be extensible by new propagators for possibly new constraints, new
branching strategies, and new exploration strategies.

Chapter structure. The structure of this chapter is as follows. The next sectiongives a
simple architecture for finite domain constraint programming systems. It describeswhat
a system computes andhow computation is organized in principle. The following two
Sections 14.2 and 14.3 describe how systems implement this architecture. Section 14.2 de-
scribes how propagation is implemented while the followingsection describes how search
is implemented. An overview over existing finite domain constraint programming systems
is provided by Section 14.4. The last section of this chaptersummarizes the key aspects of
a finite domain constraint programming system and presents current and future challenges.

14.1 Architecture for Constraint Programming Systems

This section defines a simple architecture of a finite domain constraint programming sys-
tem. The section describeswhatresults a system computes andhowit computes them. The
focus is on the basic entities and principles that are used insystems; the actual implemen-
tation techniques used in systems are discussed in the following sections.

Much of the content follows the presentation in [58]. Essential parts of the architecture
described here have been first identified and discussed by Benhamou in [13].

14.1.1 Propagation-Based Constraint Solving

This section defines terminology andwhata system actually computes.

Domains. A domainD is a complete mapping from a fixed (countable) set of variables
V to finite sets of integers. A domainD is failed, if D(x) = ∅ for somex ∈ V . A variable
x ∈ V is fixedby a domainD, if |D(x)| = 1. The intersectionof domainsD1 andD2,
denotedD1 ⊓D2, is defined by the domainD(x) = D1(x) ∩D2(x) for all x ∈ V .

A domainD1 is strongerthan a domainD2, writtenD1 ⊑ D2, if D1(x) ⊆ D2(x) for
all x ∈ V .
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We use range notation[l, u] for the set of integers{n ∈ Z | l ≤ n ≤ u}.

Assignments and constraints. An integer assignmenta is a mapping of variables to
integer values, written{x1 7→ n1, . . . , xk 7→ nk}. We extend the assignmenta to map
expressions and constraints involving the variables in thenatural way.

Let vars be the function that returns the set of variables appearing in an assignment. In
an abuse of notation, we define an assignmenta to be an element of a domainD, written
a ∈ D, if a(xi) ∈ D(xi) for all xi ∈ vars(a).

Theminimumandmaximumof an expressione with respect to a domainD are defined
asminD e = min{a(e) | a ∈ D} andmaxD e = max{a(e) | a ∈ D}.

A constraintc over variablesx1, . . . , xn is a set of assignmentsa such thatvars(a) =
{x1, . . . , xn}. We also definevars(c) = {x1, . . . , xn}.

Propagators. A constraint is defined extensionally by a collection of assignments for its
variables. Typical systems do not compute with these extensional representations directly
for two reasons:

1. Representing all possible assignments of a constraint might take too much space
to be feasible (exponential space in the number of variables). In particular, space
becomes an issue ifvars(c) contains more than two variables.

2. Common constraints have a certainstructure(such as representing a linear equation
constraint or an alldifferent constraint). Representing aconstraint extensionally will
make it difficult or even impossible to take advantage of thisunderlying structure.

Constraint propagation systemsimplementa constraintc by a collection ofpropaga-
tors. Propagators are also known as filters (implemented by somefiltering algorithm) and
narrowing operators[13]. A propagatorp is a function that maps domains to domains.
In order to make constraint propagation well-behaved (to bediscussed in Section 14.1.2),
propagators aredecreasingandmonotonic.

• A propagatorp must be adecreasingfunction: p(D) ⊑ D for all domainsD. This
property is obvious and guarantees that constraint propagation only removes values.

• A propagatorpmust be amonotonicfunction:p(D1) ⊑ p(D2) wheneverD1 ⊑ D2.
That is, application ofp to stronger domains also yields stronger domains.

Propagators must faithfully implement constraints. A propagatorp is correct for a
constraintc iff it does not remove any assignment forc. That is, for all domainsD

{a ∈ D} ∩ c = {a ∈ p(D)} ∩ c

This is a very weak restriction, for example the identity propagatori with i(D) = D for
all domainsD is correct for all constraintsc.

A propagator must also provide sufficient propagation to distinguish solutions from
non-solutions. Hence, a set of propagatorsP is checkingfor a constraintc, if for domains
D where all variablesvars(c) are fixed the following holds:p(D) = D for all p ∈ P ,
iff the unique assignmenta ∈ D wherevars(a) = vars(c) is a solution ofc (a ∈ c). In
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other words, all domainsD corresponding to a solution of a constraintc on its variables
are required to be a fixpoint of the propagatorp.

A set of propagatorsP implementsa constraintc, if all p ∈ P are correct forc andP
is checking forc. We denote this fact byP = prop(c).

Systems consider sets of propagators rather than a single propagator as implementa-
tions of constraints to have more freedom in implementing a constraint. For example, a
common way to implement simple constraints is by indexicals(to be discussed in Sec-
tion 14.2.5): a collection of indexical propagators is usedto implement a single constraint.
On the other hand, systems provide global constraints with the idea that a single propagator
implements a constraint involving many variables.

Note that only very little propagation is required for a set of propagators to be checking
(as the term suggests, checking is sufficient; no actual propagation is required). The level
of consistency provided by a propagator set is irrelevant tothis model. Consistency levels
only provide a convenient way to refer to the strength of propagators. As far as achieving
good propagation is concerned, it does not matter whether a propagator set corresponds
to a predefined consistency level. What matters is that the propagator set offers a good
compromise between strength and cost of propagation.

To simplify our presentation we assume that propagators aredefined for all variablesV .
In a system, a propagatorp will be only interested in some variables: the variablesvars(c)
of the constraintc that is implemented byp. Two sets of variables which are important are
the input andoutputvariables.

The outputvariablesoutput(p) ⊆ V of a propagatorp are the variables changed by
the propagator:x ∈ output(p) if there exists a domainD such thatp(D)(x) 6= D(x).

The inputvariablesinput(p) ⊆ V of a propagatorp is the smallest subsetV ⊆ V such
that for all domainsD1 andD2: D1(x) = D2(x) for all x ∈ V implies thatD′

1(x) =
D′

2(x) for all x ∈ output(p) whereD′
1 = D2 ⊓ p(D1) andD′

2 = D1 ⊓ p(D2). Only the
input variables are useful in computing the application of the propagator to the domain.
We say that a propagatorp dependson a variablex, if x ∈ input(p).

Example 14.1(Propagators). For the constraintc ≡ x1 ≤ x2 + 1 the functionp1 defined
by p1(D)(x1) = {n ∈ D(x1) | n ≤ maxD x2 + 1} andp1(D)(x) = D(x), x 6= x1 is a
correct propagator forc. Its output variables are{x1} and its input variables are{x2}. Let
D1(x1) = {1, 5, 8} andD1(x2) = {1, 5}, thenp1(D1) = D2 whereD2(x1) = D2(x2) =
{1, 5}.

The propagatorp2 defined asp2(D)(x2) = {n ∈ D(x2) | n ≥ minD x1 − 1} is
another correct propagator forc. Here and in the following we assume that a propagator
is defined as identity for variables not mentioned in the definition. Its output variables are
{x2} and input variables{x1}.

The set{p1, p2} is checking forc. For example, the domainD(x1) = D(x2) = {2}
corresponding to a solution ofc is a fixpoint of both propagators. The non-solution domain
D(x1) = {2},D(x2) = {0} is not a fixpoint (of either propagator).

Now we are in the position to describe what a constraint programming system com-
putes. Apropagation solverfor a set of propagatorsP and some initial domainD,
solv(P,D), finds the greatest mutual fixpoint of all the propagatorsp ∈ P . In other words,
solv(P,D) returns a new domain defined by

solv(P,D) = gfp(λd. iter(P, d))(D) iter(P,D) = ⊓
p∈P

p(D)
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propagate(Pf ,Pn,D)
1: N ← Pn
2: P ← Pf ∪ Pn
3: while N 6= ∅ do
4: p← select(N)
5: N ← N − {p}
6: D′ ← p(D)
7: M ← {x ∈ V | D(x) 6= D′(x)}
8: N ← N ∪ {p′ ∈ P | input(p′) ∩M 6= ∅}

11: D ← D′

12: return D

Figure 14.1: Basic propagation enginepropagate.

wheregfp denotes the greatest fixpoint w.r.t⊑ lifted to functions.

14.1.2 Performing Propagation

A constraint programming system is concerned with performing propagation and search.
In this section, we consider the propagation engine and postpone the discussion of search
to Section 14.1.5.

Thepropagation enginepropagate shown in Figure 14.1 computessolv(P,D) for a
given set of propagatorsP and a domainD. Note that lines 9 and 10 are left out for an
extension to be discussed later. The enginepropagate takes two sets of propagators as
input wherePf contains propagators already known to be at fixpoint forD. This is an im-
portant feature to obtain incremental propagation during search. If no fixpoint knowledge
on propagators is available, it is safe to executepropagate(∅, P,D).

The algorithm uses a setN of propagators to apply (N stands fornot known to be
at fixpoint). Initially,N contains all propagators fromPn. Each time the while loop is
executed, a propagatorp is deleted fromN , p is applied, and the set ofmodified variables
M is computed. All propagators that share input variables with M are added to the set
of propagators not known to be at fixpoint. Adding a propagator p to the setN is called
schedulingp.

An invariant of the engine is that at the while statementp(D) = D for all p ∈ P −N .
The loop terminates, since in each iteration either a propagator is removed fromN or
a strictly smaller domainD′ is computed (as a propagator is a decreasing function and
there are only finitely many domains). After termination, the invariant yields thatD′ =
propagate(Pf , Pn, D) is a fixpoint for allp ∈ Pf ∪ Pn, that ispropagate(Pf , Pn, D) =
solv(Pf ∪ Pn, D).

As mentioned, the fact that a propagator is a decreasing function is essential for ter-
mination. The fact that a propagator is monotonic guarantees thatpropagate(Pf , Pn, D)
actually computessolv(Pf ∪ Pn, D) and that the order in which propagators are executed
does not change the result ofpropagate(Pf , Pn, D). The propagation engine (assuming
Pf = ∅) is more or less equivalent to the propagation algorithm of Apt [7, Section 7.1.3].
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The engine is geared at simplicity, one particular simplification being that it does not
pay particular attention to failed domains. That is, even though the domainD becomes
failed, propagation continues until a domain is computed that is both failed and a fixpoint
for all propagators inP . A concrete system might optimize this, as is discussed in Sec-
tion 14.1.6.

Note thatpropagate leaves undefined how a propagatorp is selected fromN . Strate-
gies for selecting propagators are discussed in Section 14.2.1.

Example 14.2(Propagation). Consider the propagatorp1 for the constraintx1 ≤ x2 de-
fined by

p1(D)(x1) = {n ∈ D(x1) | n ≤ maxD x2}
p1(D)(x2) = {n ∈ D(x2) | n ≥ minD x1}

Also consider the propagatorp2 for the constraintx1 ≥ x2 defined analogously.
Let us start propagation for the domainD0 with D(x1) = {0, 2, 6} andD(x2) =

{−1, 2, 4} by executingpropagate(∅, {p1, p2}, D0). This initializes bothP andN to
{p1, p2}.

Let us assume thatp1 is selected for propagation. Then,p1 is removed fromN and
yieldsD′(x1) = {0, 2} andD′(x2) = {2, 4}. The set of modified variablesM is {x1, x2}
and hence after this iterationN is {p1, p2}.

In the second iteration, let us assume thatp2 is selected for propagation. This yields
D′(x1) = D′(x2) = {2}. Again, the set of modified variablesM is {x1, x2} and hence
N is {p1, p2}.

Assume that in the next iterationp1 is selected. NowD is already a fixpoint ofp1 and
the set of modified variablesM is empty. This in turn means thatN is just{p2} after this
iteration.

The last iteration selectsp2 for execution, does not modify the domain, andN becomes
empty. Hence,propagate(∅, {p1, p2}, D0) returns a domainD with D(x1) = D(x2) =
{2}.

14.1.3 Improving Propagation

The propagation engine shown in Figure 14.1 is naive in that it does not exploit additional
information about propagators. Improved engines being thebase for existing systems try
to avoid propagator execution based on the knowledge whether a domain is a fixpoint for
a propagator.

In the following we discuss common properties of propagators, which help to avoid
useless execution. How a system implements these properties (or detects these properties)
is discussed in Section 14.2.

Idempotent propagators. Assume that a propagatorp has actually made the domain
stronger, that is,D′ 6= D. This means that there exists a variablex ∈ V for which
D′(x) ⊂ D(x). Assume further thatx ∈ input(p). Hencep will be included inN .

Quite often, however, propagators happen to be idempotent:a propagatorp is idempo-
tent, if the result of propagation is a fixpoint ofp. That is,p(p(D)) = p(D) for all domains
D.

Hence, to avoid inclusion of an idempotent propagatorp, the following lines can be
added to the propagation engine after line 8:
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9: if (p idempotent) then
10: N ← N − {p}

Example 14.3(Idempotent propagators). The propagatorsp1 andp2 from Example 14.2
are both idempotent as can be seen easily.

Taking this into account, propagation takes only three iterations. If the same selection
of propagators is done as above, thenN is {p2} after the first iteration and{p1} after the
second iteration.

Note that in particular all domain consistent propagators are idempotent.

Entailment. An idempotent propagator can be exempted from being included in N di-
rectly afterp has been applied. A much stronger property for a propagatorp is entailment.
A propagatorp is entailedby a domainD, if all domainsD′ with D′ ⊑ D are fixpoints of
p, that isp(D′) = D′. This means that as soon as a propagatorp becomes entailed, it can
be safely deleted from the set of propagatorsP .

Example 14.4(Entailed propagator). Consider the propagatorp1 for the constraintx1 ≤
x2 from Example 14.2. Any domainD with maxD x1 ≤ minD x2 entailsp1.

Propagator rewriting. During propagation the domainD might fix some variables in
input(p) ∪ output(p) of a propagatorp. Many propagators can be replaced by simpler
propagators after some variables have become fixed.

Example 14.5(Propagator rewriting for fixed variables). Consider the propagatorp with
p ∈ prop(c) wherec ≡ x1 + x2 + x3 ≤ 4:

p(D)(x1) = {n ∈ D(x1) | n ≤ maxD(4 − x2 − x3)}

Assume that propagation has computed a domainD which fixesx2 to 3 (that is,
D(x2) = {3}). Thenp can be replaced by the simpler (and most likely more efficient)
propagatorp′ defined by:

p′(D)(x1) = {n ∈ D(x1) | n ≤ maxD(1− x3)}

A propagatorp can always be rewritten to a propagatorp′ for a domainD, if p(D′) =
p′(D′) for all domainsD′ with D′ ⊑ D. This means that propagator rewriting is not only
applicable to domains that fix variables.

This is for example exploited for the “type reduction” of [52] where propagators are
rewritten as more knowledge on domains (there called types)becomes available. For ex-
ample, the implementation ofx0 = x1×x2 will be replaced by a more efficient one, when
all elements inD(x1) andD(x2) are non-negative.

14.1.4 Propagation Events

For many propagators it is simple to decide whether they are still at a fixpoint for a changed
domain based onhow the domain has changed. How a domain changes is described by
propagation events(or justevents).
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Example 14.6(Disequality propagators). Consider the propagatorp with {p} = prop(c)
for the constraintc ≡ x1 6= x2:

p(D)(x1) = D(x1)− single(D(x2))
p(D)(x2) = D(x2)− single(D(x1))

wheresingle(N) for a setN is defined asN if |N | = 1 and∅ otherwise.
Clearly, any domainD with |D(x1)| > 1 and|D(x2)| > 1 is a fixpoint ofD. That is,

p only needs to be applied ifx1 or x2 are fixed.
Similarly, the propagatorp1 from Example 14.1 only needs to be applied to a domain

D if maxD x2 changes andp2 from the same example needs to be applied to a domainD
if minD x1 changes.

Assume that the domainD changes to the domainD′ ⊑ D. The usual events defined
in a constraint propagation system are:

• fix(x): the variablex becomes fixed.

• minc(x): the minimum of variablex changes.

• maxc(x): the maximum of variablex changes.

• any(x): the domain of variablex changes.

Clearly the events overlap. Whenever afix(x) event occurs then aminc(x) event, a
maxc(x) event, or both events must also occur. If any of the first threeevents occur then
anany(x) event occurs. This is captured by the following definition ofevents(D,D′) for
domainsD′ ⊑ D:

events(D,D′) = {any(x) | D′(x) ⊂ D(X)}
∪ {minc(x) | minD′ x > minD x}
∪ {maxc(x) | maxD′ x < maxD x}
∪ {fix(x) | |D′(x)| = 1 and|D(x)| > 1}

Events satisfy an important monotonicity condition: suppose domainsD′′ ⊑ D′ ⊑ D,
then

events(D,D′′) = events(D,D′) ∪ events(D′, D′′).

So an event occurs on a change fromD toD′′ iff it occurs in the change fromD toD′ or
fromD′ toD′′.

Example 14.7(Events). LetD(x1) = {1, 2, 3}, D(x2) = {3, 4, 5, 6}, D(x3) = {0, 1},
andD(x4) = {7, 8, 10} while D′(x1) = {1, 2}, D′(x2) = {3, 5, 6} D′(x3) = {1} and
D′(x4) = {7, 8, 10}. Thenevents(D,D′) is

{maxc(x1), any(x1), any(x2), fix(x3),minc(x3), any(x3)}

For a propagatorp, the setes(p) ⊆ {fix(x),minc(x),maxc(x), any(x) | x ∈ V} of
events is anevent setfor p if the following two properties hold:

1. For all domainsD′ andD withD′ ⊑ D andD(x) = D′(x) for all x ∈ V−input(p):
if p(D) = D andp(D′) 6= D′, thenes(p) ∩ events(D,D′) 6= ∅.
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2. For all domainsD with p(D) 6= p(p(D)): es(p) ∩ events(D, p(D)) 6= ∅.

The first clause of the definition captures the following. If the domainD is a fixpoint
and the stronger domainD′ (stronger only on the input variables) is not a fixpoint for a
propagatorp, then an event occurring from changing the domainD toD′ must be included
in the event setes(p). The second clause refers to the case when a propagatorp does not
compute a fixpoint (that is,p(d) 6= p(p(D))). In this case, an event must occur when
the domain changes fromD to p(D). Note that the second clause never applies to an
idempotent propagator.

An event set plays an analogous role to the set of input variables: if an event from the
event set occurs when going from a domainD to a domainD′, the propagator is no longer
guaranteed to be at a fixpoint and must be re-applied.

Note that the definition of an event set is rather liberal as the definition does not require
the event set to be the smallest set: any set that guarantees re-application is allowed. In
particular, for any propagatorp the set{any(x) | x ∈ input(p)} is an event set: this
event set makes propagation behave as if no events at all are considered. However, an
implementation will try to use event sets that are as small aspossible.

Example 14.8(Event sets). The propagatorp1 from Example 14.2 depends on the event
set{minc(x1),maxc(x2)}. The propagatorp from Example 14.6 depends on the event set
{fix(x1), fix(x2)}.

Now it is obvious how the propagation engine from Figure 14.1can take advantage
of events: instead of considering the set of modified variables and the input variables of a
propagator for deciding which propagators are to be included intoN , consider the events
and an event set for a propagator. In other words, replace line 8 by:

8: N ← N ∪ {p′ ∈ P | es(p′) ∩ events(D,D′) 6= ∅}

14.1.5 Performing Search

A constraint programming system evaluatessolv(P,D) during search. We assume an ex-
ecution model for solving a constraint problem with a set of constraintsC and an initial
domainD0 as follows. We execute the proceduresearch(∅, P,D0) for an initial set of
propagatorsP =

⋃

c∈C prop(c). This procedure (shown in Figure 14.2) serves as an
architecture of a constraint programming system.

The procedure requires thatD be a fixpoint for all propagators inPf (f for fixpoint).
The propagators included inPn do not have this requirement (n for not at fixpoint). This
partitioning of propagators is used for incremental propagation with respect to recursive
calls tosearch (as discussed below).

The somewhat unusual definition of search is quite general. The defaultbranching
strategy (also known aslabelingstrategy) for many problems is to choose a variablex such
that |D(x)| > 1 and explorex = minD x or x ≥ minD x+ 1. This is commonly thought
of as changing the domainD for x to either{minD x} or {n ∈ D(x) | n > minD x}.
Branching based on propagator sets for constraints allows for more general strategies, for
examplex1 ≤ x2 or x1 > x2.
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search(Pf , Pn, D)
1: D ← propagate(Pf , Pn, D)
2: if D is failed domainthen
3: return false
4: if ∃x ∈ V .|D(x)| > 1 then
5: choose{c1, . . . , cm} whereC ∧D |= c1 ∨ · · · ∨ cm
6: for all i ∈ [1,m] do
7: if search(Pf ∪ Po, prop(ci), D) then
8: return true
9: return false

10: return true

Figure 14.2: Architecture of constraint programming system.

Note that search has two dimensions: one describes how the search tree looks and the
other describes how the search tree is explored. In the abovearchitecture the selection of
the ci together with the selection of propagatorsprop(ci) for the ci describes the shape
of the search tree. The setsprop(ci) we refer to asalternativesand the collection of
all alternatives is calledchoice point. Completely orthogonal is how the search tree is
explored. Here, the architecture fixes exploration to be depth-first. Exploration is discussed
in more detail in 14.3.

Note thatsearch performs incremental propagation in the following sense: when call-
ing propagate only the propagatorsprop(ci) for the alternatives are not known to be at a
fixpoint.

14.1.6 Implementing the Architecture

This section discusses general approaches to implementingthe architecture for a constraint
programming system introduced above. The focus is on what needs to be implemented and
how the architecture (as an abstraction of a system) relatesto a real system.

Detecting failure and entailment. In our architecture, failure is only detected inside
search after returning frompropagate by testing whether the domain obtained by prop-
agation is failed. It is clear that a system should optimize detecting failure such that no
propagation is wasted if a domain becomes failed and that no inspection of a domain is
required to detect failure.

A typical way to make the detection of failure or entailment of a propagator more
efficient is to let the propagator not only return a domain butalso some status information
describing whether propagation has resulted in a failed domain or whether the propagator
has become entailed.

Implementing domains. The architecture describes that a propagator takes a domainas
input and returns a new domain. This is too memory consuming for a real system. Instead,
a system maintains a single data structure implementing onedomain and propagators up-
date this single domain when being applied.
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Inspectingpropagate in Figure 14.1 it becomes clear that maintaining a single domain
is straightforward to achieve. The only reason for having a domainD andD′ is in order to
be able to identify the modified variablesM .

State restoration. For propagation, systems maintain a single domain as has been argued
above. However, a single domain becomes an issues for search: when callingsearch re-
cursively as in Figure 14.2 and a domain is not transferred asa copy, backtracking (that is,
returning from the recursive call) needs to restore the domain.

State restoration is not limited to domains but also includes private states of propagators
and also whether propagators have become entailed. State restoration is a key service
required in a constraint programming system and is discussed in Section 14.3.2 in detail.

Finding dependent propagators. After applying a propagator,propagate must com-
pute the events (similar to the set of modified variables) in order to find all propagators that
depend on these events. Clearly, this requires that a systembe able to compute the events
and find the dependent propagators efficiently.

Variables for propagators. In addition to the fact that propagators update a single do-
mains rather than returning domains, implementations needto be careful in how many
variables are referenced by a propagator. In our architecture, propagators are defined
for all variables inV . However, from the above discussion it is clear that a propagator
p is only concerned with variablesinput(p) ∪ output(p). Quite often, the variables in
input(p) ∪ output(p) are called theparametersof p.

A system will implement a propagatorp such that it maintains itsinput(p)∪output(p)
in some datastructure, typically as an array or list of variables. While most of the properties
discussed for our architecture readily carry over to this extended setup, the case of multiple
occurrences of the same variable in the datastructure maintained by a propagator needs
special attention.

Multiple variable occurrences and unification. Depending on the actual system, mul-
tiple occurrences may both be common and appear dynamically. Here, dynamic means that
variable occurrences for a propagatorp might become the same during some computation
not performed byp itself. This is typically the case when the constraint programming sys-
tem is embedded in a constraint logic programming host language featuringunificationfor
logical variables. Unification makes two variablesx andy equal without the requirement
to assign the variables a particular value. In this case the variablesx andy are also said to
bealiased.

The main issues with multiple occurrences of the same variable are that they make (a)
detection of idempotence and (b) achieving good propagation more difficult, as is discussed
in Section 14.2.3.

Private state. In our architecture, propagators are functions. In systems, propagators
often need to maintain someprivate state. Private state is for example used to achieve
incrementality, more information is given in Section 14.2.3.
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14.2 Implementing Constraint Propagation

In this section, we detail the software architecture introduced on an abstract level in Sec-
tion 14.1. This architecture can be roughly divided intodomain variables, data structures
implementing the problem variables;propagators, coroutines implementing the problem
constraints by executing operations on the variables that it constrains; andpropagation
services, callable by the propagators in order to achieve the overallfixpoint computation.

Domain variables and propagators form a bipartite graph: every propagator is linked to
the domain variables that it constrains, and every domain variable is linked to the propaga-
tors that constrain it.

In the following, we will not discuss issues related to the state restoration policy used,
this is discussed in Section 14.3.2.

14.2.1 Propagation Services

From an operational point of view, a constraint programmingsystem can be described in
terms of coroutines (propagators) and events (domain changes). Propagators raise events,
which leads to other propagators being resumed, until a fixpoint is reached. The manage-
ment of events and selection (scheduling) of propagators are the main tasks of the propa-
gation services.

Events. Most integer propagation solvers use the events defined in Section 14.1.4, al-
though some systems collapseminc(x) andmaxc(x) into a single event (for example,
ILOG Solver [32]). Choco [36] maintains an event queue and interleaves propagator exe-
cution with events causing more propagators to be added to the queue.

Other events than those discussed in Section 14.1.4 are alsopossible. For example,
neq(x, n): the variablex can no longer take the valuen, that is,n ∈ D(x) andn 6∈ D′(x)
for domainsD andD′. These events have been used in e.g. B-Prolog [75].

Selecting the next propagator. It is clear that the number of iterations performed by the
propagation engine shown in Figure 14.1 depends also on which propagator is selected to
be applied next. The selection policy is system-specific, but the following guiding princi-
ples can be observed:

• Events providing much information, for examplefix events, yield quicker reaction
than events providing less information. This captures selecting propagators accord-
ing to expectedimpact.

• Propagators with low complexity, e.g. small arithmetic propagators, are given higher
priority than higher complexity propagators. This captures selecting propagators
according tocost.

• Starvation is avoided: no event or propagator should be leftunprocessed for an un-
bounded amount of time (unless there is a propagator of higher priority or higher
impact to run). This is typically achieved by selecting propagators for execution in
a last-in last-out fashion (that is, maintaining the setN in Figure 14.2 as a queue).
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Most systems have some form of static priorities, typicallyusing two priority levels (for
example, SICStus Prolog [35], Mozart [43]). The two levels are often not entirely based
on cost: in SICStus Prolog all indexicals (see Section 14.2.5) have high priority and global
constraints lower priority. While ECLiPSe [14, 28] supports 12 priority levels, its finite
domain solver also uses only two priority levels where another level is used to support
constraint debugging. A similar, but more powerful approach is used by Choco [36] using
seven priority levels allowing both LIFO and FIFO traversal.

Schulte and Stuckey describe a model for dynamic prioritiesbased on the complexity of
a propagator in [58]. They describe how priorities can be used to achieve staged propaga-
tion: propagators dynamically change priority to first perform weak and cheap propagation
and only later perform stronger and more complex propagation. Another model for priori-
ties in constraint propagation based on composition operators is [25]. This model runs all
propagators of lower priority before switching propagation back to propagators of higher
priority.

Prioritizing particular operations during constraint propagation is important in general.
For (binary) arc consistency algorithms, ordering heuristics for the operations performed
during propagation can reduce the total number of operations required [72]. For interval
narrowing, prioritizing constraints can avoid slow convergence, see for example [38].

14.2.2 Variable Domains

In a reasonable software architecture, propagators do not manipulate variable domains
directly, but use the relevant propagation services. Theseservices return information about
the domain or update the domain. In addition, they handle failure (the domain becomes
empty) and control propagation.

Value operations. A value operationon a variable involves a single integer as result
or argument. We assume that a variablex with D = dom(x) provides the following
value operations:x.getmin() returnsmin(D); x.getmax() returnsmax(D); x.hasval(n)
returnsn ∈ D; x.adjmin(n) updatesdom(x) to {m ∈ D | m ≥ n}; x.adjmax(n)
updatesdom(x) to {m ∈ D | m ≤ n}; andx.excval(n) updatesdom(x) to {m ∈ D |
m 6= n}. These operations are typical for finite domain constraint programming systems
like Choco, ILOG Solver, ECLiPSe, Mozart, and SICStus Prolog. Some systems provide
additional operators such as for fixing values.

Iterators. It is quite common for a propagator to iterate over all valuesof a given vari-
able. Suppose thati is a value iterator for some variable providing the following operations:
i.done() tests whether all values have been iterated;i.value() returns the current value; and
i.next() moves to the next value.

Domain operations. A domain operationsupports simultaneous access or update of
multiple values of a variable domain. If the multiple valuesform a consecutive interval
[n,m], such operations need only taken andm as arguments. Many systems provide gen-
eral sets of values by supporting an abstract set type, e.g. Choco, ECLiPSe, Mozart and
SICStus Prolog. Schulte and Tack describe in [60] domain operations based on generic
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range and value iterators. Other systems like ILOG Solver only allow access by iteration
over the values of a variable domain.

Subscription. When a propagatorp is created, itsubscribesto its input variables. Sub-
scription guarantees thatp is executed whenever the domain of one of its variables changes
according to an event. Options for representing the subscriber set of a given variablex
include the following:

1. A single suspension list of pairsEi.pi whereEi denotes the event set for which
propagatorpi requires execution. When an event onx occurs, the list is traversed
and the relevant propagators are selected for execution. Obviously, a lot of pairs that
do not match the event could be scanned.

2. Multiple suspension lists of propagators for different events. On subscription, the
propagator is placed in one of the lists. When an event onx occurs, all propagators
on the relevant lists are selected for execution. Typically, there is one list for each
event typee ∈ {fix(x),minc(x),maxc(x), any(x)} plus one list for propagators
whose event set contains bothminc(x) andmaxc(x). This is the design used in
Choco, ECLiPSe, Mozart, and SICStus Prolog. Other systems collapseminc(x)
andmaxc(x) into a single eventminmaxc(x) (for example, ILOG Solver [32] and
Gecode [24]).

3. An array of propagators, partitioned according to the various events. When an
event onx occurs, all propagators in the relevant partitions are selected for exe-
cution. This representation is particularly attractive ifthe possible events aree ∈
{fix(x),minmaxc(x), any(x)}, in which case the relevant partitions form a single
interval.

Domain representation. Popular representations ofD = dom(X) include range se-
quences and bit vectors. Arange sequencefor a finite set of integersI is the shortest
sequences = {[n1,m1] , . . . , [nk,mk]} such thatI is covered

(

I = ∪ki=1 [ni,mi]
)

and
the ranges are ordered by their smallest elements (ni ≤ ni+1 for i ≤ i < k). Clearly, a
range sequence is unique, none of its ranges is empty, andmi + 1 < ni+1 for 1 ≤ i < k.
A bit vectorfor a finite set of integersI is a string of bits such that theith bit is 1 iff i ∈ I.

Table 14.1 compares the worst-case complexity of the basic operations for these rep-
resentations. Range sequences are usually represented as singly or doubly linked lists.
Bit vectors are typically represented as a number of consecutive memory words, with an
implementation defined size limit, usually augmented with direct access tomin(D) and
max(D). Range sequence thus seem to be more scalable to problems with large domains.

14.2.3 Propagators

A propagatorp is a software entity with possibly private state (we allow ourselves to refer
to the function as well as its implementation as propagator). It (partially) implements a
constraintc over some variables orparameters. The task of a propagator is to observe
its parameters and, as soon as a value is removed from the domain of a parameter, try to
remove further values from the domains of its parameters. The algorithm employed in the
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Table 14.1: Complexity of basic operations for range sequences of lengthr and bit vectors
of sizev augmented with explicit bounds.

Operations Range sequence Bitvector
x.getmin() O(1) O(1)
x.getmax() O(1) O(1)
x.hasval(n) O(r) O(1)
x.adjmin(n) O(r) O(1)
x.adjmax(n) O(r) O(1)
x.excval(n) O(r) O(v)
i.done() O(1) O(v)
i.value() O(1) O(1)
i.next() O(1) O(v)

process is called afiltering algorithm. Thus, the filtering algorithm is repeatedly executed
in a coroutining fashion.

The main work of a filtering algorithm consists in computing values to remove and to
perform these value removals via the value and domain operations described above. The
events raised by these operations cause other propagators to be scheduled for execution.

Life cycle. The life cycle of a propagatorp is depicted in Figure 14.3. When a constraint
c is posted, its parameters are checked and subscribed to,p is created, its private state is
allocated, and it is scheduled for execution. If the constraint c is implemented by more
than one propagator, all propagators implementingc are created likewise.

One run ofp has one of three possible outcomes:

• p may realize that the constraint has no solution, e.g. by a domain becoming empty.
The parameters are unsubscribed to, the private state is deallocated, and the current
search node fails.

• p may discover that the constraint holds no matter what of the remaining values are
taken by the parameters. The parameters are unsubscribed toand the private state is
deallocated,

• None of the above.p is moved to the set of suspended propagators, and will remain
there until the relevant events are raised.

Idempotent propagators. Suppose a propagatorp runs and removes some values. This
raises some events, which would normally reschedulep for execution, asp subscribes to
the very variables whose domains it just pruned. But supposenow thatp is idempotent.
Then by definition runningp again would be useless. Thus, idempotence is a desirable
property of propagators: ifp is known to be idempotent, thenp itself can be excluded from
the set of propagators scheduled for execution by events raised byp.

However, guaranteeing idempotence may be a serious difficulty in the design of a fil-
tering algorithm—it is certainly more convenient to not guarantee anything and instead
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add p to suspended set add p to runnable set

some events

execute p

resume

allocate and subscribe to p

create

suspend

discard p

entail

discard p and fail

fail

Figure 14.3: Life cycle of propagatorp

leave the fixpoint computation to the propagation loop, at the cost of some redundant runs
of p. Also, if the same variable occurs multiple times in the parameters, there is usually no
straightforward way to guarantee idempotence.

Most systems do not require of propagators to be idempotent;some optimize the
scheduling of propagators that are known to be idempotent. Mozart, as an exception, only
supports idempotent propagators [45].

Schulte and Stuckey describedynamic idempotencein [58] as a generalization: a prop-
agatorp signals after application whether the new domain is a fixpoint of p (similar to
signaling failure or entailment as described above).

Multiple value removals. Suppose a propagatorp runs and multiple values are removed
by multiple operations from the same variablex. It would be very wasteful to traverse the
suspension list(s) ofx and schedule subscribing propagators for each removal. A much
more reasonable design is to perform such traversal once permodified parameter, at the
end of executingp. Therefore, the value and domain operations described above usually
do not perform such scheduling. Instead, propagators call the relevant propagation services
near the end of the filtering algorithm.

This is already manifest in thepropagate function described in Section 14.1.2: it
records the modified variables (or the events that occurred)and schedules the propagators
only after the propagator has been applied.

Amount of information available. When a propagatorp is resumed, it is usually inter-
ested in knowing which values have been deleted from which parameters since last time.
The propagation services may provide part of this information, or even all of it. Of course,
there is a trade-off between the efforts spent by the propagation services maintaining this
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information and the efforts spent by the propagators discovering it. One can distinguish
three levels of granularity of the information provided top:

coarse p is told that something has changed, but not what. This is the information provided
in SICStus Prolog and Mozart.

medium p is told which parameters have been changed. This is the information provided
in CHIP.

fine p is told which parameters have been changed, as well as the setof removed values.
This is the information provided in ILOG Solver.

Use of private state. The private state that each propagator maintains can be usedfor a
number of things:

auxiliary data structures Many filtering algorithms contain as components algorithms
operating on specific data structures (digraphs, bipartitegraphs, heaps etc.). The
private state stores such data structures.

incrementality When a propagator is resumed, it is often the case that a single parameter
has been changed, and that a single change has been made to it.Many filtering algo-
rithms can exploit this fact and be incremental, i.e. perform its computation based on
a previous state and changes made since that state was saved.An incremental com-
putation is typically an order of magnitude cheaper than computing from scratch, but
if many changes have been made, it is not necessarily the case.

domain information Suppose that the propagation services do not provide fine-grained
information when a propagator is resumed. Nevertheless, bymaintaining in its pri-
vate state a copy of the parameter domains, or some suitable abstraction, the propa-
gator can compute the required information.

fixed parameters It is often useful for a propagator of aritym to maintain a partitioning
of its parametersX into two setsXf , whose values have been fixed, andXv, whose
values have not yet been fixed. Most filtering algorithms focus their attention on
the setXv. This partitioning is easily achieved by a simple arrayA of pointers or
indices, such thatXf occupies array elementsA[1, . . . , k] andXv array elements
A[k + 1, . . . ,m], wherek = |Xf |. As a parameter is fixed, the relevant array
elements are simply swapped andk is incremented.

Multiple variable occurrences. The same variable may occur multiple times among the
parameters of a propagatorp, initially as well as dynamically due to unification. This by
itself does not cause problems, except, as noted above, any guarantees of idempotence are
usually given under the assumption that no variable aliasing occurs.

Some propagators may also use variable aliasing in order to propagate more. For ex-
ample, suppose that in a propagator for the constraintx− y = z, x andy are aliased. The
propagator can then concludez = 0, no matter what value is taken byx andy. Harvey
and Stuckey discuss multiple occurrences of the same variable for linear integer constraints
introduced by substitution in [29] and show how the amount ofpropagation changes with
allowing substitution.
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14.2.4 Daemons

So far, we have been assuming that an element of a suspension list is just a passive data
structure pointing at a propagatorp to schedule for execution. One can extend this design
by associating with such elements a procedure called adaemon, which has access top
and its private state. If during traversal of the suspensionlist a daemon is encountered,
instead of scheduling the propagator for execution, the daemon is simply run. This design
is motivated by the following reasons:

• If the propagation services do not tell propagators which parameters have been
changed, the daemon can maintain that information, since a daemon is always asso-
ciated with a given parameter.

• Scheduling and resuming a propagator often involves largeroverhead than running
a daemon. If there is some simple test to determine whether the propagator can
propagate anything, then the daemon can run that test, and ifsuccessful, schedule
the propagator for execution.

• If there is some information in the private state that needs to be updated incremen-
tally as the parameters are modified, daemons are a convenient mechanism for doing
so.

Systems using daemons include CHIP, SICStus Prolog, and ILOG Solver.

14.2.5 Indexicals

Indexicals [66, 19, 15], also known as projection constraints [62], are a popular approach
to implement simple propagators using a high-level specification language.

An indexical is a propagator with a single output variable and is defined in terms of
a range expression. A constraintc(x1, . . . , xn) is then implemented byn indexicalspi.
Each indexicalpi is defined byxi in ri whereri is a range expression (to be explained
later). Each of the indexicalspi has the input variables{x1, . . . , xn}.

Executing an indexicalp of the formxi in ri with a current domainD computes the
projectionĉi of c ontoxi from D(x1), . . . , D(xi−1), D(xi+1), . . . , D(xn). The domain
returned byp is p(D)(xi) = D(xi) ∩ ĉi andp(D)(xj) = D(xj) for all 1 ≤ i 6= j ≤ n.

Indexicals can be seen as a programming interface for fine-grained control over prop-
agation. They do not provide for the integration of sophisticated filtering algorithms for
global constraints. Figure 14.4 shows a subset of the range expressions used in SICStus
Prolog.

Example 14.9. To illustrate the use of indexicals for controlling the amount of propaga-
tion, consider the constraintx = y + c wherec is assumed to be a constant. This may be
expressed with indexicals maintaining arc consistency:

(x in dom(y) + c, y in dom(x) − c)
or with indexicals maintaining bounds consistency:

(x in min(y) + c .. max(y) + c, y in min(x)− c .. max(x) − c)
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R ::= T .. T | R ∩R | R ∪R | R ? R | \R
| R+ T | R − T | R mod T | dom(x)
| a finite subset ofZ

T ::= N | T + T | T − T | T ∗ T | ⌈T/T ⌉ | ⌊T/T ⌋ | T mod T
| min(x) | max(x) | card(x)

N ::= x | i, wherei ∈ Z | ∞ | −∞

Figure 14.4: Range expressions in SICStus Prolog indexicals

As discussed in [66, 19, 15], range expressions for indexicals must comply with cer-
tain monotonicity rules to make sense logically and operationally (corresponding to the
properties that hold true for propagators and for propagators being the implementation of
a constraint).

14.2.6 Reification

A reified constraint(also known asmeta constraint) c ↔ b reflects the truth value of the
constraintc onto a 0/1-variableb. So if c is entailed (disentailed) by the constraint store,b
is constrained to 1 (0), and ifb = 1 (b = 0), c (¬c) is posted.

One way of providing reification of a class of constraints is by extending the indexical
mechanism, as proposed in [66] and implemented in SICStus Prolog [15]. Indexicals as
described above are used for posting a constraintc. For reification, however, we also need
to be able to post¬c, and to check whetherc is entailed or disentailed. This can be done
by introducingchecking indexicals. A checking indexical has the same format as a regular
one,xi in ri, but instead of updating the domain forxi, it checks whetherD(xi) ⊆ ĉi
holds for a given domainD.

14.3 Implementing Search

This section describes how systems implement search. As introduced in Section 14.1,
a system needs to implement branching, state restoration, and exploration. The section
discusses each of these issues in turn.

14.3.1 Branching

How a system implements branching depends in particular on whether the system is based
on a programming language that has search built-in (such as Prolog or Oz). In this case,
a branching strategy is expressed easily from the primitiveof the language that controls
search. In Prolog-based systems, for example, several clauses of a predicate then define
the branching strategy. With relation to Figure 14.2, each clause corresponds to one of the
alternativesprop(ci)).
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Other languages provide special constructs that allow to express several alternatives.
OPL, for example, offers atry -statement with several clauses corresponding to the al-
ternatives [69]. A similar approach is taken in Oz, where achoice -statement serves the
same purpose [63, 54]. For Oz, Schulte gives in [54] a reduction to a primitive that only
allows one to assign an integer to a variable.

If the underlying language does not have search built-in (such as for libraries built on
top of C++) systems provide some other means to describe a choice point. ILOG Solver [32],
for example, provides the concept of a choice point (some data structure), which consists of
several alternatives calledgoals. Goals themselves can be composed from several subgoals.

A common pattern for branching strategies is to select a particular not-yet fixed variable
x according to some criteria. A common example is first-failure branching, which selects a
variable with smallest domain. Here it is important to understand what the strategy does in
case of ties: which one of the possibly many variables with a smallest domain is selected.
For example, Wallace, Schimpf, et al. note in [71] that comparing search in systems can
be particularly difficult due to a different treatment of ties in different systems.

14.3.2 State Restoration

As described in Section 14.1.6 search requires that a previous state of the system can
be restored. The state includes the domain of the variables,propagators (for example,
propagators that became entailed need to be restored), and private state of propagators.

Exploration (to be discussed in Section 14.3.3) creates a search tree where the nodes
of the search tree correspond to the state of the system. In relation tosearch as shown in
Figure 14.2, a new node is defined by each recursive invocation of search.

Systems use basically three different approaches to state restoration (the term state
restoration has been coined by Choi, Henz, et al. in [18]):

copying A copy of a node is created before the node is changed.

trailing Changes to nodes are recorded such that they can be undone later.

recomputation If needed, a node is recomputed from scratch.

Expressiveness. The main difference as it comes to expressiveness is the number of
nodes that are simultaneously available for further exploration. With copying, all nodes
that are created as copies are directly ready for further exploration. With trailing, explo-
ration can only continue at a single node at a time.

In principle, trailing does not exclude exploration of multiple nodes. However, they
can be explored in an interleaved fashion only and switchingbetween nodes is a costly
operation.

Having more than a single node available for exploration is essential to search strategies
like concurrent, parallel, or breadth-first.

Trailing. A trailing-based system uses a trail to store undo information. Prior to per-
forming a state-changing operation, information to reconstruct the state is stored on the
trail. In a concrete implementation, the state changing operations considered are updates
of memory locations. If a memory update is performed, the location’s address and its old
content is stored on the trail. To this kind of trail we refer as single-value trail. Starting



C. Schulte, M. Carlsson 513

exploration from a node puts a mark on the trail. Undoing the trail restores all memory
locations up to the previous mark. This is essentially the technology used in Warren’s
Abstract Machine [74, 8].

In the context of trailing-based constraint programming systems two further techniques
come into play:

time-stamping With finite domains, the domain of a variable can be narrowed multiple
times. However it is sufficient to trail only the original value, intermediate values
need no restoration: each location needs to appear at most once on the trail. Other-
wise memory consumption is no longer bounded by the number ofchanged locations
but by the number of state-changing operations performed. To ensure this property,
time-stamping is used: as soon as an entity is trailed, the entity is stamped to prevent
it from further trailing until the stamp changes again.

The time-stamp changes every time a new mark is put on the trail. Note that time-
stamping concerns both the operations and the data structures that must contain the
time-stamp.

multiple-value trail A single-value trail needs2n entries forn changed locations. A
multiple value trail uses the optimization that if the contents ofn > 1 successive
locations are changed,n+ 2 entries are added to the trail: one for the first location’s
address, a second entry forn, andn entries for the locations’ values.

For a discussion of time-stamps and a multiple value trail inthe context of the CHIP
system, see [1, 3].

Copying. Copying needs for each data structure a routine that createsa copy and also
recursively copies contained data structures. A system that features a copying garbage
collector already provides almost everything needed to implement copying. For example
in the Mozart implementation of Oz [43], copying and garbagecollection share the same
routines parameterized by a flag that signals whether garbage collection is performed or
whether a node is being copied.

By this all operations on data structures are independent ofsearch with respect to both
design and implementation. This makes search in a system an orthogonal issue.

Discussion. Trailing is the predominating approach used for state restoration in finite
domain constraint programming systems. Clearly, all Prolog-based systems use trail-
ing but also most other systems with the exception of Oz/Mozart [43], Figaro [31], and
Gecode [24].

Trailing requires that all operations be search-aware: search is not an orthogonal issue
to the rest of the system. Complexity in design and implementation is increased: it is a
matter of fact that a larger part of a system is concerned withoperations rather than with
basic data structure management. A good design that encapsulates update operations will
avoid most of the complexity. To take advantage of multiple value trail entries, however,
operations require special effort in design and implementation.

Semantic backtrackingas an approach to state restoration that exploits the semantics of
an underlying solver for linear constraints over the reals is used in CLP(R) [33] and also
in [65]. Semantic backtracking stores constraints that areused to reestablish an equivalent
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state of the system rather than trailing all changes to the underlying constraints. By this the
approach can be seen as a hybrid between trailing and recomputation. A similar technique
is used by Régin in [51], where the author describes how to maintain arc consistency by
restoring equivalent states rather than identical states.

Recomputation. Recomputation trades space for time, a node is reconstructed on de-
mand by redoing constraint propagation. The space requirements are obviously low: only
the path in the search tree leading to the node must be stored.Basing exploration on re-
computation alone is infeasible. Suppose a complete binarysearch tree of heightn, which
has2n leafs. To recompute a single leaf,n exploration steps are needed. This gives a total
of n2n exploration steps compared to2n+1 − 2 exploration steps without recomputation
(that is, the number of arcs).

The basic idea of combining recomputation with copying or trailing is as follows: copy
(or start trailing) a node from time to time during exploration. Recomputation then can
start from the last copied (or trailed) node on the path to theroot. The implementation of
recomputation is straightforward, see [56, 54] for example.

If exploration exhibits a failed node it is quite likely thatnot only a single node is failed
but that an entire subtree is failed. It is unlikely that onlythe last decision made in explo-
ration was wrong. This suggests that as soon as a failed node occurs during exploration,
the attitude for further exploration should become more pessimistic. Adaptive recompu-
tation [54] takes a pessimistic attitude by creating intermediatecopies as follows: during
recomputation an additional copy is created at the middle ofthe path for recomputation.

Performance of recomputation depends critically on the amount of information stored
for the path. In naive recomputation, the path is stored as a list of integers identifying which
alternative (that is, thei in prop(ci)) needs to be recomputed. While this makes the space
requirements for recomputation problem independent,n fixpoints need to be computed for
a path of lengthn.

In batch recomputation[18], the alternativesprop(ci) are stored. To recompute a
node it is sufficient to compute a single fixpoint. Batch recomputation is shown to be
considerably more efficient than naive recomputation in [18]. Decomposition-based search
as a similar idea to batch recomputation is reported by Michel and Van Hentenryck in [41].
Here also the alternatives rather than just integers are stored for recomputation.

14.3.3 Exploration

The architecture for search in a finite domain constraint programming system described in
Section 14.1.5 only considers left-most depth-first exploration of the search tree. Clearly,
systems offer more exploration strategies to allow for example search for a best solution.
A few systems also provide abstractions from which new exploration strategies can be
programmed.

Predefined exploration strategies. All Prolog-based languages systems support single-
and all-solution search following depth-first explorationas sketched in Section 14.1.5.
Best-solution search is controlled by a single cost variable and amounts to search for a
solution with smallest or largest cost. CLP-based systems offer an interactive toplevel for
controlling exploration that allows the user to prompt for multiple solutions. The inter-
active toplevel cannot be used within programs. ECLiPSe provides visual search through
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the Grace tool [39] and other strategies such as LDS [30] and time and resource bounded
search.

ILOG Solver [32] and OPL [64] offer LDS [30], DDS [73], and IDFS [40]. Best-
solution search in ILOG Solver also uses a cost variable. To avoid recomputation of the
best solution, the program must be modified to explicitly store solutions. Search in ILOG
Solver is incremental in that solutions can be computed on request.

Programming exploration. The first system to offer support for programming explo-
ration has been Oz/Mozart. Schulte and Smolka introduce thesolve combinator in [57],
which allows to program exploration based on the idea of having a first-class representation
of nodes in the search tree. Schulte describes computation spaces as a refinement [56, 54]
of thesolve combinator, which also allows to program strategies supporting recomputa-
tion and parallel execution. Computation spaces have been used to realize user-controlled
interactive search [55] and parallel search on networked computers [53]. Curry [27] offers
the same programming model as thesolve combinator.

Another system providing support for programming exploration is ILOG Solver [32]
(OPL [64] offers an equivalent model for programming exploration). Programming ex-
ploration in ILOG Solver is based on limits and node evaluators [47, 69]. Programmable
limits allow to stop exploration (time limit, for example).Node evaluators map search tree
nodes to priorities. Node priorities determine the exploration order of nodes. Additionally,
a special priority discards nodes.

ILOG Solver supports switching between arbitrary nodes in the search tree by full
recomputation. For example, best-first search needs to switch between arbitrary nodes. To
limit the amount of switching, Solver uses an additional threshold value. Only if the cost
improvement exceeds the threshold, nodes are switched. This results in an approximation
of best-first search. Fully interactive exploration is not feasible with full recomputation.

SALSA [37] is a language for the specification of search algorithms that cover ex-
ploration strategies for tree search as well as neighborhood-based search (local search).
SALSA requires a host language that supports search (for example, Claire [16]) as compi-
lation target.

14.4 Systems Overview

This section discusses different approaches used for finitedomain programming systems
and a brief overview of existing systems.

14.4.1 Approaches

Several approaches and systems have been suggested to solvecombinatorial problems with
finite domain constraints. Historically, many systems havebeen implemented by embed-
ding into an existing Prolog host system. There are many reasons for such an approach:

1. Much of the required infrastructure of the constraint solver is provided by the host
language: data structures, memory management, support forsearch and backtrack-
able updates.
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2. The high level and declarative nature of Prolog makes it a reasonable choice of lan-
guage for expressing combinatorial problems.

From the point of view of writing applications in mainstreamobject-oriented program-
ming languages such as C++ and Java, although they can readily interface to modules writ-
ten in other languages, providing a constraint solver as a class library is arguably a more
attractive approach. This requires a larger implementation effort to provide the necessary
infrastructure, but also gives more opportunities for optimization, as there are no design
constraints imposed by a host system.

14.4.2 Prominent Systems

This section gives a brief overview of some finite domain constraint programming systems.
As it is impossible to cover all systems that exist or have existed, we have selected systems
that introduced some new ground-breaking ideas or that are prominent in other ways. The
systems are partitioned into autonomous systems and library systems.

Autonomous systems

B-Prolog [75]. Extends a Prolog virtual machine with instructions for constraint propa-
gation. Introduces action rules, a generalization of indexicals.

cc(FD) [66, 67, 68]. A representative of the concurrent and glass-box constraint pro-
gramming research directions. Significant contributions include indexicals and constraint
combinators.

clp(FD) [22, 19]. A representative of the approach of extending a Prolog virtual ma-
chine [74] with instructions for constraint propagation. Uses indexicals. Precursor of GNU
Prolog.

CHIP [1, 2, 3]. A Prolog system with a constraint solver written in C. A pioneer in the
global constraints research area [4, 11]. Provides a rich set of global constraints. Also
available as C/C++ libraries.

ECL iPSe [70, 5, 14]. A Prolog system with constraint solving based on a general corou-
tining mechanism and attributed variables. A pioneer in theareas of integration with MIP
solvers such as CPLEX and XPRESS-MP and using hybrid methodsfor constraint solv-
ing [61].

GNU Prolog [20, 21]. The successor ofclp(FD) , compiles Prolog programs with con-
straints to native binaries, extending a Prolog virtual machine [74] with instructions for
constraint propagation. Uses indexicals.

Mozart [63, 43]. A development platform based on the Oz language, mixing logic, con-
straint, object-oriented, concurrent, distributed, and multi-paradigm programming. Search
in Mozart is based on copying and recomputation.
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Nicolog [62]. Extends a Prolog virtual machine with instructions for constraint propaga-
tion. Introducesprojection constraints, extending indexicals with conditional expressions
and tests.

PaLM [34]. PaLM (Propagation and Learning with Move) is a constraint programming
system, based on the Choco constraints library. Its most important contributions are its
explanation-based features, which can be used to control the search as well as provide
answers to questions such as:

• Why does my problem not have any solution?

• Why can variablex not take valuea in a solution?

• Why is variablex currently assigned toa?

SICStus Prolog [35, 15]. A Prolog system with constraint solving based on a general
coroutining mechanism and attributed variables. Constraint solver written in C using global
constraints as well as indexicals.

Library systems

CHIP [1, 2, 3]. C/C++ library version of the CHIP constraint solver as described above.

Choco [36]. A constraint solver kernel, originally written in the Claire programming lan-
guage. A more recent Java version is available. Designed to be a platform for CP research,
allowing for easy extensions and experimentation with event handling and scheduling poli-
cies. A library of global constraints, Iceberg, is available.

FaCiLe [9]. A constraint programming library written in OCaml, featuring constraints
over integer as well as integer set finite domains.

Gecode [24, 58, 60]. A constraint solver library implemented in C++. Designed to be not
used directly for modeling but for interfacing to systems offering modeling support (for
example, Alice [6] an extension to Standard ML, interfaces to Gecode). Gecode is based
on copying and recomputation rather than trailing.

ILOG Solver and JSolver [32]. A constraint solver library tightly integrated into the C++

and Java languages. Features constraints over integer as well as integer set finite domains.
A pioneer in constraint solver libraries and in integratingconstraint and object-oriented
programming.

14.5 Outlook

Finite-domain constraint programming systems have provenuseful tools for solving many
problems in a wide range of application areas. As witnessed by this chapter many useful
techniques for the implementation of constraint systems are available, both for constraint
propagation as well as for search.
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However, due to the change of available hardware platforms,the advent of new meth-
ods for problem solving and new constraints and propagators, and new requirements for
systems, it is quite clear that the development of constraint programming systems will be
faced with many new and difficult challenges. Some of the challenges are as follows.

Parallelism. Search for constraint programming offers great potential for parallelism:
rather than exploring a single node at a time, explore several nodes of the search tree in
parallel. There has been considerable work in the area of parallel search in general and
parallel search for logic programming in particular [17, 26], however only little attention
has been given to parallel search for constraint programming: only few systems support
parallel search (ECLiPSe [44, 50], ILOG Solver [47], and Mozart [53, 54]) and only little
experience in using parallel search for solving real-life problems is available [46, 48].

This is in sharp contrast to the fact that solving constraintproblems is difficult and par-
allel computers are commodities. Networked computers are available everywhere and are
mostly being idle. Pretty much all desktop machines sold in the next few years will feature
processors providing parallel execution by multiple processing cores. The challenge for
systems is to exploit the resources provided by parallel computers and making their useful
exploitation simple.

Hybrid architectures. Propagation-basedconstraint programming is clearly not the only
approach for solving combinatorial optimization problems. Other approaches such as inte-
ger programming and local search have shown their potentialand even hybrid approaches
are emerging. The questions for a system is how to best combine and provide services
based on different approaches. One of the key questions is ofcourse how tight the integra-
tion can and should be. Shen and Schimpf discuss the integration of linear integer solvers
in ECLiPSe in [61].

Correctness. The last decade has seen the advent of an ever increasing number of pow-
erful filtering algorithms used in propagators for the implementation of global constraints.
However, implementing these propagators is typically complex and it is far from obvious
that an implementation is actually correct for a given constraint. Additionally, taking ad-
vantage of properties such as idempotence and entailment add additional complexity to the
implementation.

Ideally, a system should only offer propagators that are known to be correct. So far,
a systematic methodology for proving correctness of these algorithms is missing. Worse
still, even approaches for the systematic testing with sufficient coverage for propagators are
not available. Correctness is important as the usefulness of constraint programming relies
on the very fact that what is computed by a system is actually asolution to the problem
solved.

Open interfaces. Today’s development and deployment of constraint-based applications
is often system specific: a programmer develops a constraint-based solution to a problem
and integrates it into some larger software system. Development is system-specific as
the model used can not easily be ported or adapted to a different system. Deployment
is system-specific as many systems (notably language-basedsystems) require quite some
effort for integrating constraint-based components into larger software systems.
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The challenge is to devise open interfaces such that the samemodel can be used with
many different systems without any porting effort and that the integration into software
systems is easy. The former issue is partly addressed by using modeling languagessuch as
OPL [64] or ESRA [23], for example. Modeling languages, however, only address part of
the challenge as different systems offer vastly different services (think of what collection
of global constraints systems support).

Richer coordination. One of the beauties of constraint programming is the simplicity
of how constraint propagation can be coordinated: propagators are connected by variables
acting as simple communication channels enjoying strong properties such as being de-
creasing. The beauty comes at the price of making communication low-level: only value
removal is communicated.

The challenge is to provide richer communication to achievestronger propagation. A
potential candidate for communication are graph properties expressing information on a
collection of constraints. Another approach, which chooses propagators for constraints
to minimize propagation effort while retaining search effort, is based on properties that
characterize the interaction among several constraints sharing variables [59].
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Chapter 15

Operations Research Methods in
Constraint Programming

J. N. Hooker

A number of operations research (OR) methods have found their way into constraint pro-
gramming (CP). This development is entirely natural, sinceOR and CP have similar goals.

OR is essentially a variation on the scientific practice of mathematical modeling. It
describes phenomena in a formal language that allows one to deduce consequences in a
rigorous way. Unlike a typical scientific model, however, anOR model has a prescriptive as
well as a descriptive purpose. It represents a human activity with some freedom of choice,
rather than a natural process. The laws of nature become constraints that the activity must
observe, and the goal is to maximize some objective subject to the constraints.

CP’s constraint-oriented approach to problem solving poses a prescriptive modeling
task very similar to that of OR. CP historically has been lessconcerned with finding optimal
than feasible solutions, but this is a superficial difference. It is to be expected, therefore,
that OR methods would find application in solving CP models.

There remains a fundamental difference, however, in the waythat CP and OR under-
stand constraints. CP typically sees a constraint as a procedure, or at least as invoking
a procedure, that operates on the solution space, normally by reducing variable domains.
OR sees a constraint set as a whole cloth; the solution algorithm operates on the entire
problem rather than the constraints in it. Both approaches have their advantages. CP can
design specialized algorithms for individual constraintsor subsets of constraints, thereby
exploiting substructure in the problem that OR methods are likely to miss. OR algorithms,
on the other hand, can exploit global properties of the problem that CP can only partially
capture by propagation through variable domains.

15.1 Schemes for Incorporating OR into CP

CP’s unique concept of a constraint governs how OR methods may be imported into CP.
The most obvious role for an OR method is to apply it to a constraint or subset of con-
straints in order to reduce variable domains. Thus if the constraints include some linear
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inequalities, one can minimize or maximize a variable subject to those inequalities, thereby
possibly reducing the variable’s domain. The minimizationor maximization problem is a
linear programming (LP) problem, which is an OR staple.

This is an instance of the most prevalent scheme for bringingOR into CP: create a
relaxationof the CP problem in the form of an OR model, such as an LP model.Solution
of the relaxation then contributes to domain reduction or helps guide the search. Other OR
models that can play this role include mixed integer linear programming (MILP) models
(which can themselves be relaxed), Lagrangean relaxations, and dynamic programming
models. OR has also formulated specialized relaxations fora wide variety of common
situations and provides tools for relaxing global constraints.

A relaxation provides several benefits to a CP solver. (a) It can tighten bounds on a
variable. (b) Its solution may happen to be feasible in the original problem. (c) If not, the
solution can guide the search in a promising direction. (d) The solution may allow one to
filter domains in other ways, for instance by using reduced costs or Lagrange multipliers,
or by examining the state space in dynamic programming. (e) In optimization problems,
the solution can provide a bound on the optimal value that canbe used to prune the search
tree. (f) More generally, by pooling relaxations of severalconstraints in a single OR-based
relaxation, one can exploit global properties of the problem that are only partially captured
by constraint propagation.

Other hybridization schemes decompose the problem so that CP and OR can attack
the parts of the problem to which they are best suited. To date, the schemes receiving
the most attention have been branch-and-price algorithms and generalizations of Benders
decomposition. CP-based branch and price typically uses CPfor “column generation”; that
is, to identify variables that should be added dynamically to improve the solution during a
branching search. Benders decomposition often uses CP for “row generation”; that is, to
generate constraints (nogoods) that direct the main searchprocedure.

OR/CP combinations of all three types can bring substantialcomputational benefits.
Table 15.1 lists a sampling of some of the more impressive results. These represent only a
small fraction, however, of hybrid applications; over 70 are cited in this chapter.

Even this collection omits entire areas of OR/CP cooperation. One is the use of con-
cepts from operations research to design filters for certainglobal constraints, such as the
application of matching and network flow theory to all-different, cardinality, and related
constraints, and particularly to “soft” versions of these constraints. These ideas are cov-
ered in Chapter 7 and are therefore not discussed here. Two additional areas are heuristic
methods and stochastic programming, both of which have a long history in OR. These are
discussed in Chapters 8 and 21, respectively.

15.2 Plan of the Chapter

This chapter surveys the three hybridization schemes mentioned above: relaxation, branch-
and-price methods, and Benders decomposition.

Sections 15.3–15.9 are devoted to relaxation, and of these the first four deal primarily
with linear relaxations. Section 15.3 summarizes the elementary theory of linear program-
ming (LP), which is used repeatedly in the chapter, and the role of LP in domain filtering.
Section 15.4 briefly describes the formulation of MILP models. These are useful primarily
because one can find LP relaxations for a wide variety of constraints by creating a MILP
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Table 15.1: Sampling of computational results for methods that combine CP and OR.

Problem Contribution to CP Speedup

CP plus relaxations similar to those used in MILP

Lesson timetabling [51] Reduced-cost variable fixing 2 to 50times faster than CP.
using an assignment problem
relaxation.

Minimizing piecewise Convex hull relaxation of 2 to 200 times faster than MILP. Solved
linear costs [105] piecewise linear function two instancesthat MILP could not solve.

Boat party & flow shop Convex hull relaxation of Solved 10-boat instance in 5 min that
scheduling [77] disjunctions, covering MILP could not solve in 12 hours. Solved

inequalities flow shop instances 3 to 4 times faster.

Product Convex hull relaxation of 30 to 40 times faster than MILP (which
configuration [121] element constraints, reduced was faster than CP).

cost variable fixing.

Automatic digital Lagrangean relaxation 1 to 10 times faster than MILP (which
recording [113] was faster than CP).

Stable set problems [66] Semi-definite programming Significantly better suboptimal solutions
relaxation. than CP in fraction of the time.

Structural design [23] Linear quasi-relaxation of Up to 600times faster than MILP.
nonlinear model with discrete Solved 2 problems in< 6 min that MILP
variables. could not solve in 20 hours.

Scheduling with LP relaxation. Solved 67 of 90 instances, while CP
earliness and solved only 12.
tardiness costs [14]

CP-based branch and price

Traveling tournament Branch-and-price framework. First to solve 8-team instance.
scheduling [44]

Urban transit crew Branch-and-price framework. Solved problems with 210 trips, while
management [133] traditional branch and price could

accommodate only 120 trips.

Benders-based integration of CP and MILP

Min-cost multiple MILP master problem, CP 20 to 1000 times faster than CP, MILP.
machine scheduling [81] feasibility subproblem

Min-cost multiple Updating of single MILP Additional factor of 10 over [81]
machine scheduling [120] master (branch and check)

Polypropylene batch MILP master problem, CP Solved previously insoluble problem
scheduling [122] feasibility subproblem. in 10 min.

Call center CP master, LP subproblem. Solved twice as many instances as
scheduling [16] traditional Benders.

Min cost and min MILP master problem, CP 100 to 1000 times faster than CP, MILP.
makespan planning optimization subproblem Solved significantly larger instances.
& cumulative sched. [71]

Min no. late jobs and MILP master problem, CP . Min late jobs 100-1000 times faster than
min tardiness planning optimization subproblem MILP, CP; min tardiness significantly
& cumulative sched. [72] with LP relaxation faster, better solutions when suboptimal.
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model for them and dropping the integrality restrictions onthe variables. Section 15.5 is
a brief introduction to cutting planes, which can strengthen LP relaxations. Section 15.6
describes linear relaxations for some popular global constraints, while Section 15.7 pro-
vides continuous relaxations for piecewise linear constraints and disjunctions of nonlinear
systems. Sections 15.8 and 15.9 deal with Lagrangean relaxation and dynamic program-
ming, which can also provide useful relaxations.

Sections 15.10 and 15.11 are devoted to the remaining hybridization schemes discussed
here, branch-and-price methods and Benders decomposition. The final section briefly
explores the possibility of full CP/OR integration.

15.3 Linear Programming

Linear programming (LP) has a number of advantages that makeit the most popular OR
model discussed here. Although limited to linear inequalities (or equations) with contin-
uous variables, it is remarkably versatile for representing real-world situations. It is even
more versatile as a relaxation. It has an elegant duality theory that lends itself to sensitivity
analysis and domain filtering. Finally, the LP problem is extremely well solved. It is rare
for a practical LP instance, however large, to present any difficulty for a state-of-the-art
solver.

LP relaxation provides all of the benefits of relaxation thatwere mentioned earlier. In
particular, a solution that is infeasible in the original problem can guide the search by sug-
gesting how to branch. If a variablexj is required to be integral in the original problem,
then an nonintegral valuēxj in the solution of the LP relaxation suggests branching by
requiringxj ≤ ⌊x̄j⌋ in one branch andxj ≥ ⌈x̄j⌉ in the other. Rounding of LP solu-
tions, a technique widely used in approximation algorithms, can also be used a guide to
backtracking [58].

Semidefinite programming[4, 129] generalizes LP and has been used in a CP context
as a relaxation for the stable set problem [66]. It can also serve as a basis for approximation
algorithms [57].

15.3.1 Optimal Basic Solutions

Without loss of generality an LP problem can be written

min cx

Ax ≥ b, x ≥ 0, x ∈ ℜn (15.1)

whereA is anm × n matrix. This can be read, “minimizecx subject to the constraints
Ax ≥ b, x ≥ 0.” In OR terminology, anyx ∈ ℜn is asolutionof (15.1), and anyx ≥ 0
for whichAx ≥ b is a feasiblesolution. The problem isinfeasibleif there is no feasible
solution. It isunboundedif (15.1) is feasible but has no optimal solution.

The feasible set of (15.1) is a polyhedron, and the vertices of the polyhedron correspond
to basicfeasible solutions. Since the objective functioncx is linear, it is intuitively clear
that some vertex is optimal unless the problem is unbounded.It is useful to develop this
idea algebraically.
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The LP problem is first rewritten in equality form

min cx

Ax = b, x ≥ 0, x ∈ ℜn (15.2)

An inequality constraintax ≥ a0 can always be converted to an equality constraint by
introducing a surplus variables0 ≥ 0 and writingax− s0 = a0.

Assume for the moment that (15.2) is feasible. Suppose further thatm ≤ n andA has
rankm. If A is partitioned as[B N ], whereB is any set ofm independent columns, then
(15.2) can be written

min cBxB + cNxN

BxB +NxN = b, xB , xB ≥ 0
(15.3)

The variablesxB that correspond to the columns ofB are designatedbasicvariables be-
causeB is a basis forℜm. One can solve the equality constraints forxB in terms of the
nonbasic variablesxN :

xB = B−1b−B−1NxN (15.4)

Thus any feasible solution of (15.4) has the form(xB, xN ) = (B−1b − B−1NxN , xN )
for somexN ≥ 0. SettingxN = 0 yields a basic solution(B−1b, 0), which corresponds
to a vertex of the feasible polyhedron ifB−1b ≥ 0.

Substituting (15.4) into the objective function of (15.3) allows cost to be expressed as
a function of the nonbasic variablesxN :

cBB
−1b+ (cN − cBB−1N)xN

Thus cBB−1b is the cost of the basic solution(B−1b, 0). The row vectorr = cN −
cBB

−1N contains thereduced costsassociated with the nonbasic variablesxN . Since
every feasible solution of (15.3) can be obtained by settingxN to some nonnegative value,
the cost can be smaller thancBB−1b only if at least one reduced cost is negative. So the
basic solution(B−1b, 0) is optimal if r ≥ 0.

15.3.2 Simplex Method

Given a basic feasible solution(B−1b, 0), the simplex methodcan find a basic optimal
solution of (15.3) or show that (15.3) is unbounded. Ifr ≥ 0, the solution(B−1b, 0)
is already optimal. Otherwise increase any nonbasic variable xj with negative reduced
cost rj . If the column ofB−1N in (15.4) that corresponds toxj is nonnegative, then
xj can increase indefinitely without driving any component ofxB negative, which means
(15.3) is unbounded. Otherwise increasexj until some basic variablexi hits zero. This
creates a new basic solution. The column ofB corresponding toxi is moved out ofB and
the column ofN corresponding toxj is moved in.B−1 is quickly recalculated and the
process repeated.

The procedure terminates with an optimal or unbounded solution if one takes care not
to cycle through solutions in which one or more basic variables vanish (degeneracy). A
starting basic feasible solution can be obtained by solvinga “Phase I” problem in which
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the objective is to minimize the sum of constraint violations. The starting basic variables
in the Phase I problem are temporary slack or surplus variables added to represent the
constraint violations that result when the other variablesare set to zero.

More than half a century after its invention by George Dantzig, the simplex method is
still the most widely used method in state-of-the-art solvers. Interior point methods are
competitive for large problems and are also available in commercial solvers.

15.3.3 Duality and Sensitivity Analysis

Thedualof a linear programming problem (15.1) is

maxλb

λA ≤ c, λ ≥ 0, λ ∈ ℜm (15.5)

The dual can be understood as seeking the tightest lower boundv on the objective function
cx that can be inferred from the constraintsAx ≥ b, x ≥ 0. One consequence of the
Farkas Lemma, a classical result of mathematical programming, is thatcx ≥ v can be
inferred from a feasible systemAx ≥ b, x ≥ 0 if and only if some nonnegative linear
combinationλAx ≥ λb of Ax ≥ b dominatescx ≥ v. SinceλAx ≥ λb dominatescx ≥ v
whenλA ≤ c andλb ≥ v, (15.5) is simply the problem of finding the tightest lower bound
v. The dual (15.5) and theprimal problem (15.1) therefore have the same optimal value if
both are feasible and unbounded (strong duality).

The dual provides sensitivity analysis, which in turn leadsto domain filtering. Note
first that the valueλb of any dual feasible solution provides a lower bound on the value cx
of any primal feasible solution (weak duality). This is becauseλb ≤ λAx ≤ cx, where
the first inequality is due toAx ≤ b andλ ≥ 0, and the second inequality toλA ≥ c
andx ≥ 0. Now supposex∗ is optimal in the primal andλ∗ is optimal in the dual. If
the right-hand sideb of the primal constraints is perturbed to obtain a new problem with
constraintsAx ≥ b + ∆b, only the objective function of the dual changes, specifically to
λ(b + ∆b). Thusλ∗ is still dual feasible and provides a lower boundλ∗(b + ∆b) on the
optimal value of the perturbed primal problem. In other words, the perturbation increases
the optimal valueλ∗b of the original problem by at leastλ∗∆b.

The dual multipliers inλ∗ are readily available when the primal is solved. In fact,
λ∗ = cBB

−1, as can be verified by writing the dual of (15.3). These multipliers indicate
the sensitivity of the optimal cost to small changes inb. In addition the reduced costs
are closely related to the dual multipliers, sincer = cN − cBB−1N = cN − λ∗N . The
reduced cost of a single nonbasic variablexj is rj = cj − λ∗Aj , whereAj is the column
of N (and ofA) corresponding toxj .

A related property of the dual solution iscomplementary slackness, which means that
a dual variable can be positive only if the corresponding primal constraint is tight in an
optimal solution. Thus ifx∗ andλ∗ are optimal in the primal and dual, respectively, then
λ∗(Ax∗ − b) = 0. This is becauseλ∗b = cx∗, by strong duality, which together with
λ∗b ≤ λ∗Ax∗ ≤ cx∗ impliesλ∗b = λ∗Ax∗ or λ∗(Ax∗ − b) = 0.

15.3.4 Domain Filtering

The dual solution can help filter variable domains. Suppose that the LP problem (15.1) is
a relaxation of a problem that is being solved by CP. There is an upper boundU on the
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costcx. For instance,U might be the cost of the best feasible solution found so far ina
cost minimization problem, and there is no need to consider solutions with cost greater
thanU . Suppose (15.1) has optimal valuev∗, and the optimal dual solution isλ∗. Suppose
further thatλ∗i > 0, which means the constraintAix ≥ bi is tight (i.e.,Aix∗ = bi), due to
complementary slackness. If the solution of (15.1) were to change, the left-hand side of the
ith constraintAix ≥ bi of (15.1) could change, say by an amount∆bi. This would affect
the optimal value of (15.1) as much as changing the constraintAix ≥ bi toAix ≥ bi+∆bi,
which is to say it would increase the optimal value by at leastλ∗i∆bi. Since the optimal
value cannot rise to a value greater thanU , one must have thatλ∗i∆bi ≤ U − v∗, or
∆bi ≤ (U − v∗)/λi. Since∆bi = Aix−Aix∗ = Aix− bi, this yields the valid inequality

Aix ≤ bi +
U − v∗
λi

(15.6)

for each constrainti of (15.1) withλ∗i > 0. The inequality (15.6) can now be propagated,
which is particularly useful if some of the variablesxj have integer domains in the original
problem.

One can reduce the domain of a particular nonbasic variablexj by considering the
nonnegativity constraintxj ≥ 0. Since the reduced cost ofxj measures the effect on
cost of increasingxj , the dual multiplier associated withxj ≥ 0 is the reduced costrj =
cj − λ∗Aj . So (15.6) becomesxj ≤ (U − v∗)/rj . If xj has an integer domain in the
original problem, one can sayxj ≤ ⌊(U − v∗)/rj⌋.

CP applications of reduced-cost-based filtering include the traveling salesman problem
with time windows [96], product configuration [121], fixed charge network flows [86],
lesson timetabling [51], and the traveling salesman problem with time windows [51]. The
additive bounding procedure [50], which uses reduced costs, has been applied to limited
discrepancy search [91].

15.3.5 Example: Traveling Salesman with Time Windows

A traveling salesman problem with time windows provides an example of domain filtering
[51]. Suppose a salesman (or delivery truck) must make several stops, perhaps subject to
such additional constraints as time windows. The objectiveis to minimize the total travel
time, which has upper boundU . Theassignment problem relaxationof the constraint set
is

min
∑

ij

cijxij

∑

j

xij =
∑

j

xji = 1, all i, xij ∈ {0, 1}, all i, j
(15.7)

wherecij is the travel time from stopi to stopj. Variablexij is 1 when the salesman visits
stopj immediately after stopi and is zero otherwise. One can now solve an LP relaxation
of (15.7) obtained by replacingxij ∈ {0, 1} with 0 ≤ xij ≤ 1. If rij is the reduced cost
associated withxij andv∗ the optimal value of (15.7), thenxij can be fixed to zero if
(U − v∗)/rij < 1. This particular LP problem can be solved very rapidly, since there are
specialized methods (e.g. the Hungarian algorithm) for assignment problems.

Solving the LP relaxation of an assignment problem (15.7) actually solves the problem
itself, since every basic solution of (15.7) is integral. This is due to the total unimodularity
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of the matrix of constraint coefficients, which means that every square submatrix has a
determinant of1,−1, or 0.

15.4 Mixed Integer/Linear Modeling

A mixed integer/linear programming(MILP) problem is an LP problem with the addi-
tional restriction that certain variables must take integer values. It is a (pure) integer/linear
programming (ILP) problem when all the variables are integer-valued, and a 0-1 linear
programming problem when all the variables have domain{0, 1}.

MILP problems are solved by abranch-and-boundsearch mechanism. An LP relax-
ation of the problem is solved at each node of a search tree. Ifthe optimal value of the
relaxation is greater than or equal to the value of the best candidate solution found so far,
the search backtracks. Otherwise, if all variables in the LPsolution are integral, then it be-
comes a candidate solution. If one or more variables are nonintegral, the search branches
on one of the nonintegral variables by splitting its domain.Cutting planes are commonly
added at the root node and possibly at other nodes, resultingin a branch-and-cutmethod.

Although MILP problems are generally much harder to solve that LP problems, the
solution technology has been the subject of intense development for at least three decades.
Commercial solvers have achieved orders-of-magnitude speedups through the right com-
bination of cutting planes, branching heuristics, and preprocessing.

The primary role of MILP in CP, however, is to provide an LP relaxation of a con-
straint or subset of constraints. One formulates an MILP model and drops the integrality
condition. MILP is a highly versatile modeling language if one is sufficiently ingenious.
Writing a model with a “good” LP relaxation, however, is often more an art than a science
[124]. A good relaxation is generally viewed as one whose optimal value is close to that
of the MILP problem.

15.4.1 MILP Representability

It is known precisely what sort of feasible set can be represented by an MILP model.
A subsetS of ℜn is MILP-representable if and only ifS is the union of finitely many
polyhedra, all of which have the same recession cone. Therecession coneof a polyhedron
P is the set of directions in whichP is unbounded, or more precisely, the set of vectors
r ∈ ℜn such that, for someu ∈ P , u+ αr ∈ P for all α ≥ 0.

The intuition behind this fact can provide a tool for writingMILP models whenS has
a fairly simple structure. SinceS is a union of polyhedra, it is described by a disjunction
of linear systems:

∨

k∈K

Akx ≤ bk (15.8)

in which each systemAkx ≤ bk represents a polyhedron. To obtain an MILP model of
(15.8), one can introduce 0-1 variablesyk that take the value 1 when thekth disjunct holds:

Akxk ≤ bkyk, k ∈ K
x =

∑

k∈K

xk,
∑

k∈K

yk = 1

x, xk ∈ ℜn, yk ∈ {0, 1}, k ∈ K

(15.9)
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Recession
cone of P1, P2

1

Figure 15.1:(i) Feasible set of a fixed charge problem, consisting of the union of polyhedra
P1 (heavy line) andP2 (shaded area). (ii) Feasible set of the same problem with thebound
x1 ≤M , whereP ′

2 is the shaded area.

Note that the vectorx of continuous variables is disaggregated into variablesxk. Thus
whenyℓ = 1 and the otheryks are zero, the constraints forcex = xℓ and therefore require
x to satisfyAℓx ≤ bℓ.

There are a number of devices for writing MILP formulations when (15.10) does not
yield a practical model. A comprehensive discussion of these may be found in [127].

15.4.2 Example: Fixed Charge Function

MILP representability is illustrated by the fixed charge function, which occurs frequently
in modeling. Suppose the costx2 of producing quantityx1 is bounded below by zero when
the production quantityx1 is zero, andf + cx1 otherwise, wheref is the fixed cost andc
the unit variable cost. IfS is the set of feasible points(x1, x2), thenS is the union of two
polyhedraP1 andP2 (Fig 15.1a). The recession cone ofP1 is P1 itself, and the recession
cone ofP2 is the set of all vectors(x1, x2) with x2 ≥ cx1 ≥ 0. Since these cones are not
identical,S is not MILP-representable.

However, in practice one can put a sufficiently large upper boundM onx1. Now the
recession cone of each of the resulting polyhedraP1, P

′
2 (Fig. 15.1b) is the same (namely,
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P1), and the feasible setS′ = P1 ∪ P ′
2 is therefore MILP-representable.P1 is the poly-

hedron described byx1 ≤ 0, x1, x2 ≥ 0, andP ′
2 is described bycx1 − x2 ≤ −f, x1 ≤

M, x1 ≥ 0. So (15.9) becomes

x1
1 ≤ 0

x1
1, x

2
2 ≥ 0

cx2
1 − x2

2 ≤ −fy2
0 ≤ x1 ≤My2

x1 = x1
1 + x2

1

x2 = x1
2 + x2

2

y1 + y2 = 1

y1, y2 ∈ {0, 1}
(15.10)

As often happens, (15.10) simplifies. Only one 0-1 variable appears, which can be renamed
y. Sincex1

1 is forced to zero,x1 = x2
1, and the resulting model isx2 ≥ fy+cx1, x1 ≤My.

Obviouslyy encodes whether the quantity produced is zero or positive, in the former case
(y = 0) forcing x1 = 0, and in the latter case incurring the fixed chargef . “Big M ”
constraints likex1 ≤My are common in MILP models.

15.4.3 Relaxing the Disjunctive Model

The disjunctive model (15.10) has the advantage that its continuous relaxation, obtained by
replacingyi ∈ {0, 1} with 0 ≤ yi ≤ 1, is aconvex hull relaxationof (15.8)—the tightest
possible linear relaxation. The convex hull of a setS ∈ ℜn is the intersection of all half
planes that containS. The LP relaxation of (15.10) is a convex hull relaxation in the sense
that the projection of its feasible set onto the original variablesx1, x2 is the convex hull of
the feasible set of (15.8).

A model of (15.8) with fewer variables is

Akx ≤ bk +Mk(1− yk), k ∈ K
∑

k∈K

yk = 1, x ∈ ℜn, yk ∈ {0, 1}, k ∈ K (15.11)

where each component ofMk is a valid upper bound on the corresponding inequality of
Ak ≤ bk. Thekth disjunct is enforced whenyk = 1. The LP relaxation of (15.11) is not
in general a convex hull relaxation, but (15.11) is a correctmodel even if the polyhedra
described by the systemsAkx ≥ bk do not have the same recession cone. The LP relax-
ation of (15.10), incidentally, is a valid convex hull relaxation of (15.10) even when the
polyhedra do not have the same recession cone.

The LP relaxation of (15.11) simplifies when each systemAk ≤ bk is a single in-
equalityakx ≤ ak and0 ≤ x ≤ m [13]. The variablesyk drop out and the relaxation
becomes

(

∑

k∈K

ak

Mk

)

x ≤
∑

k∈K

bk
Mk

+ |K| − 1, 0 ≤ x ≤ m

whereMk = bk −
∑

j min{0, akj }mj.

15.5 Cutting Planes

Cutting planes, variously calledcutsor valid inequalities, are linear inequalities that can
be inferred from an integer or mixed integer constraint set.Cutting planes are added to
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Figure 15.2:Feasible set (shaded area) of the LP relaxation of a systemx1 + x2 ≤ 2,
x1 − x2 ≤ 0 with domainsxj ∈ {0, 1, 2}, and a cutting planex1 ≤ 1 (dashed line).

the constraint set to “cut off” noninteger solutions of its LP relaxation, thus resulting in a
tighter relaxation.

Cutting planes can also exclude redundant partial assignments (redundant compound
labels), even if is not their intended purpose. In some casesthey may achieve consistency
of one kind or another, even though the concept of consistency never developed in the OR
community. It is therefore likely that cutting planes reduce backtracking in branch-and-
bound algorithms by excluding redundant partial assignments, quite apart from their role
in strengthening relaxations.

For example,x1 ≤ 1 is a cutting plane for the systemx1 + x2 ≤ 2, x1 − x2 ≤ 1 in
which eachxj has domain{0, 1, 2}. As Fig. 15.2 shows,x1 ≤ 1 is valid because it cuts
off no feasible (0-1) points. Yet it cuts off part of the feasible set of the LP relaxation
and therefore strengthens the LP relaxation, in fact resulting in a convex hull relaxation.
Adding the cut also achieves arc consistency for the constraint set, since it reducesx1’s
domain to{0, 1}.

A few basic types of cutting planes are surveyed here. General references on cut-
ting planes include [93, 99, 130], and the role of cutting planes in CP is further dis-
cussed in [20, 22, 38, 52, 69, 77]. CP-based application of cutting planes include the
orthogonal Latin squares problem [6], truss structure design [23], processing network
design [60, 77], single-vehicle routing [110], resource-constrained scheduling [40], multi-
ple machine scheduling [22], boat party scheduling [77], and the multidimensional knap-
sack problem [100]. Cutting planes for disjunctions of linear systems have been applied to
factory retrofit planning, strip packing, and zero-wait jobshop scheduling [111].
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15.5.1 Chv́atal-Gomory Cuts

One can always generate a cutting plane for an integer linearsystemAx ≤ b by taking a
nonnegative linear combinationuAx ≤ ub of the inequalities in the system and rounding
down all fractions that result. This yields the cut⌊uA⌋x ≤ ⌊ub⌋, whereu ≥ 0. For
example, one can obtain the cutx1 ≤ 0 from x1 + x2 ≤ 1 andx1 − x2 ≤ 0 (Fig. 15.2) by
giving each a multiplier of12 in the linear combination.

After generating a cut of this kind, one can add it toAx ≤ b and repeat the process.
Any cut generated recursively in this fashion is aChv́atal-Gomory cut. A fundamental
result of cutting plane theory is that every cut is a Chvátal-Gomory cut [31].

A subset of Chvátal-Gomory cuts are enough to achieve consistency. If two particular
types of cuts,resolventsanddiagonal sums, are recursively derived from 0-1 inequalities
that are dominated by inequalities inAx ≤ b, then every inequality implied byAx ≤ b
(up to equivalence) is implied by one of the generated cuts; see [67, 70] for details. This
fact leads to a logic-based method for 0-1 linear constraintsolving [12]. The derivation of
resolvents alone is enough to achieve strongn-consistency and therefore hyperarc consis-
tency.

15.5.2 General Separating Cuts

Since it is impractical to generate all Chvátal-Gomory cuts, a more common approach is
to identify one or more cuts that exclude or “cut off” a nonintegral solution of the current
LP relaxation. These are known asseparating cutsbecause they separate the nonintegral
solution from the convex hull of the original problem’s feasible set. For instance, if the LP
relaxation of the example in Fig. 15.2 has the solution(3

2 ,
1
2 ), thenx1 ≤ 1 is a separating

cut.
A general-purpose separating cut can be generated by solving the LP relaxation of an

integer system in equality form (15.2) to obtain a basic solution (b̂, 0), whereb̂ = B−1b.
If xi is any basic variable with a nonintegral value in this solution, the valid inequality

xi ≤ ⌊b̂i⌋ − ⌊N̂i⌋xN (15.12)

cuts off(b̂, 0). HereN̂ = B−1N , andN̂i refers to theith row of N̂ . This cut is popularly
known as aGomory cut.

For many years Gomory cuts were believed to be ineffective, but now it is known that
they can be very useful if sufficiently many are generated. Multiple cuts can be obtained
by generating one for each nonintegralxi, or perhaps by re-solving the LP with cuts added
and generating further Gomory cuts.

Gomory cuts have an analog for MILP systems, known asseparating mixed integer
rounding cuts[94], that are equally important in practice. Let the MILP system in equality
form beA1y +A2x = b with x, y ≥ 0 andy integer. LetB andN be basic and nonbasic
columns in the LP relaxation as before, and suppose that a basic variableyi is nonintegral.
DefineJ to be the set of indicesj for which yj is basic andK to be the set of indices
for which xj is basic. Also letJ1 = {j ∈ J | frac(N̂ij) ≥ frac(b̂i)} andJ2 = J \ J1,
where frac(α) = α− ⌊α⌋ is the fractional part ofα. Then the following is a mixed integer
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rounding cut that cuts off the nonintegral solution:

yi ≥ ⌊b̂i⌋ −
∑

j∈J1

⌈N̂ij⌉yj −
∑

j∈J2

(

⌊N̂ik⌋+
frac(N̂ij)

frac(b̂i)

)

yj −
1

frac(b̂i)

∑

j∈K

N̂+
ijxj

whereN̂+
ij = max{0, N̂ij}.

15.5.3 Knapsack Cuts

Knapsack cuts, also known aslifted covering inequalities, are defined for an integer linear
inequalityax ≤ α with a ≥ 0. (One can always obtaina ≥ 0 by replacing eachxj that
has a negative coefficient withUj−xj , whereUj is an upper bound onxj .) Knapsack cuts
do not affect consistency, since they are generated for one constraint at a time, but they
tighten the LP relaxation and are often useful in practice.

Suppose first thatax ≤ α is a 0-1 inequality. Acover for ax ≤ α is an index set
J ∈ {1, . . . , n} for which

∑

j∈J aj > α. A cover isminimal if no proper subset it is a
cover. If J is a cover, thecovering inequality

∑

j∈J xj ≤ |J | − 1 is obviously valid for
ax ≤ α. (Only minimal covers need be considered, since nonminimalcovering inequalities
are redundant of minimal ones.) For example,J = {1, 2, 3, 4} is a minimal cover for the
inequality

5x1 + 5x2 + 5x3 + 5x4 + 8x5 + 3x6 ≤ 17

and gives rise to the covering inequalityx1 + x2 + x3 + x4 ≤ 3.
A covering inequality can often be strengthened by adding variables to the left-hand

side; that is, bylifting the inequality into a higher dimensional space.Sequential lifting
is presented here, in which terms are added one at a time; there are also techniques for
adding several terms simultaneously [93]. If

∑

j∈J xj ≤ |J | − 1 is a covering inequality,
thenπkxk +

∑

j∈J xj ≤ |J | − 1 is also valid forax ≤ α, provided

πk ≤ |J | − 1−max







∑

j∈J

xj

∣

∣

∣

∣

∣

∣

∑

j∈J

ajxj ≤ α− ak, xj ∈ {0, 1} for j ∈ J







For example,x1+x2+x3+x4 ≤ 3 can be lifted tox1+x2+x3+x4+2x5 ≤ 3. If it is lifted
further by addingx6, the inequality is unchanged sinceπ6 = 0. The order of lifting can
affect the outcome; ifx6 is added beforex5, the resulting cut isx1+x2+x3+x4+x5+x6 ≤
3. Lifted inequalities are useful only when they can be generated quickly, as when the
covering inequality has only a few variables, or the problemhas special structure. The
coefficientsπk can be computed sequentially by dynamic programming [93].

Covering inequalities can also be derived for an inequalityax ≥ α with general integer
variables. HereJ is a cover if

∑

j∈J ajxj > α, wherexj is an upper bound onxj . Any
coverJ yields the covering inequality

∑

j∈J xj ≤ α/maxj∈J{aj}. Lifting is possible
but more difficult than in the 0-1 case.

15.6 Relaxation of Global Constraints

Linear relaxations for a few common global constraints are presented here: element, all-
different, circuit and cumulative. Some relaxations are continuous relaxations of MILP
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models, and others are derived directly without recourse toan MILP model. These and
other relaxations are surveyed in [70, 106].

15.6.1 Element Constraint

An element constraint has the form

element(x, (t1, . . . , tm), v) (15.13)

and requires thatv = tx. (15.13) implies the disjunction
∨

k∈Dx
(v = tk), whereDx is

the current domain ofx. This disjunction can be given an MILP model (15.10), which
leads immediately to a convex hull relaxation of (15.13). Ifeachtk is a constant, then the
relaxation is trivial:mink∈Dx

{tk} ≤ v ≤ maxk∈Dx
{tk}. However, if eachtk is a variable

with interval domain[Lk, Uk], (15.10) yields a more interesting convex hull relaxation:

Ljyk ≤ tkj ≤ Ujyk, j, k ∈ Dx

v =
∑

k∈Dx

tkk,
∑

k∈Dx

yk = 1

tk =
∑

j∈Dx

tjk, yk ≥ 0, k ∈ Dx

Since this relaxation contains a large number of variablestki , one may wish to use the
simpler relaxation

∑

k∈Dx

tk − (|Dx| − 1)Umax ≤ v ≤
∑

k∈Dx

tk − (|Dx| − 1)Lmin

Lk ≤ tk ≤ Uk, k ∈ Dx

(15.14)

whereLmin = mink∈Dx
{Lk} andUmax = maxk∈Dx

{Uk}. This is a convex hull relax-
ation whenLk = Lmin andUk = Umax for all k [70]. One can also use the LP relaxation
of (15.11). Another relaxation is

(

∑

k∈Dx

1

Umax − Lk

)

v ≤
∑

k∈Dx

tk
Umax − Lk

+ |Dx| − 1

(

∑

k∈Dx

1

Uk − Lmin

)

v ≥
∑

k∈Dx

tk
Uk − Lmin

− |Dx|+ 1

Lk ≤ tk ≤ Uk, k ∈ Dx

This is in general not redundant of (15.14), unless of course(15.14) is a convex hull relax-
ation.

15.6.2 All-Different Constraint

The constraint

all-different(y1, . . . , yn)) (15.15)
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requires thaty1, . . . , yn be distinct. If the domainDyi
of eachyi is a finite set of real

numbers and
⋃n
i=1Dyi

= {a1, . . . , am}, (15.15) can be given the MILP formulation:

yi =

m
∑

j=1

ajxij ,

m
∑

j=1

xij = 1, i ∈ {1, . . . , n}

n
∑

i=1

xij ≥ 1, j ∈ {1, . . . ,m}

xij = 0, all i, j with j 6∈ Dyi

(15.16)

where the binary variablexij = 1 whenyi = j. A continuous relaxation can be obtained
by replacingxij ∈ {0, 1} with xij ≥ 0. This is a convex hull relaxation, in the sense that
the projection of its feasible set onto the variablesyi is the convex hull of the feasible set
of (15.15).

The MILP formulation (15.16) is convenient for some problems and not for others.
Suppose for instance the problem is to find a minimum-cost assignment of jobs to workers,
wherecij is the cost of assigning jobj to workeri. The constraint (15.15) requires that
every worker get a different job, and the problem is to minimize

∑n
i=1 ciyi

subject to
(15.15). MILP solves the problem by minimizing

∑

ij cijxij subject to (15.16).
However, if one wishes to find a minimum-cost route in a traveling salesman problem,

the objective function becomes nonlinear in the integer model. (15.15) is a correct model
for this problem only ifyi is theith stop visited, rather than the stop visited immediately
afteri as in (15.7). So ifcij is the travel time fromi to j as before, the problem is to mini-
mize

∑n
i=1 cyiyi+1 subject to (15.15), whereyn+1 is identified withy1. The integer model

must minimize the nonlinear expression
∑

ijk cjkxijxi+1,k subject to (15.16). However,
there are linear 0-1 models for this problem, the most popular of which is presented in the
next section.

If Dyi
is the same set of numbers{a1, . . . , am} for eachi, with a1 ≤ · · · ≤ am, a

convex hull relaxation [70, 75, 128] can be written in the original variables:

|J|
∑

j=1

aj ≤
∑

j∈J

xj ≤
m
∑

j=m−|J|+1

aj , all J ⊂ {1, . . . , n}

There are exponentially many constraints, but one can startby using only the constraints

n
∑

j=1

aj ≤
n
∑

j=1

xj ≤
m
∑

j=m−n+1

aj

and bounds on the variables, and then generate separating cuts as needed. Let̄x be
the solution of the current relaxation of the problem, and renumber the variables so that
x̄1 ≤ · · · ≤ x̄n. Then for eachi = 2, . . . , n− 1 one can generate the cut

i
∑

j=1

xj ≥
i
∑

j=1

aj
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if
∑i

j=1 x̄j <
∑i
j=1 aj . Also for eachi = n− 1, . . . , 2 generate the cut

n
∑

j=i

xj ≤
m
∑

j=m−n+i

aj

if
∑n

j=i x̄j >
∑m

j=m−n+i aj . There is no separating cut if̄x lies within the convex hull of
the alldiff feasible set.

Relaxation of multiple all-different constraints is discussed in [5] and of two overlap-
ping all-different constraints in [34].

15.6.3 Circuit Constraint

The constraint

circuit(y1, . . . , yn) (15.17)

requires thatz1, . . . , zn be a permutation of1, . . . , n, where eachzi = yzi−1 (andz0 is
identified withzn). The domainDyi

of eachyi is a subset of{1, . . . , n}. The elements
1, . . . , n may be viewed as vertices of a directed graphG that contains an edge(i, j)
wheneverj ∈ Dyi

. An edge(i, j) is selected whenyi = j, and (15.17) requires that the
selected edges form a hamiltonian circuit.

The circuit constraint can be modeled with a traveling salesman formulation. Let the
0-1 variablexij (for i 6= j) take the value 1 whenyi = j:

n
∑

j=1

xij =

n
∑

j=1

xji = 1, i ∈ {1, . . . , n} (a)

∑

(i,j)∈δ(S)

xij ≥ 1, all S ⊂ {1, . . . , n} with 2 ≤ |S| ≤ n− 2 (b)

(15.18)

Hereδ(S) is the set of edges(i, j) of G for which i ∈ S andj 6∈ S. If j 6∈ Dyi
, the

formulation (15.18) omits variablexij . Constraints (a) comprise the assignment relaxation
(15.7) already discussed. Thesubtour elimination constraints(b) exclude circuits within
proper subsetsS of {1, . . . , n} by requiring that at least one edge connect a vertex inS to
one outsideS.

The traveling salesman problem minimizes
∑

i cixi
subject to (15.17). Its MILP formu-

lation minimizes
∑

ij cijxij subject to (15.18) andxij ∈ {0, 1}. There are exponentially
many subtour elimination constraints in this formulation,but one can begin with a relax-
ation of the problem (such as the assignment relaxation) andadd separating cuts as needed.
If x̄ is a solution of the current relaxation, let thecapacityof edge(i, j) be x̄ij . Select a
proper subsetS of the vertices for which the total capacity of edges leavingS is a mini-
mum. The subtour elimination constraint (15.18b) corresponding toS is a separating cut
if the minimum capacity is less than 1. There are fast algorithms for findingS ([49, 103]).

If j ∈ Dyi
if and only if i ∈ Dyj

, andcij = cji, for every pairi, j, the problem
becomes thesymmetrictraveling salesman problem and can be given a somewhat more
compact model that uses a2-matchingrelaxation. The OR literature has developed differ-
ent (albeit related) analyses and algorithms for the symmetric and asymmetric problems;
see [61] for a comprehensive discussion.
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Several families of cutting planes have been developed to strengthen the LP relaxation.
By far the most widely used arecomb inequalities. SupposeH is a subset of vertices of
G, andT1, . . . , Tm are pairwise disjoint sets of vertices (wherem is odd), such thatH∩Tk
andTk \H are nonempty for eachk. H is thehandleof the comb and eachTi is a tooth.
Then the following is a comb inequality for the asymmetric problem:

∑

(i,j)∈δ(H)

xij +

m
∑

k=1

∑

(i,j)∈δ(Tk)

xij ≥ 1
2 (3m+ 1)

One can get some intuition as to why the cut is valid by considering a comb with three
teeth and six vertices. Various proofs of validity are givenin [97]. The comb inequalities
are facet-defining whenG is a complete graph.

15.6.4 Cumulative Constraint

The fundamental constraint for cumulative scheduling is

cumulative(s, p, c, C) (15.19)

where variabless = (s1, . . . , sn) represent the start times of jobs1, . . . , n. Parameters
p = (p1, . . . , pn) are the processing times andc = (c1, . . . , cn) the resource consumption
rates. Release times and deadlines are implicit in the domains[Rj , Dj] of the variablessj.
The constraint (15.19) requires that the total resource consumption rate at any time be less
than or equal toC. That is,

∑

j∈Jt
cj ≤ C for all t, whereJt = {j | sj ≤ t < sj + pj}.

The most straightforward MILP model discretizes time and introduces a 0-1 variable
xjt that is 1 when jobj starts at timet. The variable appears for a particular pairj, t only
whenRj ≤ t ≤ Dj − pj. The model is

∑

j

∑

t′∈Tjt

cjxjt′ ≤ C, all t (a)

∑

t

xjt = 1, all j (b)
(15.20)

where eachxij ∈ {0, 1} andTjt = {t′ | t − pj < t′ ≤ t}. Constraints (a) enforce the
resource limit, and (b) requires that each job start at some time.

Model (15.20) is large when there are a large number of discrete times. In such
cases it may be advantageous to use one of two discrete-eventformulations that employ
continuous-time variables, although these models provideweaker relaxations. In each
model there are2n events, each of which can be the start of a job or the finish of a job. The
continuous variablesk is the time of eventk.

In one model, the 0-1 variablexjkk′ is 1 if eventk is the start of jobj and eventk′ is
the finish of jobj. The inventory variablezk keeps track of how much resource is being
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consumed when eventk occurs; obviously one wantszk ≤ C. The model for (15.19) is

zk = zk−1 +
∑

j

∑

k′>k

cjxjkk′ −
∑

j

∑

k′<k

cjxjk′k, all k (a)

z0 = 0, 0 ≤ zk ≤ C, all k (b)
∑

k

∑

k′>k

xjkk′ = 1, all j (c)

sk′ − sk ≥
∑

j

pjxjkk′ , all k, k′ with k < k′ (d)

sk ≥
∑

j

∑

k′>k

xjkk′Rj , all k (e)

tk ≤ Dmax



1−
∑

j

∑

k′<k

xjk′k



+
∑

j

∑

k′<k

xjk′kDj , all k (f)

(15.21)

where eachxjkk′ ∈ {0, 1} andDmax = maxj{Dj}. Constraint (a) keeps track of how
much resource is being consumed, and (b) imposes the upper limit. Constraint (c) makes
sure that each job starts once and ends once. Constraint (d) presents jobs from overlapping,
and (e) enforces the release times. Constraint (f) uses a big-M construction (whereDmax

is the big-M ) to enforce the deadlines.
Model (15.21) can grow quite large if there are too many events, due to the triply

indexed variablesxjkk′ . An alternative is to use separate variables for start-events and
finish-events, which requires that the deadlines be enforced in a different way. This reduces
the triple index to a double index at the cost of producing a weaker relaxation. Let the 0-1
variablexjk be 1 when eventk is the start of jobj, andyjk = 1 when eventk is the finish
of job j. The new continuous variablefj is the finish time of jobj.

zk = zk−1 +
∑

j

cjxjk −
∑

j

cjyjk, all k (a)

z0 = 0, zk ≤ C, all k (b)
∑

k

xjk = 1,
∑

k

yjk = 1, all j (c)

∑

j

xjk + yjk = 1, all k (d)

sk−1 ≤ sk, xjk ≤
∑

k′<k

yjk′ , all k > 1 (e)

sk ≥
∑

j

Rjxjk, all k (f)

sk + pjxjk −Dmax(1− xjk) ≤ fj
≤ sk +Dmax(1− yjk), all j, k (g)

fj ≤ dj , all j (h)

where eachxjk, yjk ∈ {0, 1}. Constraints (a) and (b) perform the same function as before.
Constraints (c) and (d) require that each job start once and end once but not as the same
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event. Constraints (e) are redundant but may tighten the relaxation. One constraint requires
the events to occur in chronological order, and one requiresa job’s start-event to have a
smaller index than its finish-event. Constraint (f) observes the release times. The new
element is constraint (g). The first inequality defines the defines the finish timefj of each
job by forcing it to occur no earlier thanpj time units after the start time. The second
inequality forces the time associated with the finish-eventto be no earlier than the finish
time. Finally, constraint (h) enforces the deadlines.

A fourth relaxation uses only the original variablessj [75]. Let J = {j1, . . . , jm} be
any subset of the jobs{1, . . . , n}, indexed so thatpj1cj1 ≤ · · · ≤ pjkcjk . Then

∑

j∈J

sj ≥ kRmin +
1

C

k
∑

i=1

(k − i+ 1)pjicji −
k
∑

i=1

pji

∑

j∈J

sj ≤ kDmax −
1

C

k
∑

i=1

(k − i+ 1)pjicji

whereRmin = mini{Rji} andDmax = maxi{Dki
}. A relaxation can be created by using

these inequalities for selected subsets of jobs. One need only consider subsetsJ of the
form {j | [Rj , Dj] ⊂ [Ri, Dk]} for pairsi, k with Ri < Dk. Larger subsets tend to yield
much stronger inequalities.

15.7 Relaxation of Piecewise Linear and Disjunctive Constraints

Specialized relaxations can be devised for a number of additional constraints that com-
monly occur in modeling. Two such constraints are bounds on piecewise linear, semicon-
tinuous cost functions, and disjunctions of nonlinear inequality systems. There are also
convex hull relaxations (not discussed here) for various logical constraints [70], such as
cardinality rules requiring that if at leastk of a given set of propositions are true, then at
leastℓ of another set are true ([132], generalized in [10]).

15.7.1 Semicontinuous Piecewise Linear Functions

Piecewise linear functions are often useful in modeling, partly because they can approxi-
mate nonlinear functions. A semicontinuous piecewise linear functionf(x) can be written

f(x) =
Uk − x
Uk − Lk

ck +
x− Lk
Uk − Lk

dk for x ∈ [Lk, Uk], k = 1, . . . ,m

and is illustrated in Fig. 15.3.
The functionf(x) can be given an MILP model by replacing all occurrences off(x)

with a new continuous variablev and writing

v =
∑

k

λkak + µkbk, x =
∑

k

λkLk + µkUk,
∑

k

λk + µk = 1,
∑

k

yk = 1

0 ≤ λk ≤ yk, 0 ≤ µk ≤ yk, all k

where eachyk ∈ {0, 1}. An LP relaxation is obtained by replacingyj ∈ {0, 1} by
0 ≤ yj ≤ 1. The MILP model for continuous piecewise linear functions is slightly sim-
pler; see [127]. An MILP model is used with a probe backtrack algorithm in [2].
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Figure 15.3:Semicontinuous piecewise linear functionf(x) (solid line segments) and its
convex hull relaxation (shaded area), where[x, x] is the current domain ofx.

Computational studies [101, 102, 105] suggest that it is often more efficient to write
a convex hull relaxation directly in the original variablesand dispense with the auxiliary
variablesλk, µk, yk. One simply writes an inequality inv, x to represent each edge of the
convex hull, illustrated in Fig. 15.3.

15.7.2 Disjunctions of Nonlinear Systems

Methods for relaxing disjunctions of linear systems were presented in Section 15.4.3. They
have proved useful for relaxing problems that combine discrete and continuous linear
elements. Many applications, however, mix discrete and continuousnonlinearelements.
Fortunately, the convex hull relaxation for the linear casecan be generalized to the convex
nonlinear case. It has been used to solve several chemical process engineering problems
[89, 90, 104, 112, 125]

The task is to relax

∨

k∈K

gk(x) ≤ bk (15.22)

wheregk(x) is a vector of convex functions andx ∈ ℜn. It is assumed thatx and each
gk(x) are bounded, and in particular thatL ≤ x ≤ U . A convex hull relaxation for (15.22)
can be derived by writingx as a convex combination of pointŝxk that respectively satisfy
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the disjuncts of (15.22):

x =
∑

k∈K

βkx̂
k,

∑

k∈K

βk = 1

gk(x̂k) ≤ 0, βk ≥ 0, L ≤ x̂k ≤ U, all k ∈ K

Using the change of variablexk = βkx̂
k and multiplying the nonlinear constraints byβk

yields a continuous relaxation for (15.22):

x =
∑

k∈K

xk,
∑

k∈K

βk = 1

βkg
k

(

xk

βk

)

≤ 0, βk ≥ 0, βkL ≤ xk ≤ βkU, all k ∈ K
(15.23)

It can be shown that the functionsβkgk(xk/βk) are convex and moreover that (15.23) is a
convex hull relaxation of (15.22) [89, 119]. Sinceβk can vanish, it is common in practice to
introduce a perturbationǫ, which preserves convexity. The nonlinear constraints of (15.23)
become

(βk + ǫ)gk
(

xk

βk + ǫ

)

≤ 0, all k ∈ K

One can also relax (15.22) with a big-M relaxation similar to the LP relaxation of
(15.11):

gk(x) ≤Mk(1− βk), βk ≥ 0, all k ∈ K
∑

k∈K

βk = 1

where each component ofMk is an upper bound on the corresponding function ingk(x).

15.8 Lagrangean Relaxation

Many relaxations are formed simply by removing constraints. Lagrangean relaxation
refines this process by imposing a penalty for violation of the deleted constraints, provided
they have inequality form. This tends to make the minimum value of the relaxed prob-
lem larger and may therefore provide a tighter bound on the optimal value of the original
problem.

A Lagrangean relaxation is actually a family of relaxations, since one can choose the
penalty (i.e., the Lagrange multiplier) for each constraint violation. The problem of select-
ing the multipliers that result in the tightest bound is theLagrangean dual.

Since solution of the Lagrangean dual tends to be time consuming, the general prac-
tice in CP applications is to solve it only at the root node anduse the resulting Lagrange
multipliers at all subsequent nodes. These multipliers notonly define a relaxation that can
be quickly solved or propagated, but they allow domain filtering in the same fashion as the
dual multipliers of an LP relaxation. In fact, dual multipliers are a special case of Lagrange
multipliers.



546 15. Operations Research Methods in Constraint Programming

Lagrangean relaxation is particularly useful in CP when a full linear relaxation is in-
compatible with the very rapid processing of search tree nodes that often characterizes
CP methods. In such cases one may be able to solve a Lagrangeandual of the LP at the
root node, which is itself an LP problem, to obtain a weaker but specially-structured LP
relaxation that can be solved quickly at the remaining nodes.

CP-based Lagrangean methods have been applied to network design [36], automatic
digital recording [113], traveling tournament problems [17], the resource-constrainedshort-
est path problem [54], and the general problem of filtering domains [85].

15.8.1 The Lagrangean Dual

Lagrangean relaxation is applied to problems of the form

min f(x)

gi(x) ≤ 0, i = 1, . . . ,m

x ∈ S, x ∈ ℜn
(15.24)

wherex ∈ S represents an arbitrary constraint set but in practice is carefully chosen to have
special structure. Lagrangean relaxationdualizesthe constraintsgi(x) ≤ 0 by penalizing
their violation in the objective function:

min θ(x, λ) = f(x) +

m
∑

i−1

λigi(x)

x ∈ S, x ∈ ℜn
(15.25)

where eachλi ≥ 0 is aLagrange multiplier. The motivation for using the relaxation is that
the special structure of the constraintsx ∈ S makes it easy to solve. The term “penalty”
is not quite right for the expressionλigi(x), however, since a penalty should vanish when
the solution is feasible;λigi(x) can go negative whenx is feasible, resulting in a “saddle”
function.

Clearlyθ(x, λ) ≤ f(x) for anyx that is feasible in the relaxation (15.25), sinceλ ≥ 0
and eachgi(x) ≤ 0. Thus for anyλ ≥ 0, the optimal valueθ(λ) of the Lagrangean
relaxation (15.25) is a lower bound on the optimal valuev∗ of the original problem (15.24)
(weak duality). The tightest lower bound onv∗ is obtained by solving theLagrangean dual
problem: maximizeθ(λ) subject toλ ≥ 0. The amount by which this bound falls short of
v∗ is theduality gap.

15.8.2 Solving the Dual

Since the Lagrangean functionθ(λ) is concave, it can be maximized by finding a local
maximum. A popular approach issubgradient optimization, which begins with a starting
valueλ0 ≥ 0 and sets eachλk+1 = λk + αkσ

k, whereσk is a subgradient ofθ(λ) at
λ = λk. Conveniently, ifθ(λk) = f(xk, λ), then(g1(x

k), . . . , gm(xk)) is a subgradient.
The stepsizeαk should decrease ask increases, but not so quickly as to cause premature
convergence. A simple option is to setαk = α0/k, or perhapsαk = α0(θ−θ(λk))/||σk||,
whereθ is a dynamically adjusted upper bound on the maximum value ofθ(λ). The step-
size is highly problem-dependent and must be tuned for everyproblem class. Solution
methods are further discussed in [11, 98].
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Typically the Lagrangean dual is solved only at the root node. As one descends into
the search tree, branching adds constraints to the problem,and the dual solutionλ∗ ceases
to be optimal. Nonetheless the optimal value of the Lagrangean relaxation, withλ set to
λ∗ and branching constraints added, continues to be a valid lower bound of the optimal
solution. In fact there is no need to obtain optimalλis even at the root node, and frequently
the subgradient algorithm is terminated early.

One must take care that branching constraints do not destroythe special structure of
the Lagrangean relaxation. For instance, one may wish to branch by fixing one or variables
rather than adding inequality constraints.

15.8.3 Special Case: Linear Programming

The Lagrangean dual of an LP problem is easy to solve, since itis equivalent to the LP
dual. Suppose the original problem (15.24) is an LP problem

min cx

Ax ≥ b, Dx ≥ d, x ≥ 0
(15.26)

in which the linear systemDx ≥ d has some kind of special structure. IfAx ≥ b is
dualized, thenθ(λ) is the optimal value of

min θ(x, λ) = cx+ λ(b −Ax) = (c− λA)x + λb

Dx ≥ d, x ≥ 0
(15.27)

Supposex∗ is an optimal solution of the original LP problem (15.26), and (λ∗, µ∗) is an
optimal dual solution in whichλ∗ corresponds toAx ≥ b andµ∗ toDx ≥ d. Thus

cx∗ = λ∗b+ µ∗d (15.28)

by strong duality. It will be shown below thatθ(λ∗) = cx∗. This implies thatλ∗ is an
optimal dual solution of the Lagrangean dual problem, sinceθ(λ) is a lower bound oncx∗

for anyλ ≥ 0.
One can therefore solve the Lagrangean dual of (15.26) at theroot node by solving

its LP dual. If(λ∗, µ∗) solves the LP dual, thenλ∗ solves the Lagrangean dual in which
Ax ≥ b is dualized. At subsequent nodes one solves the specially structured LP problem
(15.27), withλ set to the valueλ∗ obtained at the root node, to obtain a valid lower bound
on the value of the LP relaxation at that node.

To see thatθ(λ∗) = cx∗, note first thatx∗ is feasible in

min
x≥0
{(c− λ∗A)x | Dx ≥ d} (15.29)

andµ∗ is feasible in its LP dual

max
µ≥0
{ud | µD ≤ c− λ∗A} (15.30)

where the latter is true because(λ∗, µ∗) is dual feasible for (15.26). But the corresponding
objective function value of (15.29) is

(c− λ∗)x∗ = cx∗ + λ∗(b−Ax∗)− λ∗b = cx∗ − λ∗b
where the second equation is due to complementary slackness. This is equal to the value
µ∗d of (15.30), due to (15.28). Socx∗ − λ∗b is the optimal value of (15.29), which means
thatcx∗ is the optimal valueθ(λ∗) of (15.27) whenλ = λ∗.
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15.8.4 Domain Filtering

Lagrangean duality provides a generalization of the filtering mechanism based on LP dual-
ity. Suppose that there is an upper boundU on the costf(x) in (15.24), and letv∗ = θ(λ∗)
be the optimal value of the Lagrangean dual. Letx∗ solve (15.25) whenλ = λ∗, so
that θ(λ∗) = θ(λ∗, x∗), and suppose further thatgi(x∗) = 0. If the solution of (15.24)
were to change, functiongi(x) could decrease, say by an amount∆i. This would in-
crease the optimal value of (15.24) as much as changing the the constraintgi(x) ≤ 0 to
gi(x) + ∆i ≤ 0. The functionθ(λ) for the altered problem isθ′(λ) = minx∈S{θ′(λ, x)},
whereθ′(λ, x) = f(x) +

∑

j λjgj(x) + λi∆i. Sinceθ′(λ∗, x) differs fromθ(λ∗, x) only
by a constant, anyx that minimizesθ(λ∗, x) also minimizesθ′(λ∗, x). So

θ′(λ∗) = θ′(λ∗, x∗) + λ∗i∆i = v∗ + λ∗i∆i

is a lower bound on the optimal value of the altered problem, by weak duality. Thus one
must havev∗ + λ∗∆i ≤ U , or∆i ≤ (U − v∗)/λ∗i . Since∆i = gi(x

∗)− gi(x) = −gi(x),
this yields a valid inequality parallel to (15.6) that can bepropagated:

gi(x) ≥ −
U − v∗
λ∗i

(15.31)

If constrainti imposes a lower boundL on a variablexj (i.e.,−xj + L ≤ 0), then
(15.31) becomesxj ≤ L + (U − v∗)/λ∗i . This can be used to reduce the domain ofxj if
λ∗i > 0, and similarly if there is an upper bound onxj .

15.8.5 Example: Generalized Assignment Problem

Thegeneralized assignment problemis an assignment problem (15.7) with the complicat-
ing constraint that the jobsj assigned to each resourcei satisfy

∑

j αijxij ≤ βi. Let’s
suppose that an LP relaxation of the problem is to be solved ateach node of the search
tree to obtain bounds. If solving this LP with a general-purpose solver is too slow, the
complicating constraints can be dualized, resulting in a pure assignment problem with cost
function

∑

ij(cij−λ∗iαij)xij . The optimal multipliersλ∗i can be obtained at the root node
by solving the full LP relaxation.

At subsequent nodes one can solve the Lagrangean relaxationvery quickly with the
Hungarian algorithm. The relaxation provides a weak bound,but the dual variables allow
useful domain filtering. The search branches by setting somexij to 0 or 1, which in turn
can be achieved by givingxij a very large or very small cost in the objective function of
the Lagrangean relaxation, thus preserving the problem structure.

15.9 Dynamic Programming

Dynamic programming (DP) exploits recursive or nested structure in a problem. A DP
model provides one more opportunity for an OR-based relaxation of a CP problem, and the
DP model can itself be relaxed to reduce time and space consumption. Since DP models
express the optimal value as a recursively defined function,they can often be coded in a
CP modeling language. DP models are also particularly amendable to filtering discrete
domains, including cost-based filtering.
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15.9.1 Recursive Optimization

Given the problem of minimizingf(x) subject tox ∈ S, a DP model defines a sequence
of state variabless1, . . . , sn. The original variablesx = (x1, . . . , xn) are viewed as a
sequence ofcontrols. Each controlxk brings about a transition from statesk to state
tk(xk, sk). The optimization problem is viewed as finding a minimum-cost sequence of
controls.

The key property of a DP model is that each statesk must contain enough information
to determine the setXk(sk) of feasible controls and the costgk(sk, xk) of applying each
controlxk, without knowing how one got to statesk. Thus if eachxk ∈ Xk(sk) and each
sk+1 = tk(xk, sk), thenx ∈ S andf(x) =

∑n
k=1 gk(sk, xk).

This structure immediately leads to recursive equations, known asBellman’s equations,
that solve the problem. The computation works backward froma final statesn+1:

fk(sk) = min
xk∈Xk(sk)

{gk(sk, xk) + fk+1(t(xk, sk))} , k = n, . . . , 1 (15.32)

wheres1 is the initial state andf1(s1) is the optimal valuemin{f(x) | x ∈ S}. The cost
fk(sk) is interpreted as the minimum cost of going from statesk to a final state. The final
costsfn+1(sn+1) are given asboundary conditions.

A DP algorithm compiles a table of eachfk(sk) for all values ofsk based on the previ-
ously computed table offk+1(sk+1). At each stagek the setX∗

k (sk) of controls that yield
the minimum in (15.32) for eachsk is recorded. Whenf1(s1) is obtained, the algorithm
works forward to obtain an optimal solution(x∗1, . . . , x

∗
n) and optimal sequence of states

s∗1, . . . , s
∗
n by letting eachx∗k be any element ofX∗

k(s
∗
k) and eachs∗k = gk(x

∗
k−1, s

∗
k−1),

wheres∗1 = s1.
For instance, suppose one wishes to find a shortest path from every vertex of a directed

acyclic graph(V,E) to vertexn + 1. If the length of edge(i, j) is cij with cii = 0, the
recursion isfk(i) = minj∈E(i) {cij + fk+1(j)}, whereE(i) = {i} ∪ {j | (i, j) ∈ E}.
The costfk(i) is interpreted as the length of the shortest path from vertexi to vertexn+ 1
havingn− k + 1 or fewer edges. The boundary condition isfn+1(n+ 1) = 0.

The art of dynamic programming lies in identifying state variablessk that do not have
too many possible values. Only certain problems have a recursive structure that can be
exploited in this manner, but many examples of these can be found in [19, 42]

15.9.2 Domain Filtering

An important special case arises when DP is applied to findingfeasible solutions of a
constraintC, since this allows one to achieve hyperarc consistency forC. In this case one
can view the objective functionf(x) as equal to 1 whenx violatesC and0 otherwise.
The boundary conditions are defined by lettingfn+1(sn+1) be 0 for all final statessn+1

that satisfyC and1 for all other states. All other costsgk(sk, xk) = 0. So if fk(sk) = 0,
X∗
k (sk) is the set of all controlsxk that can lead to a feasible solution when they are applied

in statesk. This means
⋃

sk|fk(sk)=0X
∗
k(sk) is the set of values ofxk that can lead to a

feasible solution, and hyperarc consistency is achieved byreducing the domain ofxk to
this set.
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15.9.3 Example: Cost-Based Filtering

Suppose that a cost constraintax ≤ b is given, and one wishes to filter the variable domains
Dxk

. A classical DP recursion for finding all feasible solutionsdefines the state variable
sk to be the sum

∑

j<k ajxj of the firstk − 1 terms on the left-hand side ofax ≤ b. The
recursion is

fk(sk) = min
xk∈Dxk

{fk+1(sk + akxk)}

with the boundary conditionfn+1(sn+1) = 0 for sn+1 ≤ b andfn+1(sn+1) = 1 for
sn+1 > b. Note thatgk(sk, xk) = 0 in this recursion.

If the absolute value of the coefficientsak is bounded, then the number of states (values
of sk for all k) is polynomially bounded and the DP recursion has polynomial complexity.

DP therefore provides a pseudopolynomial algorithm that achieves hyperarc consis-
tency forax ≤ b. For instance, ifax ≤ b is 4x1 +2x2 +3x3 ≤ 12 and eachDxk

= {1, 2},
then possible statessk are illustrated in Fig. 15.4. Every solution(x1, x2, x3) defines a
paths1 → s2 → s3 → s4 through the network. Heavy lines show paths that correspondto
optimal solutions (i.e.,f(x) = 0) and therefore feasible solutions of4x1+2x2+3x3 ≤ 12.
For instance,f3(6) = f3(8) = 0 sinces3 = 4x1 + 2x2 can be either6 or 8 in an optimal
solution, butf3(s3) = 1 for all others3.

One can read the filtered domains from the network. For instance, the filtered domain
of x3 is

⋃

s3|f(s3)=0X
∗
3 (s3) = X∗

3 (6) ∪ X∗
3 (8) = {1, 2} ∪ {1} = {1, 2}. The reduced

domains ofx1 andx2 are{1} and{1, 2}, respectively. This idea is developed further in
[123].

15.9.4 State Space Relaxation

When the state variablessk have too many values,state space relaxationcan reduce the
number of values and make the problem easier to solve. State space relaxation in ef-
fect uses a hash code for the states; it defines a functionφ(sk) that maps many values of
sk to the same state. Every controlxk ∈ Xk(sk) is mapped to a control that takes the
system fromφ(sk) to φ(gk(sk, xk)). The cost function̂gk for the relaxation must satisfy
ĝk(φ(sk), φ(yk)) ≤ gk(sk, xk). The optimal value of the relaxed problem is a lower bound
on the optimal value of the original recursion.

This can be illustrated by relaxing a DP formulation of the traveling salesman problem
on a graph(V,E). The objective is to minimize

∑

i cxixi+1 subject to alldiff(x1, . . . , xn)
and(xi, xi+1) ∈ E. Letx1 be the first customer visited after leaving home basei0, and fix
the last customer visitedxn to be home base. The classical DP formulation defines state
variablesk to be(i, Vk), whereVk is any set ofn − k + 1 vertices andi ∈ Vk. The cost
fk(i, Vk) is interpreted as the cost of the minimum-cost tour that starts ati and covers all
the vertices inVk. If Ei = {j | (i, j) ∈ E}, the recursion is

fk(i, Vk) = min
xk∈(Vk∩Ei)\{i}

{cixk
+ fk+1(xk, Vk \ {i})} (15.33)

with boundary conditionfn(i, {i}) = cii0 for all verticesi with i0 ∈ Ei andfn(i, {i}) =
∞ for all otheri.

The recursion (15.33) is not computationally useful because there are exponentially
many states(i, Vk). However, this DP model can be relaxed, for example by mapping all
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Figure 15.4:Statessk for the constraint4x1 + 2x2 + 3x3 ≤ 12 with xj ∈ {1, 2}. Edges
leaving state 0 correspond tox1 = 1, 2, and similarly for other edges. Costs associ-
ated with the terminal states (k = 4) are 0 for the boldface states and 1 for the others.
Heavy lines correspond to paths that lead to optimal solutions (i.e. solutions feasible for
4x1 + 2x2 + 3x3 ≤ 12).

states(i, Vk) for a givenk to φ(i, Vk) = (i, k). The cost of a transition from(i, k) to
(j, k + 1) is the same as that from any(i, Vk) to any(j, Vk+1), namelycij . The recursion
(15.33) becomes

f̂k(i) = min
xk∈Ei

{

cixk
+ f̂k+1(xk)

}

(15.34)

with the same boundary condition as before. A CP solution of (15.34) and other issues are
discussed in [53].

15.9.5 Nonserial Dynamic Programming

DP is based on the principle that each statesk depends only on the previous statesk−1 and
controlxk−1. In nonserial dynamic programming(NSDP), a state may depend on several
previous states.

NSDP has been known in OR for more than 30 years [18]. Essentially the same idea
has surfaced in a number of contexts, including Bayesian networks [88], belief logics [115,
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117], pseudoboolean optimization [35], location theory [28], k-trees [7, 8], and bucket
elimination [39].

In the simplest form of NSDP, the state variablessk are the original variablesxk. This
is the form most relevant to CP, since it permits solution of aconstraint setC in time that
is directly related to the width of the dependency graphG of C.

The width of a directed graphG is the maximum in-degree of vertices ofG. The
induced widthofG with respect to an ordering of vertices1, . . . , n is the width ofG′ with
respect to this ordering, whereG′ is constructed as follows. Remove verticesn, n−1, . . . , 1
fromG one a time, and when each vertexi is removed, add edges as necessary so that the
vertices adjacent toi at the time of its removal form a clique. ThenG′ consists ofG plus
all edges added in this process.

The dependency graphG for constraint setC contains a vertex for each variablexj of
C and an edge(xi, xj) whenxi andxj occur in a common constraint. LetSk be the set of
vertices in{1, . . . , k − 1} that are adjacent tok in G′, and letxi be the set of variables in
constraintCi ∈ C. Define the cost functionci(xi) to be 1 ifxi violatesCi and 0 otherwise.
Then the NSDP recursion again works backward:

fk(Sk) = min
xk∈Dxk







∑

i∈Ik

ci(x
i) +

∑

j∈Jk

fj(Sj)







, k = 1, . . . , n (15.35)

whereIk is the set of indicesi for whichxi containsxk but none ofxk+1, . . . , xn. Jk is the
set of indicesj ∈ {k+ 1, . . . , . . . , n} for whichSj containsxk but none ofxk+1, . . . , xn.
Note that the computation offk(Sk) may use previously computed costsfi(Si) for several
i ∈ {k + 1, . . . , n}. The process gets started by computingfn(Sn), which requires no
previous results. The optimal value

∑

k|Sk=∅ fk(∅) is 0 if and only ifC has a feasible
solution. A feasible solution is recovered by recording foreachk the setX∗

k(Sk) of values
of xk that achieve the minimum value of zero in (15.35). The fork = 1, . . . n one can
select anyx∗k ∈ X∗

k (S
∗
k), whereS∗

k contains the previously selected values forxj ∈ Sk.
The complexity of the recursion (15.35) is at worst proportional tonDw+1, whereD is

the size of the largest variable domain, andw is the size of the largest setSk. Butw is the
width ofG′ and therefore the induced with ofG with respect to the orderingx1, . . . , xn.
So the complexity of solving a constraint setC by NSDP is at worst exponential in the
induced width ofC ’s dependency graph with respect to the reverse order of recursion.
These ideas are further discussed in [70].

15.10 Branch-and-Price Methods

Branch and priceis a well-known OR technique that is applied to MILP problemswith
a very large number of variables. In fact, the MILP model is sometimes reformulated
so as to have exponentially many variables, since this may simplify the model while yet
allowing solution by branch and price.

The basic idea is to solve the MILP initially with only a few variables, and add variables
to the problem as they are needed to improve on the current solution. A subproblem is
solved to identify promising variables. Since a variable isadded to the problem by adding a
column to the MILP constraint matrix, this approach is oftenknown ascolumn generation.
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Complicating constraints can be dealt with implicitly by restricting what sort of columns
can be generated by the subproblem.

It is in the column generation phase that CP can be useful, since the subproblem may
have complicated constraints that make it more amenable to solution by CP rather than
OR methods. CP-based branch and price has proved successfulin several applications that
involve assignment of resources under complex constraints.

15.10.1 The Algorithm

Branch and price is applied to an MILP problem

min cy

Ay = b, y ≥ 0, yℓ integer forℓ ∈ I (15.36)

whereI ⊂ {1, . . . , n}. The algorithm is a branch-and-bound search that solves theLP
relaxation at each node of the search tree by column generation.

The column generation procedure begins with an LP relaxation that contains a subset
of the variables:

min
∑

ℓ∈L

cℓyℓ

∑

ℓ∈L

Aℓyℓ = b; yℓ ≥ 0, ℓ ∈ L
(15.37)

whereAℓ is columnℓ of A andL ⊂ {1, . . . , n}. If λ∗ = (λ∗1, . . . , λ
∗
m) is the optimal

dual solution of (15.37), then any nonbasic variableyℓ has reduced costcℓ − λ∗Aℓ (see
Section 15.3). A subproblem is solved to find a column(cℓ, Aℓ) with the smallest reduced
cost. Thus the subproblem minimizesz0 −

∑m
i=1 λ

∗
i zi subject to(z0, z1, . . . , zm) ∈ Z,

whereZ is the set of all columns(cℓ, Aℓ). If a column with negative reduced cost is found,
it is added to (15.37). The process is repeated until no column with negative reduce cost
is found in the subproblem, whereupon (15.37) is solved. If all goes well, only a small
fraction of the columns ofA will have been generated.

15.10.2 Example: Generalized Assignment Problem

Most applications of branch and price involve an assignmentproblem with complicating
constraints. One example is the generalized assignment problem, which again is an as-
signment problem (15.7) with the complicating constraint that the jobsj assigned to each
resourcei satisfy

∑

j αijxij ≤ βi.
The problem is reformulated for branch and price by lettingk index all possible assign-

ments of jobs to a given resourcei that satisfy
∑

j αijxij ≤ βi. The 0-1 variableyik = 1
if the kth assignment to resourcei is selected. So ifδijk = 1 when jobj is assigned to
resourcei in assignmentk, an LP relaxation of the problem has the form (15.36) with
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ℓ = (i, k):

min
∑

ik





∑

j

cijδijk



 yik

∑

ik

δijkyik = 1, all j (a)

∑

k

yik = 1, all i (b)

yik ≥ 0, all i, k

(15.38)

If dual variablesλj are associated with constraints (a) andµi with constraints (b), the
reduced cost of a variableyik in (15.38) is

∑

j

cijδijk −
∑

j

λjδijk − µi =
∑

j

(cij − λj)δijk − µi

The subproblem of finding a variableyik with negative reduced cost can be solved by
examining each resourcei separately and solving the 0-1 knapsack problem

min
∑

j

(cij − λj)zj − µi
∑

j

αijzj ≤ βi; zj ∈ {0, 1}, all j

0-1 knapsack problems can be solved by a number of methods [95], including CP [48].

15.10.3 Other Applications

One of the most successful applications of CP-based branch and price is to airline crew
assignment and crew rostering [26, 47, 82, 87, 114]. In [47],for example, a path constraint
is used to obtain a permissible roster with a negative reduced cost. The search tree is
pruned by solving a relaxation of the problem (a single-source shortest path problem) so
as to obtain a lower bound on the reduced cost.

CP-based branch and price has also been applied to transit bus crew scheduling [133],
aircraft scheduling [59], vehicle routing [109], network design [27], employee timetabling
[41], physician scheduling [55], and the traveling tournament problem [43, 44]. Several
implementation issues are discussed in [45, 108].

15.11 Benders Decomposition

Benders decomposition was developed in the context of mathematical programming, but
the root idea has much wider application. It solves a problemby enumerating, in amaster
problem, possible values of a pre-selected subset of variables. Each set of values that might
be assigned to these variables defines thesubproblemof finding the best values for the
remaining variables. Solution of the subproblem generatesa nogood, known as aBenders
cut, that excludes that particular assignment to the master problem variables, and perhaps
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other assignments that can be no better. The master problem is re-solved with the new
Benders cut in order to find a better solution, and the processcontinues until no further
improvement is possible.

Benders decomposition can profitably combine OR and CP, since one approach can
be applied to the master problem and one to the subproblem, depending on which best
suits the problem structure. This sort of combination has yielded substantial speedups in
computation.

15.11.1 Benders Decomposition in the Abstract

In classical Benders decomposition, the subproblem is a linear or nonlinear programming
problem [15, 56], and the Benders cuts are generated using dual or Lagrange multipliers.
However, if one recognizes that LP duality is a special case of a more generalinference
duality, the concept of a Benders cut can be generalized [70, 80]. In fact the basic idea of
Benders decomposition is best seen in this more general setting and then specialized to the
classical case.

Benders decomposition applies to problems of the form

min f(x, y)

(x, y) ∈ S, x ∈ Dx, y ∈ Dy
(15.39)

Each iterationk of the Benders algorithm begins with a fixed valuexk for x and solves a
subproblem for the besty:

min f(xk, y)

(xk, y) ∈ S, y ∈ Dy
(15.40)

Solution of the subproblem yields an optimal solutionyk and an optimal valuevk =
f(xk, yk). The solution process is analyzed to identify a proof thatf(xk, y) ≥ vk; such a
proof can be regarded as solving the inference dual of (15.40). (The inference dual of an
LP problem is the classical LP dual.) Ifxk is changed to some other valuex, this same
proof may still show thatf(x, y) is bounded below by some functionBk(x). This yields
the Benders cutz ≥ Bk(x), whereBk(xk) = vk andz is a variable indicating the optimal
value of the original problem (15.39).

At this point one solves the master problem, which contains the Benders cuts so far
generated.

min z

z ≥ Bi(x), i = 1, . . . k, x ∈ Dx
(15.41)

The solutionxk+1 of (15.41) begins the next iteration. Since the master problem (15.41) is
a relaxation of the original problem and the subproblem (15.40) a restriction if it, the opti-
mal valuezk+1 of the master problem is a lower bound on the optimal value of (15.39), and
the optimal value of any subproblem is an upper bound. The algorithm terminates with an
optimal solution when the two bounds converge; that is, whenzk+1 = mini∈{1,...,k}{vi}.
They converge finitely under fairly weak conditions, for instance if the domainDx is finite,
as it is in examples considered here.
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15.11.2 Classical Benders Decomposition

The historical Benders decomposition applies to problems of the form

min f(x) + cy

g(x) +Ay ≥ b, x ∈ S, y ≥ 0, x ∈ Dx, y ∈ ℜn

The subproblem (15.40) is the LP problem

min f(xk) + cy

Ay ≥ b− g(xk), y ≥ 0, y ∈ ℜn (15.42)

Suppose first that (15.42) has optimal valuevk and an optimal dual solutionλk. By strong
dualityvk − f(xk) = λk(b− g(xk)), which means

Bk(x) = f(x) + λk(b− g(x)) (15.43)

is the tightest lower bound on cost whenx = xk. That is,λk specifies a proof of the
lower boundvk by defining a linear combinationλkAy ≥ λk(b − g(xk)) that dominates
cy ≥ vk − f(xk). But sinceλk remains dual feasible whenxk in (15.42) is replaced by
anyx, (15.43) remains a lower bound on cost for anyx; that is,λk specifies a proof of the
lower boundBk(x). This yields the Benders cut

z ≥ f(x) + λk(b − g(x)) (15.44)

If the dual of (15.42) is unbounded, there is a direction or ray λk along which its solution
value can increase indefinitely. In this case the Benders cut(15.44) simplifies toλk(b − g(x)) ≤ 0.
The Benders cutsz ≥ Bk(x) in the master problem (15.41) therefore take the form (15.44)
when the subproblem dual is bounded in iterationk, and the formλk(b− g(x)) ≤ 0 when
the subproblem dual is unbounded. The master problem can be solved by any desired
method, such as branch and bound if it is an MILP problem.

15.11.3 Example: Planning and Scheduling

A basic planning and scheduling problem illustrates the useof nonclassical Benders to
combine MILP and CP [71]. Eachn jobs must be assigned to one ofm facilities for
processing. Each jobj has processing timepij and usescij units of resource on facility
i. Every job has release time 0 and deadlined. Jobs scheduled on any facilityi may run
simultaneously so long as the total resource consumption atany one time is no greater than
Ci (cumulative scheduling). The objective is to minimize makespan (i.e., finish the last job
as soon as possible).

If job j has start timesj on machineyj, the problem can be written

min z

z ≥ sj + pyjj , 0 ≤ sj ≤ d− pyjj , all j

cumulative
(

si(y), pi(y), ci(y), Ci
)

, all i

wheresi(y) = (sj | yj = i) and similarly forpi(y), ci(y).
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The master problem assigns jobs to facilities and is well suited for MILP solution. The
subproblem schedules jobs assigned to each facility and is suitable for a CP approach.

Given an assignmentyk obtained by solving the master problem, the subproblem sep-
arates into an independent scheduling problem for each facility i:

min zi

zi ≥ si + pij , 0 ≤ sj ≤ d− pij , all j ∈ Jki
cumulative(si(yk), pi(yk), ci(yk), Ci)

whereJki = {j | ykj = i} is the set of jobs assigned to facilityi. Let zik be the optimal
makespan obtained in the subproblemPi for facility i. A Benders cut can be constructed
by reasoning as follows.

First let P̂i be the problem that results when jobs in setR are removed from problem
Pi, and letẑ be the optimal makespan for̂Pi. Then

ẑ ≥ zik −∆ (15.45)

where∆ =
∑

j∈R pij . To see this, construct a solutionS for Pi by scheduling the jobs in

R sequentially after the last job in the optimal solution ofP̂i. The resulting makespan is
ẑ + ∆. If ẑ + ∆ ≤ d, thenS is feasible forPi, so thatzik ≤ ẑ + ∆ and (15.45) follows.
On the other hand, if̂z + ∆ > d, then (15.45) follows becausezik ≤ d.

Since the master problem will be solved by MILP, it is convenient to write the Benders
cuts in terms of 0-1 variablesxij , wherexij = 1 whenyj = i. In subsequent iterations of
the Benders algorithm, the jobs inJki that are removed from facilityi are those for which
xij = 0. So (15.45) yields the following lower bound on the minimum makespanz for
facility i, which is also a lower bound on the minimum makespanz for the problem as a
whole:

z ≥ zik −
∑

j∈Jki

pij(1− xij) (15.46)

Each Benders cutz ≥ Bk(x) in the master problem is therefore actually a set of inequali-
ties (15.46), one for each facilityi. The master problem becomes

min z
∑

i

xij = 1, all j (a)

z ≥ ziℓ −
∑

j∈Jiℓ

pij(1 − xij), all i, ℓ = 1, . . . , k (b)

z ≥ 1

Ci

n
∑

j=1

cijpijxij , all i (c)

(15.47)

The expression (c) is a simple relaxation of the subproblem,which can be important to
obtain good computational performance.

The Benders cuts (b) in (15.47) use only the solution of the subproblem and no infor-
mation regarding the solution process. If additional information is available from the CP
solver, one can trace which jobs play no role in proving optimality. These jobs can be
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removed from the setsJiℓ in the Benders cuts as described in [74], resulting in stronger
cuts. The solution of the master problem can be accelerated by updating the solution of the
previous master, as proposed in [70] and implemented in [120].

15.11.4 Other Applications

Classical Benders can be applied in a CP context when the subproblem is an LP problem,
leaving CP to solve the master problem. This approach was used in [46] to solve minimal
perturbation scheduling problems in which the sequencing is decided in the master problem
and the assignment of start times in the subproblem. A similar approach was applied to
scheduling the workforce in a telephone call center [16].

Most applications, however, have used nonclassical Benders methods in which CP or
logic-based techniques solve the subproblem. CP is a natural approach to solving the
inference dual of the subproblem, since inference techniques play a major role in CP
solvers. Explanations [25, 83, 84, 118] for CP solutions areparticularly relevant, since
an explanation is in effect a proof of correctness or optimality and therefore solves the
inference dual.

Nonclassical Benders was first used to solve circuit verification problems [80], and un-
derlying theory was developed in [70, 78]. Application to CP-based planning and schedul-
ing was proposed in [70] and has been implemented for min-cost planning and disjunctive
scheduling [81] (later extended to multistage problems [63]), and planning and cumula-
tive scheduling to minimize cost and makespan [71, 30] as well as tardiness [72]. Simi-
lar methods were applied to dispatching of automated guidedvehicles [34], steel produc-
tion scheduling [62], batch scheduling in a chemical plant [92] and polypropylene batch
scheduling in particular [122]. CP was used to solve the master problem in a nonclas-
sical Benders approach to real-time scheduling of computerprocessors [24]. In [131] a
traffic diversion problem is solved with a Benders method that has an LP subproblem but
generates specialized cuts that are not based on dual variables.

Nonclassical Benders methods for integer programming are studied in [29, 78] and for
the propositional satisfiability problem in [70, 78].

15.12 Toward Integration of CP and OR

Importing OR into CP is part of a trend that has been taking shape over the last decade: the
integration of OR and CP, or at least portions of them, into a unified approach to problem
solving. Several paradigms for integration have emerged.

One general scheme isdouble modeling: some (or all) constraints are formulated in a
CP model, some in an MILP model, and some in both. The two models then exchange
information during the solution process (e.g., [64, 107, 126]). The relaxation and decom-
position strategies discussed here may be seen as special cases in which one of the two
models is subservient to the other (see also [37]).

Double modeling, however, is perhaps more a matter of cooperation than unification.
Schemes that move closer to full integration point to underlying commonality between
CP and OR. Types of commonality include: the role of logical inference in CP and OR
[68, 70]; the parallel between CP’s filtering algorithms anddomain store on the one hand,
and MILP’s cutting planes and linear constraint store on theone hand [20, 21, 69]; for-
mulability in a single modeling framework based on conditional constraints [76, 77, 116];
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analogous roles of duality [79]; and a common search-infer-and-relax algorithmic structure
[9, 73]. The ultimate goal is to view OR and CP as special casesof a single methodology.

The evolution of ideas in this area, as well as growing interest in integrated methods,
can be traced in the development of such hybrid solvers as ECLiPSe, OPL Studio, Mosel,
SCIP, and SIMPL. ECLiPSe [107] is a Prolog-based constraint logic programming system
that provides an interface with linear and MILP solvers. TheCP solver in ECLiPSe com-
municates tightened bounds to the MILP solver, while the MILP solver detects infeasibility
and provides a bound on the objective function that is used bythe CP solver. The optimal
solution of the linear constraints in the problem can be usedas a search heuristic. Recent
developments are described in [3].

OPL Studio [65] provides an integrated modeling language that expresses both MILP
and CP constraints. It sends the problem to a CP or MILP solverdepending on the nature
of constraints. A script language allows one to implement cooperation between the CP and
MILP solvers.

Mosel [32, 33] is “both a modeling and programming language”that interfaces with
various solvers, including MILP and CP solvers. SCIP [1] is aprogramming language that
gives the user “total control” of a solution process that caninvolve both CP and MILP
solvers. SIMPL [9] uses a high-level modeling language in which the choice of constraints
and their parameters determine how techniques interact at the micro level.

There will perhaps always be a role for specialized solvers.However, one can also
foresee a future in which today’s general-purpose CP-basedand OR-based solvers evolve
into integrated systems in which there is no longer a clear distinction, nor any need to make
a distinction, between CP and OR components.
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Chapter 16

Continuous and Interval Constraints

Fr édéric Benhamou and Laurent Granvilliers

Continuous Constraint Solving

Continuous constraint solving has been widely studied in several fields of applied mathe-
matics and computer science. In computer algebra [13, 16, 24, 25], continuous constraints
are viewed as formulas from first-order logic interpreted over the real numbers. The sym-
bolic algorithms transform the constraint systems within the same equivalence class in the
interpretation domain according to some simplification ordering. These techniques, for
instance Gröbner bases and quantifier elimination, are mainly devoted to polynomial con-
straints and require a preprocessing of the non-polynomialfunctions. Exact computations
are guaranteed, provided that rational numbers in infinite precision or algebraic numbers
are used. These algorithms generally run in exponential time and space and reaching good
practical complexities is a main challenge.

In numerical analysis [119], continuous constraints are viewed as equations or inequal-
ities between real functions. The numerical methods mainlyimplement fixed-point opera-
tors processing (linear) relaxations of the nonlinear systems. The computations are approx-
imate whenever floating-point numbers are used. In this area, the quality of the algorithms
is determined by the convergence rate, the tightness of the relaxations, and the method for
controlling rounding errors. Interval analysis [98] is a set extension of numerical analysis
such that the floating-point numbers are replaced with the intervals. The interval approx-
imations are defined so as to enclose the computed real quantities and the algorithms are
said to becomplete.

In constraint programming, continuous constraints are viewed as relations. The com-
plete solving of nonlinear systems is implemented by exhaustive search techniques that
compute solution space coverings by means of multi-dimensional boxes. The search is
commonly accelerated through propagation-based algorithms. In this framework, the con-
straint projections can be computed by constraint inversion and interval evaluation steps.
We often employ the terminterval constraintsto emphasize that continuous constraints
are solved by means of interval-based techniques. One of themain advantages of this
approach is that it does not require specific properties of the systems. Moreover, the prop-
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agation framework is general enough to allow the use of more specific techniques like
numerical or symbolic algorithms [2].

Continuous and interval constraints are generally contrasted with non negative integer
or more generally discrete constraints. These last constraints, sometimes also called finite
domain constraints, are generally studied in the Constraint Satisfaction Problems (CSP)
framework and are basic components of most current constraint-based languages, includ-
ing CHIP [36], Eclipse [128], GNU Prolog [35], ILOG Solver [107] and Choco [85]. In
reality, continuous and discrete constraints are two areasof constraint programming that
have much in common. One of the main purposes of this paper, besides the introduction of
interval constraints, is to discuss their similarities, their differences and their complemen-
tarities.

Introduced in the mid eighties by Cleary [21], interval constraints have been developed
with several objectives in mind:

• Extend the CLP and CSP technologies to continuous, non linear constraints;

• Design efficient and sound propagation-based methods over the reals;

• Study, compare and combine these methods with numerical analysis approaches;

• Provide a theoretical and algorithmic propagation-based framework to mix discrete
and continuous constraints.

Nearly two decades later, most of these objectives were met,at least in part, considering
that this technology is now routinely used in a number of nonlinear global optimization
software packages and has made its way into several application areas including robotics
and design.

A Brief History

Back in the mid eighties, the constraint programming community originated from the meet-
ing of researchers in declarative programming paradigms such as (Constraint) Logic Pro-
gramming [70, 71] and researchers in Artificial Intelligence, mostly coming from the CSP
world. Although working on computation domains presentingopposite finiteness proper-
ties (Herbrand terms vs finite domains) both communities shared a view of the universe
that was relational, symbolic and ruled by fixed point operators.

Prolog II, designed by Colmerauer [27], is generally considered as the first CLP lan-
guage. The constraints of Prolog II are equations and disequalities over terms. The next
generation of CLP languages, Prolog III [26], CHIP [36] and CLP(ℜ) [72], went a step fur-
ther by introducing constraints over new computation domains including rational and real
numbers, integers, Boolean and lists. It is in fact remarkable that in these three languages,
one of the common computational domains is the set of rational or real numbers. More-
over the numerical constraints are made of linear constraints, with a delay mechanism to
process nonlinear constraints. In other words, the first constraint logic programming lan-
guages introduced, among other things, continuous constraints as first class citizens.

At this point, the designers of CHIP showed that the finite domain technology they
had developed (roughly arc consistency embedded in a Prolog-like language, see [123])
was particularly efficient on a number of difficult combinatorial problems. This basically
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paved the way to the most successful research area in constraint programming of the last
two decades1.

Meanwhile, on the continuous front, Cleary [21] independently combined results from
interval analysis [98] to address the non-relational processing of numerical equations in
standard Prolog. He then modified the Prolog engine to introduce a relational form of in-
terval arithmetic. This work was rapidly followed by the implementation of BNR Prolog
by Older and Vellino [105] and its sequel CLP(BNR) where mixed continuous/discrete and
reified constraints were introduced [6]. In parallel, several works by different researchers
among whose Hyvönen [68], Lhomme [88] and Faltings [37] explored the extension of
Constraint Satisfaction Problems to continuous domains. Another branch of similar re-
search emerged in Russia (see for example [122]), followingthe pioneering work on sub-
definite models developed by Narin’yani [100].

The second milestone in the interval constraint research iscentered on the design and
development of Numerica by Van Hentenryck et al. [125]. The language combined a mod-
eling language adapted to nonlinear constraints and various algorithmic improvements that
led to a number of massive speedups. The central algorithm ofNumerica [8, 124] was later
improved in [9] and most of the current interval constraint solvers implement some variants
of this algorithm. It was shown in [124] that these techniques were particularly effective
to solve problems where local methods are either inefficientor not adapted (e.g. involv-
ing singularities, multiple solutions or inconsistencies). One spectacular result concerns a
benchmark called “the transistor problem” and is describedin [108].

Finally, more recent advances in interval and continuous constraints include inner ap-
proximations and quantified continuous constraints [22], and new application domains like
control theory and robotics [79], computer graphics and graphical interfaces [10, 66], and
engineering design [117].

Chapter Structure

The purpose of Section 16.1 is to present the basic ideas of the continuous constraint pro-
gramming approach and to discuss the shift from discrete to continuous constraints. The
general solving framework is introduced in Section 16.2 andspecific cases like quantified
constraint solving and global optimization are motivated.Interval consistency techniques
for continuous constraints are described in Section 16.3. Interval methods from interval
analysis are presented in Section 16.4. In Section 16.5, we discuss the possible hybridiza-
tions of symbolic and numerical techniques within the constraint programming approach.
Section 16.6 is focused on quantified constraint solving. Inparticular, we show that con-
sistency techniques can be used to process first order constraints and not only existentially
quantified conjunctive constraints. A few software packages and applications are described
in Section 16.7 and we finally conclude in Section 16.8.

1It is remarkable that, in the expression “constraint programming”, the meaning of the term “programming”
has very consistently evolved with the research area, starting from a “programming language” flavor to reach a
semantics closer to what we have in “mathematical programming”.



572 16. Continuous and Interval Constraints

16.1 From Discrete to Continuous Constraints

In this section, we introduce interval constraint techniques, dedicated to continuous con-
straints solving and based on interval consistency techniques [21, 32, 105]. Our goal here
is to present the main intuitions by way of examples. Let us consider nonlinear equations
of the formf(x1, . . . , xn) = 0,wheref is a real function. We also assume that the domain
of every variablexk is a closed interval of real numbersIk. As a consequence, the search
space, that is the set of potential solutions, is a Cartesianproduct of intervals called an
interval box (or simply a box). Ifx = (x1, . . . , xn), we denote asIx the boxI1×· · ·× In.

As is the case with discrete CSPs, the main goal of (interval)consistency techniques
is to eliminate values of variables that do not belong to constraint solutions. For example,
a relational definition of (generalized)arc consistencycan be stated as follows [90, 129].
Givenk ∈ {1, . . . , n}, the set of real numbers

{ak ∈ Ik : ∃a1 ∈ I1, . . . ,∃ak−1 ∈ Ik−1,

∃ak+1 ∈ Ik+1, . . . ,∃an ∈ In f(a1, . . . , an) = 0} (16.1)

defines the values ofIk that are consistent with the constraint, that is an arc consistent do-
main forxk which corresponds to the projection of the constraint overxk. In a continuous
context, due to the finiteness of machine arithmetic, this set is in general uncomputable. As
a consequence, arc consistency must be weakened over the real numbers. The basic idea of
interval consistencies is to define a superset of the set (16.1) using interval numbers [98].
These techniques are said to be complete since no constraintsolution is lost. The following
example shows various instantiations of (16.1):

Example 16.1. Let y − x2 = 0 be a constraint and lety ∈ [1, 2]. Each of the following
pair represents an initial domain ofx and the corresponding arc consistent set forx:

([0, 1], {1}) ([−1, 1], {−1, 1}) ([0, 2], [1,
√

2]) ([−1, 2], {−1} ∪ [1,
√

2])

We notice that the set (16.1) cannot always be represented using machine arithmetic since√
2 is not a machine number. Moreover, the set can be connected ordisconnected. To

handle these problems, several approximation notions are defined, based on floating point
intervals. The issue is then to devise efficient computational methods. �

Hull consistency is a complete approximation of arc consistency obtained by replacing
the set defined in equation (16.1) with the smallest enclosing interval, which is called
the interval hull. The domain reduction rules combine interval arithmetic and constraint
inversion steps, as illustrated by the following example:

Example 16.2. Let y − x2 = 0 be a constraint, and letx ∈ [0, 2] andy ∈ [−1, 2]. Given
the smallest machine numbera >

√
2, the reduction rules are defined as follows:

{

Iy := [0, 2] = Iy ∩ I2
x

Ix := [0, a] = Ix ∩
√

Iy

The key point is to express every variable as a function of theother variables. This is im-
mediate fory while it needs an inversion of the square operation forx. Interval arithmetic
is used for the evaluation step, which allows one to control rounding operations in order to
compute a superset of the set defined by equation (16.1). �
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The solving method is a search algorithm that maintains local consistency at each node
of the search tree. The local consistency of a set of constraints is computed by constraint
propagation using the reduction rules. This process is convergent and computes a set of lo-
cally consistent domains in finite time, since the set of intervals is finite and the reductions
rules are contracting and monotonic [2].

Example 16.3. Let c1 : y − x2 = 0 andc2 : y − x − 1 = 0 be two constraints, and
let (x, y) ∈ [−4, 4]2. The following sequence describes a propagation process such that a
constraint is used to reduce one variable domain at every step:

(c1, y ∈ [0, 4]), (c1, x ∈ [−2, 2]), (c2, y ∈ [0, 3]),
(c2, x ∈ [−1, 2]), (c1, x ∈ [−1, 1.73 . . . ]), . . .

The final hull consistent set is the product[−1, 1.61 . . . ]× [0, 2.61 . . . ]. �

In the spirit of numerical computations, the approximate solutions have to be known
in general at a given precisionε > 0. The precision of an interval[a, b] can be defined by
the real number(b − a). In this framework, the search tree must be made of inconsistent
terminal nodes, consistent terminal nodes such that the precision of every interval is smaller
thanε, and non-terminal nodes, which are processed by splitting.Bisecting the largest
domain is a good heuristic on average.

Example 16.4. Let {y − x2 = 0, y − x − 1 = 0} be a set of constraints, and let(x, y) ∈
[−4, 4]2. This problem has two solutions. Given a precision of10−8, two approximate
solutions can be computed:

[−0.61 . . . ,−0.61 . . . ]×[0.38 . . . , 0.38 . . . ] and [1.61 . . . , 1.61 . . . ]×[2.61 . . . , 2.61 . . . ]

Each approximate solution encloses one solution. This is a good case since interval com-
putations are complete but not necessarily sound. Soundness can be obtained in particular
cases by means of theorems from real analysis, e.g., Brouwer’s [15] and Miranda’s [94].
Let us remark that the hull of the solution set is much tighterthan the hull consistent do-
main of Example 16.3, which comes from the weakness of local consistency. �

To conclude, the shift from discrete to continuous domains requires an approximation
domain, new reduction rules and splitting heuristics. Interval arithmetic provides good
properties, since every computation is convergent and complete. In the following, we
will describe advanced interval-based techniques such as the combination of consistency
techniques and numerical operators from interval analysis.

16.2 The Branch-and-Reduce Framework

The problem of solving constraint-based mathematical models over the real numbers is
uncomputable in general [111]. It is only possible to calculate approximations to the so-
lutions by using machine arithmetic. Along these lines, themain goal of interval-based
techniques is to solve combinatorial problems defined as relaxations of the exact continu-
ous problems [98]. More precisely, we address the problem ofcovering solution sets with
finite sets of interval boxes of reasonable precision. This problem is NP-hard in the general
case. Our goal is to design solving techniques whose practical time complexity is better
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Table 16.1: The general branch-and-reduce algorithm for solving constraint problems.

BranchAndReduce(C : constraint model , I : interval box , . . . )
begin

L := {I} % set of interval boxes
repeat

J := Choose(L) % choice of a current box
K := Reduce(C, J) % reduction of the current box
L := Branch(L, K) % branching operation on the covering
L := Revise(L) % simplification of the current covering

until L is terminal
return L % covering of the solutions ofC within I

end

than the exponential worst case. Another important issue related to numerical computa-
tions is to prove the existence of solutions within an interval box in order to provide safe
results.

The problem of covering the solution set of a constraint-based model within an interval
box can be handled by branch-and-reduce algorithms [1, 61, 98, 101, 125]. The main prin-
ciple of these algorithms is to recursively refine the initial interval box, which is trivially a
covering. At least two solving procedures must be implemented. Abranchingprocedure
splits an interval box from the covering in such a way that theresult is a covering of the
box (a partition in the best case). Areductionprocedure narrows down an interval box
in such a way that no solution belongs to the eliminated sub-boxes. Furthermore, for an
optimization problem, aboundingprocedure computes lower and upper bounds of the ob-
jective function within feasible boxes. This leads to the elimination of interval boxes for
which the evaluation of the objective is out of the bounds. A general branch-and-reduce
scheme is presented in Table 16.1, where the revise functionmay implement a bounding
procedure or more generally a simplification algorithm. Thealgorithm stops when the cur-
rent covering is declared to be final according to some criteria such as precision, cardinality
of the covering, and computation time. This scheme can be specialized to process different
problems:

• Solving a constraint system with isolated solutions can be based on interval numer-
ical operators or constraint propagation techniques (see Sections 16.4 and 16.3). In
general, the algorithm stops when the size of every domain from the covering is
smaller than a given threshold. A simple branching heuristics is the bisection of the
largest domain.

• Solving a constraint system having a continuum of solutions, for example a set of
inequality constraints, is more complex since it requires managinginner boxes in-
cluded in the continuum. Inner boxes can be computed using interval-based op-
erators applied on the negations of the constraints [4]. An efficient representation
inspired from computational geometry has been introduced in [127]. When comput-
ing inner approximations, a main issue is to avoid separating continuums in order to
minimize the covering size. To this end, specific branching operators can be imple-
mented.
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• Solving a quantified formula requires the propagation of interval boxes through con-
nectives and quantifiers [109]. For instance, a conjunctionof constraints leads to
domain intersection; a disjunction leads to domain union; the existential quantifier
amounts to computing a projection. The main problem is to design numerical oper-
ators that are able to eliminate the quantifiers. For instance, it can be very difficult
to compute inner boxes with respect to existentially quantified equations. These
questions will be discussed in Section 16.6.

• Globally solving a constrained optimization problem requires maintaining reliable
bounds on the objective function over the feasible solutionspace [61]. These bounds
are typically obtained by processing linear relaxations [121]. Furthermore, new
bounds can be reliably obtained only over regions that must contain at least one
solution. To this end, existence proof algorithms based on theorems from fixed-
point theory have been proposed [15, 82], see Section 16.4.3. Finally, the ordering
of boxes to be processed and the branching method are two important components
of the algorithm since the goal is to quickly find boxes that give good values of the
objective in order to prune the rest of the search space [30].

16.3 Consistency Techniques

The approximation of consistency properties over the real numbers introduces several diffi-
cult problems such as the computation over sets of values, the control of numerical errors,
the inversion of nonlinear functions, and the accelerationof slow convergence. Several
techniques based on interval arithmetic [1, 98] have been proposed to handle these prob-
lems. Interval arithmetic is an efficient and reliable implementation of set computations
that allows the propagation of interval domains through nonlinear constraints. These tech-
niques have been pioneered in [21, 32, 68, 105].

In this section, we consider nonlinear constraints from a real-based structure such as
equations and inequality constraints involving arithmetic operations and elementary func-
tions over the real numbers. In this framework, integer values can be processed as specific
real values.

16.3.1 Interval Arithmetic

Interval arithmetic is the arithmetic of interval numbers.Every interval [a, b] is defined as
a set of real numbers{a 6 x 6 b}. The set of intervalsI is a lattice for set inclusion.
Furthermore, interval arithmetic is defined as a set extension of real arithmetic. Given a
real operation◦ ∈ {+,−,×}, the corresponding interval operation is defined by

(I, J) 7→ �{x ◦ y : x ∈ I, y ∈ J}

where the symbol� stands for the hull of a set of real numbers. These operationsare
implemented by computations over the interval bounds, as follows:

[a, b] + [c, d] = [a+ b, c+ d]
[a, b] − [c, d] = [a− d, b− c]
[a, b] × [c, d] = [min(ac, ad, bc, bd),max(ac, ad, bc, bd)]
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Elementary functions are defined in the same way.
Interval arithmetic can be used to compute the range of a realfunction over a domain.

The so-called interval evaluation algorithm is the standard term evaluation procedure us-
ing interval arithmetic, where every variable is replaced with its domain. The result is a
superset of the range of the function, which is equal to the exact set if every variable in
the function expression occurs only once [98]. This processis the base case of a general
approach to approximating a real function by an interval function:

Definition 16.5. An interval functionF : I
n → I is an interval extension of a function

f : Rn → R if for everyI ∈ I
n the inclusion{f(x) : x ∈ I} ⊆ F (I) holds.

There exist many kinds of interval extensions based on symbolic transformations or
numerical relaxations such as Bernstein forms, Horner forms or Taylor expansions [17, 18,
65, 110].

In practice, the interval bounds are represented by machinenumbers such as floating-
point numbers [69, 99]. Since the interval domain is finite itfollows that an interval cannot
be indefinitely reduced. The bounds must be rounded: every lower bound is downward
rounded, and every upper bound is upward rounded. By so doing, every computed interval
is larger than the exact set, which is the price to pay for completeness.

16.3.2 Computing Projections from Tree Representations

Hull consistency is a direct approximation of arc consistency. More precisely, if the hull of
the set defined by equation (16.1) is equal toIk, then the domain ofxk is hull consistent;
otherwise, the domain can be reduced. The goal is to compute the largest hull consistent
domain included inIk. However, this set is uncomputable in general due to the accumula-
tion of rounding errors in interval computations. It can also be difficult to isolate variables
in complex constraints. As a consequence, hull consistencyis generally computed over a
decomposition of the constraints.

The decomposition is a symbolic procedure that transforms every constraint into a set
of constraints having at most one operation symbol. Given a constraintc, the decomposi-
tionC is obtained fromc by introducing a set of new variablesV such that the equivalence
c ⇐⇒ ∃V C holds.

Example 16.6. Let xy − z2 = 1 be a constraint. The main idea is to introduce a new
variable for every operation symbol:

{v1 = xy, v2 = z2, v3 = v1 − v2, v3 = 1}

The projection of this set over the variablesx, y, z is trivially equivalent to the initial con-
straint. �

Consistency over the decomposed set of constraints is obtained by constraint prop-
agation. Every constraint is processed by a projection operator until no domain can be
modified, as shown in Section 16.1. This strategy is optimal if the constraint network is a
tree, which happens when every variable occurs only in one constraint [34, 40, 97]. This
situation seldom arises in practice for the whole network. However, the set of constraints
computed after the decomposition of one constraint is a treeif no variable occurs twice.
This remark has led to a specialized algorithm to compute hull consistency [9, 49, 52]. The
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main idea is to propagate the variable domains from the leaves to the root, and from the
root to the leaves in the tree-representation of the constraint. The bottom-up phase is an
evaluation of the terms using interval arithmetic. The top-down phase is a projection of the
constraint over every term.

Example 16.7. Let xy − z2 = 1 be a constraint and let{v1 = xy, v2 = z2, v3 =
v1 − v2, v3 = 1} be its decomposition. Letx ∈ [−1, 1], y ∈ [0, 2] andx ∈ [−4, 4]. The
bottom-up phase is just an evaluation of the new variables:

v1 = xy Iv1 := Ix × Iy := [−2, 2]
v2 = z2 Iv2 := I2

z := [0, 16]
v3 = v1 − v2 Iv3 := Iv1 − Iv2 := [−18, 2]

The top-down phase is a projection of the constraint onto every variable:

v3 = 1 Iv3 := Iv3 ∩ [1, 1] := [1, 1]
v1 = v2 + v3 Iv1 := Iv1 ∩ (Iv2 + Iv3) := [1, 2]
v2 = v1 − v3 Iv2 := Iv2 ∩ (Iv1 − Iv3) := [0, 1]

z =
√
v2 Iz := Iz ∩

√

Iv2 := [−1, 1]
x = v1/y Ix := Ix ∩ (Iv1/Iy) := [0.5, 1]
y = v1/x Iy := Iy ∩ (Iv1/Ix) := [1, 2]

It is clear that the new variables are used for intermediary computations in order to ex-
change information between the user variables. In practice, their introduction is then un-
necessary.

=

1 [1, 1]−[1, 1] [−18, 2]

sqr[0, 1] [0, 16]×[1, 2] [−2, 2]

x[0.5, 1] [−1, 1] y[1, 2] [0, 2] z[−1, 1] [−4, 4]

This computation is depicted in the previous figure where each node is labelled by the inter-
val evaluation of the corresponding term (right-hand interval) and the constraint projection
onto the term (left-hand interval). �

This strategy can be seen as a single operator for processinga complex constraint,
which has been calledHC4revise. It has been shown in [49] that this operator is idempo-
tent only if the approximation domain is the set of unions of intervals. The use of unions
of intervals has been discussed in [3, 9], but its practical efficiency is still doubtful. This
operator can also be used in the general case, when some variables have many occurrences,
with no guarantee of optimality. To improve accuracy in the general case, three issues have
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to be tackled: multiple occurrences of variables, localityof reasoning and propagation
strategies.

Example 16.8. Set computations may be imprecise when the variables have many occur-
rences in one constraint. Letx+ x = 0 be a constraint and letx ∈ [−1, 1]. The reduction
rule isIx := Ix ∩ (−Ix), which is useless. However, the constraint is equivalent tox = 0.
In this case, the occurrences ofx are handled as different variables, and no elimination of
values happens as in the real domain. This problem will be addressed in Section 16.3.3.�

Example 16.9. Local consistency reasoning may be weak when the variables occur in
many constraints. Letx+y = 0 andx−y = 0 be two constraints and let(x, y) ∈ [−1, 1]2.
These domains are hull consistent with respect to both constraints. However, the constraint
system is equivalent tox = y = 0. In this case, the constraints are handled independently,
and no reduction is performed with respect to the conjunction of constraints. This problem
will be addressed in Section 16.3.4. �

16.3.3 Box Consistency

Box consistency is a relaxation of hull consistency [8]. Theprinciple is to replace the
constraint satisfaction test over the real domain with a refutation procedure over the interval
domain. More precisely, let us examine the definition of arc consistency. A valueak ∈ Ik
is inconsistent, and so does not belong to the set (16.1), if we have

∀a1 ∈ I1, . . . ,∀ak−1 ∈ Ik−1, ∀ak+1 ∈ Ik+1, . . . ,∀an ∈ In f(a1, . . . , an) 6= 0.

An equivalent statement is that the range off over the domainI1 × · · · × Ik−1 × {ak} ×
Ik+1 × · · · × In is nonzero. The key idea is to compute a superset of this rangeusing any
interval extensionF of f . Once computed, a value can be eliminated if any superset of the
range is nonzero. The definition of box consistency then follows. If we have

Ik = �{ak ∈ Ik : 0 ∈ F (I1, . . . , Ik−1,�{ak}, Ik+1, . . . , In−1)} (16.2)

then the domain ofxk is box consistent. Otherwise, the goal is to find the extreme values
in Ik that are consistent. The standard implementation uses a bisection search procedure,
which exploits the monotonicity property of interval evaluation.

Example 16.10.Let y − x2 = 0 be a constraint and let(x, y) ∈ [0, 1] × [0, 4]. The left
bound ofIy is box consistent since0 belongs to the interval0 − I2

x = [−1, 0]. On the
contrary, the right bound is inconsistent. Then the domain of y can be divided to find the
rightmost consistent value, as follows:

[2, 4] − I2
x = [1, 4] → [2, 4] eliminated

[0, 2] − I2
x = [−1, 2]

[1, 2] − I2
x = [0, 2]

[1.5, 2] − I2
x = [0.5, 2] → [1.5, 2] eliminated

. . . . . . . . .

The final computed domain is the intervalIy = [0, 1]. However, it is clear that the search
converges slowly. The univariate interval Newton method described in Section 16.4 can be
used to accelerate the convergence [8]. �



F. Benhamou, L. Granvilliers 579

The main capability of box consistency is the ability to handle the elimination problem
of set computations. In fact, computing hull consistency isequivalent and cheaper when
the considered variable occurs only once in the constraint [23, 9].

Example 16.11.Once again, let us consider the constraintx+ x = 0 and letx ∈ [−1, 1].
The refutation procedure fails for the whole domain since0 belongs to the interval[−1, 1]+
[−1, 1] = [−2, 2]. However, it succeeds for every sub-domain that does not contain0. In
this case, the domain can be reduced to0. �

16.3.4 Strong Consistencies

Strong consistency techniques are designed to compute the projections of sets of con-
straints over the variables [39, 96]. The goal is to combine the constraints in order to
improve the precision of domain reductions. These techniques can be organized in a hierar-
chy, from local consistencies such as hull consistency and box consistency to the strongest
global consistency, which corresponds to the projection ofthe whole set of constraints.

The principle of 3B consistency [88] is to eliminate a variable value if the set of con-
straints is not locally consistent when the variable takes this value. More precisely, a
constraint systemS is 3B consistent if for every variablex, for every boundx = a, the
systemS ∪ {x = a} is locally consistent.

Example 16.12.Letx+ y = 0 andx− y = 0 be two constraints and let(x, y) ∈ [−1, 1]2.
This domain is hull consistent. However, it is not 3B consistent. For instance, forx = −1,
the constraints implies thaty = 1 andy = −1, which may be detected by constraint
propagation. �

The reduction of a variable domain can be implemented by a search procedure similar
to the box consistency algorithm. However, the sub-domainsare eliminated by a constraint
propagation approach using a local consistency technique on the whole constraint system.
This approach has been experimented with using hull consistency and box consistency [88,
108]. But the practical time complexity may be prohibitive with respect to some local
consistency alone if all the variables are processed.

Example 16.13.Letx+ y = 0 andx− y = 0 be two constraints and let(x, y) ∈ [−1, 1]2.
In this case, the propagation algorithm using hull consistency is able to eliminate any sub-
domain ofx or y if it does not contain0. For instance, if we havex ∈ [0.5, 1] then the
propagation ony gives

Iy := Iy ∩ Ix ∩ −Ix = ∅.

As a consequence, the sub-domain[0.5, 1] of x can be removed. The search procedure
converges towards a small domain enclosing the solutionx = y = 0. �

The notion ofkB consistency is a generalization of 3B consistency [88] defined by
induction as follows. A constraint systemS is kB consistent (fork ≥ 3) if for every vari-
ablex, for every boundx = a, the systemS ∪ {x = a} is (k − 1)B consistent. There
were several other attempts at enforcing strong consistency algorithms over nonlinear con-
straints [37, 67, 68]. A nice implementation of global (hull) consistency has been realized
by combining local consistency, complete search, and localsearch [29]. In [38], local ex-
trema of ternary constraints as well as intersection pointsbetween constraints are computed
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using gradient-based numerical methods applied on the constraint curves. In [117], every
ternary constraint is represented by a set of consistent regions of the 3D space. That allows
the combination of constraints using Boolean operations, and then to implement strong
consistency algorithms. This approach has been used to solve engineering problems, but it
must be limited to weak precisions.

16.3.5 Acceleration Techniques

Constraint propagation is an iterative algorithm that applies local consistency operators
until equilibrium. It is known that the final domain does not depend on the order of appli-
cation of the operators [2]. However, the convergence speedis determined by the strategy
as well as the kind of operators associated with the constraints [54].

The creation of the set of operators from the set of constraints may depend on several
parameters such as the form of constraints, the form of the constraint network, the size of
domains, etc. For instance, the combination of hull consistency and box consistency in the
BC4 algorithm is based on a theorem that states that these techniques are equivalent if the
variables have at most one occurrence per constraint [9]. Since computing hull consistency
is cheaper than computing box consistency, the strategy is as follows: for every constraint
c, the HC4revise operator is created if there exists a variable occurring once inc; the box
consistency operator is used for every variable occurring at least twice inc. Doing so, we
have a family of algorithms adapted to the form of constraints.

Example 16.14.Given(x, y) ∈ [−10, 10], let us consider the constraintc : x2 + y2 = 1
and two equivalent formsc1 : xx+y2 = 1 andc2 : xx+yy = 1. The following table show
the results of the constraint propagation algorithm when the different operators are used.
In each case, we give the reduced domain and the number of computed interval operations.

Hull consistency Box consistency BC4
c [−1, 1]2 15 [−1, 1]2 1178 [−1, 1]2 15

c1 [−10, 10]2 16 [−1, 1]× [−
√

2,
√

2] 1238 [−1, 1]× [−
√

2,
√

2] 625
c2 [−10, 10]2 17 [−10, 10]2 40 [−10, 10]2 40

The domains are the same for constraintc since the variables occur once inc but the hull
consistency technique is much faster. The box consistency technique is more powerful for
c1 because the many occurrences ofy are efficiently handled. In this case, the combination
is as powerful but cheaper since hull consistency is used forx. Finally, there is no reduction
for c2 since no operator is able to handle two variables having multiple occurrences. �

It has been observed that local computations can be weakenedduring constraint propa-
gation while maintaining the global convergence [88]. The goal is to prevent slow conver-
gence arising with respect to one constraint and to alternate more often the reductions for
different constraints. This strategy has been used to accelerate box consistency [56]. The
dichotomous search algorithm has been modified in order to stop when intervals of size
w > 0 at domain bounds cannot be eliminated. Moreover, a globallyconverging strategy
is used to decrease the value ofw until w = 0.

Example 16.15.The system(x− 2)x(x+ 1) = (x− 1)x(x+ 2) = 0 with x ∈ [−10, 10]
can be solved by box consistency alone. The computed domainsare[−1, 2] with the first



F. Benhamou, L. Granvilliers 581

constraint,[0, 1] with the second constraint, and then[0, 0] using the first constraint. Ev-
ery local zero in{−1, 1, 2} is computed at the highest precision, which is useless. The
accelerated strategy is one order of magnitude faster. �

The elimination of cycles during propagation is a long studied topic that has been
considered for nonlinear constraints [89]. During a cycle,some variable domains may be
reduced by several different operators, which do not lead tothe same amount of reductions.
A good strategy is then to select the best operators, to applythem until equilibrium, and
then to propagate the domain modifications through the otheroperators. A parallel version
of this algorithm has been successfully implemented in [53].

Another approach consists in accelerating the convergenceof domain bounds [86].
Given a sequence of reduced domains[a0, b0] ⊇ [a1, b1] ⊇ · · · , the idea is to accelerate
the sequencesa0 6 a1 6 · · · andb0 > b1 > · · · independently. Well-known numerical
methods such as Aitken’s∆2 are applied to compute approximate limitsa andb of the
two sequences. It can then be interesting to prove that the domains[a0, a) and(b, b0] are
inconsistent. This heuristic has been shown to be useful in implementing 3B consistency.

16.4 Numerical Operators

Interval analysis has been defined as an extension of numerical analysis over the inter-
vals [98]. In general, the main goal is to implement completeand efficient set computations
in order to enclose the solution set of a given problem. In this section, we are interested
in constraint solving techniques. The basic principle of the direct interval methods is to
replace real arithmetic with interval arithmetic. The mainidea of the iterative methods is
to extend the classical operators so as to compute tight enclosures. More precisely, given
an initial pointx0 ∈ R

n and an operatorφ, the general expression of an iterative method
is as follows:

{

x0

xk+1 := φ(xk), k > 0.

A finite sequence of approximate solutions is computed from the initial point until some
precision criterion is verified. Given an initial setI0 ∈ I

n and the interval counterpartΦ of
φ, the corresponding interval-based iterative method is as follows:

{

I0
Ik+1 := Ik ∩ Φ(Ik), k > 0.

A finite sequence of nested intervals is computed until stabilization. The result is an inter-
val enclosing the solution set of the given problem withinI0.

16.4.1 The Newton Method

Let f : R → R be a function which is continuous on a closed interval[a, b] and differen-
tiable on its interior(a, b). The mean value theorem states that for allx, x0 ∈ [a, b] there
existsc ∈ R strictly lying betweenx andx0 such that

f(x)− f(x0) = f ′(c)(x− x0). (16.3)
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It follows that any rootx of f verifies the relation

x = x0 − f(x0)/f
′(c), f ′(c) 6= 0. (16.4)

The classical Newton method is obtained from (16.4) by approximating c by x0. The
interval Newton method follows from the following membership relation:

x ∈ {x0 − f(x0)/f
′(y) : y ∈ (a, b), f ′(y) 6= 0} . (16.5)

Since the set (16.5) can be enclosed by means of interval arithmetic and interval extensions
of the functions, we obtain the following interval Newton step:

Ik+1 := Ik ∩ (xk − F (xk)/F
′(Ik)) , 0 6∈ F ′(Ik), k > 0. (16.6)

The result of this iteration is a sequence of nested intervals enclosing the solution set. The
necessary condition is that the computed range of the derivative of f does not contain the
zero value. The pointxk is generally taken as the midpoint of the current intervalIk.
Geometrically, this method amounts to approximating a function around a pointxk by a
cone whose shape is determined by the range of the derivativeof f overIk.

Example 16.16.Let f(x) = x2 − 2 be a function and letx ∈ [1, 10]. Since the derivative
is non-zero on the given domain, the Newton method can be applied:

Ix := [1, 10] ∩
(

4.5− (4.52 − 2)/(2× [1, 10])
)

= [1, 3.5825]

After 5 iterations, an enclosure of
√

2 with 8 significant digits is computed:

Ix := [1.414213559529903, 1.414213565673288]

In the vicinity of the solution, the Newton method convergeswith order2, i.e., the size of
a thin interval is approximately the square of the size of thepreviously computed one.�

16.4.2 Solving Linear Systems

A heavily studied topic in interval analysis is the solving of linear systems of equations,
see for instance [1, 101, 61, 113]. LetA ∈ I

n×n be an interval matrix and letB ∈ I
n be

an interval vector. The solution set of the interval linear systemAx = B is defined by

Σ(A, B) := {x ∈ R
n : Ax = b for some A ∈ A, b ∈ B}.

Informally speaking, any solution of a real system includedin the interval system must
belong toΣ(A, B). It has been shown that the problem of exactly enclosing thissolution
set is NP-hard [112]. In practice, the goal is to compute goodenclosures.

As an example, we describe the interval Gauss-Seidel method. Every rowi of the linear
system can be rewritten as

xi =
1

Aii



Bi −
∑

j 6=i

Aijxj



 .
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If we have interval boundsIj onxj then new bounds onxi are computed as

Ii := Ii
⋂ 1

Aii



Bi −
∑

j 6=i

AijIj



 (16.7)

provided thatAii does not contain the zero value. The interval Gauss-Seidel method iter-
ates the step (16.7) fromi := 1 to n until stabilization. We remark that this procedure is
very similar to constraint propagation using hull consistency to invert the linear equations.
The main difference is that hull consistency is generally applied on every variable with
respect to every constraint, which can be more precise but also more expensive.

If we have0 ∈ Aii the classical interval division returns the interval(−∞,+∞) and
the step is useless. In this case, several techniques may lead to tighter bounds:

• The extended interval division can be more precise depending on the value of the
numerator [64, 80]. This operation corresponds to the computation of the projection
of the constraintx = y/z overx using unions of intervals.

• Another row can be used to prune the domain ofxi. The general problem is then to
choose a good transversal in the system, namely the row whichleads to the largest
reduction for a given variable [48].

• The system can be transformed before solving. In fact, it is recommended to mul-
tiply it by a well-chosen matrix called a preconditioner [62]. In practice, a good
preconditioner is the inverse of the midpoint matrix of coefficients ofI.

Rigorously solving linear programming problems with interval data is a difficult prob-
lem, see for instance [75]. The main basic idea is to use the classical Simplex algorithm to
determine optimal points and then to use interval methods toverify the optimality and to
compute rigorous error bounds [74, 102].

16.4.3 Solving Nonlinear Systems

In the general case, completely solving nonlinear systems requires an exhaustive search
by means of branch-and-reduce algorithms. In this framework, interval methods can be
used to early prune the search space by removing infeasible regions. In the following,
we will present the multivariate interval Newton method forsolving systems of nonlin-
ear equations [63, 98, 101, 103] and reformulation-linearization techniques [87, 118] that
can be used for nonlinear equations and inequalities. Another well-known method is the
Krawczyk operator [83]. The main idea of these techniques isto iterate an inner step where
a linear relaxation of the nonlinear system is determined and solved using linear interval
methods.

Let f : R
n → R

n be a vector of continuously differentiable nonlinear functions and
let x ∈ R

n be bounded byI ∈ I
n. The multivariate interval Newton method is an iterative

method for solving the problemf(x) = 0, x ∈ I, which is an obvious extension of the
univariate Newton method presented in Section 16.4.1. LetJf be a matrix of interval
extensions of the partial derivatives off and letF be an interval extension off . Given
x0 ∈ I, an enclosure of the solution set can be obtained by solving the following interval
linear system onx:

Jf (I)(x − x0) = −F (x0)
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Giveny = x − xk (initially y = x − x0), the inner step of the iterative method trivially
follows:







Iy := Ik − xk
Iy := solve system Jf (Ik)y = −F (xk)
N(Ik, xk) := Iy + xk

The interval linear system ony is generally solved by means of the interval Gauss-Seidel
method. Many strategies can be implemented according to theprecision of the inner step,
the precision of the computed enclosure, and the Gauss-Seidel strategy. The following
properties hold:

• N(Ik, xk) is an enclosure of the solution set. As a consequence, the newdomain
can be computed as

Ik+1 := N(Ik, xk) ∩ Ik.
In particular, if the resulting domain is empty, then the problem has no solution.

• If N(Ik, xk) ⊆ Ik, then there exists anx ∈ Ik such thatf(x) = 0. This existence
property is derived from the fixed-point theory [15, 41].

Example 16.17.Let us consider the systemx2
1+x2

2 = 1/16, x2 = 4x2
1 with x ∈ [0, 0.25]2.

We describe the first step of the Newton method. The followinglinear relaxation is created
after preconditioning:

(

[0, 2] [−0.5, 0.5]
[−1, 1] [0.5, 1.5]

)

y =

(

5/32
3/32

)

with y ∈ [−0.125, 0.125]2. Then the domainy2 can be reduced during the Gauss-Seidel
method:

Iy2 :=

[

−1

8
,
1

8

]

∩
(

1

[0.5, 1.5]

(

3

32
− [−1, 1]

[

−1

8
,
1

8

]))

=

[

− 1

16
,
1

8

]

Then the new domain ofx2 can immediately be computed:

Ix2 :=

([

− 1

16
,
1

8

]

+
1

8

)

∩
[

0,
1

4

]

=

[

1

16
,
1

4

]

It can be observed that the initial system is arc consistent.In this case, the Newton method
is clearly more powerful. �

Rectangular systems can be also be tackled by Newton-like methods. The most com-
mon approach is to fix the variables to which the system is least sensitive using for instance
the midpoint values [61].

The purpose of reformulation-linearization techniques isto rewrite nonlinear systems
using convex and concave linear approximations and to solvethem by means of linear
methods [87, 118]. As an example, we describe the simple caseof quadratic equations
defined as sums of linear terms and quadratic termsx2 andxy. The first step is to replace
the quadratic terms by new variablesw = x2 andz = xy. The second step is to constrain
the new variables. Givenx ∈ [a, b] andy ∈ [c, d], the following constraints are verified:

w > 2ax− a2, w > 2bx− b2, w 6 (a+ b)x− ab,
z > cx+ ay − ac, z 6 dx+ ay − ad, z > dx+ by − bd, z 6 cx+ by − bc
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Finally, the resulting set of linear constraints can be solved. For instance, the Simplex
algorithm can be used to minimize and to maximize every variable in order to reduce its
domain.

Example 16.18.Once again, let us consider the systemx2
1 + x2

2 = 1/16, x2 = 4x2
1 with

x ∈ [0, 0.25]2. The nonlinear system can be rewritten as follows usingz1 = x2
1 and

z2 = x2
2:

z1 + z2 = 0.0625, x2 = 4z1,
0 6 x1 6 0.25, 0 6 x2 6 0.25,

z1 > 0, z1 > 0.5x1 − 0.0625, z1 6 0.25x1,
z2 > 0, z2 > 0.5x2 − 0.0625, z2 6 0.25x2

After solving the four optimization problems, new bounds are obtained:

x ∈ [0.125, 0.209]× [0.125, 0.167].

The new bounds can then be used for the next iteration. We may remark that these bounds
are much tighter than the ones given by the Newton method (seeExample 16.17). �

To conclude, we may say that the strategy remains a main issue, since solving2n linear
systems to reducen domains may be expensive. More generally, this is the problem of
designing efficient hybrid methods by combining different solvers, which will be discussed
in the next section.

16.5 Hybrid Techniques

There is no unique algorithm for efficiently solving constraints over the real numbers. Con-
versely, every algorithm is parametrized by an input model,time and space complexities,
efficiency conditions, and properties on the output. Depending on the context, it can be
useful to combine several algorithms in a super algorithm [57]. However, the work of de-
signing hybrid strategies may be very difficult since that may demand a lot of experience
on the algorithms to be combined. In the following, we will present some features lead-
ing to combine symbolic methods, numerical methods, and consistency techniques for real
constraint solving and optimization.

16.5.1 Symbolic and Consistency Techniques

Consistency techniques are known to be subject to the locality problem. Informally speak-
ing, the propagation of local consistency-based reductions may not lead to a tight enclosure
of the solution set. An objective is then to symbolically transform the constraints in order
to strengthen constraint propagation techniques.

The elementary approach is to share common expressions occurring in the constra-
ints [52, 125]. This can be done by introducing a new variablefor every shared expression.
In order to keep the dimension of the problem, a more efficientmethod is to represent the
constraint network as a directed acyclic graph (DAG). In this case, stronger consistency
reasoning can be obtained by propagating domain modifications through the DAG. How-
ever, that requires a slight reshaping of classical algorithms since some information must
be attached to the nodes of the graph.
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Example 16.19.Consider the unsatisfiable constraint systemxy = 1, xy = −1 and let
(x, y) ∈ [−1, 1]2. This problem is trivially bound consistent: for example, given x = 1
there existy1 = 1 andy2 = −1 such thatxy1 = 1 andxy2 = −1. Now, sharing the
expressionxy leads to check the consistency of the relation1 = −1, which trivially fails.

�

A more difficult approach is to rewrite the constraints [5, 91, 95]. The main principle
is to symbolically create constraint relaxations and then to apply symbolic algorithms. For
example, one would apply Gaussian elimination on linear systems of equations or Gröbner
bases on polynomial systems of equations. These algorithmsmay be used to calculate
quasi-triangular systems that can be easily solved by constraint propagation. However,
the control of symbolic processing is a main issue. For example, the linear relaxations
are mostly rectangular (there are more variables than constraints) and it may be difficult
to eliminate the linear variables. More difficult, computing a Gröbner basis may require
exponential time and space, which is not realistic for implementing efficient symbolic-
numeric algorithms.

Example 16.20.Gaussian elimination is powerful when the linear relaxations are not very
rectangular. For example, consider the system

xk −
1

2n

n
∑

i=1

(

x3
i + k

)

= 0, 1 6 k 6 n

with the initial domain[−108,+108]n. A linear relaxation is obtained if each termx3
i is

abstracted by one variableyi. After applying Gaussian elimination on the linear system,a
new equivalent system is obtained by replacingyi by x3

i :

xk+1 = x1 +
k

2n
, 1 6 k 6 n− 1, x1 −

1

2n

n
∑

i=1

(

(

x1 +
i− 1

2n

)3

+ k

)

= 0

The original system is very hard for constraint propagationtechniques even for low di-
mensions (e.g.,n = 4). Conversely, the new system, which is triangular, is immediately
solved. �

The principle of symbolic algorithms is to combine and then to simplify the constraints.
However, the simplification of nonlinear constraints is nottrivial in general. A weaker
approach is to combine the constraints only if they can be simplified enough [55]. For
example, consider two constraintsf [s] = 0 andg[t] = 0 wheres andt are terms occurring
in f andg. A combination procedure may create a redundant constrainth[s, t] = 0 only if
the combination ofs andt in h can be rewritten. This approach requires that simplification
rules are known in order to guide the combination strategy.

16.5.2 Symbolic and Interval Methods

The main tool of interval analysis is the computation of the range of a real function over
a domain. However, a computed interval can be much larger than the true range, which is
known as the overestimation problem of interval arithmetic.
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Example 16.21. The range ofx − x over [0, 1] can be estimated as[0 − 1, 1 − 0] :=
[0, 1] − [0, 1]. The problem comes from the fact that the two occurrences ofx are con-
sidered as different variables, since different values areused during evaluation. A trivial
simplification can lead to computing0. �

A main issue is then to rewrite a function in order to compute tight enclosures of its
range. Various techniques have been proposed such as Hornerforms, Bernstein polynomi-
als, or Taylor models [18, 65, 11]. Another approach is basedon affine arithmetic [33, 93].
The main idea is to define an interval[a, b] by the affine expression such as

b+ a

2
+
b− a

2
· ε, ε ∈ [−1, 1].

The evaluation procedure is defined to manage the linear variablesε. For example, the
range ofx− x over[0, 1] is computed as

0 :=

(

0 +
2

2
· ε
)

−
(

0 +
2

2
· ε
)

.

However, the nonlinearities are incompatible with affine expressions. In this case, it is
necessary to compute linear relaxations. The efficiency of this approach clearly depends
on the quality of the relaxations.

16.5.3 Interval and Consistency Techniques

The behaviors and requirements of interval methods and consistency techniques are very
different. Informally, the efficiency of interval methods is related to the combination of
linear constraint relaxations and the good rates of convergence near the solutions. Consis-
tency techniques are able to quickly reduce large domains bymeans of constraint projec-
tions and to exploit the constraint network structure in order to implement fast propagation
algorithms. Their cooperation naturally follows.

The purpose of box consistency is to calculate the extreme zeros of an equationf(x) =
0 over a domain. The master algorithm is a bisection procedureimplementing an interval
test to remove the inconsistent sub-domains. The goal is to accelerate the search having an
exponential time complexity in the worst case. To this end, the uni-dimensional Newton
method can be used to prune any sub-domain provided that the derivative off is non-
zero [8].

Example 16.22. Let x2 − 2 = 0 be a constraint and letx ∈ [0, 4]. If the interval test
is implemented by interval evaluation, five domains are created during the search:[0, 4],
[0, 2], and[1, 2] are declared to be consistent, and[2, 4] and[0, 1] are rejected. Then the
Newton method is applied on[1, 2] since the range of the derivative is[2, 4]. The result is
a tight enclosure of the square root of2. �

The hybridization of constraint propagation and the multidimensional interval Newton
method can be efficient for solving nonlinear systems. In this case, constraint propagation
is very useful during the early phases of domain reductions and the Newton method is effi-
cient only for small domains. In this spirit, the master algorithm of Numerica is an iteration
of constraint propagation using box consistency before applying the Newton method, until
reaching a sufficient precision [125].
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16.5.4 Towards a General Framework

The hybridization of symbolic algorithms, interval methods and constraint propagation is
a general framework to solving continuous nonlinear constraints. The symbolic algorithms
can be used to rewrite the constraints according to properties or requirements of the nu-
merical tools. For example, constraint propagation is improved provided that redundant
constraints are generated and the constraint network is represented as a DAG. The DAG
allows the sharing of numerical computations such as the interval evaluations of functions
and derivatives [52].

More generally, the analysis of constraint systems must be the first phase of general
purpose solving tools. In particular, the solving strategystrongly depends on static char-
acteristics such as the form of the constraints and the shapeof the constraint network. For
example, the structure of the network can be detected by decomposition algorithms [12].
We believe that the design of intermediary languages based on symbolic constraint trans-
formations may lead to important components of solving strategies.

16.6 First Order Constraints

16.6.1 Extending Interval Constraints

Among the possible generalizations of the interval constraint framework, some extend the
expressive power (modeling) while others improve the efficiency (solving). The first cat-
egory includes optimization, differential equations, mixed constraints, and quantified con-
tinuous constraints. The second category is mainly concerned with solver cooperation
and in particular numerical-symbolic cooperation. The optimization aspect was for ex-
ample developed in the design and implementation of the systems Numerica [125] and
Baron [121]. Some of the most important aspects reside in theappropriate combinations
of continuous constraint propagation, interval analysis and branch and bound techniques.
The use of interval constraints for ordinary differential equations solving was addressed,
for instance, in [28, 73, 104]. It was shown in [6] that mixed constraints (constraints
involving real and integer variables) are a special case of ageneral framework for numer-
ical constraints but there is a need for specific, efficient algorithms and implementations.
Concerning solver cooperation for continuous constraints, some results are presented in the
survey paper [57]. We will focus here on the last of these extensions, quantified continuous
constraints.

16.6.2 Quantified Continuous Constraints

As we mentioned, constraints can be defined as first order formulas over a given domain
(here the real numbers). Yet, practically, they are most often restricted to atomic con-
straints. In this last case, models are generally defined as existentially quantified conjunc-
tions of atomic constraints. In a number of problems rangingfrom robust control and
camera control to motion planning, this existential definition of models is not satisfactory.
Let us take an example from robotics: given a mobile robot arm, find all points that do not
collide with the robot hand. Since we want to avoid collisionfor all positions of the hand,
the variables defining the hand position of the robot in the model are universally quantified.
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The general problem is undecidable when it involves transcendental functions like
the sine and the exponential [120], and doubly exponential when restricted to polynomi-
als [31]. In this context, a number of authors, from computeralgebra, numerical analysis
or constraint programming, have devised techniques to approximate the solution set or to
handle specific instances.

For example, a strongly related problem from control theoryis called the “guaranteed
tuning problem” [78] and amounts to finding the values for some tuning parameter such
that a set of inequalities can be verified for all the possiblevalues of some perturbation
vector. More precisely, givenI a box of feasible values for some tuning parameter vector
x andJ , a box of feasible values for some perturbation vectorp, find the set

S = {x ∈ I : ∀p ∈ J f(x, p) > 0}.

One of the first approaches to solve arbitrarily quantified constraints over the real num-
bers was developed by Collins and called cylindrical algebraic decomposition [24]. The
presentation of this method is beyond the scope of this paper, but let us mention that it is
restricted to polynomials.

Another track of research, which is of major interest for constraint programming based
techniques, relies on the computation of sub-pavings of real relations. Given a relation, a
sub-paving is a set of boxes that covers the relation. These boxes can be separated in three
categories: the set of boxes that are proved to be included inthe relation, the set of boxes
that are proved not to intersect the relation, and the remaining set of boxes that may be
accumulated on the frontier. Boxes from these different sets can be used to compute outer
and inner approximations of solution sets and, combined with local consistency notions,
to reason about quantifiers. The computation of these sub-pavings is essentially based
on search methods. To compute these sub-pavings, some authors have used Bernstein
polynomials [43], ternary constraint octree representations [117] or inner approximation
expansion [22]. In [76, 77] a combination of recursive splitting, interval evaluations and
properties of interval arithmetic is used to compute sub-pavings and address some forms
of quantified constraints. The introduction of universal quantifiers is then based on interval
inclusion tests. An interval inclusion test uses simple interval inferences to prove that a
formula of the type(∀x ∈ I)f(x) ⋄ 0, wherex is an nary vector of variables overR, I a
box, f a vector of continuous real functions inRn → R

m. For example, the constraint
(∀x1 ∈ [−2, 2])(∀x2 ∈ [3, 5]), x1 + x2 > 0 can be shown true since evaluating the natural
interval extension gives[−2, 2] + [3, 5] = [1, 7] and every value in[1, 7] is greater than 0.

To go a step further some authors have used properties of interval consistencies. As we
have seen, interval constraint algorithms can discard inconsistent boxes and separate them
from boxes possibly containing solutions. Based on this property, in [10] an algorithm
computes interval-based pruning of negated inequalities and recursively construct an inner
approximation of the solution space. This algorithm is thenused to approximate constraint
sets containing exactly one universally quantified variable.

This idea was generalized in [109] to handle arbitrary first order inequalities over the
reals. In this paper the main idea is to design an algorithm whose inputs are a quantified
constraintC with n free variables, a boxI ⊆ R

n and a positive real numberε. The
outputs of the algorithm are two sets of boxesA andB verifying that all points ofA are
in the solution set ofC and all points ofB are not in the solution set ofC. Furthermore,
the precision of the approximation is parameterized withε and the volume of the space
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I \ (A ∪ B) is smaller thanε. To compute these sets of boxes, the proposed algorithm
is built on a branch and prune architecture. Branching is done by interval bisections on
the domains of the free variables but also on the domains of the quantified variables (e.g.,
∃x ∈ I can be replaced with∃x ∈ I1 ∨ ∃x ∈ I2). Pruning is achieved recursively
on atomic, conjunctive, disjunctive formulas and on formulas of the form∃x ∈ I C or
∀x ∈ I C. The main idea is to use standard pruning operators implementing consistency
properties to narrow down the boxes wrt. the formula and to apply the same algorithm on
the negation of the formula to compute an inner approximation of the solution set.

Finally another related area concerns the use of modal intervals [42] for quantified
constraints. As stated in [46], modal interval theory can beviewed as a useful interpreta-
tion of an extension of interval arithmetic called directedinterval arithmetic, or Kaucher
arithmetic [81]. Directed interval arithmetic is obtainedas an extension of the set of stan-
dard intervals by improper intervals and a corresponding extension of the definitions of the
interval arithmetic operations.

A modal intervalİ = (I,Q), whereI is a real interval andQ ∈ {∃, ∀}, defines a set of
real intervals in the following way:

(I, ∃) = {K ∈ I : (∃x) x ∈ I |= x ∈ K} = {K ∈ I : I ∩K 6= ∅}
(I, ∀) = {K ∈ I : (∀x) x ∈ I |= x ∈ K} = {K ∈ I : I ⊆ K}

Directed (or generalized) intervals and modal intervals being isomorphic (see for exam-
ple [46]) one can use the equivalent following definition:

İ = [a, b] =

{

([a, b]′, ∃) if a 6 b
([a, b]′, ∀) if a > b

where[a, b]′ = [b, a]′ = {x ∈ R : min(a, b) 6 x 6 max(a, b)}. This formulation is
very useful for simplifying a number of definitions, proofs and computations on modal
intervals. For example, inclusion, union and intersectionof modal intervals are defined
in a natural way over the sets of real intervals but the practical definitions are based on
generalized interval arithmetic. Modal interval extensions of continuous real functions,
also called semantic extensions are defined as follows. Letf be a continuous function over
the reals and leṫF be a modal interval function. The functioṅF is a semantic interval
extension off on İ if and only if we have

(∀K ∈ I)(K ∈ İ |= f(K) ∈ Ḟ (İ)).

Then,Ḟ is a semantic interval extension off if it is a semantic interval extension off for
all modal intervalİ. The extension to n-ary real continuous functions is done inthe usual
way.

A very important semantic extension in modal interval analysis is the *-semantic ex-
tension of a continuous function f to a modal interval vectorİ = ((I1, Q1), . . . , (In, Qn)),
defined by:

f∗(İ) = [min
I∈IE

max
I∈IF

f(x),max
I∈IE

min
I∈IF

f(x)]

whereE andF are respectively the sets of indexes corresponding to the proper (existential)
and improper (universal) components ofİ.

Finally, the fundamental link between modal interval analysis and first order interval
constraints is established by the so-called *-semantic theorem from [59]. Letf be a real
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n-ary function,İ = ((I1, Q1), . . . , (In, Qn)) a modal interval vector anḋJ = (J,QJ̇) a
modal interval. Slightly simplified, the theorem states that following two conditions are
equivalent:

1. f∗(İ) ⊆ J̇ ;

2. (∀xE ∈ IE)(QJ̇z ∈ J)(∃xA ∈ IA)(f(x) = z)

Whenz = 0, one can fixJ = [0, 0] and this theorem shows that proving a formula of the
form:

(∀x ∈ I)(∃y ∈ J) f(x, y) = 0

is equivalent to the computation of the *-semantic extension of the functionf . Based
on this theorem, some recent works have extended this idea tosolve several classes of
quantified equations and inequalities [116, 126].

To conclude, computing guaranteed inner and outer approximations of first order con-
straints over the reals has many applications in areas like engineering, robotics, design, and
computer graphics. Current results on this field are basically based on combinations of in-
terval propagation and other techniques, and in particularmethods from computer algebra
and interval analysis results.

16.7 Applications and Software packages

16.7.1 Applications

Interval constraints have recently been used in various application fields with different
goals: to prove that a given problem is not satisfiable, to compute a numerical enclosure of
the solution set, or to derive global optima according to some objective function.

In engineering conceptual design, the goal is to generate classes of solutions that satisfy
a given high-level specification of the product to be designed [117, 106]. The architecture
of the product can be described by compositions of components, while some parts have
several possible design options. To this end several formalisms such as dynamic and com-
posite discrete constraint satisfaction problems have been devised [44]. Another approach
is to express the problem as a first-order formula involving conjunctions and disjunctions
of constraints. On top of these configuration constraints, product dimensioning is often re-
lated to physical requirements and can be processed by numerical constraint solving. The
general goal is to solve mixed problems involving dimensioning continuous parameters
and discrete configuration choices. An example of a design support software based on in-
terval consistency techniques is the design platform CE [130]. This platform has recently
been used to realize aeronautical systems.

In robotics constraint-based techniques have successfully been used to compute the
workspace of manipulators, i.e. the space of configurations[19, 92]. For instance one
interesting result is the computation of the discrete set ofsolutions of the well-known
Gough-Stewart parallel platform. In this framework there are many geometric constraints,
which can be efficiently processed by combinations of consistency techniques and linear
relaxations [118]. An important challenge is to compute non-singular trajectories in the
workspace. In general, singularities are described by nonlinear constraints and their nega-
tions have to be taken into account to keep the allowed regions. Since a trajectory is derived
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from a connected set of regions, path algorithms can be implemented. Similar techniques
have been exploited in biological engineering to determinethe structure of proteins [84].

In automatic control there are many interesting problems for constraint-based appro-
aches such as parameter estimation and state estimation [77, 79]. Parameter estimation is
the problem of computing the parameters of a given model according to experimental data
of the observed system. If the data are associated with an upper bound of the error of mea-
surement then interval constraints can be used to determinethe range of the parameters. In
this framework the efficiency of interval-based constraintpropagation is strongly related
to the number of measurements obtained from different sensors. In fact different mea-
surements of the same phenomenon may lead to redundant constraints and consequently
to more powerful local consistency reasonings. Another challenge is to cope with invalid
data. In this case the constraint satisfaction problem can be relaxed in order to maximize
the number of data that fit into the model.

In image synthesis and animation numerical constraints have been used to tackle cam-
era control applications [10, 45]. For instance, given a 3D animated scene, consider the
problem of computing a 3D camera trajectory that fulfills a given specification of the fi-
nal movie, involving for instance time-dependent camera positions, positions of objects on
the screen, and relative positions of objects. This generalproblem involves 3D geometric
constraints to be verified in a time interval, which implies the time variable is universally
quantified. Since the solution set is huge in general, solutions can be filtered according to
objective criteria modeling for instance realistic motions of the camera. More recent work
has been focused on characterizing semantic decompositions of the space [20]. Decom-
positions are computed by geometric techniques based on implicit surfaces and numerical
solutions are further derived from decompositions using local and global numerical algo-
rithms.

16.7.2 Software Packages

The interval constraint software packages are based on several components such as an
interval arithmetic library, a constraint propagation engine and a search module. This
framework is general enough to plug in various techniques such as projection algorithms,
numerical operators and even optimization procedures. We describe a few systems in the
following.

• The interval arithmetic libraries provide operations and elementary functions on in-
tervals defined by their bounds. The bounds are generally implemented by floating-
point numbers. Bound types are defined as parameters in modern libraries like
Boost [14] and Gaol [47]. There also exist multi-precision interval packages [58]
such as MPFI. A generic interface definition between those libraries and constraint
solving procedures like projections has been proposed in [50] but the implementation
can be quite inefficient.

• Intlab [114] is a main software achievement of the interval analysis community. Like
C-XSC [60], it provides an interval arithmetic library and acollection of interval
algorithms derived from real analysis. To our knowledge, constraint programming
techniques have not yet been integrated into these packages. Addressing this issue
is an important challenge if one wants constraint technology to become a standard
tool, in particular in engineering and applied sciences.
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• Interval methods are at the core of many constraint programming systems. Two
language types are generally distinguished: the constraint language, devoted to nu-
merical constraints, and the host language that can be derived from different pro-
gramming paradigms such as logic programming and object-oriented programming.
CLP(BNR) [105], derived from BNR-Prolog, was the first constraint logic program-
ming system which implemented Cleary’s algorithms. The same techniques have
been implemented in the object-oriented software ILOG Solver [107]. A coopera-
tive hybrid strategy has been defined in Prolog IV [7], using consistency techniques
and linear algebraic algorithms that communicate through fixed variables. More
recent tools include Eclipse [128], RealPaver [51], Constraint Explorer [130] and
ICOS [87].

• Interval consistency techniques have been shown to be powerful for constrained
global optimization. They are particularly useful in the early steps of the search
by pruning infeasible regions at a low cost. Numerica [125] was one of the first
languages to prove that the approach can be very efficient foractual applications.
Its core solving algorithm mainly combines box consistency, a multidimensional in-
terval Newton operator and local optimization algorithms.Consistency techniques
have been further implemented in GlobSol [82] and BARON [115]. The former is
well-known in the interval community. The latter is a leading mixed integer nonlin-
ear programming software package. In this tool, relaxationtechniques are used to
compute bounds on the objective function but interval arithmetic is not implemented.

16.8 Conclusion

This chapter is primarily devoted to giving a broad overviewon the basics of continuous
and interval constraint solving and to showing the main similarities and differences with
discrete constraints. Based on the same theoretical framework (fixed point computations
over complete lattices) the algorithmic approach differs in taking much of its foundations
in numerical analysis when discrete constraints rely on graph theory and integer program-
ming. We have shown how a number of algorithms from interval analysis and the do-
main reduction-propagation-search cycle from constraintprogramming can be integrated
to tackle non-trivial problems from a variety of domains. These domains extend the number
of areas in which constraint programming may have a real technological impact. Finally,
interval constraint programming appears to be a promising approach for the integration, in
an efficient and flexible way, of continuous optimization anddiscrete constraint program-
ming. This leads to many promising research tracks like global continuous constraints,
mixed integer-real constraints programming and soft interval constraints. Any significant
progress in these areas is likely to have important applications in engineering and decision
support systems.
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[1] Götz Alefeld and Jürgen Herzberger.Introduction to Interval Computations. Aca-
demic Press, 1983.

[2] Krzysztof R. Apt. The Essence of Constraint Propagation. Theoretical Computer
Science, 221(1-2):179–210, 1999.

[3] Heikel Batnini, Claude Michel, and Michel Rueher. Mind the Gaps: A New Splitting
Strategy for Consistency Techniques. In P. G. Van Beek, editor, Proceedings of
International Conference on Principles and Practice of Constraint Programming,
volume 3709 ofLecture Notes in Computer Science, pages 77–91. Springer, 2005.

[4] Frédéric Benhamou and Frédéric Goualard. Universally Quantified Interval Con-
straints. In R. Dechter, editor,Proceedings of International Conference on Prin-
ciples and Practice of Constraint Programming, volume 1894 ofLecture Notes in
Computer Science, pages 67–82, Singapore, 2000. Springer.

[5] Frédéric Benhamou and Laurent Granvilliers. Automatic Generation of Numerical
Redundancies for Non-Linear Constraint Solving.Reliable Computing, 3(3):335–
344, 1997.

[6] Frédéric Benhamou and William J. Older. Applying Interval Arithmetic to Real,
Integer and Boolean Constraints.Journal of Logic Programming, 32(1):1–24, 1997.

[7] Frédéric Benhamou and Touraivane. Prolog IV: Langageet Algorithmes. In J.-
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[16] Bruno Buchberger. Gröbner Bases: an Algorithmic Method in Polynomial Ideal
Theory. In N. K. Bose, editor,Multidimensional Systems Theory, pages 184–232.
D. Reidel Publishing Company, 1985.

[17] Ole Caprani and Kaj Madsen. Mean Value Forms in IntervalAnalysis.Computing,
25:147–154, 1980.

[18] Martine Ceberio and Laurent Granvilliers. Horner’s Rule for Interval Evaluation
Revisited.Computing, 69(1):51–81, 2002.

[19] Damien Chablat, Philippe Wenger, Félix Majou, and Jean-Pierre Merlet. An In-
terval Analysis Based Study for the Design and the Comparison of 3-DOF Parallel
Kinematic Machines.International Journal of Robotics Research, 23(6):615–624,
2004. Forthcoming.

[20] Marc Christie and Jean-Marie Normand. A Semantic SpacePartitionning Approach
to Virtual Camera Control. In J. Marks and M. Alexa, editors,Proceedings of the
Annual Eurographics Conference, volume 24 ofComputer Graphics Forum, pages
247–256, 2005.

[21] John G. Cleary. Logical Arithmetic.Future Computing Systems, 2(2):125–149,
1987.

[22] Hélène Collavizza, François Delobel, and Michel Rueher. Extending Consistent
Domains of Numeric CSPs. In T. Dean, editor,Proceedings of International Joint
Conference on Artificial Intelligence, pages 406–413, Stockholm, Sweden, 1999.
Morgan Kaufmann.

[23] Hélène Collavizza, François Delobel, and Michel Rueher. Comparing partial con-
sistencies.Reliable Computing, 5(3):213–228, 1999.

[24] George E. Collins. Quantifier elimination for real closed fields by cylindrical alge-
braic decomposition. InProceedings of the 2nd GI Conference on Automata Theory
and Formal Languages, pages 134–183, London, UK, 1975. Springer-Verlag.

[25] Georges E. Collins and Hoon Hong. Partial Cylindrical Algebraic Decomposition
for Quantifier Elimination.Journal of Symbolic Computation, 12:299–328, 1991.

[26] Alain Colmerauer. An Introduction to Prolog III.Communications of the ACM, 33
(7):69–90, 1990.

[27] Alain Colmerauer. Equations and Inequations on Finiteand Infinite Trees. In Insti-
tute for New Generation Computer Technology, editor,Proceedings of International
Conference on Fifth Generation Computer Systems, pages 85–99, Tokyo, Japan,
1984. OHMSHA Ltd. Tokyo and North-Holland.

[28] Jorge Cruz and Pedro Barahona. Constraint Satisfaction Differential Problems. In
Francesca Rossi, editor,Proceedings of International Conference on Principles and
Practice of Constraint Programming, volume 2833 ofLecture Notes in Computer
Science, pages 259–273, Kinsale, Ireland, 2003. Springer.

[29] Jorge Cruz and Pedro Barahona. Global Hull Consistencywith Local Search for
Continuous Constraint Solving. In P. Brazdil and A. Jorge, editors,Proceedings of
Portuguese Conference on Artificial Intelligence, volume 2258 ofLecture Notes in
Computer Science, pages 349–362, Porto, Portugal, 2001. Springer.

[30] Tibor Csendes and Dietmar Ratz. Subdivision DirectionSelection in Interval Math-



596 16. Continuous and Interval Constraints

ods for Global Optimization.SIAM Journal on Numerical Analysis, 34(3):922–938,
1997.

[31] James H. Davenport and Joos Heintz. Real quantifier elimination is doubly expo-
nential.Journal of Symbolic Computation, 5:29–35, 1988.

[32] Ernest Davis. Constraint Propagation with Interval Labels. Artificial Intelligence,
32:281–331, 1987.

[33] Luis H. de Figueiredo and Jorge Stolfi. Adaptive Enumeration of Implicit Surfaces
with Affine Arithmetic. Computer Graphics Forum, 15(5):287–296, 1996.

[34] Rina Dechter and Judea Pearl. Network-based Heuristics for Constraint Satisfaction
Problems.Artificial Intelligence, 34:1–38, 1988.

[35] Daniel Diaz and Philippe Codognet. GNU Prolog: Beyond Compiling Prolog to C.
In E. Pontelli and V. Santos Costa, editors,Proceedings of International Workshop
on Practical Aspects of Declarative Languages, volume 1753 ofLecture Notes in
Computer Science, pages 81–92, Boston, MA, USA, 2000. Springer.

[36] Mehmet Dincbas, Pascal Van Hentenryck, Helmut Simonis, Abderrahmane Ag-
goun, Thomas Graf, and Françoise Berthier. The constraintlogic programming
language chip. In Institute for New Generation Computer Technology, editor,Pro-
ceedings of International Conference on Fifth Generation Computer Systems, pages
693–702, Tokyo, Japan, 1988. OHMSHA Ltd. Tokyo and Springer-Verlag.

[37] Boi Faltings. Arc Consistency for Continuous Variables. Artificial Intelligence, 65
(2):363–376, 1994.

[38] Boi Faltings and Esther Gelle. Local Consistency for Ternary Numeric Constraints.
In M. E. Pollack, editor,Proceedings of International Joint Conference on Artificial
Intelligence, pages 392–397, Nagoya, Japan, 1997. Morgan Kaufmann.

[39] Eugene C. Freuder. Synthesizing Constraint Expressions. Communications of the
ACM, 21(11):958–966, 1978.

[40] Eugene C. Freuder. A sufficient condition for backtrack-free search.Journal of the
ACM, 29:29–32, 1982.

[41] Andreas Frommer, Bruno Lang, and Marco Schnurr. A Comparison of the Moore
and Miranda Existence Tests.Computing, 72:349–354, 2004.

[42] Ernest Gardenes, Miguel A. Sainz, Lambert Jorba, RemeiCalm, Rosa Estela, Hon-
orino Mielgo, and Albert Trepat. Modal intervals.Reliable Computing, 7(2):77–
111, 2001.

[43] Jürgen Garloff and Birgit Graf. Solving Strict Polynomial Inequalities by Bernstein
Expansion. In N. Munro, editor,Symbolic Methods in Control System Analysis and
Design, pages 339–352. The Institution of Electrical Engineers, London, 1999.

[44] Esther Gelle and Boi Faltings. Solving Mixed and Conditional Constraint Satisfac-
tion Problems.Constraints, 8:107–141, 2003.

[45] Michael Gleicher and Andrew P. Witkin. Through-the-lens Camera Control. In
J. J. Thomas, editor,Proceedings of Annual Conference on Computer Graphics and
Interactive Techniques, pages 331–340, Chicago, IL, USA, 1992. ACM.
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Chapter 17

Constraints over Structured Domains

Carmen Gervet

The computer will be the most marvellous
of all tools as soon as program writing and

debugging will be no longer necessary
—Jean-Louis Laurière (1976)

A wide range of combinatorial search problems find a natural formulation in the lan-
guage of sets, multisets, strings, functions, graphs or other structured objects. Bin-packing,
set partitioning, set covering, combinatorial design problems, circuits and mapping prob-
lems are some of them. They are NP-complete problems originating from areas as diverse
as combinatorial mathematics, operations research or artificial intelligence. These prob-
lems deal essentially with the search for discrete structured objects. While a high-level
modeling approach seems more natural, many solutions have exploited the effectiveness
of finite domains or mixed integer programming solvers. In this chapter we present higher
level modeling facilities utilizing constraints over structured domains.

What is a structured object? Let us consider the example of a bin-packing problem.
The main constrained objects are the different bins, each describing a collection of un-
ordered distinct elements, subject to disjointness constraints among them, weight con-
straints reflecting on each bin capacity and possible cardinality restrictions on the number
of items allowed in each bin. Informally, such objects are structured in the sense that they
involve more than one elementin a specific setting.

When Fikes introduced the notion of finite domain in 1970 [31], the idea was to ap-
proximate the range of an unknown integer (an integer variable) and to prune inconsistent
values from such a domain that cannot belong to any solution.Already in the description
of the language REF-ARF, Fikes proposed directions for future work such as: “considering
the addition to the program of capabilities for handling unordered sets”. Mid-eighties the
seminal work of Van Hentenryck et al. integrated consistency techniques over finite integer
domains into logic programming [90], and gave birth to the first finite domain constraint
logic programming language CHIP (Constraint Handling In Prolog) [23], leading to a new
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generation of academic and industrial constraint programming systems. The successes of
CHIP and its peers also raised the questions of the languageslimitations. While Finite Do-
main (FD) solvers grew in efficiency, it remained that modelslacked generic and natural
formulations when representing structured objects, making the programming effort more
cumbersome and sometimes ad-hoc.

As an example, let us consider the structured object, “set”,constrained to be subset of
a known base set. A finite domain approach would consider two possible representations:

• a list of FD variables taking their value from a finite set of integers that represents
the base set. This approach requires the removal of order andmultiplicity among the
elements of the list, which is achieved by adding ordering constraints. For example
the list [X1, X2, X3] :: [0..5], X1 < X2 < X3 represents a set of 3 elements subset
of the set{0, 1, 2, 3, 4, 5}. If the size of the set is unknown some dummy FD vari-
ables are also necessary. Clearly this does not make easy themodeling of additional
set constraints such as intersection, or union.

• a list of 0-1 FD variables. This second formulation is equivalent to the semantics
of a finite set subset of a known set. It uses 0-1 variables, andoriginates from 0-1
Integer Programming (ILP). Basically, this approach exploits the one-to-one corre-
spondence that exists between a subset s of a known set S and a Boolean algebra.
The correspondence is defined by the characteristic function:

f : yi → {0, 1} f(yi) = 1 iff i ∈ s

In other words, a 0-1 variable is associated with each element in the base set S
and takes the value 1 if and only if the element belongs to the unknown set s. Set
constraints are then simply represented within the Booleanalgebra with arithmetic
operators. The main drawback of this representation is thatit looses the semantics
and structure of the problem addressed. Operationally it can benefit from global
reasoning from mathematical programming, but in a constraint programming envi-
ronment lacks conciseness and does not best exploit the problem structure. We give
further on some comparisons between 0-1 and set models.

Approach. This chapter is not intended to give a complete coverage of all results avail-
able in softwares and systems that embed constraints over structured domains. Instead
we try to cover a number of significant research topics in moredetail. This should give
a context and picture for the research and its methodology, provide the most important
references, and enable the reader to study research papers on the topic.

17.1 History and Applications

Before the research field of “constraint programming” even existed, the seminal work of
Laurière in 1976 proposes constrained structured objectsin the design and development
of ALICE [61]. Laurière’s idea was to combine generality and efficiency in addressing
combinatorial problems. He defines an input language, purely descriptive, with high level
objects such as functions and relations between two known sets, constrained by some prop-
erties, such as injection and bijection.ALICE was a pioneer in the use of structured objects
to model combinatorial problems.
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In a parallel line of research, most proposals to extend constraint reasoning over new
structured domains came as extensions of the logic programming system, Prolog. Logic
programming is a powerful programming framework which enables the user to state non-
deterministic programs in relational form [56, 20]. The extension to Constraint Logic
Programming (CLP) combines the positive features of logic programming with constraint
solving techniques, where the concept of constraint solving replaces the unification proce-
dure in logic programming and provides, among others, a uniform framework for handling
new structured domains. Previous chapters have presented in depth the state of the art in
the precursors constraint domains (rationals, Boolean algebra, finite integer domains, real
intervals). This chapter is interested in discrete and structured domains such as strings,
finite sets in different forms, relations, maps and graphs.

In 1989 Walinsky presented CLP(Σ∗), an instance of the CLP scheme over the com-
putation domain of strings, represented as regular sets [92]. The practical motivation was
to incorporate strings into logic programming to strengthen the standard string-handling
features (e.g. concat, substring). It constitutes the firstattempt to compute regular sets by
means of constraints like the membership relation. For exampleA in (X.‘‘ab’’.Y)
states that any string assigned to variableA must contain the substringab . This approach
was further developed by Golden and Pang in 2003 [42] even though they did not seem
aware of Walinsky’s work. Their main contribution is to use finite automata to represent
regular sets. Both approaches consider possibly infinite sets of strings. More recently Pe-
sant proposed a global constraint on a fixed length sequence of finite domain variables with
application to rostering and car sequencing problems [74].

The most widely studied structured domain is most definitelythat of sets. The moti-
vations to embed sets in constraint based languages are quite diverse and address different
issues ranging from program analysis, software prototyping and specification, set theory
axiomatization and combinatorial problem solving. The terminology of “set constraints”
is worth a few words even though it does not relate directly toconstraint satisfaction prob-
lems. Heintze and Jaffar [46] coined the term of set constraints in 1990 to handle a class
of sets of trees (possibly infinite) and to deal with relations of the forms1 ⊆ s2 wheres1
ands2 denote specific set expressions, possibly recursive, defined over trees. This line of
research applies to program analysis systems ([6, 2] among others) which was pioneered
by John Reynolds in 1969 [81]. Besides the terminology of setconstraints, these systems
do not relate to constraint programming over a specific computation domain, as they do not
interpret set operations but rather show the expressiveness of “set constraints” for the anal-
ysis of programs developed in logic or functional programming. For further information,
please refer to survey articles such as [72].

Ironically it was about the same time that the notion offinite setswas embedded as a
high level programming abstraction in logic-based and thenconstraint (logic) based lan-
guages, in quite a different setting. We refer to the term setto denote a finite set. A set is
basically a collection of distinct elements commonly described by{x1, ..., xn}. The use
of a logic-based language as the underlying framework came from proposals in database
query languages where the aim was to strengthen typical existing set facilities of languages
like Prolog (e.g.setof, bagof ) to handle sets of terms and complex data structures.
In this line of work sets have been embedded in [10, 57, 87, 25]. All these languages con-
verge on one aspect: representing a set variable by a set constructor so as to nest objects
in a natural manner. This constructor is specified either by an extensional representation
{x1, ..., xn} ([10, 57]) or by an iterative one{x} ∪E whereE can be unified with a set of
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terms containing possibly set variables (concept of sets offinite depth, or hereditarily finite
sets in{log } [25], CLPS [63], and [89]).

Even though these languages use constraints to reason upon sets, they do face the NP-
completeness of the equality relation over constructed sets (as a particular case of Asso-
ciative, Commutative and Idempotent (ACI) relation [65]).The main reason is the absence
of a unique most general unifier when unifying constructed sets. For example, the equality
{X,Y } = {3, 4} derives two solution sets:{X = 3, Y = 4} and{X = 4, Y = 3} neither
of which is more general than the other. This means that the satisfaction of the ACI axioms,
introduces nondeterminism in the unification procedure by deriving disjunctions of a finite
number of equalities.

While such approaches did not offer a practical solution to set unification they were
not essentially motivated by effective solving of combinatorial problems. In 1992, a new
class of finite set constraint solvers was designed to expandthe modeling facilities of finite
domain solvers when tackling set-based combinatorial search problems (e.g. bin packing,
set partitioning, combinatorial designs or more recently network design). The idea was
developed independently by Puget [75, 76], and Gervet [37, 38]. The objective was to pro-
pose a high-level modeling language which enabled us to model a set-based combinatorial
problem as a set domain CSP – where set variables range over set intervals – and which
tackled set constraints by using consistency techniques. Aset domain is a collection of
known sets of arbitrary elements like{{1, 2}, {1, 4}, {1, 5}}. It is specified by a set in-
terval, [{1}, {1, 2, 4, 5}], where the lower bound contains thedefiniteelements of the set,
and the upper bound extends it with possible elements. Gervet formalized the concepts
and ideas when presenting theConjunto language in [39, 40]. Though implementa-
tion details vary, at their core the set constraint solvers of solver [77], ECLiPSe[86],
MOZART-OZ[67, 69], FACILE [7], B-Prolog [94], CHOCO[58], all have the subset
bounds as domain representation. The availability of all these solvers both in academia
and industry, has enabled the design of new models and solutions to problems from com-
binatorial mathematics [8], VLSI circuit verification and warehouse location [3], as well
as network design problems (e.g. weight setting [29], SONET[88, 85]).

However, it has also raised the question of the limitations of the coreConjunto -like
set interval solver, leading to further research in this area. Research advances in finite
set solvers include: i) the extension of the core subset bound solver with new inferences
relative to the set cardinality constraint (mainly described inCardinal [3] andOZ [68]),
ii) the development of global set constraint propagators, iii) the search for more expressive
set domain representations.

Regarding global set constraints propagators, Sadler and Gervet investigated the case
of n-ary constraints on fixed cardinality sets such asatmost1, distinct , stating re-
spectively thatn sets of known cardinality should intersect pairwise in atmost one element,
or not be equal [82]. This first attempt was followed by challenging results both theoreti-
cally and algorithmically. Walsh in [93] addresses the question of whether such global con-
straints could infer anything more than their decompositions and with Bessière et al. started
a systematic investigation of determining the tractability of a range of global set constraints
[14]. New global propagators were presented for thedisjoint andpartition con-
straints for sets of known cardinality, independently by Sadler and Gervet in [83] and
Bessière et al. in [13]. Such constraints have been presentin Ilog SOLVERwith similar
algorithms [50].

Regarding the effectiveness of finite set intervals, Lagoonand Stuckey propose in [60]
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a radically different approach to the standard subset domain bounds. They show that Re-
duced Ordered Binary Decision Diagrams (ROBDDs) can be usedto represent full do-
mains efficiently. The same year, the set interval representation was also reconsidered by
Sadler and Gervet in [84] in order to make better use of the cardinality information and
break set symmetries in problems such as combinatorial designs [85]. They define a hy-
brid set domain whereby the conventional subset domain is enriched with a lexicographic
domain that shows to better exploit the cardinality information and symmetry breaking
constraints. As this chapter was compiled, Gervet and Van Hentenryck proposed a length-
lex representation of set domains that encodes directly cardinality and lexicographic infor-
mation, and shows promise in reaching powerful and cost effective pruning [41].

Other structured objects have been considered to expand themodeling facilities of
finite domain constraints. Multisets (sets where an elementmay occur more than once),
commonly referred to asbags, have been embedded in few constraint languages and seem
an adequate choice of model for template design problems [54]. Existing approaches to
multiset reasoning make use of constructors or domains. ForexampleCLPSuses multiset
constructors whileSOLVERuses multiset domains. In [93], Walsh formalizes the idea
of multiset domains and discusses the expressiveness of different domain representations.
Quimper and Walsh also recently proposed in [78] to use efficient enumeration procedures
(see Knuth [55]) to extend the use of some global constraint on large domains over sets,
but also tuples represented as lists of integer variables.

Finally, higher level structured domains have recently been re-discovered (graph and
map variables) or proposed (ontologies, lattices). The proposals follow two main trends:
i) high level constructors that are part of a specification ormodelling language compiled
into an executable code such as the works of Flener et al. [32]leading to the modeling
languageASRA[32], and the PhD thesis of Hnich inL [48], ii) high level computation
domains to reason with and about relations and graphs as inConjunto [39], CP(Graph)
[24], andCP(Graph + Map) [22], and order-sorted domains introduced by Caseau and
Puget [17], as well as ontology domains introduced by Laburthe [59]. Fernándex and Hill
generalized all interval reasoning approaches over structured domains that are lattices into
a single framework, deriving theclp(L) language [30].

17.2 Constraints over Regular and Constructed Sets

Most of the recent proposals (late eighties) to embed strings or constructed sets as a high
level programming abstraction aim at extending a logic-based language and thus assume
such a language as the underlying framework. In this sectionwe review the major ap-
proaches which embed strings and constructed sets in constraint programming.

17.2.1 Regular Sets

CLP(Σ∗). This language represents an instance of the CLP scheme over the computation
domain of regular sets[92]. A regular set is a finite set composed of strings which are gen-
erated from a finite alphabetΣ. CLP(Σ∗) has been designed and implemented to provide a
logic-based formalism for incorporating strings into logic programming in a more expres-
sive manner than the standard string-handling features (eg. concat, substring ). A
CLP(Σ∗) program is a Prolog program enriched with regular set termsand built-in con-
straints.
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Operations on regular sets comprise concatenationR1.R2, disjunction or unionR1 +
R2 (i.e.,R1 ∪ R2) and the closure operatorR∗

1 which describes the least setR′ such
thatR′ = ǫ + (R′, R1). These operations allow us to build any regular expression when
combined with the identity elements under concatenation (1) and union (∅). This language
provides an atomic constraint over set expressions which isthe membership constraint of
the formx in e wherex is either a variable or a string ande is a regular expression. For
exampleA in (X.′′ab′′.Y ) states that any string assigned to variableA must contain the
substringab.

The satisfiability of membership constraints over regular sets clearly poses the problem
of termination. In the above example, ifY is a free variable there is an infinite number of
instances forA. The solver guarantees termination by: (i) applying a scheduling strategy
which selects the constraints capable of generating a finitenumber of instances, (ii) ap-
plying a satisfiability procedure based on deduction rules which check and transform the
selected atomic constraints. The non selected ones are simply floundered.

The selected constraintsx in e are such that eithere is a string ore is a variable andx a
string. The conditional deduction rules over each of these constraints infer a new constraint
or a simplified one if a given condition is satisfied. Each condition represents a possible
form of selected set constraints.

As an example, the following rules describe the derivation of concatenated expressions
under idempotent substitutions:





w = w1.w2

σ1 ⊢ ′′w′′
1 in e1

σ2 ⊢ ′′w′′
2 in e2



 and

(

σ1 ⊢ X1 in e1
σ2 ⊢ X2 in e2

)

σ1 ∪ σ2 ⊢ ′′w′′ in e1.e2 [X = (X1σ1).(X2σ2)] ⊢ X in e1.e2

Theσi are idempotent substitutions, which means that given two substitutionsσ1 and
σ2, σ1 ∪ σ2 produces the most general idempotent substitution if one exists that is more
specific than the two previous ones.

Soundness and completeness of the deduction rules are guaranteed only if there are no
variables within the scope of any closure expressione∗ in addition to the criteria of con-
straint selection. This approach constitutes a first attempt to compute regular sets by means
of constraints like the membership relation. The complexity of the satisfiability procedure
is not given, but infinite computations are avoided thanks tothe use of floundering.

Regular sets and finite automata. The key challenges when reasoning about string con-
straints effectively are 1) to represent infinite string sets without actually requiring infinite
space, and 2) to enforce constraints over infinite string sets without exhaustively listing
the consistent values [42]. To do so one would use regular languages, i.e. sets of strings
accepted by regular expressions or finite automata, which are widely used for instance in
string matching or lexical analysis.

Constraints over the string variables extend the ones presented in CLP(Σ∗) with con-
straints on the length of a stringlength . Two different representations of regular lan-
guages are used: regular expressions and finite automata (FAs) [49]. Regular expressions
that represent a regular language over an alphabetΣ, are used as input and are converted
to FAs, which are used computationally. This system has beenused within a constraint



C. Gervet 609

based planner for NASA. The solver performs set operations on Finite Automata to prune
the string domains and reach a consistent state. All of the set operations and string con-
straints are either linear or quadratic in the size of the FAsrepresenting the string domain.
However, the FA can grow exponentially with the number of operations, i.e. the number
of constraints that contain the variable whose domain is represented by the FA. Ultimately
how the FA grows will depend on the nature of the problem at hand.

Such languages allow variables to range over an infinite set of strings. This is suit-
able for their motivational problems but is not a requirement in all application domains
involving strings.

The use of membership constraints for sequences of finite domain variables also exists
in the constraint programming literature to address in particular combinatorial search prob-
lems such as rostering and car sequencing. The objective is usually to identify or enforce
patterns of values, specified over finite domain variables. The approaches are commonly
embedded as global constraints with associated propagator. We refer the reader to the
sequence constraint (constrains the number of times a certain pattern of lengthl appears
in a sequence of variables) introduced in [80], solver’sIlcTableConstraint [50]
(takes a sequence ofn finite-domain variables and a set ofn-tuples representing the valid
assignments of values to these variables), or the more recent regular(x,M) constraint
[74]. This constraint is a regular language membership constraint that constrains “any se-
quence of values taken by the finite domain variables ofx to belong to the regular language
recognized byM ”. It reasons upon strings of the regular language that have agiven length
n which is powerful enough for its purpose.

The embedding and use of regular sets in constraint (logic) programming has a clear
diversity from enhancing the string manipulation of Prologto enforcing patterns of values
in combinatorial search problems.

17.2.2 Constraints over Constructed Sets

The first steps towards embedding sets in constraint programming first assumed a logic-
based language as the underlying framework. This follows from the declarative nature
of logic programming, which well combines with set constructs, and its nondeterminism
which is suited to stating set-based programs. The presented languages are the main ones
relating to constraint reasoning. More literature exists relating solely to logic program-
ming.

{log} and CLP(SET ). {log} [25, 26, 27] has been designed and implemented mainly
for theorem proving. Consequently, it embeds an axiomatized set theory whose properties
guarantee soundness and completeness of the language.

Set terms are constructed using the interpreted functorswith and{}, e.g.∅ with x
with (∅ with y with z) = {{z,y},x}. The language includes a limited collection of
predicates (∈,=, 6=, /∈) as set constraints. The axiomatized set theory consists ofa set of
axioms which describe the behaviour of the constructorwith. For example theextension-
ality axiomshows how to decide if two sets can be considered equal:

v with x = w with y →
(x = y ∧ v = w) ∨ (x = y ∧ v with x = w) ∨
(x = y ∧ v = w with y) ∨∃z (v = z with y ∧w = z with x)
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Using the axioms, a set of properties are derived describingthe permutativity (right asso-
ciativity) and absorption of thewith constructor. For example, the permutativity property
is depicted by:

(x with y) with z = (x with z) with y (permutativity)

The complete solver consists of a constraint simplificationalgorithm defined by a set of
derivation rules with respect to each primitive constraint. A derivation rule for the equality
constraint is, for example:

h with {tn, ..., t0} = k with {sm, ..., so}
If h andk are not the same variables then select non-deterministically one action among

a set of possible substitutions (minimal set of unifiers). The nondeterministic satisfaction
procedure of constructed sets reduces a given constraint toa collection of constraints in
a suitable form by introducing choice points in the constraint graph itself. This leads to
a hidden exponential growth in the search tree. In this approach, completeness of the
solver is required if one aims at performing theorem proving. Thus, there is no possible
compromise here between completeness and efficiency. The soundness and completeness
of its solver allow us to use it for theorem proving and problem specification.
{log} has been revisited from a LP to a CLP framework in order to provide a uniform

framework for the handling of set constraints (∈,=, 6=, /∈). The CLP counterpart called
CLP(SET ) is described in [28]. The design and implementation of{log} and subsequently
CLP(SET ) have settled the theoretical foundations for embedding constructed sets of the
form {x} ∪ S into (constraint) logic programming.

CLPS. The CLPS language (Constraint Logic Programming with Sets)was designed for
prototyping combinatorial search problem dealing with sets, multisets, or sequences. It
is based on a three sorted logic, the three sorts being: sets,multisets and sequences of
finite depth (eg.s = {{{e, a}}, c} is a set of depth three) [63]. The concept of depth is
equivalent for each sort.

In CLPS, set expressions are built from the usual set operator symbols (∪,∩, \,#).
Set variables are constructed either iteratively by means of the set constructor{x} ∪ s
or by extension by grouping elements within braces (eg.{x1, ..., xn}). The language
also embeds finite integer domains and allows set elements torange over a finite domain.
Sequences and multisets are built using, respectively, theconstructorssq{...} andm{...}.
Basic constraints are relations from{∈,=, /∈, 6=,⊆} interpreted in the usual mathematical
way together with a depth (::) and a type checking operator.

The satisfiability problem for sets, sequences and multisets isNP -complete [65]. To
cope with this, CLPS provides several methods whose use depends on the characteristics
of the CLPS program at hand. The solver makes use of various techniques comprising: (i)
a set of semantical-consistency rules, (ii) an arc-consistency algorithm of type AC-3 [66]
combined with a local search procedure (forward checking) and (iii) a transformation pro-
cedure which transforms the set constraint system into an equivalent mathematical model
based on integer linear programming [47]. The rules in (i) check the consistency of each
set constraint with respect to homogeneity of types, depth and cardinality. For example the
system

{x} = {y, z} is semantically-consistent ify = z



C. Gervet 611

A semantically-consistent system of set constraints is then solved in two stages. The solver
first divides the system in two independent subsets: 1) the first one,SCfd, contains set con-
straints whose constrained sets are sets of integer domain variables, 2) the other one, writ-
tenSCv contains sets and set constraints where set elements are free variables or known
values. The solver applies (ii) and (iii) respectively to check satisfiability overSCfd and
SCv.

An interesting component is the resolution ofSCv using (iii). A systemSCv is sat-
isfiable if its equivalent integer linear programming form is satisfiable [47]. To check
satisfiability, the system provides a correct and complete procedure which transforms the
set constraint system into an equivalent mathematical model based on integer linear pro-
gramming. This procedure consists in flattening each set constraint and reducing the sys-
tem of flattened formulas to an equivalent system of linear equations and disequations
over finite domain variables. The derived system is then solved using consistency tech-
niques. The flattening algorithm works by adding additionalvariables to reach forms from
(x = y, x ∈ y, x = {x1, ..., xn}, x = y ∪ z, x = y ∩ z, x = y \ z, etc.). The reduction
to linear form is performed by associating to each set variablexi a new variableCxi which
represents its cardinality and to each pair of variables(xi, xj) a new binary variableQij
denoting possible set equality constraints. If there aren constraints the complexity of the
reduction procedure is inO(n3).

The proposed solving methods are among the most appropriatefor handling set con-
straints over constructed sets. They fit the application domain of the language which aimed
initially at combinatorial problem prototyping. Unfortunately the nondeterminism in the
unification of set/multisets/strings constructs preventsan efficient pruning of the domains
attached to set elements (in case they represent domain variables). The focus is put on the
expressive power of the language rather than on the efficientsolving.

Since its first release, the CLPS kernel has been extended in many ways. In particular,
new solvers on constructed terms for multisets and sequences have been defined based on
PQR-trees and proved to be appropriate for modelling and solving scheduling problems
with a reasonable efficiency [9]. The application domain of CLPS has since migrated and
a new solver called CLPS-B has been designed and implementedto animate and generate
test sequences from B and Z formal specifications [15]. The B method, developed by
Abrial, forms part of a formal specification model based on first order logic extended to set
constructors and relations, (see [1] for a description of the B method).

17.3 Constraints over Finite Set Intervals

As we mentioned earlier on, many combinatorial search problems find a natural formula-
tion in the language of sets. The embedding of finite set intervals in constraint program-
ming languages builds upon the successes of finite domain constraint satisfaction problem
(CSP) in order to allow for natural and concise modeling of a set-based combinatorial
search problems as set domain CSP – where set variables rangeover finite set domain
– and set constraints are handled using consistency techniques. The motivations differ
slightly from the previous languages since the approach compromises expressiveness (sets
don’t contain variables) with efficiency (trivial deterministic unification of finite sets). We
present the main components of the finite set solver, since itis available in most CP lan-
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guages and lead to much further research and improvements inrecent years. Comprehen-
sive theoretical and practical descriptions can be found in[39, 77, 40].

Notations. Set variables will be represented by the lettersx, y, z, s, set constants by the
lettersa, b, c, d, natural numbers by the lettersm,n and integer variables byv, w. All these
symbols can be subscripted.

17.3.1 Subset Domain Bounds and Convex Closure Operator

A set domain can be specified in extension as a collection of known sets of arbitrary ele-
ments like{{a, b}, {c, d}, {e}}. However, such domains can be large (e.g., ifs ⊆ {1, . . . ,
100}, its domain contains2100 elements). A common approach to tackling large domains
is to approximate the domain reasoning by an interval reasoning as in many FD solvers.
This is why the notion of set domain has been approximated by aset interval specified by
its upper and lower bounds, defined by some appropriate ordering on the domain values.
In this case the partial ordering under set inclusion is considered. This enables the use
of consistency techniques [66] by reasoning in terms of interval variations, when dealing
with a system of set constraints. The set interval[{}, {a, b, c, d, e}] represents the convex
closure of the set domain above.

The core idea is to approximate the domain of a set variable bya closed interval denoted
[glb, lub], specified by its unique least upper boundglb, and unique greatest lower bound
lub, under set inclusion. Any such interval within a powerset lattice is necessarily convex
allowing us to perform correct computations over the set intervals. This approach finds
similarities with other interval reasoning approaches like real intervals or Booleans (see
[71, 11]).

Theglb of the set domain contains thedefiniteelements ofs and thelub contains in
additionpossibleelements ofs.

Example 17.1.The constraints ∈ [{3, 1}, {3, 1, 5, 6}]means that the elements3, 1 belong
to s and that5 and6 are possible elements ofs.

Regarding set expressions, the domain of a union or intersection of sets is not a set in-
terval because it is not a convex subset of theP({1, 2, 3, 4, 5, 6}), the domain of discourse
(e.g.I = [{1}, {1, 3}]∪ [{}, {2, 6}], {1, 3}, {6} ∈ I but [{}, {1, 3, 6}] 6⊆ I). It is possible
to maintain such disjunctions of domains during the computation, but this leads to a com-
binatorial explosion. This handling of “holes” can be avoided by considering the convex
closure of a set expression domain. To do so one needs a convexclosure operation over a
subset of a powerset lattice equipped with set inclusion ordering.

Convex closure operation. LetDS be the powerset lattice〈P(Hu),⊆〉 with the partial
order⊆ whereP(s) denotes the powerset ofs and the universe of discourseHu refers to
the Herbrand universe. To ensure that any set domain is a set interval, we define a convex
closure operation which associates to anyDS its convex closure as being a set interval.

Definition 17.2. Given any subsetx = {a1, ..., an} ofDS we have:

~conv (x) = x = [
⋂

ai∈x

ai,
⋃

ai∈x

ai]
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The convex closure of the set{{3, 2}, {3, 4, 1}, {3}} belonging toP(DS) is the set
interval[{3}, {1, 2, 3, 4}].

The operations
⋂

ai∈x
ai and

⋃

ai∈x
ai derive respectivelyglb(x)andlub(x). The op-

eration ~conv(x) = x = [glb(x), lub(x)] satisfies the properties of extension (x ⊆ x),
idempotence (x = x), and monotony (ifx ⊆ y, thenx ⊆ y)

The existence of limit elements for any set{a, b} belonging toDS allows us to define
a notion of set domain as a convex subset ofDS , that is a set interval[a ∩ b, a ∪ b].

Set interval calculus. The powerset algebraDS interprets the set function symbols∪, ∩,
\ in their usual set theoretical sense (i.e.,∅ is the empty set,\ the set difference, etc.). The
interpreted set union and intersection symbols have the usual algebraic properties (com-
mutativity, associativity, idempotence, absorption). Bymaking use of the convex closure
operation we ensure that the union and intersection of set intervals yield intervals as well.
The resulting set interval calculus is described as follows:

[a, b] ∪ [c, d] = [a ∪ c, b ∪ d]
[a, b] ∩ [c, d] = [a ∩ c, b ∩ d]
P(Ds) = P(Ds) and∅ = ∅

With regard to the set difference operation[a, b] \ [c, d], its set theoretical definition
is x \ y = x ∩ y′ wherey′ is the complement ofy. The complement of a set interval is
characterized only by the fact that it does not contain the elements in the lower bound (e.g.
c in this case). So the convex closure of a set interval difference is:

[a, b] \ [c, d] = [a \ d, b \ c]

17.3.2 Set Constraints and Graduations

Primitive set constraints apply to set variables or ground sets. They constrain at most two
set variables or a set variable and an integer (for graduatedconstraints). They can be of the
form S ∈ [a, b], S ⊆ S1, S = S1 ∪ S2, S = S1 ∩ S2, S = S1 \ S2, e ∈ S, e /∈ S, |S| ≥
c, |S| ≤ c.

Many more constraints can be specified but will be rewritten in term of the primitive
ones. For instance, n-ary constraints of the forms1 ∪ s2 ⊆ s3 ∩ s4. Th reason is that
the partial solving of constraints requires us to express each set variable in terms of the
others. Since there is no inverse operation for∪,∩, \ there is no way to move all the
operation symbols on one side of the constraint relation. Soit is necessary to decompose
n-ary constraints into primitive ones unless some global reasoning is sought with dedicated
propagators (see next section). The decomposition approach is similar to the relational
form of arithmetic constraints over real intervals [18].

To increase the expressiveness of a set solver, and in particular to be able to deal with
optimization functions, we apply graduation functions to sets. A graduation maps a no
quantifiable term to an integer value denoting a measure of the term. The set cardinality is
one example of such a function. Another one is the weight function that sums the element
values of the set. Both can then be restricted by arithmetic constraints. The following
definitions give necessary conditions to consider graduations for a given set.
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Definition 17.3. A setS provided with an order relation� is graduated if there exists a
functionf fromS toZ (positive and negative integers) which satisfies:

x ≺ y ⇒ f(x) < f(y) (≺ is a strict ordering,< the arithmetic inequality)
x precedesy ⇒ f(x) = f(y) + 1

An elementxi precedes an elementxi+1 if in the chain of elementsx = x0 ≺ x1 ≺
... ≺ xn = y in S there is no other element between them.
f is thegraduation ofS.

The existence of a graduation of a set which does not correspond to a chain (e.g. a set
of set intervals) is guaranteed for the closed set intervalsunder set inclusion [40]. Further-
more, if there exists one such graduation of a set, then thereexists an infinite number of
graduations of this set. The weight function is a case in point.

Definition 17.4. A graduationf is a function from[DS ,⊆] toZ (set of positive and neg-
ative integers) which maps each elementx ∈ DS to a uniquem such thatf(x) = m.

The convex closure of a graduationf is required to deal with elements fromΩDS. The
closure function, writtenf , maps elements fromΩDS to a subset of the powersetP(Z)
containing intervals of positive and negative integers. This subset is designated byΩZ.

Example 17.5. Let s be a set and|s| its cardinality (a positive integer). Consider the
constraints ∈ [{}, {1, 2}]. The cardinality function is approximated by||. Intuitively we
have||(s) = [0, 2].

Definition 17.6. Let f : DS → Z. The functionf : ΩDS → ΩZ is derived fromf as
follows:

f([a, b]) = [f(a), f(b)]

Property 17.7. If x ∈ [a, b] thenf(x) ∈ f([a, b]).

This property guarantees that the output of the functionf applied to a set domain
contains the actual graduation value of the concerned set variable.

17.3.3 Local Consistency

Local consistency for the primitive constraints individually ensure that the set interval cal-
culus holds. This can be captured in the following definitionof bound consistency for
constraints over combined domains [13].

Definition 17.8. A constraint is Bound Consistent (denoted BC), iff for each set (holds also
for multiset domain variables), itslub(s) (respectivelyglb(s)) is the union (respectively
intersection) of all the values fors that belong to a valid assignment, and for each integer
variable x there is a valid assignment that satisfies the constraint forthe max and min
values in the domain ofx. An assignment is valid if the value given to each set (or multiset)
is within its domain bounds, and the value given to each integer variable is between the
min and max in its domain.

For the sole case of set and multiset variables, BC can be defined using the character-
istic function for each set variable (or occurrence representation for multiset variables). A
set constraint is BC if its characteristic function is bounds consistent in the common finite
domain terminology [93].



C. Gervet 615

17.3.4 Enforcing BC

The consistency notion defines conditions to be satisfied by set domain bounds, and integer
domains so that a set constraint is BC. If such conditions arenot satisfied this means that
elements in the domain are irrelevant. BC can be inferred by moving such elements “out
of the boundaries of the domain” which means pruning the bounds of the domain. The
essential point is that a refinement of both bounds allows us to prune a domain. Reducing
the set of possible values a set could take can be achieved either by extending the collection
of definiteelements of a seti.e., adding elements to the glb of a set domain, or by reducing
the collection ofpossibleelementsi.e., removing elements from the lub of a set domain.
Both computations are deterministic. The inference rules are presented as deterministic
rewrite rules that operate when the conditions are met:

conditions
constraint store changes

For set constraints

Consider the constraints ⊆ s1 such thats ∈ [a, b], s1 ∈ [c, d]. Inferring its local consis-
tency amounts to possibly extending the lower bound of the domain ofs2 and to possibly
reducing the upper bound of the domain ofs1. This is depicted by the following inference
rule:

I1.
b′ = b ∩ d , c′ = c ∪ a

{s ∈ [a, b], s1 ∈ [c, d], s ⊆ s1} 7−→ {s ∈ [a, b′] , s1 ∈ [c′, d], s ⊆ s1}
Whens, s1 denote set expressions, the relational forms are created and the following

additional inference rule is necessary to deal with the projection functions. For each pro-
jection functionρi describing the domain of ansi appearing in a set expression, we have:

I2.
a′i = ai ∪ c , b′i = bi ∩ d

{ si ∈ [ai, bi], ρi = [c, d] } 7−→ { si ∈ [a′i, b
′
i]}

For primitive graduated constraints

The constraintf(s) ∈ [m,n] such thats ∈ [a, b] describes a mapping from an element
belonging to a partially ordered set to an element belongingto a totally ordered set. Con-
sequently, it might occur that two distinct elements in[a, b] have the same valuation in
[m,n]. This implies that inferring the local consistency of this constraint might require
refining[a, b] only if a single element in[a, b] satisfies the constraint. If this element exists,
it corresponds necessarily to one of the domain bounds sincethey are uniquely defined and
are strict subset (or superset), of any element in the domain. Thus, the value of the graded
function mapped onto them cannot be shared. The inference mechanism is depicted by
the following rules.min() andmax() are functions which take as input a collection of
integers and return respectively the minimal and maximal integer value of this collection.

I3.
[m′, n′] = [max(m, f(a)),min(n, f(b))]

{ s ∈ [a, b] , f(s) ∈ [m,n]} 7−→ {s ∈ [a, b] , f(s) ∈ [m′, n′] }
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I4.
n = f(a)

{ s ∈ [a, b] , f(s) ∈ [m,n]} 7−→ {s = a }

I5.
m = f(b)

{ s ∈ [a, b] , f(s) ∈ [m,n]} 7−→ {s = b }
By their definition, the inference rules are correct (all possible solutions are kept), con-

tracting (final domains are subset of the initial domains), idempotent (the smallest domains
have been computed the first time) and inclusion monotone (smaller initial domains yield
smaller final domains). The consistency of a system of constraints results from the con-
sistency of each constraint appearing in it. A generic algorithm is used to call the relevant
inference rules dedicated to enforcing BC. It reduces the set bounds until a fixed point is
reached. In the case of set intervals, the algorithm resembles the relaxation algorithm used
by CLP(Intervals) systems [62] commonly referred to as fixedpoint algorithm [11], see
Chapter 16, “Continuous and interval constraints”.

17.3.5 Illustrative Model

We illustrate a 0-1 model versus a subset-bound set model of asimple bin packing problem
[39]. Bin packing problems belong to the class of set partitioning problems. A multiset
of n integers is given{w1, ..., wn} and specifies the weight elements to partition. Another
integerWmax is given and represents the weight capacity. The aim is to finda partition of
then integers into a minimal number ofm bins (or sets){s1, .., sk} such that in each bin
the sum of all integers does not exceedWmax. This problem is usually stated in terms of
arithmetic constraints over 0-1 variables and solved usingMIP techniques or finite domain
constraint programming. It requires one matrix(aij) to represent the elements of each
set, one vectorxj to represent the selected subsetssk and one vectorwi to represent the
weights of the elementsaij . The set model uses aweight graded constraint that sums the
weights of the items in a set domain.

IP abstract formulation set abstract formulation

∑m
j=1 aij xj = 1 ∀i ∈ {1, .., n} s1 ∩ s2 = {}, s1 ∩ s3 = {}, .., sn−1 ∩ sm = {}

s1 ∪ s2 ∪ ... ∪ sm = {(1, w1), .., (n,wn)}
where:
xj = 0..1 (1 if sj ∈ {s1, .. , sk}) sj ∈ [{}, {(1, w1), .., (n,wn)}]
aij = 0..1 (1 if i ∈ sj) weight (i, wi) = wi;
∑n

i=1 aij wi ≤Wmax ∀j ∈ {1, ...,m} ∀sj ,
∑#glb(sj)
i=1 weight (i, wi) ≤Wmax

Under these assumptions, the program to solve is to minimizethe number of bins:
min x0 =

∑m
j=1 xj min x0 = #{sj | sj 6= {}}

17.3.6 Multiset Domains

Multisets can also be used to model the bin packing problem byconsidering essentially the
weights and not the items. They were introduced in the previous section in the context of
constructed sets. We present here approaches towards introducing multiset objects that are
specified using domains, as they can be naturally seen as extensions to set domains where
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the occurrence needs to be taken into account. Multiset domains are not present in many
languages yet, but can be found in SOLVER under the namebags[50]. As described in
[54], the main difference between set and multiset domains in a Constraint Satisfaction
Problem sense lies in the maintenance of the occurrence functions. And in fact multisets
can be solely defined by means of the occurrence function. Letocc(m, s) be the number
of occurrences ofm in the multisets. Multiset operations such as union, intersection,
difference, etc, are defined by properties of the occurrencefunction. We have:

occ(m, s1 ∪ s2) = max(occ(m, s1), occ(m, s2))
occ(m, s1 ∩ s2) = min(occ(m, s1), occ(m, s2))
occ(m, s1 \ s2) = max(0, occ(m, s1)− occ(m, s2))
s1 = s2 iff ∀m, occ(m, s1) = occ(m, s2)
s1 ⊆ s2 iff ∀m, occ(m, s1) ≤ occ(m, s2)

Just like sets, different representations are possible formultiset domains. The subset
bound representation can be generalized to sets allowing multiple occurrence of elements,
and the characteristic function can be generalized to the occurrence vector. Also the list
of finite domain variables commonly used to represent sets inFinite Domain (FD) solvers
can be used for multisets with the difference that the variables are not constrained to be
distinct but each element should appear in a number of variables describing its occurrence.
We can compare the expressiveness of the different representations in terms of the multiset
values it represents. For instance, the occurrence representation is more expressive than
the bound representation (see proofs in [93]). The FD list, also referred to as cardinality
representation, is incomparable to either.

Example 17.9. A multisetms1 with possible values{{1, 1, 2}}, {{2, 2, 2}}can be repre-
sented by the “occurrence” vector of integer variables[x1, x2] with:

x1 = occ(1,ms) ∈ 0..2, and x2 = occ(2,ms) ∈ 1..3
The bound representation for this multiset domain is specified by:
ms1 ∈ [{1, 1, 2}..{2, 2, 2}]

The FD list representation for the same multiset variable isspecified by:
[y1, y2, y3], y1 ∈ 1..2, y2 ∈ 1..2, y3 = 2

Enforcing BC is done by applying inference rules similar to the ones for set constraints
taking into account the semantics of the occurrence element(see [93]).

17.4 Influential Extensions to Subset Bound Solvers

Conjunto and its peers provide a natural and concise modeling facility for set-based
CSPs, space efficient in the representation of large domains, integrated with finite domain
solvers through graded function constraints. However, thegrowing use of such solvers
has raised some important shortfalls over the past years, the main ones being the loose
approximation of the subset bounds when the actual domains are sparse, and the passive
use of the cardinality information, ubiquitous in set-based combinatorial problems, and
the breaking of problem symmetries. We present the most influential approaches towards
improving finite set solvers.
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So far, there has been four research directions to strengthen constraint propagation of
the first subset bound solvers, built uponConjunto inference rules. These comprise
(1) additional cardinality inferences to enrich a subset bound solver; (2) a hybrid set do-
main that complements the conventional subset domain with lexicographic bounds; (3) a
set solver based on a full domain representation using Reduced Ordered Binary Decision
Diagrams (ROBDD); (4) global constraint propagators over subset bounds. This section
surveys the four of them.

17.4.1 Cardinal

TheCardinal solver [3] is a finite set solver in theConjunto style (i.e. subset bound
solver) with enhancements to strengthen the use of the cardinality information.Conjunto
uses the cardinality (and other graded functions like weight) in a unidirectional way, mean-
ing that when a set domain gets refined its cardinality is pruned. The possible inferences
from the cardinality to the set have not been considered, mainly due to the practical ob-
jective of the language then to remain cost effective in addressing large set-based CSPs
(bin-packing, partitioning). However, finite set solvers have a wider applicability. In par-
ticular Azevedo applies subset bound solvers to tackle digital circuit diagnosis [4, 3]. For
such problems active use of the cardinality information is essential.

Conventional Boolean representations of digital signals consider a pair: a set of faults
on which the signal depends, and a Boolean value that the signal takes if there were no
faults at all. Both are variables. For instance,X = {{f/0, g/0}, {i/1}}− 0 means that
signalX is normally 0 but if both gatesf andg are stuck-at-0 or gatei is stuck-at-1, then
its actual value is 1. Thus∅-N represents a signal with constant valueN , independent of
any fault [4]. The idea of using sets to represent digital circuits is to join the two domains
in one by using a transformation, based on a single set domainthat approximates both with
minimal loss of information. A set representing a pairS-0 is simply represented by the
setS, while the pairS-1 is represented by the setS. The setS can have values∅ or D
(known set) and is thus given a set interval domain[0, D] whose corresponding cardinality
should ideally have only the two possible values{0, |D|}. Such disjunctive cardinality
domains, mapped to sparse set domains, makes the subset bound approximation very loose
and ineffective.

New inferences rules are added to the solver to strengthen constraint propagation over
the cardinality information, and would benefit such combinatorial problems in particular
[4]. Additional cardinality inferences are associated with each basic set operation. To
illustrate the pruning power ofCardinal , we consider the set difference operation. The
following example shows the benefits of additional inference rules using the cardinality
information:

Example 17.10.Let s1, s2 ands3 be three set variables such that we have the following
system of constraints:

s1, s2 ⊆ {a, b, c, d}, |s1| = 2, s3 = s2 \ s1

While traditional subset bound solvers do not infer any information, theCardinal
system would infer that|s3| ≤ 2. Then any further constraint upon the cardinality ofs3
such as|s3| = 3 would lead to a failure.
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The inference rules defined to achieve bounds consistency for the cardinality variables
c1, c2, c3 amount to adding new constraints on the cardinality variables to the constraint
store. In the case of the set difference constraint we have:

c3 ≥ c1 − c2
c3 ≤ c1 − |glb(s1) ∩ glb(s2)|
c3 ≤ |lub(s1) ∪ lub(s2)| − c2

Note that theCardinal solver first infers arc consistency over the cardinality bounds,
at constraint set up which can be useful when cardinality domains are disjunctive like in
digital circuits models, but costly in the general case. Thus it maintains bounds consistency
over these bounds to remain effective while strengthening constraint propagation. For each
primitive set constraints as the set difference above, an inference rule leading to AC for the
cardinality domains is first applied.

c3 ∈ {n | ∃ i ∈ D1, j ∈ D2, max(i− j, i− |lub(s1) ∩ lub(s2)|) ≤ n
n ≤ min(i− |glb(s1) ∩ glb(s2)|, |lub(s1) ∪ lub(s2)| − j)}

Example 17.11([3]). Consider two setss1 ands2 that can only be∅ or {f, g, h, i} (i.e.
cardinality 0 or 4). To find the initial cardinality domain oftheir differences3 = s1 \ s2,
we examine cardinality pairs〈0, 0〉, 〈0, 4〉, 〈4, 0〉, 〈4, 4〉 and conclude that the set difference
cardinality is also the pair〈0, 4〉.

TheCardinal solver has been implemented atop ECLiPSe [86] and is fully described
in [3, 5]. This solver has shown how finite set solvers can be competitive on problems
which were the realm of Boolean algebra. It has demonstratedthe expressiveness of finite
sets and their applicability to digital circuit design in particular.

17.4.2 Lexicographic Bounds

The ubiquity of the set cardinality information goes beyonddigital circuit design and en-
compasses the large class of combinatorial design problems(e.g. see [19] for a survey)
for which set-based CSP models are ideally suited. Examplesare sport scheduling, Steiner
systems, error-correcting codes. Traditional subset bound solvers have difficulty with such
problems as they do not make strong use of the set cardinalityinformation. Cardinal
offers more in terms of cardinality inferences but such inferences do not propagate onto
the subset bounds except for instantiation. This issue is addressed in [84], by extending the
domain representation to more closely approximate the truedomain of a set variable. This
is a complementary approach toCardinal that strengthens the propagation of finite set
constraints in a tractable way.

The idea is to consider a set domain ordering that better exploits the cardinality infor-
mation, and that is also effective at breaking symmetries (when using symmetry breaking
constraints) [85]. The new bound representation for set domains is based on an ordering
different from the set inclusion (subset order). It is a lexicographic ordering withlexico-
graphic boundsspecified by〈inf, sup〉. This ordering relation defines atotal order on sets
of natural numbers, in contrast to thepartial order⊆. We use the symbols� (and≺) to
denote a total strict (respectively non-strict) lexicographic order.

Definition 17.12. Let� be a total order on sets of integers defined as follows:
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s1 � s2 iff s1 = ∅ ∨m1 < m2 ∨
(

m1 = m2 ∧ s1 \ {M1} � s2 \ {m2}
)

wherem1 = max(s1) andm2 = max(s2)

Example 17.13.Consider the sets{1, 2, 3}, {1, 3, 4}, {1, 2}, {3}, the list that orders these
sets w.r.t.� is [{1, 2}, {3}, {1, 2, 3}, {1, 3, 4}].

A common use of this ordering is in search problems to break symmetries (e.g. [21] on
SAT clauses or [33, 36] on vectors of FD variables). However,this is not the use to which
this ordering is put here. It is used ongroundsets as a means to approximate the domain
of a finite set variable by upper and lower bounds w.r.t. this order.

A lex bound domain overcomes one major weakness of the subsetbounds, in that the
lex bounds denote possible solution sets that satisfy the cardinality restrictions imposed on
the set variable.

Example 17.14.Consider a variableX ranging over a subset domain[{1, 2}, {1, 2, 3, 4}],
such thatX is of size3. The subset bounds are not a possible instance forX as the domain
cannot be pruned to satisfy the cardinality restriction. The lexicographic bounds on the
other hand are[{1, 2, 3}, {1, 2, 4}], denoting the min and max sets of size 3 (w.r.t. to the
ordering) containing{1, 2}.

Despite its success allowing cardinality constraint to filter the domain more actively, the
lex bound representation is unable to always represent certain critical constraints. Primary
amongst these constraints is the inclusion or exclusion of asingle element. Such constraints
are not always representable in the domain because the lex bounds represent possible set
instances and not definite and potential elements of a set. Inthe example above there are
sets in between the lex bounds that do not contain{1, 2}, such as{4, 1}. It is the inability
to capture such fundamental constraints efficiently in the domain which lead to a hybrid
domain of both subset and lexicographic bounds.

The lexicographic ordering for sets is not the only possibledefinition, nor is it, perhaps,
the most common when talking about sets. Its use comes from two reasons: 1) for sets of
cardinality 1 it is equivalent to the≤ ordering of FD variables and 2) usefully, it extends
the⊆ ordering and we have:

Theorem 17.15.[84] ∀s1, s2 ∈ P(U) : s1 ⊆ s2 ⇒ s1 � s2

Theorem 17.15 is used in the hybrid domain to make inferencesbetween the two
bounds representations for set variables.

A collection of inference rules have been defined to propagate primitive set constraints
with respect to the lex bounds, subset bounds and cardinality bounds. A prototype hy-
brid solver has been implemented in ECLiPSe atop theic_sets library. First results
showed spectacular improvements over traditional subset bound solvers, on the network
design SONET problem [85] and more pruning but at a substantial computational cost on
some combinatorial design problems such as the Steiner triple problems and binary error
correcting codes. The main novelty of the approach is the introduction of a new domain
representation whose bounds account for the cardinality restrictions and can be used for
effective symmetry breaking (using symmetry breaking constraints).
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17.4.3 ROBDDs

The problem of efficient finite set reasoning in a constraint logic programming context
can also be addressed from a radically different perspective as described in [60]. The idea
was first motivated by rejecting the belief that the very large number of values of a finite
set domain precludes a precise and un-approximated representation, and instead to show
how Reduced Order Binary Decision Diagrams (ROBDDs) can be used to represent full
set domains and set constraints in a compact manner. Using existing efficient libraries to
represent and manipulate these compact data structures, Lagoon and Stuckey demonstrate
techniques for combining ROBDDs in ways that correspond to basic finite set constraints
(e.g.\, ∩, ∪, ||) which minimize the size of the resulting ROBDD [60]. An ROBDD is a
canonical function representation (up to reordering)of a Binary Decision Diagram which
permits and efficient implementation of many Boolean function operations [16].

Let s be a set variable, and let{1, .., N} be its domain of possible values. The ROBDD
domain representation makes use of the characteristic function that defines the one-to-one
correspondence between a subsets of a known setS and a Boolean algebra:

f : xi → {0, 1} such thatf(xi) = 1 iff i ∈ s

Hence a set variables is represented by a vector of Boolean variables< x1, .., xN >.
Now if we consider an assignmentA of values to variables, eachxi will take value one if
and only ifi ∈ s. Thei’s are first drawn from a universe of discourse. Such an assignment
can be represented as a Boolean formulaB(A):

B(A) =
∧

i∈U

yi whereyi =

{

xi if i ∈ A
¬xi otherwise

Each known set can be seen as an assignment, hence the full domain of a set variable
D(s) can itself be represented by a Boolean formulaB(D(s)). This formula is a disjunc-
tion ofB(A) over all possible setsA in D(s) [45]:

B(D(s) =
∨

A∈D(s)

B(A) whereB(A)is defined above

Example 17.16.Let U = {1, 2, 3} and lets be a set variable withD(s) = {{1}, {1,3},
{2,3}}. We associate Boolean variables{v1, v2, v3} with s givenU . D(s) is the Boolean
formula(v1 ∧¬v1 ∧¬v3)∨ (v1 ∧¬v2 ∧ v3)∨ (¬v1 ∧ v2 ∧ v3). The three solutions to this
formula correspond to the elements of D(s).

While such a formula can be constructed using an ROBDD, in practice the approach
only ever constructs the ROBDD for a domain implicitly through constraint propagation.
The ROBDDs are used to model the constraint themselves. Indeed any set constraint can
be converted to a Boolean formula.

Example 17.17.LetU = {1, 2, 3}, and the constraints1 ⊆ s2. Assume that the Boolean
variables associated withs1 and s2 respectively arev1, v2, v3 andw1, w2, w3. The in-
clusion constraint can be represented by the Boolean formula: (v1 → w1) ∧ (v2 →
w2) ∧ (v3 → w3). This formula can be represented by two different ROBDDs depending
on the variable ordering.
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ROBDDs are ordered and thus require an ordering of the Boolean variables used. The
order can have a drastic effect on the size of the ROBDDs when constraints are represented,
i.e. when there is a specific relationship between elements of the universe.

The Boolean approach allows the ROBDD-based modeling to be extended to handling
integer and multiset constraint problems as well as some global set constraints (compre-
hensive description in [45]). While initially motivated byusing a full set domain repre-
sentation that do not approximate the possible set values, ROBDD have also been used
to model less strict consistency notions and domain approximations, such as set bounds,
cardinality bounds and lexicographic bounds consistency;with a thorough comparative
evaluation of the different domain representations [44, 45].

The ROBDD-based solver offers a flexible modelling facilityand has shown high per-
formance results on several standard combinatorial designconstraint problems. However,
it does require the use of Boolean formula and variables to model such problems.

17.4.4 Global Set Constraints

The above works strengthen constraint propagation in complementary ways by revising the
concept of set domain or enriching the local inference rules. A more traditional approach in
constraint programming to offer a better tradeoff “naturalformulation”/efficiency consists
in deriving global propagators for a class of symbolic constraints, see Chapter 7, on Global
Constraints. This was not considered in finite set solvers till recently, at least in published
academic articles, but is now contributing interesting results.

Global reasoning on a class of symbolic set constraints, first considered somen-ary
constraints like theatmost1 (sets intersecting pairwise in atmost one element), or its
complement, thedistinct constraint (sets that differ pairwise in atleast one element)
over sets of fixed cardinality [82]. Such constraints and other n-ary constraints likeunion
anddisjoint have been used in set-based constraint languages but essentially as syntac-
tic abstractions of collections of binary or ternary constraints, solved with local consistency
techniques. The ubiquity of set intersection in conjunction with cardinality restrictions in
set-based combinatorial problems drove the research agenda towards more efficient prop-
agators.

Example 17.18.
[s1, s2, s3] ∈ {{}..{a, b, c, d}}
|s1| = |s2| = |s3| = 2
disjoint ({s1, s2, s3}

BC on this system of constraints does not detect inconsistency. However, if the cardi-
nality constraints are combined with the disjointness constraint one can see that there are
no solutions by doing a simple pigeon hole test. This can be deduced if we consider the
set of constraints globally. In fact, the representation ofsets within powersets specified as
set intervals can be used to derive some global inferences based on combinatorial analysis
formulas. A simple satisfiability test can first be checked (ie. pigeon hole test), determin-
ing whether a set of 4 elements can be partitioned into 3 sets of 2 which fails (43 6= 2).
A more elaborate test that does not require the sets to have same cardinalities derives an
upper bound on the number of possible partitions of 4 elements into 3 sets of cardinality 2.
Such numbers are known as a Stirling number4!(2!)3(3!) = 1

2 [12]. If it is less than one, the
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problem is unsatisfiable since there isn’t a single possiblepartition. However if the number
is greater than one we would know how many different partitions there are.

There exist some counting functions that determine the maximum number of configu-
rations allowed in a supersetS, given some shared properties, see [82]. When considering
the values of these functions on can then investigate how andwhen they can be used ef-
fectively, first to detect unsatisfiability but also to prunefurther irrelevant set values in an a
priori manner. The counting functions provide a mathematical information that is not eas-
ily deducible in logic. They enable the definition of a set of inference rules to strengthen
propagation on global constraints such asatmost1 ,distinct over fixed cardinality sets.
Such rules do not infer BC but are tractable.

Decomposition and complexity

The problematic of deriving inference rules without a clearidea of how much we do or
can infer, and how far we can go towards global reasoning raises fundamental theoretical
issues. This lead to a systematic study of several aspects ofglobal constraints and global
set and multiset constraints in particular. The approach determined whether decomposition
hinders Bounds Consistency (BC), and when it does whether there exists a polynomial
algorithm to infer BC on the considered global constraint [93, 13].

For instance, BC on the n-arydisjoint is equivalent to BC on its decomposition
into binary constraints (pairwise empty intersection). Basically, this holds because any
set can be assigned the empty set. However, when the set cardinalities are constrained
(and not zero), –which is frequent in combinatorial design problems for example– the
equivalence no longer holds. It was also proved that decomposition of the atmost1
constraint hinders propagation and that enforcing BC on this constraint is NP-hard.

We summarize the complexity results in Table 17.1. Decomposable implies polyno-
mial, since existing algorithms to infer BC on a set of binaryor ternary set constraints are
indeed polynomial. Results hold for both set and multiset domains unless specified other-
wise. The acronyms stand for: NE (non empty), FC (fixed cardinality). The constraints are
classified in terms of the intersection constraints and cardinality restrictions involved. For
example theatmost1 constraint corresponds to pairwise intersect in at most oneelement
(k = 1) for fixed cardinality sets, which is the second column of first table.

If now we add the union constraint (
⋃

i si = s) to the intersection ones we obtain
covering problems. The first left column above becomes a partition constraint for which
results are known. The other columns are yet open problems.

|si ∩ sj | = 0 Partition is decomposable andpolynomial
+ ∀k, |sk| > 0, NEpartition is not decomposable butpolynomial
+ ∀k, |sk| = ck, FCpartition also referred to aspartition
is not decomposable and ispolynomial on sets, NP-hard on multisets

It is important to note that the global constraints applied to multisets versus sets diverge
on the two most important constraints (from an application point of view): fixed cardinality
disjoint and partition constraints. We describe below the existing algorithms to infer BC
when the constraints apply to sets, however doing so over multisets has been proved to be
NP-hard [13].
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Table 17.1: Summary of complexity results (based on [13]).

∀k... |si ∩ sj | = 0 |si ∩ sj | ≤ k |si ∩ sj | ≥ k |si ∩ sj | = k

- Disjoint Intersect≤k Intersect≥k Intersect=k

decomposable decomposable decomposable not decomp.
polynomial polynomial polynomial NP-hard

|sk| > 0 NEdisjoint NEintersect≤k NEintersect≥k NEintersect=k

not decomposable decomposable decomposable not decomp.
polynomial polynomial polynomial NP-hard

|sk| = ck FCdisjoint FCintersect≤k FCintersect≥k FCintersect=k

disjoint atmost1
not decomposable not decomposable not decomposable not decomp.
polynomial on sets NP-hard NP-hard NP-hard
NP-hard on multisets

Algorithms for the disjoint and partition constraints

The basic case of disjoint and partition is decomposable forthe reasons we gave above.
However, when sets have fixed cardinality, decomposition ofthese constraints hinders con-
straint propagation and thus deriving a global propagator is necessary to ensure BC. We
describe how these constraints have been solved in the literature. Two lines of work have
been undertaken to derive similar algorithms for the globaldisjoint andpartition .

Based upon counting functions from design theory, the first approach derived four
global conditions which must hold for disjoint sets of fixed cardinality [83]. Using an
extension of Hall’s theorem [43], the authors proved that these conditions, if satisfied,
were sufficient to ensure BC. The actual proof procedure constitutes the basis of the al-
gorithm which actually corresponds to an augmenting network in a max-flow problem,
and is similar to a combination of a flow/matching and a Strongly Connected Compo-
nent (SCC) algorithm (see [83]). Interestingly this implementation corresponds closely
to the GAC algorithm for the Global Cardinality Constraint (GCC) [79], see chapter 7,
“Global Constraints”, and we show the reasons why below. This algorithm also holds for
thepartition constraint since the only pruning achievable on the disjoint is when one
can identify minimal partitions within the constraint (i.estrongly connected components).
So one needs to identify partitions in order to do any global pruning on the disjoint con-
straint.

Using the GCC constraint. The GCC constraint applies to a family of finite domain
variables with set of values inB. It constrains the number of times (cardinality) an element
of B can be assigned among the different variables.

The use of the GCC constraint to resolve thedisjoint andpartition constraints
is offered in ILOG solver and Configurator [50, 51] and has been recently described in [13].
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The main idea is to formulate each of the two global set constraint with adual FD model
based upon the GCC constraint. The semantics of the disjointconstraint is as follows.
Let disjoint (s1, .., si, .., sm) constrains the set variablessi such that∀i ∈ B, si ∈
A, |si| = c. The disjointness constraint ensures that no element of A (domain of thesi) is
added to two different set variables.

This constraint has an equivalent formulation in the language of finite integer variables
where one seeks to assign a set identifier to a FD variable. This formulation is called dual
because the initial set variables become values and the set elements become variables. The
equivalent dual formulation uses the GCC constraint, as presented below.

Consider theGCC({y1, .., yj , .., yn}, B′, C) constraint such that∀j ∈ A, yj ∈ B′ (with
B′ = B ∪ ε with ε being a dummy value for the case wherej is unassigned). The global
cardinality constraint limits toC[j] = 1 in the disjoint case, the number of times an element
i fromB′ is assigned to a variableyj (ranges between0..∞ for the dummy variable). We
haven = m × c FD variables. The dummy value is necessary since there mightbe some
values inA that don’t belong to any set at all. The set model and dual FD model with GCC
constraint are equivalent. A solution to the first model can be mapped to a solution of the
second model and vice versa by applying the following one-to-one mapping:

for i ∈ A : yj = i iff j ∈ si

Thus a solution is consistent with the set model if and only ifits dual FD representa-
tion is consistent with the GCC model. The complexity of boththe GCC and set based
algorithm is inO(m2c), withm the number of sets andc their cardinality [83, 13].

Further remarks.

• Note that the equivalence between the two models holds because the constraints
represent an injective mapping from a set of elements into a set of sets (each element
belongs to at most one set). As soon as an element can belong tomore than one set
we have a surjective mapping and the dual approach based on bipartite graph, and
network flow model would not apply.

• This dual approach also holds for thepartition constraints over fixed cardinality
sets with the only difference that all elements must be assigned and thus the dummy
value is removed.

More recently, the application of existing global constraints over finite domain vari-
ables to other domains has been considered. For instance, the all-different and
GCCglobal constraints have been extended to variables whose values are multisets, sets
or tuples [78]. Note that a tuple is represented as a list of finite domain variables as op-
posed to having a tuple domain with tuples as elements. The issue for such domains is the
large domain size. A binomial representation is proposed toaddress this aspect. Existing
global propagators are used in combination with efficient enumeration algorithms for large
domains.
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17.5 Constraints over Maps, Relations and Graphs

17.5.1 ALICE Legacy

As mentioned earlier, the seminal work of Laurière was motivated by a need tostate com-
binatorial problems simply by constraining relation and graph objects over finite sets[61].
It aimed at clearly separating the problem statement from its solving. The motivation was
to allow a combinatorial search problem to be formulated in the most concise and natural
manner.

The constrained object was not associated with a domain (setof values the relation
can take) and was not “pruned” using consistency techniques, rather it was mapped to an
internal representation based on a bipartite graph structure. Operations were performed on
this structure.

In ALICE, constraints are expressed in a mathematical language based on relation the-
ory and some notions of graph theory. The searched objects are functions which should
satisfy a set of constraints. The solver combines a depth-first search method with sophis-
ticated constraint manipulation techniques and a set of powerful heuristics. The lack of
flexibility of this seminal system both in the language representation and the solving strat-
egy motivated the design and implementation of CHIP.

It has also motivated numerous works in the development of high level specification
languages for combinatorial problems. Such proposals havebeen revived in the past years
and we can now see two clear trends in the design of high level constraint languages over
maps, relations and graphs objects:

• a class ofprogramming languagesover new constraint domains, where functions
relations or graphs become constrained objects. The resolution algorithms depend
then upon the representation of the new constrained objects. Most of these works
are still novel and currently mapped down to finite set solvers as we will see below.

• a class ofmodeling languagesoffering high level constructs such as functions, maps
and sequences to model combinatorial problems in a concise manner. Such ap-
proaches do not reason directly about the constrained object to solve the specified
problem. Instead, the formulation is compiled into a lower language benefiting usu-
ally from existing solvers.

17.5.2 Constraint Programming Beyond Sets

The extension of constraint solvers with high modelling andprogramming facilities has
lead to the definition of new constraint domains over binary relations, graph and maps
essentially. We will present their main components.

Relation variables. When dealing with sets, it sounds quite natural to deal with relations
as well. TheConjunto language —mainly designed to handle finite set constraints—
also provides relations at the language level to extend the expressive power of the language
when dealing for example with circuit problems and matchingproblems originating from
Operations research. Relation terms are basically built using set terms.
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A relationR is commonly represented as a set of ordered pairs(xi, yj) such thatxi
belongs to the DS-domaind ofR andyj to its AS-range1 a. In other words, a relationR on
two ground setsd anda is a subset of the Cartesian productd× a. Keeping this represen-
tation to deal with relations as specific set terms containing pairs of elements can be very
costly in memory. Indeed, the statement of the Cartesian product referring to a relation
requires us to consider explicitly a huge set of pairs. This is very inconvenient. Instead,
a relation inConjunto is represented as a specific data structure which is characterized
by two ground sets (DS-domain and AS-range) and a list containing the successor sets
attached to each element of DS-domain.

Considering one successor set per element splits the domainof a relation into a collec-
tion of set domains. The resulting value of a relation is clearly the union of the successor
sets. This approach is close to the one introduced in ALICE which dealt essentially with
functions. However, in ALICE there is no explicit notion of set domain.

Definition 17.19. Let a relation ber ⊆ d× a. The successor sets of an elementx ∈ d is
the sets = {y ∈ a | (x, y) ∈ r}.

The definition of constraints applied to relation variablesabstracts from stating directly
constraints over the set DS-domain and AS-range or over the successor sets. The following
injection, map, surjection, bijection constraints over a relationr have been embedded in
Conjunto . We illustrate some of them below. They are represented using the cardinality
operation||, the usual set operation symbols (∪,∩) and the arithmetic inequality (≥).

Constraints Interpretation

r bin_r d --> a r = birel (l, d, a) wherel = {si | ∀i ∈ d, si ∈ {}..a}
(i, j) in_r r if i ∈ d, j ∈ a thenj ∈ si
funct (r) ∀i ∈ d, |si| = 1
inj (r) |d| ≤ |a|, |d| = n

s1 ∩ s2 = ∅, s1 ∩ s3 = ∅, ..., sn−1 ∩ sn = ∅
∀i ∈ d, |si| = 1

surj (r) |d| ≥ |a|, |d| = n
s1 ∪ s2... ∪ sn = a
∀i ∈ d, |si| = 1

These constraints do not require any specific solver since the reasoning is based on the
successor set variables. Such constraints were used to prototype partitioning problems.

Graph and map variables. In the same line of work, theCP(Graph) language has
been designed to tackle combinatorial problems involving “subgraph findings” common in
the fields of communication networks, route planning and more recently bio-informatics
[24].

CP(Graph) deals more specifically with graphs and graph constraints and represents
a graph domain by considering its nodes and arcs, that is a graph g = (sn, sa) is defined
by a set of nodessn and a set of arcssa ⊆ sn×sn. It handles both directed and undirected
graphs and offers a set of kernel constraints used to derive other graph constraints.

Similarly to subset bound solvers,CP(Graph) builds upon a partial ordering among
graphs to reason upon graph domains. We have, giveng1 = (sn1, sa1) andg2 = (sn2, sa2):

1DS-domain and AS-range stand respectively for departure and arrival sets
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g1 ⊆ g2 iff sn1 ⊆ sn2 ∧ sa1 ⊆ sa2

Graph domains are represented by the lattice of graphs partially ordered by set inclu-
sion and specified by a graph interval[gL, gU ] such thatgL is the greatest lower bound and
gU the least upper bounds of the lattice. It also considers the arcs and nodes as set vari-
ables. The use of additional node and arc variables adds expressiveness to the language
when describing complex graph constraints.

Dooms et al. show that any complex graph constraint can be expressed using a combi-
nation of the following kernel graph constraints:

• Arcs(g, sa) ∈ [saL, saU ] wheresa describes the set of arcs ofg that range over
the subset bound domain

• Nodes(g, sn) ∈ [snL, snU ] wheresn describes the set of nodes ofg that range
over a subset bound domain

• ArcNode(a, n1, n2) states that the arc variablea is an arc between
two nodesn1 andn2

A set of propagation rules allows to infer arc consistency over these constraints. The
expressiveness of the constraints allowsCP(Graph) to define more complex graph con-
straints based upon the kernel constraints. We illustrate some of them. The functional form
of the kernel constraints is used to ease readability.

TheSubGraph(g1, g2) constraint can be specified by:

SubGraph(g1, g2) ≡ Nodes(g1) ⊆ Nodes(g2) ∧Arcs(g1) ⊆ Arcs(g2)

TheInNeighbors(g, n, sn) constrainssn to be the nodes ing for which an inward arc
incident ton is present.

InNeighbors(g, n, sn) ≡ sn ⊆ Nodes(g) ∧ (|sn| > 0⇔ n ∈ Nodes(G)
∧∀i ∈ Nodes(gU ) : n ∈ sn⇔ (i, n) ∈ Arcs(G)

Clearly even tough the kernel allow us to express any graph constraints, such formula-
tions might not be effective. Thus CP(Graph) also offers global graph constraints based on
existing results from literature in the field, see Chapter 7,“Global Constraints”.

Recent advances in CP(Graph) include its extension to manipulatemapterms as well
in CP(Graph + Map)[22]. The main application of CP(Map) is for graph pattern problems.
The language extends the relation terms ofConjunto (built upon domain and range lim-
ited to ground sets) where domain and range become variables. As the departure set of the
map is not a ground set, instead of using a list of successor sets,CP(Map) uses an indexed
array. As maps are functions and not general relations, the domain variables stored in this
indexed array are not finite sets but finite domain variables.

17.5.3 High Level Modeling/Specification Languages

Recent proposals have considered Map variables as high level type constructors, simplify-
ing the modeling of combinatorial optimization problems, which would then be compiled
into another programming language. We outline recent results in this related area of con-
straint modeling. The languageASRAdefines a relation or map variable from a setv to a
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setw, where supersets ofv andw must be known [32]. While the map variables and con-
straints are used to model a constraint problems, the resolution of the model is handled by
another system. In this proposal, the derived model are compiled into OPL[91]. This idea
can also be found in the languageL wherev andw are ground sets[48]. Finally, relation
and map variables are also described in [35] as a useful abstraction in constraint modelling.
Rules are proposed for refining constraints on these complexvariables into constraints on
finite integer and set variables.

17.6 Constraints over Lattices and Hierarchical Trees

Proposals for higher computation domains have been made recently which deserve atten-
tion. These include the generalization of existing interval based approaches to propose a
generic framework for defining and solving interval constraints on any set of domains (fi-
nite or infinite) that are lattices [30]. The approach is based on the use of a single form of
constraint similar to that of an indexical used by Constraint Logic Programming for finite
domains and on a particular generic definition of an intervaldomain built from an arbi-
trary lattice. They provide the theoretical foundations for this framework and a schematic
procedure for the operational semantics. Examples are provided that illustrate how new
(compound) constraint solvers can be constructed from existing solvers using lattice com-
binators and how different solvers (possibly on distinct domains) can communicate and
hence, cooperate in solving a problem.

Another challenging domain is that of order-sorted domainsand ontologies. Both pro-
posals are driven by industrial needs. The first one shows howconstraint satisfaction tech-
niques can be extended to address order-sorted domains, from class taxonomies with an
object oriented perspective [17]. The use of ontologies, isitself motivated by applications
for the configuration of product and services, for instance in the e-commerce [59]. This
second approach defines a constraint domain where all valuesthat a variable may take are
organized into a hierarchy. Such hierarchies are often called ontologies or thesauri in Ar-
tificial Intelligence. Both approaches are quite close. Theobjective is to define a system
that would allow the use of order-sorted domains in constraint programming for model-
ing purposes. The outlined algorithmic approach to reason about ontologies follows the
bound and convex interval reasoning of finite set intervals.Other approaches to deal with
hierarchies have essentially used the standard CSP formalism and constrain the values of
properties as opposed to the entities in a hierarchy itself [34].

17.7 Implementation Aspects

We present some of the core implementation issues mainly relating to subset bound solvers
since they are the main practical language implementationsand are used by higher level
constructs as well. For example theCP(Graph) prototype is built over the FD and finite
set solver ofOZ.

17.7.1 Existing Subset Bound Solvers

Subset bound solvers can be found atop different types of kernel languages such as Prolog
enriched with constraint solving and replacing the standard Prolog variable by an attributed
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variable [52] subject to a dedicated unification algorithm.Prolog based set solvers can be
found in ECLiPSe, B-Prolog andCardinal for instance. Other kernel systems are
based on object oriented language such as C++(SOLVER), concurrent object-oriented lan-
guage like OZ (MOZART), a functional languageOCaml ( FACILE ), and java (the open
sourceChoco system) to name the main ones. Each offers different modeling and resolu-
tion facilities.

17.7.2 Set Data Structures

Most existing finite set solvers make use of the subset bound representation for space and
computational efficiency reasons. The ROBDD proposal investigates the use of binary
decision diagram to represent set domains, allowing for full domains as well as intervals.

The internal representation of sets plays a role in the time complexity of the different
set operations on the domains since such operations cannot be considered constant unlike
arithmetic operations over integers. For the bound representation we can use 2 sorted lists
one for each bound, an array of 0-1 variables (both bounds in asingle array) or bitmaps
representing the characteristic function of the set. The same structures can be used for
ground set representations if the two bounds are stored separately as well as more elaborate
ones such as binomial trees or binary trees.

Since set operations on domains are performed by reasoning on either or both bounds
we give hereafter the time complexity for basic set operations on ground sets. When one
structure is used to embed both bounds the same reasoning applies. Lets be the set with
largest domain such thatd = |lub(s)| + |glb(s)|. The cardinality information is usually
maintained dynamically as part of the set variable data structure.

ROBDDs correspond to directed acyclic graphs. Recall that the ROBDD approach
transforms set constraints into Boolean operations and canmodel domain reasoning as
well as interval reasoning. The complexity of basic set operations depends on the ordering
of the Boolean variables. For a given constraint we can generate an exponential as well as
a linear representation in a Boolean formula. We considerN as the size of the set domain
which can potentially correspond to2lub(s). The main thing is that each basic set operation
generates an ROBDD. So the complexity issue relates to the size of the generated ROBDD.

17.7.3 Complexity of Set Operations

For bound domains the corresponding initial ROBDD corresponds to the size of the lower
bound independent of the upper bound size and any update can be represented in O(|
glb(s) | +N− | lub(s) |). For an extensive domain representation the size of the ini-
tial ROBDD is linear relative toN [60]. The size of the ROBDD for the different basic set
operations is given below whereN is the size of the largest set domain andk a bound on
the cardinality. The cardinality constraint is quite tricky to express in Boolean formula and
requires a quadratic number of formula defined recursively hence the complexity results.

The strength of hash tables is the constant time on average toretrieve information. “+”
represents the “capacity” of the backing (the number of buckets).

Alternative approaches exist based on the representation of a ground set. They are
used mainly for dynamic set operations (add, remove, and sometimes union) and corre-
spond to tree structures (B-tree, binary search tree, binomial tree). The worst case time
complexity for ground sets operations is usually measured by the height of the tree. For
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sets of cardinalityc we have: h = log c whereh is the height of the tree. For such
structures the efficiency lies in the membership testO(log c), union is inO(c log c).

= ⊆ ∪ ∩ \ ∈ ||

sorted list O(d) O(glb(s)) O(d) O(d) O(d) O(| glb(s) |) O(1)
0-1 array (1) (d) O(d) O(d) O(d) O(1) O(1)
hash table O(1) O(k+) O(k+) O(k+) O(k+) O(1) O(1)
ROBDD O(N) O(N) O(N) O(N) O(N) O(1) O(k(N − k))

17.8 Applications

Each structured domain was developed to address particularapplication needs. For in-
stance, the graph domain was motivated by a problem for biochemical network analysis
[24]. The order-sorted and ontology domains were driven by industrial problems, for in-
stance in the area of e-commerce for ontologies.

The structured domain which has been the most widely developed and used is certainly
that of finite sets. The reason is probably that sets are the underlying structured objects for
the other domains. Set solvers have been used to tackle smalland large size benchmark
and “real-world” problems ranging from bin packing ([39]),set partitioning ([40, 70, 68]),
digital circuit and warehouse location [3], combinatorialdesign ([8, 60, 45]), and network
design ([29, 88, 85]) among others. Recently, combinatorial designs have shown to have
a wide applicability in error-correcting codes, sport scheduling, Steiner systems and more
recently networking and cryptography (e.g. see [19] for a survey). Set constraints have
shown their adequacy for such problems, and powerful modelshave been derived com-
bined with symmetry breaking techniques and heuristic techniques. We draw particular
attention, to the solving of the challenging Kirkman schoolgirl problem in few seconds,
with an elaborate approach which uses a set model extended with redundant constraints and
symmetry breaking techniques[8]. More discussions on symmetry breaking and modeling
aspects can be found respectively in chapter 10, “Symmetry in Constraint Programming”,
and chapter 11 “Modelling”.

Another application area of increasing interest for constraint practitioners, is network
design. Various successful set-based models have been proposed to tackle the network de-
sign SONET problem from a constraint programming perspective [88, 85]. They demon-
strate the strength of applying dual models, redundant constraints and symmetry breaking
techniques to set models.

17.9 Further Topics

Constraint reasoning over structured domains has mainly been motivated by the devel-
opment of high level modeling and specification languages that ease the formulation of
complex combinatorial problems while retaining efficiency.

Research on high level specification languages has long existed but is now growing in
constraint programming [32, 48, 15]. Many constraint programming languages –both in
academia and industry– utilizing structured domains have been proposed, demonstrating
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important progress (e.g. graphs [24], order-sorted domains [17], ontologies [59], multi-
sets [93], and lattices [30]). Much progress has also been made on improving language
effectiveness, in particular with respect to set solvers (e.g. cardinality inferences [5], the
use of ROBDDs [45], more expressive domain representations[84, 41], global propagators
[82, 13, 51]). This research area is extremely active.

Finally, a programming language that allows practitionersto state the problem in a nat-
ural and concise form without needing to worry about the solution method does not yet
exist. However, certain steps have been taken towards this goal. In particular, a high level
problem formulation allows language designers and programmers, to see the actual prob-
lem structure and components, and consequently to identifycombinations of constraints
that best exploit the problem structure.
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Chapter 18

Randomness and Structure

Carla Gomes and Toby Walsh

This chapter covers research in constraint programming (CP) and related areas involving
random problems. Such research has played a significant rolein the development of more
efficient and effective algorithms, as well as in understanding the source of hardness in
solving combinatorially challenging problems.

Random problems have proved useful in a number of different ways. Firstly, they pro-
vide a relatively “unbiased” sample for benchmarking algorithms. In the early days of CP,
many algorithms were compared using only a limited sample ofproblem instances. In
some cases, this may have lead to premature conclusions. Random problems, by compar-
ison, permit algorithms to be tested on statistically significant samples of hard problems.
However, as we outline in the rest of this chapter, there remain pitfalls waiting the unwary
in their use. For example, random problems may not contain structures found in many
real world problems, and these structures can make problemsmuch easier or much harder
to solve. As a second example, the process of generating random problems may itself be
“flawed”, giving problem instances which are not, at least asymptotically, combinatorially
hard.

Random problems have also provided insight into problem hardness. For example, the
influential paper by Cheeseman, Kanefsky and Taylor [12] highlighted the computational
difficulty of problems which are on the “knife-edge” betweensatisfiability and unsatisfi-
ability [84]. There is even hope within certain quarters that random problems may be one
of the links in resolving the P=NP question.

Finally, insight into problem hardness provided by random problems has helped inform
the design of better algorithms and heuristics. For example, the design of a number of
branching heuristics for the Davis Logemann Loveland satisfiability (DPLL) procedure has
been heavily influenced by the hardness of random problems. As a second example, the
rapid randomization and restart (RRR) strategy [45, 44] wasmotivated by the discovery
of heavy-tailed runtime distributions in backtracking style search procedures on random
quasigroup completion problems.
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18.1 Random Constraint Satisfaction

We begin by introducing the random problems classes studiedin constraint satisfaction,
and discussing various empirical and theoretical results surrounding them.

18.1.1 Models A to D

Most experimental and theoretical studies use one of four simple models of random con-
straint satisfaction problems. In each, we generate a constraint graphG, and then for
each edge in this graph, we choose pairs of incompatible values for the associated conflict
matrix. The models differ in how we generate the constraint graph and how we choose
incompatible values. In each case, we can describe problemsby the tuple〈n,m, p1, p2〉,
wheren is the number of variables,m is the uniform domain size,p1 is a measure of the
density of the constraint graph, andp2 is a measure of the tightness of the constraints.

model A: we independently select each one of then(n − 1)/2 possible edges inG with
probabilityp1, and for each selected edge we pick each one of them2 possible pairs
of values, independently with probabilityp2, as being incompatible;

model B: we randomly select exactlyp1n(n − 1)/2 edges forG, and for each selected
edge we randomly pick exactlyp2m

2 pairs of values as incompatible;

model C: we select each one of then(n − 1)/2 possible edges inG independently with
probabilityp1, and for each selected edge we randomly pick exactlyp2m

2 pairs of
values as incompatible;

model D: we randomly select exactlyp1n(n − 1)/2 edges forG, and for each selected
edge we pick each one of them2 possible pairs of values, independently with prob-
ability p2, as being incompatible;

Whilst p1 andp2 can be either a probability or a fraction, similar results are observed
with the four different models. Most experimental studies typically fix n andm, and vary
p1 and/orp2. Typical parameter ranges include〈10, 10, p1, p2〉, 〈20, 10, p1, p2〉, 〈10 −
200, 3, p1, 1/9〉, and〈10 − 200, 3, p1, 2/9〉. The penultimate of these parameter ranges
resembles graph 3-colouring. See Table 1 in [27] for a more extensive survey.

18.1.2 Phase Transition

Random problems generated in this way exhibit phase transition behaviour similar to that
seen in statistical mechanics [12]. Loosely constrained problems are almost surely satisfi-
able. As we increase the parameters and constrain the problems more, problems become
almost surely unsatisfiable. Asn increase, the transition between satisfiable and unsatisfi-
able problems becomes sharper and sharper. In the limit, it is a step function [22]. Using a
Markov first moment method, the location of this phase transition can be predicted to oc-
cur where the expected number of solutions is approximately1 [73, 80]. Associated with
this rapid transition in satisfiability of problems, is a peak in problem hardness for a wide
range both of systematic and local search methods [12, 67, 73, 80]. Such problems are
on the “knife-edge” between satisfiability and unsatisfiability [84]. It is very hard to tell if
they are satisfiable or unsatisfiable. If we branch on a variable, the resulting subproblem is
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smaller but otherwise tends to look similar. We can only determine if the current subprob-
lem is satisfiable deep in the search tree. See Figure 18.1 forsome graphs displaying the
“easy-hard-easy” pattern associated with phase transitions.

Figure 18.1: Phase transition for Model B problems with〈n, 3, p1, 2/9〉 (a) percentage
satisfiability and (b) median search effort for FC-CBJ with the fail-first heuristic against
p1, andn from 10 to 110. Graphs taken from [27].

Whilst the hardest problems typically occur close to this rapid transition in satisfiability,
hard problems can occur elsewhere. In particular, in the easy and satisfiable region, prob-
lems can occasionally be very hard to solve, especially for systematic search procedures
like forward checking [32, 47, 46]. Such exceptionally hardproblems (EHPs) appear to
be a consequence of early branching mistakes. Better branching heuristics, more informed
backtracking mechanisms, greater constraint propagationand restart strategies can all re-
duce the impact of EHPs greatly. Since curves of median search effort may disguise the
appearance of EHPs, experimentalists are encouraged to look for outliers.

18.1.3 Constrainedness

Williams and Hogg introduced the first comprehensive theoretical model of such phase
transition behaviour for constraint satisfaction problems [86]. More recently, Gent et al.
presented a theory that works across a wide range of problemsand complexity classes in-
cluding constraint satisfaction and satisfiability problems [30]. This theory is based around
the definition of the “constrainedness” of a problem using the parameterκ. For an ensem-
ble of problems:

κ = 1− log2(〈Sol〉)
N

Where〈Sol〉 is the expected number of solutions for a problem in the ensemble, andN is
the number of bits needed to represent a solution (or equivalently the log base 2 of the size
of the state space). For instance, for model B, this is:

κ =
n− 1

2
p1 logm(

1

1 − p2
)
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This constrainedness parameter,κ lies in the interval[0,∞). For κ < 1, problems are
under-constrained and are typically easy to show satisfiable. Forκ > 1, problems are over-
constrained and are typically relatively easy to show unsatisfiable. Forκ ≈ 1, problems
are critically constrained and exhibit a sharp transition in satisfiability. For instance, for
random constraint satisfaction problem, graphk-colouring problems, number partitioning,
and travelling salesperson problems, a rapid phase transition in problem satisfiability has
been observed aroundκ ≈ 1 [27].

Exact theoretical results about the location of the phase transition and of the hardness
of random constraint satisfaction problems have been harder to obtain than either empirical
results or approximate results using “theories” like that of constrainedness. One exception
is work in resolution complexity. Most of the standard backtracking algorithms like for-
ward checking and conflict-directed backjumping explore search trees bounded in size by
the size of a corresponding resolution refutation. Resolution complexity results can thus be
used to place (lower) bounds on problem hardness. For example, random constraint prob-
lems almost surely have an exponential resolution complexity when the constraint tightness
is small compared to the domain size [68, 66, 25, 89].

18.1.4 Finite-Size Scaling

The scaling of the phase transition with problem size can be modelled using finite-size
scaling methods taken from statistical mechanics [60, 30].In particular, around some
critical value of constrainednessκc, problems of all sizes are indistinguishable except for a
simple change of scale given by a power law inN . Once rescaled, macroscopic properties
like the probability that a problem is satisfiable obey simple equations. For example, the
probability of satisfiability can be modelled with the simple equation:

prob(Sol > 0) = f(
κ− κc
κc

N1/ν)

Wheref is some universal function,κ−κc

κc
plays the roles of the reduced temperatureT−Tc

Tc

as it rescales around the critical point, andN1/ν is a simple power law that describes the
scaling with problem size. See Figure 18.2 for some graphs which illustrate this finite-
size scaling. Finite-size scaling is used in statistical mechanics to describe systems like
Ising magnets with1020 or more atoms (and thus with21020

or so states). It is remarkable
therefore that similar mathematics can be used to describe aconstraint satisfaction problem
with tens or hundreds of variables and therefore just2100 or so states.

Finite-size scaling also appears to be useful to model the change in problem hardness
with problem size and problem constrainedness [31]. Finally, parameters likeκ and proxies
for them which are cheaper to compute appear useful as branching heuristics [27]. A good
heuristic is to branch on the “most constrained” variable. This will encourage propagation
and tend to give a new subproblem to solve which is much smaller.

18.1.5 Flaws and Flawless Methods

Random problems may contain structures which make them artificially easy. One issue
is trivial flaws which a polynomial algorithm could easily discover. In a binary constraint
satisfaction problem, the assignment of a value to a variable is said to be flawed if there
exists another variable that cannot be assigned a value without violating a constraint. The
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Figure 18.2: Finite-size scaling of the phase transition for Model B problems with
〈n, 3, p1, 2/9〉. (a) percentage satisfiability and (b) median search effortfor FC-CBJ with
the fail-first heuristic against the rescaled parameter,κ−κc

κc
N1/ν for κc = 0.625 and

ν = 2.3. Graphs taken from [27].

value is supported otherwise. A variable is flawed iff each value is flawed. A problem
with a flawed variable cannot have a solution. Achlioptas et al. [4] identify a potential
shortcoming of all four random models. They prove that ifp2 ≥ 1/m then, asn goes to
infinity, there almost surely exists a flawed variable. Such problems are not intrinsically
hard as a simple arc-consistency algorithm can solve them inpolynomial time.

Fortunately, such flaws are unlikely in the size of problems used in practice [27]. We
can also define parameters for existing methods and new generation methods which prevent
flaws. For example:

model B: the parameter schemem = nα, p1 = β log(n)/(n − 1) for some constantsα,
β [91, 89]; Xu and Li also present a similar parameter scheme for model D in which
domain size grows polynomially with the number of variables; such problems are
guaranteed to have a phase transition and to give problems which almost surely have
an exponential resolution complexity;

model D: Smith proposes a somewhat more complex scheme which increasesm and the
average degree of the constraint graph withn [81];

model E: a new generation method in which we select uniformly, independently and with
repetition, exactlypm2n(n − 1)/2 nogoods out of them2n(n − 1)/2 possible for
some fixedp [4];

modified models A to D: we ensure the conflict matrix of each constraint is flawless by
randomly choosing a permutationπi of 1 tom, and insist that(i, πi) is a good before
we randomly pick nogoods from the other entries in the conflict matrix; each value
is thereby guaranteed to have some support [27].

Model E is very similar to the one studied by Williams and Hogg[86]. One possible
shortcoming of Model E is that it generates problems with a complete constraint graph for
quite small values ofp. It is hard therefore to test the performance of algorithms on sparse
problems using Model E [27].
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The modified versions of models A to D are guaranteed not to contain trivial flaws
which would be uncovered by enforcing arc-consistency. However, more recent results
have shown that such problems may still be asymptotically unsatisfiable and can be solved
in polynomial time using a path consistency algorithm [25].In response, Gao and Culber-
son propose a method to generate random problems which are weakly path-consistent, and
which almost surely have an exponential resolution complexity.

18.1.6 Related Problems

Phase transition behaviour has also been observed in other problems associated with con-
straint satisfaction problems. This includes problems in both higher and lower complexity
classes. For example, phase transition behaviour has been observed in polynomial prob-
lems like establishing the arc-consistency of random constraint satisfaction problems [29].
The probability that the problem can be made arc-consistentgoes through a rapid transition,
and this is associated with a peak for the complexity of coarse grained arc-consistency al-
gorithms. As a second example, phase transition behaviour has been observed in PSPACE-
complete problems like the satisfiability of quantified Boolean formulae. We have to be
again carefully of generating flawed problems, but if we do, there is a rapid transition in
satisfiability, and this is associated with a complexity peak for many search algorithms [37].
As a third and final example, phase transition behaviour has been observed in PP-complete
problems like deciding if a Boolean formulae can be satisfiedby at least the square-root of
the total number of assignments [8].

18.2 Random Satisfiability

One type of constraint satisfaction problem with a special but very simple structure is
propositional satisfiability (SAT). In a SAT problem, variables are only Boolean, and con-
straints are propositional formulae, typically clauses. Many problems of practical and
theoretical importance can be easily mapped into SAT. Random SAT problems have been
the subject of extensive research. As a result, some of our deepest understanding has come
in this area.

18.2.1 Randomk-SAT

There exist a number of different classes of random SAT problem. One such problem class
is the “constant probability” model in which each variable is included in a clause with a
fixed probability. However, this gives problems which are often easy to solve. Following
[67], research has focused on the randomk-SAT problem class. A randomk-SAT problem
in n variables consists ofm clauses, each of which contains exactlyk Boolean variables
drawn uniformly and at random from the set of all possiblek-clauses. A rapid transition
in satisfiability is observed to occur around a fixed ratio of clauses to variables and this
appears to be correlated with a peak in search hardness [67].Such problems are routinely
used to benchmark SAT algorithms.

For random 2-SAT, which is polynomial, the phase transitionhas been proven to occur
at exactlym/n = 1 [14, 38]. For randomk-SAT for k ≥ 3, exact results have been
harder to obtain. Fork = 3, the phase transition occurs between3.42 ≤ m/n ≤ 4.51.
Experiments suggest that the transition is atm/n = 4.26. Asymptotically, the satisfiability
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transition is “sharp” (that is, it is a step function) [22]. Avery recent result proves that
the threshold is at2k log(2) − O(k), confirming “approximate” results from statistical
mechanics using replica methods [5]. Finite-size scaling methods can again be used to
model the sharpening of the phase transition with problem size [60].
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Figure 18.3: Median search cost for DPLL to solve 50 variablerandom 3-SAT problems
and fraction of unsatisfiable clauses, both plotted againstthe ratio of clauses to variables.
Graphs adapted from [67].

At least one note of caution needs to be sounded about the using random3-SAT as
the distribution of solutions is highly skewed. In particular, at the phase transition, the
expected number of solutions is exponentially large [57]. Thus, whilst many problems
have no solutions, a few problems will have exponentially many.

18.2.2 Backbone

A possible “order parameter” for such phase transitions is the backbone. For a satisfiable
problem, the backbone is the fraction of variables which take fixed values in all satisfying
assignments. Such variables must be assigned correctly if we are to find a solution. For
an unsatisfiable problem, the backbone is the fraction of variables which take fixed values
in all assignments which maximize the number of satisfied clauses. A satisfiable problem
with a large backbone is likely to be hard to solve for systematic methods like DPLL since
there are many variables to branch incorrectly upon. For random 3-SAT, the backbone
size jumps discontinuously at the phase transition, suggesting that it behaves like a first-
order (or discontinuous) phase transition in statistical mechanics. For random 2-SAT, on
the other hand, the backbone size varies smoothly over the phase transition suggesting that
it behaves like a second-order (or continuous) phase transition. However, the order (or
continuity) of the phase transition does not appear to be directly connected to the problem
complexity as there are NP-complete problems with second-order (or continuous) phase
transitions.
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18.2.3 2+p-SAT

Significant insight into phase transition behaviour has come from “interpolating” between
random 2-SAT (which is polynomial and quite well understoodtheoretically) and random
3-SAT (which is NP-hard and much less well understood theoretically). The random 2+p-
SAT problem class consists of SAT problems with a mixture of(1 − p)m clauses with 2
variables andpm clauses with 3 variables, each clause drawn uniformly and atrandom
from the space of all possible clauses of the given size. Forp = 0, we have random 2-SAT.
For p = 1, we have random 3-SAT. For0 < p < 1, we have problems with a mixture
of both 2-clauses and 3-clauses. From the perspective of worst-case complexity, 2+p-SAT
is rather unexciting. For any fixedp > 0, the problem class is NP-complete. However,
problems appear to be behave polynomially forp < 0.4 [69, 3]. It is only forp ≥ 0.4 that
problems appear hard to solve. This increase in problem hardness has been correlated with
a rapid transition in the size of the backbone, and with a change from a continuous to a
discontinuous phase transition [69]. For0 ≤ p ≤ 0.4, the satisfiability phase transition for
random 2+p-SAT occurs at a simple lower bound,1/(1−p) constructed by simply consid-
ering the satisfiability of the embedded 2-SAT subproblem. In other words, the 2-clauses
alone determine satisfiability. It is not perhaps so surprising therefore that average search
costs appears to be polynomial. Note that, having made some branching decisions on a
3-SAT problem, DPLL is effectively solving a 2+p-SAT subproblem. The performance of
such procedures can thus be modelled by mapping trajectories throughp andm/n space
[15].
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18.2.4 Beyondk-SAT

Phase transition behaviour has been observed in other satisfiability problems including:

1 in k-SAT: each “clause” containsk literals, exactly one of which must be true. This was
the first problem NP-complete class in which the exact location of its satisfiability
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phase transition was proven [1]. For allk ≥ 3, random 1 ink-SAT problems have a
sharp, second-order or continuous phase transition atm/n = 2/k(k − 1).

NAE-SAT: each “clause” containsk literals, all of which cannot take the same truth value.
For k = 3, the phase transition for random NAE SAT problems occurs somewhere
between1.514 < m/n < 2.215 [1]. Empirical results put the phase transition at
aroundm/n ≈ 2.1. A NAE SAT problem can be mapped into a SAT problem with
twice the number of clauses. Although these clauses are correlated, it is remark-
able that these correlations appear to be largely irrelevant and the phase transition
occurs at almost exactly half the clause to variable ratio ofthe random 3-SAT phase
transition.

XOR SAT: each “clause” containsk literals, an odd number of which must be true in
any satisfying assignment. Fork = 3, random NAE SAT has a sharp threshold
in the interval0.8894 ≤ m/n ≤ 0.9278 [17]. Experiments put the transition at
m/n ≈ 0.92, whilst statistical mechanical calculations put it atm/n = 0.918 [21].

non-clausal SAT: formulae have a fixed shape (a given structure of and and or connec-
tives) which are labelled with literals at random [71]. Thismodel displays a phase
transition in satisfiability with an associated easy-hard-easy pattern in search cost.

quantified SAT: in a quantified Boolean formula (QBF) we have variables whichare both
existentially quantified and universally quantified. If we generate random QBF for-
mulae, we need to throw out clauses containing just universally quantified variables
(as these are trivially unsatisfiable). If we eliminate such“flaws”, there is a rapid
phase transition, and an associated complexity peak [37]

18.2.5 Satisfiable Problems

Random problems have been a driving force in the design of better algorithms. To bench-
mark incomplete local search procedures, standard random problem generators are unsuit-
able as they produce both satisfiable and unsatisfiable instances. We could simply filter
out unsatisfiable instances using a complete method. However, we are then unable to
benchmark incomplete search methods on problems that are beyond the reach of complete
methods. Designing generators, on the other hand, that generate only satisfiable problems
has proven surprisingly difficult.

One approach is to “hide” at least one solution in a problem instance. For example, we
can choose a random truth assignmentT ∈ {0, 1}n and then generate a formula withn
variables andαm random clauses, rejecting any clause that violatesT . Unfortunately, this
method is highly biased to generating formulas with many assignments. They are much
easier for local search methods like Walksat [74] than formulas of comparable size obtained
by filtering a random 3-SAT generator. More sophisticated versions of this “1-hidden as-
signment” scheme provide improvements but still lead to biased samples [7]. Achlioptas
et al. [6] proposed a “2-hidden assignment” approach in which clauses that violate both
T and its complement are rejected. Whilst DPLL solvers find such problems as hard as
regular random 3-SAT problems, local search methods find them easy. An improved ap-
proach, called “q-hidden” [56], hides a single assignment but biases the distribution so that
each variable is as likely to appear positively as as negatively, and the formula no longer
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points toward the satisfying assignmentT . Indeed, we can even make it more likely that a
variable occurrence disagrees withT , so that the formula becomes “deceptive” and points
away from the hidden assignment. Empirical results suggestthat the q-hidden model pro-
duces formulas that are much harder for Walksat.

Recently Xu et al [90] gave modifications of the random modelsB and D to gener-
ate “forced” solvable instances whose hardness is comparable to “unforced” solvable in-
stances, based on the theoretical argument that the number of expected solutions in both
cases is identical. They also provide empirical results showing that the unforced solvable
instances, unforced solvable and unsolvable instances, and forced solvable instances ex-
hibit a similar hardness pattern. In section 18.3 we will discuss a quite different strategy
for generating guaranteed satisfiable random instances forstructured CSP problems.

18.2.6 Optimization Problems

Phase transition behaviour has also been identified in a range of optimization problems.
Some of our best understanding has come in satisfiability problems related to optimization
like MAX-SAT (for example, [94, 79]. However, insight has also come from other domains
like number partitioning [34, 36] and the symmetric and asymmetric travelling salesperson
problems [35, 96, 95]. The simplest view is that optimization problems naturally push
us to the phase boundary [33]. For systematic backtracking algorithms like branch and
bound, we essentially solve a pair of decision problems right at the phase transition: we
first find a solution to the decision problem with an optimal objective and then prove that
the decision problem with any smaller objective is unsatisfiable. A more sophisticated view
is that optimization problems like MAX-SAT can be viewed as bounded by a sequence of
decision problems at successive objective values [94]

The concept of backbone has also been generalized to deal with optimization problems
[78]. As with decision problems, transitions in problem hardness have been correlated
with rapid transitions in backbone size [78, 94, 95]. These views suggest that there is
a relatively simple connection between the hardness of decision and the corresponding
optimization problem. Indeed, by solving (easy) decision problems away from the phase
boundary, we can often predict the cost of finding optimal solutions [77].

18.3 Random Problems with Structure

Uniform random problems like randomk-SAT are unlikely to contain structures found in
many real world problems. Such structures can make problemsmuch easier or much harder
to solve. Researchers have therefore looked at ways of generating structured random prob-
lems. For example, the question of the existence of discretestructures like quasigroups
with particular properties gives some of the most challenging search problems [76]. How-
ever, such problems may be too uniform and highly structuredwhen compared to messy
real-world problems. In order to bridge this gap, a number ofrandom problem classes
have been proposed that incorporate structures rarely seenin purely uniform random prob-
lems. For example, Gomes and Selman [39] proposed the quasigroup completion problem
(QCP). As another example, Walsh proposed small-world search problems [85].
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18.3.1 Quasigroup Completion

An ordern quasigroup, orLatin Square, is defined byn× n multiplication in which each
row and column is a permutation of then symbols. Apartial Latin square withp pre-
assigned cells is ann×nmatrix in whichp cells of the matrix have been assigned symbols
such that no symbol occurs repeated in a row or a column. The Quasigroup Completion
Problem (QCP) is to determine if the remainingn2−p cells (or “holes”) can be assigned to
obtain a complete Latin square (see Figure18.5). QCP is NP-complete [16]. The structure
in QCP is similar to that found in real-world domains like scheduling, timetabling, routing,
and experimental design. One problem that directly maps onto the QCP is that of assigning
wavelengths to routes in fiber-optic networks [61].

Figure 18.5: Quasigroup Completion Problem of order 4, with5 holes.

To generate a random QCP instance, we randomly selectp cells and assign each a sym-
bol. We have a choice in the level of consistency enforced between such assignments to
eliminate “obvious” inconsistencies. The most commonly used model enforces forward
checking [39]. Shaw et al [75] studied a model which enforcesgeneralized arc consis-
tency on the all-different constraints on the rows and the columns of the matrix. This
gives harder problems but biases the sampling. Empirical studies have identified phase
transition behaviour in QCP [39]. The computationally hardest instances again lie at the
phase transition. almost all unsolvable (“over-constrained” region). Figure 18.6 shows the
computational cost (median number of backtracks) and phasetransition in solvability for
solving QCP instances of different orders.

18.3.2 Quasigroup with Holes

The QCP model generates both satisfiable and unsatisfiable instances. A different model,
the Quasigroup With Holes problem (QWH), generatesonlysatisfiable instances with good
computational properties [2]. QWH instances are generatedby starting with a full quasi-
group and “punching” holes into it. Achlioptas et al [2] proposed the following QWH
generator: (1) Generate a complete Latin square uniformly from the space of all Latin
squares using a Markov chain; (2) punch a fractionp of “holes” into the full Latin square
(i.e., unassign some of the entries) in a uniform way. The resulting partial Latin square
is guaranteed to be satisfiable. Achlioptas et al [2] demonstrated a rapid transition in the
size of the backbone of QWH instances, coinciding with the hardest problem instances for
both incomplete and complete search methods. Note that this transition is different from
the standard transition in satisfiability as QWHonly contains satisfiable instances. The
location of this transition appears to scale asn2 − p/n1.55 [2].
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Figure 18.6: Top panel: computational cost of solving QCP instances (order 11–15). X-
axis: fraction of pre-assigned cells; Y-axis - median number of backtracks for solution
(log scale). Bottom panel: phase transition in solvabilityfor QCP instances (order 12–
15). X-axis: fraction of pre-assigned cells; Y-axis - fraction of instances for which the
partial Latin square could not be completed into a full Latinsquare. (Each data point was
computed based on 100 instances. Graphs from [39].)
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18.3.3 Other Structured Problems

A number of other random problem classes with structure havebeen studied. For instance,
Walsh looked at search problems like graph coloring where the underlying graph has a
“small-world” structure [85]. Although small-world graphs are sparse, their nodes tend to
be clustered and the path length between any two nodes short.Walsh showed that a small-
world structure often occurs in graphs associated with manyreal-world search problems.
Unfortunately the cost of coloring random graphs with a small-world structure can have
a heavy-tailed distribution (see next section) in which a few runs are exceptionally long.
However, the strategy of randomization and restarts can eliminate these heavy tails.

To generate random small-world graphs, Walsh merged together random graphs with a
structured ring lattice [85]. Inspired by this method, Gentet al. proposed a general method
calledmorphingto introduce structure or randomness into a wide variety of problems [28].
They show that a mixture of structure and randomness can often make search problems
very hard to solve. A little structure added to a random problem, or a little randomness
added to a structured problem may be enough to mislead searchheuristics. They argue that
morphing provides many of the advantages of random and structured problem classes with-
out some of the disadvantages. As in random problem classes,we can generate large, and
statistically significant samples with ease. However, unlike random problems, morphed
problems can contain many of the structures met in practice.

18.4 Runtime Variability

Broadly speaking, random problems tend to display “easy-hard-easy” patterns in difficulty.
However, there has been some research into variability within this simple picture, and into
ways such variability can be exploited.
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18.4.1 Randomization

A randomized complete algorithm can be viewed as a probability distribution on a set of
deterministic algorithms. Behaviour can vary even on a single input, depending on the
random choices made by the algorithm. The classical adversary argument for establishing
lower bounds on the run-time of a deterministic algorithm isbased on the construction
of a input on which the algorithm performs poorly. While an adversary may be able to
construct an input that foils one (or a small fraction) of thedeterministic algorithms in
the set, it is more difficult to devise inputs that are likely to defeat a randomly chosen
algorithm. Furthermore, as we will discuss below, the introduction of a “small” random
element allows one to run the randomized method on thesameinstance several times,
isolating the variance inherent in the search procedure from e.g., the variance that would
result from considering different instances.

There are several opportunities to introduce randomization in a backtrack search method.
For example, we can add randomization to the branching heuristic for tie-breaking [41, 43].
Even this simple modification can dramatically change the behavior of a search algorithm.
If the branching heuristic is particular decisive, it may rarely need to tie-break. In this case,
we can tie-break between some of the top ranked choices. The look-ahead and look-back
procedures can also be randomized. Lynceet al. random backtracking which randomizes
the backtracking points, and unrestricted backtracking which combines learning to main-
tain completeness [64, 65]. Another example is restarts of adeterministic backtrack solver
with clause learning: each time the solver is restarted, with the additional learned clauses, it
behaves quite differently from the previous run, appearingto behave “randomly” [70, 65].

18.4.2 Fat and Heavy Tailed Behavior

The study of the runtime distributions instead of just medians and means often provides
a better characterization of search methods and much usefulinformation in the design of
algorithms. For instance, complete backtrack search methods exhibitfat andheavy-tailed
behavior [47, 41, 23].Fat-tailednessis based on thekurtosisof a distribution. This is

defined asµ4/µ
2
2 whereµ4 is the fourth central moment about the mean andµ2 is the

second central moment about the mean,i.e., the variance. If a distribution has a high
central peak and long tails, than the kurtosis is large. The kurtosis of the standard normal
distribution is 3. A distribution with a kurtosis larger than 3 is fat-tailedor leptokurtic.
Examples of distributions that are characterized by fat-tails are the exponential distribution,
the lognormal distribution, and the Weibull distribution.Heavy-tailed distributions have
“heaver” tails than fat-tailed distributions; in fact theyhave some infinite moments. More
precisely, a random variableX is heavy-tailed if it has Pareto like decay in its distribution,
i.e:

1− F (x) = P [X > x] ∼ Cx−α, x > 0,

whereα > 0 andC > 0 are constants. When1 < α < 2, X has infinite variance, and
infinite mean and variance when0 < α <= 1. The log-log plot of1 − F (x) of a Pareto-
like distribution (i.e., the survival function) shows linear behavior with slope determined
byα.

Backtrack search methods exhibit dramatically different statistical regimes across the
constrainedness regions of random CSP models [11]. Figure 18.8 illustrates the phe-
nomenon. In the first regime (the bottom two curves in figure 18.8, p ≤ 0.07), we see
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heavy-tailed behavior. This means that the runtime distributions decay slowly. When we
increase the constrainedness of our model towards the phasetransition (higherp), we en-
counter a different statistical regime in the runtime distributions, where the heavy-tails
disappear. In this region, the instances become inherentlyhard for the backtrack search
algorithm, all the runs become homogeneously long, the variance of the backtrack search
algorithm decreases and the tails of its survival function decay rapidly (see top two curves
in figure 18.8, withp = 0.19 andp = 0.24; tails decay exponentially).

Heavy-tailed behavior in combinatorial search has been observed in several other do-
mains, in both random instances and real-world instances: QCP [41], scheduling [45],
planning[44], graph coloring [85, 55], and inductive logicprogramming [92]. Several for-
mal models generating heavy-tailed behavior in search havebeen proposed [13, 87, 88,
55, 11, 51]. If a runtime distribution of a backtrack search method is heavy-tailed, it will
produce runs over several orders of magnitude, some extremely long but also some ex-
tremely short. Methods like randomization and restarts tryto exploit this phenomenon.
(See section 18.4.4.)

18.4.3 Backdoors

Insight into heavy-tailed behaviour comes from considering backdoor variables. These are
variables which, when set, give us a polynomial subproblem.Intuitively, a small backdoor
set explains how a backtrack search method can get “lucky” oncertain runs, where back-
door variables are identified early on in the search and set the right way. Formally, the
definition of a backdoor depends on a particular algorithm, referred to assub-solver, that
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solves a tractable subcase of the general constraint satisfaction problem [87].

Definition 18.1. A sub-solverA given as input a CSP,C, satisfies the following:
• (Trichotomy)A either rejects the inputC, or “determines”C correctly (as unsatisfi-

able or satisfiable, returning a solution if satisfiable),
• (Efficiency)A runs in polynomial time,
• (Trivial solvability) A can determine ifC is trivially true (has no constraints) or

trivially false (has a contradictory constraint),
• (Self-reducibility) ifA determinesC, then for any variablex and valuev, thenA

determinesC[v/x].1

For instance,A could be an algorithm that performs unit propagation, or arcconsis-
tency, or hyper-arc consistency for thealldiff constraint, or an algorithm that solves a
linear programming problem, or any algorithm satisfying the above four properties. Using
the definition of sub-solver we can now formally define the concept of backdoor set. LetA
be a sub-solver, andC be a CSP. A nonempty subsetS of the variables is abackdoorin C
for A if for someaS : S → D,A returns a satisfying assignment ofC[aS ]. Intuitively, the
backdoor corresponds to a set of variables, such that when set correctly, the sub-solver can
solve the remaining problem. A stronger notion of the backdoor, considers both satisfiable
and unsatisfiable (inconsistent) problem instances. A nonempty subsetS of the variables
is astrong backdoorin C for A if for all aS : S → D, A returns a satisfying assignment
or concludes unsatisfiability ofC[aS ]. From a logical perspective, there is no formal con-
nection between the backbone and the backdoor of a problem. Indeed, whilst it is possible
to exhibit problems where they are identical, it is also possible to exhibit problems where
they are disjoint. In practice, the overlap between backbones and backdoors appears to be
slight [59].

Cutsets [18] are a particular kind of backdoor sets. A cutsetis a set of variables such
that, once they are removed from the constraint graph, the remaining graph has a property
that enables efficient reasoning, aninduced widthof at most a constant boundb; for exam-
ple, if b = 1 then the graph is cycle-free, i.e., it can be viewed as a tree,and therefore it
can be solved using directed arc consistency. Backdoor setscan thus be seen as a general-
ization of cutsets, i.e., any cutset is a backdoor set. Backdoors are more general than the
notion of cutsets since they consideranykind of polynomial time sub-solver. Note that,
while cutsets (and W-cutsets) use a notion of tractability based solely on the topology of
the underlying constraint graph, backdoor sets rely on a polynomial time solver to define
the notion of tractability. A related issue is the fact that backdoor sets factor in the values
of variables and the semantics of constraints (via the propagation triggered by the polytime
solver) and therefore backdoor sets can be significantly smaller than cutsets. For exam-
ple, if we have a constraint graph that contains a clique of size k, the cutset has at least
k − 2 variables, while the backdoor set can be substantially smaller. Another example,
considering CNF theories, is that while a Horn theory can have a cutset of sizeO(n), the
backdoor with respect to unit propagation has size 0 - unit propagation immediately detects
(in)consistency of Horn theories. Stated differently, given two CNF theories, one of them a
Horn theory and the other one an arbitrary CNF theory but withthe same constraint graph
as the Horn theory, there is no difference between the two theories from the perspective of

1We use the notationC[v/x] to denote the simplified CSP obtained from a CSP,C, by setting the value of
variablex to valuev.
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cutsets, but the difference between them from the perspective of backdoors is likely to be
substantial.
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Figure 18.9: Cutset vs. backdoor sets. Any cutset is a backdoor set. However, backdoor
sets can be considerably smaller since they factor in the semantics of the constraints, via
the propagation triggered by the sub-solver. Any clique of sizek has a cutset of sizek− 2.
In this picture, the size of the cutset is 4 while the size of the backdoor set is 1 if the
sub-solver performs forward checking or anything stronger.

A key issue is therefore the size of the backdoor set. Random formulas do not appear
to have small backdoor sets. For example, for random 3-SAT problems, the backdoor set
appears to be a constant fraction (roughly 30%) of the total number of variables [53]. This
may explain why the current DPLL based solvers have not made significant progress on
hard randomly generated instances. Seizer considers the parameterized complexity of the
problem of whether a SAT instance has a weak or strong backdoor set of sizek or less
for DPLL style sub-solvers, i.e., subsolvers based on unit propagation and/or pure literal
elimination [82]. He shows that detection of weak and strongbackdoor sets is unlikely to
be fixed-parameter tractable. Nishimura et al. [72] providemore positive results for de-
tecting backdoor sets where the sub-solver solves Horn or 2-cnf formulas, both of which
are linear time problems. They prove that the detection of such a strong backdoor set is
fixed-parameter tractable, whilst the detection of a weak backdoor set is not. The expla-
nation that they offer for such a discrepancy is quite interesting: for strong backdoor sets
one only has to guarantee that the chosen set of variables gives a subproblem with the cho-
sen syntactic class; for weak backdoor sets, one also has to guarantee satisfiability of the
simplified formula, a property that cannot be described syntactically.

Empirical results based on real-world instances suggest a more positive picture. Struc-
tured problem instances can have surprisingly small sets ofbackdoor variables, which may
explain why current state of the art solvers are able to solvevery large real-world instances.
For example the logistics-d planning problem instance, (log.d) has a backdoor set of just 12
variables, compared to a total of nearly 7,000 variables in the formula, using the polytime
propagation techniques of the SAT solver, Satz [62]. Hoffmann et al proved the existence
of strong backdoor sets of size justO(log(n) for certain families of logistics planning
problems and blocks world problems domains [54].

Even though, computing backdoor sets is typically intractable, even if we bound the
size of the backdoor [82], heuristics and techniques like randomization and restarts may
nevertheless be able to uncover a small backdoor in practice[87, 59, 52]. For example
one can obtain a complete randomized restart strategy that runs in polynomial time when
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(a) (b) (c)

Figure 18.10: Constraint graph of a real-world instance from the logistics planning do-
main. The instance in the plot has 843 vars and 7,301 clauses.One backdoor set for this
instance w.r.t. unit propagation has size 16 (not necessarily the minimum backdoor set).
(a) Constraint graph of the original constraint graph of theinstance. (b) Constraint graph
after setting 5 variables and performing unit propagation on the graph. (c) Constraint graph
after setting 14 variables and performing unit propagationon the graph.

the backdoor set contains at mostlog(n) variables [87]. Dequen and Dubois introduced
a heuristic for DPLL based solvers that exploits the notion of backbone that outperforms
other heuristics on random 3-SAT problems [19, 20].

18.4.4 Restarts

One way to exploit heavy-tailed behaviour is to add restartsto a backtracking procedure. A
sequence of short runs instead of a single long run may be a more effective use of compu-
tational resources. Gomes et al. proposed a rapid randomization and restart (RRR) to take
advantage of heavy-tailed behaviour and boost the efficiency of complete backtrack search
procedures [44]. In practice, one gradually increases the cutoff to maintain completeness
([44]). Gomes et al. have proved formally that a restart strategy with a fix cutoff eliminates
heavy-tail behavior and therefore all the moments of a restart strategy are finite [43].

When the underlying runtime distribution of the randomizedprocedure is fully known,
the optimal restart policy is a fixed cutoff [63]. When there is no a priori knowledge
about the distribution, Lubyet al. also provide auniversal strategywhich minimizes the
expected cost. This consists of runs whose lengths are powers of two, and each time a pair
of runs of a given length has been completed, a run of twice that length is immediately
executed. The universal strategy is of the form:1, 1, 2, 1, 1, 2, 4, 1, 1, 2, 4, 8, · · · . Although
the universal strategy of Lubyet al. is provably within a constant log factor of the the
optimal fixed cutoff, the schedule often converges too slowly in practice. Walsh introduced
a restart strategy, inspired by Lubyet al.’s analysis, in which the cutoff value increases
geometrically [85]. The advantage of such a strategy is thatit is less sensitive to the details
of the underlying distribution. State-of-the-art SAT solvers now routinely use restarts.
In practice, the solvers use a default cutoff value, which isincreased, linearly, every given
number of restarts, guaranteeing the completeness of the solver in the limit ( [70]). Another
important feature is that they learn clauses across restarts. The work on backdoor sets also
provides formal results on restart strategies. In particular, even though finding a small
set of backdoor variables is computationally hard, the presence of a small backdoor in a
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problem provides a concrete computational advantage in solving it with restarts [87].
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Figure 18.11: Restarts: (a) Tail (1− F (x)) as a function of the total number of backtracks
for a QCP instance, log-log scale; the left curve is for a cutoff value of 4; and, the right
curve is without restarts. (b) The effect of different cutoff values on solution cost for the
logistics.d planning problem. Graph adapted from [41, 43].

In reality, we will be somewhere between full and no knowledge of the runtime distri-
bution. [48] introduce a Bayesian framework for learning predictive models of randomized
backtrack solvers based on this situation. Extending that work, [58], considered restart
policies that can factor in information based on real-time observations about a solver’s
behavior. In particular, they introduce anoptimalpolicy for dynamic restarts that consid-
ers observations about solver behavior. They also considerthe dependency between runs.
They give a dynamic programming approach to generate the optimal restart strategy, and
combine the resulting policy with real-time observations to boost performance of backtrack
search methods.

Variants of restart strategies include randomized backtracking [64], and the random
jump strategy [93] which has been used to solve a dozen previously open problems in
finite algebra. Finally, one can also take advantage of the high variance of combinatorial
search methods by combining several algorithms into a “portfolio,” and running them in
parallel or interleaving them on a single processor [50, 40,42].

18.5 History

Research in this area can be traced back at least as far as Erd¨os and Rényi’s work on phase
transition behaviour in random graphs [10]. One of the first observations of a complexity
peak for constraint satisfaction problems was Gaschnig in his PhD thesis where he used
〈10, 10, 1, p2〉 model B problems (these resemble 10-queens problems) [26].Fu and An-
derson connected phase transition behaviour with computational complexity [24], as did
Huberman and Hogg [49]. However, it was not till 1991, when Cheeseman, Kanefsky and
Taylor published an influential paper [12] that research in this area accelerated rapidly.
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Cheeseman et al. correlated complexity peaks for search algorithms with rapid transitions
in problem satisfiability. They conjectured that all NP-complete problems display such
phase transition behaviour and that this is correlated withthe rapid change in solution prob-
ability. More recently, phase transition behaviour has been correlated with rapid changes in
the size of the backbone. However, problem classes have beenidentified like Hamiltonian
Cycle whose phase transition does not seem to throw up hard instances [83], as well as
NP-complete problem classes which do not have any backbone [9]. Cheeseman, Kanefsky
and Taylor also conjectured that polynomial problems do nothave such phase transition
behaviour or if they do it occurs only for a bounded problem size (and hence bounded cost)
[12]. However, as we noted, even polynomial problems like establishing arc-consistency
display similar phase transition behaviour [29]. Another polynomial problem class which
displays phase transition behaviour is 2-SAT [38, 14].

18.6 Conclusions

As the many examples in this chapter have demonstrated, research into random problems
has played a significant role in our understanding of problemhardness, and in the de-
sign of efficient and effective algorithms to solve constraint satisfaction and optimization
problems. We need to take care when using random problems as there are a number of
pitfalls awaiting the unwary. For example, random problemsmay lack structures found in
real world problems. Research into areas like random quasigroup completion attempts to
address such issues directly. As a second example, random problems may be generated
with “flaws”. However, if care is taken, such flaws can easily be prevented. There are
many areas that look promising for future research. For example, we are only starting to
understand the connection (if any) between the backbone andbackdoor [59]. As another
example, random problems capturing structural propertiesof real world problems [54] are
starting to provide insight into key issues like backdoors.As a final example, search meth-
ods inspired by insights from random problems like randomization and restarts offer a
promising new way to tackle hard computational problems. What is certain, however, is
that random problems will continue to be a useful tool in understanding (and thus tackling)
problem hardness.
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Chapter 19

Temporal CSPs

Manolis Koubarakis

Reasoning with temporal constraints has been a hot researchtopic for the last twenty years.
The importance of this topic has been recognized in many areas of Computer Science and
Artificial Intelligence e.g., planning [4], scheduling [23], natural language understanding
[91], knowledge representation [79], spatio-temporal databases and geographical informa-
tion systems [62], constraint databases [89], medical information systems [102], computer-
aided verification [5], multimedia presentations [2] etc.

Temporal reasoning is an area that has greatly benefited by the application of tech-
niques from constraint programming ever since the early papers by James Allen and others
[3, 107, 31, 108, 34]. The CSP framework introduced in Chapter 2 of this handbook is
immediately applicable for representing and reasoning about temporal information, and
so are the algorithms of Chapters 3, 4 and 8. Temporal CSPs have been proved to be a
robust framework where general CSP results such as the ones surveyed in Chapters 5 and
6 of this handbook could be applied profitably. Moreover, specific results about temporal
CSPs have often provided the motivation for deriving general results about CSPs. Tempo-
ral CSPs have been studied in depth, not only because of intellectual curiosity, but mostly
due to their importance for applications such as planning, scheduling, temporal databases
and others mentioned above. In many cases, the problems studied come straight from the
application front and developed solutions are immediatelyput into practical use.

In this chapter, we survey work on temporal CSPs starting from the papers that ap-
peared in the early nineties [3, 107, 31, 108, 34] and continue with contributions that have
been published as recently as last year. We have covered all of the influential works, but due
to space, we have sometimes been brief in our presentation. Our presentation is sometimes
historical; we hope this will turn out to be useful for the readers. For more information
on temporal CSPs and temporal reasoning in general, the reader can read the Handbook of
Temporal Reasoning in Artificial Intelligence [41] or the original papers that have appeared
in the literature.

The rest of this chapter is organized as follows. Section 19.1 introduces some prelimi-
nary concepts of temporal reasoning and temporal CSPs. Section 19.2 introduces the most
influential temporal reasoning formalisms based on constraint networks that have been
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proposed in the literature and relevant algorithmic problems. Then, Section 19.3 discusses
efficient constraint satisfaction algorithms for these formalisms. Section 19.4 introduces
the application need for more expressive queries over temporal constraint networks (es-
pecially queries combining temporal and non-temporal information) and surveys various
proposals that address this need. Sections 19.5 and 19.6 introduce the scheme of indefinite
constraint databases that is, up to today, the most comprehensive proposal for querying
hybrid representations consisting of a relational database component and a constraint net-
work component. In the case of temporal CSPs, the constraintnetwork can be used to store
temporal constraints on various temporal objects, and the relational database to store facts
referring to these objects. Finally, Section 19.7 concludes the chapter and points out some
open problems.

19.1 Preliminaries

In this section, we introduce the topic of representing and reasoning about temporal in-
formation, and discuss the representational choices that have been made in the temporal
reasoning literature. We also introduce some basic concepts of CSPs that will subsequently
be used throughout the chapter.

19.1.1 Temporal Representation and Reasoning: Basic Concepts

In everyday life, most people are able to communicate their knowledge and understanding
of temporal phenomena without any major difficulties. However, quite different intuitions
surface as soon as people undertake to construct a formal temporal representation. The
literature distinguishes among three approaches for representing temporal phenomena: the
change-basedapproach (exemplified by situation calculus [74] or event calculus [64]), the
time-basedapproach (exemplified by various temporal logics [106]) or temporal database
models [62]) and their combination [86]. Research on temporal CSPs adopts a time-based
approach to temporal representation and inference. Time isintroduced explicitly via an
appropriate set of times (called thetime structure) and change is manifested when proposi-
tions become true or false at different elements of this set.Once one adopts this approach,
the time structure must be precisely defined. The relevant issues here are:

• What are the elements of the time structure?Points, intervalsor both? Research in
temporal CSPs has usually adopted some set of numbersP (e.g., the rationals) to
be the set of points and pairs(x, y) ∈ P such thatx < y to be the set of intervals.
Conventional time unit systems have also been studied (e.g., see the TUS system of
[70]).

• Is timetotally ordered, partially ordered, branchingor cyclic? Research in temporal
CSPs usually assumes time to be totally ordered. There has recently been some inter-
esting work on CSPs for other models of time e.g., partially ordered time, branching
time etc. [16].

• Is timediscreteor dense? The issue here is whether there exists a unit of time which
cannot be decomposed. Discrete time is usually considered to be isomorphic to the
integers (Z). Proponents of dense time have a choice between rationals (Q) and reals
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(R). Various kinds of temporal CSPs have been studied that dealnicely with all three
cases.

• Is timeboundedor unbounded? Time is unbounded when for every element of the
time structure there is a “previous” and a “next” element. Temporal CSPs can easily
handle both cases.

Once one adopts an ontology and a structure for time, one usually turns to another,
equally important, consideration: what are the kinds of temporal knowledge that must be
represented? There are many kinds of temporal information that are useful in applications:

• Definite temporal information.We have definite temporal information when the time
associated with an event or fact is known to be equal to anabsolute timei.e., a point
or interval on the time line. In other words, the time associated with an event or
fact is known to full precision in the desired level of granularity. For example, the
sentences “The car was on service throughout March 25th, 1993” and “The car has
gone for service every March 25th for the years 1993-2000” give definite temporal
information with respect to the time line of the Gregorian calendar. Note that the
information in the second sentence isperiodic.

• Indefinite or indeterminate temporal information. We have indefinite temporal infor-
mation when the time associated with an event or fact is either unknown or has not
been fully specified. The time associated with an event or fact can be under-specified
in various ways [39]:

– The time associated with an event or fact might be specified via aqualitative
relationship(different than equality) to some absolute time. As an example,
consider the sentence “John became managerafter March, 1993”.

– The time associated with an event or fact might be specified via arelationship
to the time associated with another event or fact. In this case, the two times
can be related through aqualitative, metric(or quantitative) or mixed tempo-
ral constraint.For example, consider the statements “The explosion occurred
after John left the scene” (qualitative temporal information), “The explosion
occurred5 to 10 minutes afterJohn left the scene” (metric temporal informa-
tion), and “The explosion occurred5 to 10 minutes afterJohn left the scene
whilehe was getting into his car” (mixed temporal information).

– The granularity of the system time line does not match the precision to which
the time associated with an event or fact is known. As an example, consider
storing the information “John was hired on January 25, 1993”in a system with
time-stamps in the granularity of a second.

– Dating techniques can be imperfect. All clocks have inherent imprecision.

Temporal CSPs are an expressive framework and they can represent all the above types of
temporal information.

19.1.2 Background on CSPs

The area of temporal CSPs was initiated by James Allen in his seminal paper [3]. Allen
proposed to represent qualitative temporal knowledge by interval constraint networks. An
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interval constraint network(see Figure 19.1) is a directed graph where nodes represents
intervals and edges are labelled with vectors (i.e., disjunctions) of the thirteen binary qual-
itative interval relations presented in [3]. Following [3], many researchers concentrated
on CSPs (or, equivalently, constraint networks) as a means for representing and reasoning
about temporal knowledge. Their proposals are surveyed in Section 19.2 of this chapter.

In this chapter, the equivalent termsCSP, constraint networkandset (conjunction) of
constraintswill be used interchangeably. We now define formally some of the concepts
from the standard CSP literature that we will use in this chapter. We usedom(xi) to refer
to the domain of variablexi.

Definition 19.1. LetC be a set of constraints in variablesx1, . . . , xn. Thesolution setof
C, denoted bySol(C), is the following relation:

{(v1, . . . , vn) ∈ dom(x1)×· · ·×dom(xn) : for every c ∈ C, (v1, . . . , vn) satisfiesc}.
Each member ofSol(C) is called asolutionofC.

Definition 19.2. A set of constraints is calledconsistentor satisfiableif and only if its
solution set is non-empty.

We now define the standard concepts ofi-consistency, strongi-consistency and global
consistency (or decomposability).

Let C be a set of constraints in variablesx1, . . . , xn. For anyi such that1 ≤ i ≤ n,
C(x1, . . . , xi) will denote the set of constraints inC involving onlyvariablesx1, . . . , xi.

Definition 19.3. LetC be a set of constraints in variablesx1, . . . , xn and1 ≤ i ≤ n. C is
called i-consistentiff for everyi− 1 distinct variablesx1, . . . , xi−1, every valuationu =
{x1 ← v1, . . . , xi−1 ← vi−1} such thatv1 ∈ dom(x1), . . . , vi−1 ∈ dom(xi−1) andu sat-
isfies the constraintsC(x1, . . . , xi−1), and every variablexi different fromx1, . . . , xi−1,
there exists a valuevi ∈ dom(xi) such thatu can be extended to a valuationu′ =
u ∪ {xi ← vi} which satisfies the constraintsC(x1, . . . , xi−1, xi). C is called strong
i-consistentif it is j-consistent for everyj, 1 ≤ j ≤ i. C is calledglobally consistentor
decomposableiff it is i-consistent for everyi, 1 ≤ i ≤ n.

We now define the standard concept of minimal set of constraints. Minimal sets of
constraints are especially important in temporal CSPs because they make explicit all im-
plied binaryconstraints (e.g., the strictest constraints between the endpoints of an interval
or the constraints capturing the strictest qualitative relation between two points etc.). In a
constraint network representation of binary constraints,the concept of minimal constraint
set is equivalent to the concept ofminimal network.

Definition 19.4. A set of constraintsC will be calledminimal if any instantiation of two
variables, which satisfies the constraints involving thesevariables only, can be extended to
a solution ofC.

In temporal CSPs, the variables are used to represent time elements (points or inter-
vals), the domains are time structures (usuallyZ,Q or R for time points, and the set of
intervals overZ,Q or R for time intervals), and the constraints represent temporal relation-
ships. Section 19.2 presents various temporal CSP frameworks with appropriate choices
for variables, domains and temporal constraints.

The following reasoning problems have been traditionally associated with CSPs:
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• Deciding whether a set of constraints is consistent.

• Finding a solution or all the solutions of a consistent constraint set.

• Computing the minimal set of constraints equivalent to a given one.

• Determining if a set of constraints isi-consistent, strongi-consistent or globally
consistent.

The above reasoning problems have also been the main focus ofalgorithms for temporal
CSPs proposed in the literature. These algorithms are surveyed in Section 19.3 of this
chapter.

19.2 Constraint-Based Formalisms for Reasoning About Time

In this section we initiate our survey of temporal representation and reasoning formalisms
based on constraint networks. We distinguish the proposed formalisms depending on the
kind of temporal information they allow: qualitative, metric or mixed temporal informa-
tion.

19.2.1 Qualitative Temporal Reasoning

As we already said earlier, the first important paper that proposed to represent qualitative
temporal information by CSPs was [3] by James Allen. In [3], Allen introduced a formal-
ism for reasoning about intervals in time. Aninterval i is a pair(i−, i+) wherei− andi+

areendpointson the real line andi− < i+ holds. Allen’s formalism is based on thirteen
mutually exclusivebinary relationswhich can capture all the possible ways two intervals
can be related. Theseatomicrelations are

before, meets, overlaps, during, starts, finishes, equals

and their inverses (equals is its own inverse). Figure 19.2 defines these relations in terms of
endpoint constraints, and gives a shorthand notation and pictorial representation for them.

Allen’s formalism has received a lot of attention and has been the formalism of choice
for representing qualitative interval information. Whenever the interval information to
be represented is indefinite, a disjunction of some of the thirteen atomic relations can be
used to represent what is known. There are213 such disjunctions representing qualitative
relations between two intervals. Each one of these relations will be denoted by the set of
its constituent basic relations e.g.,{b, bi, d,m}. Theemptyrelation will be denoted by⊥,
and theuniversalrelation will be denoted by⊤. The set of all213 relations expressible in
Allen’s formalism will be denoted byIA. The operations of intersection (∩), complement
(·−1) and composition (◦) can be defined onIA as follows:

(∀x, y)(x r−1 y ⇔ y r x)

(∀x, y)(x (r ∩ r′) y ⇔ (x r y ∧ x r′ y))

(∀x, y)(x (r ◦ r′) y ⇔ (∃z)(x r z ∧ z r′ y))

The setIA equipped with these operations forms an algebra [82], called theinterval alge-
bra.
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breakfast

paper walk

coffee

{o, s, d}

{d} {b}

 { o, o –1,  s, s -1, d, d -1, f, f -1, =} 

Figure 19.1: AnIA network

Example 19.5.Let us consider the following text [103]:

Fred was reading the paper while eating his breakfast. He putthe paper down
and drank the last of his coffee. After breakfast, he went fora walk.

If we usebreakfast, paper, walk andcoffee to stand for appropriate time intervals, the
information included in the above sentences is captured by theIA network of Figure 19.1.

In [3], Allen presented a constraint propagation algorithmfor IA networks based on
path consistency which runs inO(n3) time wheren is the number of intervals in the net-
work. When constraints are propagated, some temporal knowledge that has been implicit
before is made explicit. Later on, Vilain and Kautz showed that Allen’s constraint propaga-
tion algorithm is not complete because deciding the consistency of a set ofIA constraints
is an NP-complete problem and so is computing the minimal network [107].

In the same paper, Vilain and Kautz introduced thepoint algebraPA which allows
one to relate two time points using the binary qualitative relations<, > and= and their
disjunctive combinations (see Figure 19.2). [107] also identified thepointisable subclass
PIA of IA which consists of all elements ofIA that can be expressed as a conjunction
of binary constraints using only elements ofPA.

In [107], Vilain and Kautz claimed that Allen’s constraint propagation algorithm com-
putes the minimal network forPA. Subsequently, van Beek pointed out that this result is
true only for the subset ofPAwhich does not include thedisequalityrelation6=; this is the
convex point algebraCPA [101, 108, 104]. The same result is true for thecontinuous end-
point subclassCEIA of IA which consists of all elements ofIA that can be expressed as
a conjunction of binary constraints using only elements ofCPA [101, 108, 104]. Van Beek
also pointed out that enforcing strong 4-consistency in anPIA or PA network results in
an equivalent minimal network [101, 108, 104]. However, enforcing strong 4-consistency
does not result in global consistency for these networks. Asshown by Koubarakis in
[57], strong 5-consistency is necessary and sufficient for achieving global consistency in
PIA andPA. Van Beek has also presented two efficient algorithms forPA andPIA



M. Koubarakis 669

Basic Symbol Pictorial Endpoint
Relation Representation Constraints
i before j b iiiiiiiii i− < j−, i− < j+,
j after i b−1 jjjjjjjjj i+ < j−, i+ < j+

i meets j m iiiiiiiii i− < j−, i− < j+,
j met-by i m−1 jjjjjjjjjjj i+ = j−, i+ < j+

i overlaps j o iiiiiiiii i− < j−, i− < j+,
j overlapped-by i o−1 jjjjjjjjjjjj i+ > j−, i+ < j+

i during j d iiiiiiiii i− > j−, i− < j+,
j includes i d−1 jjjjjjjjjjjjjjjjjj i+ > j−, i+ < j+

i starts j s iiiiiiiiii i− = j−, i− < j+,
j started-by i s−1 jjjjjjjjjjjjjjjj i+ > j−, i+ < j+

i finishes j f iiiiiiiiiii i− > j−, i− < j+,
j finished-by i f−1 jjjjjjjjjjjjjjjjj i+ > j−, i+ = j+

i equals j = iiiiiiiiiiii i− = j−, i− < j+,
jjjjjjjjjjj i+ > j−, i+ = j+

Basic Symbol Pictorial Point
Relation Representation Constraints
p before i b p p < i−

i after p b−1 iiiiiiiii
p starts i s p p = i−

i started-by p s−1 iiiiiiiii
p during i d p i− < p < i+

i includes p d−1 iiiiiiiii
p after i a p i+ < p
i before p a−1 iiiiiiiii

Basic Symbol Pictorial
Relation Representation
p before q < p
q after p > q
p equals q = p

q
p after q > q
q before p < p

Figure 19.2: Interval-to-interval, point-to-interval and point-to-point relations
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networks: anO(n2) algorithm for consistency checking and finding a solution, and an
O(maxmn2, n3) for computing the minimal network [103]. The parametern here is again
the number of nodes in the network, whilem is the number of edges labelled with6=.

The work by Vilain, Kautz and van Beek [108] motivated the search for new subclasses
of IA that are tractable. The most widely studied subclass discovered so far is theOrd-
Horn subclassH introduced by Nebel and Bürckert in [82].H consists of all relationsr ∈
A which satisfy the following condition. Ifi andj are intervals,i r j can be equivalently
expressed as a conjunction of Ord-Horn constraints on the endpoints ofi andj. An Ord-
Horn constraintis a disjunctiond1∨· · ·∨dn where at most one of thedi’s is an inequality
of the formx ≤ y, the rest of thedi’s are disequations of the formx 6= y, andx andy are
variables ranging over the real numbers.

It is interesting to notice thatH, the most expressive tractable subclass ofIA among
the ones introduced above, consists of 868 relations i.e., it covers more than 10% ofA. H
is maximali.e., it cannot be extended without losing tractability [82].

Recently, Krokhin, Jeavons and Jonsson showed that there are exactly18 maximal
tractable subclasses ofIA; reasoning in any subset ofIA not included in these subclasses
is NP-complete [65]. This is an importantdichotomyresult: it classifies all subproblems
of an NP-complete problem as either tractable or NP-complete. It is important to point
out that this result is proved analytically while previous work had resorted to systematic
computerized analysis (see e.g., [38]).

Koubarakis [59] has demonstrated that, in general, there isno low level of local con-
sistency that can achieve global consistency ofH constraints. Earlier, Bessière, Isli and
Ligozat [12] had presented some subclasses ofH for which path consistency achieves
global consistency.

Gerevini [42] considersPA andH and studiesincrementalalgorithms for checking
consistency, maintaining a solution and maintaining the minimal network. The algorithms
of [42] improve the static algorithms for these problems by afactor ofO(n) orO(n2) when
a sequence ofO(n2) operations (assertions or relaxations of constraints) areprocessed. In
related work, Delgrande and Gupta [36] consider the problemof updating chains of≤ or
< relations.

In [75], Meiri defines thequalitative algebraQA, an expressive formalism for qual-
itative temporal reasoning on points and intervals. InQA, one is able to express binary
constraints of the formoi r1 oj ∨ · · · ∨ oi rk oj whereoi, oj are points or intervals and
r1, . . . , rk are:

• interval-to-interval relations fromIA

• point-to-point relations fromPA

• point-to-intervalor interval-to-pointrelations [109]. These five, mutually exclusive
relations and their inverses can hold between a point and an interval. They are shown
pictorially in Figure 19.2.

[75] presents several results onQA and its subclasses including how to combine it with
metric information (see Section 19.2.3 below). Recently, [50] presented a dichotomy the-
orem which gives acompleteclassification of all subclasses ofQA as either tractable or
NP-complete.
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The expressive power of the qualitative temporal reasoningalgebras defined in this
section can be summarized as follows (the symbol⊂ should be read as “contains” or “is
less expressive than”) :

CPA ⊂ PA ⊂ QA and CEIA ⊂ PIA ⊂ H ⊂ IA ⊂ QA

19.2.2 Metric Temporal Reasoning

Dechter, Meiri and Pearl studied metric temporal information usingdisjunctive binary dif-
ference (DBD) constraints1 of the form

a1 ≤ xi − xj ≤ b1 ∨ · · · ∨ an ≤ xi − xj ≤ bn
wherexi, xj are real variables representing time points anda1, . . . , an, b1, . . . , bn are real
numbers [34]. To deal with these constraints, [34] introducedDBD networkswhere nodes
represent variables and arcs represent binary constraints.

Example 19.6.Let us consider the following text [34]:

John goes to work either by car (30-40 minutes) or by bus (at least 60 min-
utes). Fred goes to work either by car (20-30 minutes) or in a car pool (40-50
minutes). Today John left home between 7:10 and 7:20, and Fred arrived at
work between 8:00 and 8:10. We also know that John arrived at work about
10-20 minutes after Fred left home.

Let x0 be a special time point (real variable) denoting the “beginning of time” (7:00 in
our case). Letx1, x2, x3, x4 be real variables such that[x1, x2] is the interval corresponding
to John’s travel to work, and[x3, x4] is the interval corresponding to Fred’s travel to work.
The left part of Figure 19.3 shows aDBD network capturing the temporal relations in the
above text.

Deciding consistency ofDBD networks is NP-complete [34]. An important tractable
subcase occurs when all constraints have asingledisjunct i.e., they are of the forma ≤ xi−
xj ≤ b. We will call these constraints simplybinary difference (BD) constraints. For the
class ofBD constraints, deciding consistency and at the same time computing the minimal
network can be done inO(n3) time (wheren is the number of variables) by running any
all-pairs shortest-paths algorithm (e.g., Floyd-Warshall [29]) on an equivalent weighted,
directed graph representation of the constraints called the distance graph[34]. The right
part of Figure 19.3 shows the distance graph equivalent to the BD constraint network
obtained from theDBD constraint network on the left part of the figure after dropping the
interval[60, infty] from the edge(x1, x2) and[20, 30] from the edge(x3, x4).

For the class ofBD constraints, computing the shortest-paths among all pairsof nodes
in the distance graph is equivalent to enforcing path consistency in the original network.
Notice also that path consistency is necessary and sufficient for achieving global consis-
tency for the class ofBD constraints [34]. Deciding consistency only can alternatively be

1In this section, we deviate from the usual terminology of theliterature and name classes of metric temporal
constraints by referring to what relationships they can express (e.g., difference, disjunctions etc.). In this way,
we avoid using names formed with adjectives such as simple, complex etc. that do not say much about the
expressivity of the particular constraint class they are used to name.
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Figure 19.3: ADBD network (left) and a distance graph for a part of it (right)

achieved by a single-source shortest-paths algorithm (e.g., Bellman-Ford [29]) inO(nE)
time wheren is the number of nodes andE the number of edges in the distance graph.
Alternatively, one can use adirectional path consistencyalgorithm on the given network
which runs inO(nW ∗(d)2) time whereW ∗(d) is the maximum number of parents that a
node possesses in the resulting network [34].

The framework of difference constraints of [34] has been influential in much future
work in this area. For example, Koubarakis [57] and, independently, Gerevini and Christani
[43] have introduced the class ofbinary difference constraints with disequations(BD 6=) by
extending the class ofBD constraints to include disequations of the formx − y 6= r (r is
a real constant). Deciding consistency inBD 6= can be checked inO(n3) time by trivially
modifying any all-pairs shortest path algorithm used for the class ofBD constraints so
that it reports inconsistencies resulting from any disequation x − y 6= r and any (implied)
equality of the formx− y = r. Computing the minimal network forBD 6= constraints can
be done inO(maxmn2, n3) wheren is the number of variables andm is the number of
disequations [57, 43]. [57] has also shown that strong 5-consistency is the necessary and
sufficient condition for achieving global consistency in the case ofBD 6= constraints. Re-
cently, [63] extended this result to the class ofunit two-variable per inequality/disequation
(UTV PI 6=) constraints. In addition to terms of the formx − y, this class allows terms of
the formx+ y and the same comparison operators asBD 6=.

Extensions to the framework of [33] also explored more practical directions. For ex-
ample, [13] has shown how to extend this framework so thatmultiple time granularities
are supported.

A related but more expressive class of temporal constraintswhich has also been studied
widely in the literature is the class ofn-ary disjunctive difference constraints. Ann-ary
disjunctive difference (NDD) constraintis a formula of the form

a1 ≤ x1 − y1 ≤ b1 ∨ · · · ∨ an ≤ xn − yn ≤ bn

wherex1, y1, . . . , xn, yn are real variables representing time points anda1, . . . ,an, b1, . . . ,
bn are real numbers [6, 96, 97].
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Example 19.7.The following are examples ofNDD constraints:

x1 − y1 ≤ 2, x1 − y1 ≤ 5 ∨ −2 ≤ x2 − y2 ≤ 2 ∨ x3 − y3 ≤ 4,

0 ≤ x4 − y4 ∨ 2 ≤ x5 ≤ 5

Disjunctive constraints with disjuncts having different pairs of variables cannot be ex-
pressed in theDBD constraints framework of [34].

Example 19.8.Let I, J be intervals,I−, J− their beginning points andI+, J+ their end-
ing points. The followingNDD constraints express the fact that intervalsI andJ have
duration between 5 and 10 minutes and they cannot overlap.

5 ≤ I+ − I− ≤ 10, 5 ≤ J+ − J− ≤ 10, I+ − J− ≤ 0 ∨ J+ − I− ≤ 0

Example 19.9. Let I andJ be intervals corresponding to the execution of operationsOI
andOJ . OI andOJ will be executed on a machine that can handle only one operation at
a time and has a set up time of 2 minutes. LetI−, J− be the beginning points ofI andJ
andI+, J+ their ending points.

The following is an appropriate constraint on the scheduling of operationsOI andOJ :

I+ − J− ≤ −2 ∨ J+ − I− ≤ −2

Deciding the consistency of a set ofNDD constraints is also NP-complete.Boolean
combinations of binary difference (BCBD) constraintshave also been studied recently
[98].

The quest for tractability of metric temporal CSPs receiveda big push forward when
Koubarakis [59] and Jonsson and Bäckström [49] independently introduced the class of
Horn-disjunctive linear constraints. Alinear constraint(LIN ) is a formula of the form
(
∑n

i=1 aixi) θ r wherea1, ...,an, r are rational constants,x1, ...,xn are variables andθ is
≤ or<. We freely use≥, > and= as well. AHorn-disjunctive linear (HDL) constraintis
a disjunctiond1∨· · ·∨dn where eachdi is a weak linear inequality or a linear disequation,
and the number of inequalities amongd1, . . . , dn does not exceed one.

Example 19.10.The following are examples ofHDL constraints:

3x1 + x5 − 3x4 ≤ 10, x1 + x3 + x5 6= 7,

3x1 + x5 − 4x3 ≤ 7 ∨ 2x1 + 3x2 − 4x3 6= 4 ∨ x2 + x3 + x5 6=
5

2
,

4x1 + x3 6= 3 ∨ 5x2 − 3x5 + x4 6= 6

Deciding the consistency of a set ofHDL constraints can be done in PTIME [56, 59,
49]. The main intuition behind this result is that disequations can be dealt with indepen-
dently from one another for the purposes of consistency checking.

There are currently no relevant maximality results regarding the tractability ofHDL
constraints. [16] give two such maximal tractable subclasses of the class of disjunctions of
PA relations.

[15] demonstrates how to implement efficiently consistencychecking forHDL con-
straints when disjuncts are constrained to be of the formxi − xj ≤ a or xi − xj 6= a.



674 19. Temporal CSPs

The properties of the class ofHDL constraints have partly motivated Cohen et al. [27]
to study questions of tractability for constraints that areobtained asdisjunctions of simpler
constraintswith certain useful properties (e.g., independence, guaranteed satisfaction etc.).
The importance of such results is that they are obtained in anabstract CSP frameworkand
turn out to be useful for many kinds of specific CSPs e.g., temporal, spatial, etc. For some
of the results in this area, the reader should see [26, 17] andChapter 6 of this handbook

Recently, Kumar [68] pioneered the use ofrandomizedalgorithms for temporal CSPs.
[68] initially presents a randomized algorithm forBD constraints. Then, the intuitions
derived from this class are used to develop a strongly-polynomial deterministic algorithm,
and a simple randomized algorithm for a restricted class ofNDD constraints, denoted by
RNDD, which includes the following three types of constraints:

lij ≤ xi−yj ≤ uij , a1 ≤ xi ≤ b1∨· · ·∨an ≤ xi ≤ bn, li ≤ xi ≤ ui∨ lj ≤ xj ≤ uj
The expressive power of the metric temporal CSPs defined in this section can be sum-

marized as follows:

LIN ⊂ HDL, BD ⊂ BD 6= ⊂ DBD ⊂ NDD ⊂ BCBD, BD 6= ⊂ HDL,

and BD ⊂ RNDD ⊂ NDD

19.2.3 Qualitative and Metric Temporal Reasoning Combined

Meiri [75] has combined the expressive power of the qualitative algebraQA and theDBD
constraint framework of [34] to come up with a framework of binary mixed temporal con-
straint networks where nodes are points or intervals and constraints are qualitative from
QA or quantitative fromDBD. Independently, Kautz and Ladkin [53] have proposed a
very similar framework that combines qualitative constraints from the interval algebraIA
and theBD constraints of [34].

Example 19.11.Let us consider the following text [75]:

John and Fred work for a company that has local and main officesin Los
Angeles. They usually work at the local office, in which case it takes John less
than 20 minutes and Fred 15-20 minutes to get to work. Twice a week, John
works at the main office, in which case his commute to work takes at least 60
minutes. Today John left home between 7:00-7:05 a.m. and Fred arrived at
work 7:50-7:55 a.m. We also know that Fred and John met at a traffic light on
their way to work.

Let x0 be the real variable denoting the “beginning of time” (7:00 again). LetJ =
[x1, x2] be the time interval corresponding to John’s travel to work,andF = [x3, x4] be the
time interval corresponding to Fred’s travel to work wherex1, x2, x3, x4 are real variables
representing the interval endpoints. Figure 19.4 shows a constraint network capturing the
temporal relations in the above text.

More recently, Krokhin et al. presented another framework that combines qualitative
and metric temporal reasoning [66]. In this case, the objects of interest are intervals and
qualitative information is expressed inIA. In addition, metric temporal information on in-
terval endpoints can be expressed usingHDL constraints. The important result of [66] is
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Figure 19.4: A network with qualitative and metric temporalconstraints

a dichotomy theorem that settles the standard tractabilityquestion for the proposed frame-
work by completely characterizing all subproblems that aretractable; all the remaining
ones are shown to be NP-complete. Since the framework of [66]subsumes the framework
of [53], the tractability question for this framework has also been settled. The exact char-
acterization of all tractable classes of the framework of [75] remains an open problem.

Qualitative reasoning aboutdurations has also been considered in [80] and other pa-
pers and a formalism calledpoint-durationnetworks has been defined. Point-duration
networks start fromPA networks and enrich them with binary comparisons of the times
elapsed between pairs of points (i.e., durations of intervals). The comparison of these du-
rations is also done using the relations ofPA. Similarly, Pujari et al. [84] have defined
a similar framework calledINDU for reasoning about intervals usingIA and interval
durations usingPA. It is not clear up to now, how far one can go with these two duration
frameworks since, as pointed out in [10], the framework is not closed under the compo-
sition operation. Recently, Renz and Ligozat [88] discussed this issue in a general CSP
context and differentiated between composition as defined in Section 19.2.1 forIA (and
most other frameworks studied here) andweakcomposition. In general, the frameworks of
[80, 84] are not as well developed currently as the rest of theframeworks surveyed in this
chapter so we will not deal with them any further in this chapter.

19.3 Efficient Algorithms for Temporal CSPs

In the previous section, we have surveyed work on temporal CSPs, complexity results and
algorithms for deciding consistency, computing the minimal network and enforcing global
consistency. In typical temporal reasoning applications (e.g., planning and scheduling) the
databases of temporal constraints to be handled are very large thusscalabilityof temporal
reasoning algorithms becomes important. Unfortunately, the algorithms of Section 19.2
arenot scalable. Even for the case of tractable temporal reasoningformalisms such as
PA, typical algorithms [103] requireO(n2) space andO(maxmn2, n3) time to answer
queries. Researchers in temporal reasoning quickly recognized this problem and imple-
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mented efficient reasoners for various formalisms described in Section 19.2. This is the
work that we survey in this section.

19.3.1 Efficient Algorithms for Qualitative Temporal CSPs

The work on efficient algorithms for qualitative temporal constraints can be distinguished
into two categories: scalable algorithms for constraint classes with PTIME reasoning prob-
lems (especiallyPA) and backtracking or local search algorithms for classes with NP-
complete reasoning problems (especiallyIA).

Efficient algorithms for PA
Len Schubert, Alfonso Gerevini and colleagues implementedand experimentally evaluated
the temporal reasoners TimeGraph I and II for handling constraints expressed inPA [44].
The main idea in TimeGraph II, which is the most advanced version, is to represent sets of
PA constraints by directed labelled graphs, partition these graphs intochains(i.e., linearly
ordered points) where constant time reasoning is possible,and use ameta-graphto reason
about points belonging to different chains. TimeGraph II also handles binary disjunctions
of PA constraints using an intelligent backtracking algorithm [44]. TimeGraph I and II
have been used in various planning and natural language understanding projects e.g., [91].

The work of [45] has also addressed scalability forPA networks using an approach
which also relies heavily on an underlying directed graph structure. In this case,spanning
treesare the basic data structure where efficient reasoning with respect to the≤ relation is
performed. The algorithms of [45] are incomplete forPA since they cannot handle cases
involving the relation6= [44]. The work of [45] has been extended with metric constraints
and has been utilized in the temporal reasoner of the IxTeT temporal planner [69].

[37] further extend the ideas of TimeGraph II by relying onseries-parallel graphs
(instead of chains) as their basic efficient data structure.[37] provides new intuitions re-
garding the techniques of TimeGraph II, and shows experimentally what improvements are
possible whenseries-parallel graphsbecome the basic data structure.

Efficient algorithms for IA
Ladkin and Reinfeld [72] were the first to implement and evaluate experimentally back-
tracking algorithms for solvingIA constraints. The backtracking algorithm of [72] has
the following characteristics: a preprocessing step basedon path consistency, instantiation
of disjunctions by any set ofIA relations for which path consistency is complete, chrono-
logical backtracking, and forward checking using path consistency. [105] improves [72]
with a more efficient version of path consistency and heuristics for dynamic variable order-
ing. [81] shows that performance improvements can be obtained if we use the classH for
instantiating disjunctions in the backtracking algorithmof [72]. [72] and [81] also studied
the phase transition of the problem of solvingIA constraints.

[99] shows how to solveIA consistency checking problems using local search. In [99],
a givenIA problem withm interval variables is first translated into an equivalent (with re-
spect to satisfiability) problem where the endpoints of the intervals are constrained to range
over the integers1, . . . , 2m. Then, this problem is solved using the discrete Langrangian
method.
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Let us now turn our attention to efficient algorithms for metric temporal CSPs. Here
attention has been focused onBD, DBD andNDD constraints. ForBD constraints, the
emphasis has been on improving existing polynomial time algorithms as well as devising
incremental versions of such algorithms that are importantin applications (e.g., planning
or scheduling). Since the reasoning problems for classesDBD andNDD have exponen-
tial complexity, the emphasis there has been on backtracking algorithms and local search
algorithms with influences from CSP and SAT solvers.

19.3.2 Efficient Algorithms for BD andDBD Constraints

[21] and [22] has considered incremental algorithms for networks ofBD constraints. The
idea in these algorithms is that when a new constraint is added or retracted, a constraint
propagation algorithm is not run from scratch, but only someprocessinglocal to the in-
sertion or deletion takes place. [21] concentrates on incremental arc-consistency algo-
rithms forBD constraints while [22] presents an incremental version of the well-known
Bellman-Ford algorithm for the single-source shortest-paths problem [29]. Similarly, [24]
has presented an incremental version of the directional path consistency algorithm of [33].

Recently, Xu and Choueiry [111] presented an efficient algorithm for deciding the con-
sistency ofBD constraints. This algorithm essentially improves the partial path consis-
tency algorithm of [14] (which operates on a triangulated constraint graph) and applies it
to the case ofBD constraints. [111] demonstrates experimentally that thisalgorithm im-
proves on many of its competitors that have appeared in the literature [34] in the case of
large and sparse constraint graphs.

[92, 32] consider checking the consistency ofDBD constraints using backtracking al-
gorithms that operate on the equivalentmeta-CSP(i.e., the CSP with variables correspond-
ing to disjunctions and values corresponding toBD disjuncts) and utilize local consistency
algorithm like path consistency for preprocessing and forward checking. [92] points out
that enforcing path consistency in networks ofDBD constraints can result in the creation
of an exponential number of intervals. Then, it develops alternative local processing algo-
rithms that compute looser constraints than path consistency but do so in polynomial time.
Finally, [92] demonstrates that significant savings are achieved when these local process-
ing algorithms are combined with backtracking to check the consistency of sets ofDBD
constraints.

Xu and Choueiry [110] show alternative ways to improve on chronological backtrack-
ing algorithms forDBD constraints [92, 32]. Their techniques include utilizing the algo-
rithm of [111] to check the consistency of the set ofBD constraints considered at each
node of the search tree, exploiting the constraint topology, having good variable-ordering
heuristics, and reducing the domains with a special form of arc consistency [25]. More re-
cently, [95] have also investigated using the incremental all-pairs-shortest-path algorithm
of [22] instead of [111] at each node of the search tree.

TMM (Time Map Manager) is another important temporal reasoning system with sup-
port forBD constraints [31]. The main contribution of TMM isnot its CSP features but
rather its querying facilities, its good support fortemporal persistenceandcausality, and
its sophisticated indexing algorithms for handling large databases of temporal propositions
[30]. TMM will be again discussed in Section 19.4.
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19.3.3 Efficient Algorithms forNDD Constraints and Extensions

The papers [97, 6, 100, 83, 98, 7] have tackled the problem of checking the consistency
of sets ofNDD constraints efficiently. As it is explained nicely in [7], all these works
propose algorithms that consist of the following basic steps:

• Generation step:Generate all possible sets ofBD constraints that satisfy the dis-
junctions.

• Consistency checking step:Check consistency of these sets.

The papers [97, 100, 83] do the generation step by solving a meta-CSP with variables
corresponding to disjunctions and values corresponding toBD disjuncts. The papers [6, 98,
7] do the generation step by solving the corresponding propositional satisfiability problem
(whereBD disjuncts are represented by propositional variables). The consistency checking
step in both cases is carried out using various incremental algorithms forBD constraints
e.g., incremental directional path consistency [24] or incremental full path consistency
[77].

Stergiou and Koubarakis [97] were the first to discuss various backtracking algorithms
(chronological backtracking, backjumping and forward checking with backjumping) and
related heuristics forNDD constraints. [97] presents theoretical results that characterize
these algorithms in terms of number of search tree nodes visited and consistency checks
performed by extending [54] where backtracking algorithmsfor binary CSPs are com-
pared (NDD constraints aren-ary). [97] also evaluate the performance of their algorithms
experimentally using randomly generated hard problems.

Armando et al. [6] subsequently showed how to improve the results of [97] by an
algorithm, called TSAT, which is built on top of a SAT solver that implements the Davis-
Putnam procedure efficiently. The SAT solver produces the sets ofBD constraints to be
checked for consistency. In addition, TSAT has a preprocessing step that produces a more
accurate SAT encoding than the obvious one, and a constraintpropagation step as in the
forward checking algorithm of [97].

[83] presents CSPi, an extension of the forward checking algorithm of [97] with a
semantic branching step and a heuristic method for reducingthe number of forward checks
performed. The semantic branching step, which is availablefor free in SAT methods such
as [6], is as follows. If the current valuation (set ofBD disjuncts){c1, c2, . . . , ci} cannot
be extended by another disjunctci+1 so that we reach a satisfying valuation, then CSPi
adds¬ci to the current valuation and proceeds to choose another literal from the(i+1)-th
disjunction. [83] shows that CSPi improves on [97] and is competitive with TSAT.

[100] adopts the CSP framework of [97] and improves it by introducing no-good
recording as well as the other pruning techniques introduced by earlier literature (a differ-
ent form of the backjumping used in [97], semantic branchingas used in [83] and removal
of subsumed variables as used in [83]). The resulting system, called Epilitis, is shown to
dominate all earlier algorithms [97, 6, 83].

[98] was the earliest paper to deal with decidingBCBD constraints. The approach of
[98] is to transform a givenBCBD formulaφ into a propositional logic formula and then
use the SAT solver Chaff [78] to decide it. The transformation involves essentially the
following two steps:
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• Introduce a new propositional variable for eachBD constraint inφ, and transformφ
into a new propositional logic formulaφ′.

• Conjoin toφ′ a new propositional logic formula that encodes transitive relations
among variables derived from the originalBD constraints.

Finally, [7] presents the system TSAT++ which is able to dealwith Boolean combina-
tions of difference constraints using a SAT-based approach(in particular, the SIMO solver
[46]) and a powerful combination of preprocessing, constraint propagation, branching and
intelligent backtracking techniques. [7] demonstrates that TSAT++ is more efficient than
the systems of [97, 6, 100, 83, 98] presented above, but also MathSAT [8] which is able to
deal with Boolean combinations of linear constraints. The performance analysis of [7] is
based on randomly generated hard problems and instances of real-world applications.

Recently, Schwartz and Pollack studied incremental algorithms forNDD constraints
[93]. They consider three update operations (tightening the bound of aBD constraint, add
aBD constraint or add anNDD constraint) and present incremental algorithms to handle
these updates using techniques from dynamic CSPs such as no-good recording and oracles.

Finally, [76] shows how to solveNDD constraints using local search. Contrary to
earlier complete algorithms using a meta-CSP approach [97,100, 83], the algorithm of
[76] searches over the space defined by the original CSP usingan algorithm which derives
from GSAT [94] and Tabu search [47].

19.4 More Expressive Queries for Temporal CSPs

When constraint networks are used to represent temporal information (see Section 19.2),
their nodes represent the times when certain facts are true,or when certain events take
place, or when events start or end. By labeling nodes with appropriate natural language
expressions (e.g.,breakfast or walk in Example 19.5) and arcs by temporal relations,
temporal constraint networks can be queried in useful ways.The typical query targeted by
most of the algorithms discussed in Sections 19.2 and 19.3 is: “What is the strictest tempo-
ral relationship between intervals (or points)A andB?”. This query is typically answered
by consulting the minimal network corresponding to the given temporal constraints.

Van Beek [102] was the first to consider more expressive queries for databases with
temporal constraints. In [102], a database is a set ofIA constraints among appropriately
named interval constants (representingevents). The first class of queries considered by
[102] is modal(possibility or certainty) queries. Acertainty (resp. possibility) queryis a
formula of the form

OP φ(e1, . . . , en)?

whereOP is � (resp.♦), andφ is a Boolean combination ofIA constraints that use event
constantse1, . . . , en. As an example, consider the query “Is it possible that eventwalk
happened after eventbreakfast?”.

The second class of queries considered by [102] is aggregation queries. Anaggregation
queryis of the form

x1, . . . , xn : x1 ∈ E ∧ · · · ∧ xn ∈ E ∧OP φ(x1, . . . , xn)
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whereE is the set of all events in the database,OP is the modal operator♦ or �, andφ
is a Boolean combination ofIA constraints that use variablesx1, . . . , xn. As an example,
consider the query “What are the known events that come aftereventbreakfast?”.

The temporal reasoning system LATER [18, 28] is another proposal for querying tem-
poral CSPs in sophisticated ways. LATER allows users to define symbolic time points and
time intervals and assert temporal constraints relating them with other symbolic objects, or
time constants representing conventionaldates, timesanddurations. LATER offers a prac-
tical temporal reasoning framework that includes vocabulary for expressing many useful
qualitative and metric temporal constraints. Only certainkinds of disjunctive relations are
allowed so that the expressive power of LATER does not become greater than the expres-
sive power ofBD constraints [19]. The complete set of LATER functions and predicates
can be found in [18].

The following types of queries are supported by LATER [18]:

1. Queriesextracting temporal information(e.g., when, how long, duration and relation
queries).

2. Modal queries as in [102].

3. Hypothetical queries.These queries allow one to query the database using queries
of types 1 and 2 under the assumption that certain additionaltemporal constraints
hold.

Although [102] and LATER offer expressive languages for querying databases of tem-
poral constraints, queries combiningnon-temporalas well as temporal information (e.g.,
“Who is certainly having breakfast before taking a walk?”) cannot be asked in these sys-
tems, even though the knowledge required to answer them might have been available in the
first place. This problem arises because temporal CSPs do nothave the required expressive
power for representing all kinds of knowledge needed in a real application.

This situation has been understood by temporal reasoning researchers, and application-
oriented systems where temporal reasoners werecombinedwith general-purpose data and
knowledge representation frameworks have been proposed (and in most cases implemented).
These proposals include EPILOG2, Shocker3, TMM [31], Telos [79], and the relational
temporal constraint databases of [55] and [20]. EPILOG and Shocker use the temporal
reasoners Timegraph I and II, Telos uses a subclass ofIA, TMM usesBD constraints, the
proposal of [55] usesBD constraints and the system of [20] uses LATER.

In the rest of this chapter, we study thescheme of indefinite constraint databasespro-
posed by Koubarakis [58, 63], as the formalism that unifies the proposals of [102, 55,
18, 20]. This formalism is aschemebecause it can be instantiated with various kinds of
constraints defined by a first-order language (e.g., temporal, spatial etc. [63]). When the
constraints chosen are temporal, the resulting formalism can be used to represent temporal
constraints on various temporal objects, and the relational database can be used to store
facts referring to these objects.

Sections 19.5 and 19.6 show that in order to be able to answer queries in this scheme,
we must be prepared to go from temporal CSPs tofirst-order theories of temporal con-
straintsas studied in [71, 58]. We identifyvariable elimination(and its logical analogue

2 Seehttp://www.cs.rochester.edu/research/epilog/ .
3 Seehttp://www.cs.rochester.edu/research/cisd/projects/ kr-tools/ .
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quantifier elimination) as the main technical tool needed by the proposed framework. We
then show that query evaluation in the proposed formalism can be viewed as quantifier
elimination in a first-order language of temporal constraints.

The indefinite constraint database scheme has been presented in the past as a constraint-
based extension of the relational data model [58] or as a constraint-based extension of an
equivalent subset of first-order logic [63]. We follow the second approach in this chapter
using material directly from [63].

19.5 First-Order Temporal Constraint Languages

We start by introducing some concepts useful for the developments in forthcoming sec-
tions. We will deal with many-sorted first-order languages [40]. For each first-order lan-
guageL, we will define a structureML that will give theintended interpretationof for-
mulas ofL (this is called theintended structurefor L). The theoryTh(ML) (i.e., the set
of sentences ofL that are true inML) will also be considered. Finally, for each language
L a special class of formulas calledL-constraintswill be defined.

Ladkin [71] and Koubarakis [58, 63] have defined various first-order temporal con-
straint languages where the atomic formulas come from the temporal CSP frameworks
defined in Section 19.2. As an example, we define below the first-order languagesPA, IA
andLIN that are based on the classes ofPA, IA andLIN constraints respectively.4

19.5.1 The LanguagesPA and IA

The languagePA is a simple first-order language that we can use for talking about points in
time. The logical symbols ofPA include: parentheses, a countably infinite set of variables,
the equality symbol= and the standard sentential connectives. There is only one non-
logical symbol: the predicate symbol<.

The intended structureMPA has the set of rational numbersQ as its domain, and
interprets predicate symbol< as the relationship “less than” over the rational numbers.
We will freely use other defined predicates like≤ and 6=. We definePA-constraintsto be
exactly the constraints of the classPA.

In a similar way, we can define the first-order languageIA which has as atomic formu-
las the interval constraints expressible in the classIA (see [60, 61] for a precise definition).

19.5.2 The LanguageLIN

The languageLIN is the first order language of linear constraints. The logical symbols of
LIN include: parentheses, a countably infinite set of variables, the equality symbol= and
the standard sentential connectives. The non-logical symbols ofLIN include: a countably
infinite set of constants (one for each rational numeral), the binary function symbols+ and
∗ (the symbol∗ can only be applied to a variable and a constant) and the binary predicate
symbol<.

4 We use the calligraphic type style to write classes of constraints and italic type style to write the corre-
sponding first-order language.
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The intended structureMLIN has the set of rational numbersQ as its domain.MLIN

assigns to each constant symbol an element ofQ, to function symbol+ the addition oper-
ation for rational numbers, to function symbol∗ the multiplication operation for rational
numbers, and to predicate symbol< the relation “less than” overQ. We defineLIN -
constraintsto be the constraints of the classLIN .

19.5.3 Quantifier and Variable Elimination

In this section we define the operations of quantifier and variable elimination. Quantifier
elimination is an operation from mathematical logic [40]. Variable elimination is an alge-
braic operation [90]. As we will see below, quantifier elimination algorithms utilize vari-
able elimination algorithms as subroutines. In the scheme of indefinite constraint databases
to be introduced in Section 19.6, the operation of quantifierelimination is very useful be-
cause it can be used for query evaluation. [35] discuss variable elimination and related
concepts for arbitrary CSPs.

Definition 19.12. Let Th be a theory in some first-order languageL. Th admits elim-
ination of quantifiersiff for every formulaφ there is a disjunctionφ′ of conjunctions of
L-constraints such thatTh |= φ ≡ φ′.

This definition is stronger than the traditional one whereφ′ is simply required to be
quantifier-free [40]. We requireφ′ to be in the above form because we do not want to deal
with negations ofL-constraints.

Let Th be a theory in some first order languageL, and letφ be a formula. IfTh
admits elimination of quantifiers, then a quantifier-free formulaφ′ equivalent toφ can be
computed in the following standard way [40]:

1. Compute the prenex normal form(Q1x1) · · · (Qmxm)ψ(x1, . . . , xm) of φ.

2. If Qm is ∃ then letθ1 ∨ · · · ∨ θk be a disjunction equivalent toψ(x1, . . . , xm) where
theθi’s are conjunctions ofL-constraints. Theneliminate variablexm from eachθi
to computeθ′i using avariable eliminationalgorithm forL-constraints. The resulting
expression isθ′1 ∨ · · · ∨ θ′k.

If Qm is∀ then letθ1∨· · ·∨θk be a disjunction equivalent to¬ψ(x1, . . . , xm) where
theθi’s are conjunctions ofL-constraints. Theneliminate variablexm from eachθi
to computeθ′i as above. The resulting expression is¬(θ′i ∨ · · · ∨ θ′k).

3. Repeat step 2 to eliminate all remaining quantifiers and obtain the required quantifier-
free formula.

Step 2 of the above algorithm assumes the existence of a variable elimination algo-
rithm for conjunctions (or, equivalently,sets) of L-constraints. The operation of variable
elimination can be defined as follows.

Definition 19.13. The operation ofvariable eliminationtakes as input a setC of L-
constraints with set of variablesX and a subsetY of X , and returns a new set of con-
straintsC′ such thatSol(C′) = ΠX\Y (Sol(C)) whereΠZ is the standard operation of
projection of a relation on a subsetZ of its set of columns.
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For the class ofLIN -constraints defined above variable elimination can be performed
using Fourier’s algorithm. Fourier’s algorithm can be summarized as follows [90]. Any
weak linear inequality involving a variablex can be written in the formx ≤ ru or x ≥ rl
i.e., it gives an upper or a lower bound onx. Thus if we are given two linear inequalities,
one of the formx ≤ ru and the other of the formx ≥ rl, we can eliminatex and obtain the
inequalityrl ≤ ru. Obviously,rl ≤ ru is a logical consequence of the given inequalities.
In addition, any solution ofrl ≤ ru can be extended to a solution of the given inequalities
(simply by choosing forx any value between the values ofrl and ru). Following this
observation, Fourier’s elimination algorithm forms all pairsx ≤ ru andx ≥ rl, eliminates
x and returns the resulting constraints. The generalizationof this algorithm to strict linear
inequalities is obvious.

Example 19.14.Let us consider the following set ofLIN -constraints:

x3 ≤ x1, x5 < x1, x1 − x2 ≤ 2, x4 ≤ x5

The elimination of variablex1 using Fourier’s algorithm results in the following new set:

x3 − x2 ≤ 2, x5 − x2 < 2, x4 ≤ x5.

The following theorem will be useful below. The result forPA andIA are due to [71].

Theorem 19.15.The theoriesTh(MPA), Th(MIA) andTh(MLIN) admit quantifier
elimination.

The presentation of preliminary concepts is now complete. We can therefore proceed
to define the scheme of indefinite constraint databases.

19.6 The Scheme of Indefinite Constraint Databases

In this section, we present the scheme of indefinite constraint databases originally proposed
in [58]. We follow the spirit of the original proposal but usefirst-order logic instead of
relational database theory.

We assume the existence of a many-sorted first-order languageL with a fixed intended
structureML. Let us also assume thatTh(ML) admits quantifier elimination(Section
19.5.3 has defined this concept precisely). For the purposesof this section,L can be a
language likePA, IA andLIN that can be used to talk about temporal objects (i.e., points
or intervals).

Let us now consider, as an example, the information contained in the following two
sentences:

Mary took a walk in the park. After walking around for a while,she met Fred
and started talking to him.

The information in the above sentences is about activities (e.g., walking, talking), con-
straints on the times of their occurrence (e.g., after) and,finally, other information about
real-world entities (e.g., names of persons). Temporal CSPs as discussed in Section 19.2
can be used to represent such information.

In the scheme of indefinite constraint databases (and in similar formalisms like [31, 18])
information like the above is represented by utilizing a first-order temporal language like
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LIN and extending it to represent non-temporal information. Let us now show how to
do this formally in an abstract setting by considering an arbitrary many-sorted first-order
languageL with the properties discussed above.

19.6.1 FromL to L ∪ EQ and (L ∪ EQ)∗

Let EQ be a fixed first-order language with only equality (=) and a countably infinite
set of constant symbols. The intended structureMEQ for EQ interprets= as equality
and constants as “themselves”.EQ is a very simple language which can only be used to
represent knowledge about things that are or are not equal.EQ-constraintsor equality
constraintsare formulas of the formx = v or x 6= v wherex is a variable, andv is a
variable or a constant.

We now consider the languageL ∪ EQ. The set of sorts forL ∪ EQ will contain the
special sortD (for terms ofEQ) and all the sorts ofL. The intended structure forL ∪ EQ
isML∪EQ =ML ∪MEQ.

The following lemma is straightforward.

Lemma 19.16. If theoryTh(ML) admits quantifier elimination then the same holds for
Th(ML∪EQ).

Finally, we define a new first-order language(L ∪ EQ)∗ by augmentingL ∪ EQ with
a countably infinite set ofdatabase predicate symbolsp1, p2, . . . of various arities. These
predicate symbols can be used to represent information about our application domain. The
arguments of these predicates will be constants and variables constrained by formulas of
L ∪ EQ. The indefinite constraint databases and queries defined below are formulas of
(L ∪ EQ)∗.

In the following example and all the examples of subsequent sections, we assumeL to
be the languageLIN defined in Section 19.5. The languageLIN∪EQ is now multi-sorted
with sortsD (for the constants ofEQ) andQ (for the rational constants ofLIN ).

Example 19.17.Letwalk be a ternary database predicate symbol with arguments of sort
D, Q andQ respectively. The following is a formula of the language(LIN ∪ EQ)∗

capturing the fact that somebody took a walk during some unknown interval of time:

(∃x/D)(∃t1/Q)(∃t2/Q)(t1 < t2 ∧ walk(x, t1, t2))

19.6.2 Databases and Queries

In this section, the symbols̄x, ȳ, x̄i, ȳi, etc. will denote vectors of variables whilēω will
stand for a vector of Skolem constants. In addition, the symbols T̄ and T̄i will denote
vectors of sorts ofL. Similarly, the symbolD̄ will denote a vector with all its components
being the sortD.

Indefinite constraint databases and queries are special formulas of(L ∪ EQ)∗ and are
defined as follows [63].

Definition 19.18. An indefinite constraint databaseis a formulaDB(ω̄) of (L ∪ EQ)∗ of
the following form:

m
∧

i=1

(∀x̄i/D̄)(∀t̄i/T̄i)(
li
∨

j=1

Localj(x̄i, t̄i, ω̄) ≡ pi(x̄i, t̄i)) ∧ ConstraintStore(ω̄)
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where

• Localj(x̄i, t̄i, ω̄) is a conjunction ofL-constraints in variables̄ti and Skolem con-
stantsω̄, andEQ-constraints in variables̄xi.

• ConstraintStore(ω̄) is a conjunction ofL-constraints in Skolem constantsω̄.

The second component of the above formula defining a databaseis aconstraint store.
This store is a conjunction ofL-constraints i.e., a CSP.̄ω is a vector ofSkolem constants
denoting time entities (e.g., points and intervals) about which only partial knowledgeis
available. This partial knowledge has been coded in the constraint store as a CSP using the
languageL.

The first component of the database formula is a set of equivalencescompletely defining
the database predicatespi. This is an instance of the well-known technique of predicate
completion in first-order databases [85].

These equivalences may refer to the Skolem constants of the constraint store. In tempo-
ral reasoning applications, the constraint store will contain the temporal constraints usually
captured by a CSP, while the predicatespi will encode, in a flexible way, the events or facts
usually associated with the variables of this CSP.

For a given databaseDB the first conjunct of the database formula will be denoted by
EventsAndFacts(DB), and the second one byConstraintStore(DB). For clarity, we
will sometimes write sets of conjuncts instead of conjunctions. In other words, a database
DB can be seen as the following pair of sets of formulas:

(EventsAndFacts(DB), ConstraintStore(DB)).

We will feel free to use whichever definition of database fits our needs in the rest of this
section.

The new machinery in the indefinite constraint database scheme (in comparison with
relational or Prolog databases) is the Skolem constants inEventsAndFacts(DB) and the
constraint store which is used to represent “all we know” about these Skolem constants.
Essentially this proposal is a combination of constraint databases (without indefinite infor-
mation) as defined in [52], and the marked null values proposal of [48, 1]. Similar ideas
can also be found in the first-order databases of [85].

Let us now give some examples of indefinite constraint databases. The constraint lan-
guage used isLIN but the constraints are simpler than full linear: rational order con-
straints, difference constraints and bounds on variables.

Example 19.19.The following is an indefinite constraint database which formalises the
information in the paragraph considered at the beginning ofthis section.

( { (∀x/D)(∀t1, t2/Q)((x = Mary ∧ t1 = ω1 ∧ t2 = ω2) ≡ walk(x, t1, t2)),
(∀x/D)(∀y/D)(∀t3, t4/Q)

((x = Mary ∧ y = Fred ∧ t3 = ω3 ∧ t4 = ω4) ≡ talk(x, y, t3, t4)) },
{ ω1 < ω2, ω1 < ω3, ω3 < ω2, ω3 < ω4 } )

This database contains information about the eventswalk and talk in which Mary and
Fred participate. The temporal information expressed by order constraints is indefinite
since we do not know the exact constraint between Skolem constantsω2 andω4.
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Example 19.20.Let us consider the following planning database used by a medical labo-
ratory for keeping track of patient appointments for the year 2006.

( { (∀x, y/D)(∀t1, t2/Q)
(((x = Smith ∧ y = Chem1 ∧ t1 = ω1 ∧ t2 = ω2)∨
(x = Smith ∧ y = Chem2 ∧ t1 = ω3 ∧ t2 = ω4)∨

(x = Smith ∧ y = Radiation ∧ t1 = ω5 ∧ t2 = ω6)) ≡ treatment(x, y, t1, t2)) },
{ ω1 ≥ 0, ω2 ≥ 0, ω3 ≥ 0, ω4 ≥ 0, ω5 ≥ 0, ω6 ≥ 0,

ω2 = ω1 + 1, ω4 = ω3 + 1, ω6 = ω5 + 2, ω2 ≤ 91, ω3 ≥ 91, ω4 ≤ 182,
ω3 − ω2 ≥ 60, ω5 − ω4 ≥ 20, ω6 ≤ 213 } )

Since we useLIN , the set of rationalsQ is our time line. The year 2006 is assumed
to start at time0 and every interval[i, i+ 1) represents a day (fori ∈ Z andi ≥ 0). Time
intervals will be represented by their endpoints. They willalways be assumed to be of the
form [B,E) whereB andE are the endpoints.

The above database represents the following information:

1. There are three scheduled appointments for treatment of patient Smith. This is rep-
resented by three conjuncts in the disjunction defining the extension of predicate
treatment.

2. Chemotherapy appointments must be scheduled for a singleday. Radiation appoint-
ments must be scheduled for two consecutive days. This information is represented
by constraintsω2 = ω1 + 1, ω4 = ω3 + 1, andω6 = ω5 + 2.

3. The first chemotherapy appointment for Smith should take place in the first three
months of 2006 (i.e., days 0-91). This information is represented by the constraints
ω1 ≥ 0 andω2 ≤ 91.

4. The second chemotherapy appointment for Smith should take place in the second
three months of 2006 (i.e., days 92-182). This information is represented by con-
straintsω3 ≥ 91 andω4 ≤ 182.

5. The first chemotherapy appointment for Smith must precedethe second by at least
two months (60 days). This information is represented by constraintω3 − ω2 ≥ 60.

6. The radiation appointment for Smith should follow the second chemotherapy ap-
pointment by at least 20 days. Also, it should take place before the end of July
(i.e., day 213). This information is represented by constraints ω5 − ω4 ≥ 20 and
ω6 ≤ 213.

Let us now define queries. The concept of query defined here is more expressive than
the query languages for temporal CSPs discussed in Section 19.4 above, and it is similar
to the concept of query in TMM [31].

Definition 19.21. A first order modal queryover an indefinite constraint database is an
expression of the form̄x/D̄, t̄/T̄ : OP φ(x̄, t̄) whereOP is the modal operator♦ or �,
andφ is a formula of(L∪ EQ)∗. The constraints in formulaφ are onlyL-constraints and
EQ-constraints.
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Modal queries will be distinguished in certainty queries (�) and possibility queries (♦)
as in [102].

Example 19.22. The following query refers to the database of Example 19.19 and asks
“Who was the person who possibly had a conversation with Fredduring this person’s walk
in the park?”:

x/D : ♦(∃t1, t2, t3, t4/Q) (walk(x, t1, t2) ∧ talk(x, Fred, t3, t4) ∧ t1 < t3 ∧ t4 < t2)

Let us observe that each query can only haveonemodal operator which should be
placed in front of a formula of(L∪EQ)∗. Thus we do not have a full-fledged modal query
language. Such a query language can be interesting in a formal framework dealing with
indefinite information, but we will not consider this issue further in this chapter.

We now define the concept of an answer to a query.

Definition 19.23. Let q be the querȳx/D̄, t̄/T̄ : ♦φ(x̄, t̄) over an indefinite constraint
databaseDB. The answer toq is a pair (answer(x̄, t̄), ∅) such that

1. answer(x̄, t̄) is a formula of the form

k
∨

j=1

Localj(x̄, t̄)

whereLocalj(x̄, t̄) is a conjunction ofL-constraints in variables̄t and EQ-con-
straints in variables̄x.

2. LetV be a variable assignment for variablesx̄ and t̄. If there exists a modelM of
DB which agrees withML∪EQ on the interpretation of the symbols ofL∪EQ, and
M satisfiesφ(x̄, t̄) underV thenV satisfiesanswer(x̄, t̄) and vice versa.

We have chosen the notation(answer(x̄, t̄), ∅) to signify thatan answer is also a
databasewhich consists of a single predicate defined by the formulaanswer(x̄, t̄) and the
empty constraint store. In other words, no Skolem constant (i.e., no uncertainty) is present
in the answer to a modal query. Although our databases may contain uncertainty, we know
for sure what is possible and what is certain.

Example 19.24.The answer to the query of Example 19.22 is(x = Mary, ∅).
The definition of answer in the case of certainty queries is the same as Definition 19.23

with the second condition changed to:

2. LetM be any model ofDB which agrees withML∪EQ on the interpretation of the
symbols ofL ∪ EQ. Let V be a variable assignment for variables̄x and t̄. If M
satisfiesφ(x̄, t̄) underV thenV satisfiesanswer(x̄, t̄) and vice versa.

Definition 19.25. A query is calledclosedor yes/noif it does not have any free variables.
Queries with free variables are calledopen.

Example 19.26.The query of Example 19.22 is open. The following is its corresponding
closed query:

: ♦(∃x/D)(∃t1, t2, t3, t4/Q) (walk(x, t1, t2)∧ talk(x, Fred, t3, t4)∧ t1 < t3 ∧ t4 < t2)



688 19. Temporal CSPs

By convention, when a query is closed, its answer can be either (true, ∅) (which means
yes) or (false, ∅) (which meansno).

Example 19.27.The answer to the query of Example 19.26 is(true, ∅) i.e., yes.

Example 19.28.Let us consider the database of Example 19.20 and the query “Find all
appointments for patients that can possibly start at the 92th day of 2006”. This query can
be expressed as follows:

{ x, y/D : ♦(∃t1, t2/Q)(treatment(x, y, t1, t2) ∧ t1 = 92) }
The answer to this query is the following:

( (x = Smith ∧ y = Chem2) ∨ (x = Smith ∧ y = Radiation), ∅ )

19.6.3 Query Evaluation is Quantifier Elimination

Query evaluation over indefinite constraint databases can be viewed as quantifier elimina-
tion in the theoryTh(ML∪EQ). Th(ML∪EQ) admits quantifier elimination. This is a
consequence of the assumption thatTh(ML) admits quantifier elimination (see beginning
of this section) and the fact thatTh(MEQ) admits quantifier elimination (proved in [52]).
The following theorem is essentially from [58] and [63].

Theorem 19.29.LetDB be the indefinite constraint database

m
∧

i=1

(∀x̄i/D̄)(∀t̄i/T̄i)(
li
∨

j=1

Localj(x̄i, t̄i, ω̄) ≡ pi(x̄i, t̄i)) ∧ ConstraintStore(ω̄)

and q be the querȳy/D̄, z̄/T̄ : ♦φ(ȳ, z̄). The answer toq is (answer(ȳ, z̄), ∅) where
answer(ȳ, z̄) is a disjunction of conjunctions ofEQ-constraints in variables̄y andL-
constraints in variables̄z obtained by eliminating quantifiers from the following formula
ofL ∪ EQ:

(∃ω̄/T̄ ′)(ConstraintStore(ω̄) ∧ ψ(ȳ, z̄, ω̄))

In this formula the vector of Skolem constantsω̄ has been substituted by a vector of appro-
priately quantified variables with the same name (D̄′ is a vector of sorts ofL). ψ(ȳ, z̄, ω̄)
is obtained fromφ(ȳ, z̄) by substituting every atomic formula with database predicate pi
by an equivalent disjunction of conjunctions ofL-constraints. This equivalent disjunction
is obtained by consulting the definition

li
∨

j=1

Localj(x̄i, t̄i, ω̄) ≡ pi(x̄i, t̄i)

of predicatepi in the databaseDB.
If q is a certainty query thenanswer(ȳ, z̄) is obtained by eliminating quantifiers from

the formula

(∀ω̄/T̄ ′)(ConstraintStore(ω̄) =⇒ ψ(ȳ, z̄, ω̄))

whereConstraintStore(ω̄) andψ(ȳ, z̄, ω̄) are defined as above.
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Example 19.30.Using the above theorem, the query of Example 19.22 can be answered
by eliminating quantifiers from the formula:

(∃ω1, ω2, ω3, ω4/Q)
(ω1 < ω2 ∧ ω1 < ω3 ∧ ω3 < ω2 ∧ ω3 < ω4∧

(∃t1, t2, t3, t4/Q)((x = Mary ∧ t1 = ω1 ∧ t2 = ω2)∧
(x = Mary ∧ t3 = ω3 ∧ t4 = ω4) ∧ t1 < t3 ∧ t4 < t2)

The result of this elimination is the formulax = Mary.

Koubarakis and Skiadopoulos [58, 63] have studied the complexity of query answering
in the scheme of indefinite constraint databases for varioustemporal and spatial constraint
languagesL. Their results precisely outline the frontier between tractable and possibly
intractable query answering problem. [63] shows that if onewants to be able to answer
modal queries in PTIME, it is no longer sufficient to have a constraint class (e.g.,BD)
with PTIME reasoning problems (e.g., consistency checkingfor BD can be done inO(n3)
time); further conditions should be imposed on queries and databases.

19.7 Conclusions

We have surveyed work on temporal CSPs starting from early papers such as [3, 107, 31,
108, 34] and continuing with influential contributions thathave been published as recently
as last year. There are certain topics of work in temporal CSPs that we did not cover due
to limited space. These include:

• Temporal CSPs for non-totally-ordered time e.g., partially ordered time, branching
time etc. [16].

• Representingperiodictemporal information by constraints [51].

• Non-convexintervals and their CSPs [9].

• Soft constraintsor preferencesin temporal CSPs [67].

• Overconstrainedtemporal CSPs [73].

• Connections withspatialCSPs [87].

We expect research on temporal CSPs to continue healthily inthe years to come due to
their importance in applications. In our opinion, the following topics are likely to be in the
front line of future developments:

• New algorithmic techniques for temporal constraint solving e.g., randomized algo-
rithms [68] or local search [76, 11].

• Theory and algorithms for combining temporal CSPs and optimization concepts [67,
73].

• Theory and algorithms for quantified formulas with temporalconstraints [71, 58,
63].
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• Tractability results for the classes where this question has not been answered com-
pletely e.g., [75].

• Integration with spatial CSPs to deal with spatio-temporalscenarios [62].
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Chapter 20

Distributed Constraint Programming

Boi Faltings

Constraint satisfaction and optimization problems often involve multiple participants. For
example, producing an automobile involves a supply chain ofmany companies. Schedul-
ing production, delivery and assembly of the different parts would best be solved as a
constraint optimization problem ([35]). A more familiar task for most of us ismeeting
scheduling: arrange a set of meetings with varying participants such that no two meet-
ings involving the same person are scheduled at the same time, while respecting order
and deadline constraints ([18, 22]). Another application that has been studied in detail is
coordinating a network of distributed sensors ([2]).

Such problems can of course be solved by gathering all constraints and optimization
criteria into a single large CSP, and then solving this problem using a centralized algorithm.
In practice there are many cases where this is not feasible, because it is impossible to bound
the problem to a manageable set of variables.

For example, in meeting scheduling, once two people are planning a common meeting,
this meeting is potentially in conflict with many other meetings either of them are planning
and whose times are decided in parallel. A centralized solver does not know beforehand
which of these potential conflicts will become important, and thus will have to gather
information about all of them. Since any two people in the world are connected through
on average six degrees, this constraint problem is likely toinvolve a substantial part of the
world’s population! In contrast, in a distributed solution, changes need to propagate only
when there are conflicts between meetings. As such conflicts can usually be resolved by
local adjustments, propagation will be limited and the problem can usually be solved with
a reasonable amount of effort. This is a typical applicationwheredistributedalgorithms
for constraint satisfaction are attractive.

As an another example, consider a configuration system for vacations that composes
information obtained from the internet. Even though there are only a finite number of
elements to be composed, the number of information sources that could be considered is
unboundedly large. Thus, even with a small number of variables it may be impossible for a
constraint solver to know the entire space of admissible values and tuples for variables and
constraints. Fortunately, the semantics of CSP allows to prove the validity of a solution
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even without knowing the entire problem. Theopen constraint satisfactionformulation
addresses this form of distributed CSP.

There are also other reasons why distributed constraint satisfaction may be necessary:

• cost of formalization: when problem solving is centralized, each participant will
have to formulate its constraints on all imaginable optionsbeforehand. This may be
excessively complex: a part supplier, for example, might have to give all feasible
delivery dates and quantities beforehand, requiring it to explicitly plan and evaluate
a huge number of different scenarios.

In contrast, when using open constraint satisfaction, agents are asked to evaluate
only a minimal number of constraints. Furthermore, if solving is distributed they
can use whatever software they have for this purpose.

• privacy: in a meeting scheduling scenario, the fact that person A is also meeting
with person B may be private information that A wants to keep from another per-
son C. When problem solution is centralized, the solver willsee all meetings and
constraints, and thus gains valuable private information that can easily be leaked or
stolen.

In contrast, a distributed solution can be constructed in such a way that agents only
reveal information piecemeal when evaluating constraints, and other agents only see
information they are required to see for the solving process.

• dynamicity: the problem may change dynamically in that new agents appear while
others disappear. When a centralized solver is used, these changes would have to be
managed by the central server, which may not be feasible.

• brittleness: a centralized solver creates a central point of failure that leads to brittle-
ness of the entire system. In contract, when solving is distributed among different
agents, it allows load balancing and redundant and thus fault-tolerant computation
among different agents, leading to more reliable systems. Also, parallel execution
might make the entire process more efficient.

A distributed algorithm involves a considerable amount of message exchange, which
means that the overall solution may well be slower than a centralized process. In general,
distributed techniques work well only when the problem is sparse and loose, i.e. each
variable has constraints with only few other variables, andfor each constraint there are
many value combinations that satisfy it. When problems are dense and tight, usually the
distributed solution requires so much information exchange among the agents that it would
be much more efficient to communicate the problem to a centralsolver.

The topic has been studied for quite some time; Sycara et al. ([35]) has considered
heuristics for distributed constrained search, and Dechter ([5]) has considered the feasi-
bility of distributed constraint satisfaction in a networkof identical agents. Since then, a
considerable range of techniques has been developed.

This chapter gives an overview of the main techniques that have been developed for
constraint satisfaction and optimization in distributed settings. It first covers methods for
synchronous and asynchronous distributed solving by backtracking, local search and dy-
namic programming. It then describes methods for open constraint programming and op-
timization, and finally considers the issues of self-interest and privacy. In the interest of a
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coherent description, I unified different algorithms, and thus occasionally present concepts
with different names and simplifications. I believe that thealgorithms illustrate the main
techniques of the field in a concise and coherent manner.

20.1 Definitions

In this section, we formally define two variations to the standard formulation of constraint
satisfaction problems. The first, which we calldistributedconstraint satisfaction, formal-
izes the fact that constraint solving happens under the control of different independent
agents. The second, calledopenconstraint satisfaction, formalizes the fact that informa-
tion about the CSP is distributed among different agents.

A distributed constraint satisfaction problem is commonlydefined as follows:

Definition 20.1. A distributedconstraint satisfaction problem (DisCSP) is a tuple< X ,
D, C, A > where:

• X = {x1, .., xn} is a set ofn variables.

• D = {d1, .., dn} is a set ofn domains.

• C = {c1, .., cm} is a set ofm constraints.

• A = {a1, .., an} is a set ofn agents, not necessarily all different.

The main difference to a classical CSP, as defined in Chapter 1, is that every variable
xi is controlled by a corresponding agentai, meaning that this agent sets the variable’s
value. When an agent controls more than one variable, this would be modelled by a single
variable whose values are combinations of values of the original variable. It is further
assumed that agentai knowsxi’s domaindi and all constraints involvingxi, and that
it can reliably communicate with all other agents. The values of n andm need not be
known to any agent, thus allowing for problems of unbounded size as mentioned in the
introduction. The main challenge is to develop distributedalgorithms that solve the CSP
by exchanging messages among the agents inA.

As in Chapter 1, each constraintcj is a pair< rsj
, sj > wheresj is a tuple of variables

andrsj
is a cost functionsj ⇒ {0, 1} that maps every value combination ofsj into 0 if it

is consistent, and1 if it is not. A solutionto the DisCSP is an assignment of values to all
variables that is consistent for all relations.

A distributed constraint satisfaction problem can be extended to a distributed constraint
optimization problem by letting the functionsrsj

map toℜ+, representing a cost. A so-
lution to the optimization problem is an assignment of values to all variables such that
the sum of the costs of all constraints is minimized. Hard constraints can be incorporated
by mapping consistent value combinations to cost 0, and inconsistent ones to cost∞ (in
practice, some very large number). It is possible to extend this formulation to general soft
constraints (see Chapter 9) but little work has been done on that.

Note that the assumption that each agent controls a variableand knows all the con-
straints involving that variable may not be applicable to all situations. For example, in
meeting scheduling agents usually do not have unilateral power to fix the time of a meet-
ing, and do not know the constraints of the other participants. Silaghi et al. ([28]) have
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proposed an alternative formulation where each agent applies its constraints find an agree-
ment on the value of variables. Theirasynchronous aggregation search(AAS) algorithm
shows how the asynchronous backtracking techniques for distributed search can be modi-
fied to accommodate this formulation which can be more appropriate for applications.

The definition of open constraint satisfaction problems is somewhat more complex,
since we need to take into account the fact that the problem itself varies. The definition
thus follows that given for dynamic constraint satisfaction (Chapter 21), except that here
its is the variable domains rather than the set of constraints that vary, and that the domains
are monotonically increasing:

Definition 20.2. Anopen constraint satisfaction problem(OCSP) is a possibly unbounded,
partially ordered set{CSP (0), CSP (1), ...} of constraint satisfaction problems, where
CSP(i) is defined by a tuple< X,D(i), C > where

• X = {x1, x2, ..., xn} is a set ofn variables,

• D(i) = {d1(i), d2(i), ..., dn(i)} is the set of domains for CSP(i), withdk(0) = {}
for all k, and

• C = {(xi, xj), (xk, xl), ...} is a set ofm binary constraints, given by the pairs of
variables they involve and intensional relations between them.

The set is ordered by the relation≺ whereCSP (i) ≺ CSP (j) if and only if (∀k ∈
[1..n])dk(i) ⊆ dk(j) and(∃k ∈ [1..n])dk(i) ⊂ dk(j).

Anassignmentto an OCSP is a combination of value assignments from the correspond-
ing domains to all variables. An assignment isconsistentin instanceCSP (i) if and only
if all intensional constraints are satisfied. Asolutionof an OCSP is an assignment that is
consistent for some instanceCSP (i) and any instanceCSP (j) ≻ CSP (i).

Open CSP can be extended to open constraint optimization problems (OCOP) by adding
a set of cost functions:

• W (i) = {w1(i), w2(i), ..., wn(i)} is a set of cost (weight) functions on the domains
in D, wherewi : di → ℜ+ gives the cost associated with each value in the domain
di.

Note that in order to not require all costs to be known, they are associated with variable
domains rather than constraints. Note also that the two variants can be combined, i.e. it is
possible to have an open CSP where control of the variables isdistributed among different
agents.

In this chapter, we consider only unary and binary constraints. Most algorithms for
DisCSP can be generalized to n-ary constraints.

20.2 Distributed Search

20.2.1 Synchronous Backtracking

The simplest algorithm for solving constraint satisfaction problems is backtrack search.
In backtrack search, a partial assignment of values to a subset of variables{x1, .., xk} is
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iteratively extended by adding an assignment to another variablexk+1 such that all con-
straints with already assigned variables are satisfied. When no such extension is possible,
the algorithm backtracks and changes one or more of the earlier assignments.

The backtrack search algorithm can be readily extended to a distributed algorithm by
passing the partial assignments from agent to agent. Thus, agentak passes the partial
assignment{x1 = v1, .., xk = vk} to ak+1 who adds a consistent assignment forxk+1,
if possible, or otherwise returns a message toak signalling the need to backtrack. This is
basically a centralized backtrack algorithm where the thread of control passes to different
agents during the execution. Such an algorithm is describedfor example in [40].

Most of the well-known search techniques for centralized backtracking also apply to
synchronous distributed backtracking:

• forward checking and higher degrees of consistency can be implemented by letting
each agentai maintain a label that contains the admissible values for itsvariable
xi. Constraint propagation between different variables is implemented by sending
messages between the corresponding agents.

• the variable ordering can be chosen statically or dynamically according to various
heuristics, again by exchanging messages among agents.

• backjumping can be implemented by passing the backtrack notto the last involved
agent, but to the one that is responsible for the variable to be backtracked to.

Considerable efficiency gains can be obtained by exploitingthe parallelism inherent
in the agents. Synchronous search can be extended withasynchronous forward check-
ing ([17]). Here, forward checking is executed in parallel by sending messages to all agents
that are responsible for unassigned variables, rather thantreating them sequentially. This
parallelism can also be extended to subsequent propagationthat achieves higher degrees of
consistency.

In dynamic distributed backjumping([20]), instantiation continues in parallel with for-
ward checking, and agents are informed of domain wipeouts bynogood messages. An
additional heuristic identifies potential conflicts with variable assignments and orders val-
ues to avoid these conflicts. These two modifications bring improvements of about 1-2
orders of magnitude in cycles, constraint checks and numberof messages.

However, synchronous backtracking has essentially the same restrictions as centralized
solutions, except that there may be a small advantage in privacy in that constraints do
not have to be communicated to any other parties. Furthermore, they do not exploit the
potential for parallel execution among the different agents, as essentially only one agent is
active at any one time.

20.2.2 Asynchronous Backtracking

Most of the research effort in distributed constraint satisfaction has focussed on asyn-
chronous distributed search algorithms. These are characterized by the fact that all agents
are active in parallel and only coordinate as needed to ensure consistency of the constraints
their variables are involved in.

The first category of asynchronous search algorithms areasynchronous backtracking
algorithms that perform a systematic exploration of the entire search space. The first of
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Algorithm 20.1: ABT-opt: Asynchronous backtracking adapted for optimization.
1: Procedurereceive-add-link(xj)
2: add xj.agent to self.lower-agents
3: call(receive-ok(xj.agent,self.x))

1: Procedurereceive-ok(var)
2: for ng∈ nogoodsdo
3: if ∃vc∈ conds(ng) vc.agent=var.agent∧ vc.v 6= var.v then
4: eliminate ng from nogoods
5: replace v∈ self.agentview s.th. v.agent = var.agent by var
6: adjust-value

1: Procedurereceive-nogood(new-ng)
2: for var∈ new-ng.conddo
3: if (cv← x ∈ self.agentview s.th. x.agent = var.agent) = NILthen
4: add var to self.agentview
5: call(var.agent,receive-add-link(self.x))
6: else
7: if cv.v 6= var.v then
8: return
9: for ng∈ self.nogoods s.th. ng.v = new-ng.v∧ new-ng.tag∩ ng.tag = ng.tagdo

10: eliminate ng from self.nogoods
11: self.nogoods← self.nogoods∪{new-ng}
12: adjust-value

1: Procedureadjust-value
2: old-value← self.x.v ; self.cost←∞
3: for v ∈ self.domaindo
4: δ← r(v) ; LB ← 0 ; tag← { self} ; exact← true
5: for xj ∈ self.agentviewdo
6: δ← δ + r(xj,v)
7: for ng∈ self.nogoods s.th. ng.v = vdo
8: LB ← LB + ng.cost
9: tag← tag∪ ng.tag

10: exact← exact∧ ng.exact
11: exact← exact∧ (tag∩ self.lower-agents = self.lower-agents)
12: if δ + LB ≤ self.costthen
13: self.x.v← v ; self.cost← δ + LB; self.tag← tag; self.exact← exact
14: if (self.cost6= 0)∨ self.exactthen
15: if self.agentview =φ terminate(self.cost)
16: xj ← lowest priority variable in self.agentview
17: call(xj.agent,receive-nogood(nogood(xj.v,

agentview\xj,self.tag,self.cost,self.exact))
18: if self.x.v 6= old-valuethen
19: for a∈ self.lower-agentsdo
20: call(a,receive-ok(self.x))
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self :

x ownvariable
domain (constant) domain of the own variable
r (constant) r(xj,vi) gives the costr{xj,self.x}(xj.v, vi) (associated with

the constraint withxj ) andr(vi) gives the costr{self.x}(vi)
if there is unary constraint on the own variable, and 0 otherwise

agentview set ofvariable s
lower-agents set of pointers to agents
nogoods set ofnogood s
cost estimate of the cost of self and lower priority variables
tag set of agents, used to keep track of received nogoods
exact true if cost is exact and false if only a lower bound

variable :

v value
agent pointer to responsible agent

nogood :

v variable value that nogood refers to
cond set ofvariable
tag set of pointers to agents
cost cost of the nogood
exact true/false depending on whether cost is exact or only a lowerbound.

1: ProcedureABT-opt
2: self.x.v← NIL; self.lower-agents← {lower priority agents sharing a constraint}
3: self.agentview← {higher priority variables sharing a constraint}
4: adjust-value

Figure 20.1: Data structures and main procedure for ABT-opt.

these algorithms, Asynchronous Backtracking(ABT), was published by Yokoo et al. ([37],
and it has become a reference in the field on which many other algorithms are built. It
was formulated for binary constraints and here we will also assume that all constraints are
binary.

Figure 20.1 shows the data structures used for the ABT algorithm. Each agent has a
data structureself that contains its own variable, constants that represent the domain of
its variable as well as the constraints it has with other variables, and several fields that are
used to store the current state of the search. The other data structures arevariables and
nogoods that will be explained in more detail below.

Algorithm 20.1 shows the main procedures of the ABT algorithm. Its presentation is
slightly adapted so that it can also be used for optimization, following ([31]) and ([34]).
It uses the constructcall to indicate that the agent sends a message to another agent, thus
invoking the receiving agent’s procedure for receiving this message. These invocations are
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x1:
{a,b}

x2:
{a,b}

=

==

=
=

x3:
{a,b}

x4:
{a,b,c}

x5:
{a,b}

Figure 20.2: Example of a distributed constraint satisfaction problem. Dark circles rep-
resent different agents, directed arrows represent constraints between variables. Here, all
constraints are inequality constraints. The dashed arrow indicates a link that might have to
be added during the execution and is not part of the problem.

made asynchronously, i.e. they do not return any values and the invoking process does not
wait for them to finish. However, it is assumed that no invocations are lost, all invocations
by the same agent are handled in the order in which they were made, and no agents crash1

ABT explores a backtrack search tree with a fixed variable ordering that we assume to
bex1, x2, .., xn, without loss of generality. The ordering is assumed to be known to all
agents, and establishespriorities in that a variablexi has priority over another variablexj
wheneveri < j. Note that this does not imply that any agent has knowledge ofthe entire
problem: the order could be established for example by assigning each agent a unique
number (e.g. serial number of the processor and the process id of the agent) and letting the
ordering be identical to this numbering.

The variable ordering is used to decide a direction for each constraint: the agent con-
trolling the first variable in the ordering is called thevalue-sendingagent, and the other is
called theconstraint-evaluatingagent.

As an example, consider the problem shown in Figure 20.2, where variables are as-
sumed to be ordered according to their index. The constraints are thus directed as indicated
by the arrows.

The algorithm is initially called by invoking each agent with the procedureABT-opt ,
shown at the bottom of Figure 20.1. This initializes the own value, identifies the initial set
of lower priority agents, and initializes theagentview to the higher priority variables,
which are initialized with values that could be randomly chosen. The agent then picks an
own value by callingadjust-value , which also causes it to be sent inOKmessages to
the lower priority agents. Once all these messages have beenreceived, every agent has a
correctagentview . During the search, agents continue to set their value asynchronously
whenever they receive new information.

When an agent receives anOKmessage, it is invoked through the procedurereceive -
ok . The agent keeps a record of nogoods that identify assignment combinations that have

1When agents do crash, the algorithm still terminates, but the constraints enforced by crashed agents are not
necessarily satisfied in the final result.
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xi:
{v,w,..}

ADD−LINK

NOGOOD(...)

OK(...)

NOGOOD(...)

OK(...)xj xk

j,l < i < kxl

Figure 20.3: Messages used in asynchronous backtracking. The agent responsible forxi
receivesOKmessages from higher priority agentsaj (j < i) andnogood message from
lower priority agentsak (k > i) when their variables have common constraints withxi. It
may sendadd-link messages to request the value of other higher priority variablesxl.

been found to lead to inconsistencies or costs as explained further below. In order to
avoid a combinatorial explosion in its memory requirements, the agent first eliminates any
nogoods that are no longer valid given the new assignment. Itthen integrates the received
value into itsagentview . This is a data structure that keeps track of all values of higher
priority agents that are relevant for its search.

Next, it adjusts its own value to optimally satisfy the constraints. This is done in the
procedureadjust-value . It first evaluates the constraints with earlier variables to de-
termine which values in its domain cause the least amount of inconsistency. For each
valuev in the domain, the variableδ is used to compute a lower bound on the cost that
this value would imply. We assume here that the constantr returns a value of 0 if the
combination given as an argument is allowed by the constraint, and 1 otherwise, so that
the cost measures the number of constraint violations. The agent first sums the number
of constraint violations with higher priority variables given inagentview (Steps 5-6). In
LB, it adds any nogoods that may exist on the value, indicating violations in lower priority
variables(Steps 7-10). Thetag andexact variables are used for termination detection
and are explained later (see 20.2.4).

The agent computes the number of violations in cost asδ + LB, and chooses the value
with the smallest cost(Steps 12-13). Ideally, this cost is 0, in which case it has found a
consistent value. If no consistent value can be found, the minimum cost is> 0, and the
agent sends anogood to the lowest higher-priority agent in its agent view(Steps14-17).
Finally, if this leads to choosing a different value, it is sent to the lower priority agents via
OKmessages(Steps 18-20).

In the example, assume that all variables are initially set to a. We consider one possible
execution where all messages take about the same time, so that it can be understood as a
sequence of parallel rounds. However, such synchrony is notrequired to obtain the correct
results. In the first round, agents receive the following messages and make the following
changes:
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message(s) action
a2 OK(x1=a) x2 ← b
a3 OK(x2=a) x3 ← b
a4 OK(x1=a) x4 ← b
a5 OK(x3=a) x5 ← b

OK(x4=a)

which leads to a second round:

message(s) action
a3 OK(x2=b) x3 ← a
a5 OK(x3=b) x5 ← a

OK(x4=b)

and a third round:

message(s) action
a5 OK(x3=a) inconsistent!

If no value consistent with the agent view can be found, as is the case fora5, the agent
can conclude that the current agent view is responsible for this failure. It constitutes a
nogood: a combination of assignments that makes it impossible to assign a value to the
variable, and thus cannot be part of any solution of the CSP. The nogood is constructed as
a resolventof all constraints and existing nogoods. It is sent in anogood message to the
agent responsible for the lowest priority variable in the nogood.

Nogoods are generated whenever an agentai does not find a consistent value for its
variablexi. In this case, each value indi entails at least one constraint violation, i.e. the
minimum cost for all values is> 0. In this case, the agent concludes that its current agent
view does not allow any solution, and passes this up as anogood to the lowest priority
agent in its agentview.

Here,d5 has possible valuesa andb. where:

x3 = a ⇒ x5 6= a

x4 = b ⇒ x5 6= b

Thus, the minimum cost is equal to 1, so that the current agentview, (x3 = a, x4 = b) is
passed up as a nogood withv = b , cond = (x3 = a), tag = x5 andcost = 1 to a4,
the lowest priority agent in the agent view.

For each of the valuesv ∈ di, agentai stores one or more nogoods whosecost field
gives a lower bound on the cost that will be incurred by variables in the fieldnogood.tag :

(xj = vj ∧ xk = vk ∧ ... ∧ xi = v)⇒ cost(nogood.tag ) ≥ nogood.cost

which, assuming thatxi is the lowest-priority variable, is written in explanatoryform as:

nogood.cond ⊆ self.agentview ∧ nogood.v = self.x.v ⇒
cost-sum(nogood.tag) ≥ nogood.cost

and stored with agentai. In the version of ABT shown here, agents ensure that all nogoods
for the same value refer to disjoint tags and that they are allapplicable in the current agent
view.
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An agent receives anogood by being invoked through thereceive-nogood mes-
sage. Note that an agent may receive a nogood that contains variables that it previously had
no constraint with, and thus are not part of its agent view. Inorder to decide whether the
nogood is applicable, it thus has to add a link with this variable so that it will be informed
whenever it changes. This is done using anadd-link message(Steps 2-5).

An agent applies its nogoods when checking for consistency of its current value assign-
ment. It has to only apply those nogoods that are consistent with the current agent view.
In fact, any nogoods that are no longer consistent with the agent view can be discarded
as they will in any case be rediscovered should the agent viewagain become compatible
with it. This means that the amount of storage required at each agent grows at most lin-
early with the size of the domain and the number of variables.As a consequence, when an
agent receives a nogood which is no longer applicable to the current agentview, it discards
it(Steps 7-8).

Next, it eliminates all existing nogoods that already coverpart or all of the variables
covered by the nogood just received, as indicated by the tags. These may exist because
the agent may have already received nogoods resulting from partial propagation among
the lower-priority agents. Finally, it adds the nogood to the nogood list, and adjusts its
current value. This may result in further nogood messages being passed to higher priority
agents(Steps 9-10).

In this example,a4 has now received a nogood that involvesx3, and it can no longer
evaluate its applicability. Thus, it sends anadd-link message toa3 and is informed that
the current value ofx3 is a, so that the nogood is indeed applicable and its own value is no
longer consistent. Thus,a4 now searches for a new value forx4 and finds valuec , which
now makes the entire problem consistent, and no further messages result.

Bessière et al. [3] show that adding links can be skipped if after sending a nogood of
nonzero value, all nogoods involving a variable that is not linked with the current one are
immediately discarded. If they are indeed required, they will eventually be rediscovered,
but the algorithm will repeat a portion of the search and thusbecome less efficient.

Algorithm 20.1 terminates when the highest priority agent derives a nogood that is ei-
ther exact or has non-zero cost. In the first case, the algorithm has found an assignment
without constraint violation and thus a solution to the CSP.In the second case, the prob-
lem has no solution. The termination is initiated by a procedure terminate that should
also inform the other agents that the process is now terminated. For more detail see Sec-
tion 20.2.4.

When agents operate asynchronously, it can happen that someagents change value
faster than others. This can lead to an agent receiving several OKmessages for the same
variable before processing them. In this case, only the lastmessage has to be kept. Times-
tamps can be used to identify this when message delivery times are not predictable.

20.2.3 Asynchronous Distributed Constraint Optimization

Constraint optimization most commonly uses the branch-and-bound algorithm. This al-
gorithm is difficult to adapt to an asynchronous, distributed setting because it requires
agreement among all agents on a global upper bound on the solution cost. However, opti-
mization can be carried out purely on the basis of lower boundpropagation.

As has been observed in [31], the asynchronous backtrackingalgorithm (Algorithm
20.1) can also be used for constraint optimization by assuming that constraints no longer
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Figure 20.4: DFS tree ordering.

just return values of 0 (consistent) and 1 (inconsistent), but a more general cost measure in
ℜ+. The algorithm works exactly as in the constraint satisfaction problem. However, while
in the case of constraint satisfaction, most of the time a variable’s nogood ends up having
a value of 0 and is thus not transmitted, in this case most nogoods will have a positive cost
and thus travel up the hierarchy.

To show the correctness of the optimization, consider in more detail the computation
of local costs. An agent responsible for variablexi the local costδ(v) of valuev of its own
variable as

δ(v) = r{xi}(v) +
∑

xj∈agentview

r{xi,xj}(v, vj)

i.e. the cost of this value at the variable itself plus the sumof all costs for the constraints
with higher priority variables. It uses this value to compute for each valuev the lower
bound

LB(xi = v) = δ(v) +
∑

ng∈compatible−nogoods(xi=v)

ng.cost

as the sum of the local value and all nogoods for this value that are compatible with the
current agent view. It always chooses its own value as the valuev that minimizes the lower
bound. If this is different from the current value, it sendsOKmessage to lower priority
agents.

The nogoods that agents receive express lower bounds on the total cost of constraints
evaluated by lower priority agents. They supersede any earlier nogoods that refer to the
same or a subset of the variables. Thus, Algorithm 20.1 checks for this in lines 9 and 10 of
procedurereceive-nogood and discards any obsolete nogoods.

However, it would still be possible for several nogoods to refer to the same variable and
thus for the corresponding costs to be summed up multiple times. When we only consider
constraintsatisfaction, this is not a problem because it is not necessary to compute the
exact number of violations, but only to detect that some violation is present. However, in
optimization such overlaps lead to inaccurate results.
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We now show that if agents are ordered in aDFS treeorder, such overlaps can never
occur. A DFS tree is a rooted and directed spanning tree of theconstraint graph such that
any edge not in the tree, called aback edge, can only exist between an ancestor and a
descendant in the tree, but never to a sibling or descendant of a sibling. Figure 20.4 shows
an example of a DFS tree consisting of 5 nodes. Tree-edges areshown as solid lines, and
back-edges as dashed lines. Any graph can be ordered as a DFS tree, for example using
depth-first search traversal to find the tree-edges and order. This process can also be carried
out as a distributed algorithm.

In a DFS tree, backedges from a nodexi can only lead to nodesxj that are on the path
from the root toxi. Since agents always send nogoods to their lowest-priorityancestor,
no nogood can ever be sent between agents connected by a back-edge, but only along tree
edges. Thus, there is always a unique path from any agent to any other agent, and so a given
variablexk can participate in only one chain of nogoods. This means thatthe nogoods sent
by the children always give an exact bound on the actual cost of the lower priority agents.

Thus, ordering the agents as a DFS tree simplifies the algorithm and guarantees non-
overlapping nogoods. A similar observation underlies the AND/OR search trees discovered
recently ([15]).

This algorithm is essentially the ADOPT algorithm described in [19]. However, ADOPT
also includes a mechanism ofbacktrack thresholdsto avoid excessive recomputation of
nogoods. It addresses the problem that the algorithm frequently recomputes earlier partial
solutions as the bounds change.

Consider a variablexi and three statess1, s2 ands3 such that all higher-priority vari-
ables have identical values, butxi changes first froma to b, then back toa since the no-
good forb turns out to be bigger than that ofa. Whenxi changes state, all lower-priority
variables discard their nogoods. Thus, whenxi changes back toa, they will again have to
search to re-establish the solution they had already reached earlier. However,xi’s ancestor
still has a nogood for valuea, and can indicate this as the cost of the best solution that
the lower-priority agents must find. The lower-priority agents can use this information to
speed up their search that reconstructs the optimal solution for valuea. Backtrack thresh-
olds involve some further bookkeeping issues that are addressed in detail in the ADOPT
algorithm ([19]).

20.2.4 Termination Detection

In the context of the ABT algorithm as we have described it here, termination detection can
be achieved by also propagating upper bounds on the quality of the solution. This has been
first proposed in the ADOPT algorithm ([19]). Note first that in ABT-opt, when all agents
below xk have received all nogood messages, the lower bound computation returns the
exact cost of the subproblem below the sending agent. Thus, we include in the nogood an
extra field that indicates if the nogood is exact or not. This is then used by higher priority
agents to see if their costs are exact: only if they have received exact nogoods covering all
lower priority agents will their costs become exact as well.Note that exact nogoods are
passed on even when their cost is zero so that the receiving agents can tell whether their
cost is exact.

Finally, when the highest-priority agent derives an exact nogood, the algorithm ter-
minates. In a constraint satisfaction problem, if the cost is non-zero, the problem has no
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consistent solution. Otherwise, the current assignment toall variables is a consistent or
optimal solution.

20.2.5 Soundness, Termination and Completeness of ABT

Soundness and termination of the ABT algorithm can be proveninductively as follows.
Consider variablexk and assume as inductive hypothesis that as long as variablesx1..xk−1

do not change value, variablesxk..xn will converge in finite time on an assignment whose
cost is minimal given the values ofx1..xk−1, and that this cost is transmitted toxk as a
nogood with the exact field set totrue .

Clearly, the inductive hypothesis holds forxn since there are no lower priority vari-
ables, it chooses its optimal value instantly and transmitsits exact cost to its parent.

Now consider variablexk. It will change value only when the nogood for its current
value increases so that its cost becomes greater than that ofanother value. As the nogoods
form lower bounds on the optimal costs, they cannot increasebeyond this optimal cost.
Since each nogood is the sum of costs taken from a finite set, this implies a bounded
number of increases. Thus,xk must eventually reach quiescence, and by the inductive
hypothesis, it will receive exact nogoods with the costs of the optimal assignments for
xk+1..xn. Since the algorithm chooses the value ofxk to minimize the cost ofxk..xn
given the value ofx1..xk−1, xk can only stabilize on the optimal value and then sends an
exact nogood with the optimal cost ofxk..xn given the values of its ancestors. Thus, it also
satisfies the inductive hypothesis. By induction, the hypothesis also holds forx1, which
proves soundness and termination of the algorithm.

For the constraint satisfaction case, completeness follows from termination and the
fact that the algorithm finds an optimal solution. If there isan assignment that satisfies all
constraints, it has cost 0 and so the algorithm will terminate with an assignment that has
cost 0 and violates no constraints.

20.2.6 Performance Evaluation

The complexity of constraint satisfaction algorithms is commonly measured by counting
the number of constraint checks. In asynchronous search algorithms, a more accurate
measure of the expected execution time is to count the numberof concurrent constraint
checks, given as the smallest number of cycles required when each agent can execute a con-
straint check in parallel, thus considering the interdependency of their execution. Meisels
et al. ([16]) presents an algorithm called CCA for computingthe number of concurrent
constraint checks during a simulation run of an algorithm.

In a distributed execution, sending a message often takes much longer than a constraint
check. For example, sending a message through e-mail can take minutes, amounting to
millions of constraint checks. Thus, many researchers measure message complexity as
the main measure of expected execution time. Here again, onecan simply count the total
number of messages, or obtain a measure ofconcurrent messagesthat more accurately
reflects the interdependencies among them.

An issue here is also the size of messages, as some algorithmsmay be able to package
information into fewer but larger messages. This applies particularly to techniques based
on dynamic programming, described later in this paper.
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It has been customary in distributed systems research to show a graph of complexity vs.
the ratio between the time required to send a message and the time required for a constraint
check. This measure has been used in the original paper on ABT([37]) and in several other
algorithm evaluations, and is the most comprehensive performance measure since it also
makes apparent parallelism between message delivery and computation.

20.3 Improvements and Variants

20.3.1 Agents Controlling Constraints Instead of Variables

In ABT, it was assumed that each variable is under the controlof an agent, and that this
agent knows all constraints relevant to that variable. In many applications, variables are
public knowledge and it is necessary to generate a consensusamong agents as to their
value. On the other hand, agents are free to set constraints as they wish.

Silaghi et al. ([28]) have shown how ABT can be adapted to thissituation. It involves
treating a dual problem where agents exchange constraints or parts of constraints rather
than variable assignments. To represent them efficiently, their asynchronous aggregation
search(AAS) algorithm uses aggregations of values that are described next.

20.3.2 Value Aggregation to Reduce Message Traffic

When variables in a DisCSP have large domains, it is often thecase that several values
behave the same with respect to constraints. It is then more useful to aggregate them into
a single value that can be treated in a single message.

This idea is developed in the AAS algorithm ([28, 33]). AAS issimilar to ABT, but
uses the dual of the original problem so that agents are now responsible for constraints, and
variables are shared between agents that have constraints on them. Each agent decomposes
the space of value combinations of a constraint into equivalent groups such that all value
combinations within them have the same cost. These can be considered the values of the
dual variables, and the algorithm then performs the ABT algorithm on this dual problem.
Some complications occur since the decompositions may haveto be refined during search.
On randomly generated problems, aggregation brings improvements of several orders of
magnitude in search efficiency ([33]).

20.3.3 Distributed Consistency Maintenance

One of the most successful techniques in (centralized) CSP is consistency, in particular arc
consistency. They can be adapted to asynchronous settings as well, but labels now have to
refer to the context of higher priority variables that has been used to generate them so that
they can be reset whenever this context is no longer valid.

The MHDC algorithm ([33]) maintains arc consistency duringdistributed search in
AAS by adding a separate type of message called apropagatemessage. It again results in
very significant performance gains on randomly generated problems.
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20.3.4 Asynchronous Weak-Commitment Search

An important weakness of ABT is that it uses a static variableorder, which is known to
lead to inefficient search in CSP. In asynchronous weak-commitment search (AWC) [38]),
agent priorities are dynamically adjusted so that whenevera backtrack occurs, the agent
initiating the backtrack becomes the highest priority agent. This focusses the search on the
most difficult parts of the problem space, and AWC is reportedto be significantly (at least
1 order of magnitude) more efficient than ABT. However, a major drawback is that AWC
is complete only when all nogoods are stored, leading to exponential storage requirements.

20.3.5 Asynchronous Reordering

Reordering is one of the most powerful techniques for speeding up search algorithms for
constraint satisfaction and optimization. In asynchronous search, reordering is significantly
more complex as there is no central view of the problem.

A first algorithm that uses reordering is AWC, described above. AWC needs to store
an exponential number of nogoods to be complete and is thus not considered practical.

However, it is possible to allow a more limited form of reordering if agents are only
allowed to change the orders of lower priority agents. Such reorderings do not affect the
validity of the nogoods that have been received from these agents, and thus termination in a
finite number of steps after the last reordering is still guaranteed. This has been proposed by
Silaghi et al. ([29]) in the ABTR algorithm and more recentlyby Zivan and Meisels ([42])
in the ABT DO algorithm.

In these algorithms, each agent can impose a new ordering of the agents below itself,
and inform these lower-priority agents of the new order. When an agent receives a message
informing it of a new order, it adjusts itsagent-view to add all agents that now have a
higher priority, and discards all nogoods that mention agents that now have a lower priority.

When several agents propose reorderings, their priority isdecided using a signature
scheme. It consists of a set of counters, one for each position in the ordering:(c 1..c n) .
When the k-th agent in the current ordering proposes a new order, the signature of this new
order is derived from the old one by keeping allc i,i < k the same, increasingck by 1, and
setting allc j ,j > k to 0. Priority between orderings can now be decided by comparing
their signatures lexicographically, i.e. lettingl be the first position where two signatures
differ, the signature with a higherc l has higher priority.

Note that given the restrictions on allowable orders, the highest priority agent can never
leave its position. Silaghi et al. ([30]) show a protocol based on proxy agents that allows
general reorderings, but at the expense of a more complex algorithm where roles are ex-
changed between agents.

Both Silaghi et al. [29] and Zivan and Meisels ([42]) report gains in efficiency for
certain reordering heuristics; however, these gains are not nearly as significant as what can
be observed in centralized algorithms.

20.3.6 Storing Nogoods

One of the main problems with asynchronous search is that in order to limit the amount of
storage required, nogoods are erased as soon as they become inapplicable due to changes
in the agent view. This means that the algorithms derive the same information over and
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over again. Much efficiency can be gained by systematically storing all nogoods that are
discovered during search. This is particularly interesting when variables are ordered as a
DFS tree so that nogoods form tight bounds on the cost of possible solutions. It has been
shown experimentally ([33]) that such storage can tremendously increase the efficiency of
asynchronous backtracking algorithms.

The amount of memory required for systematically storing all nogoods can be bounded
using the following consideration. The maximum number of nogoods that need to be stored
at an agent is equal to the size of its own domain times the number of possible contexts,
i.e. assignment combinations to higher-priority variables that are the target of edges or
back-edges from lower-priority variables. It can be shown ([24]) that for any variable, the
number of variables in this context can never exceed theinduced widthof the DFS tree
ordering. Thus, the maximum amount of space required at any agent is exponential in the
induced width of this ordering.

In many practical distributed problems, this width is actually not very large. For ex-
ample, in meeting scheduling, most meetings are between people in similar groups. It
has been shown ([22]) that this leads to graphs with relativelow induced width. Other
examples, such as sensor networks, also typically have low induced width.

20.3.7 Cooperative Mediation

Another way to deal with the complexity of distributed optimization problems is to detect
particularly difficult parts and solves those in a centralized fashion. Theoptimal asyn-
chronous partial overlay(OptAPO) algorithm ([14]) dynamically calls upon certain agents
to mediate by determining the optimal solution for itself and its neighbours using a central-
ized branch-and-bound algorithm. When message delivery isslow, as is usually the case,
this can bring significant performance increases over algorithms based on asynchronous
backtracking such as ADOPT.

20.3.8 Distributed Dynamic Programming

A fundamental problem with distributed backtracking algorithms is that they explore the
search space sequentially by changing variable assignments. As variables are distributed,
each change in assignment requires message exchange between agents. Since the search
space has exponential size in the number of variables, the algorithms inevitably require an
exponentially growing number of messages. Messages are costly and slow to send, so this
is usually unacceptable.

Dynamic programming techniques such asbucket elimination([7]) are interesting as
they allow exploring all assignments in parallel. Thus, instead of sequentially exploring all
assignments of a variablexi and passing this on to a lower-priority variablexj , variablexj
sends a single message toxi that gives the optimal cost for each of the possible values ofxi.
In the DPOP algorithm ([24]), agents are arranged in a DFS tree, as described above, and
each agent communicates with its direct parent/children inthe tree. Children send UTIL
messages to their parents, while parents send VALUE messages to their children. Each
UTIL message specifies, for each possible value combinationof the parent and possibly
a number of ancestors the optimal cost for the sending variable and all its descendants in
the pseudotree. Value messages are similar to OK messages inthat they specify the value
assigned to the parent variable.
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Figure 20.5: Example of a distributed optimization problemand its solution using DPOP.

Agents use the following rules:

1. an agent that has received UTIL messages from all its children and VALUE messages
from all its parents decides on its optimal value and sends VALUE messages to all
its children.

2. otherwise, if it has received UTIL messages from all its children it constructs a UTIL
message to its parent.

Figure 20.5 shows an example of a distributed constraint optimization problem solved
using the DPOP algorithm. Assume that each variable can takevalues w(hite) and b(lack),
and that we have the following constraints:

c(x0, x3) = x0

x3

w b
w 3 0
b 3 3

c(x0, x1) = x0

x1

w b
w 1 0
b 2 2

c(x1, x2) = x1

x2

w b
w 1 0
b 0 1

c(x1, x3) = x1

x3

w b
w 2 0
b 0 2

Initially, only agentsa2 anda3 satisfy the second behavior rule and send the following
messages to their parenta1:

UTIL(x1) =
x1

w b
0 0

UTIL(x0, x1) = x0

x1

w b
w 0 2
b 3 3

They give the lowest costs that can be obtained for these values ofx1 andx0 given the
best choices forx2 andx3, and are obtained by combining the constraints onx2 andx3,
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respectively, using the bucket elimination operation ([7]). As soon as these messages have
been received bya1, a1 also satisfies the second behavior rules and generates the following
UTIL message to its parenta0:

UTIL(x0) =
x0

w b
1 3

a0 has no parents and has received UTIL messages from all its children, so it satisfies the
first behavior rule, decides its value to bew and sends this toa1 as a VALUE message.
a1 now has all the required information to decide on its best value,w, and sends VALUE
messages(x0 = w, x1 = w) to x2 andx3 who can finally decide on their own valuesb.
Propagation then stops since no agent satisfies any of the rules. All agents know that they
have decided on the optimal value so that no further termination detection is necessary.

It is interesting to consider solving the same example as above using asynchronous
backtracking. When nogoods are systematically stored for all combinations of higher-
priority agents, agents exchange exactly the same information as in dynamic program-
ming, but through a sequence of nogoods. The memory requiredin each agent to store all
nogoods is identical to the size of the largest message in dynamic programming. When
nogoods are not stored systematically, a high price is paid for rediscovering nogoods over
and over again. Thus, in the distributed case we can understand backtracking and dynamic
programming as two related approaches.

In the DPOP algorithm, the number of messages grows only linearly with the size of
the problem. However, messages may become very large. It canbe shown ([24]) that
the maximum message size is exponential in the induced widthof the pseudotree ordering
used. This growth can be dealt with using a technique similarto that of mini-bucket elim-
ination ([8]). Here, we need to identify higher priority variables that are involved in the
highest-dimensional messages. These variables will then change their values incremen-
tally while informing the lower-priority agents, similar to what is done in asynchronous
backtracking. While this reintroduces the problem of message explosion due to the state
changes of these variables, growth is much more moderate since in a problem with low
width, there are only few such variables.

The dynamic programming formulation also has several otheradvantages:

• it is possible to limit memory consumption by dropping dimensions of UTIL mes-
sages, and propagate upper and lower bounds ([25]). This allows computing solu-
tions that are optimal within these bounds.

• it is possible to stop propagation of UTIL messages when the differences between
values are insignificant, either because they have no influence on the rest of the prob-
lem or because their influence can be bounded by an approximation tolerance ([25]).

• for settings where the problem undergoes dynamic changes, it is possible to incre-
mentally adapt the solution using a self-stabilization technique ([23]): each agent
that observes a change initiates new UTIL messages that propagate through the
network and initiate changes wherever necessary. All agents know simultaneously
when the new optimal value has been reached and can change to this value without
any further synchronization mechanism, thus achieving super-stabilization. Such a
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Figure 20.6: Distributed local search.

property is interesting for using distributed optimization as a method for controlling
a distributed system.

It can be argued that for problems with high width constraintgraphs, the distributed
CSP approach does not offer significant advantages and wouldbe solved better by central-
izing the problem. As the search is likely to explore a large portion of the possible states,
agents need to reveal information about their constraints to many other agents and so there
is little privacy advantage. Furthermore, due to the high cost of message exchange, it is
unlikely that the parallelism inherent in the distributed algorithm will bring any practical
advantage.

20.4 Distributed Local Search

Recall that local search (see Chapter 8) works by starting with an initial configuration
where values are assigned to all variables, and then makes incremental modifications to
reduce the number of inconsistencies or minimize the cost ofthe configuration. Each
modification is applied to individual variables or small sets of variables. Because of this
local nature, they can be carried out by a single agent. This makes local search extremely
well suited to distributed implementation.

Researchers have considered distributed local search algorithms where moves are re-
stricted to modifications of single variables, and each variable is controlled by a single
agent. Figure 20.6 shows an example of such a problem. We assume that initially, all
variables are set to the valuea, and thus all inequality constraints are violated.

The basic algorithm ishill-climbing: make local changes to the variables such that the
number of constraint violations is reduced as much as possible. However, changes must be
coordinated so that neighbouring agents in the constraint graph never change value at the
same time. Otherwise, in the example each agent would changeits local value tob, but not
reduce constraint violations at all.

Algorithm 20.2 implements distributed hill-climbing withcoordination. It requires
synchronous execution with two rounds of message exchange with the set of neighbours
N(x) in each cycle: first, to exchange the actual values, and later to exchange the best
improvements. Note that each agent only has to know N(x), butnothing about the rest of
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the problem, so that in spite of synchronous execution this algorithm can still be applied to
unbounded problems.

Algorithm 20.2: Distributed local search algorithm.
1: v(x)← initial-value; tc1(x)← 0; tc2(x)← 0
2: repeat
3: send current value v(x) to all neighbours in N(x)
4: receive current values v(xj) from all xj∈ N(x)
5: currentCost←∑

xj∈n(x) c(x,xj=v(xj))
6: if currentCost6= 0 then tc1(x)← 0 elsetc1(x)← tc1(x)+1
7: dmax← 0; vmin← NIL
8: for v ∈ d do
9: δ ← currentCost−∑xj∈n(x) c(x=v,xj=v(xj))

10: if δ > dmaxthen
11: dmax← δ; vmin← v
12: if dmax 6= 0 then tc2(x)← 0 elsetc2(x)← tc2(x)+1
13: send improvement dmax and termination counts tc1(x), tc2(x) to all xj ∈ N(x)
14: receive improvements dm(xj) and tc1(xj), tc2(xj) from all xj ∈ N(x)
15: for xj ∈ N(x) do
16: if dm(xj)> dmax∨ (dm(xj)=dmax∧ xj ≻ self) then
17: vmin← NIL
18: tc1(x)← min(tc1(x),tc1(xj)+1); tc2(x)← min(tc2(x),tc2(xj)+1)
19: if vmin 6= NIL then
20: v(x)← vmin
21: until tc2(x)> max-dist
22: if tc1(x)> max-distthen successelsefailure

Thus, if an agent finds a neighbour that obtains a bigger improvement than itself, it
will not change its value. The effect of this simple coordination is that no neighbours ever
change value simultaneously. For the example, a consistentsolution is achieved in the first
round of execution:

var current-cost vmin dmax change
x1 1 b 1 -
x2 3 b 3 b
x3 2 b 2 -
x4 2 b 2 -
x5 2 b 2 b

Note that onlyx2 andx5 change values:x2 wins over its neighbours because it has the
best improvement, andx5 because it has the highest index. Since they are not neighbours,
they can change in the same cycle.

To detect termination, Algorithm 20.2 uses two terminationcounterstc1 and tc2 .
tc1 measures the minimum distance of any variable that could be involved in a constraint
violation. tc2 measures the minimum distance of any variable that could be unable to
make further improvement. Agents extend their knowledge byexchanging counters in the
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second message exchange (Steps 13-14), and update their distances by taking the minimum
of their values in (Step 18).

The algorithm must terminate when no agent can find any improvement. This is the
case when the distance of any such agent is larger than the maximum distance of any
agent in the constraint graph, given by the constant max-dist. This constant must be global
knowledge of the problem, but can be an overestimation without affecting the correctness
of the algorithm. If at termination the minimum distance of an agent with a violation,
tc1(x) , also exceed this distance, then a consistent solution has been found (Step 22).

It is well-known that hillclimbing algorithms can easily get stuck in local minima where
no local improvement is possible, but the best solution has not yet been found. Two types
of solutions to this problem have been given for distributedlocal search.

The first solution is distributed stochastic search, where with some probability the al-
gorithm also accepts changes that do not result in an improvement in the quality of the con-
figuration. A detailed description and analysis of several such algorithms is given in [44].
The implementation of these techniques is a straightforward modification of the hillclimb-
ing procedure given above. One way to do this is to insert a step following the computation
of δ in Step 9:

9a. if δ ≤ 0 then with probability p,δ ← 1

where the probability might be varied as optimization progresses.
Another solution is to adjust the problem topology using thebreakout algorithm [39,

13]. Here, we associate with each constraint a weight that isinitially set to 1 and varies
over time. In the hillclimbing procedure, we do not simply sum the costs, but multiply
each constraint by its weight.

Whenever the main loop of the algorithm terminates (Step 21)and the algorithm has
not found a consistent solution (tc1(x) ≤max-dist ), the agent increases the weight of
all currently violated constraints by 1. This has the effectof making the current optimum
less attractive and thus driving the search to a different configuration in subsequent moves.
Then, the procedure is restarted from the beginning. This process repeats until either a
consistent solution is found or some timeout limit is reached. Basharu et al. ([1]) report that
resetting weights periodically or in response to observingagent behavior further improves
performance.

While the breakout algorithm often performs quite well at getting search out of local
optima, there are simple situations that it fails to solve, as pointed out in [43]. Figure 20.7
shows an example of such a situation. Here, each node represents a variable that must be
colored either black or white, and each arc is an inequality constraint between neighbouring
nodes. Note that the problem is solvable by coloring the nodes alternatively black and
white. Assume that the breakout algorithm starts in the configuration shown on the top
left. There are conflicts between nodes 2 and 3, and between nodes 6 and 7, that both
cannot be eliminated by a local change. Thus, a breakout stepincreases the constraint
weights from 1 to 2, as indicated in the next step on the right.Now, the algorithm can
make an improvement in the weighted sum of constraint violations by changing the color
of nodes 2 and 6. However, this generates a similar situationto the initial one, with 2 local
minima. The algorithm again increases the weight, makes changes to variables 1 and 5,
and the cycle continues until finally we reach the same situation as the initial one, except
that all constraint weights have increased by 1. Thus, the breakout algorithm will never
find a solution to this problem, but infinitely cycle and increase the constraint weights.
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Figure 20.7: Problem that is unsolvable for the distributedbreakout algorithm.

Note that such a behavior can be detected by the fact that constraint weights are contin-
uously increasing in some subproblem. In fact, if there is a subproblem that the breakout
algorithm is unable to solve - either because it has no solution or because of the algorithm’s
incompleteness - it must be the case that during each breakout cycle, at least one of the con-
straints has its weights increased. If the subproblem is small, it is possible to identify this
subproblem and then solve it using a complete backtrack search algorithm. Such schemes,
as described in [9], can be applied to solve large-scale distributed CSP with hundreds of
variables.

20.5 Open Constraint Programming

In open constraint programming, the set of variables may be bounded and commonly
known, but variable domains and admissible constraint tuples are distributed among a pos-
sibly unboundedly large set of information sources, so thatthe problem can never be com-
pletely centralized. Using transformations such as hidden-variable encoding (see Chap-
ter 11), constraints can be treated as tuple-valued variables. It is therefore sufficient to
consider distributed variable domains.

As an example of a problem requiring such an approach, consider a configuration sys-
tem for financial portfolios. It can obtain information about available financial products
from a large set of information sources. Furthermore, many of these products are them-
selves configured on demand by their providers. It is thus notpossible to place a bound on
the space of possible parts that can be considered in such a configuration.

The challenge in open constraint programming is to solve such a problem without
knowing the complete domains. Algorithms are defined based on a model where variable
domains are discovered incrementally by querying a mediator. We say that an algorithm for
open constraint programming is complete if it always terminates with a solution when there
is one; however, a complete algorithm may never terminate when there are unboundedly
large domains. Note that a more restricted version that requires domains to be finite has
been proposed asinteractiveconstraint satisfaction in [6].
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Figure 20.8: The principle underlying open constraint optimization.

Open constraint satisfaction Open constraint satisfaction is feasible since by the se-
mantics of constraint satisfaction, a solution to a CSP remains a solution even when values
are added to the domains of one or more variables:

Lemma 20.3. LetA be a consistent assignment to an instanceCSP (i) of an OCSP. Then
A is also a consistent assignment to all instancesCSP (j), CSP (i) ≺ CSP (j) of the
same OCSP.

Proof. As the domains ofCSP (i) are contained in those ofCSP (j),A is also an assign-
ment inCSP (j). As the constraints remain the same, it remains consistent.

Thus, if we find a consistent assignment to an instanceCSP (i), we have found a
solution to the OCSP, and do not need to examine any further values.

Algorithms for open constraint satisfaction incrementally query information sources
for additional domain values until they find either a solution, or detect a subproblem where
all domains have been completely obtained and that has no solution. The key issue is
to query values in a balanced way so that the problem becomes solvable as quickly as
possible, and to detect unsolvable problems even in the presence of unbounded domains
without falling into infinite queries of these values. Centralized algorithms for open CSP
can be found in [12].

Open constraint optimization In open constraint optimization, a solution is not just any
variable assignment that satisfies the constraints, but an assignment that maximizes a utility
(or, equivalently, minimizes a cost). We assume that utilities are given by additional soft
constraints that are formulated on the values of individual, possibly tuple-valued variables.

Open constraint optimization is feasible under the condition that queries to the mediator
always return the most preferred values or value combinations first. It is shown in [12] that
if this condition does not hold, it is not possible to prove that a solution is optimal without
retrieving the entire domains of variables, and thus not possible to have a general algorithm
for solving open constraint optimization problems.

The reason for this fact is illustrated by Figure 20.8. It shows a COP with just two
variablesx1 andx2, connected by an inequality constraint. The variables can take different
values with their costs shown in parentheses. The optimal solution isx1 = a, x2 = b with
a total cost of0 + 3 = 3. To show that this solution is indeed optimal, it is sufficient to
know the first two values of each domain, since:
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• any solution that would use a value ofx1 beyond the second value (b) would have
cost of at least 4 forx1 and 0 forx2 (cost of the best possible value), yielding a sum
of 4 which is more than the 3 we get in the proposed solution.

• any solution that would use a value ofx2 beyond the second value (b) would have
cost of at least 3 forx2 and 0 forx1, yielding a total of 3 which again is no better
than the proposed solution.

Based on this principle, it is possible to construct algorithms that determine the optimal
solution without querying the entire variable domains. While there can not be any deter-
ministic algorithm that always examines only the minimal number of values necessary to
prove optimality, it is possible to come close to this limit using techniques based on theA∗

algorithm ([12]).

Algorithm 20.3: fo-opt: an incremental algorithm for solving OCOP.
1: Function fo-opt(OCOP)
2: For i ∈ {1..n}, di ← (more(xi))
3: OPEN← {(first(d1),..,first(dn))}
4: loop
5: M ← {a∈ OPEN|cost(a) = minb∈OPEN cost(b)}
6: a← lexicographically smallest element of M
7: remove a from OPEN
8: if consistent(a)then
9: return a

10: else
11: c← c(xk,...,xl) such that max(k,...,l) is the smallest and c is violated in a(first

violated constraint)
12: for j ∈ vars(c)do
13: if a(j) = last(dj) then
14: dj ← append(dj,more(xj))
15: nxj← succ(a(j),dj)
16: b← (a(1),..,a(j-1),nxj,a(j+1),..,a(n))
17: if b 6∈ OPENthen
18: OPEN← OPEN∪{b}

Algorithm 20.3 is an example of such an algorithm. Search nodes are complete (but
possibly inconsistent) assignments to all variables. Initially, the algorithm uses the function
more to query the best value for all variables, and thus becomes the initial search node.

Following the best-first search heuristic, the OPEN list of nodes is kept ordered by
decreasing utility, and the best node is chosen to be expanded next(Steps 5-7). When this
node is a consistent assignment, an optimal solution has been found(Steps 8-9).

Successors to a search node could be generated by assigning one of the variables the
next best value, thus giving each noden successors. When the domain is not sufficiently
known, it is queried to obtain the new value. However, as shown in [12], it is only neces-
sary to generate successors that include new values for the variables involved in the first
violated constraint, where constraints are ordered according to the highest variable they



722 20. Distributed Constraint Programming

involve, according to some fixed ordering. This leads to a significantly lower memory con-
sumption as well as a much smaller number of value queries, and significantly improves the
performance of the algorithm which now comes close to the minimal number of queries.
Algorithm 20.3 thus picks out the first violated constraint in Step 11 and generates the
successors in Step 15. Note that the functionmore is used to query the next best domain
value if necessary.

Algorithm 20.3 is guaranteed to produce the optimal solution because search nodes are
explored in the order of non-increasing utility. Thus, whena consistent solution is found,
it will necessarily be the one with the minimum possible cost.

While Algorithm 20.3 is a centralized algorithm, open constraint optimization can also
be carried out by distributed algorithms. In particular, [27] shows how open constraint
optimization can be integrated with the DPOP algorithm (Section 20.3.8) to produce a
distributed constraint optimization algorithm that can deal with unbounded domains and
exchanges significantly less information than the DPOP, ADOPT and ABT algorithms.

20.6 Further Issues

20.6.1 Incentive-Compatibility

Agents may have conflicting interests regarding the solution to a distributed CSP. If they are
allowed to post any hard or soft constraints they like, it is in their best interest to enforce
their preferences by exaggerating their constraints. If all agents adopt this behavior, the
solution computed by the algorithm will no longer be meaningful. Another problem is that
agents can manipulate the outcome by not correctly executing the distributed optimization
algorithm ([21]).

Both problems can be avoided by mechanisms where agents are required to pay a tax
corresponding to the constraints they impose on others. Thetax is calculated so that it is in
the best interest of agents to report their constraints truthfully. Such mechanisms are called
truthful or incentive-compatiblemechanisms.

Another property that is important in multi-agent settingsis that of individual ratio-
nality. It means that each agent is better off by participating in the joint mechanism rather
than remaining on its own. If a tax scheme is used, it means that the amount of tax an agent
may be forced to pay is never greater than the gain it gets out of influencing the choice of
the algorithm.

A well-known mechanism for incentive-compatibility is theVickrey-Clarke-Groves
tax(VCG) mechanism. It can be shown that it is the only general mechanism that guar-
antees both incentive-compatibility and individual rationality for all agents. Its application
for multi-agent decision making has first been proposed in [10] and its application to dis-
tributed CSP described in [11]. [26] describes in detail howthe DPOP algorithm can be
combined with a completely distributed VCG tax mechanism, resulting in a scheme that is
completely resistant to manipulation.

In the VCG mechanism, each agent pays the difference in cost to all other agents be-
tween the optimal solution when it is present and the solution when it is not:

payment(A) =
∑

rk∈R−RA

rk(v
∗
R)− rk(v∗R−RA

)
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whereR is the set of all relations,RA is the set of relations imposed by agentA, andv∗R,
v∗R−RA

are the solutions that minimize the sum of costs inR andR − RA, respectively.
The tax must be paid to an uninterested party (charity).

The following argument shows why this tax makes it optimal for an agent to tell the
truth:

• suppose that agent A overstates the importance of his constraints. Then it will gain
an advantage for those cases where his claimed cost is higherthan his real cost.
However, it turns out that in these cases, he will also have topay a tax which is
higher than the benefit it gets out of having his solution chosen - consequently, this
behavior is not rational for the agent.

• suppose on the other hand that the agent understates its costs. Then it will save the
tax in those cases where it would fall between its stated and its true cost for the value
that is chosen. However, in all these cases the tax would be lower than the loss it
incurs by having this value chosen, so again it is not individually rational for the
agent to act this way.

It has been shown ([21, 26]) that VCG taxes can also eliminatethe potential for agents to
manipulate the outcome by unfaithfully executing a distributed search algorithm.

The VCG tax mechanism applies only to constraint optimization with soft constraints.
A hard constraint can cause an unbounded amount of utility loss to the remaining agents,
and thus by the principle of VCG taxes an unbounded amount of tax for the agent that
imposes it. Such a tax may be considered to violate that agent’s individual rationality.
Therefore, in general hard constraints should only be used to model commonly verifiable
knowledge.

20.6.2 Privacy

One of the possible motivations for using distributed constraint satisfaction is to protect
the privacy of agents’ constraints. The ultimate protection is achieved when solving a CSP
using cryptographic techniques. Here, no agent learns anything about other agents’ con-
straints except that a certain combination of assignments -the final solution - is consistent
with all constraints.

Secure distributed constraint satisfaction, as describedby Yokoo in [41], is based on
cryptographic techniques that achieve three properties:

1. constraints are encrypted, and consistency of a value assignment is decided without
decrypting the constraints;

2. values are permuted in a random-looking way so that no agent can tell what value
corresponds to what position;

3. algorithms search the entire search space so that no information can be drawn from
the time it takes to find a solution.

Each agent encrypts all its constraints by generating a constraint matrix that includes en-
crypted versions of the elements 1 (consistent) and anothernumber z (inconsistent). Using
randomized encryption techniques, each of these is made to look like a completely random
number so that an observer cannot tell whether two cells contain identical elements.
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When the algorithm checks for the consistency of an assignment, it collects the rele-
vant constraint entries and multiplies them together. Thanks to a second property of the
encryption scheme, that of being homomorphic, the product of the encrypted numbers is
equivalent to the encryption of their product. Thus, the product can subsequently be de-
crypted and checked for whether it contains a 1 - meaning thatall constraints were 1, and
thus satisfied - or another number, meaning that at least one constraint was not satisfied.
This decryption must in fact be done by passing the result through all involved agents, and
thus invariably leads to a very large number of messages.

To ensure that no agent can know what values were found consistent or inconsistent,
the scheme furthermore involves apermutationof all domain values. Each agent permutes
all constraint matrices referring to its own values with thesame permutation of domain
values, and applies a renewed randomization of the encryption so that the permutation
cannot be discovered by comparing values.

Search can use a centralized or decentralized algorithm, but each constraint check re-
quires a cooperative decryption of the result of multiplying the relevant constraints. When
a consistent solution is found, each agent can apply the permutation of its domain in reverse
and thus finds out what its value was.

In subsequent work it has been noted that since the computation time of the search al-
gorithm reveals information about the constraints, and that even this protocol is not entirely
secure. For an example of a protocol that is also secure against this kind of attack, see [32].

Cryptographic privacy protection is very costly to implement, and so far has not been
used in practical applications of realistic size. In principle, all distributed CSP algorithms
provide some level of privacy protection, since constraints are only revealed to neighbour-
ing agents, and even here only when backtracking is required. An analysis of privacy loss
is found for example in [36]. Researchers have also exploredwhether constraints could
be shared by participants, allowing them to be enforced eventhough no agent knows the
entire constraint ([4]).

20.7 Conclusion

Many applications of constraint satisfaction and optimization occur in settings with mul-
tiple agents and may even be unbounded. In that case, it is no longer feasible to solve
them by centralizing all problem information on a single server. Distributed constraint sat-
isfaction techniques address such naturally unbounded problems. The localized nature of
constraint satisfaction is a major advantage in such settings; classical optimization tech-
niques such as linear programming are not easily applied in adistributed and possibly
asynchronous manner.

Unboundedness can occur in two ways. The first is that the set of variables and con-
straints involved in the problem is not bounded. This is the classical distributed constraint
satisfaction problem, and it occurs for example in meeting scheduling. The second is that
the admissible values and value tuples are unbounded. This is theopenconstraint satis-
faction problem, and it occurs for example in product or supply chain configuration. This
chapter has presented an overview of the main algorithms that have been developed for
these scenarios.

Applications of distributed constraint satisfaction algorithms are just beginning to ap-
pear. Since many of these problems were impossible to solve by computer before, the
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technology is in fact an enabler for future applications that are now beginning to be ex-
plored.
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Chapter 21

Uncertainty and Change

Kenneth N. Brown and Ian Miguel

Constraint Programming (CP) has proven to be a very successful technique for reasoning
about assignment problems, as evidenced by the many applications described elsewhere in
this book. Much of its success is due to the simple and elegantunderlying formulation:
describe the world in terms of decision variables that must be assigned values, place clear
and explicit restrictions on the values that may be assignedsimultaneously, and then find
a set of assignments to all the variables that obeys those restrictions. Thus, CP makes two
assumptions about the problems it tackles:

1. There is nouncertaintyin the problem definition: each problem has a crisp and
complete description.

2. Problems are notdynamic: they do not change between the initial description and
the final execution of the solution.

Unfortunately, these two assumptions do not hold for many practical and important ap-
plications. For example, scheduling production in a factory is, in practice, fundamentally
dynamic and uncertain: the full set of jobs to be scheduled isnot known in advance, and
continues to grow as existing jobs are being completed; machines break down; raw mate-
rial is delivered late; employees become ill; jobs take longer than expected; or processes
have inherently random aspects, and so some jobs may have to be repeated. Alternatively,
in engineering or architectural design, the constraints themselves are not known with cer-
tainty — this may be because the designer is not aware of the detail of the constraints, or
because the constraints are inherently vague — or may be changing because the designer
is exploring the problem space, reformulating the problem as the consequences of each
modelling decision become clearer.

Current constraint solving tools provide very little support for explicit reasoning about
uncertain and dynamic problems. In many cases, an approximated deterministic and static
model may suffice, and provides the user with enough information about the structure of
the problem to make good enough decisions. In other cases, though, the user is required
to re-formulate the problem repeatedly, in response to eachchange or to each discovery of
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more detail of the problem. What support should CP tools offer in those situations? For
many problems, all that may be required is a sufficiently fastsolver, reacting to the changes
with new solutions, or producing many initial solutions to different formulations in the case
of uncertainty. At other times, for dynamic problems, the new solutions should be as close
as possible to the previous ones, to minimise the cost of change. More advanced methods
should generate solutions that are robust to the likely changes, or that are sufficiently flex-
ible to allow the changes to be accommodated. Particular attention should also be paid to
time limits, since the dynamic changes may occur too quicklyto allow exhaustive analysis
— in that case, time-bounded or anytime reasoning is required.

In this chapter, we consider the uses and extensions of constraint programming for
handling problems subject to change and uncertainty. We classify the research into two
broad categories based on the problem type:

(i) uncertain problems, which require a single solution; and

(ii) Dynamically changing problems, which require multiple solution stages.

Within (ii), we consider three further sub-categories:

(ii-a) problems where the solver simply reacts each time theproblems change;

(ii-b) problems where the solving process is adapted to record information about the prob-
lem structure, which can be used during the reaction phase; and

(ii-c) problems where the solver proactively searches for solutions that anticipate the ex-
pected changes.

We will begin by briefly reviewing the definitions of constraint satisfaction and optimi-
sation problems, and presenting a small example problem which we will use throughout the
chapter. We will then consider each of the categories and sub-categories in turn. Finally,
we will conclude with a discussion of challenges for future research.

21.1 Background and Definitions

The finite-domainconstraint satisfaction problem(CSP) consists of a triple〈X,D,C〉,
whereX is a set of variables,D is a set of domains, andC is a set of constraints. Each
xi ∈ X is associated with a finite domainDi ∈ D of potential values. Anassignment
to a variablexi is the selection of a valuevi from its domainDi. A constraintc ∈ C,
constraining variablesxi, . . . , xj , specifies a subset of the Cartesian productDi× . . .×Dj

indicating mutually-compatible variable assignments. A tuple of valuesv = (vi, . . . , vj)
satisfiesa constraintc over xi, . . . , xj if v ∈ c. A partial assignmentto a problem is
a collection of assignments to a subset of the variables in the problem, and a complete
assignment is an assignment for every variable. Asolutionis a complete assignment that
satisfies all constraints. Aconstrained optimisation problemis a CSP with some objective
function, which is to be optimised.

21.2 Example: Course Scheduling

To illustrate the various problems and techniques, we will use as a basis the following sim-
ple example (adapted from [22]) throughout the chapter. Consider the task of scheduling
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Type

L(1) P(2) T(3)
D

a

y

s

1

2

3

x11 x12 x13

x21 x22 x23

x31 x23 x33

j
i

∀i
3
∑

j=1

xij ≥ 2 sessions per day (21.1)

∀j
3
∑

i=1

xij ∈ {1, 2, . . . , 5} no. of session type(21.2)

3
∑

i=1

3
∑

j=1

xij ∈ {10, 11, 12} total sessions (21.3)

Figure 21.1: Course Scheduling Problem

a short course over three days consisting of a number of lectures, practical sessions, and
tutorial sessions. The constraints are that there must be atleast two sessions a day and,
over the three days, there must be between 1 and 5 of each type of session and between 10
and 12 sessions in total. This problem can be cast as a CSP by using 9 variables,xij with
i andj in {1, 2, 3}, wherei denotes the day andj the session type with 1 = lecture, 2 =
practical, 3 = tutorial. Each variable has domain{0, 1, 2, 3, 4, 5} denoting the number of
sessions of the corresponding type on a particular day. The constraints are expressed on
these variables as presented in Figure 21.1. Figure 21.2 presents one possible solution to
this problem in which there are two lectures, three practical and five tutorial sessions over
the three days.

Type

L(1) P(2) T(3)
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1 1 0

0 2 4

Figure 21.2: A Solution to Course Scheduling Problem

21.3 Uncertain Problems

First we consider problems where a complete crisp description of the problem will not be
revealed at all, and so we must produce a single initial solution that cannot be changed.
In order to produce the solutions, we have to consider how theimprecision in the problem
description is expressed. We consider three cases:(i) the problem itself is intrinsically im-
precise — for example, where the price of a configuration mustbe ‘cheap’, where ‘cheap’
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∀i
3
∑

j=1

xij ≥ 2 sessions per day

3
∑

i=1

3
∑

j=1

xij ∈ {10, 11, 12} total sessions

Sums of Assignment Tuples
1 2 3 4 5 Otherwise

lectures
∑3
i=1 xi1 0.4 0.6 0.8 1.0 0.8 0

practicals
∑3
i=1 xi2 0.6 0.8 1.0 0.8 0.6 0

tutorials
∑3
i=1 xi3 0.6 0.8 1.0 0.8 0.6 0

Figure 21.3: The Fuzzy Course Scheduling Problem. Fuzzy constraints show satisfaction
degrees for different possible assignment tuples.

is defined by a fuzzy membership function,(ii) we have a set of possible realisations of the
problem, one of which will be the final version of the problem,and(iii) we have proba-
bility distributions over the full realisations — for example, a distribution over the values
that might be available to us, or over the legal tuples in the constraints. Secondly, for(ii)
and(iii) , we also consider problems where the description will eventually be revealed, but
requires an instant response. In such cases, we can extend the techniques to include contin-
gencies — families of solutions, one of which will be selected depending on the revealed
problem.

21.3.1 Fuzzy Problems

Fuzzy constraint satisfaction [22] (see also Chapter 9) captures imprecision in the defini-
tion of a constraint by allowing constraints to be partiallysatisfied, as well as completely
satisfied or completely unsatisfied. To continue the above example, a constraint specifying
that an expression in certain cost variables must be “cheap”, rather than being satisfied or
violated, can be satisfied to a greater or lesser extent according to the assignments to the
cost variables. This allows us to capture notions such as “fairly cheap” and “relatively
expensive”.

In a fuzzy constraint satisfaction problem, a constraintc(xi, . . . , xj) is represented by
a fuzzy relation, which is in turn defined by amembership functionthat associates a degree
of satisfaction in a totally ordered scale (usually [0, 1], with 0 and 1 representing complete
violation and complete satisfaction respectively) with each tuple inDi × . . . × Dj . The
conjunction of two fuzzy relations is usually interpreted as the minimum membership value
assigned by either relation. To produce a satisfaction degree for a given partial or complete
assignment, the conjunction operator is used to aggregate the satisfaction degrees of all
constraints on the assigned variables. This allows us to rank different assignments and
therefore search for optimal solutions to a fuzzy CSP.

To illustrate, we consider a fuzzy version of the course scheduling problem given in
Figure 21.1. Professor A is to give the lectures in the course. She prefers to give four
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Constraint Assignment Sum Sat Degree
Sessions per Day 2, 4, 4 1.0

Total Sessions 10 1.0
Lectures 3 0.8
Practicals 3 1.0
Tutorials 4 0.8

Overall Satisfaction Degree: 0.8
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Constraint Assignment Sum Sat Degree
Sessions per Day 2, 4, 4 1.0

Total Sessions 10 1.0
Lectures 4 1.0
Practicals 3 1.0
Tutorials 3 1.0

Overall Satisfaction Degree: 1.0
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2 1 1
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Figure 21.4: Sub-optimal and Optimal Solutions to the FuzzyCourse Scheduling Problem

of these sessions. Dr B is organising the practical sessions, and he prefers to give about
three of these. Finally, Dr C is responsible for the tutorialsessions, and also prefers that
there should be about three of these. These preferences are captured in fuzzy constraints
on the lecture, practical and tutorial session variables, as presented in Figure 21.3. Note
that constraints on the number of sessions per day and the total number of sessions remain
as hard constraints. Hard constraints are simple to represent with fuzzy constraints: the
satisfaction degree of each assignment tuple is either 0 or 1.

Figure 21.4 presents two solutions to the fuzzy course scheduling problem. The first is
the same as the solution to the crisp course scheduling problem given in Figure 21.2. This
solution has satisfaction degree 0.8 because there are three lecture sessions (from Figure
21.2, the satisfaction degree of the constraint on the number of lectures is therefore 0.8)
and three tutorial sessions (also satisfaction degree 0.8). Hence, the fuzzy conjunction of
the satisfaction degrees of all the constraints is 0.8. The second solution has satisfaction
degree 1.0 and is therefore optimal. The reader will be able to confirm that the satisfaction
degree of each constraint is 1.0.

21.3.2 Problems with Possible Realisations

For problems with a set of possible realisations, we first need to consider the ways in
which the problem definition could be incomplete — i.e. what is missing from the original
description that will be revealed. Based on the definition in21.1, this could be:

1. The complete set of variables is not known;
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2. The domains of the variables are not completely specified;or

3. The constraints are not completely specified — either the full set of constraints is
not known, or the individual constraints are not fully described.

In fact, we could reformulate the definition of a CSP so that only the constraints need to
be specified explicitly (the domains would be unary constraints restricting values from a
universal set, and the variables are implicitly defined to bethose appearing anywhere in
the constraint set), and thus formally we only need to consider uncertainty in the constraint
set. In practice, the different types of uncertainty are treated separately, to model spe-
cific features of different application domains, and give rise to different formalisms and
algorithms.

In Mixed CSPs[27], we model the case where some of the variables are not controlled
by the solver, but will be assigned by some external source (which may be a user, another
agent, later knowledge discovery, or a random process). Thus the variables of the problem
are divided into two classes: controlled decision variables and uncontrollable parameters.
The decision variables are normal CSP variables, but the parameters will be set by the
external source (and thus essentially fix the domains of those variables to a singleton set).
The possible realisations of the problem are then defined by the sets of possible values that
the parameters may take. Constraints restrict the assignments of values to variables in the
normal way. Apuredecision is an assignment of values to all the decision variables, which
should be a solution to one or more of the possible realisations. If there are no constraints
on the realisations (i.e. the parameters are independent),then it is NP-complete to deter-
mine whether there exists a single pure decision which is a solution to all realisations in
a binary mixed CSP. For cases where the true realisation willbe revealed, aconditional
decision associates different assignments of values to different realisations, and anoptimal
conditional decision has a solution for each possible realisation. Fargieret al [27] give an
anytime algorithm for finding conditional decisions.

As an example, consider the course scheduling problem as before, but now we assume
that the number of tutorials on day 1 (x13) will be decided later (based on the availability of
tutors). That is, the variablex13 becomes an uncontrollable parameter. Suppose we know
thatx13 can take one of two possible values,0 or 1. Figure 21.5a shows a pure decision
for all the other variables that satisfies both possible realisations. Suppose now that the
number of lectures on day 2 (x21) will also be fixed at a later date, and that the value ofx21

may be0, 1 or 2, independently of the value ofx13. There are now six possible realisations,
based on the possible values of(x13, x21): {(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2)}. No
single pure decision is possible (since it will not be possible to satisfy the constraint on the
total number of sessions); however, figure 21.5b shows an optimal conditional decision, by
associating a decision with each possible realisation.

To cover problems with uncertain data, Yorke-Smith and Gervet defineUncertain CSPs
[77], in which the constraints are uncertain — specifically,they use an algebraic represen-
tation of the constraints, with uncertainty over the coefficients. Their goal is to define the
certainty closure, the set of all solutions to possible realisations of the constraints, and then
to search for specific types of closure, including acovering set, which contains at least one
solution for each realisation, or themost robust solution, which is a solution to the greatest
number of realisations. Their suggested solution method isto transform the UCSP into
a standard CSP, such that the set of all solutions to the CSP isequivalent to the desired
closure of the UCSP.
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(x13,x21)

(0,0)

(0,1)

(0,2)

(1,0)

(1,1)

(1,2)

(a) x13 {0,1} (b) x13 {0,1}, x21 {0,1,2}

Figure 21.5:mixedCSP:(a) a pure decision;(b) an optimal conditional decision.

Suppose in our course scheduling problem, the full workloadrequirements have not
been revealed to us; specifically, the total number of sessions may be required to be either
10 or 12, and the required length of a practical may be either 1or 2 hours, but the constraints
on the hours per day, and the hours of each session type remainthe same. The original
problem could then be represented as presented in Figure 21.6, wherew1 andw3 are known
to be1, but the values ofw2 andt are unknown, but taken from the sets{1, 2} and{10, 12}
respectively. Therefore, there are 4 possible realisations: {w2 = 1, t = 10}, {w2 = 1, t =
12}, {w2 = 2, t = 10} and{w2 = 2, t = 12}. A covering set is shown in Figure 21.7,
where the first solution is the most robust solution.

21.3.3 Probability-Based Problems

The next step on from problems with possible realisations isto consider problems where
there is a probability distribution over those realisations. Two different formalisms have
been proposed with the nameprobabilistic CSPs. The first [25] involves uncertainty over
the constraints that appear in the problem, associating a probability with each single con-
straint, representing the (independent) probability thatthat constraint is active. The aim
is to find an assignment of values to variables which has the highest probability of being
a solution to the true problem. For example (Fig. 21.8), suppose we have three possible
additional constraints on the practicals in our timetabling problem: the number of practi-
cals must be not less than the number of lectures, with a probability of 0.6; the number of
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∀i
3
∑

j=1

wjxij > 2 (21.4)

∀j
3
∑

i=1

wjxij ∈ {1, . . . , 5} (21.5)

3
∑

i=1

3
∑

j=1

wjxij = t (21.6)

Figure 21.6: The Uncertain Course Scheduling Problem

practicals on day 3 must be greater than the number of practicals on day 1, with probability
0.5; and the total number of practicals must be no higher than2, with a probability of 0.2.

There is no assignment with a probability of 1.0 of being a solution; an assignment with
maximal probability of being a solution is shown in figure 21.9. This first type of proba-
bilistic CSP could be thought of as the probabilistic equivalent of uncertain CSPs described
above, assigning a probability distribution to the values of coefficients in the constraints.
Probabilistic CSPs can be represented using the two generalsoft constraint frameworks
valuedCSP [69] andsemi-ring[12] CSP described in Chapter 9, “Soft Constraints”.

The second type of probabilistic CSPs [26] correspond to mixed CSPs, with the addi-
tion of a probability distribution over the possible assignments to the uncontrollable param-
eters. The aim here is to find a pure decision with maximal probability of being a solution
to the full problem. A branch and bound algorithm based on forward checking is described.
Again, we can also consider conditional decisions, and an algorithm is given for generating
them. Consider now the same problem as described in Figure 21.5, but with two probability
distributions over the values ofx13 : {0 : 0.3, 1 : 0.7} andx21 : {0 : 0.5, 1 : 0.4, 2 : 0.1}.
Again, no decision can have a probability of 1.0 of being a solution to the full problem
(since the two realisations〈x13 = 1, x21 = 2〉 and〈x13 = 0, x21 = 0〉 cannot be satisfied
by the same assignment due to the total sessions constraint;figure 21.10 shows a maxi-
mal pure decision, with total probability of 0.93 of being a solution (failing only on the
realisation〈x13 = 1, x21 = 2〉).

1-stage stochastic CSPs[76] are similar to (the second) probabilistic CSPs, but with
the difference that a problem is defined to beθ-satisfiable if there exists a (pure) decision
with a probability higher thanθ of being a solution. The complexity of 1-stage stochastic
CSPs is shown to beNPPP -complete. Stochastic CSPs in general encompass multiple
stages and will be discussed further in Section 21.4.3.

21.4 Problems that Change

Now we consider problems that are subject to change over time, and where the opportunity
exists to respond to each change via a new solution step. The changes may be imposed by
a user, an external agent or the environment. Typically, this occurs during the execution of
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Figure 21.7:uncertainCSP: a covering set.

a solution, but in certain cases change may be so rapid that itoccurs even as a solution to
the original problem is being sought.

Dynamic CSPs ([17], see Figure 21.11) view a changing problem as a sequence of
CSPs linked byrestrictionsandrelaxations(also known asretractions), where constraints
are respectively added to, and removed from, one problem in the sequence to obtain the
next. There are three key concerns in solving dynamic CSPs. The first is to minimise

3
∑

i=1

xi2 ≥
3
∑

i=1

xi1 (P = 0.6) (21.7)

x32 > x12 (P = 0.5) (21.8)
3
∑

i=1

xi2 ≤ 2 (P = 0.2) (21.9)

Figure 21.8: The Probabilistic Course Scheduling Problem
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Figure 21.9:probabilisticCSP1: a maximal solution.

the need for change, and thus to findrobust1 solutions that are likely to remain solutions
even after the change has occurred, or to need only minor ‘repairs’. The second is to
minimise the cost of change, if a change to the solution is required. Hence, we seekstable
solutions following a change. This is a significant concern in many applications and can
stem, for example, from the cost of retooling or simply from the inconvenience to end
users. The third is to minimise the reaction time, obtaininga new solution as quickly
as possible. The three concerns are often opposed to each other, and thus the particular
solution technique implemented will depend on the application. We consider three cases,
based on the requirements of the problem and on the knowledgewe have of the future
changes. Sub-section 21.4.1 assumes no knowledge of the future, and attempts to re-use
aspects of the old solution when computing the new solutions. Subsection 21.4.2 also
assumes no fore-knowledge of the changes, but attempts to re-use some of the previous
reasoning process when generating a new solution. Finally,sub-section 21.4.3 considers
problems where the modeller has some uncertain knowledge ofthe future changes, and
examines techniques which are robust to those likely changes. Typically, this involves
problems which grow over time, or where the problem structure is gradually revealed.

1The term ‘flexibility’ is also used to describe robustness. For consistency, we use ‘robust’ throughout.
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Figure 21.10:probabilisticCSP2: a maximal solution.
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Restrictions: Constraints added

Relaxations/Retractions: Constraints removed
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Figure 21.11: Dynamically Changing Problem Represented asa Sequence of Static CSPs.

21.4.1 Pure Reaction

We will begin by assuming no knowledge of how the problem is likely to change. Naively,
each new problem can be solved from scratch. However, efficient solvers exploit the past
history of problems and solutions to guide them in solving the new problem, while attempt-
ing to minimise the cost of changeover.Local Repairmethods maintain all assignments
from the solution to the previous problem to use as a startingpoint. The initial assign-
ment is then progressively modified until an acceptable solution to the current problem is
obtained.

Minton et al [52] describe a local repair method that searches through the space of pos-
sible repairs. This search is guided by themin-conflictsheuristic that seeks to minimise the
number of unsatisfied constraints after each step. The heuristic repair method can be used
naturally in a non-systematic (hill-climbing) or systematic (backtracking) search strategy.
In the following example, we will illustrate systematic heuristic repair. Reconsider the
solution to the Course Scheduling Problem given in Figure 21.2. This solution, although
satisfying the constraints given in Figure 21.1, does have avery busy final day. Therefore,
the next time the course is run, a new constraint is added thatplaces a maximum on the
number of sessions per day. Figure 21.12 presents this variant of the problem, which we
will call the Balanced Course Scheduling Problem.

Heuristic repair performs a standard backtracking search,with a value ordering heuris-
tic that prefers the assignment that conflicts least with thevalues assigned by the solution to
the previous problem to future variables. Consider solvingthe Balanced Course Schedul-
ing Problem having obtained the solution to the original Course Scheduling Problem given
in Figure 21.2. We use a variable ordering scheme that assigns lecture, then practical then
tutorial variables in ascending day order. We also assume that ties are broken by preferring
an assignment that matches the previous solution. The current assignments tox11 andx21

do not conflict with any of the future variables, and so are left unchanged. Consider now
the assignment ofx31. This variable cannot be assigned 4 or 5, since this would violate
constraint (21.2). The remaining values all conflict with the values assigned by the previ-
ous solution tox32 andx33 and constraint (21.10). Since the value 0 is closest to satisfying
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xij ≤ 4 max sessions per day (21.10)

Figure 21.12: The Balanced Course Scheduling Problem

the constraint2, it is assigned tox31. The search proceeds in this manner as presented in
Figure 21.13.

The Local Changesalgorithm [73] is also a local repair method, but it uses a more
sophisticated search strategy than Mintonet al’s heuristic repair to focus on resolving
the conflicts in a particular sub-problem. Local Changes partitions the variable setX

2As noted in [52], for non-binary constraints the measure of conflict depends on the nature of the constraint
itself.

x12

x22

x32

x33

x23

x13

0

1

2

1

0

Type

L(1) P(2) T(3)
D

a

y

s

1

2

3

1 0 1

j
i

1 1 2

0 2 2

1 2

1 20

Unsuccessful assignment

Successful assignment

Figure 21.13: Partial Search Tree for Balanced Course Scheduling Problem using Min-
conflicts Heuristic
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Figure 21.14: Solving the Balanced Course Scheduling Problem using Local Changes

into three subsets,X1, X2 andX3: variables inX1 have fixed assignments (this is to
ensure termination, as will be shown); variables inX2 have assignments, but which may
be modified; variables inX3 are unassigned. When solving a new problem in a dynamic
sequence, all variables are inX2, with assignments taken from the solution to the previous
problem in the sequence. Hence, when solving the Balanced Course Scheduling Problem,
search begins withX2 containing all ninexij variables, assigned as shown in Figure 21.2.

If this assignment satisfies all constraints, then there is already a solution to the current
problem and Local Changes terminates. Otherwise, it unassigns at least one variable for
each unsatisfied constraint (placing each inX3) and attempts to repair their assignments in
order to resolve the conflict. Returning to the solution of the Balanced Course Scheduling
Problem, as depicted in Figure 21.14, the only constraint that is unsatisfied is the instance
of constraint (21.10) concerning day 3. The choice of which of the variables constrained
by constraint (21.10) is heuristic. Assumex33 is chosen, unassigned and therefore moved
into X3. Local Changes now recurses overX3, re-assigning the variables to repair the
conflicts.

In the example,X3 contains onlyx33, which is selected for re-assignment. We assume
a reasonably informed value heuristic, assigningx33 = 2. However, this assignment does
not satisfy Constraint (21.3). At this point, Local Changesfixes the assignment ofx33,
moving it intoX1 and attempts to repair the problem with respect to this choice. The fix-
ing step is to avoid an endless cycle of repairs. If the problem cannot be solved with respect
to this assignment, Local Changes will backtrack over it andtry another assignment. In the
example,x11 is re-assigned to 3, producing a solution to the problem. We have demon-
strated the operation of Local Changes on a standard dynamicCSP. The algorithm has also
been extended to work with fuzzy dynamic CSPs [51] (see Section 21.3.1).

The use of a local repair technique promotes stability by tending to find a solution to the
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new problem that is close to the solution of the previous problem, as demonstrated by the
Min-conflicts and Local Changes examples above. There is no guarantee, however, that the
solution will be optimally stable. The alternative is to make stability an explicit criterion
when solving each problem in a dynamic sequence, and insist that each new solution is
optimally stable. The algorithm RB-AC [66] follows exactlythis approach, starting with
the solution to the previous problem in the sequence and iteratively testing whether re-
assigning one variable, two variables, three variables, and so on, is sufficient to solve the
current problem. Petcu and Faltings [59] also search explicitly for stable solutions, but
do not restrict stability to mean simply the number of assignments in common. Instead,
special stability constraints are added that must be satisfied in order for the solution to be
stable. Similarly, El Sakkout and Wallace [23] define linearminimal perturbationfunctions
for dynamic scheduling problems. Following a change the minimal perturbation function
is defined with respect to the solution to the previous problem and used as an objective
for the new problem. Bartaket al [2] extend this formulation to support over-constrained
problems.

21.4.2 Preparing to React by Recording Information

While maintaining our assumption that we have no information about how the problem is
likely to change, it is still possible to prepare for these changes by recording information
during the search for a solution that is likely to be useful when solving the changed prob-
lem, under the reasonable assumption that the latest problem in a dynamic sequence will
retain some structure in common with the previous problems.

For each problem in a dynamic sequence, theoraclesapproach [71] records the path
taken to the solution. For every new problem in the sequence,search begins from scratch,
but these oracles are used to guide the search and prune the search space. Consider first
constraint restriction. Figure 21.15 presents a partial search tree for the solution given in
Figure 21.2 to the Course Scheduling Problem.

Having solved the Course Scheduling Problem, to solve the Balanced Course Schedul-
ing Problem using the oracles approach, search begins from scratch, using the solution
path from Figure 21.15 as the oracle. The search branch down to x22 is identical to that
explored in finding the previous solution. However, when consideringx32, it is possible
to prune the sub-tree rooted withx32 = 1 without exploring it (see Figure 21.15): since
there was no solution in this sub-tree for the less-constrained previous problem there can-
not be a solution in the sub-tree following constraint restriction. Search continues in this
way, as presented in Figure 21.15 following the oracle and pruning fruitless sub-trees un-
til the constraints added cause failure, at which point the search defaults to chronological
backtracking while recording a new oracle for future use.

When both restriction and relaxation/retraction are allowed, to retain soundness the or-
acle chosen must be associated with a previously-solved problem that is less constrained
(i.e. contains a subset of the constraints) than the currentproblem. Van Hentenryck and
Provost [71] show how to select an oracle that prunes maximally without sacrificing sound-
ness. Having identified such an oracle, it is used exactly as in the foregoing example.

A popular and powerful approach to preparing for change is torecordexplanations.
Jussien [42] defines explanations informally as ”subsets ofconstraints justifying solver
events”. Usually, the solver events are constraint additions, either unary (value removals)
or higher arity. Crucially, explanations support change tothe problem structureduring
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Figure 21.15: Partial Search Tree for Course Scheduling Problem

search, as well after a solution has been found and is being executed. Note, however, that
supporting changes during systematic search requires a more sophisticated search strategy
than simple chronological backtracking, such as Dynamic Backtracking [33, 44] or the
Local Changes algorithm discussed in the previous sub-section.

A significant amount of attention in the literature has been devoted to employing ex-
planations in maintaining arc consistency (the reader is directed to Chapter 3 for an expla-
nation of arc consistency) in the face of changes to the problem. Specifically, the problem
is assumed to be in an arc consistent state, a change to the problem structure occurs and the
goal is to restore arc consistency. Since it is common practice to maintain arc consistency
during search, following a change it is natural to restore arc consistency before proceeding.
We might also wish to maintain the problem in an arc consistent state, rather than solve
it immediately. For instance, Debruyne [15] describes how abioinformatics problem is
configured through a process of interaction with a biologist. The biologist adds or removes
constraints from the problem until the current problem is acceptable to him/her. The prob-
lem is sufficiently difficult to make solving it following each change impractical, but if
enforcing arc consistency does not show that the current problem is unsolvable then this is
a good indicator that the problem has solutions. Boyd and Bowen also use explanations to
support a similar interactive process [13].

As has been pointed out by many authors, constraint restriction alone is simple to deal
with in this setting: a standard arc consistency algorithm can be run as normal following
the addition of new constraints. Constraint relaxation/retraction is, however, more difficult
to support. This is because value removals resulting from enforcing arc consistency before
constraint retraction may no longer be valid. Hence, following retraction, some values
typically must be reinstated. Explanations are used to support the identification of these
values.
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Figure 21.16: Partial Search Tree for Balanced Course Scheduling Problem using Oracles

One common explanation scheme for this purpose, as embodiedby the algorithms
DnAC-4 [9], DnGAC4 [10], DnAC-6 [15] as well as the work of Prosseret al [64], is based
on recordingjustificationsfor value removals similar to those used in truth maintenance
schemes [21]. This is simply the constraintc whose revision caused the valuev to be
removed from the domain of some variablex. If c is subsequently retracted,v is tentatively
restored tox’s domain (tentatively because there may be alternative justifications for its
removal). Of course the reinstatement ofv calls into question all valuesv′ removed from
the domains of other variables, specifically where the removal is justified by a constraint
involving x. If a constraint check reveals that av′ is supported byv, it is also tentatively
restored. This process propagates through the network, restoring values as appropriate.
The final step is to run a modified arc consistency algorithm, which removes all tentatively
restored values for which it can find an alternative justification.

One variant of this scheme, appearing in the AC|DC algorithm [56] and its descen-
dants [55, 70, 1] saves space by extracting explanations directly from the constraint graph.
Another, such as [16], strengthens the justifications recorded to the set of original prob-
lem constraints that imply a value removal. The tradeoff is the time and space required to
record explanations versus the time required to react to a change in the problem. Although
maintaining arc consistency was the original focus of much of this research, explanations
have also been used to support the re-use of nogoods discovered during search [68], and
have been generalised to arbitrary constraint propagatorsin, for example, the PaLM system
[16] and Constraint Logic Programming [32].

To illustrate, we present a simple example of the utility of explanations. Returning to
the original Course Scheduling problem from Figure 21.1, consider that the different ses-
sion types are indistinguishable — in any (non-)solution, the assignments to one column of
variables representing a session can be exchanged with another to produce a (non-)solution.
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This is asymmetry(see Chapter 10)3, which can be exploited by imposing an ordering on
the session types, for instance by insisting that the sum of the columns is non-decreasing:

3
∑

i=1

xi1 ≤
3
∑

i=1

xi2 ≤
3
∑

i=1

xi3 Order Constraints on Session Types (21.11)

From the total sessions constraint (21.3), one can reason that the session type with the
smallest number of assigned sessions can have at most 4 sessions assigned. The ordering
constraints (21.11) allow us to identify this session type as the lectures. Hence we can add
the implied constraint:

3
∑

i=1

xi1 ≤ 4 Lectures — Revised Maximum (21.12)

The explanation for constraint (21.12) is the pair of constraints (21.3) and (21.11).
Consider now the transition to the Balanced Course Scheduling Problem. Assuming that
the ordering constraints to exploit symmetry are retained,the explanation for constraint
(21.12), and therefore the constraint itself, remains valid. The saving made is that the
cost of deriving the implied constraint is incurred only once, but the benefit, in terms of
reducing search following changes to the problem, remains for as long as its explanation is
valid.

21.4.3 Predicting Changes

In many real-world problem domains, we have some uncertain knowledge of what the
changes might be. For example, in a scheduling problem, we may know the characteristics
of all jobs set for production, even if we don’t know when the work can begin; a dispatch
service may have extensive histories of previous work requests and thus can predict the
pattern of future request; or in a manufacturing environment, we may have knowledge
of the reliability of a process, and thus can compute the probability of errors. In all of
these cases, we can improve our initial solutions by reasoning about the likely changes. In
general, we wish to producerobustsolutions that, when change occurs, are likely to remain
solutions or can be modified at little cost.

In recurrentCSP [75], changes to problems are assumed to be temporary andrecurring
— for example, the occasional temporary loss of a resource due to reliability problems.
The authors assume that they have noa priori knowledge of the changes, and thus must
learn the distribution by monitoring changes while solutions are being executed. They
propose a min-conflicts [52] repair-based method, to recover solutions when the changes
happen, and as they learn the distribution of the changes, they penalise solutions which
use values that are frequently lost. In theirsupersolutionsframework [37], Hebrardet al.
address a similar problem, in that values may be unavailablewhen the solution is executed.
Their aim is to find initial solutions that are robust to this loss, or that can be repaired with
a small number of changes. They define the concept of an(a, b)-super solution, which is a
solution to the original problem which, if anya value assignments are lost, can be repaired
by reassigning the relevant variables plus anotherb variables. In particular, a(1, 0)-super

3The reader will have noticed that the days are also indistinguishable, but we focus on the session types for
simplicity.
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∀i Di = {yij : j = 1 . . . 6}, count(Di, φ) ≤ 4 (21.13)

S = {yij : i = 1 . . . 3, j = 1 . . . 6} (21.14)

count(S,L) ∈ {1, 2, . . . , 5} (21.15)

count(S, P ) ∈ {1, 2, . . . , 5} (21.16)

count(S, T ) ∈ {1, 2, . . . , 5} (21.17)

count(S, φ) ∈ {6, 7, 8} (21.18)

Figure 21.17: The Extended Course Scheduling Problem

solution is essentially robust to the loss of any single value — for each variable, there is a
backup value which could be assigned without violating any of the constraints.

As an example, consider a more detailed version of the coursescheduling problem.
We now assume there are six possible time slots each day (giving 18 variablesyij , where
i ∈ {1, 2, 3} andj ∈ {1, . . . , 6}), which we may fill will a lecture (L), a practical (P ) or a
tutorial (T ), or leave empty (φ). The new model is given in Figure 21.17, where we assume
a constraintcount(S, v), which counts the number of times a variable from the setS takes
the valuev.

We now assume that after we construct and advertise the timetable, we may be told
that certain time slots cannot be filled with sessions of a given type (for example, because
of room changes elsewhere). Can we find a(1, 0)-supersolution — that is, a solution that
can be adapted by reassigning only the affected variable? Figure 21.18a shows one such
supersolution — any class (L,P or T) can be replaced by another class, and any empty slot
can be filled by a class. Figure 21.18b shows a solution that isnot a(1, 0)-supersolution,
since if we lose the valueT from y14, then we cannot find another satisfying solution
reassigning only that time slot (since we cannot satisfy theconstraint on the number of
tutorials).
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Figure 21.18:supersolutions: (a) (1, 0)-supersolution;(b) not a(1, 0)-supersolution.

Finding an(a, b)-super solution is shown to beNP -complete for any fixeda. The
authors develop a MAC algorithm for finding(1, 0)-super solutions, and extend it to a
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branch-and-bound algorithm for finding the most robust solution when a(1, 0)-super so-
lution does not exist (the most robust solution is defined to be one in which a maximal
number of variables can be repaired without violating any constraints). This work has
been extended [38] to consider(1, b)-super solutions, with the ability to place restrictions
on the repairs that are considered — for example, to model scheduling problems, where
values represent the times at which activities start, the repairs are restricted to using higher
values representing later times, so that the repair can be carried out when the break arises
during execution. The supersolutions concept has then further extended [39] to include the
probability of a value assignment being lost, and the cost ofmaking the repair: specifically,
a (α, β)-weighted supersolutionis one in which any set of value assignments with a total
probability greater thenα of being lost can be repaired by changing any variables at a total
cost of less thenβ. Weighted supersolutions have been defined to model combinatorial
auctions, where each winning bid has a probability of being withdrawn.

Stochastic CSPs [76] (introduced in subsection 21.3.3) allow us to model problems
with multiple phases: first the solver must assign a set of variables, then the environment
reveals the values of a set of parameters, the solver must then assign another set, and so on.
The values of the parameters are assumed to be described by probability distributions. The
solution to a multi-stage stochastic CSP is then a tree, in which the assignment of values to
the later decision variables are conditional on the previous decisions and the revealed val-
ues of the parameters. This allows us to model, for example, production planning, in which
the volume to be manufactured in the 2nd quarter depends on the volume manufactured in
the 1st quarter, on the realised demand for the 1st quarter, and on the uncertain demand in
the future. In the general case, multi-stage stochastic CSPs arePSPACE-complete. This
work is then extended to use scenario-based semantics [50],and allows chance constraints,
which must be satisfied over a proportion of the scenarios. The framework has been imple-
mented asStochastic OPL, in which multiple futures are represented as separate scenarios
which are then reformulated as a single larger CSP.

Branching CSP[30] also considers multiple phases, but models problems which grow
by the uncertain addition of variables and their associatedconstraints — for example, on-
line scheduling, where new tasks arrive as the existing tasks are being executed. The model
of future arrivals is a probabilistic tree, in which the arrival of any variable is conditional
on the preceding arrival sequence. Each variable that arrives may be accepted and as-
signed a value which does not violate any constraint over thearrived variables, or rejected
and assigned no value; a specified utility is gained for each variable that is accepted. The
aim is then to assign values to nodes in the tree, such that no constraint is violated and
expected utility is maximised. The solution is thus a policy, specifying actions for each
possible arrival sequence. Branching CSP has similaritiesto Markov Decision Problems
[65], since the arrivals tree is essentially a finite horizonmarkov process; however, it is
complicated by the fact that choice available at each node isconstrained by the previous
choices, and formulating the problem as an MDP may require exponentially many states.
The Branching CSP algorithms use backtrack search and constraint propagation to reduce
this combinatorial explosion [29].

Consider now a special case of the course scheduling problem, in which the resource
allocator must decide on initial room requests, but should also cater for new timetabling
requests. For simplicity, we consider a simpler problem (Figure 21.19), with one room
suitable for lectures, and one for practicals, and three time periods. We assume one initial
request: (A) a one hour lecture to be followed by a later one-hour practical. There are also
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three other requests that we might receive: (B) a two-hour practical, (C) a one-hour lecture
followed immediately by a one-hour practical, or (D) another single one-hour lecture. Each
requests must be given a time slot immediately or rejected. Each request generates revenue,
if it is allocated a time slot; rejected requests generate norevenue. The constraints and the
probability tree are shown in the figure. Our immediate task is to decide whether to accept
or reject requests A and B, and to allocate times, but ultimately we want a policy for the
tree which maximises expected revenue. One example policy is also shown in the figure,
which maximises expected revenue by immediately rejectingthe unprofitable A, allowing
the more profitable B or C, or both, to be accommodated if they arrive.
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Figure 21.19: A branching CSP problem and solution

Bent and van Hentenryck [6, 7] also consider problems which grow over time by the
addition of tasks. However, rather than have an explicit probability distribution over the
future states, they assume that they have a black-box generator which can generate samples
of the future. At each stage in the process, they generate a number of samples, and use the
results of optimisation on the samples to make a decision forthe current time step. They
consider a number of approaches, including:expectation, in which each possible decision
is evaluated over all samples, and the one with the highest expected value is selected;con-
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sensus, in which each sample is solved to optimality, and from the solutions the immediate
decision which occurs most often is selected; andregret, in which each sample is again
solved to optimality, and then the possible decisions are evaluated with respect to how
much of the objective value would be lost compared to the other decisions. The expec-
tation method produces the best results, but is infeasible for real problems because of the
number of optimisations required. The regret method approaches the quality of expectation
when there is time to optimise, but is similar to consensus when only a small number of
samples are possible, and thus is particularly effective inreal-time situations or where the
underlying optimisation problem is hard. In common with theapproaches that use explicit
probability distributions, there is a question as to where the underlying distribution for the
black-box generator comes from; the authors have proposed an online learning method [8],
which gradually constructs the distribution as it receivesrequests. [5] also considers prob-
lems that grow, examining a number of different approaches to generating robust initial
solutions and regular updates

The most significant application area for constraint problems that change is schedul-
ing. Many practical scheduling problems can be expressed asSimple Temporal Problems
[20], in which constraints specify single intervals between two time points, and solved in
polynomial time. [74] considers an extension in which the durations of some tasks are un-
certain, and hence some timepoints are decision variables,while others are uncontrollable
(using the same terminology as for mixed CSP [27]). The aim isthen to find a policy for
executing tasks: problems are defined to bestrongly controllableif a single decision (i.e.
an assignment of a value to each decision variable) will produce an executable schedule re-
gardless of the eventual values of the uncontrollable timepoints; andweakly controllableif
there exists a decision for each possible realisation of thetimepoints. The work was further
extended [54] to includedynamically controllableproblems, for which there exists an on-
line policy: the values assigned to the decision variables need depend only on the observed
timepoints in order to get an executable schedule. Checkingwhether a problem is strongly
or dynamically controllable is inP , but weak controllability is inco−NP . This work has
recently been extended to include soft temporal constraints [78], and it is shown that this
does not increase the complexity class: in particular, a polynomial algorithm is presented
for generating online execution algorithms that optimise over the soft constraints.

Uncertainty in the duration of tasks is a significant issue inmore general scheduling
problems. [14] examines the introduction of slack time to handle such uncertainty in job-
shop problems. They consider three variations: adding extra time to the duration of every
task, modifying the constraints to ensure that slack time exists between tasks, and modify-
ing the constraints dependent on the location of the task in the problem. For a given con-
straintYst ≥ Xst + dur(x), the first would change the value ofdur(x) to dur(x) + σ(x),
while the latter two would change the constraint by adding the termslack(x) to the right
hand side. The resultant problem can then be solved using existing scheduling algorithms.
Experimental evidence shows that the latter two consistently outperform a simple right-
shift reactive solution in terms of tardiness, while the former is significantly poorer, but
can give better predictions of execution time in problems with high levels of uncertainty.
More recent work [3, 4] considers the problem of producing schedules with a given prob-
ability of being executed inside a time limit, and with good probabilistic makespans. The
authors develop branch and bound algorithms with Monte Carlo simulation at each node,
and heuristic algorithms which generate deterministic problems from the means and vari-
ances of the task durations. The heuristic algorithms are shown to scale well with larger
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problems.
For project scheduling problems, Policellaet al [61] consider notions of robustness

based on initial solutions that are partial orders of tasks.They assume that some pairs of
tasks have minimum separation constraints, and that each task occupies a known amount
of resource. They consider dynamic changes to the problem inthe form of partial resource
unavailability, or changes in task duration. Their aim is toproduce a partial ordering of
the tasks such that any allocation of start times consistentwith it also satisfies the time and
resource constraints. A partial order is then deemed to be robust if it can absorb changes
to the problem details during execution — that is, start times can still be assigned with
violating the partial order or the problem constraints. Their approach is first to generate
a single schedule with fixed start times, and then to “robustify” it by generating a partial
order from it. Previous research has shown that this approach can generate more robust
schedules than starting with a least commitment approach [62]. The partial orders are
based on chains of precedence constraints for individual units of the resource, and greater
robustness is obtained by generating independent chains.

Finally, we note some recent research integrating constraint programming techniques
with belief networks, for reasoning about a combination of probabilistic and deterministic
information. Belief networks have been studied in AI for many years, and represent the
probabilistic dependencies between random variables. They can be used to find the most
probable value of a variable, given a set of observations of other variables, and can be
used to update beliefs as observations are made incrementally. Constraints can be inte-
grated into the networks by representing them implicitly asconditional probability tables
on boolean random variables [58], mapping valid combinations to true with probability
1.0, and invalid combinations tofalse. However, this loses the benefits of constraint-based
search and propagation. [18] instead represent the constraints explicitly, and show how
variable elimination methods can be significantly faster onsuch representations for com-
puting the probability that a given tuple is a solution. Thatapproach, however, requires
large amounts of space. Therefore [19] instead develop search algorithms, which combine
constraint propagation with search over AND/OR graphs, requiring only linear space.

21.5 Pseudo-dynamic Formalisms

In this section we describe extensions to classical CSP that, while closely related to dy-
namic CSPs by name or definition, have important differencesthat we should be careful to
recognise.

We begin by emphasising the difference between dynamic CSPsand what are now
known [67] asconditionalCSPs [53]4. In a conditional CSP, the whole problem is known
statically, but parts of it are made active or inactive depending on the assignments of certain
variables. For example, in configuring a car it is only necessary to decide the details of a
sunroof if the decision has been made that a sunroof is to be fitted. Conditional CSPs are a
natural way to model both configuration [53] (see Chapter 24)and planning problems [45]
(see Chapter 22).

4The potential for confusion stems from the fact that this work was originally presented with the title ‘Dy-
namic Constraint Satisfaction Problems’, where ‘dynamic’is refers to the fact that the structure of the problem
changed based on decisions made during search
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Open Constraint Satisfaction Problems (OCSPs [24]) assumea distributed environment
and anopen-worldsetting, in which the set of variables and constraints is known statically
but the variable domains and tuples allowed by the constraints are incrementally discovered
by querying different information sources in a network. This is a natural representation for,
for example, many e-commerce problems where suppliers might be queried as necessary as
to the specifications and possible configurations of their products. Returning to our running
example of course scheduling, one might imagine schedulinga larger course, or multiple
courses, taught by several people. In this case, the people involved might be queried to
discover acceptable numbers of sessions they were willing to teach and constraints on their
timetabling. If the problem remained unsolvable, further queries could be made, and so
on.

Open CSP makes the further assumption that information-gathering queries are by far
the most expensive individual operation that the solver performs, hence the emphasis is
on producing a solution with a minimal number of queries. Faltings and Macho-Gonzalez
show that, since domains and allowed tuples increase monotonically with each new query,
it is unnecessary to know the entire problem structure in order to solve the problem —
a solution to a partially-discovered problem is guaranteedto be a solution to the whole
problem [24]. They give theo-searchalgorithm to solve OCSPs that improves over the
naive approach of simply gathering all domain values and constraint tuples before solving
the problem by interleaving querying and solving: new domain values and constraint tu-
ples are sought only if the currently known sub-problem has no solution. Thefo-search
algorithm refineso-searchby only gathering new domain values and constraint tuples for
the portion of the currently-known sub-problem identified as being responsible for the sub-
problem having no solution.

OCSP has also been extended to fuzzy CSPs (see Section 21.3.1) and to optimisation
problems [24]. In both cases to be able to find an optimal solution without knowing the
whole problem structure there is a monotonicity assumption: domain elements and tuples
are returned in non-increasing order of membership degree /non-decreasing order of cost.
This is a realistic assumption — the participants in the opencourse scheduling example
described above are likely to be happy to respond to queries with their most preferred
option first.

Open CSP is very closely related to Interactive CSP (ICSP [47]) in which again do-
main elements are acquired incrementally in solving a problem. The key difference is
that, since at least one of the solution algorithms presented (Interactive Forward Check-
ing) acquiresall domain values for a particular variable that are consistentwith respect
to the current assignment, there is an implicit assumption that variable domains are finite.
OCSP is also closely related to dynamic CSP, since the incremental addition of domain
elements and constraint tuples can be viewed as a sequence ofproblems linked by the
relaxation/retraction of unary constraints disallowing the acquired domain elements [49].

21.6 Challenges and Future Trends

As we have seen, there have been many attempts to extend constraint reasoning to han-
dle dynamic and uncertain problems. The attempts all appearto be isolated, with little
commonality between them; they define different problem types, and different types of
objectives. In particular, it is difficult to compare techniques, since each is typically ad-
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dressing its own problem variation, and testing them requires generators of the uncertain
and dynamic aspects. There is a need for general purpose, parameterisable, problem gener-
ators and execution simulators. Such tools should allow thedifferent types of uncertainty
and change to be expressed, and should allow the temporal nature of the changes to be
described. An initial scheme for a generator for schedulingproblems has been proposed
[60]. Tools of this sort would be a start on the road to classifying techniques, and identify-
ing which methods are best suited to which problem types. A common library of problems
would be useful in itself, to give an indication of the range and frequency of the different
problem types in practical applications. For example, CSPLib5, an otherwise invaluable
repository of benchmark constraint problems, contained noproblems with explicit uncer-
tainty or dynamism.

A related challenge is to bring all the different frameworkstogether. There are some
foundational approaches, like Dynamic CSP [17], but nothing as yet with a similar cov-
erage to semiring CSP [12] or valued CSP [69] for soft constraints. Can we find a single
framework that encompasses all the different features proposed so far? One such frame-
work has recently been proposed [63], and the question remains open as to whether such
a framework should have a rich language allowing the direct expression of many different
features, or a simpler more restricted language which wouldrequire the reformulation of
problems.

On an abstract level, there are three main solution techniques: extending the repre-
sentational power and reasoning methods to represent uncertain and dynamic problems
explicitly, and generate their solutions; reformulating problems into large deterministic
problems, and generating the solutions using existing techniques; or generating scenarios
or samples, and then solving each one using standard deterministic techniques. It is an
open question as to where the boundary lies, to allow us to decide which technique should
be applied to which class and size of problem. In particular,more tractability results are
required for the different formulations.

In general, constraint solving under change and uncertainty is in its infancy. Closer
links need to be established with the existing techniques inother areas of artificial intel-
ligence, mathematics and optimisation, including belief networks [40], MDPs [65] and
POMDPs [57], queuing theory [35], stochastic processes [41], stochastic programming
[11], Monte Carlo methods [28], stochastic satisfiability [48], decision theory [34] and
fuzzy logic [46]. See Halpern [36] for an overview of uncertainty reasoning in general.

Finally, the biggest challenge is to integrate dynamic and uncertain reasoning meth-
ods with industrial strength constraint programming tools— as has begun to be the case
with, for example, the PaLM system [43]. This would allow theapproaches discussed
in this chapter and future techniques to be put into practicefor real-world decision and
optimisation problems, without requiring users to write their own search and propagation
algorithms. Towards this goal, Fromherz and Conley [31] describe a general constraint
solver design to support a dynamic environment. Further progress is likely to be made by
integrating principled simulation and sampling techniques first — see for example [50] —
since they will allow existing CP tools to be used without modification.

5http://www.csplib.org, 29th September, 2005
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21.7 Summary

Many real and important problems involve change and uncertainty. Solutions are required
that take account of vagueness in the problem description, or that minimise the effect of the
uncertainty on the solution. Basic approaches to handling change include rapid reaction
through re-specifying the problems and re-solving when thechanges occur, preparing to
change by maintaining explanations and data structures that will allow the solver to avoid
repeating work, or proactively generating solutions that are robust, by explicitly reasoning
about the possible changes. A number of different techniques have been developed, and
they have demonstrated that constraint programming methods can be extended to handle
many different forms of dynamism and uncertainty, and that many exemplar problems can
be solved efficiently. Constraint programming toolkits need to be extended with facilities
to handle such problems. Further work is required to establish which of the techniques and
frameworks are practical candidates, and to integrate thisbody of research with the many
other research fields which deal with change and uncertainty. Finally, for an alternative
viewpoint on the material in this chapter, the reader is directed to the survey by Verfaillie
and Jussien [72].
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Chapter 22

Constraint-Based Scheduling and
Planning

Philippe Baptiste, Philippe Laborie, Claude Le
Pape, Wim Nuijten

Solving a scheduling problem generally consists in allocating scarce resources to a given
set of activities over time. Planning can be seen as a generalization of scheduling where
the set of activities to be scheduled is not known in advance.The additional complexity
of planning thus lies in the fact one also has to decide on the set of activities that will
be scheduled. Constraint-Based Scheduling is the discipline that studies how to solve
scheduling problems by using Constraint Programming (CP).Constraint-Based Planning
in turn is the discipline that studies how to solve planning problems by CP. As the use of
CP in scheduling is more mature, we first turn to Constraint-Based Scheduling after which
we will come back to Constraint-Based Planning.

Constraint-Based Scheduling has over the years grown into one of the most successful
application areas of CP. One of the key factors of this success lies in the fact that a com-
bination was found of the best of two fields of research that pay attention to scheduling,
namelyOperations Research(OR) andArtificial Intelligence(AI). Traditionally, a lot of
the attention in OR has been paid to rather “pure” schedulingproblems that are based on
relatively simple mathematical models. For solving the problem at hand, the combinatorial
structure of the problem is heavily exploited, leading to improved performance characteris-
tics. We could say that an OR approach often aims at achievinga high level ofefficiencyin
its algorithms. However, when modeling a practical scheduling problem using these clas-
sical models, one is often forced to discard degrees of freedom and side constraints that
exist in the practical scheduling situation. Discarding degrees of freedom may result in
the elimination of interesting solutions, regardless of the solution method used. Discarding
side constraints gives a simplified problem and solving thissimplified problem may result
in impractical solutions for the original problem.

In contrast, AI research tends to investigate more general scheduling models and tries
to solve the problems by using general problem-solving paradigms. We could say an AI
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approach tends to focus more on thegenerality of applicationof its algorithms. This,
however, implies that AI algorithms may perform poorly on specific cases, compared to
OR algorithms.

So, on one hand we have OR which offers usefficientalgorithms to solve problems that
in comparison have a more limited application area. On the other hand we have AI that of-
fers us algorithms that are moregenerally applicable, but that might suffer from somewhat
poor performance in the specific cases an efficient OR algorithm exists. An important way
to combine the two was found by incorporating OR algorithms insideglobal constraints.
Such algorithms are able to take into account a set of constraints from a global point of
view in an efficient way. The typical scheduling example of a global constraint is the con-
straint that propagates on the combination of all activities requiring capacity from a shared
resource. The basics of many of the algorithms inside globalconstraints, certainly in the
early stages of the field, can be found in OR. By applying the locality principle [70], such
specialized algorithms can work side by side with general propagation algorithms that take
care of the rest of the constraints. In this way one can preserve the general modeling and
problem-solving paradigm of CP while the integration of efficient propagation algorithms
improves the overall performance of the approach. Stated inanother way, efficient OR
algorithms integrated in a CP approach allow the user to benefit from the efficiency of OR
techniques in a flexible framework. Translated to the area ofConstraint-Based Scheduling
two strengths emerge: i) natural and flexible modeling of scheduling problems as Con-
straint Satisfaction Problems (CSPs) [72] and ii) powerfulpropagation of temporal and
resource constraints. All this said, we want to remark that over the years the distinction
between AI and OR is often becoming less and less clear and is also deemed less and less
important.

Let us now step from Constraint-Based Scheduling to Constraint-Based Planning. There
are basically two approaches for applying CP to planning:

• The first approach (see Section 22.2.2) dates back to the firstattempts to build non-
linear plans in the 70s [62, 17, 53] and consists in refining a partial plan made of a
temporal network of activities. Similarly to Constraint-Based Scheduling, constraint
propagation can be used in this temporal network to propagate temporal, state, and
resource constraints. These approaches are flexible enoughto handlecomplex and
realisticplanning problems [66]. Although in these approaches the idea of constraint
propagation has been present since the beginning, it is onlyin recent years that ef-
ficient global propagation algorithms, partially inspiredfrom the ones available in
Constraint-Based Scheduling have been designed [75].

• The second approach (see Section 22.2.1) consists in compiling the planning prob-
lem into a CSP and use CSP or SAT solvers as a blackbox to solve the problem
[6, 73, 23, 51]. These approaches work on a simplification of the real planning prob-
lem expressed in a STRIPS-like formalism and tend to focus onefficiencyrather than
on generality of application. Several ideas stemming from this approach can be used
to provide efficient global constraint propagation algorithms and heuristics to guide
the search [75].

Although the use of CP in planning is, due to the problem complexity, less mature
than its use in scheduling, Constraint-Based Planning thusfollows the same pattern as
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Constraint-Based Scheduling where CP is used as a frameworkfor integrating efficient
special purpose algorithms into a flexible and expressive paradigm.

Besides the strengths mentioned above, we want to mention two more reasons that con-
tributed to the success of Constraint-Based Scheduling: a natural fit of expressing schedul-
ing specific heuristics with CP tree search, and a proven goodpotential of combining the
CP approach with solution techniques as Local Search, LargeNeighborhood Search, and
Mixed Integer Programming. The first allows to both exploit all the work done on schedul-
ing heuristics in the past as to write new scheduling heuristics with easy to understand
scheduling semantics. The second allows to get improved performance in the cases where
that is needed. The same strengths should also benefit Constraint-Based Planning.

The remainder of this chapter is organized as follows. Section 22.1 presents CP models
for scheduling together with descriptions of propagation techniques for constraints used
in these models. Section 22.2 does the same for planning problems. As over the years
dedicated global constraint propagation techniques for resource constraints have received a
lot of attention, they are discussed in more detail in Section 22.3. In Section 22.4 constraint
propagation techniques on optimization criteria are discussed, after which Section 22.5
pays attention to the search procedures that are used in Constraint-Based Planning and
Scheduling to solve resource constraints. Finally in Section 22.6 conclusions are presented
together with identification of potential future research directions.

22.1 Constraint Programming Models for Scheduling

In this section we give an overview of the kind of scheduling problems that are studied
by the Constraint-Based Scheduling community. We present the different components
together with a description of how these components can be modeled as a part of a CSP.

Throughout this chapter we use the following notation. Let{A1, . . . , An} be a set
of n activities and{R1, . . . , Rm} a set ofm resources. Let’s for now consider a basic
scheduling problem where each of the activities has a processing time and requires a certain
capacity from one or several resources. The resources have agiven capacity that can not
be exceeded at any point in time. There may furthermore be a set of temporal constraints
between activities and an objective function. The problem to be solved is to decide when
to execute each activity to optimize the objective function, while respecting both temporal
and resource constraints. Later on in this section several extensions are discussed, but for
now this basic scheduling problem suffices for the discussion.

22.1.1 Activities

When looking at the type of activities in a problem, we distinguishnon-preemptive schedul-
ing, preemptive scheduling, andelastic scheduling. In non-preemptive scheduling, activ-
ities cannot be interrupted. Each activity must execute without interruption from its start
time to its end time. In preemptive scheduling, activities can be interrupted at any time,
e.g., to let some other activities execute. In elastic scheduling the amount of resource as-
signed to an activityAi can, at any timet, assume any value between0 and the resource
capacity, provided that the sum over time of the assigned capacity equals a given value
calledenergy. The equivalent notion of energy in the case of a non-preemptive activity is
the product of its processing time and the capacity required.
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A non-preemptive scheduling problem can be efficiently encoded as a CSP in the fol-
lowing way. For each activity three variables are introduced, start(Ai), end(Ai), and
proc(Ai). They represent the start time, the end time, and the processing time ofAi,
respectively. We are not aware of CP approaches not using this encoding.

With ri the release date anddi the deadline of activityAi as defined in the initial data
of the scheduling problem,[ri, di] is the time window in whichAi has to execute. Based
on that the initial domains ofstart(Ai) andend(Ai) are[ri, lsti] and[eeti, di], respectively.
Herelsti andeeti stand for the latest start time and the earliest end time ofAi. For conve-
nience, we also use this notation to denote the current domains ofstart(Ai) andend(Ai),
i.e., the domains when we are in the process of propagating constraints. Of course in that
case instead of the initial release date and deadline,ri anddi denote the current earliest
start time and latest end time

The processing time of the activity is defined as the difference between the end time
and the start time of the activity:proc(Ai) = end(Ai)− start(Ai). pi denotes the smallest
value in the domain ofproc(Ai). All data related to an activity are summarized in Figure
22.1. Light gray is used to depict the time window[ri, di] of an activity and dark gray is
used to represent the processing time of the activity.
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Figure 22.1: Data related to an activity

Preemptive scheduling problems are more difficult to represent since a schedule is more
complex than a simple set of start and end times of activities. We discuss two possibili-
ties. One can either associate a set variable (i.e., a variable the value of which will be a
set)set(Ai) with each activityAi, or alternatively define a 0-1 variableX(Ai, t) for each
activity Ai and timet. set(Ai) represents the set of times at whichAi executes, while
X(Ai, t) takes value 1 if and only ifAi executes at timet. The processing timeproc(Ai)
of Ai is defined as the number of time pointst at whichAi executes,i.e., as|set(Ai)|. In
practice, theX(Ai, t) variables are not represented explicitly as the value ofX(Ai, t) is 1
if and only if t belongs toset(Ai).

Assuming time is discretized,start(Ai) andend(Ai) can be defined bystart(Ai) =
mint∈set(Ai) t andend(Ai) = maxt∈set(Ai) t + 1. Notice that in the non-preemptive case,
set(Ai) = [start(Ai), end(Ai)), with the interval[start(Ai), end(Ai)) closed on the left
and open on the right so that|set(Ai)| = end(Ai)− start(Ai) = proc(Ai).

These constraints are easily propagated by maintaining a lower bound and an upper
bound for the set variableset(Ai). The lower boundlb(set(Ai)) is a series of disjoint
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intervalsILBui such that eachILBui is constrained to be included inset(Ai). The upper
boundub(set(Ai)) is a series of disjoint intervalsIUBvi such thatset(Ai) is constrained to
be included in the union of theIUBvi . If the size of the lower bound (i.e., the sum of the
sizes of theILBui ) becomes larger than the upper bound ofproc(Ai) or if the size of the
upper bound (i.e., the sum of the sizes of theIUBvi ) becomes smaller than the lower bound
of proc(Ai), a contradiction is detected. If the size of the lower bound (or of the upper
bound) becomes equal to the upper bound (respectively, lower bound) ofproc(Ai), set(Ai)
receives the lower bound (respectively, the upper bound) asits final value. Minimal and
maximal values ofstart(Ai) andend(Ai), i.e., earliest and latest start and end times, are
also maintained. Each of the following rules, considered independently one from another,
is used to update the bounds ofset(Ai), start(Ai) andend(Ai). Let t be any point in time,
then

t < ri ⇒ t /∈ set(Ai)

t ∈ lb(set(Ai))⇒ start(Ai) ≤ t
di ≤ t⇒ t /∈ set(Ai)

t ∈ lb(set(Ai))⇒ t < end(Ai)

[∀u<t u /∈ ub(set(Ai))]⇒ t ≤ start(Ai)

[∀u≥t u /∈ ub(set(Ai))]⇒ end(Ai) ≤ t
start(Ai) ≤ max{u | ∃S⊆ub(set(Ai)) |S| = pi ∧min(S) = u}
end(Ai) ≥ min{u | ∃S⊆ub(set(Ai)) |S| = pi ∧max(S) = u− 1}

Needless to say, whenever any of these rules leads to a situation where the lower bound of
a variable is larger than its upper bound, a contradiction isdetected.

In the following, we may occasionally use the notationsX(Ai, t) andset(Ai) for an
activityAi that cannot be interrupted. In such a case, the following rules are also applied:

X(Ai, t) = 0 ∧ t < eeti ⇒ start(Ai) > t

X(Ai, t) = 0 ∧ lsti ≤ t⇒ end(Ai) ≤ t

Elastic activities are discussed in the following section.

22.1.2 Resource Constraints

When looking at the type of resources found in a problem, we distinguishdisjunctive
schedulingandcumulative scheduling. In a disjunctive scheduling problem, all resources
are of capacity 1 (such resources are often calledmachines) and thus can execute at most
one activity at a time. In a cumulative scheduling problem, resources exist that can execute
several activities in parallel, of course provided that theresource capacity is not exceeded.

Resource constraints represent the fact that activities require some amount of resource
throughout their execution. Given an activityAi and a resourceR whose capacity is
cap(R), generally a variablecap(Ai, R) is introduced that represents the amount of re-
sourceR required by activityAi. Where no confusion is possible we will often omit
“R” and usecap(Ai) to denotecap(Ai, R). For fully elastic activities, thecap(Ai, R)
variable is not meaningful and a variableE(Ai, R) that represents theenergyrequired by
the activity on the resourceR is introduced. Note that for non-elastic activities, we have
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E(Ai, R) = cap(Ai, R)proc(Ai). To represent a schedule, a set of variablesE(Ai, t, R)
is required that denote the number of units of the resourceR used by activityAi at timet.
In all cases, we have the constraint stating that enough resource capacity must be allocated
to activities to cover the energy requirement:

E(Ai, R) =
∑

t

E(Ai, t, R)

If Ai is not an elastic activity, there are some strong relations betweenE(Ai, t, R) and
X(Ai, t):

E(Ai, t, R) = X(Ai, t)cap(Ai, R)

For elastic activities, we have a weaker relation between the variables:

[E(Ai, t, R) > 0]⇔ [X(Ai, t) > 0]

Generally speaking, the resource constraint can be writtenas follows. For each point in
time t

n
∑

i=1

E(Ai, t, R) ≤ cap(R) (22.1)

Depending on the scheduling situation, (22.1) can be rewritten. In the non-preemptive
case, (22.1) leads for all timest to

∑

Ai|start(Ai)≤t<end(Ai)

cap(Ai, R) ≤ cap(R)

In the preemptive case, (22.1) leads for all timest to
∑

Ai|start(Ai)≤t<end(Ai)

X(Ai, t)cap(Ai, R) ≤ cap(R)

22.1.3 Temporal Constraints

Temporal relations between activities can be expressed by linear constraints between start
and end variables of activities. For instance, a standard precedence constraint between two
activitiesA1 andA2 stating thatA2 is to be started afterA1 is ended can be modeled by the
linear constraintend(A1) ≤ start(A2). In general, with bothx andy a start or end variable
andd an integer, temporal relations can be expressed by constraints of the typex− y ≤ d.

When the temporal constraint network is sparse, as it is usually the case in scheduling,
such constraints can be easily propagated using a standard arc-B-consistency algorithm
[49]. In addition, a variant of Ford’s algorithm (see for instance [37]) proposed by Cesta
and Oddi [15] can be used to detect any inconsistency betweensuch constraints, in time
polynomial in the number of constraints and independent of the domain sizes.

When the temporal network is dense or when it is useful to compute and maintain
the minimal and maximal delay between any pair of time pointsin the schedule, path
consistency can be enforced on the network [21] for example by applying Floyd-Warshall’s
All-Pairs-Shortest-Path algorithm [27].
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22.1.4 Extensions of the Basic Model

Although the model presented until now covers quite a numberof scheduling problems, in
this section we pay attention to extensions that are frequently found in industrial applica-
tions.

Alternative resources

In some scheduling situations an activityAi can be scheduled on any one resource from
a setS of resources. We say thatS is the set ofalternative resourcesfor Ai. A common
way to model this is to for each activityAi introduce a variablealtern(Ai) representing
the chosen resource among the resource alternatives. To simplify notation, we assume
that resources are numbered from1 to m and thataltern(Ai) denotes the variable whose
value represents the index of the resource on whichAi is executed. We remark that quite
commonly the processing time of the activity depends on the resource on which the given
activity is executed,i.e., the resources are unrelated. The same goes for the cost of exe-
cuting the activity,i.e., different alternatives can have different costs. Anothercommonly
found type of constraints reasons on interdependencies of resource allocations,e.g., a con-
straint like “if A1 is scheduled on resourceR1 thenA3 has to be scheduled on resource
R2”. These constraints are used to model things like alternative production lines.

Alternative resource constraints are propagated as if the activity Ai were split into
|domain(altern(Ai))| fictive activitiesAui where each activityAui requires resourceRu
[47]. Following this notationrui denotes the earliest start time ofAui , etc.The alternative
resource constraint maintains the constructive disjunction between the alternative activities
Aui for u ∈ domain(altern(Ai)), i.e., it ensures that:

ri = min{rui | u ∈ domain(altern(Ai))}
lsti = max{lstui | u ∈ domain(altern(Ai))}
eeti = min{eetui | u ∈ domain(altern(Ai))}

di = max{dui | u ∈ domain(altern(Ai))}
lb(proc(Ai)) = min{lb(proc(Aui )) | u ∈ domain(altern(Ai))}
ub(proc(Ai)) = max{ub(proc(Aui )) | u ∈ domain(altern(Ai))}

Constraint propagation will deduce new bounds for alternative activitiesAui on the
alternative resourceRu. Whenever the bounds of an activityAui turn out to be incoherent,
the resourceRu is simply removed from the set of possible alternative resources for activity
Ai, i.e., domain(altern(Ai)) becomesdomain(altern(Ai))− {u}.

In some approaches the fictive activitiesAui are actually generated together with a way
to express that only one of them per original activityAi will really require one of the
alternative resources. In this context the generated activitiesAui are often referred to as
optionalactivities. See below for a discussion on optional activities.

Setup times and setup costs

Setup times and setup costs are of great importance in industrial applications. They are
found abundantly and the correct treatment of them is often crucial, both because they are
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a mandatory component to express the problem in the requireddetail as it is needed to find
good solutions with respect to them as they represent a substantial part of the real-life cost.
The setup time (also transition time)setup(A1, A2) between two activitiesA1 andA2 is
defined as the amount of time that must elapse between the end of A1 and the start ofA2,
whenA1 immediately precedesA2 on a given resource. A setup costsetupCost(A1, A2)
can also be associated to the transition betweenA1 andA2. The objective of the scheduling
problem can be to find a schedule that minimizes the sum of the setup costs.

In a vast majority of problems activities subjected to setups are to be scheduled on
the same machine (the semantics of setups is much more complex on resources of ca-
pacity greater than 1). Setup considerations can be combined with alternative resources.
In such a case, two parameters are associated to each tuple(Ai, Aj , Ru): the setup time
setup(Ai, Aj , Ru) and the setup costsetupCost(Ai, Aj , Ru) between activitiesAi andAj
if Ai andAj are scheduled sequentially on the same machineRu. The attached constraint
is thatstart(Auj ) ≥ end(Aui ) + setup(Ai, Aj , Ru). There may furthermore exist a setup
time setup(−, Ai, Ru) (with corresponding costsetupCost(−, Ai, Ru)) that has to elapse
before the start ofAi whenAi is the first activity onRu and, similarly, a teardown time
setup(Ai,−, Ru) (with corresponding costsetupCost(Ai,−, Ru)) that has to elapse after
the end ofAi whenAi is the last activity onRu. Section 22.4.2 pays attention to constraint
propagation methods for setup times and setup costs constraints.

Breakable activities and calendars

In [58] a problem is described that has a lot of properties frequently found in industrial
applications. One such property is the fact resources can begoverned by acalendarunder
which activities scheduled on the resource are executed. Such a calendar thus defines the
execution conditions for activities and consists of a list of breaks and aproductivity profile.
An activity scheduled on the resource at hand can be interrupted by breaks smaller than
the maximal break durationmBD. An activity is thusbreakablewhenmBD > 0 andnot
breakablewhenmBD = 0. The productivity profile defines the efficiency of the activity
execution. If an activity is scheduled in a time interval with productivityp%, p% of a
processing time unit is executed per time unit. A productivity below 100% thus means
that per time unit less than one processing time unit is executed which in turn implies that
the duration of an activity will exceed its processing time.For productivities exceeding
100% obviously the inverse holds. The processing time of an activity is therefore equal to
the integral, from start to end, of the productivity. We refer to [65] for a more extensive
discussion on breakable activities and productivity profiles.

A CP model for this consists in introducing aduration variableper activity and re-
defining the meaning of the processing time variable. The duration variabledur(Ai) of
an activity is then defined as the difference between the end time and the start time of the
activity: dur(Ai) = end(Ai) − start(Ai). The processing time variable is defined as the
time it will take to execute the activity when it is not interrupted by breaks and all along
the execution the productivity is exactly100%. All four activity variablesstart, end, dur,
andprocare governed by the break constraint and the productivity profile constraint of the
resource on which the activity is executed. For sake of clarity we do not use this mean-
ing for the processing time variable in the rest of this chapter, i.e., the processing time is
defined as the difference between the end time and the start time of an activity.
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Optional activities/leaving activities unperformed

Whether coming from alternative resources (see above) or directly present in the model, in
many scheduling problems activities exist for which it is not yet decided whether they will
be executed on a resource or not. Such activities are often referred to asoptionalactivities.

Modeling an optional activity is often obtained by allowingthe processing time variable
to take on the value0. Care is to be taken then that non-standard precedence constraints
are not still active. If for instance an optional activityA1 is part of a chain of activities
and a precedence constraint of the typeend(A1) + d ≤ start(A2) is defined, setting the
processing time variable to become 0 and keeping the precedence constraint active will still
induce a possibly unwanted delayd between the predecessors ofA1 andA2. Another way
to model optional activities is to introduce a variable per activity expressing whether the
activity really exists or not. This is obviously a more direct way of modeling but requires
the adaptation of propagation algorithms to deal with this additional variable and concept
[78].

In industrial scheduling problems one often finds the possibility of subcontracting an
activity Ai, this against a certain incurred costcosti. This means that the activity does
not use resource capacity but does take time. A way to model this is to allow the capacity
variablecap(Ai) to take on the value0 and to introduce a variablecost representing the cost
together with the constraintcap(Ai) = 0⇒ cost = costi. Another way to model this is to
introduce an alternative resource corresponding to the subcontracting alternative. This can
be interesting if subcontracting is subject to a different calendar than in-house production,
which of course is not uncommon. The cost of the alternative would correspond tocosti.
On the “subcontracting” resource one would in this case not enforce the capacity constraint,
even though this model can easily be extended to enforce the capacity constraint to model
restricted subcontracting possibilities.

In [58] a model is described where one can decide that an activity will be left unper-
formed, meaning that the activity will not require capacity, but will obey potential temporal
constraints, etc., and will also obey the calendar of the chosen resource. This corresponds
to the situation where one wants to include the possibility to temporarily increase the pro-
duction capacity in its own production facility, this of course against a certain cost. Other
useful constraints included areperformance compatibility constraintbetween two activi-
ties expressing that either they are both performed or they are both unperformed.

State resources

A state resource represents a resource of infinite capacity,the state of which can vary over
time. Each activity may, throughout its execution, requirea state resource to be in a given
state (or in any of a given set of states). Consequently, two activities may not overlap if
they require incompatible states of a state resource duringtheir execution. Adaptations
of the Timetable Constraint (see Section 22.3.2) and Disjunctive Constraint (see Section
22.3.1) are used as basic propagation algorithms on those resources.

Reservoirs

A reservoir resource is a multi-capacity resource that can be consumed and/or produced by
activities. A reservoir has an integer maximal capacity andmay have an initial level. As
an example of a reservoir you can think of a fuel tank. Note that a cumulative resource can
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be seen as a special case of a reservoir that is consumed at thebeginning of the activity
and produced in the same quantity at the end of the activity when the activity releases the
resource.

The Timetable Constraint presented in Section 22.3.2 can begeneralized to the case
of reservoirs and is classically used as the basic propagation algorithm on those resources.
However, we will see in Section 22.3.3 that other techniquesare available to provide addi-
tional propagation.

22.1.5 Objective Function

Finally, decisionproblems andoptimizationproblems are distinguished. In decision prob-
lems, one has only to determine whether a schedule exists that meets all constraints. In
optimization problems, an objective function has to be optimized. In this chapter we con-
centrate on problems where there is one objective function,i.e., we do not consider cases
where multiple objective functions are defined.

The commonly used way of modeling an objective function is simply by introducing
a variablecriterion that is constrained to be equal to the value of the objective function.
Although the minimization of the makespan,i.e., the end time of the schedule, is commonly
used, other criteria are of great practical intereste.g., the sum of setup times or costs,
the number of late activities, the maximal or average tardiness or earliness, storage costs,
alternative costs, the peak or average resource utilization, etc. We will come back to these
criteria later.

Many of the classical scheduling criteria take into accounta due dateδi that one would
like to meet for each activity. In contrast to a deadlinedi which is mandatory, a due dateδi
can be seen as a preference. In the following,Ci denotes the completion time of activity
Ai. LatenessLi of Ai is defined as the difference between the completion time and the
due date ofAi, i.e., Li = Ci − δi. The tardinessTi of Ai is defined asmax(0, Li), while
earliness ofAi is defined asmax(0,−Li). The notationUi is used to denote a unit penalty
per late job,i.e.,Ui equals 0 whenCi ≤ δi and equals 1 otherwise. See also Figure 22.2.
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Figure 22.2: Some scheduling related objective functions

The commonly studied criteriaF are either formulated as a sum or as a maximum. A
weight per activitywi may be used to give more importance to some activities. We mention
the following well-known optimization criteria:

• Makespan:F = Cmax = maxCi
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• Total weighted flow (or completion) time:F =
∑

wiCi

• Maximum tardiness:F = Tmax = maxTi

• Total weighted tardiness:F =
∑

wiTi

• Total weighted number of late jobs:F =
∑

wiUi

For these simple cases which are the most often studied in theliterature, the objective
function is thus a function of the end variables of the activities.

criterion = F (end(A1), . . . ,end(An))

In that case, the objective constraint is a simple arithmetic expression on which arc-B-
consistency can be easily achieved.

Considering the objective constraint and the resource constraints independently is not
a problem whenF is a maximum such asCmax or Tmax. Indeed, the upper bound on
criterion is directly propagated on the completion time of each activity, i.e., latest end
times are tightened efficiently. The situation is much more complex for sum functions
such as

∑

wiCi,
∑

wiTi, or
∑

wiUi. For these functions, efficient constraint propagation
techniques must take into account the resource constraintsand the objective constraint
simultaneously. We pay attention to propagation for sum functions in Section 22.4. There
we will also pay attention to objective functions that are not a function of the end variables
of the activities like sum of setup times and sum of setup costs.

Once all constraints of the problem are added, the most commonly used technique to
look for an optimal solution is to solve successive decisionvariants of the problem. Several
strategies can be considered to minimize the value ofcriterion. One way is to iterate on the
possible values, either from the lower bound of its domain upto the upper bound until one
solution is found, or from the upper bound down to the lower bound determining each time
whether there still is a solution. Another way is to use a dichotomizing algorithm, where
one starts by computing an initial upper boundub(criterion) and an initial lower bound
lb(criterion) for criterion. Then

1. SetD =

⌊

lb(criterion) + ub(criterion)

2

⌋

2. Constraincriterion to be at mostD. Then solve the resulting CSP,i.e., determine
a solution withcriterion ≤ D or prove that no such solution exists. If a solution
is found, setub(criterion) to the value ofcriterion in the solution; otherwise, set
lb(criterion) toD + 1.

3. Iterate steps 1 and 2 untilub(criterion) = lb(criterion).

22.2 Constraint Programming Models for Planning

While the previous section presented CP models for scheduling, in this section we pay
attention to CP models for planning as studied by the Constraint-Based Planning commu-
nity. In this section and in general throughout this chapterwe assume that the readers are
familiar with basic planning techniques and terminology. For more information on such
planning techniques and terminology, we refer to [36].
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A general formulation of the planning problem defines three inputs in some formal
language:

1. A description of the initial state and expected changes ofthe world,

2. A description of the agent’s goal (i.e., what behavior is desired), and

3. A description of the possible actions that can be performed. This last description is
often called a domain theory.

The planner’s output is a feasible sequence of actions referred to as aplanwhich, when
executed in any world satisfying the initial state and undergoing the expected changes, will
achieve the agent’s goal.

22.2.1 CSPs for Planning-Graph Techniques

The classical STRIPS [26] representation describes the initial state of world with a com-
plete set of ground propositions. The representation is restricted to goals of attainment, and
these goals are defined as a conjunction of propositions; allworld states satisfying the goal
formula are considered equally good. A domain theory completes a planning problem. In
the STRIPS representation, each operator is described witha conjunctive precondition and
conjunctive effect that define a transition function from states to states. An action is a fully
grounded operator. An action can be executed in any states satisfying the precondition
formula. The effect of executing an action in a states is described by eliminating froms
each proposition of the action delete-list and adding tos each proposition from the action
add-list. The add-list and delete-list of the action are called the effect of the action. This
defines the so called classical planning problem.

For instance in a blocks world domain, the propositions for describing the state of the
world are shown in Table 22.1. The operators of this planningdomain move a clear block
onto another clear block or the table as shown in Table 22.2.

clear(X): There is no block on block X.
onT (X): Block X is on the table.
on(X, Y ): Block X is on block Y.

Table 22.1: Propositions for the blocks world domain

In this section, we will consider the planning problem with initial state: [on(C,A) ∧
onT (A) ∧ onT (B)] and goal state:[on(A,B) ∧ on(B,C)] depicted in Figure 22.3.

In recent years, researchers have investigated the reformulation of planning problems
as constraint satisfaction problems (CSPs) in an attempt touse powerful algorithms for
constraint satisfaction to find plans more efficiently [73, 23, 51]. In these approaches, each
CSP typically represents the problem of finding a plan with a fixed number of steps. A
solution to the CSP can be mapped back to a plan; if no solutionexists, the number of
steps permitted in the plan is increased and a new CSP is generated.

Graphplan [6] works on STRIPS domains by creating a planninggraph which repre-
sents the set of propositions which can be achieved after a number of steps along with
mutual exclusion (mutex) relationships between propositions and actions. Mutually exclu-
sive actions are actions that cannot be executed in the same step. Two actions in the same
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BB(X,Y,Z) Move X from atop Y to atop Z
preconditions: clear(X) ∧ clear(Z) ∧ on(X, Y )

add-list: clear(Y ) ∧ on(X, Z)
delete-list: clear(Z) ∧ on(X, Y )

TB(X,Y) Move X from the table to atop Y
preconditions: clear(X) ∧ clear(Y ) ∧ onT (X)

add-list: on(X, Y )
delete-list: clear(Y ) ∧ onT (X)

BT(X,Y) Move X from atop Y to the table
preconditions: clear(X) ∧ on(X, Y )

add-list: onT (X) ∧ clear(Y )
delete-list: on(X, Y )

Table 22.2: Operators for the blocks world domain

Initial state Goal state

AA

AA

BB
BB

CC
CC

Figure 22.3: A planning problem

step are mutex if either of the actions deletes a precondition or add-effect of the other.
Two propositionsp andq in the same step are mutex if all possible actions for establishing
propositionp are exclusive with all possible actions for establishing propositionq. If two
actionsa andb have some mutex precondition then they are mutex. Note that the persis-
tence of a proposition between two steps is considered as a particular type of action called
a persistenceaction.

This planning graph is then searched for a plan which achieves the goals from the initial
state and that is mutex-free in each step. The planning graphcorresponding to our blocks
world example with 3 developed steps is shown in Figure 22.4.Note that this planning
graph is not complete, some mutex are missing in all steps andsome actions are missing
in step 2.

While the original algorithm performed backward search, the plan graph can also be
transformed into a CSP which can be solved by any CSP solver.

In [23], variables of this CSP are propositions distinguished by step. Values are possible
actions for establishing those propositions with a specialdummy value (⊥) stating that
the proposition is inactive. Constraints say that preconditions of actions that are used to
establish active propositions cannot be inactive and mutexaction/proposition pairs must
be satisfied. For instance, a constrainton A B G = TB A B ⇒ (onT A3 6= ⊥ ∧
clear A3 6= ⊥ ∧ clear B3 6= ⊥) means that if propositionon A B in the goal state is to
be established by actionTB A B, then, it means that propositionsonT A, clear A and
clear B must hold in step3, that is, they must have been established by some action. A
fragment of the CSP corresponding to the planning graph of Figure 22.4 is shown in Table
22.3.
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Figure 22.4: Planning graph with 3 steps

Variables: on C A1, onT A1, clear B1, clear C1, onT B1,
on C B2, clear A2, onT C2, on C A2, onT A2, clear B2, clear C2, onT B2, on B C2,
on A C3, on A B3, clear A3, on B A3, onT A3, clear B3, clear C3, onT B3, on B C3,
on A BG, on B CG,...

Domains: on C A1 : {Init}, onT A1 : {Init}, clear B1 : {Init}, clear C1 : {Init}, onT B1 : {Init},
on C B2 : {BB C A B,⊥}, clear A2 : {BB C A B,BT C A,⊥}, onT C2 : {BT C A,⊥},
on C A2 : {Persist,⊥}, onT A2 : {Persist,⊥}, clear B2 : {Persist,⊥},
clear C2 : {Persist,⊥}, on B C2 : {TB B C,⊥}, onT B2 : {Persist,⊥}, ...
on A BG : {BB A C B, TB A B,Persist,⊥}, on B CG : {TB B C,BB B A C,⊥}

Constraints: activity preconditions
on A B G = TB A B ⇒ (onT A3 6= ⊥ ∧ clear A3 6= ⊥ ∧ clear B3 6= ⊥)
on A B G = BB A C B ⇒ (on A C3 6= ⊥ ∧ clear A3 6= ⊥ ∧ clear B3 6= ⊥)
...

Constraints: mutexes
on C B2 = BB C A B ⇒ onT C2 6= BT C A
...

Constraints: goal state
on C BG 6= ⊥, on A BG 6= ⊥

Table 22.3: Fragment of the generated CSP problem for 3 steps



Baptiste et al. 773

If no solution is found, the planning graph is extended by adding an additional step and
the CSP is extended accordingly until it is feasible. In the example, the CSP with 3 steps
is feasible and a solution is: step 1:BT C A, step 2:TB B C, step 3:TB A B.

In [51], a slightly different CSP model is used with only boolean variables, one variable
for each proposition in each step and one variable for each action in each step. Some
redundant constraints (other than mutex) are identified andadded to the CSP model. For
instance the fact that an action cannot be immediately followed by its opposite action in a
plan of optimal length.

In general, the reformulated problem is solved using classical CSP techniques (arc-
consistency, dynamic variable ordering, memoization) anddoes not require specific con-
straint propagation techniques this is the reason why we will not focus on this family of
approaches in the sequel of this chapter.

22.2.2 CSPs in Plan-Space Search

A second growing trend in planning is the extension of planning systems to reason about
both time and resources. STRIPS is simply not expressive enough to represent more real-
istic planning problems. This demand for increased sophistication has led to the need for
more powerful techniques to reason about time and resourcesduring planning.

In Constraint-Based Planning, each search node representsa partial plan and consists
of a set of time intervals, connected by constraints. The partial plan may be incomplete,
in that constraints are not necessarily satisfied and pending choices have not been made.
The planning process then involves modifying a partial planuntil it has been turned into
a complete and valid plan. Traditional search-based methods accomplish this by trying
different options for completing partial plans, and backtracking when constraints are found
to be violated. Constraint reasoning methods, such as propagation and consistency checks
can be used to help out in that process.

The scheduling community has used constraint satisfactiontechniques to perform this
sort of reasoning. The main difference between constraint-based planning and scheduling
is that, in planning, the set of activities of the plan is not completely known a-priori and
must be determined during the search. The rules that govern the insertion of new activities
in the plan are expressed as implicit or explicit constraints and, although they slightly differ
from one planning system to the other [35, 42, 18, 40, 32], they all have the same flavor.

To fix the ideas, we will use in this section the IxTeT formalism [35, 42]. In this
planning language the state of the world is described by a setof multi-valued state attributes
together with a set of resource attributes. Each state attribute describes a particular feature
of the world, for instance the position of a block. A resourceis an object (or a set of
objects) that can be simultaneously shared by several actions provided its maximal capacity
is not exceeded. Operators (or tasks) are temporal structures composed of a set of events
describing the changes of the world induced by the task (event), a set of assertions on state
attributes describing conditions that must remain true during some time intervals (hold)
and a set of resource usage (use, produce, consume) describing how the task uses some
resources. All the above statements refer to time points that can be constrained with respect
to the time interval [start,end] of the task. An example of model for the blocks world
domain is shown in Table 22.4. Note that the domain is represented here with a finer grain
than the STRIPS definition in Section 22.2.1: the operator isdefined with internal time
points, delays between these time points (duration) are expressed together with resource
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requirements (here, the task requires one hand from the two hands that are available to
move the blocks). Beside resource usage, note that state attributes are very similar to state
resources used in scheduling (see section 22.1.4) in that notask requiring a given state
attribute to take different value can overlap in time.

constant blocks ={a, b, c};
positions ={a, b, c, table, hand};

attribute clear(?x){ ?x in blocks;?value in{yes, no}; }
on(?x){ ?x in blocks;?value inpositions;}

resource hands(){ capacity= 2; }
task TB(?x, ?y)(start, end) {

// Move ?x from the table to atop ?y
timepoint t1, t2;
event(clear(?x):(yes,no),start);
event(on(?x):(table,hand), t1);
event(on(?x):(hand,?z), t2);
event(clear(?z):(yes,no), t2);
hold(on(?x):hand, (t1, t2));
event(clear(?x):(no,yes),end);
hold(clear(?x):no, (start, end));
use(hands(): 1, (start, end));
(t1 - start) in [00:10, 00:20];
(t2 - t1) in [00:15, 00:25];
(end - t2) in [00:10, 00:20];
}

Table 22.4: Part of the blocks world domain in IxTeT

A partial plan is a set of tasks together with a set of constraints between the tasks
variables (including temporal constraints between the task time points). The initial plan
only contains a fake start task that asserts all the state attributes of the initial state and
a fake end task that has the goal as (non-established) preconditions. A partial plan is
complete and valid if and only if each instantiation of all the variables of the partial plan
lead to a feasible fully-grounded plan where (1) the change of state attributes over time
is non-ambiguously defined by and consistent with the eventsand assertions of the tasks
of the plan and (2) resource constraints are satisfied. Figure 22.5 shows an example of a
partial plan.

Partial plans are iteratively refined at each search node until the partial plan is complete
and valid. Three types of plan refinements are considered:

• Non-established conditions are those events or assertionsthat are still not established
by a task or the initial state. For instance, in the partial plan of Figure 22.5, the con-
dition clear(A) : yes related with the event at the start time point of taskTB(A,B)
is still not established. Non-established conditions can be established by an exist-
ing event in the plan or by inserting a new task. In the case of the example, a new
taskBT (C,A) could be added before the start of taskTB(A,B) to establish the
condition.

• Possible conflicts between unordered events/assertions are pairs of statements that
may require the same state attribute to take different values at the same moment.
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Initial state Goal state

AA BB
CC

AA
BB
CC

TB(B,C)

start endt1 t2

on(B):hand→C

on(B):table→hand

on(B):C

on(A):B

on(B):table

on(A):table

on(C):A

clear(A):no

clear(B):yes clear(B):yes→no

TB(A,B)

start endt1 t2

on(A):hand→B

on(A):table→hand

clear(A):yes→no?

?

[10,20] [10,20]

[10,20] [10,20][15,25]

[15,25]

use(hands():1)

use(hands():1)

Figure 22.5: Partial plan

These incompatibility constraints can be solved by postingprecedence constraints
to order the conflicting events/assertions.

• Possible resource conflicts are subsets of resource requirements that may overlap in
time and would in this case over-consume the resource. This would be the case of
the two tasks in the example if the maximal capacity of the resourcehands is 1.
These resource conflicts can be solved by ordering the tasks or, in case the resource
can be produced, by inserting a task that produces the resource.

In Constraint-Based Planning, the partial plan is usually represented as a CSP with
variables representing the task time points together with non-temporal variables appearing
in the task definition as well as special variables representing the tasks that can be used to
establish conditions in the partial plan. Specialized constraint propagation algorithms can
be used to reduce the domain of variables or to deduce new temporal constraints. As far
as time and resources are concerned, these propagation algorithms are essentially the same
as the ones developed for pure scheduling problems, which will be described in Section
22.3. Indeed, unless stated otherwise, all the algorithms described in Section 22.3 can
be implemented so as to accept other tasks and variables as the search evolves. We also
sketch in that section how some of these algorithms can be adapted to propagate on state
attributes. See [75] for recent advances in the field of usingConstraint Programming in
Plan-Space Search.
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22.3 Constraint Propagation for Resource Constraints

Resource constraintsrepresent the fact that activities require some amount of resource
throughout their execution. In this section propagation for resource constraints is described
for unary resources (machines), cumulative resources, andreservoirs. As we will see,
the propagation of resource constraints is a purely deductive process that allows to de-
duce inconsistencies and to tighten the temporal characteristics of activities and resources.
Throughout this section, we will concentrate on non-preemptive scheduling. We refer the
reader to [5] for the generalization of the described constraint propagation techniques to
preemptive and elastic scheduling.

22.3.1 Unary Resources

Several mechanisms have been developed to propagate unary resource constraints. Here
we restrict the discussion to the disjunctive constraint propagation scheme and to the well-
known edge-finding algorithm. Also note that the time tabling mechanism described in
Section 22.3.2 can be applied to unary resources. We refer to[5] for a detailed introduction
and comparison of several other constraint propagation techniques.

Disjunctive constraint propagation

Two activitiesAi andAj requiring the same unary resource cannot overlap in time. So,
eitherAi precedesAj or Aj precedesAi. If n activities require the resource, one thus
hasn(n − 1)/2 (explicit or implicit) of such disjunctive constraints. Variants exist in the
literature [24, 8, 44, 68, 74, 4], but in most cases the propagation consists of maintaining
arc-B-consistency on the formula:

[end(Ai) ≤ start(Aj)] ∨ [end(Aj) ≤ start(Ai)]

Enforcing arc-B-consistency on this formula is done as follows. Whenever the earliest
end time ofAi exceeds the latest start time ofAj , Ai cannot precedeAj ; henceAj must
precedeAi. The time bounds ofAi andAj are consequently updated with respect to the
new temporal constraintend(Aj) ≤ start(Ai). Similarly, when the earliest end time of
Aj exceeds the latest start time ofAi, Aj cannot precedeAi. When neither of the two
activities can precede the other, a contradiction is detected.

In Constraint-Based Planning, the disjunctive constraintcan easily be adapted to prop-
agate conflicts between mutually exclusive statements [75].

Edge-finding

The edge-finding constraint propagation technique consists of deducing that some activities
from a given setΩ must, can, or cannot, execute first (or last) inΩ. Such deductions
lead to new ordering relations (“edges” in the graph representing the possible orderings of
activities) and new time bounds,i.e., strengthened earliest start times and latest end times
of activities.

In the following, rΩ, dΩ, andpΩ denote the smallest of the earliest start times, the
largest of the latest end times, and the sum of the minimal processing times of the activities
in Ω, respectively. LetAi ≪ Aj (Ai ≫ Aj) mean thatAi executes before (after)Aj and
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Ai ≪ Ω (Ai ≫ Ω) mean thatAi executes before (after) all the activities inΩ. Once again,
variants exist [9, 10, 11, 12, 54, 7, 52, 59, 77] but the following rules capture the “essence”
of the edge-finding propagation technique:

∀Ω ∀Ai /∈Ω [dΩ∪{Ai} − rΩ < pΩ + pi]⇒ [Ai ≪ Ω]

∀Ω ∀Ai /∈Ω [dΩ − rΩ∪{Ai} < pΩ + pi]⇒ [Ai ≫ Ω]

∀Ω ∀Ai /∈Ω [Ai ≪ Ω]⇒ [end(Ai) ≤ min
∅6=Ω′⊆Ω

(dΩ′ − pΩ′)]

∀Ω ∀Ai /∈Ω [Ai ≫ Ω]⇒ [start(Ai) ≥ max
∅6=Ω′⊆Ω

(rΩ′ + pΩ′)]

If n activities require the resource, there are a prioriO(n ∗ 2n) pairs(Ai,Ω) to consider.
Still, it is easy to see that when a rule is applied for some setΩ, the same rule provides even
better deductions for the supersetΩ′ = {Ai | [ri, di) ⊆ [rΩ, dΩ)}. This makes that one
can restrict the rules to setsΩI made of all activities whose time window belongs to some
interval I. As there are no more thatO(n2) such intervalsI, we have a straightforward
polynomial algorithm, running in cubic time, to implement the edge-finding rules. Algo-
rithms that perform all the time bound adjustments inO(n2) are presented in [10, 56, 54].
Another variant of the edge-finding technique is presented in [11]. It runs inO(n log n)
but requires much more complex data structures. [77] presents another variant running in
O(n log n) that requires less complex data structures than the ones used in [11].

Techniques similar to edge-finding have been proposed to propagate groups of mutex
relations in planning [75].

“Not-first” and “not-last” rules

“Not-first” and “not-last” propagation rules have also beendeveloped as a “negative” coun-
terpart to edge-finding. These rules deduce that an activityAi cannot be the first (or the
last) to execute inΩ ∪ {Ai}.

∀Ω ∀Ai /∈Ω [dAi
− rΩ < pΩ + pi]⇒ [end(Ai) ≤ max

B∈Ω
lstB]

∀Ω ∀Ai /∈Ω [dΩ − rAi
< pΩ + pi]⇒ [start(Ai) ≥ min

B∈Ω
eetB]

The corresponding time bound adjustments can be made inO(n2) [3, 71].

Conjunctive reasoning between temporal and resource constraints

The above given propagation techniques reason on the time bounds of activities on one
unary resource. In [57, 69] propagation techniques are presented that reason on the combi-
nation of time bounds of activities on multiple unary resources and the temporal constraints
linking these activities. Even though these techniques have led to good computational re-
sults, they have not yet been studied much. Propagation techniques that reason on the
combination of activity time bounds and temporal constraints on one cumulative resource
or reservoir have been studied. We discuss these techniquesin the Section 22.3.3.
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22.3.2 Cumulative Resources

Cumulative resource constraints represent the fact that activities Ai use some amount
cap(Ai) of resource throughout their execution. Many algorithms have been proposed
for the propagation of the non-preemptive cumulative constraint. A limited subset of these
algorithms is presented in this section. In the remainder ofthis chapter,ci denotes the
minimal value ofcap(Ai), i.e., the minimal capacity required byAi.

Timetable constraint

First we consider the timetable mechanism, widely used in Constraint-Based Schedul-
ing tools, that allows to propagate the resource constraintin an incremental fashion. The
“timetable” is used to maintain information about resourceutilization and resource avail-
ability over time. Resource constraints are propagated in two directions. From resources
to activities, to update the time bounds of activities (earliest start times and latest end
times) according to the availability of resources; and fromactivities to resources, to up-
date the timetables according to the time bounds of activities. Although several variants
exist [44, 31, 45, 67, 50] the propagation mainly consists ofmaintaining for any timet
arc-B-consistency on the formula:

∑

Ai|start(Ai)≤t<end(Ai)

cap(Ai) ≤ cap(R)

Disjunctive constraint

LetAi andAj be two activities such thatci+cj > cap(R). As such they cannot overlap in
time and thus eitherAi precedesAj orAj precedesAi, i.e., the disjunctive constraint holds
between these activities. In general the disjunctive constraint achieves arc-B-consistency
on the formula

[cap(Ai) + cap(Aj) ≤ cap(R)] ∨ [end(Ai) ≤ start(Aj)] ∨ [end(Aj) ≤ start(Ai)]

Energy reasoning

Energy based constraint propagation algorithms compare the amount of energy provided
by a resource over some interval[t1, t2) to the amount of energy required by activities
that have to be processed over this interval. [25] proposes the following definition of the
required energy consumption that takes into account the fact that activities cannot be in-
terrupted. Given an activityAi and a time interval[t1, t2),WSh(Ai, t1, t2), the “Left-Shift
/ Right-Shift” required energy consumption ofAi over[t1, t2) is ci times the minimum of
the three following durations.

• t2 − t1, the length of the interval;

• p+
i (t1) = max(0, pi −max(0, t1 − ri)), the number of time units during whichAi

executes after timet1 if Ai is left-shifted,i.e., scheduled as soon as possible;
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• p−i (t2) = max(0, pi −max(0, di − t2)), the number of time units during whichAi
executes before timet2 if Ai is right-shifted,i.e., scheduled as late as possible.

This leads toWSh(Ai, t1, t2) = cimin(t2− t1, p+
i (t1), p

−
i (t2)). In Figure 22.6 an example

is given where the required energy consumption ofA1 over [2, 7) is 8. Indeed, at least 4
time units ofA1 have to be executed in[2, 7); i.e.,WSh(A, 2, 7) = 2 min(5, 5, 4) = 8.
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Figure 22.6: Left-Shift / Right-Shift.

The Left-Shift / Right-Shift overall required energy consumptionWSh(t1, t2) over an
interval[t1, t2) is then defined as the sum over all activitiesAi ofWSh(Ai, t1, t2). The Left-
Shift / Right-Shift slackSSh(t1, t2) over[t1, t2) is defined asC(t2 − t1)−WSh(t1, t2). It
is obvious that if there is a feasible schedule thenSSh(t1, t2) ≥ 0 for all t1 andt2 such that
t2 ≥ t1.

It is shown in [5] how the values ofWSh can be used to adjust activity time bounds.
Given an activityAi and a time interval[t1, t2) with t2 < di, it is examined whetherAi
can end beforet2. If there is a time interval[t1, t2) such that

WSh(t1, t2)−WSh(Ai, t1, t2) + cip
+
i (t1) > C(t2 − t1)

then a valid lower bound of the end time ofAi is

t2 +
1

ci
(WSh(t1, t2)−WSh(Ai, t1, t2) + cip

+
i (t1)− C(t2 − t1))

Similarly, when

WSh(t1, t2)−WSh(Ai, t1, t2) + cimin(t2 − t1, p+
i (t1)) > C(t2 − t1),

Ai cannot start beforet1 and a valid lower bound of the start time ofAi is

t2 −
1

ci
(C(t2 − t1)−WSh(t1, t2) +WSh(Ai, t1, t2)).

[5] presents aO(n3) algorithm to compute these time bound adjustments for alln ac-
tivities. It is first shown there areO(n2) intervals[t1, t2) of interest. Given an interval
and an activity, the adjustment procedure runs inO(1). As such the obvious overall com-
plexity of the algorithm is thusO(n3). An interesting open question is whether there is a
quadratic algorithm to compute all the adjustments on theO(n2) intervals under consid-
eration. Another open question at this point is whether the characterization of theO(n2)
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time intervals in [5] can be sharpened in order to eliminate some intervals and reduce the
practical complexity of the corresponding algorithm. Finally, it seems reasonable to think
that the time bound adjustments could be sharpened. Even though the energy tests can be
limited (without any loss) to a given set of intervals, it could be that the corresponding
adjustment rules cannot.

22.3.3 Conjunctive Reasoning between Temporal and Resource Constraints

The propagation algorithms described in the previous section reason on the time bounds
of activities (ri, lsti, eeti,di) and do not directly take into account the precedence con-
straints that may exist between them. We describe in this section two recently proposed
propagation algorithms respectively on cumulative resources and reservoirs. Like previous
propagation algorithms, both of them are used to discover new time bounds and/or new
precedence relations. The main originality lies in the factthat they analyze the relative po-
sition of activities (precedence relations in the precedence graph) rather than their absolute
position only, as was the case for the previously discussed propagation techniques. As a
consequence, they allow a much stronger propagation when the time windows of activities
are large and when the current schedule contains a lot of precedence relations, which is
typically the case when integrating planning and scheduling.

Precedence graph

The algorithms presented in this section require that a temporal network representing the
relations between the time points of all activities (start and end times) using the Point Al-
gebra [76] is maintained during search. We denote the set of qualitative relations between
time points by{∅,≺,�,=,≻,�, 6=, ?}. The temporal network is in charge of maintaining
the transitive closure of those relations.

If si andei denote the start and end time-point of activityAi, the initial set of relations
consist of the precedencessi ≺ ei for each activityAi andxi � xj or xi ≺ xj for each
precedence constraintxi ≤ xj + dij depending on the value ofdij . For instance, for a
precedence constraintend(Ai) ≤ start(Aj) between two activitiesAi andAj , the initial
precedence graph contains the relationei � sj .

During search additional precedence relations can be addedas decisions or as the result
of constraint propagation.

Energy precedence constraint

The energy precedencepropagation [41] for an activityAi on a cumulative resourceRk
ensures that for each subsetφ of predecessor activities of activityAi the resource provides
enough energy to execute all activities inφ betweenrφ andsi. More formally, it performs
the following deduction rule

∀φ⊆{Aj |ej�si} start(Ai) >= rφ + ⌈Eφ/cap(Rk)⌉
whereEφ is the sum of the minimal value ofE(Aj , Rk) (minimal energy) over allAj
in φ. The propagation of the energy precedence constraint can beperformed for all the
activities on a resource and for all the subsetsφ with a total worst-case time complexity of
O(n(p + log(n)) wheren is the number of activities on the resource andp the maximal
number of predecessors of a given activity in the temporal network (p < n).
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Balance constraint

On a reservoir resource, ifx is the start or end time of an activity that changes the reservoir
level, we denote byq(x) the integer variable representing the relative change of the reser-
voir level due to the activity. By convention,0 < q(x) represents a production event and
q(x) < 0 a consumption event. The basic idea of thebalance constraint[41] is to for each
eventx compute an upper and lower bound on the reservoir level at thetime ofx. Using
the temporal network, an upper bound on the reservoir level at datex− ǫ just beforex can
be computed assuming that:

• All the production eventsy that may be executed strictly beforex are executed
strictly beforex and produce as much as possible,i.e., produceub(q(y)) (denoted
by qmax(y)). LetPoss�(x) = {y | ¬(x ≺ y)} denote the set of events that may be
executed before or at the same time asx.

• All the consumption eventsy thatneedto be executed strictly beforex are executed
strictly beforex and consume as little as possible,i.e., consumeqmax(y)1. Let
Nec≺(x) = {y | (y ≺ x)} denote the set of events that necessarily execute strictly
beforex.

• All the consumption events thatmayexecute simultaneously or afterx are executed
simultaneously or afterx.

More formally, if P is the set of production events andC the set of consumption events,
the upper bound can be computed as follows:

L<max(x) =
∑

y∈P∩Poss�(x)

qmax(y) +
∑

y∈C∩Nec≺(x)

qmax(y) (22.2)

For symmetry reasons, we describe only the propagation based onL<max(x). Using this
bound, the balance constraint is able to discover four typesof information: dead ends, new
bounds for required capacity variables, new bounds for timevariables, and new precedence
relations.

• Discovering dead ends. This is the most trivial propagation. WheneverL<max(x) <
0, we know that the level of the reservoir will surely be negative just before eventx
so the search has reached a dead end.

• Discovering new bounds on required capacity variables. Suppose there exists a con-
sumption eventy ∈ Nec≺(x) such thatqmax(y)− qmin(y) > L<max(x). If y would
consume a quantityq such thatqmax(y) − q > L<max(x) then, simply by replacing
qmax(y) by q in (22.2), we see that the level of the reservoir would be negative just
beforex. Thus, we can deduce thatq(y) ≥ qmax(y)− L<max(x).

• Discovering new bounds on time variables.

\Nec≺(x) consists of the set of events that may but need not necessarily execute
strictly beforex, i.e., they can also execute at the same time as or afterx. LetP (x)

1For a consumption event,q < 0 and thus,qmax really corresponds to the smallest consumption of the
event.
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denote the set of production events inPoss�(x) \Nec≺(x). The reasoning behind
the deduction here is that if the maximal reservoir level of all events necessarily ex-
ecuted strictly beforex is negative, then some production events inP (x) need to be
scheduled beforex, more specificallyx needs to be scheduled after a sufficient num-
ber of these production events to not have a negative reservoir level. More formally,
let’s rewrite (22.2) as follows:

L<max(x) =
∑

y∈Nec≺(x)

qmax(y) +
∑

y∈P∩(Poss�(x)\Nec≺(x))

qmax(y)

The first term of this equation is the sum of the maximal production and minimal
consumption of the events that necessarily execute strictly beforex, thus giving the
maximal reservoir level. AsL<max(x) ≥ 0, we know that if this term is negative, it
means that some production events inP (x) will have to be executed strictly before
x in order to produce at least:

∆<
min(x) = −

∑

y∈Nec≺(x)

qmax(y)

We suppose the production events(y1, · · · , yi, · · · , yp) in P (x) are ordered by non-
decreasing minimal timetmin(y). tmin(y) is either the earliest start time or earliest
end time, depending on whethery is a start or end time. Letk be the index in[1, p]
such that:

k−1
∑

i=1

qmax(yi) < ∆<
min(x) ≤

k
∑

i=1

qmax(yi)

If eventx is executed at a datet(x) ≤ tmin(yk), not enough producers will be able
to execute strictly beforex in order to ensure a positive level just beforex. Thus,
tmin(yk) + 1 is a valid lower bound oft(x).

• Discovering new precedence relations. There are cases where one can perform an
even stronger propagation.P (x) is again the set of production events inPoss�(x)\
Nec≺(x). If there is one production eventy in P (x) that is needed to produce before
x to not get a negative reservoir level, a precedence relationcan be deduced between
y andx. So, suppose there exists a production eventy in P (x) such that:

∑

z∈P (x)∩Poss�(y)

qmax(z) < ∆<
min(x)

Then, if we hadt(x) ≤ t(y), we would see that again there is no way to produce
∆<
min(x) before eventx as the only events that could produce strictly before event

x are the ones inP (x) ∩ Poss�(y). Thus, we can deduce the necessary precedence
relation: t(y) < t(x). Note that a weaker version of this propagation has been
proposed in [16] that runs inO(n2) and does not analyze the precedence relations
between the events ofP (x).
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The balance algorithm can be executed for all the eventsx on a reservoir with a global
worst-case complexity inO(n2) if the propagation that discovers new precedence relations
is not turned on, and inO(n3) for a full propagation. In practice, there are many ways to
shortcut this worst case and in particular, it has been noticed that the algorithmic cost of
the extra propagation that discovers new precedence relations was in general negligible.
Unlike all the other propagation algorithms we have seen in this section 22.3, the balance
constraint cannot directly be applied in planning problemsbecause it assumes that the
set or producer and consumer events is completely known. Theextension of the balance
constraint to planning problems is discussed in [41].

22.4 Constraint Propagation on Optimization Criteria

As said in Section 22.1.5, the commonly used way of modeling an objective function is by
introducing a variablecriterion that is constrained to be equal to the value of the objective
function. In cases where the objective functionF is a function of the end variables of the
activities andF is a maximum such asCmax or Tmax, considering the objective constraint
and the resource constraints independently is not a problem. Indeed, the upper bound on
criterion is directly propagated on the end time of each activity,i.e., latest end times are
tightened efficiently.

The situation is more complex for sum functions such as
∑

wiCi,
∑

wiTi, or
∑

wiUi,
and for objective functions that are not a function of the endvariables of the activities like
sum of setup times and sum of setup costs. For several of thesecases, dedicated constraint
propagation techniques have been developed often taking the resource constraints and the
objective function simultaneously into account.

In this section we describe such dedicated constraint propagation techniques for two
objective functions in more detail: weighted number of lateactivities (

∑

wiUi) and sum
of setup times and setup costs. For more general considerations on cost-based constraint
propagation we refer to [28].

22.4.1 Weighted Number of Late Activities

In this section we pay attention to constraint propagation for the objective function
∑

wiUi,
i.e., minimizing the weighted number of late activities, asdescribed in [5].

The basis for this constraint propagation is formed by calculating a good lower bound
on the weighted number of late activities. Such a lower boundis obviously also a lower
bound for the variablecriterion. Relaxing non-preemption is a well-known technique
to obtain good lower bounds in scheduling. Unfortunately, the preemptive problem re-
mains NP-Hard. A “relaxed preemptive lower bound”,i.e., a slightly stronger relaxation
than the preemptive relaxation, can be used. As explained below, it can be computed in
O(n2 logn).

Let us recall a well-known result for the One-Machine Scheduling Problem (i.e., the
problem of scheduling activities on a unary resource). Its preemptive relaxation is polyno-
mial and has the very interesting property that there existsa feasible preemptive schedule
if and only if over any interval[t1, t2), the sum of the processing times of the activities in
{Ai | [t1 ≤ ri] ∧ [di ≤ t2]} is at mostt2 − t1. It is well-known that relevant values fort1
andt2 are respectively the release dates and the deadlines [8].
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A decision variablexi per activity is introduced that equals1 when the activity is on-
time and 0 otherwise. Notice that ifdi ≤ δi, Ai is on-time in any solution,i.e., xi = 1.
In such a case we adjust the value ofδi to di (this has no impact on solutions) so that
due dates are always smaller than or equal to deadlines. We also assume that there is a
preemptive schedule that meets all deadlines (if not, the resource constraint does not hold
and a backtrack occurs). The following Mixed Integer Program (MIP) [64] computes the
minimum weighted number of late activities in the preemptive case:

min

n
∑

1

wi(1− xi)

u.c.







∀t1 ∀t2>t1
∑

S(t1,t2)

pi +
∑

P (t1,t2)

pixi ≤ t2 − t1

∀i∈{1,...,n} xi ∈ {0, 1}

(22.3)

whereS(t1, t2) is the set of activities that are sure to execute betweent1 andt2 and where
P (t1, t2) is the set of activities that are preferred to execute between t1 andt2.

S(t1, t2) = {Ai | ri ≥ t1 ∧ di ≤ t2}
P (t1, t2) = {Ai | ri ≥ t1 ∧ di > t2 ∧ δi ≤ t2}

Actually, it is easy to see that the relevant values oft1 correspond to the release dates and
those oft2 to the due dates and deadlines. Hence, there areO(n2) constraints in the MIP.
We now focus on thecontinuous relaxationof (22.3) in which for any activityAi such that
ri + pi > δi, i.e., for any late activity, the constraintxi = 0 is added.

min

n
∑

1

wi(1− xi)

u.c.















∀t1∈{ri} ∀t2∈{di}∪{δi} | t2>t1

∑

S(t1,t2)

pi +
∑

P (t1,t2)

pixi ≤ t2 − t1

∀i ri + pi > δi ⇒ xi = 0
∀i∈{1,...,n} xi ∈ [0, 1]

(22.4)

The linear program (22.4) can be solved with an LP solver and we can use reduced
costs to prove that some activities can, must or cannot end before their due date. In [5] an
O(n2 logn) algorithm is described solving the same problem.

22.4.2 Sum of Setup Times and Sum of Setup Costs

In this section we pay attention to constraint propagation of setup time and setup cost
constraints. We discuss the constraint propagation as described in [30]. We also refer to
[29, 28] that extend work of Brucker and Thiele [7] in the context of CP. To simplify the
presentation, we only consider the case where there are no cumulative resources. We do
include the possible presence of alternative resources (see Section 22.1.4).

The basis for the constraint propagation of setup times and setup costs described in this
section is formed by using arouting problemas a relaxation of the scheduling problem. In
this problem, one has a set ofstart nodes, a set ofinternal nodes, and a set ofendnodes.
Each internal nodei represents an activityAi. When havingm alternative machines, one
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is looking form disjointroutesor pathsin the graph defined by these three sets. Each route
corresponds to a different machine, starting in the start node of the machine, traversing a
sequence of internal nodes, and ending in the end node of the machine. More precisely,
let I = {1, . . . , n} be a set ofn nodes, andE = {n + 1, . . . , n + m} andS = {n +
m + 1, . . . , n + 2 ∗m} two sets ofm nodes. Nodes inI represent internal nodes, nodes
in S represent start nodes, and nodes inE represent end nodes. A global constraint is
defined ensuring thatm different routesρ1, . . . , ρm exist such that all internal nodes are
visited exactly once by a route starting from a node inS and ending in a node inE. Start
nodesn + m + 1, . . . , n + 2 ∗ m belong to routesρ1, . . . , ρm, respectively. End nodes
n + 1, . . . , n + m belong to routesρ1, . . . , ρm, respectively. Moreover, sets of possible
routes can be associated to each internal node.

In the CP model three variables per node are defined. Variables nexti andprevi iden-
tify the nodes visited directly after and directly before node i, respectively. Variables
routei identify the route nodei belongs to. Variablesnexti andprevi take their values in
{1, . . . , n+2m}. Variablesroutei take their values in{1, . . . ,m}. Each start and end node
has its route variable bound,i.e., routen+1 = 1, . . . , routen+m = m, routen+m+1 = 1,
. . . , routen+2m = m. In order to have a uniform treatment of all nodes inside the con-
straint, each start noden+m+ u has itsprevn+m+u variable bound to the corresponding
end node (prevn+m+u = n+ u), and each end noden+ u has itsnextn+u variable bound
to the corresponding start node (nextn+u = n + m + u). There furthermore exists a
setup costcuij that expresses that if nodej is visited directly after nodei on a routeu
(nexti = j, routei = routej = u), a costcuij is induced. A feasible solution is defined
as an assignment of distinct values to each next variable, while avoiding sub-tours (tours
containing only internal nodes), and respecting the constraints

nexti = j ⇔ prevj = i

nexti = j ⇒ routei = routej

The problem is then to find an optimal feasible solution,i.e., a feasible solution that
minimizes

n
∑

i=1

cui nexti (22.5)

As said, the routing problem described constitutes a relaxation of the global scheduling
problem. If an internal nodei has its next variable assigned to another internal nodej,
activityAi directly precedes activityAj . If an internal nodei has its next variable assigned
to an ending noden+u, activityAi is the last activity scheduled on machineRu. The setup
cost functioncuij of the routing problem corresponds to the setup timessetup(Ai, Aj , Ru)
or setup costssetupCost(Ai, Aj , Ru) between activities (see Section 22.1.4). As such
the minimization of the total setup cost (22.5) in the routing problem corresponds to the
minimization of the sum of setup times or setup costs in the scheduling problem.

Route optimization constraint

One of the basic ideas of the constraint propagation in [30] is to create a global constraint
having a propagation algorithm aimed at removing those assignments from variable do-
mains which do not improve the best solution found so far. Domain reduction is achieved
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by optimally solving an Assignment Problem [22] which is a relaxation of the routing prob-
lem described and thus also of the global scheduling problem. The Assignment Problem is
the graph theory problem of finding a set of disjoint sub-tours such that all the vertices in
a graph are visited and the overall cost is minimized.

In the routing problem we look for a set ofm disjoint routes each of them starting
from a start node and ending in the corresponding end node covering all nodes in a graph,
i.e., considering that each end node is connected to the corresponding start node, we look
for a set ofm disjoint tours each of them containing a start node. This problem can be
formulated as an Assignment Problem on the graph defined by the set of nodes in the
routing problem and the set of arcs(i, j) such thatj ∈ domain(nexti). The cost on arc
(i, j) is the minimal setup cost (or time),i.e.,

min
u∈domain(routei)∩domain(routej)

setupCost(Ai, Aj , Ru).

The value of the optimal solution of the Assignment Problem is obviously a lower bound
on the value of the optimal solution of the routing problem. The primal-dualalgorithm
described in [34] provides an optimal integer solution for the Assignment Problem. Besides
this optimal assignment with the corresponding lower boundLB on the original problem,
a reduced cost matrix̄c is obtained. Each̄cij estimates the additional cost to be added
to LB if variable nexti takes the valuej. These results can be used both in constraint
propagation as in the definition of search heuristics. The lower boundLB is trivially
linked to thecriterion variable representing the objective function through the constraint
LB ≤ criterion. More interesting is the propagation based on reduced costs. Given the
reduced cost matrix̄c, it is known thatLBnexti=j = LB + c̄ij is a valid lower bound for
the problem wherenexti takes the valuej. Therefore we can impose

LBnexti=j > ub(criterion)⇒ nexti 6= j

For more details on the use of reduced costs for setup constraints we refer to [30]. We
remark that reduced cost fixing appears to be particularly suited for CP. In fact, while re-
duced cost fixing is extensively used in OR frameworks, it is usually not exploited to trigger
other constraints, but only in the following lower bound computation,i.e., the following
node in the search tree. When embedded in a CP framework, the reduced cost fixing pro-
duces domain reductions which usually trigger propagationfrom other constraints in the
problem through shared variables.

Precedence graph constraint

Linking the routing model and the scheduling model is done thanks to aprecedence graph
constraint. This constraint maintains for each machineRu an extended precedence graph
Gu that allows to represent and propagate temporal relations between pairs of activities
on the machine as well as to dynamically compute the transitive closure of those relations.
More precisely,Gu is a graph whose vertices are the alternative activitiesAui that may exe-
cute on machineRu (see Section 22.1.4). A nodeAui is said tosurely contributeif machine
Ru is the only possible machine on whichAi can be processed. Otherwise, if activityAi
can also be processed on other machines, the nodeAui is said topossibly contribute. Two
kinds of edges are represented onGu:
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• A precedence edgebetween two alternative activitiesAui → Auj means that if ma-
chineRu is chosen for both activitiesAi andAj , thenAj will have to be processed
afterAi onRu.

• A next edgebetween two alternative activitiesAui ⇒ Auj means that if machineRu
is chosen for both activitiesAi andAj thenAj will have to be processed directly
afterAi onRu. No activity may be processed onRu betweenAi andAj .

The first role of the precedence graph is to incrementally maintain the closure of this
graph when new edges or vertices are inserted,i.e., to deduce new edges given the ones
already present in the graph. The following five rules [30] are used by the precedence
graph:

1. If Aui → Auj , Auj → Aui , andAui surely contributes thenAuj does not contribute
(Incompatibility rule).

2. If Aui → Aul , Aul → Auj , andAul surely contributes thenAui → Auj (Transitive
closure through contributor).

3. If Aul ⇒ Aui , Aul → Auj , andAul surely contributes thenAui → Auj (Next-edge
closure on the left).

4. If Auj ⇒ Aul , Aui → Aul , andAul surely contributes thenAui → Auj (Next-edge
closure on the right).

5. If for all Aul eitherAul → Aui orAuj → Aul thenAui ⇒ Auj (Next-edge finding).

New edges are added on the precedence graphGu by the scheduling constraints (prece-
dence and resource constraints) and by the route optimization constraint (whenever a vari-
ablenexti is bound a new next-edge is added). Besides computing the incremental closure,
the precedence graph also incrementally maintains the set of activities that are possibly
next to a given activityAui given the current topology ofGu. As such it allows to effec-
tively reduce the domain of the variablesnexti andprevi. Furthermore, the precedence
graph constraint propagates the current set of precedence relations expressed onGu on the
start and end variables of activities.

22.5 Heuristic Search

The general principles around search in CP apply to both the planning and scheduling
domain:

• Since for complexity reasons constraint propagation cannot remove all impossible
values from the domains of variables, heuristic search is required to generate a solu-
tion to the problem instance under consideration.

• Once a solution with a given cost is found, this heuristic search can be either contin-
ued or restarted with an additional constraint stating thatonly solutions with a lower
cost are searched for. In the case of multiple criteria, thisadditional constraint can
be replaced by a set of constraints authorizing the solutionto deteriorate for some
criteria if it improves for others.
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• Some variables are more constrained than others, dependingon the problem in-
stance: some activities lie on a critical path of the precedence graph, some resources
are more heavily loaded than others, etc. Focusing on the more constrained variables
first is more likely to quickly lead to a solution.

However, the significance of temporal and resource constraints makes it possible to use
these principles in domain-specific manners. Let us first consider the case of the pure Job
Shop Scheduling Problem [33]. The variables of the problem are basically just the start
and end times of activities and thecriterion variable representing the makespan (Cmax).
Temporal constraints relating these variables are propagated in a perfect manner,i.e., the
earliest and latest start and end times resulting from constraint propagation guarantee that
the temporal constraints are satisfied. The only remaining constraints are the resource
constraints. As there are only unary resources, no two activitiesAi andAj requiring the
same resource can overlap in time,i.e., eitherAi precedesAj or Aj precedesAi (see
Section 22.3.1). Following this basic observation, ratherthan attempting to instantiate the
start and end variables, an appealing and often much more efficient strategy consists in
deciding in which order activities shall execute,i.e., whetherAi shall execute beforeAj or
Aj beforeAi.

Although it is less immediate, the same type of branching strategy can also be consid-
ered for cumulative resources. Indeed, whenevern non-preemptible activities are such that
the sum of the capacities required exceeds the available capacity (for a given resource),
at least two of these activities cannot overlap in time, and hence must be ordered. An al-
ternative but equivalent view consists in considering a cumulative resourceR of capacity
cap(R) as a set ofcap(R) “lines” of capacity 1, on which activities cannot overlap. Hence,
if the activities can be organized along at mostc sequences such that (i) an activityAi re-
quiring capacitycap(Ai) appears incap(Ai) sequences and (ii) activities in each sequence
are totally ordered by temporal constraints, then the satisfaction of the temporal constraints
guarantees the satisfaction of the resource constraint.

In practice, the right branching strategy also depends on the optimization criterion (or
multiple criteria) to optimize:

• An optimization criterion to minimize is called “regular” if it increases with the
end times of the activities. In other terms, a solutionS cannot be strictly better than
another solutionS′ if no activityAi finishes earlier inS than inS′. Examples of reg-
ular criteria include the makespan, the average completiontime of the activities, the
maximal or weighted tardiness of activities, the weighted number of late activities.
When the optimization criterion is regular, it is particularly appropriate to solve the
resource constraints by ordering activities: on any given branch of the search tree,
the value of the criterion obtained by replacing each end time variable by its lower
bound is a lower bound for the optimization function. In addition, if at a given node
the earliest start and end times satisfy all the constraintsof the problem (which is
the case for resource constraints if they have been replacedby appropriate temporal
constraints and these temporal constraints have been propagated), then these earliest
start and end times provide the best solution attainable from this node. “Dominance
properties” can also be applied to prune some nodes: whenever it can be shown that
for any schedule attainable from a node, an equivalent or better schedule is attainable
from another node, the first node can be discarded. For example, if a partial schedule
contains a hole on a resource (an interval of time over which it can be shown that
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no activity requiring the resource can execute), and an activity is scheduled after the
hole for no good reason, then the node can be discarded since another branch will
lead to a schedule in which this activity (or another) occupies the hole [48].

• An optimization criterion is called “sequence-dependent”if it depends only on the
relative order in which activities are executed. Typical example are of course the sum
of setup times and the sum of setup costs. When optimizing sequence-dependent
criteria, it is once again particularly appropriate to solve the resource constraints by
ordering activities: once activities are sequenced, the earliest start and end times that
result from constraint propagation can be used as a solution. Note however that the
dominance properties that exist for regular criteria cannot be applied to sequence-
dependent criteria: for example, it might be worth leaving ahole in a schedule by
executing a specific activity later if it enables to save a costly setup.

• Other optimization criteria are more difficult to optimize.For example, work in
process time,i.e., the average difference between the end time of the last activity
composing a given job and the start time of the first activity of the job, is an irregular
criterion which is difficult to optimize as the first activityof each job shall be exe-
cuted as late as possible while the last activity of each job shall be executed as early
as possible. Storage costs, in particular the cost of storing intermediate products,
are difficult to optimize for the same reason. In such cases, it is not sufficient to se-
quence the activities. It is however often the case that oncethe resource constraints
have been solved by sequencing activities, a linear programcan be used to determine
the optimal solution for the chosen sequences. Hybrid algorithms based on both CP
and Mixed Integer Programming (MIP) [64] can be used for thispurpose [2].

22.5.1 The Use of Local Search

Even when search can be simplified by looking for good sequences and using dominance
properties, search spaces for planning or scheduling problems tend to be very large. In
practice, it is often impossible to explore a search space completely and guarantee the
delivery of an optimal solution. For an industrial planningor scheduling application it
however generally suffices to provide “good” solutions within reasonable time. It is for
such applications more important to be robust with respect to variations in the problem
instances like variations in problem size, variations in numerical characteristics, and ad-
dition of side constraints. This is often achieved by mixingconstraint-based tree search
with Local Search (LS) or by actually implementing LS with constraints. Local search is
taken as an alternative way to explore the search space. Explored neighborhoods vary a
lot from an application to another, so it is difficult to establish a general taxonomy of the
approaches reported in the literature. We will use two examples to convey the basic ideas.

Caseau and Laburthe [13] describe an algorithm for the Job Shop Scheduling Problem
which combines CP and LS. The overall algorithm finds an approximate solution to start
with, makes local changes and repairs on it to quickly decrease the makespan and, finally,
performs an exhaustive search for decreasing makespans. Given a schedule, a critical path
is defined as a sequence of activities where i) for each activity Ai that appears before
activity Aj in the sequenceAi indeed precedesAj in the schedule and ii) the sum of the
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processing times of the activities in the sequence equals the makespan of the schedule.
Two types of local moves are considered:

• “Repair” moves swap two activities scheduled on the same machine to shrink or
reduce the number of critical paths.

• “Shuffle” moves [1] keep part of the solution and search through the rest of the so-
lution space to complete it. Each shuffle move is implementedas a constraint-based
search algorithm with a limited number of backtracks (typically 10, progressively
increased to 100 or 1000), under the constraint that the makespan of the solution
must be improved (with a given improvement step, typically 1% of the makespan,
progressively decreased to one time unit).

Excellent computational results have been obtained with this approach [13, 14] as well as
with other constraint-based implementations of shuffle moves, as reported in [4, 55].

In the same spirit, the best algorithm used by Le Pape and Baptiste [46] for the Pre-
emptive Job Shop Scheduling Problem relies on the combination of:

• a strong constraint propagation algorithm (edge-finding);

• a local optimization operator called “Jackson derivation”;

• limited discrepancy search [38] around the best schedule found so far.

Limited discrepancy search is an alternative to depth-firstsearch, which relies on the as-
sumption that a heuristic makes few mistakes throughout thesearch. Thus, considering
the path from the root node of the tree to the first solution found by a depth-first search
algorithm, there should be few “wrong turns” (i.e., few nodes which were not immediately
selected by the heuristic). The basic idea is to restrict thesearch to paths that do not di-
verge more thanw times from the choices recommended by the heuristic. Each time this
limited search fails to improve on the best current schedule,w is incremented and the pro-
cess is iterated, until either a better solution is found or it is proven that there is no better
solution. It is easy to prove that whenw gets large enough, limited discrepancy search is
complete. Yet it can be seen as a form of LS around the recommendation of the heuristic.
On ten well-known problem instances, each with 100 activities, experimental results show
that each of the three techniques mentioned above brings improvements in efficiency, the
average deviation to optimal solutions after 10 minutes of CPU time falling from 13.72%
when none of these techniques is used to 0.23% when they are all employed.

Globally, the integration of LS and CP is promising wheneverLS operators provide a
good basis for the exploration of the search space and eitherside constraints or effective
constraint propagation algorithms can be used to prune the search space. The examples
presented in the literature represent a significant step toward the understanding of the pos-
sible combinations of LS and CP. Yet the definition of a general approach and methodology
for integrating LS and CP remains an important area of research.

22.5.2 The Use of Mixed Integer Programming

In industrial applications, scheduling issues are often mixed with resource allocation, ca-
pacity planning, or inventory management issues for which MIP is a method of choice.
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Several examples have been reported where a hybrid combination of CP and MIP was
shown to be more efficient than pure CP or MIP models (cf., for example, [60, 61, 63, 2,
19, 43]). As in the case of local search, there are many ways tocombine CP and MIP, and
we will just focus on two particular examples.

A dynamic scheduling problem is solved in [63]. In this example, the linear solver
includes only temporal constraints (some of which have beenadded to the initial problem
in order to ensure the satisfaction of resource constraints) and the definition of the opti-
mization criterion as the total deviation of start times of activities from the start times of
the same activities in a reference schedule. An interestingcharacteristic of this model is
that the optimal continuous solution of the linear sub-problem is guaranteed to be integral;
hence, either this solution satisfies all the resource constraints and it is optimal, or it vio-
lates some resource constraint which can be used to branch onthe order of two conflicting
activities. CP is used to limit and select the explored branches.

[19] and [43] consider the case in which it is not certain thatan activity will use a given
resource, either because there are alternative resources,or because the activity can be left
unperformed against a certain cost (see Section 22.1.4). Werecall that an unperformed
activity will not require capacity, but will obey potentialtemporal constraints, etc., and
will also obey the calendar of the chosen resource. [19, 43] do not consider resource
calendars, so an unperformed activity requires its normal processing time to be completed.
Note that to our knowledge no MIP approach exists that handles resource calendars.

Also without resource calendars this problem is already challenging for any optimiza-
tion technique. MIP is a good candidate for representing thecost function, but no good
MIP model is known to state that a resource can only perform one activity at a time. CP
usually deals well with precedence and resource constraints, but adding an upper bound on
the optimization criterion does in general not result in effective constraint propagation. LS
operators based on permuting activities are easy to design,but the impact of a permutation
on the total cost is hard to estimate. In [19], several cooperative optimization algorithms
centered on a MIP model have been proposed and compared with apre-existing combina-
tion of CP and LS:

• The MIP algorithm relies on the default search strategy of CPLEX 9.0 [39].

• The IS+MIP algorithm consists in using CP to construct an initial solution to the
problem. This solution is then used as a starting point for CPLEX.

• The IS+MIP+RINS algorithm is similar to IS+MIP but activates the relaxation in-
duced neighborhood search option of CPLEX [20]. Relaxationinduced neighbor-
hood search is a form of LS which relies on the continuous relaxation to define a
neighborhood of the current solution: the integer variables that have the same values
in the solution of the continuous relaxation and in the best solution known so far are
fixed to these values and a sub-MIP on the remaining variablesis solved (with a limit
on the number of nodes explored).

• The IS+MIP+RINS+GD algorithm adds the guided dives option of CPLEX [20] to
the IS+MIP+RINS algorithm. When a variable is selected for branching, the “guided
dives” strategy will explore first the node in which this variable is fixed to the value
that it takes in the best solution known so far.
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• The IS+MIP+RINS+GD+MCORE algorithm adds to the IS+MIP+RINS+GD algo-
rithm another form of LS which defines a neighborhood by heuristically reducing
the values of “big-M” coefficients of the MIP model.

These algorithms have been tested on 22 job shop instances from the Manufacturing Sched-
uling Library (MaScLib) [58], with up to 260 activities. Theresults have shown the interest
of all the components that have been added to the initial MIP algorithm. They also show
that on pure problems, hybrid algorithms based on MIP can compete with state-of-the-art
techniques.

The generalization of these examples into a principled approach is an important re-
search issue for the forthcoming years. In particular, MIP models are often difficult to
extend to the representation of additional constraints such as setup times and costs, calen-
dars, etc.

22.6 Conclusions

In the introduction of this chapter we have seen that one of the key factors of the success of
Constraint-Based Scheduling lies in the fact that a powerful combination was found of the
research fields of Operations Research (OR) and Artificial Intelligence (AI). From OR its
efficient algorithms and its culture for searching for efficient algorithms were used. From
AI the general modeling and problem-solving paradigm of CP and its culture for searching
for natural ways of modeling a problem in the needed real-life detail were used.

In this way Constraint-Based Scheduling preserves the general modeling and problem-
solving paradigm of CP while the integration of efficient propagation algorithms improves
the overall performance of the approach. Efficient OR algorithms integrated in a CP ap-
proach allow the user to benefit from the efficiency of OR techniques in a flexible frame-
work. Although the use of CP in planning is, due to the problemcomplexity, less ma-
ture than its use in scheduling, Constraint-Based Planningfollows the same pattern as
Constraint-Based Scheduling where CP is used as a frameworkfor integrating efficient
special purpose algorithms into a flexible and expressive paradigm. As in several other
areas of application, an important way to integrate efficient algorithms in CP for schedul-
ing and planning was found by incorporating them inside global constraints. Sections 22.3
and 22.4 pay attention to such constraint propagation.

Besides the powerful propagation, another strength was identified namely the capacity
to in a natural and flexible way model the scheduling or planning problem at hand in the
required real-life detail. We want to stress that this capacity is becoming more and more
important. Indeed through the widespread adoption of ERP (Enterprise Resource Planning)
systems, more and more companies have access to the data thatallows them to capture the
reality in the detail they need. One of the reasons Advanced Planning and Scheduling
systems (APS’s) are not as widely adopted as one would think following this observation,
is that these offerings often fail to model reality in sufficient detail. This leads to the
aforementioned classical drawbacks of one being forced to discard degrees of freedom and
side constraints. It’s especially on the side constraints that APS’s tend to be weak, thus
leading to the system solving an oversimplified problem resulting in producing impractical
solutions for the original problem. It is here that we believe Constraint-Based Planning
and Scheduling have a great, largely unused, potential.
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Two other strengths identified in this chapter are i) a natural fit of expressing scheduling
specific heuristics using CP tree search, and ii) a proven good potential of combining the
CP approach with solution techniques as Local Search, LargeNeighborhood Search, and
Mixed Integer Programming. We have seen several examples ofthis in Section 22.5. These
strengths are thus about having the flexibility in the approach to adapt the search such that
the needed performance to solve the problems is obtained. Although this has indeed been
a strength over the years, we want to stress that we believe the field should pay increased
attention to providing good default search,i.e., a search procedure that works “out-of-the-
box” at least for a certain class of problems. This is much like a lot of the work done
in the area of Mixed Integer Programming. That latter work has led to a broadening of
the audience that can use Mixed Integer Programming to solvetheir problems. A similar
effect should be obtained for CP in general and Constraint-Based Planning and Scheduling
in particular. This, combined with the natural way of modeling problems present in CP,
should open up CP for a much broader use than today.

Another main research challenge is on doing planning and scheduling under uncer-
tainty. Uncertainty is inherent to planning and schedulingenvironments and correctly deal-
ing with it is of invaluable practical importance. Two basicways for dealing with uncer-
tainty, together with different combination of them, have been studied: reactive (reschedul-
ing) and proactive (robust scheduling). Lots of research has been done starting many years
ago but surprisingly few approaches have been applied in practice. We feel the field is
ripe to adopt rescheduling and robust scheduling more broadly and believe CP can play an
important role there.

Further, more detailed, research challenges link back to the strengths already men-
tioned. It remains a challenge to study industrial properties in detail. Studies around
breakable activities, productivity profiles, continuous production and consumption, unper-
formed activities, etc., are rare while there is a great needin practice to correctly handle
such properties.

In Section 22.4 constraint propagation methods related to the minimization of the
weighted number of late activities and to the minimization of setup times and setup costs
have been presented. They drastically improve the behavioron problems involving these
criteria. However, there are many other interesting optimization criteria. In particular, total
tardiness is widely used in industry but until now poor results are obtained on this problem.
Constraint propagation on such specific optimization criteria constitutes a very interesting
research area. Following the observation that users of planning and scheduling applications
often want to define their own criteria, a possibly even more interesting research challenge
is to design generic lower-bounding techniques and constraint propagation algorithms that
could work for any criterion.

Finally, a research challenge in Constraint-Based Planning is to still better exploit the
combination of AI and OR,i.e., to continue to follow the same pattern as Constraint-
Based Scheduling where CP is used as a framework for integrating efficient special purpose
algorithms into a flexible and expressive paradigm. This will bring all the strengths of
Constraint-Based Scheduling mentioned in this chapter to Constraint-Based Planning.
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Chapter 23

Vehicle Routing

Philip Kilby and Paul Shaw

This chapter looks a the use of Constraint Programming on an important industrial prob-
lem: that of constructing routes for vehicles to visit a set of customers at minimum cost,
such as depicted in Figure 23.1. The methods are particularly aimed at the movement of
people and goods by road.

This is a very important problem. In the USA in 2001, large trucking (6 or more tyres)
logged more than two billion miles. Intercity trucking accounted for more than 1 trillion
ton-miles of freight moved – 28% of the total freight ton-miles for the USA [15]. The
costs of such movements are huge, so even small fractions of apercent in savings can have
a substantial impact at a national level. Supply Chain Optimisation has become a key area
for improvement by companies across the world, and vehicle operations will often play a
key role in such a system.

The importance of the topic is reflected in the research interest. The literature on the

Figure 23.1: A Vehicle Routing Problem with 40 customers, 5 vehicles, and maximum 8
customers per vehicle.
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topic is now very extensive – the variety of problems and solution methods explored is
indicated in the surveys [111, 13, 14, 76, 35, 73].

An important factor in these problems is that no two companies will operate exactly
alike – each has its own operational methods, and each bringstheir own constraints – like
defined areas for drivers, vehicle/customer incompatibilities, and delivery time preferences.
While traditional approaches capture the essence of the problem, a software system that is
to deliver finished routes must be able to incorporate these myriad individual constraints.

Constraint Programming offers a valuable tool for specifying and solving these dirty,
real-world problems. The ability to specify and add new constraints easily is very impor-
tant.

We will begin by defining and formulating the VRP, and lookingat some related prob-
lems. We then look at some of the methods employed to solve this problem – methods from
the Operations Research literature, and those using a Constraint Programming formulation.

23.1 The Vehicle Routing Problem

The simplest Vehicle Routing Problem (VRP, also called the Capacitated Vehicle Routing
Problem, CVRP) is defined formally as follows. The symbols defined here are summarised
in Table 23.1 in Section 23.2.1.

A set ofn customers is to be served bym vehicles. Each customer must be visited
by exactly one vehicle. Customeri has demandri, and the sum of demands of customers
assigned to vehiclek must be less than the vehicle capacityQ. All vehicles begin and end
their route at a single depot.

The objective is to minimise the sum of travel costs, where the generalised cost of trav-
elling from i to j is cij . Symmetric (cij = cji) and asymmetric variants exist. For brevity
the models presented in this chapter assume symmetric costs, but are easily extended to the
asymmetric case.

A number of extensions to the problem have been studied. In the VRP with hetero-
geneous fleet, vehicle capacities and cost of use differ. Multiple resource problems allow
demands to be expressed in terms of a number of different resourcesl (rli), and each vehicle
has capacities specified in terms of each resource (Qlk). For example, both load and volume
may be restricted in a vehicle, so must be accounted separately. A maximum dimension
(for example length) may also be enforced.

The VRP with Time Windows (VRPTW) is often studied [13, 14]. Atime window
[ai, bi] when delivery may commence is specified for each customeri, or multiple time
windows may be specified. A vehicle arriving early is usuallyallowed to wait at the cus-
tomer’s location for the start of the time window. The addition of time constraints makes
the problem much more difficult – even finding a feasible (let alone optimal) solution is
NP-hard [102].

An “open” version of the problem does not require the vehicleto return to the depot
after the last customer. And finally, the multiple depot VRP allows vehicles to be housed
at different depots. Usually the number of vehicles at each depot is given, although this
may be a decision variable.
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23.1.1 Side Constraints

A key feature of vehicle routing problems, as faced in industry, is the variety of constraints
that can be added for individual companies. Examples include

• Particular vehicles may be physically constrained from visiting particular customers.

• Customers may have preferences for particular drivers.

• Drivers may have established but fuzzy delivery areas.

• A maximum time or length may be imposed on a route.

• A maximum time or distance between customers may be imposed.

• There may be a requirement to visit one customer before or after another.

• There may be incompatibilities between customers – for example their orders may
not be safely carried on the same vehicle.

• Customer orders may be able to be “split”, and carried on separate vehicles.

• A particular type of customer must appear on each route – for example each vehicle
may be required to pick up a co-driver within the first hour, but the co-drivers are not
assigned to specific vehiclesa-priori.

• Customers may be able to be skipped at a cost.

23.1.2 Related Problems

A number of problems related to the vehicle routing problem have been studied.
The Travelling Salesman Problem (TSP) is the problem of finding the shortest path

that visits a set of customers and returns to the first. It is a very well studied problem –
see for example the recent book [56] or the reviews [78, 72, 64]. Given an assignment
of customers to vehicles, the problem of routing the customers of a single vehicle is a
TSP. The TSP with Time Windows ([39, 17]) is the analogous problem for the VRPTW
– the VRPTW with a single vehicle. Many heuristics for the VRPand VRPTW work by
allocating customers to vehicles, and then solving the resulting TSP or TSPTW problems.

Another related problem class isPickup and Delivery(PDP) problems [83, 38]. Here,
rather than goods being delivered from a depot, the goods arepicked up en-route, and
delivered later.Dial-a-Rideproblems [29] are pickup and delivery problems where the
cargo is people rather than goods. PDP problems have a rich set of constraints: time
windows are usually present and precedence constraints ensure that goods are picked up
before being delivered. In Dial-a-Ride problems, there maybe constraints on maximum
length of travel for a passenger, the maximum deviation, and/or the maximum number
of intervening stops. The VRP with back-hauls [37] is another pickup-and-delivery type
problem with the extra condition that all pickups occur after deliveries are complete. It
models a situation where the vehicle is used to make a set of deliveries, and then picks up
some items on the way back to the depot.
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23.1.3 Reformulation

The VRP also has strong connections to classical scheduling. Several formulations for the
VRP have been suggested which cast it as a Job Shop SchedulingProblem with transition
times [8] or as an Open Shop Scheduling Problem [7]. Similarly, scheduling problems can
be cast as Vehicle Routing Problems with precedence constraints.

However, the reformulation does not seem to offer any advantages on pure problems.
Perhaps not surprisingly, scheduling software performs better on pure scheduling problems
than VRP software on reformulated problems. Similarly VRP software is able to solve pure
VRP instances better than scheduling software.

Beck et al.[7] offer some insights into why this is so. They identify fivecharacter-
istics that distinguish the two problems: alternative resources, temporal constraints, ratio
of operation duration to transition time, optimisation criterion, and temporal slack. They
demonstrate that converted problems are atypical in each ofthese five areas. For example,
under alternative resources, the authors note that in the VRP there are typically many ve-
hicles capable of making a delivering; whereas in pure job-shop scheduling (JSP) there is
exactly one feasible machine for each job. Other schedulingvariants also limit the number
of feasible machines for a job. When such a scheduling problem is converted to a rout-
ing problem, it has a structure not usually found in routing problems. Briefly, the other
characteristics, in order, point to the following differences:

• In the VRP time windows on visits are usually independent, whereas time windows
on the JSP are interdependent, making long chains.

• In the VRP a visit has small duration compared to the transit time. In the JSP, the
reverse is true.

• In the VRP the usual optimisation criteria is first minimise vehicles, then to min-
imise travel. In the JSP the number of “vehicles” is fixed. Theusual JSP criteria –
minimise makespan, which equates to minimising the length of the longest route –
is not usually studied in connection with the VRP.

• In the JSP the important temporal data is the operation’s duration, while in the
VRPTW it is the time window applied to the operation.

Constraint programming toolkits [61, 62] were applied to reformulated problems that
fall between pure VRP and pure JSP. The study identified the problem impurities that af-
fected the solving technologies, and in particular the impurities that could lead to technol-
ogy failure. The study also demonstrated that under certainconditions pre-treating impure
VRP with JSP technology (and vice versa, pre-treating impure JSP with VRP technology)
could significantly improve performance.

23.2 Operations Research Approaches

The vehicle routing problem and its variants have been widely studied. Recent surveys are
[111] on the VRP, and [13, 14] for the VRPTW. It is beyond the scope of this chapter to
fully review these solution methods.

Constraint Programming approaches make extensive use of methods from the Opera-
tions Research literature. It is useful therefore to begin with a brief review of some of the
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methods that have been proposed by the Operations Research community to solve these
problems.

A variety of Constraint Programming approaches have also been developed – many
of which use algorithms from the OR literature as building-blocks. These methods are
reviewed in more detail in Section 23.3.

We begin by formulating the VRP and VRPTW more formally, using integer linear
programming (ILP).

23.2.1 ILP Formulation

The standard VRP and VRPTW problems can be formulated as an ILP in a number of ways.
A study of formulations is given in [80]. We use the following“3-index” formulation (from
[67]).

Let the set of customers beC = {1 . . . n}, and vehiclesM = {1 . . .m}. Use 0 to index
the depot at route start, andn+1 to index the depot at route end. DefineN = C∪{0, n+1}.

The decision variables arexijk for i, j ∈ N, k ∈M wherexijk is 1 if vehiclek travels
directly from customeri to customerj, 0 otherwise. The constants used in the formulation
are given in Table 23.1.

cij The cost of travelling fromi to j, i, j ∈ N
τij The time to travel fromi to j, i, j ∈ N , incorporating the service time at

customeri
δij The distance fromi to j, i, j ∈ N
ri The demand at customeri ∈ N
Qk The capacity of vehiclek ∈M
ai The earliest time service can start at customeri ∈ N
bi The latest time service can start at customeri ∈ N
K A large integer

Table 23.1: Problem constants

For convenience, definer0 = 0, rn+1 = 0, a0 = 0, an+1 = 0, b0 = K, bn+1 = K.
For time-window constrained problems,bn+1 can instead be set to a maximum route time
if required.

ProblemVRP =

minimise zVRP =
∑

k∈M

∑

i∈N

∑

j∈N

cijxijk (23.1)
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subject to
∑

k∈M

∑

j∈N

xijk = 1 ∀i ∈ C (23.2)

∑

i∈C

ri
∑

j∈N

xijk ≤ Qk ∀k ∈M (23.3)

∑

j∈N

x0jk = 1 ∀k ∈M (23.4)

∑

i∈N

xihk −
∑

j∈N

xhjk = 0 ∀h ∈ C, ∀k ∈M (23.5)

∑

i∈N

xi(n+1)k = 1 ∀k ∈M (23.6)

∑

i,j∈S

xijk ≤| S | −1 ∀S ⊆ C (23.7)

xijk ∈ {0, 1} ∀i, j ∈ N, ∀k ∈M (23.8)

The objective 23.1 is to minimise the sum of the costs of used arcs. Constraints 23.2
ensures that each customer is visited exactly once. Constraints 23.3 enforce the capacity
constraints (assuming a heterogeneous fleet). Constraints23.4 to 23.6 together enforce
the flow of vehicles from the start depot, through 0 or more customers to the end depot.
Constraints 23.7 are required to ensure there are no subtours (cycles that do not include
the depot). Unfortunately, this expands to an exponetial number of constraints, making
formulation of this type impractical for real problems.

The VRPTW can be formulated using an extra decision variabletik, the time vehicle
k ∈M begins service at customeri ∈ N .

ProblemVRPTW = minimisezVRP subject to constraints 23.2 to 23.6 and 23.8, plus

tik + τij −K(1− xijk) ≤ tjk ∀i, j ∈ N, ∀k ∈M (23.9)

ai ≤ tik ≤ bi ∀i ∈ N, ∀k ∈M (23.10)

Constraints 23.9 define the arrival times at each customer, and constraints 23.10 enforce
the time windows. Constraints 23.7 are no longer required, as the time constraints will
ensure there are no subtours.

23.2.2 Methods from the OR Literature

Since the VRP and its variants areNP-hard, the focus has been very strongly on heuristic
solution methods. We will describe the usual heuristic approach – initial route construction,
improvement through local search, and meta-heuristic methods to escape local optima. We
will also indicate the exact methods that have been described.

23.2.3 Construction Methods

Construction methods are used to create an initial solution. Many reported methods are
based on an insertion procedure where a customer is selected, then inserted in a route in
such a way as to minimise an incremental cost function. A number of constraints can be
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enforced during construction. It is particularly easy to check within-route constraints (i.e.
constraints that only deal with a single route), including time, precedence and capacity
constraints. Methods vary in a number of ways.

Parallel versus sequentialSequential procedures focus on a single route, adding cus-
tomers until no more will fit (e.g. [63]). Parallel methods build a set of routes
simultaneously (e.g. [93]). Examples of both can be found in[107]

Seed customersThe most successful parallel methods (such as Solomon’sI1 method
[107]) use seed customers as the sole customer on a chosen number of routes. These
customers act to guide the emerging routes.

Insertion order The order in which customers are inserted can be crucial. Some methods
use a scoring system based proximity and other measures ([107, 63]. Some use
regret(difference in cost between best and next-best insertion points) [36].

Insert position The objective function used to determine insert position may simply try
to minimise the additional travel required to visit a customer. Others attempt to take
time and other constraints into account, guiding the selection process to maximise
the spare time or resources in resulting routes. (The same function may be used for
both choosing the customer to insert and the insert position.)

Perhaps the most famous VRP construction method is the “Savings” method of Clarke
and Wright [25]. The method starts with each customer on their own route. The “savings”
obtained by combining two routes isSij = ci0 + c0j − cij . The method selects the
maximumSij for which the combined route is feasible, and iterates.

Other approaches to route construction include the “sweep”heuristic of Gillet and
Miller [51]. Here, a ray centred at the depot is swept in a clockwise direction. Each
customer it touches is added to the route until no more will fit. A new route is then begun.

23.2.4 Local Search Methods

Local search looks at the neighbourhood of the current solution to find improved solutions.
The neighbourhood is defined in terms of one or moremove operators: The neighbourhood
of a solution is those solutions which can be generated by applying the move operator. The
size of the neighbourhood is a key factor: the larger the neighbourhood, the more likely it
is to contain good solutions. However, larger neighbourhoods are also more expensive to
search.

Several of the operators used in solving routing problems are described below.

2-opt [81] Choose nodesi andj from the same tour, withi+1 < j. Delete arcsi→ i+1
andj → j + 1. Replace withi → j andi + 1 → j + 1. This reverses the order of
nodes fromi+ 1 to j. Neighbourhood size isO(n2)

3-opt [81] Analogous to2-opt, 3 arcs are deleted and re-attached in such as way that
intermediate sections are not re-ordered. Neighbourhood size isO(n3). k-opts for
k > 3 are also possible, but the cost is prohibitive.
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Or-opt [86] Choose a parameterK, the maximum length considered. Remove each se-
quence of customers of lengthk =K, . . . down to 1 customers. Test re-inserting them
in forwards and backwards orientation between each remaining pair of customers.
Re-insert in the cheapest position. Neighbourhood size isO(Kn2).

Relocate [103] Subset ofOr-opt moves – move a single customer from one route to the
best position in another. Neighbourhood size isO(n2).

Exchange [103] Choose two customers in different routes, and swap their positions.

Cross [103] Extension ofExchange: Choose a sequence of customersi1 . . . j1 of length
at mostK in one route, andi2 . . . j2 of length at mostK in another, and exchange
the two sections. Neighbourhood size isO(K2n2).

λ-exchange [87] As for cross except that the routes are re-optimised after the customers
are exchanged. Neighbourhood size depends on re-optimisation method, but is at
leastO(K3n3).

GENI exchange [50] An extension of the relocate that allows the receiving route to be
minimally re-ordered to accommodate the new customer. It allows i to be inserted
into the new route between non-consecutive nodesj andk by reinserting the segment
j + 1 . . . k − 1 to a different position.

Ejection chains [54] A sequence of customers is selected and inserted into another route.
This may cause some sequence of customers to be “ejected” in order to accom-
modate the new ones. The procedure forms a chain of such ejections until no
customers are left unassigned. This has proved to be a very powerful operator
[96, 104, 21, 108]. Neighbourhood size depends on the restrictions imposed on
the chain length, but is potentially very large.

Guided Local Search and Limited Discrepancy Search[106, 59] are methods intro-
duced in the context of constraint programming and are discussed in Section 23.4.2.

Local search typically looks at a subset of these operators.The neighbourhood of the
current solution will be examined to find cost-reducing moves. Either the first found, or
the best found will then be executed. This leads the procedure to a local minimum within
the specified neighbourhood.

23.2.5 Meta-Heuristics

Meta-heuristics are used to escape local minima. They do this in one of two ways – either
the controlled acceptance of cost-increasing moves, or by neighbourhood expansion.

Many meta-heuristics have been applied to the VRP and related problems. Again, we
can only give a brief indication of the variety.

Simulated Annealing [1] Acceptance of cost-increasing moves is controlled by a sys-
tem parameter calledtemperatureby analogy with a crystal annealing process. An
increase in costδ is accepted with probability proportional toe−δ/T . An updat-
ing procedure increasesT as the process continues so that solutions converges to a
(hopefully better) local minimum. Any combination of the local search operators
just described can be used to form a search neighbourhood [10, 113, 23].
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Tabu Search [52, 53] Tabu search allows a cost-increasing move, and thenplaces the
reversal on a “tabu list” so that the move cannot be “undone”.This allows the neigh-
bourhood of the new solution can be properly explored. A large number of methods
have been suggested using Tabu search for vehicle routing problems – Bräysy and
Gendreau [14] highlight fourteen notable applications. A few of the most successful
are [26, 110, 24, 112].

Genetic [55] Genetic (alsoMemeticandEvolutionary) algorithms use an Darwinian evo-
lution analogy. In the basic form, a population of solutionsis created. Individuals
are “crossed” to form a new solution with characteristics from both parents. Muta-
tion operators (similar to the local search operators above) can also be applied. Im-
plementations differ in initialisation, mutation and crossing methods. Again, many
genetic methods have been suggested – Bräysy and Gendreau select seventeen for
comparison. A few of the more successful are [60, 11, 79].

Variable Neighbourhood Search [58] This method considers a sequence of neighbour-
hoods of increasing size around the current solution. It exhausts one neighbourhood
before moving on to the next largest, and will return to the smallest if a significant
change has been made. This allows the solution to be improvedas much as possible
from low-cost, small neighbourhoods before investing the time to examine the larger
neighbourhoods. Examples include [92, 12, 28]

23.2.6 Exact Methods

While much emphasis has been placed on heuristic solution, several optimal methods have
been developed. Two such approaches are Column Generation and Lagrangian Relaxation.
These methods are examined more closely in Section 23.5, where we look at using CP as
a subproblem solver.

Other approaches are based on exploiting polyhedral properties of ILP formulations
of the VRP. These have benefited from work done in the context of the TSP (e.g. [88]).
Naddef and Rinaldi [85] review the branch and cut approach tosolving the VRP. The
Branch and Cut approach is based on an mixed-integer linear programming formulation
of the problem. The linear relaxation of the problem is first solved. If the solution is
not integer,cutsare then applied. These take the form of new constraints which remove
fractional solutions without affecting the optimum. If an integer solution has not been
found but no more effective cuts can be generated, a typical branch-and-bound search is
employed. New cuts are applied at each branch. The process repeats until an integer
solution is found and proved optimal in the usual way.

Cuts of various kinds have been explored [49, 84, 3, 2, 6, 27, 18, 75, 74].

23.3 Constraint Programming Approaches

The Constraint Programming approach to many problem types is to incrementally build
a solution, backtracking when an infeasibility is detected, until a solution is found or the
problem is proven to have no solution.

This method can be applied to the VRP, but it is usually too inefficient to even consider.
In the vast majority of real-world cases, the existence of a solution is never in doubt. The
real question is about the quality of the solution found.
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In common with all applications of CP to optimisation problems, the search is over a
large number of feasible solutions to find the best or near-best, rather than searching a large
number of infeasible solutions to find the feasible one.

This change in emphasis is reflected in the way search is conducted. Local search
and repair methods have been developed which are able to takeadvantage of a Constraint
Programming framework.

These search methods are discussed in Section 23.5. We beginby presenting two
effective constraint-based formulations of the VRP.

23.3.1 Formulating Routing Problems with Constraints

This section details a constraint programming formulationof the VRP with time and quan-
tity of goods constraints maintained along each route. Thismodel can be used as a basis for
the capacitated vehicle routing problem, the vehicle routing problem with time windows,
the pickup and delivery problem, and other vehicle routing problem variants. The main
virtue of constraint programming is versatility, i.e. it allows the modeller to add different
complications and extensions without adjustment to the basic model.

The constraint programming model described here is an extension of those described
in [19, 90, 31], and also [94], one of the earliest referenceson the use of Constraints in
routing problems. These works all use essentially the same method to model for the routing
aspects: path constraints. The multi-vehicle aspects comefrom [31, 69]. The propagation
rules that we describe in this section are implemented in themodel described by [90]. They
are also used by ILOG Solver [62] sand ILOG Dispatcher [61], which are C++ toolkits for
general constraint programming and constraint-based vehicle routing respectively.

As previously, we haven customers orders and a fleet ofm vehicles. The termvisit
will be used for each time a vehicle makes a stop. There is one visit per customer and two
special visits per vehicle. These two additional visits pervehicle model the starting and
stopping places for the vehicle. LetC = {1 . . . n} form the customers,M = {1 . . .m}
form the vehicles andV = {1 . . . n + 2m} form the visits. For the special first and last
visits of each vehiclek we introduce the notationsfk andlk. Visit n+ k is the first visit of
vehiclek (fk = n+ k), while lk is the last visit of vehiclek (lk = n+m + k). The sets
F = {n+ 1 . . . n+m} andL = {n+m+ 1 . . . n+ 2m} indicate the set of first and last
visits respectively.

To model routes, the integer variablepi, i ∈ V with domain{1 . . . n + 2m} models
the direct predecessor of each visiti. By convention, each “first” visit of a vehicle has as
predecessor the vehicle’s “last” visit (∀k∈M pfk

= lk). The predecessor variables form a
permutation ofV and are subject to the difference constraints:

pi 6= pj ∀i, j ∈ V ∧ i < j (23.11)

This is equivalent to stating (in the ILP model) that the in-degree and out-degree of each
node must be equal to one. A difference constraint propagates according to the rule below.
Following [90], we represent the current domain of variablex by {{x}}

x 6= y : {{x}} = {a} → y 6= a (23.12)

wherex andy are constrained integer variables, anda is an integer. Propagation rules
here will be written as LHS→ RHS where LHS is a logical combination of conditions
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on the variable domains whose truth can be easily checked. RHS is a unary constraint
or conjunction thereof which can be enforced by simple domain filtering. The above rule
only fires when the domain ofx is reduced to the single valuea. The RHS is enforced by
removing the valuea from the domain ofy.

For each visiti, si models its direct successor. The successor variables are kept “co-
herent” (consistent) with the predecessor variables via the following constrainedelement
expressions:

spi
= i ∀i ∈ V − F psi

= i ∀i ∈ V − L (23.13)

The element constraint takes two integer variablesy andz and a vector of integers or, in
this case, integer variablesx. The constraint specifies thatz must be equivalent to theyth
element ofx. This type of constraint is nearly ubiquitous in constraintprogramming mod-
els, and, to the authors’ knowledge, supported by all well-known constraint programming
engines. It propagates as shown below.

z = x[y]
{{y}} = {a} ∧ ∃b 6∈ {{z}} → x[a] 6= b
∃a {{x[a]}} ∩ {{z}} = ∅ → y 6= a
∃b(∀a ∈ {{y}} b 6∈ {{x[a]}})→ z 6= b

(23.14)

The coherence constraints 23.13 can then be implemented as follows (we show only one
of the two forms):

spi
= i : z = s[pi] ∧ z = i (23.15)

Note that the use of the predecessor and successor variablescreates a symmetric model
which will be reflected in the constraints that will now be introduced. Strictly speaking, the
VRP solution space could be specified using only one of the variable sets (predecessor or
successor) without changing the set of solutions of the problem. However, by adding both
(redundant modelling), additional inferences can be made which can significantly prune
the search space.

To model multiple vehicles, a “vehicle variable”vi of domain{1 . . .m} is introduced
for each visiti which represents the vehicle which performs visiti. Naturally, for the first
and last visits, the constraints∀k ∈ M vfk

= vlk = k are imposed. Along a route, all
visits are performed by the same vehicle. This is maintainedby constraints of the following
form:

vi = vpi
∀i ∈ V − F vi = vsi

∀i ∈ V − L (23.16)

These constraints form what is termed apath constraintas they maintain information along
a path. The above is the simplest form of path constraint; more complex ones will be used
to maintain the time and quantity of goods along a path. The above path constraint can be
implemented using only element constraints.

Alternatively, less stringent form of consistency can be maintained, called “bounds
consistency”. This only requires the bounds – lowest and highest legal values – to be
maintained. This is much cheaper to store and to use, but can be less powerful. In particular
cases, however, it can be sufficient. We will write the boundsas asx := e, meaning that
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all valuesi < e are removed from the domain ofx; andx := e, meaning that all values
i > e are removed from the domain ofx.

The quantity of goods on the vehicle is one such variable for where the size of the
domain and the mode of use means it is more efficient to maintain only bounds consistency.
It is modelled by the introduction of a real or integer valuedvariable at each visit. Let
qi ≥ 0 be a constrained variable representing the quantity of goods on the vehicle after
performing visiti. Let ri 6= 0 be the quantity of goods to be picked up at visiti, if this
quantity is negative, it represents a drop off of goods. Then, the following path constraints
maintain the load on the vehicles at each point in their route.

qi = qpi
+ ri ∀i ∈ V − F qi = qsi

− rsi
∀i ∈ V − L (23.17)

As theq variables typically have large domains, only bounds consistency is maintained for
efficiency. Propagation rules to maintain the above constraints are as follows:

qi = qpi
+ ri

LetP = {k | k ∈ {{pi}} ∧
min{{qk}}+ ri ≤ max{{qi}} ∧
max{{qk}}+ ri ≥ min{{qi}}}

Then
∃k ∈ {{pi}} k 6∈ P → pi 6= k
∃k ∈ P ∀l ∈ P min{{qk}} ≤ min{{ql}} → qi ≥ min{{qk}}+ ri
∃k ∈ P ∀l ∈ P max{{qk}} ≥ max{{ql}} → qi ≤ max{{qk}}+ ri

(23.18)

qi = qsi
− rsi

LetS = {k | k ∈ {{si}} ∧
min{{qk}} − rk ≤ max{{qi}} ∧
max{{qk}} − rk ≥ min{{qi}}}

Then
∃k ∈ {{si}} k 6∈ S → si 6= k
∃k ∈ S ∀l ∈ S min{{qk}} ≤ min{{ql}} → qi ≥ min{{qk}} − rk
∃k ∈ S ∀l ∈ S max{{qk}} ≥ max{{ql}} → qi ≤ max{{qk}} − ri

(23.19)

Vehicles have limited capacity. To model this, element constraints are used to deter-
mine limits for theq variables: simple inequalities then restrict thea variables. Assume
that the goods capacity of vehiclek isQk. The following constraints are then imposed:

qi ≤ Qvi
∀i ∈ V (23.20)

This formulation models heterogeneous fleets where each vehicle may have different
capacity. Note that no constraints of the form∀i ∈ F qi = 0 are added, which would
require that vehicles begin empty. By leaving these quantities otherwise unconstrained,
different problems can be modelled. These include mixed pickup and drop off, where the
vehicle can begin (partially) full and end (partially) full, anden routepickup and delivery
problems (see next section).

Time is maintained roughly in the same manner as vehicle loadexcept that waiting is
normally allowed and so that path constraint maintains an inequality rather than an equality.
Let ti ≥ 0 be a constrained variable which represents the time at whichservice for visiti
begins.
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The following constraints maintain time along vehicle routes:

ti ≥ tpi
+ τpi,i ∀i ∈ V − F ti ≤ tsi

− τi,si
∀i ∈ V − L (23.21)

The propagation methods are omitted as the correspond closely to those already presented
for propagating load (23.18, 23.19), the only difference being a cumulative inequality
rather than a cumulative equality is maintained to allow waiting time.

Time windows on customers are specified by adding constraints on thet variables. For
example, the constrainta ≤ ti ≤ b states that customeri must be visited between timesa
andb. Multiple time windows [90] can also be modelled; for example, the two constraints
a ≤ ti ≤ d andti ≤ b ∨ ti ≥ c indicates that customeri must be visited either between
timesa andb, or between timesc andd (a ≤ b ≤ c ≤ d).1

Different vehicles can have different availability windows; Suppose thatOk is the ear-
liest starting time, or origin, of vehiclek andHk is its latest finishing time, or horizon.
Limits on the availability of vehicles are then expressed (again using element constraints
and inequalities) as:

Ovi
≤ ti ≤ Hvi

∀i ∈ V (23.22)

To avoid cycles of visits which do not involve a first and last visit (subtour elimination),
a specialised constraint is described in section 23.3.3. However, one other simple way
which propagates less, but has the advantage of not requiring custom constraints, is to
make sure that each vehicle has a finite horizon, and that timefor service for each visit is
strictly positive.

Finally the cost function, which is normally the total distance travelledd, but can more
generally involve other components, such as the number of vehicles used, is constrained as
follows:

d =
∑

i∈V−F

δpi,i d =
∑

i∈V−L

δi,si
(23.23)

whereδi,j is the travel distance from visiti to j. Note the use ofboth the predecessor
and successor variables to constrain the cost, which is nearly always more effective during
search than using one single set. Each term in the sums is maintained by an element
constraint, and the total sum by a summation constraint, whose propagation details will be
skipped here, except to say that again, only bounds on variables are maintained in the sum.

When the cost-per-kilometer varies according to the vehicle used, the cost function can
be generalised. LetCk be the cost per unit distance of vehiclek. The cost function is then
specified as:

d =
∑

i∈V−F

Cvi
δpi,i d =

∑

i∈V−L

Cvi
δi,si

(23.24)

These costs are maintained as those above, except that thereis an additional multiplication
constraint per term. This second cost function will not be considered further here.

1There are various ways of handling constraint disjunction in constraint programming systems. ILOG Solver
takes a simple approach to propagating the constraintc1 ∨ c2—when one of the disjuncts becomes violated,
the other disjunct is added as a hard constraint in the system. Implication can also be implemented this way by
rewriting c1 ⇒ c2 as¬c1 ∨ c2).
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23.3.2 Extensions of the Model

The constraint programming model of the vehicle routing problem described encompasses
various standard OR models, such as the vehicle routing problem with capacity constraints
(CVRP), the vehicle routing problem with (multiple) time windows (VRPTW), the multi-
depot vehicle routing problem (MDVRP), the open vehicle routing problem (OVRP), and
the site-dependent vehicle routing problem (SDVRP). (See [98] for a full description of
these classifications.) Moreover, any a problem with a mix offeatures of these basic prob-
lems types can be easily accommodated.

By adding additional constraints the model can also be used on pickup-and-delivery
problems (PDP), including problems with back-hauls. PDP problems are modelled with
negative values ofri for a delivery, and positiveri for a pickup.

Assume that each pickup and deliver ordero has a pickup visitop and a delivery visit
od. For each ordero, the following constraints are imposed, which state the thepickup
and delivery visits must be carried out by the same vehicle and that the pickup must be
performed before the delivery.

vop
= vod

top
< tod

(23.25)

For a back-haul problem, interleaving of pickup and delivery visits is excluded via the
following unary constraints on successor and predecessor variables:

si 6= j ∀i ∈ P ∀j ∈ D whereP = {i | ri > 0} andD = {i | ri < 0} (23.26)

which state that no direct link from pickup to delivery is allowed.

23.3.3 Increased Propagation

The model already detailed is a valid and general model for various flavours of vehicle
routing problem. The basic model can also be further enriched to solve more complex
real-world problems (see section 23.6). However, the constraint propagation of this model
can be significantly improved by considering the problem structure as a whole rather than
individual constraints. This section deals with such additional propagation algorithms.

Eliminating cycles

This constraint was introduced in [19, 90] and is a very efficient way of avoiding cycles in
constraint programming vehicle routing models. The essence is simple: for any chain of
customers, it is forbidden to go from the end of a chain to its start. This idea is illustrated
in figure 23.2 adapted very slightly from the one shown in [90].

To maintain consistency of this constraint, first assume that a notification is sent to any
interested parties whenever a variable is changed (as proposed in [114]). In particular, the
NOCYCLE constraint need only be informed when ap variable is bound to a particular
value.

Two valuesbi, ei are associated with each visiti ∈ V −F which represent respectively,
the visits which begin and end the chain involvingi. The value ofbi is only valid if i is at
the end of a chain. Likewise, the value ofei if only valid if i is at the beginning of a chain.
With these variables, the NOCYCLE constraint can be propagated inO(1) time each time
ap variable is bound to a value. The method is as follows:
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CHAIN 1 CHAIN 2

FORBIDDEN ARC

NEW ARC

Figure 23.2: Operation of the NOCYCLE constraint

INITIALISE

forall i in V − F , bi = ei = i
forall i in V − F

if HASVALUE(pi)
SENDEVENT(BOUND(pi)) { see below}

when BOUND(pi)
π = value(pi) { π → i is new arc}
B = bπ { B is first visit of new chain}
E = ei { E is the last visit of new chain}
eB := E { := is reversible assignment}
bE := B { := is reversible assignment}
pB 6= E { disallow the chain looping}

Where “reversible assignment” is noted, this means that theassignment is undone on back-
tracking, so that the chains maintain their integrity afterreturning from a dead end.

Connectivity

Caseau and Laburthe [19] propose to go further than subtour eliminations for the TSP by
performing a strong connection check to see if all nodes can be reached from the start
node. This can be generalised to the model described here by performing a connection
check to find the set of visits that can be reached by each vehicle. LetRFk be the set of
visits reachable from visitfk (including fk) in a forwardsdirection—that is, following
directed arcsi → j wherei ∈ V − L ∧ j ∈ {{si}} ∧ k ∈ vi ∧ k ∈ vj . This set can be
computed by a marking algorithm of complexity linear in the number of arcs considered.
Likewise, letRBk be the set of visits reachable from visitlk (includinglk) in a backwards
direction. Let the set of reachable visits of vehiclek beRk = RFk ∩ RBk . There are two
situations where search has reached a dead end and can backtrack. First, iffk 6∈ Rk, then
it means that their is no route from the first visit of vehiclek to its last visit. Second, if
∪k∈MRk 6= V , then there are some visits which cannot be visited by any vehicle. In fact,
the second condition subsumes the first, but we highlight thefirst condition as it can be
more efficient to test.

Caseau and Laburthe [19] also propose that this pruning rulecan be transformed into a
propagation rule, fixing any arcs which arenecessaryto a connection (that it, without the
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arc, the already outlined algorithm would detect a dead end). Such an arci → j would
then be fixed by settingsi = j.

Unfortunately the authors reported that the reduction in search space realized was very
small, and did not compensate the large computational cost –detecting such arcs with their
algorithm has complexityO(|V |a), wherea is the number of arcs considered. However, it
is interesting to note here as an indication of the type of search space reduction that can be
investigated.

Permutation of predecessor variables

Constraints 23.11 state that allp variables must be different. The well known globalall-diff
constraint of Régin [95] can be used to efficiently maintaingeneralised arc consistency for
a set of variables that must all take different values. See Chapter 7 “Global Constraints”
for more information.

23.3.4 An Alternative Formulation

In the formulation presented here, the solution requires a single value for successor and
predecessor of a visit to be identified. Pesantet al.[90] present an alternative formulation
in the context of the TSP that requires the set ofall successors and predecessors of the visit
to be identified.

Two set variables,Bi andAi, are maintained for each visit that determineall visits
which must come before (respectively after) visiti. In a TSP, any visitj other thani
must either come before or afteri. In a VRP, this is not the case, and we identify three
possibilities (a)i beforej on the same vehicle route (i ∈ Bj ∧ j ∈ Ai) (b) j beforei
on the same vehicle route (j ∈ Bi ∧ i ∈ Aj) (c) i and j served by different vehicles
(i 6∈ Bj ∪ Aj ∧ j 6∈ Bi ∪ Ai). TheA andB sets are maintained by examination of the
time constraints between pairs of visits. This leads to the following constraints for all visits
i ∈ V :

(a)Bi ∩Ai = ∅ (b) j ∈ Ai ⇔ i ∈ Bj
(c) si = j ⇔ Ai = Aj ∪ {j} (d) j ∈ Ai ∧ l ∈ Aj ⇒ l ∈ Ai
(e)vi 6= vj ∨ j ∈ Bi ∨ j ∈ Ai (f) Ai ∩Bj 6= 0⇒ si 6= j
(g) j ∈ Ai ⇒ tj ≥ ti + τ⋆i,j (h) j ∈ Bi ⇒ tj ≤ ti − τ⋆j,i

(23.27)

Hereτ⋆i,j is the shortest path (in terms of time) between the start of service of i and the start
of service ofj. This can be found using a shortest path algorithm, but any lower bound is
legal to use, includingτi,j (making the reasonable assumption that the triangle inequality
holds on travel times). In fact in [90]τ⋆i,j = τi,j .

In the above, constraint (a) says that no visit can be both before and after another visit;
constraint (b) states that ifi is beforej, thenj is afteri; constraint (c) links the direct suc-
cessors with the complete successors; constraint (d) enforces the transitive closure which
states that ifi is beforej andj is beforel, theni is beforel; constraint (e) says that ifi
andj are served by the same vehicle, they must be ordered; constraint (f) says that when at
least one visit occurs between two other visits, those two visits cannot be directly linked;
finally constraint(h) requires that when visitsi andj are ordered in a certain sense, there
must be a minimal time gap between them.
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These constraints result in more powerful propagations eliminating certain arcs from
consideration, or enforcing that two visits must be performed by different vehicles, for
example. The before and after sets can also be used to tightentime bounds on visits to
strengthen the method proposed in [90]. The following constraints are valid for any cus-
tomer visiti ∈ C.

dB =
∑

j∈Bi
tj,sj

{Total duration beforei}
dA =

∑

j∈Ai
tpj ,j {Total duration afteri}

ti ≥ tfvi
+ dB ti ≤ tlvi

− dA
(23.28)

That is, the earliest time that visiti can be started is the start time of the vehicle on which
i will be serviced, plus the travel for all visits up toi. A symmetrical constraint limits the
latest time that visiti can be completed.

23.3.5 Lower Bounds and Cost-based Propagation

The cost can be used to limit search through a global constraint. The basic constraint
programming model described in Section 23.3.1 will performpropagation through con-
straints 23.23. Consider in particular, the first of the constraints: CST:d =

∑

i∈V−F δpi,i.
Suppose further that a goal costG has been identified, so that we required ≤ G. (Such a
cost is usually provided by finding a solution to the VRP with some costG+ ǫ, resulting in
the new tighter cost boundG.) Constraint CST will maintain lower and upper bounds ond
computed from a sum of terms, each term of which is the distance from each node’s prede-
cessor to the node. During search, not allpi variables will be bound to a single value, and
boundson the contribution of each term will be computed by propagation of the element
constraints which constitute each term. Assume thatTi is the term in CST corresponding
to visit i. Then:

Ti := min
j∈pi

δj,i Ti := max
j∈pi

δj,i (23.29)

The summation will then maintain bounds ond, the total distance travelled, notably the
lower bound:

dLB =
∑

i∈V−F

Ti (23.30)

The propagation ruled := LB, ensures that this lower bound is enforced.
Of course, whenever

∑

i∈V−F Ti > G, the domain ofd will become empty and force
the search to backtrack. However, what happens more often isthat propagation will occur,
removing arcs which would, if they appeared in the final solution, exceed the cost bound
G. Consider the lower bounds on the cost when one visiti has as predecessor a visith
other than its closest predecessor. The new lower bounddi,hLB would then be:

di,hLB =
∑

j∈V−F\i

Ti + δh,i (23.31)

The following propagation rule then applies:

∃h ∈ pi di,hLB > G→ pi 6= h ∀i ∈ V − F (23.32)
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This logic can also be symmetrically applied to the successor variables.
Although the above method performs cost-based propagation, the lower bounddLB

is poor as it does not consider any routing aspects, such as the fact that all predecessor
(or successor) variables must take different values. This has the effect of significantly
weakening the propagation. Accordingly, better bounds have been proposed in the context
of constraint programming, as well as a cost-based propagation methods based on reduced
costs.

Better lower bounds

Several better lower bounds have been introduced in the literature which have different
complexity/strength trade offs. A simple, strong bound wasintroduced by Caseau and
Laburthe [19] for the TSP, based on aregretconcept. In general terms, the regretRx of a
variablex is the difference in the cost to assign the variable its best value compared to the
cost to assign it to itssecondbest. Maximum regret is often used as a variable ordering
heuristic.

Although the bound was introduced for the TSP, it can be used for the VRP without
any significant change. First, let each visiti have associated its closest allowable visit
κi = argminj∈pi

δj,i. Also for each visiti ∈ V − F where|{{pi}}| > 1 the second
closest visit can be defined as:κ2

i = argminj∈pi\κi
δj,i. Then the regretRi of a visit i as

Ri = δκ2
i ,i
− δκi,i.

The regret-based bound recognises that ifi is the closest direct predecessor to both visit
j and visitl, then in any solution at least one ofj andl cannot be directly followed byi. In
this case, an extra distance can be added todLB equal to the minimumregretof j andl.

In the general case, suppose that for any visiti ∈ V − L, i is the closest allowable
direct predecessor of a set of visitsKi. Then the regret based lower bounddLBR is given
by:

dLBR = dLB +
∑

i∈V−L

R(i,Ki) (23.33)

whereR(∅) = 0 andR(X) =
∑

j∈X Rj −maxj∈X Rj otherwise.
This bound adds the smallest|Ki| regrets to the basic bounddLB for each contested

visit (the visit with the largest regret in the set is assume to link to its closest visit). The
bound works very well in practice, as it significantly strengthens the basic bound and is
efficient to maintain. A symmetric bound can be computed using the successor variables
in place of the predecessor variables, and both can be used for pruning.

Other bounds (for the TSP) have also been introduced based either on minimum span-
ning trees (MST) and minimum spanning aboresences (MSA). For instance Pesantet
al.[90] maintain a minimum spanning tree via an incremental version of Kruskal’s algo-
rithm [4] which adjusts the MST when required. Again for the TSP, [19] proposes comput-
ing the MSA rooted at a single node. The latter goes further, proposing that a bound based
on Lagrangian relaxation of the MSA problem can provide verygood bound – very often
within 1% of the optimum solution. However, the authors emphasise that because of the
cost of computing the lower bounds, these methods should be used when appropriate and
with care. For instance, such bounds become much weaker whenside constraints such as
time windows (especially tight ones) are added. In this case, the high investment does not
pay off.
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Cost-based propagation

Focacci, Lodi and Milano [46, 47, 45] propose a more effective global constraint allowing
cost-based propagation for the TSP and TSP with time windowswhich can also be applied
to the VRP. The idea is that the assignment problem relaxation of the TSP is used (where
the subtour constraint is relaxed) to provide a lower bound on the objective. The Hungarian
algorithm [71], or an incremental version of it, provides this lower bounddH (which is a
minimum cost matching of visits to visits according to the domains of the predecessor or
successor variables).

However, the Hungarian algorithm also produces areduced cost̄ci,j for each possi-
ble arci, j. This reduced cost is a lower bound on the increase indH if j was used as
the successor of visit fori, instead of the one proposed in the solution to the assignment
problem.

A new propagation rule based on the cost goalG and reduced costs can then be used:

∃i ∈ V − L ∃j ∈ {{si}} dH + c̄i,j > G→ si 6= j (23.34)

This method is covered in detail in Chapter 7 “Global Constraints”, or see [46] for a
description in the context of the TSPTW.

23.4 Constraint Programming in Search

We have seen that Constraint Programming can offer many advantages when solving rout-
ing problems, due to the increased pruning achieved throughpropagation. We have also
seen, in Section 23.2.4, that local search methods have beeneffective in solving the prob-
lems.

However, a difficulty arises when one attempts to put these two methods together in a
naı̈ve way. In local search, we may move a customer from one route to another, assign-
ing a new successorsi = j. Later, we may decide to move nodej, so thatsi receives
a new value. However, this contradicts a basic operating principle in classic Constraint
Programming: so called “chronological backtracking”. Under chronological backtracking,
decisions must be undone in the reverse of the order they weremade. So in order to undo
the decisionsi = j, we would have to undo all operations performed since that time. This
would undo all the progress made by local search, and hence isunacceptable.

Two ways around this problem seem to have been identified so far.
The first is to allow a heuristic or meta-heuristic to controlsearch. In this case, the con-

straint system is used simply as a rule checker. The second way is to insulate the Constraint
Programming system from the changes being made at the lower level, by wrapping up local
search changes within anoperator, which is then used within the constraint system. The
use of these sorts of operators also allows the user to identify parts of the search that can
be handled using traditional backtrack search. These methods are discussed in more detail
below.

A third way of using CP is as a subproblem solver. Here, an independent search pro-
cess generates a sequence of subproblems – usually closely related to the original routing
problem – which are solved by CP. This sort of use has more of the flavour of the second
class identified above, as the CP system is being used as more than just a rule checker;
a full CP framework is being used repeatedly. We will look at some of these methods in
Section 23.5.
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See also Chapter 8 “Local Search” for methods for doing localsearch. Focacciet
al.[48] also look at the use of local search within a constraint framework.

23.4.1 Constraint Programming as a Rule-Checker

Perhaps the easiest way to use a constraint programming framework in solving the Vehicle
Routing Problem is to simply use CP-based methods as a rule checker to be applied to
individual routes, or collections of routes. The main advantage over other possible methods
is that CP is very expressive, and a wide variety of side constraints can be specified and
checked efficiently. In addition, a CP-based solver that canhandle the core VRP constraints
can often be used without algorithmic modification to handlea problem with additional
side constraints ([31, 106]).

Using CP as a rule-checker means that the search procedure ishandled outside the
constraint system. The constraint system is simply called each time a new route (or partial
route) is to be tested. However, the CP system is still able toperform the usual propaga-
tions, limiting the scope of decision variable and potentially identifying infeasible partial
solutions.

De Backeret al.[31] discuss in detail the use of CP within a non-chronological frame-
work. They use two representations of the solution – anactiverepresentation within a con-
straint programming system that is only instantiated when aconstraint check is required,
and anpassiverepresentation used by the local search routines. Within this framework, a
full test of all constraints through the whole (partial) solution can be very expensive. They
therefore describe a number of methods for improving the efficiency of the CP system. We
site three examples – details can be found in the reference.

First, many local search operators operate using a particular criterion – for example
identifying the node that can be moved at least cost or maximum regret. A large gain in ef-
ficiency can be made by simply testing that criterion first, before performing any constraint
checks. So rather than seeing whether it is legal to perform aparticular move, the system
should first see whether the cost of the move is less that the best found so far. If not, then
the constraint checks can be skipped altogether.

Another possibility for improving efficiency is to have specialised propagators for the
core constraints. For example, each “move operator” withina local search method may
have its own propagator which examines the values produced during the path variable
propagation. Illegal moves can then be identified very quickly. Even though they concen-
trate on the core constraints, since any side constraints will also be potentially affecting the
path constraints, these propagators make good use of information fromall constraints.

Finally it is important to observe that many move operators affect only a subset of the
routes in a solution. Most constraint checking can therefore be limited to just those routes
that have changed.

De Backeret al.[31] describe the use a CP framework for implementing several of the
local search and meta-heuristic methods described in Section 23.2.4. The methods proved
to be effective – several new “best known” solutions where produced.

23.4.2 Local Search within a Constraint framework

As noted above,operatorscan be defined within a Constraint Programming framework
to insulate the Constraint System from non-chronological backtrack. This allows more of
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the search to take place within a Constraint framework, and hence allows more scope for
propagations and other techniques to prune the search space.

Many of the operators used within this type of framework are based on serial insertion
and block deletion. These types of modification are well suited to use within a Constraint
Programming framework, as they allow the propagations described in Section 23.3.1 to
be used in full – both narrowing the potential sites for insertion, and quickly identifying
partial solutions that cannot lead to a feasible solution. The formulation is also able to
cope with arbitrary side constraints easily. Within-routeconstraints (like capacity) – which
usually form the bulk of constraints – can be checked during insertion.

One such insertion-based technique, developed specifically for use in constraint pro-
gramming environment, is Large Neighbourhood Search [106]. In this method, a group
of “related” customers is removed, and then re-inserted into the existing runs with optimal
cost. The customers are related geographically, temporally, or by use of a particular re-
source. For example, a simple relatedness function isR(i, j) = 1

cij+Vij
wherecij is the

cost of travel fromi to j, andVij isK > 0 if i andj are on the same vehicle, 0 otherwise.
K is chosen to be comparable to thecijs.

The number of visits removed starts at one, and increases if no improvements have been
found, up to some maximum (30 is used in the cited reference).Re-insertion uses exact
branch-and-bound procedure with constraint propagation,which can find the minimum
insertion cost rapidly.

The method has proved particularly successful on Vehicle Routing Problems, and has
since been used in Constraint-based methods for other problems, including crew schedul-
ing [105] and maximal satisfaction problems [82].

The strength of propagations from insertion-style local search is further exploited in a
technique proposed by Caseauet al.[21]. Three meta-heuristics that involve repeated in-
sertion – Large Neighbourhood Search, Limited DiscrepancySearch, and Ejection Chains
– are combined. The paper uses these three methods as building-blocks in a system de-
signed to discover new heuristics based on automated “learning”. Depending on the data
presented, the methods produces heuristics, made up of calls to these building blocks, that
are able to produce good solutions. The CP system is acting asa rule checker here, but in
addition, traditional CP techniques are used to solve smallTSPs with side constraints as
described in [19] that appear as subproblems.

Another general-purpose search procedure that has been developed within the con-
straint literature is Limited Discrepancy Search (LDS) [59, 20, 21]. Many problem-solving
methods involve a sequence of steps, a set of actions that canbe taken at each step, and
a heuristic for ordering the preference for those actions. Following the first preference at
each step gives a solution to the problem. LDS systematically looks at the solutions that
differ from the heuristic solution by making a different choice at a number of points. So
for instance a 1-discrepancy would follow the heuristic at all but one step. At that step it
would take thesecond-bestchoice according to the heuristic. Going against the heuristic
at stage one (then following it for the rest of the procedure)gives a 1-discrepancy solution.
Going against the heuristic at stage two gives another such solution, etc. So if there weren
steps in the solution,n different 1-discrepancy solutions can be generated. A 2-discrepancy
solution either twice uses the heuristic’s second-best choice during construction, or once
uses the third-best choice. In the context of the VRP, LDS canbe used during construction.
For example, in choosing the next customer to insert, or the insert position.
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The Constraint framework is exploited in a method describedby Pesant and Gendreau
[89] to implicitly search large neighbourhoods. As mentioned previously, large neighbour-
hoods are more likely to contain good solutions, or allow good solutions to be discovered in
fewer steps. However, such neighbourhoods can be expensiveto search. Pesant and Gen-
dreau describe a method that allows these larger neighbourhoods to be searched efficiently
using branch and bound.

They characterise a neighbourhoodN of a particular solution by a set of finite-domain
variablesV = {v1, . . . , vn}, so that each feasible combination of valuesv̄ = v1 ×
. . . × vn maps to exactly one neighbour of the current solution, and vice-versa. A sys-
tematic, branch and bound exploration of feasible values ofv̄ then implicitly explores the
neighbourhood efficiently. Using lower-bounding functions allows non-productive areas
of the neighbourhood to be identified and eliminated.

For example, in the TSP with time windows, an effective neighbourhood is the or-
ientation-preserving 3-opt neighbourhood described in Section 23.2.4. This can be char-
acterised using 3 indices –I, J andK – defining the break points, with the constraint
I ≺ J ≺ K (whereI ≺ J means “I precedesJ in the current tour”). Each feasible
I, J,K combination represents one possible 3-opt exchange (and all 3-opt exchanges are
represented by anI, J,K combination). Peasant and Gendreau describe how thisI, J,K
space can be explored using a branch and bound tree of depth three, using two bounding
procedures to prune the search.

Bounding, propagation and pruning are being used to implicitly eliminate subsets
of neighbours. This allows the more complex and larger neighbourhood structures (e.g.
[109]) to be explored effectively.

Rousseauet al.[99] describe an approach, based strongly on the ideas presented in [89].
In this hybrid CP/OR approach, methods such as (Large Neighbourhood Search, GENI
exchange, Ejection Chains) are embedded as operators within a constraint programming
framework. Again, the building blocks chosen are based on serial insertion and deletion –
precisely the operators able to benefit most strongly from propagation.

Basic operators are defined which remove and insert customers in a route. New oper-
ators can then be defined – for instance the following code implements a simple ejection
chain:

NEC(c) :- Insert(c, R)∨ ( Remove(C,R)∧ Insert (c,R)∧ NEC(C) )

whereR andC are variables representing any route or customer. The code attempts to
insertc in a feasible route or, if no such route can be found, removes another customer
from a route, insertsc in that route, and recurses to find a new home forC. Obviously this
method must be modified to prevent cycling etc, but the flavourof CP-based programming
is evident.

In the method described, the construction phase, a local search phase and a post-
optimisation improvement phase are all defined in terms of the operators. They follow
the ideas of [89], exploring the neighbourhoods defined by each operator using branch-
and-bound search within a CP framework. As with the previousmethod, propagation and
pruning are working to reduce the number of solutions actually visited.
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23.5 Using Constraint Programming as a Subproblem Solver

We focus here on methods that involve solving a sequence of constrained subproblems.
These subproblems often share many of the constraints of theoriginal problem, and hence
Constraint Programming may be a useful technique to employ.

An example is the method described by Caseau and Laburthe [20] for the VRP. This
is an insertion-based technique that interleaves insertion with local search. It uses CP to
check the feasibility of insertions and of the neighbourhood moves used in local search.
However, it also uses a constraint-based framework to solvethe TSPTW sub-problems
exactly, using the method described in [19]. Because the whole system is set up within a
constraint-based framework, it is easy to implement Limited Discrepancy Search [59] as a
solution improvement technique.

Shaw [106] uses a CP-based solver to find exact solutions to the TSPTW subproblems
arising in the context of the Large Neighbourhood Search procedure (see Section 23.2.4).

Eastonet al.[40] use a branch-and-price algorithm to solve the Tavelling Tournament
Problem – which is related to the routing problems we examinehere. In this approach,
integer programming is used to solve the master problem, while constraint programming
is used to solve the pricing problem. This approach is discussed in more detail in [66]. The
branch-and-price approach is also used in [30] to solve the Vehicle Routing Problem with
Time Windows.

Other examples of CP subproblem solvers are given in the nexttwo sections.

23.5.1 Set Covering or Set Partitioning with Column Generation

Set Covering/Partitioning with Column Generation is a linear programming technique used
commonly in the Operations Research literature to solve a variety of routing, scheduling
and related problems [34, 97, 22, 5, 16, 32, 116]. Column Generation is also the subject of
a recent book [33].

In the VRP context, indicator variables are used to specify potential routes:aik = 1
if customeri is visited by routek, 0 otherwise. Columns therefore represent a potential
route, indicating which customers are covered, but not the order. The order and the costck
of routek can be calculated when the column is constructed, and storedseparately.

The approach is to generate a large setK of potential routes (columns), then solve a set
partitioning or set covering problem to choose the set of routes which covers all customers
at minimum cost. The decision variable isyk, yk = 1 if routek is used in the solution, 0
otherwise.

SP: minimise
∑

k∈K

ckyk (23.35)

subject to

∑

k∈K

ykaik = 1 ∀i ∈ N (23.36)

yk ∈ {0, 1} ∀k ∈ K (23.37)
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The formulation above is the Set Partitioning formulation,requiring each customer to
be covered exactly once.SPhas the advantage that special structure within the constraint
matrix can allow the problem to have integer properties [101]. However, the Set Covering
formulation, which allows customers to be visited more thanonce, is generally somewhat
easier to solve. The formulation (SC) is obtained by replacing “=” by “≥” in equation
23.36. Repeat visits can usually be handled by simply deleting one. In the following all
comments regarding formulationSPapply equally toSC

Due to the number of potential columns, it is not practical toinclude all possible routes
in K. However, the method of Column Generation allows us to converge to the optimum
solution. After solvingSP, reduced costs for each customer can be obtained using the dual
variable associated with each equation 23.36. The Column Generation subproblem can
then be solved, where columns are generated by finding paths with negative reduced cost –
i.e. sets of customers where the cost of travel is exceeded bythe sum of customer reduced
costs. This is a type of prize-collecting TSP [42]. An optimal solution to the relaxed form
of SP is obtained when no more negative reduced-cost paths can be generated.

Constraint programming can be used both in initial column construction phase, and
again in the column generation phase. One of the main advantages of the method is that
any within-route constraints can be enforced by the column construction procedure, in-
dependent of the Set-Partitioning solution mechanism. Themethod can therefore handle
classical VRP, and VRPTW problems, as well as a variety of side constraints. Previously,
Dynamic Programming was used [34], but this does not have theflexibility of CP which
allows, for example, multiple time windows to be added without fuss [91].

Solving the prize-collecting TSP subproblem in the column generation phase has to
obey the same constraints as the original route-construction method (including any side
constraints) – it simply has a modified objective. The same constraint-based formulation
can therefore be used to solve the prize collection sub-problem.

This approach has been described by Rouseauet al.[100] in the context of the TSPTW,
but most of the discussion applies to the VRPTW as well. They describe arc elimination
and search strategies which speed up solving the prize-collection subproblem.

Junkeret al.[65] discuss a framework for embedding efficient algorithmsinto a con-
straint framework for solving problems that arise in columngeneration methods. These
methods are developed further in [41].

23.5.2 Lagrangian Relaxation

Lagrangian Relaxation is also a standard Operations Research technique, and descriptions
can be found in many Operations Research texts (e.g. [70, 115]). The technique is applied
to linear programming formulations of a problem where an “easy” problem is being com-
plicated by some additional constraints. The idea is to movethe complicating constraints
into the objective with a penalty (Lagrangian) multiplier,leaving a much simpler subprob-
lem. Using duality theory, optimal multipliers can then be found by solving a series of
subproblems, yielding optimal solutions to the original problem.

There are various ways to apply this technique to the VRP, or VRPTW, depending on
the relaxed constraints. Fisher [43, 44] used Lagrangian Relaxation to solve the VRP and
VRPTW problems. The relaxation used there leaves a “minimumK-tree” subproblem.
More recently, Lagrangian relaxation has been applied to the VRPTW [67]. In the ap-
proach described there, the constraints which ensure that each customer is visited exactly
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once are relaxed – these are constraints 23.2 in the formulation in Section 23.2.1. This
gives the Lagrangian objective

minimise zLR(λ) =
∑

i∈N

∑

j∈N

∑

k∈M

cijxijk −
∑

i∈N

λi





∑

j∈N

∑

k∈M

xijk − 1



 (23.38)

We wish to find the optimal set of multipliersλi, and must therefore solve
ProblemLR = maximizeλ∈Rn zLR(λ) subject to constraints 23.3 to 23.10 (without the
redundant subtour constraints 23.7).

LR divides intom independent (difficult) problems – one for each vehicle. As with the
Column Generation method described above, the subproblem is a sort of prize-collecting
TSP, with the Lagrange multiplierλi associated with each customer quantifying the “prize”
for a vehicle to visit. (At termination,λi therefore gives an indication of the “cost” of
visiting each customer.) For the strict definition of VRPTW,[67] develop a dynamic
programming-based method to solve the elementary shortestpath with time windows and
capacity constraints subproblem. However, a constraint-based approach could be used
which would allow arbitrary side constraints to be applied.

The Lagrangian Relaxation method is an iterative procedure. At iterationt, the current
solution isxtijk The Lagrangian problem is then solved to find the optimal multiplier λti
for i ∈ N . Unfortunately, in the case of the VRPTW, this optimizationis also a difficult
problem. [67] describe a cutting plane algorithm using trust regions to solve the Lagrangian
dual problem for the pure VRPTW. Given these multipliers, a newxt+1

ijk is calculated using
the subproblem solver – CP or Dynamic Programming.

Traditionally Lagrangian Relaxation methods have suffered from being tied to a spe-
cific formulation of the problem. Constraint Programming allows the possibility to solve
subproblems in the presence of a wide variety of side constraints, making the method more
widely applicable. However, an exact solution to the subproblem is usually required in
order to guarantee convergence of the method.

Benoistet al.[9] used Lagrange Relaxation within a constraint programming frame-
work to solve a related routing problem - the “Travelling Tournament Problem” faced
in constructing round-robin sports schedules. The method allows for a variety of con-
straints in composing a draw while minimising the travel time for players. This work is
also interesting for the collaborative architecture described that allows CP and Lagrangian
Relaxation to work effectively together.

23.6 CP-VRP in the Real World

23.6.1 Real-World Constraints

Up to this point, we have discussed the Vehicle Routing Problem and its variants as they are
studied in academia. Starting from the very pure statement of the VRP originally proposed,
new constraints and variants reflecting real-world practice have been studied over time.

However, the main difference between VRP in academe and routing practice in the
real world remains the almost incredible variety of constraints and objective functions that
are seen in day-to-day use – many of which have never been examined in the academic
literature.
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To bring this into focus, we present a number of examples of operating practice that
have been seen by staff at a leading supplier of software for Vehicle Routing.

• Minimising vehicles is seldom an optimisation criteria in day-to-day scheduling.
The fleet size is determined periodically, but in between times, drivers are typically
on contract, and so are paid for some minimum time whether they drive or not. As
a result of this, there is often a constraint that route time exceeds the paid minimum,
while being less than the contracted maximum time.

• Meal and rest breaks, within a certain time of starting, and importantly, within a
certain time relative to one another, must be inserted into the route automatically

• Subcontracting is common, whereby a shipment is sent using another carrier. The
constraint that all visits are completed is therefore oftendropped in favour of a cost
term in the objective that will automatically drop uneconomic visits.

• A situation has been seen whereby the company only pays for travel to and from
the first and last visits of the route, not for the distance on the route itself. There
is a constraint which forces the route to be linear, rather than petal-shaped, which
in effect forces the last visit to be one of the most distant from the first. In fact the
constraint is that the total length of the route is no more than 30% greater than the
distance from the first to the last stop.

• In some workplaces, some drivers have secured a strong negotiation position which
allows them to choose which stops they wish to perform. Others are able to choose
some of their route.

• Cross-docking is another very common practice. For example, a major supermarket
has a regional distribution centre. This centre receives goods from suppliers, and
distributes goods to stores. To avoid double handling and storage costs, where-ever
possible the deliveries are “cross-docked”: the goods are taken straight across the
dock from a suppliers vehicle to the distribution vehicle. If the supermarket is using
its own vehicles to pick up from the supplier, then this constraint is a movable time-
window linking two or more routes.

• A similar inter-tour constraint occurs when one vehicle delivers to a scheduled ser-
vice, such as a ferry or train, and another picks up from the other end. There may be
a choice of many scheduled services to use, but two routes must coordinate on the
same service. Note that the receiving vehicle is not necessarily identified, but one of
a number of vehicles must be tasked to meet the scheduled service.

• In (telecommunications) technician dispatching there canbe a requirement to have
two technicians at different locations at the same time, so that they can perform end-
to-end tests of communications hardware. A constraint is required to force these two
visits into different vehicles and for the two visits to occur in the same time window.

• Some long-haul companies use trailer change-over. Here, one vehicle (perhaps while
making other deliveries) carries a trailer. At some location and time (decision vari-
ables) it meets another vehicle and the trailer is moved to the second vehicle for
onward travel. This may be repeated a number of times. Each such change-over
represents an inter-tour constraint. Again the vehicles involved are variable.
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• The resources at a site may be limited. For instance there maybe a limited number
of docks or forklifts. The number of vehicles visiting at anyone time must therefore
be limited. This will be a consideration for example in a supermarket where multiple
vehicles are sent to replenish stocks.

• Overtime rates must be taken into account in the objective, but are often expressed
in a complicated fashion, including discontinuities, and penalty payments. E.g. $x
up to the first half hour, $y for each subsequent half hour, plus $z meal allowance
(plus 30 minutes break) if working more than 2 hours.

• In technician dispatching, the truck inventory must be maintained. The inventory of
up to 300 types of parts may have to be tracked, and only technicians with sufficient
supplies assigned. The technician must return to base to restock when appropriate,
or may be able to be resupplied en-route by either meeting another technician and
swapping parts, or by a special delivery from base.

• Lots of little, but still important, preferences have been seen, for example shipments
to a particular customer in a week must be done by the same driver; or a husband
and wife must/may not work together as a team.

Note that while many of the situations listed can be addressed using the models dis-
cussed here, some require more elaborate models, and some can only be approximately
modelled. In addition, some would require bespoke techniques to find good solutions.

23.6.2 Dynamic Operation

Another important aspect of solving vehicle routing problems in the real world is the dy-
namic nature of the problems: the problem is shifting even asit is being solved.

The dynamism may be small - where some visits may be added or deleted without
changing the general structure of the route, or the entire routing process may be driven by
the stops being added, such as in taxi or parcel delivery operations.

Other dynamic aspects of operations include

• A company may have a list of clients it visits, but not all clients will require visiting
each day. The stops to be performed may only be finalised as close to dispatch time
– or even after.

• Traffic incidents and road works can alter the time taken to drive between two stops.

• It may be difficult to calculatea-priori how long a visit will require. If visits take
longer than expected, parts of a planned route may have to be re-scheduled.

• Vehicles may break down, requiring visits to be re-scheduled

Algorithms to address these dynamic features of the problemare just beginning to be
addressed in the literature [68, 77].
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23.6.3 Vehicle Routing Software

The importance of vehicle routing to companies’ operationsis reflected in the use of ve-
hicle routing software packages. The journalOR/MS Todayconducts a regular survey of
routing software. In their most recent survey [57], twenty routing software systems were
analysed. The companies involved reported a total of more than 8,000 systems sold. We
refer the reader to a survey such as this for details of available systems.

It should be remembered that the routing aspects are only small part of a routing system.
Other features required of software include

• The ability togeo-codeaddresses - that is turn an address into a map location.

• The ability to calculate travel distances and times from onemap point to another.

• A graphical user interface for displaying routes.

• The ability to change routes manually, preferably using a graphical interface.

• A method of easily specifying and entering constraints.

• Interfacing with other systems, such as billing and invoicesystems.

23.7 Conclusions

We have seen how Constraint Programming can be applied to an important industrial prob-
lem. The Constraint Programming approaches have used, and advanced, the substantial
body of research on the problem from the Operations Researchcommunity. Methods from
the OR literature form the basis for many successful CP approaches.

Before the advent of Constraint Programming, the usual approach to solving these
problems was to formulate the problem at hand in such a way that the main objectives and
core constraints could be handled efficiently. If any side constraints were present, these
were often handled in an “ad-hoc” manner. Unfortunately this leads to a wide variety of
formulations, each of which is often specific to a fairly narrow class of problems.

The advantage Constraint Programming brings is a much more general method of han-
dling the core and side constraints of routing problems. Theformulation presented here
is able to model a very wide variety of problems classes seen in the literature and in the
real world with thesame setof variables and core constraints. This formulation can handle
capacity, time and incompatibility constraints, and various types of pickup and delivery
problem.

In addition, a very wide variety of side constraints can be modelled without affecting
the core model. We have already mentioned many different types of side constraints, but
there are a large number of others in used in companies aroundthe world. Many of these
can be incorporated into the model with very low cost. We haveshown how the expressive
nature of the model allows constraints to be specified and checked efficiently.

Routing problems of the sort examined here are allNP-hard. Efficiency in exploring
a chosen search space is therefore paramount. We have shown how a combination of
propagators for generic constraints, along with bespoke propagations, can substantially
reduce the number of search nodes actually visited, withoutaffecting the solution quality.
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We have shown how performing local search within a Constraint Programming framework
can benefit from the pruning of the search space.

Constraint Programming systems allow flexibility in how a new type of constraint, seen
for the first time in a particular company, is handled. First,the new constraint can usually be
incorporated relatively simply into the model described. As soon as this is done, automatic
methods within the Constraint system are usually able to immediately use the constraint
to prune search trees. In addition, if the constraint is seenas being core to solving the
problem, bespoke propagators can be fashioned which increase the degree to which the
search tree is pruned.

We have also seen how Constraint Programming systems offer advantages when used
as subproblem solvers. In methods such as Column Generationand Lagrangian Optimisa-
tion, subproblems are often generated with an eclectic mix of constraints. Some of these
are common to other routing systems, and others are particular to the subproblem environ-
ment. Constraint Programming allows the methods developedto solve the routing aspects
to be leveraged to solve the related subproblem.

In the future, it would appear that there is still much to be done in terms of hybrid
OR and CP methods. This is a very active area of research, and some very interesting
methods using advanced techniques from both disciplines are already being seen. It is
clear that techniques from Constraint Programming will continue influence developments
in this area.
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Chapter 24

Configuration

Ulrich Junker

Configuration is the task of composing a customized system out of generic components.
This task is of concern to everybody as component-based systems are omnipresent in mod-
ern industry. Prominent examples of component-based systems are computers, home cin-
emas, cars, and trucks. Classic examples are kitchen and furniture that can be assembled
from a given catalog of components. As the need for customization is growing, more and
more products follow the pattern of a component system. New examples are service packs
such as telecommunication offers, loans and insurance products, but also travel packages
and other examples from the service industry. Finally, we should not forget component-
based software systems.

Components are generic in nature and can be produced in mass,but are destined to
support customized solutions. The available components for a given type of system are
usually described in the form of a catalog. Each catalog itemis a product type and describes
the functional and technical characteristics of the component. For example, take a printer
component. The function is printing. The functional characteristics include printing quality
and support of colors. The technical characteristics include printing type (laser, jet) and
printing speed.

Whereas the catalog describes the generic knowledge of components, a customer usu-
ally has specific requirements for the desired component-based system. For example, the
customer wants to set up a home movie studio that allows the filming, editing, and showing
of movies and optionally the printing of snapshots and insertion of photos. To match the
specific customer requirements, a configuration of the components needs to be determined.
A configuration is a set of instances of the available component types that are customized
and combined to meet the requirements. A configuration for the home movie studio con-
sists of a video camera with analog output, a video recorder with analog input, and a TV
screen. Another configuration consists of a video camera with digital output, a computer
with a card for digital video capture, software for video editing, a DVD reader/writer, a
printer, and a scanner.

The task of finding a suitable configuration encounters several difficulties. Firstly, there
can be a huge number of configurations responding to the customer requirements. The
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number of alternatives may be large even if a single component needs to be chosen. The
customer usually is not satisfied with an arbitrary choice, but has preferences on multiple
criteria of the catalog items such as the color or seat material of a desired car. Hence, a
configuration problem may correspond to a multicriteria decision-making problem. Nor-
mally, a configuration does not consist of a single component, but multiple components.
Car configuration problems allow the choice of multiple options that are subject to techni-
cal constraints. For example, the choices of a roof rack and of a cabriolet are incompatible.
In this case, the configuration problem is a combinatorial problem. In more complex ex-
amples such as the configuration of instrumentation and control systems, the number of
required components is initially unknown. The problem space of the configuration task
then contains a possibly infinite number of candidate configurations. Universally quanti-
fied constraints can be used to represent knowledge about unknown parts and we obtain a
satisfiability problem in a (decidable) fragment of first-order logic. Finally, a configuration
problem can be large in size and involve huge numbers of product types and constraints.

Complex configuration problems are, for example, encountered in the engineering and
manufacturing departments of the computer and automotive industries, which need to com-
plete customized sales orders by choosing suitable parts from huge catalogs. This situation
has led to the development of configurators that do this completion automatically while
respecting difficult technical constraints. However, configurators can also support the sales
process and assist the user in choosing options while guaranteeing their compatibility.

Although the first configurators were based on production rules, Constraint Program-
ming (CP) nowadays appears to be the method of choice for solving diverse forms of
configuration problems. CP addresses the complete space of possible configurations, no
more and no less. End users can formulate arbitrary requirements without taking the risk
that their favorite configurations are forgotten. CP handles the combinatorial aspects of
configuration problems. CP is able to discover unforeseen interactions between different
components and constraints thanks to propagation, search,and learning algorithms. CP
can also profit from existing expertise in solving configuration problems by using it for
guiding the search.

However, classic CP methods lacked appropriate techniquesto represent complex con-
figuration knowledge, to reason about an unknown number of components, to handle user
preferences, or to provide explanations when interactive solving ran into failure. Specific
research on constraint-based configurators has addressed those points by incorporating
techniques from fields such as knowledge representation, theorem proving, and preference
handling. This handbook chapter gives a survey of the main techniques.

Section 24.1 explains the diversity of configuration problems and extracts specific chal-
lenges for CP. Section 24.2 distinguishes different kinds of knowledge used in configura-
tion problems, which can be used to build rather different constraint models as explained in
section 24.3. Section 24.4 presents the problem-solving tasks occurring in configuration.

24.1 What Is Configuration?

24.1.1 A Whole Spectrum of Problems

Configuration has been an outgrowth of research on rule-based expert systems. John Mc-
Dermott [41] used the term configuration for a specific form ofa design task [9], where
a system was assembled out of predefined components that are connected in predefined
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Figure 24.1: Component types of a home movie studio.

ways. Whereas more innovative design tasks often require a suitable modeling of the
physical behavior of components [64], work on rule-based configurators focused on the
functional aspects of components. Frayman and Mittal summarized those approaches by a
general definition of the configuration task [44] and thus provided a foundation of the field
of configuration similar to Reiter’s for the fault diagnosisin technical systems [49]. The
essence of this definition is as follows: A configuration problem is characterized by two
constituents:

1. A catalog which describes the generic components in termsof their functional and
technical properties and the relationship between both.

2. User requirements and user preferences about the functional characteristics of the
desired configuration.

The configuration task consists of finding the following answer:

1. One or more configurations that satisfy all requirements and that optimize the pref-
erences if those requirements are consistent.

2. An explanation of failure in the other case.

A configuration is a set of customized components together with a description of their con-
nections. A component itself is defined by its type, its attributes, and its subcomponents.
Attributes may express functional properties such as filming capability or edit capacity in
terms of filmed hours (see Figure 24.1). However, attributesmay also express technical
properties that describe how a given functional property isachieved. For example, the
video file format (AVI, MPEG2) used for editing and the storage capacity are technical
characteristics. If a given functional property is fulfilled by a single component, then this
component is primitive and has no subcomponents. In the movie studio example, a video
camera directly realizes the filming functionality. However, a function may also be ful-
filled by a combination of components. The combination can beachieved by a composite
component that has subcomponents. For example, the storagecapacity of a movie studio
system may be supplied by a computer as well as the external disks of the computer, which
thus all together achieve the required edit capacity. The combination can also be achieved
by an architecture that defines how components need to be combined to fulfill the function.
For example, the home movie studio may have a video editing system, which consists of a
computer, editing software, and other components such as a video capture card and a video
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recording facility. This video editing system is not a component that can be chosen from a
catalog, but a ‘functional unit’ that describes how other components need to be combined
for the purpose of video editing.

The general description of the configuration task covers a large spectrum of concrete
configuration problems and can be simplified depending on theapplication domain and
the purpose of the configurator. As explained in [28, 51], it is useful to distinguish con-
figuration for sales and configuration for manufacturing andengineering. Sales configu-
rators address the needs of laymen in business-to-customerapplications (B2C) or buyers
in business-to-business applications (B2B). Components are described in terms of sales
categories and correspond to items that customers can order. Their level of detail is much
smaller than that of the parts that can be manufactured. The result of the sales configu-
ration can be used as input for a technical configurator that checks whether the ordered
system can be produced. The configurator uses existing product models in the form of bill-
of-materials and compatibility tables and chooses a structure and the parts of the product.
Whereas sales configurators are highly interactive and user-driven, manufacturing requires
configurators that automatically complete given requirements.

The structure of a configured system depends on the application domain. A car con-
figuration usually consists of a small number of features. A configured computer is typi-
cally described by a small hierarchy of parts. A custom kitchen may have an unbounded
number of parts. An instrumentation-and-control system may additionally require that an
unbounded number of parts is packed into an unknown number ofracks and boards.

This difference in structure explains why so many differenttechniques have been ap-
plied to configuration problems. A first survey of configuration techniques given by [51]
distinguishes rule-based reasoning [41], model-based reasoning [44], and case-based rea-
soning for configuration. The model-based branch covers approaches based on description
logic [42], constraint programming [43, 59], and resource models [31]. The survey now
needs to be completed by approaches based on SAT [55], binarydecision diagrams [29],
integer programming [62], and also answer-set programming[54]. Furthermore, there have
been various attempts to combine several techniques in order to enhance the modeling and
solving capabilities of a configurator. The diversity of techniques is confirmed by other
surveys [27, 58].

Independent of the problem and the approach, a configurator needs to address the fol-
lowing requirements concerning problem solving:

1. Generation of components to carry out the functional requirements.

2. Reasoning about the interactions of multiple components.

3. Detection of cases where the desired functionality cannot be implemented.

A further requirement concerns modeling. The configurator needs to provide a high-level
modeling language that allows the configuration expert to model complex systems and to
maintain these models.

Rule-based approaches represent functional requirementsin terms of assertions in the
working memory and map them to components through rules. A rule for selecting a com-
ponent is fired if there is a requirement needing this component. When executed, a rule
can generate new components, customize existing components, or add subcomponents.
Depending on the context, the same function may be achieved differently, meaning that we
obtain multiple rules of the form:
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if function and context 1 and constraints okay then component 1
...
if function and context m and constraints okay then component n

The rule conditions need to check possible interactions with other components and may
become very complex. If compatibility constraints betweencomponents are changing, then
they need to be incorporated into the conditions of multiplerules. This lack of modularity
caused a severe maintenance problem in the R1/XCON configurator of DEC computers
[41, 4]. Furthermore, rule-based systems usually do not have the capability of detecting
cases that cannot be achieved by the given catalog. Nevertheless, rule-based systems may
be useful for very simple configuration problems requiring asmall number of choices only.

Model-based reasoning addresses the deficiencies of rule-based reasoning. Firstly, it
separates the problem description from the solving algorithm, thus allowing an analysis
of the problem independent of the chosen approach. Secondly, it requires that the prob-
lem description is based on a model of the system to be configured. This model consists
of decomposable entities and the interactions between these elements. Modularity or com-
posability is thus well-addressed since components can easily be added or removed without
changing the whole model. Thirdly, it requires that this problem description is complete
and defines a closed space of possible configurations. If no element of this space satisfies
the given requirements, then the problem has no solution.

Description logic (DL) is well-suited to describe component types and their relations. It
organizes components types in a taxonomy. Description logic allows us to define complex
types out of primitive types. It is able to detect specialization relations between complex
types and to test the consistency of types by a process calledclassification. Classification
can be used to solve configuration problems if the configuration knowledge can be com-
pletely expressed in the description logic. In most cases, the expressiveness of the descrip-
tion logic is not sufficient and a rule-based or constraint-based engine is used in addition to
deal with complex compatibility and numerical constraints. Such a hybrid approach has,
for example, been pursued in the CLASSICS-project [42] and in the PLAKON-project
[10]. DL-based configurators have been applied to the configuration of telecommunication
equipment [42], elevators [61], passenger cabins in aircrafts [27], and many other systems
that have a complex structure. They also address the problemof generating a hierarchy of
parts and can exploit this hierarchy for problem decomposition [39].

Resource-based approaches [31] are dedicated to complex equipment configuration
problems where components provide and consume given resources. For example, the stor-
age devices of a computer system provide storage capacity, but they consume power and
slots. The slots are provided by the racks of the computer system. The purpose of the
resource-based configuration process is to bring produced and consumed resources in bal-
ance, meaning that the consumed resource does not exceed theproduced resource. The
process starts from initial resource requirements such as aminimal storage capacity, which
are consumed from outside and which need to be produced by generating and customizing
suitable parts. The resource-based approach is necessary for many configuration problems,
but is not sufficient on its own. As such, it is best integratedwith other approaches.

Constraint satisfaction problems (CSP) are well-suited todefining a closed space of
configurations. They use variables with domains. If the number of variables is fixed, then
the space is obtained as the Cartesian product of the domains. Constraints also handle the
interaction of multiple components. Compatibility constraints specify which components
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can be combined. Aggregation constraints (such as sums) areable to deduce global proper-
ties such as the produced or consumed amount of a resource. Variables express the possible
choices for fulfilling a functional requirement. Since the choice should only be made if the
requirement is present, we obtain a conditional disjunction of the form:

if function then component 1 or ... or component n

The disjunction is encoded by a variablex having as domain the components that can be
chosen. However, this variable should only be introduced ifthe function is indeed required
and this may depend on other choices. Hence, new variables and constraints may be acti-
vated or generated during the problem solving. A rule-basedconstraint engine can add new
constraints when executing rules and retract them during search thanks to a truth mainte-
nance system (TMS) [15, 12]. For example, the configurator in[28] is based on a TMS.
However, the dynamic nature of configuration problems provides a particular challenge for
Constraint Programming approaches that maintain local consistency during search. Mit-
tal and Falkenhainer therefore introduced Dynamic CSPs (now called Conditional CSPs)
which have optional variables and constraints. Local consistency algorithms for Condi-
tional CSPs have been elaborated in [43, 52]. Stumptner and Haselböck [60, 59, 17] intro-
duced resource-based reasoning into CP and Mailharro [40] extended it with cardinality-
based reasoning. The CP approach has successfully been applied to the configuration of
cars, computers [18], instrumentation and control systems[40], web services [3].

SAT approaches can be seen as a special case of CP. They mainlyhandle requirement
and compatibility constraints, but no numerical constraints such as resource constraints.
They have successfully been applied to car configuration [55]. Answer-set programming
[54] formulates configuration knowledge through form of default rules, while ensuring
functionally well-justified configurations through groundedness conditions [56]. This ap-
proach has been applied to software configuration [65].

Interactive sales configurators are simultaneously solving the configuration problems
of multiple customers and require rapid response times. As these problems differ only in
the requirements, but not in the catalog, preprocessing techniques can be used to compute
configurations in advance. For problems involving a fixed number of parts with small finite
domains, it may be possible to represent the whole configuration space compactly by a
binary decision diagram [29], an automaton [2], or the decomposable negation normal form
[11]. Other knowledge-compilation techniques include synthesis trees [63] and clustertrees
[14, 46]. All these techniques are compatible with respect to a CP approach. Knowledge
compilation has successfully been applied to car configuration problems [29, 46].

CP is well-suited to define a clear configuration space. It ensures composability by
treating interactions between arbitrary components and byderiving global properties of
sets of components. It also offers a high freedom in modelingand the modeling is com-
pletely declarative. Thus, CP meets the requirement for an expressive and maintainable
modeling capability that has been stated above. All these advantages made it the method
of choice for configuration. However, configuration problems posed several challenges to
CP which are summarized in the next sections.

24.1.2 Modeling Challenges for CP

Most applications of Constraint Programming (CP) concern real-world systems that are
modeled in an object-oriented way. CP addresses the combinatorial aspect of the applica-



U. Junker 841

tion to be solved. It is often possible to isolate this aspectby generating a constraint model
from the given object model. For example, a production plan in a scheduling application is
translated into a set of start- and end-time variables and precedence constraints. The object
model can be completely ignored when solving the schedulingproblem. However, this
complete separation of object model and constraint model isnot possible for configuration
problems, which poses new challenges for the modeling and the modeling language:

Product catalogs:Configurators need to be deeply embedded in business processes and
reuse existing product models in order to facilitate modeling and maintenance. Existing
product catalogs in the form of database tables need to be mapped to constraint models.
Since they strongly influences the structure of the constraint model, they cannot be ignored
when discussing constraint models for configuration.

Knowledge representation:Knowledge of the component structure is usually repre-
sented in the form of a taxonomy of component types. More specific types add attributes,
domain restrictions, and subcomponents. Whereas object-oriented programming assumes
that the type of an object is static, it is represented as a variable in constraint-based con-
figuration. Constraint reasoning can specialize the component by reducing the domain of
the type variable. The component then inherits the properties of the more specialized types
during the solving process, which leads to the activation ofnew variables and constraints.
The constraint engine has to support this inheritance process.

Resource constraints:The number of parts of a configuration may not be bounded, but
depends on global resource requirements. Hence, the set of components is not given in
this case, but has to be determined as a result of the configuration task. In order to express
constraints on those unknown parts, universally quantifiedconstraints are necessary. Fur-
thermore, variables representing the choice of an unknown part will have an open domain
that is extended during constraint solving. Constraints onvariables with open domains
such as resource constraints need to deal with this situation.

Preference models:A further challenge is obtained by the potentially huge set of so-
lutions. Since these solutions differ much in their characteristics, user preferences need to
be taken into account when solving the configuration problem.

24.1.3 Problem Solving Challenges for CP

The solving process faces additional challenges that depend on the type of the configuration
problem. Configurators for manufacturing and engineering need to handle the following
issues in addition to normal solving strategies for CP:

Top-down refinement:a search strategy for finding a configuration cannot make deci-
sions in an arbitrary order, but needs to implement top-downrefinement that configures
components before their subcomponents and that specializes the type variable before in-
stantiating inherited attributes.

Component generation:resource requirements may require the generation of an un-
bounded number of parts. Generation steps need to be incorporated into the solving strat-
egy. A careful control of the generation is needed in order toavoid cyclic reproduction of
the same state and to avoid the inclusion of parts that do not fulfill any function.

Although interactive sales configurators are treating muchsimpler problems, they are
facing challenges as well:

User Scalability:web-based configurators need to solve many similar problemsand
this within short response times. It is therefore reasonable to share information between
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different threads (e.g. learning of strategies, conflicts,and solutions) or to preprocess the
catalog by knowledge-compilation techniques.

Explanations: interactive configurators let the user make the choices. As the user
may easily encounter over-constrained problems, an explanation of failure in the form
of conflicting requirements is needed. An explanation facility is a critical feature for an
interactive configurator.

Preference elicitation:interaction cycles can be shortened if the configurator remem-
bers or acquires user preferences. The configurator can thusoffer a preferred solution
and automatically reactivate preferred choices when the user takes back options that are in
conflict with those choices.

24.2 Configuration Knowledge

This section introduces the knowledge that exists about components, namely component
catalogs in sub-section 24.2.1, component structure in sub-section 24.2.2, and component
constraints in sub-section 24.2.2. It introduces the different ingredients of a component
such as functions (features), attributes, subcomponents and connections, and resources and
provides the basic vocabulary for formulating constraint models.

24.2.1 Configuration Catalog

The literature distinguishes a large variety of configuration problems. In spite of this di-
versity, all those problems are based on the notion of a primitive component that does not
contain subcomponents and that directly fulfills a requiredfunction.

Each primitive component has a concrete type and a set of attributes describing the
functional and technical characteristics of the component. Functional characteristics are
either capabilities which are described by boolean attributes (such as printing) or capacities
which are described by numerical attributes (such as storage capacity). A concrete type is
a product type that can be ordered by the customer (in the caseof a sales configurator)
or that can be produced (in the case of a configurator for manufacturing). The technical
characteristics are represented by further attributes that are either uniquely specified for the
concrete type or that have multiple options. A primitive component is thus characterized
by its type and the values of its attributes.

Knowledge about the available primitive components is available in the form of prod-
uct catalogs. The product catalogs are an integral part of enterprise resource planning
(ERP) systems that support engineering and manufacturing.As it is important to embed
configurators into those business processes, configuratorsneed to reuse existing product
models to facilitate modeling and maintenance. The productcatalogs are available in the
form of database tables. Each table describes a technical (component) type. There may be
a table for hard disks, another one for video cameras, and another one for DVD players.
A technical type defines the functional and technical attributes of a component, but does
not specify the values for those characteristics. A technical component can be realized by
multiple concrete (component) types. A concrete type specifies a concrete value for each
attribute or gives the set of possible attribute values. Forexample, a concrete screen type
may have a fixed size or a small set of possible sizes. The set ofpossible values can be
expressed by an enumeration of values or by a range of two numerical bounds. The domain
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Table 24.1: Catalog (video camera).

Type Output Input price
cam1 analog none 200
cam2 AVI none 300
cam3 anal.+AVI. AVI 400
cam4 AVI AVI 500

of an attribute for a concrete type can thus be a singleton, aninterval, or an enumeration of
values. Whereas a single database column is sufficient for singleton domains, two columns
are needed to represent interval domains. Attributes with enumerated domains may be rep-
resented by further tables. As a consequence, a product catalog in the form of a database
does not directly reflect the product model. Annotations of the database are needed to
interpret them in terms of a product model and to transform them into the following form:

Definition 24.1 (Catalog knowledge). A configuration catalog is described by a setT of
technical types, a setL of concrete types (the leaf types), and a setA of attributes that are
all mutually disjoint. Each technical typet in T has a setattrs(t) ⊆ A of attributes and a
(non-empty) setsubtypes(t) ⊆ L of concrete types. The set of leaf types of two different
technical types are mutually disjoint. Each technical typet has a table which defines a
domainD(a, t′) for each attributea ∈ attrs(t) and each product typet′ ∈ subtypes(t).

Table 24.1 describes the catalog of video cameras. The first column describes the
camera type. The other columns specify the values for the input and output formats and
the price.

This catalog is important when setting up a constraint model. Firstly, it provides the
domains for the variables that are introduced for attributes. Secondly, it defines a constraint
between the concrete type of a component and its attributes.We call this the catalog con-
straint. This constraint expresses a relationship betweenfunctional requirements and the
technical characteristics of a primitive component, including its type. Given a user require-
ment on a functional property (e.g. a maximal price of 300), local consistency methods will
remove all concrete types that are unable to provide this property (such as the camera types
cam3 and cam4). As a consequence, the remaining types are able to meet this functional
requirement. Thus, existing product models yield an important part of a constraint-based
configuration model. Catalog constraints are particularlyimportant since they are able to
classify a component by reducing the domain of its type variable.

24.2.2 Partonomies and Taxonomies

Whereas sales configurators often deal only with primitive components, manufacturing and
engineering needs to refine those components by suitable parts. The part-of-structure of
components is therefore of central importance for configuration.

A composite component has a concrete type, a set of attributes, and a set of subcom-
ponents (or parts), which may be primitive or composite components. Following [16, 39],
it makes sense to stipulate that components own their subcomponents. Hence, a subcom-
ponent cannot be a part of two different components. Furthermore, the part-of-relation
between components must neither contain cycles, nor infinite descending chains. A (sub)-
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Figure 24.2: A partonomy of functional and technical types.

component may also have a set of connections to other (sub)-components of the configu-
ration. There are no restrictions concerning connections.Subcomponents as well as con-
nected components can be grouped together into subsets of components, which are called
ports in [44]. A port contains components that are functionally equivalent for the given
problem. We distinguish partonomic ports that contain subcomponents and connection-
ports that contain connected components. Partonomic portsown their elements and are
mutually disjoint.

The structure of a composite component is defined by a structural product model. The
partonomy describes the possible decompositions of components of a given type. Figure
24.2 shows the partonomy of a simple home movie studio. It consists of a camera and an
optional computer which can have several hard disks. Such a partonomy can be comple-
mented by a ‘topology’, which defines the connections between components and which
consists of arbitrary relations between the types of a partonomy.

Product models in ERP systems contain information about thepartonomy. The bill-of-
material (BoM) describes how many subcomponents of which type are needed to assemble
or to manufacture a component. A BoM is represented by a graph. The nodes are compo-
nent types. The edges represent has-Part-relations and arelabeled with a cardinality. An
edge from typet1 to typet2 with labelk means that a component of typet1 containsk sub-
components of typet2. It can be assumed that a bill-of-material of configurable products
is a directed acyclic graph. A BoM can easily be translated into a partonomy. Each node in
the BoM corresponds to a technical type and each edge from type t1 to typet2 with label
k in the BoM is translated into a1 : k-relation fromt1 to t2.

Concrete types specify or restrict the attribute values of acomponent. They may also
specify the number of parts of a component (e.g. the number ofwheels of a car). Techni-
cal types define the functional and technical attributes andthe component structure. They
regroup together multiple concrete types. However, it makes sense to further regroup tech-
nical types according to their functional characteristics. For example, the device for storing
an edited movie can be a hard disk, a DVD writer, or a video recorder, or the camera it-
self. It therefore makes sense to regroup these technical types under a functional type
called storage device. This functional type defines functional attributes such as a writing
capability and the storage capacity.

We thus obtain a taxonomy of types that consists of three layers: 1. A hierarchy of
functional types. 2. A layer of technical types. 3. The leaf layer of concrete types. It is then
possible to create an instance of a functional type, such as astorage device, and to configure
it by specializing its type. This process will add new attributes to the component and refine
its structure incrementally. A taxonomy thus describes alternative ways to map functional
requirements to structure and to refine structural skeletons. Partonomies with taxonomies
correspond to bill-of-materials with alternatives. Figure 24.3 shows the partonomy of the
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home movie studio which consists of functional units and devices. The functional units
describe how the filming, editing, showing functions are realized. The edit and show unit
can be manual or computer-based. Depending on these choices, different kind of devices
need to be added. There is also a connection port indicated bya dashed line. A partonomy
with a taxonomy can be represented in the form of a UML-diagram [16] or by a description
logic. We define the structure of a component independent of aformal language:

Definition 24.2(Structural knowledge). A structural configuration model consists of a set
T̂ of functional types, a setT of technical types, a set̂A of attributes, a set̂P of partonomic
ports, and a set of̂Q of connection ports, all mutually disjoint:

1. Each functional typet ∈ T̂ has a (possibly empty) setsubtypes(t) ⊆ T̂ ∪ T of direct
subtypes. The set of direct subtypes of two types are mutually disjoint meaning that
each type has at most one direct supertype.

2. Each functional or technical typet in T̂ ∪ T has a setattrs(t) ⊆ Â of attributes
and a setports(t) ⊆ P̂ ∪ Q̂ of partonomic and connection ports. Each portp has a
destination typetype(t, p) ∈ T̂ ∪ T , a minimal cardinalitymin(t, p), and a maximal
cardinalitymax(t, p).

3. There is no sequencet1, . . . , tn of types inT̂ ∪ T such thatt1 = tn and ti is a
subtype ofti−1 or the destination type of a partonomic port ofti−1.

A structural configuration model can be extended by a configuration catalog if both coin-
cide in their technical types as well as in the attributesattrs(t) of each technical type.

A configuration can be obtained from a structural model by instantiating a compo-
nent type. Table 24.2 shows the instance ourStudio of the Home Movie Studio which
inherits the attributes and ports of this type. The attributes are assigned to values from
the attribute domain and the ports are filled by part lists. For each part, a type is cho-
sen and the part inherits the attributes and ports of this type, meaning that this process is
repeated recursively. Hence, a structural configuration model generates a nested data struc-
ture when being instantiated. This data structure is central for the modeling and solving
of configuration problems. In the remainder of this chapter,we need to refer to differ-
ent elements of this data structure. Firstly, we will define aview on all the parts of the
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Table 24.2: A configuration.

ourStudio: a Home Movie Studio
. total price: 2000 $ (an attribute)
. functional units: (a partonomic port)
. . unit(ourStudio,1): a Film Unit (a part)
. . unit(ourStudio,2): a Computerized Video Edit Unit (a part)
. . . edit capacity:20 hours
. . . edit format:AVI
. . . computer:device(ourStudio,2) (a connection port)
. devices: (a partonomic port)
. . device(ourStudio,1): a Cam4 Camera (a catalog part)
. . . output format:AVI
. . . input format:AVI
. . device(ourStudio,2): a Computer (a catalog part)
. . . external hard disks (a partonomic port)
. . . . disk(device(ourStudio,2),1): a Hard Disk (a catalog part)
. . . . . storage capacity:120 GB
. . . . disk(device(ourStudio,2),2): a Hard Disk (a catalog part)
. . . . . storage capacity:160 GB

component. This view includes also the indirect parts, i.e.the parts of the parts of the
component and so on. In the example, the part view contains ourStudio, unit(ourStudio,1),
unit(ourStudio,2), device(ourStudio,1), device(ourStudio,2), disk(device(ourStudio,2),1),
disk(device(ourStudio,2),2). The part view contains all parts that are generated for a con-
figuration. This information will be needed when we model connection ports as these ports
are filled with the generated parts. Secondly, we define a viewon all ports of a component.
This includes the direct ports of a component, but also the ports of all components that
are contained in a given port. As a port describes a set of parts that play the same role in
a configuration, most configuration constraints are formulated with the help of ports. For
example, if we want to sum the storage capacities of all the hard disks of the home movie
studio, we need an indirect port that contains all the hard disks of the studio. Thirdly, we
introduce a view on the properties of a direct or indirect port. An example is the storage
capacities of our indirect hard disk port. In addition to theattributes, we include other
properties, namely the types and the port cardinalities. All these properties can be subject
to constraints. The property view is thus essential for the formulation of constraint models.
All three views need to have counterparts in an expressive modeling language.

We will define all the three views for an anonymous instance ofa component typet.
Not only does this instance inherit attributes and ports from the direct supertypesuper(t)
of t, but also from the indirect supertypessuper∗(t) :=

⋃∞
i=0 superi(t). As the anonymous

component can be specialized to any subtype oft, we take also attributes and parts of all
the subtypes oft into account when defining the views. The direct and indirectsubtypes are
contained insubtypes∗(t) := {t′ ∈ T̂ ∪T ∪L | t ∈ super∗(t′)}. As components need to be
specialized to leaf types, we also define the set of leaf typesleaves(t) := subtypes∗(t) ∩ L̂
whereL̂ includes the types from̂T , T , andL that have no subtype.

Now we formally define the part view. The setparts(x : t) of direct parts of a compo-
nentx of typet is the smallest set which satisfies the following properties:

1. If p is a single-valued partonomic port of a type insuper∗(t) or subtypes∗(t) then
the port has a unique partp(x) in parts(x : t) which is an instance of the port’s
destination type.
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2. If p is a multi-valued partonomic port of a type insuper∗(t) or subtypes∗(t) then
the port has multiple partsp(x, 1), p(x, 2), p(x, 3), . . . in parts(x : t), which are all
instances of the port’s destination type.

If a setX of components is given, then their parts are determined by the element-wise
application of theparts-function and we obtain the set of all direct and indirect parts ofx
by taking the reflexive and transitive closure:

parts(X) :=
⋃

x:t∈X
parts(x : t) and parts∗(x : t) :=

∞
⋃

i=0
partsi({x : t}) (24.1)

The infinite setparts∗(x : t) contains all potential parts for a componentx. A configuration
of the componentx consists of a finite subset of this part universe.

Next we define the port view. The set of portsports(x : t) of a componentx of type
t is the set of all portsp(x) such thatp is a (partonomic or connection) port of a type
in super∗(t). The set of ports of multiple components is obtained by the element-wise
application of this operator. The reflexive and transitive closure defines the port view ofx:

ports(X) :=
⋃

x:t∈X
ports(x : t) and ports∗(x : t) :=

∞
⋃

i=0

portsi({x : t}) (24.2)

Each elementp1(p2(. . . pk(x))) of ports∗(x : t) has a minimal cardinality that is obtained
by multiplying the minimal cardinalities of all thepi’s and a maximal cardinality that is
obtained by multiplying the maximal cardinalities of all thepi’s. If the maximal cardinality
is strictly greater than1 then the port is called multi-valued. If the maximal cardinality is
equal to1 then it is called single-valued. If the minimal cardinalityof a single-valued port
is 0 then this port is called optional.

Finally, we define the property view. The setprops(x : t) of properties of a component
of typet is the smallest set that has the following properties:

1. The leaf typetype(x) of componentx is in props(x : t).

2. If a is an attribute of a type insuper∗(t) then the attributea(x) of x is in props(x : t).

3. If p is a multi-valued port of a type insuper∗(t) then the cardinality#p(x) of the
portp(x) is in props(x : t)

The set of properties of multiple components is obtained by the element-wise application
of this operator:

props(X) :=
⋃

x:t∈X
props(x : t) (24.3)

Given this, we introduce the propertiesprops(ports∗(x : t)) of the component and of all its
direct and indirect ports. A property of a single-valued port is called single-valued, that of
a multi-valued port is called multi-valued, and that of an optional port is called optional.

The constraint model needs to take into account the knowledge of the component struc-
ture. If an instance of a functional type is configured, then its type variable has all leaf types
of the functional type as possible values. When constraint propagation reduces the domain
of this variable, it automatically classifies the component, meaning that the component now
belongs to a more specialized type. It then needs to inherit the properties of the specialized
type. These properties can require further choices, meaning that new variables and their
constraints need to be included in the constraint model. Constraint models that model this
inheritance reasoning are therefore dynamic or conditional (see section 24.3.4).
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Table 24.3: Compatibility of storage device and video format.

Storage device Video Format
hard-disk AVI
hard-disk MPEG2

DVD MPEG2
VCR analog

Digital Camera AVI
Analog camera analog

24.2.3 Configuration Constraints

If a catalog specifies unique values for all attributes, thenfunctional requirements can sim-
ply be fulfilled by choosing a concrete type for each component. However, additional
choices are necessary in the general case in order to configure a component. Firstly, a
concrete component type may allow different possible values for technical attributes. Sec-
ondly, a component type may not have a fixed function, but permit a choice of alternative
functions. In both cases, the attributes of the components may have multiple possible
values even if the component type has been chosen. Not all thecombinations of those
values are legal. Configuration constraints describe whichcombinations correspond to le-
gal product configurations. There are different kinds of configuration constraints, namely
compatibility constraints, requirement constraints and resource constraints.

A compatibility constraint specifies which value combinations are legal. It corresponds
to a standard constraint in CSPs and has a relationR and a scope. The relation can be
specified by a compatibility table which contains the valid value combinations or by an
incompatibility table which contains the invalid combinations. These tables can usually
be imported from the existing product model of an ERP system.However, the relation
can also be specified by a predicate such as equality, inequality, greater-than. The relation
is used to restrict the possible values of direct and indirect properties of a component
x of a typet. Hence, the scope is ann-ary tuplea1(x), . . . , an(x) of properties from
props(ports∗(x : t)). If these properties are all single-valued, then the constraint is satisfied
by a configuration of a componentx of typet if the configuration satisfies

∃(v1, . . . , vn) ∈ R : (a1(x) = v1 ∧ . . . ∧ an(x) = vn) (24.4)

The configuration satisfiesai(x) = vi iff it assigns the valuevi to the propertyai of x.
Compatibility constraints may, in particular, be used to restrict combinations of the types
of subcomponents. For example, figure 24.3 shows a compatibility constraint between the
storage device type of the edit unit and the video file format of the edited movie.

A requirement constraint is also specified by a table and a scope of component prop-
erties. However, it expresses a requirement relation between two component properties.
A tuple (v1, v2) in the requirement table means that the valuev1 of the first property re-
quires the valuev2 for the second property. A requirement constraint for typet has a
requirement tableR and a scopea1(x), a2(x) consisting of single-valued properties from
props(ports∗(x : t)). The constraint is satisfied by a configuration of a componentx of
typet if the configuration satisfies

∀(v1, v2) ∈ R : (a1(x) = v1 ⇒ a2(x) = v2) (24.5)
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Table 24.4: Requirements for devices.

Functional unit Required Device
Film Unit Camera

Manual Edit Unit Video Recorder
Computer-based Edit Unit Computer

Manual Show Unit TV
Manual Show Unit DVD Player

Computer-based Show Unit Computer

Requirement constraints can be used to restrict combinations of the types of subcompo-
nents. Figure 24.4 shows a requirement constraint between types of the functional units of
the home movie studio and the types of its devices. For example, if the functional units
include a film unit and a manual show unit, then the devices must include a camera, a TV,
and a DVD player.

Compatibility constraints can also be applied to multi-valued properties. For example,
a computer component may contain a set of peripheries. This set will be subject to multi-
ple compatibility and requirement constraints. However, these constraints are not applied
to the components themselves, but to their types. For example, a scanner may require
a printer. Two additional difficulties are arising then. Firstly, it is necessary to specify
whether the constraint applies to all or to one value as the set of periphery types can con-
tain multiple elements. Secondly, the table entry itself can represent sets of types, namely
all the leaf types that specialize the functional or technical type originally listed in the ta-
ble. The equality testsai(x) = vi are therefore replaced by intersection tests of the form
ai(x) ∩ Vi 6= ∅. This test is satisfied by a configuration ofx if the configuration assigns at
least one element of the setVi to the propertyai of the componentx. Hence, a compati-
bility constraint for typet has a compatibility tableR and a scopea1(x), . . . , an(x) over
props(ports∗(x : t)). The constraint is satisfied by a configuration of a componentx of
typet if the configuration satisfies

∃(V1, . . . Vn) ∈ R : (a1(x) ∩ V1 6= ∅ ∧ . . . ∧ an(x) ∩ Vn 6= ∅) (24.6)

A requirement constraint for typet has a requirement tableR and a scopea1(x), a2(x)
overprops(ports∗(x : t)). The constraint is satisfied by a configuration of a componentx
of typet if the configuration satisfies

∀(V1, V2) ∈ R : (a1(x) ∩ V1 6= ∅)⇒ (a2(x) ∩ V2 6= ∅) (24.7)

Functional properties such as capacities can be seen as a resource that is provided by a
system. An example is the storage capacity of a PC that is obtained as the sum of storage
capacity of all its disks. The functional requirements usually state that a minimal amount
of such a resource should be provided. To meet those requirements, a sufficient number of
parts need to be created and configured. Not only can resources be provided by a system,
but they can also consumed by it. An example is the total powerconsumption of a PC,
which is the sum of the power consumption of the PC and of its parts. The functional
requirements usually state that the consumption of such a resource should not exceed a
maximal amount. It is also possible that intermediate components consume resources that
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need to be provided by other components. Following [31], resources thus express a bal-
ancing task between consumers and producers. Resource constraints [59] ensure that the
amount of a produced resource is greater than or equal to the amount of a consumed re-
source. A resource constraint is applied to all components of a given typet. The consumers
and the producers are both represented by subsets ofports∗(x : t). The produced resource
is expressed by a numerical attribute that must be defined forall producers. The consumed
resource is expressed by a numerical attribute that must be defined for all consumers. Since
both attributes can be different, the root component for theresource constraint can play the
role of a producer and consumer. Hence, a resource constraint for a componentx of typet
is specified by a tuple(Producers, Consumers, produced, consumed). This constraint
is satisfied by a configuration if this configuration satisfies:

∑

p(x)∈P roducers

o∈p(x)

produced(o) ≥
∑

p(x)∈Consumers

o∈p(x)

consumed(o) (24.8)

This model covers also the case where an initial requirementfor a minimal amount of a
resource (such as storage capacity) needs to be provided by acomponent. In this case, the
producers are the parts of the component (e.g. the storage devices) and the consumer is the
component itself, which has a specific consumed-attribute for formulating the requirement
(such as required-storage-capacity). Requirements that limit the amount of a consumed
resource (e.g. the price) can be formulated as well. In this case, the consumers are the
parts of the component and the producer is the component as well, which has a specific
produced-attribute corresponding to the maximal amount.

It is important to understand that resource constraints express a constraint between
the total amount of the resource (i.e. the result of the sum),the bounds of the produced or
consumed attributes defined in the catalog, and the number ofcomponents. In order to meet
minimal cardinalities of ports, new components may be generated during the configuration
process. This generation is limited to partonomic ports.

Resource constraints can involve other aggregation operators than the sum. Alterna-
tives are min, max, average. Resource constraints can also operate on sets and use a set-
union as aggregation operator and the super-set-operator as comparison operator. This is
needed to establish a domain for connection-ports. The connection-port (e.g. the storage
device of an edit-unit) is a consumed resource that is produced by the actual parts (such as
the disks of the computer, the DVD writer of the computer, or the camera).

The constraint knowledge for a componentx of typet can be summarized as follows:

Definition 24.3 (Constraint knowledge). Each typet ∈ T̂ ∪ T has a setCompat(x : t)
of compatibility constraints, a setRequires(x : t) of requirement constraints, and a set
Resources(x : t) of resource constraints. These sets are possibly empty.

Component types have thus been enriched with three types of constraints, namely com-
patibility, requirement, and resource constraints. They are formulated on expressions that
are defined by the structural model. The compatibility and requirement constraints addi-
tionally refer to database-tables that can be imported fromexisting ERP-systems.
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24.3 Constraint Models for Configuration

A configuration problem is defined by functional requirements and by a configuration
model that describes the possible configurations accordingto the given configuration knowl-
edge. The configuration models in the literature differ quite substantially in the way
choices and constraints are represented, although they usethe same product models at
their origins. It is indeed possible to build different constraint models for the given con-
figuration knowledge. It is even possible to use different constraint models for different
component types, meaning that the configuration model is a hybrid one.

We first define configuration problems in a general way. In particular, we explain when
a configuration model satisfies the given functional requirements.

Without loss of generality, it can be assumed that all components that need to be con-
figured are direct or indirect parts of a single root component, which represents the system
to be configured. This root component is an instance of a suitable component type, which
regroups all the principal components of the system and which contains suitable attributes
to describe the functional properties of the system. If sucha type does not exist in the given
configuration knowledge, then it is straightforward to add such a type description.

Given the typet of the system to be configured, we define a functional space fort and
a configuration space. The functional space describes the set of complete combinations of
functions that can be achieved by an instance oft and the configuration space describes
the set of complete configurations for an instance of typet. Such a configuration needs to
describe the leaf typet∗ of the instance, the values of each attribute oft∗ (including those
inherited from supertypes), the number of elements in each partonomic port oft∗ (includ-
ing those inherited from supertypes), the configuration of each element of the partonomic
port, and the values of each connection port oft∗ (including those inherited from super-
types). Hence, a configuration, in its fully expanded form, is a tree of property-value-pairs.
Whereas the function space is finite and obtained as Cartesian product of the domains of the
functional attributes of the root component, the configuration space is infinite, but contains
finite elements.

The function and the configuration spaces usually are not described explicitly, but im-
plicitly by means of a suitable constraint language. Examples for constraint languages are
OPL, the CLP(X)-family, or the API’s of constraint libraries. All these languages can be
understood as fragments of first-order logic (cf. e.g. [25])over a fixed structure. They
provide a set of predicate symbols, which have a fixed interpretation and which are used
to represent the relations of constraints. They also provide a set of function symbols,
which have a fixed interpretation and which are used to formulate constrained expressions.
Hence, a constraint language can be specified by a first-orderlanguage and a structure. For
the purpose of configuration, the language is enriched by function symbols representing
the ports and properties of components. The interpretationof these additional function
symbols can be freely chosen when determining a configuration.

A configuration problem for an instancex of typet is then specified by a set of func-
tional requirementsF (x : t) and a configuration modelK(x : t). The functional require-
ments are expressed as constraints on the direct functionalproperties of the root compo-
nent. The configuration model1 is expressed by constraints on arbitrary properties and

1The term ‘configuration model’ should not be confused with a logical model of the configuration constraints.
The logical model indeed corresponds to a configuration thatsatisfies those constraints.
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ports of the root component, including the functional and technical characteristics. The
constraints can contain universal quantifiers, logical connectives, numerical operations,
equalities, and comparisons. Compared to Solvers for classical CSPs, a configurator needs
to handle these kinds of constraints as well as optional variables, partonomic ports, and
variables and constraints with open domains.

A configuration problem has a solution iff the union of the functional requirements
and the configuration model is satisfiable, i.e.F (x : t) ∪ K(x : t) 6|= ⊥ [23]. As noted
in [28], it is important that the resulting configurations are functionally complete. This
means that the configurationS contains sufficient information to decide whether it satisfies
an arbitrary requirement or whether it does not satisfy it.S is functionally complete iff
eitherS |= F (x : t) or S 6|= F (x : t) holds for all requirementsF (x : t). Functional
completeness is easy to achieve in a constraint-based approach. It is sufficient to include
the functional properties in the configuration. Or more formally: functional completeness
is straightforward if the function space is obtained as a projection of the configuration
space on the functional properties.

As the configuration model is expressed in first-order logic,it is not evident whether
a configuration problem is decidable. However, configuration problems satisfy the finite
model property meaning that the (part) universe of a configuration is finite. The solution
can thus be found by an enumeration of the universes. Secondly, the particular partonomic
structure and constraint structure used in this chapter allows a complete calculus for prov-
ing non-satisfiability of an infeasible configuration problem. The proof can thus be found
by enumerating all candidate proofs. The configuration problems considered in this chapter
are therefore decidable.

In its most general form, a configuration model must be able todescribe configurations
in its fully extended form where all parts are clearly distinguished and exhaustively de-
scribed. However, it often is not necessary to distinguish all parts. For example, it may
be reasonable to assume that the wheels of a car have the same characteristics. It is then
sufficient to represent their number and their product type,which uniquely determines their
attribute values. In even simpler problems such as option selection, it is even sufficient to
characterize the set of options by a set of types. Hence, the representation of configurations
can be simplified and this simplification leads to simpler problems. Simplified configura-
tion problems are also obtained if the given configuration knowledge has a particular form.

In the next sections, we introduce several kinds of configuration problems. We distin-
guish static problems describing a configuration by a fixed set of properties and dynamic
problems that involve optional properties or even an unbounded number of properties.
Static problems include option selection, shopping lists,or the configuration of systems
with a fixed and deterministic structure (car configuration). Dynamic problems include sys-
tems with optional parts (computer configuration) and systems with an unbounded number
of parts (such as rack configuration or bin packing).

24.3.1 Boolean Models for Option Selection

A very simple configuration problem is obtained if the configured system consists of a set
of parts which are entirely characterized by their concretetypes. An example is the selec-
tion of optional parts for the home movie studio such as a scanner, a printer, an external
hard disk. Each option is described by an option type, which has no particular attributes,
and each option type can be chosen once only. The options may be organized in a taxonomy
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and are subject to requirement and compatibility constraints. The functional properties of
the system are simply represented by boolean attributes that are linked with the option
types via requirement constraints.

Definition 24.4 (Option selection problem). The structural model of an option selection
problem consists of a typeS corresponding to the configured system, a functional typeF
regrouping all the functions and a functional typeO regrouping all the options. The typeS
has a partonomic port that contains functions fromF and a partonomic port that contains
the optionsO. The typeF is the root of a function taxonomy and the typeO is the root of an
option taxonomy, which has concrete types as leaf types. None of the types has attributes.
There are requirement constraints between the types of the functions in the function-port
and the types of the options in the options-port. There are requirement and compatibility
constraints between the types of options in the options-port.

The configurations of an option selection problem can be described by a boolean con-
straint model. This model has the following boolean variables:

• A boolean variablefi for each type in the function taxonomysubtypes∗(F ). This
variable has the value1 iff the configured system has a function of this type.

• A boolean variabletj for each type in the option taxonomysubtypes∗(O). This
variable has the value1 iff the configured system has an option of this type.

An entry(f, t) in a requirement constraint between the types of the functions in the function-
port and the types of the options in the option ports is represented by an implication:

f ⇒ t (24.9)

The direct subtypest1, . . . , tn of t in the options or function-taxonomy are modeled by a
disjunction:

t ≡ t1 ∨ . . . ∨ tn (24.10)

A compatibility constraint between the types of the optionsin the option port can be rep-
resented by a set of negative clauses supposing that the constraint has a negative tableN
which contains the forbidden tuples:

¬t1 ∨ ¬t2 for all (t1, t2) ∈ N (24.11)

User requirements can be represented by constraints involving the boolean variablesf for
the function. A boolean problem can be solved by a SAT-solver.

Option selection problems are interesting because they canappear as subproblems of
more complex problems. This means that the typeS is not the root type of a partonomy,
but describes the parts of another type. In this case, the boolean variables need to be
skolemized since they depend on a componenty. The result of the skolemization are terms
such asfi(y) andtj(y). An alternative is to use set variables [48] to describe the set of
types of all elements in a port. For example, a set variablet(y) could describe all the option
types that have been chosen.
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24.3.2 Cardinality Models for Shopping Lists

A more complex type of configuration problem is obtained if the functional requirements
specify how often a certain functionality should be provided. For example, the home movie
studio may require a certain storage capacity for videos andmultiple hard disks are needed
to provide this capacity. We thus obtain a shopping list and it is necessary to choose the
number of instances of a product type. However, the instances need not be distinguished
for computing the amount of the consumed and the produced resources as long as these
resources have unique values for leaf types.

Definition 24.5 (Shopping list problem). The structural model of a shopping list problem
consists of a typeS corresponding to the configured system (the shopping basket), a func-
tional typeF regrouping all the functions, and a functional typeI regrouping all the items.
The typeS has a partonomic port that contains functions fromF and a partonomic port
that contains the items fromI. The typeF is the root of a function taxonomy and the typeI
is the root of an item taxonomy, which has concrete types as leaf types. The types can have
attributes, but the values of an attributea need to be uniquely specified by the leaf types
t in the form of a valuevalue(t, a). There are binary requirement constraints between a
type of a function in the functions-port and the type of an item in the items-port. There
are binary requirement and compatibility constraints between the types of the items in the
items-port. Furthermore, there are resource constraints between the function-port and the
items-port. The consumed resource is an attribute ofF and the produced resource is an
attribute ofI.

The configurations of a shopping-list problem can be described by a cardinality model.
This model has the following integer variables:

• A positive integer variable#fi for each type in the function taxonomysubtypes∗(F ).
This variable indicates how many times the configured systemprovides a function
of this type.

• A positive integer variable#tj for each type in the item taxonomysubtypes∗(I).
This variable indicates the number of items of this type in the configured system.

An entry(f, t) in a requirement constraint between the types in the function-port and the
types in the items-ports is represented by an implication:

(#f ≥ 1)⇒ (#t ≥ 1) (24.12)

The direct subtypest1, . . . , tn of t in the item taxonomy or the function taxonomy are
modeled by a sum. This is possible since two different subtypes have no leaf type in
common:

#t = #t1 + . . .+ #tn (24.13)

A compatibility constraint between the types of the items inthe item-port can be encoded
by negative clauses if it is specified by an incompatibility tableN :

#t1 = 0 ∨#t2 = 0 for all (t1, t2) ∈ N (24.14)
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A resource constraint between a resourcec that is consumed by the functions in the function
port and a resourcep that is produced by the items in the item-port can be modeled by a
linear constraint:

∑

t∈leaves(F ) value(t, c) ·#t ≤∑t∈leaves(I) value(t, p) ·#t (24.15)

User requirements can be represented by constraints involving the integer variables#f for
functions. A shopping-list problem can be solved by an Integer Programming approach
similar to that in [62].

Shopping list problems can also appear as subproblems of more complex problems.
Similar to option selection problems, a single multi-valued variable can be introduced to
describe the number of types in a function port or the number of types in an item port. In
the case of shopping-lists, the multi-valued variable is a multi-set or bag variable.

24.3.3 CSP-Models for Customizing Flat Components

The configuration model needs to distinguish individual components if the attribute values
of the components are not fully determined by the concrete product type. In this case, ad-
ditional choices are needed to characterize the componentsand it is necessary to introduce
variables for the attributes. For example, the video edit facility requires the customization
of several technical components such as the computer, the editing software, the printer, and
the scanner. Each of those components has several attributes which are naturally encoded
by variables. Those variables are subject to constraints and we obtain a standard constraint
satisfaction problem for this flat configuration problem.

Definition 24.6 (Flat Customization Problem). The structural model of a flat customiza-
tion problem consists of a typeS corresponding to the configured system, technical types
T1, . . . , Tn representing the principal components. The types need not be all different. The
typeS has a partonomic portpi that contains exactly one instance of typeTi. The typeTi
is a technical type that has concrete types as subtypes. The typesS and the typesTi have
multiple attributes containing functional and technical characteristics. The attributes can
have a boolean domain, an enumerated domain, or an interval of integer values. There
are arbitrary requirement and compatibility constraints between the direct and indirect at-
tributes of the configured system. There are resource constraints between direct attributes
of the configured systems and the attributes of the components.

The configurations of a flat customization problem can be described by a constraint
satisfaction problem. The model has the root componento0 of typeS, the componentsoi
which are equal to the portspi(o0), and the following variables:

• A variableaj(o0) for each attributeaj of the configured systemo0.

• A variableaj(oi) for each attributeaj of the componentoi.

• A type variabletype(oi) for the type of the componentoi. The domain of this
variable are the subtypes ofTi.

The catalog is translated into an element constraint for each attributeaj and each compo-
nentoi wherei = 1, . . . , n. If subtypet of typeTi restricts the domain of attributeaj to
D(t, aj) then the element constraint is as follows:

∀t ∈ leaves(Ti) : type(oi) = t⇒ aj(oi) ∈ D(t, aj) (24.16)
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Compatibility constraints can be applied to arbitrary direct and indirect attributes of the
configured system, which are represented as variablesaj1(oi1), aj2(oi2 ) wherei1, i2 are in
{0, . . . , n}. Hence, the compatibility constraint is expressed as a standard constraint:

∃(v1, v2) ∈ R : (aj1(oi1 ) = v1 ∧ aj2(oi2 ) = v2) (24.17)

Requirement constraints are expressed similarly in their natural form:

∀(v1, v2) ∈ R : (aj1(oi1 ) = v1 ⇒ aj2(oi2 ) = v2) (24.18)

Finally, resource constraints can sum up a produced resource aj of multiple components
in P ⊆ ports∗(o0 : S) and a consumed resourceaj′ of multiple components inC ⊆
ports∗(o0 : S). As the setports∗(o0 : S) is equal to the set of componentso0, o1, . . . , on,
the resource constraint is expressed in terms of a numericalconstraint:

∑

oi∈P

aj(oi) ≥
∑

oi∈C

aj′ (oi) (24.19)

The functional requirements for flat component properties can be expressed in terms of any
functional attribute, whether it is a direct attribute of the configured system or an attribute
of one of its components.

A flat customization problem can be solved by a constraint solver. If the constraint
graph is not dense, appropriate decomposition [13, 26] and clustering techniques can be
applied [14] to solve it efficiently.

24.3.4 Conditional CSPs for Taxonomic Reasoning

The same functionality can often be realized by components differing greatly in their tech-
nical characteristics. As described in section 24.2.2, technical types fulfilling the same
functionality are therefore organized in a taxonomy. Subtypes add further attributes, which
means that the set of attributes of a component depend on its precise type. We thus obtain
taxonomic customization problems. Formulating this problem as a standard CSP would
require including a variable for each possible attribute that can be inherited and ensuring
that its value is not meaningful in case it is not inherited. As an alternative, Mittal and
Falkenhainer [43] introduced dynamic CSPs with optional variables that are activated un-
der certain conditions. As the term dynamic CSP was later used for CSPs able to support
constraint addition and retraction, it was proposed to rename the approach into Condi-
tional CSPs [52]. As observed by Bowen and Bahler [7], it is also possible to directly use
first-order logic to model taxonomic customization problems. A further proposal is that of
composite CSPs [50], where the variable domains may containsub-CSPs which are acti-
vated when this value is chosen. We model taxonomic customization as a Conditional CSP
model, since dedicated algorithms have been elaborated forthis approach [52, 24].

Definition 24.7 (Taxonomic Customization Problem). The structural model of a taxo-
nomic customization problem consists of a typeS corresponding to the configured system,
functional typesT1, . . . , Tn representing the principal components. The types are not nec-
essarily different to each other. The typeS has a partonomic port that contains exactly
one instance ofTi. The typeTi is the root of a taxonomy, which has concrete types as
leaf types. The typesS, the typesTi, and the subtypes of theTi’s have multiple attributes
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containing functional and technical characteristics. Theattributes can have a boolean do-
main, an enumerated domain, or an interval of integer values. A constraint on a typet of
the taxonomies can involve any property of typet.

There are different possibilities to represent the type variables of the components. It is
not only necessary to model that components are instances ofconcrete product types, but
also that they are instances of functional or technical types, such as the technical DVD-type
in the following example: if the video edit device is a DVD, then it requires an MPEG2
format. A possibility is to represent type variables as hierarchical variables [38]. An
alternative is to use the same representation as for flat problems and to express an instance-
of-constraint by a constraint that is satisfied if the value of the type variable is an element
of the set of leaves of the typet. This approach has an efficient implementation [40] and is
conceptually simpler. For example, the element-constraint representing the catalogs need
not be extended to range over functional and technical types. The element-constraint from
section 24.3.3 is therefore valid for taxonomic customization problems.

Attributes are represented by variables, which can be optional. If typet has an attribute
aj andoi is an instance of a supertype oft then the variableaj(oi) is activated ifoi is
an instance oft. The activation is denoted byactive : aj(oi), which is a (non-optional!)
boolean variable attached to the attribute:

type(oi) ∈ leaves(t)⇔ active : aj(oi) (24.20)

The solution of a Conditional CSP just contains the variables for which the active-condition
is true. It is convenient to represent such a solution by a setof attribute-value pairs. Com-
patibility constraints for typet are only activated if the component is an instance oft:

∃(v1, . . . , vk) ∈ R :
(active: aj1(oi)⇒ aj1(oi) = v1)
∧ . . .
∧(active : ajk(oi)⇒ ajk(oi) = vk)

(24.21)

Requirement constraints can, however, activate variables:

∀(v1, v2) ∈ R :
(active: aj1(oi) ∧ aj1(oi) = v1)
⇒ (active: aj2(oi) ∧ aj2(oi) = v2)

(24.22)

The activation of attributes has also an impact on resource constraints. A resource of
typet is provided (or consumed) by a component only if this component is an instance of
t. Hence, a resource constraint can only take active resources into account. It may activate
produced resources and deactivate consumed resources:

∑

o∈P

active:aj(o)

aj(o) ≥
∑

o∈C

active:aj′ (o)

aj′(o) (24.23)

Although Conditional CSPs handle the inheritance of attributes, they require that all
optional variables and their constraints are created explicitly. The use of universally quan-
tified constraints avoids the creation of optional variables and their constraints if they are
not needed. If a componento is an instance of typet, then instances of the constraints of
t will be created. For this purpose, the quantified variable ofthe constraint will be sub-
stituted by the componento. It is important to note that a quantified constraint of type
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t will only be applied to instances of typet. To achieve this, a set variableinstances(t)
is introduced to represent the instances of typet. It is linked to the type-variables via an
inverse-constraint:

∀i ∈ {0, . . . , n}∀t ∈ subtypes∗(Ti) : type(oi) ∈ leaves(t)⇔ oi ∈ instances(t) (24.24)

The type variable is needed for the catalog constraints, whereas the instance-set variable
is used to replace the active-variable. By definition,x ∈ instances(t) is equivalent to
active: aj(x) and we can reformulate a compatibility constraint as a universally quantified
constraint of typet:

∀x ∈ instances(t) : C(ai1(x), . . . , aik(x)) (24.25)

If o is an element ofinstances(t), the forall-constraint adds the variablesai1(o), . . . , aik(o)
and the constraintC(ai1 (o), . . . , aik(o)) to the current CSP. Resource constraints can be
adapted by sums that range only over the instances of the types for which the resource is
defined.

24.3.5 Conditional CSPs for Simple Partonomic Reasoning

Configurable systems such as computers usually consist of a partonomic hierarchy that has
more than two levels. The first level corresponds to the system to be configured and the
second level contains the principal components of this system. These principal components
may themselves have subcomponents some of which may be optional and some of which
depend on the type of the principal component. Furthermore,the subcomponents may
be connected to each other. An example is a PC, which has a central unit, which has
a processor, which has an optional co-processor. Another example is car configuration
with options [43]. We thus obtain a partonomic customization problem which requires the
recursive configuration of possibly optional subcomponents and the choice of connections.
The problem can again be modeled by a Conditional CSP or by first-order logic.

Definition 24.8 (Simple Partonomic Customization Problem). The structural model of a
simple partonomic customization problem consists of a typeS corresponding to the con-
figured system.S is the root of a partonomy with a taxonomy and a topology such that all
partonomic and connection ports contain at most one component. The types in the parton-
omy can have multiple attributes describing functional andtechnical characteristics. The
attributes can have a boolean domain, an enumerated domain,or an interval of integer
values. A constraint on a typet of the partonomy can involve any property of typet.

Special attention needs to be paid naming the properties of subcomponents. Indepen-
dent of the formalisms, the terms as introduced in section 24.2.2 appear to be the appropri-
ate way. We use the single-valued ports inports∗(x : t) and the single-valued properties in
props(ports∗(x : t)) for this purpose.

Not only can a component have optional attributes, it can also have optional subcom-
ponents and optional connections, which become active if the component is an instance
of the corresponding type. However, there may also be subcomponents and connections
that are optional in the sense that the corresponding relation has a minimal cardinality of
0 and a maximal cardinality of1. If the subcomponent or connected component does not
exist, then they are considered inactive as well. If a component is not active then none



U. Junker 859

of its properties and of its ports are active. Therefore, only a subset ofports∗(x : t)
andprops(ports∗(x : t)) are active in a solution. A solution consists of a set of value-
assignments to the active properties and to the active connections.

The activation of ports can be well addressed by a Conditional CSP or a first-order
approach if the properties and ports are modeled as follows:

1. The partonomic ports are treated as variables that are assigned to themselves.

2. The properties of partonomic ports are modeled by variables as before.

3. A connection-portp of a componento of type t is treated as a variablep(o). The
domain ofp(o) contains the possible instances of the destination typet′ := type(t, p)
from the set of all partsparts∗(o0 : S) of the root typeS. A constraint ensures that
the value ofp(o) has the typet′:

∀o′ ∈ parts∗(o0 : S) : p(o) = o′ ⇒ type(o′) = t′ (24.26)

4. The properties and portsξ(p(o)) of connection-ports are equal to the properties
and ports of the component that is assigned to this connection-port. An element-
constraint is needed to express this correspondence:

∀o′ ∈ parts∗(o0 : S) : p(o) = o′ ⇒ ξ(p(o)) = ξ(o′) (24.27)

Hence, single-valued partonomic ports can be handled in a straightforward way. Connec-
tion ports, however, are variables that require a special domain management.

24.3.6 Generative CSPs for Complex Partonomic Reasoning

The general case of a configuration problem is obtained when partonomic ports and con-
nection ports can contain an arbitrary number of components. Typical examples occur
in equipment configuration where given resource requirements (e.g. on storage capacity)
need to be covered by an unknown number of components. Conditional CSPs are no longer
appropriate to treat these unbounded configuration problems, since they require the precre-
ation of an infinite number of possible parts. Generative CSPs [60, 59, 17] have been
elaborated to handle these complex customization problems. The essence of the generative
approach can be described in terms of a first-order formulation.

Definition 24.9 (Complex Partonomic Customization Problem). The structural model of
a complex partonomic customization problem consists of a typeS corresponding to the
configured system.S is the root of a partonomy with a taxonomy and a topology. The
partonomic and connection ports can contain an arbitrary number of components. The
types in the partonomy can have multiple attributes describing functional and technical
characteristics. The attributes can have a boolean domain,an enumerated domain, or
an interval of integer values. A constraint on a typet of the partonomy can involve any
property of typet.

The ports of complex partonomic customization are arbitrary elements ofports∗(x : t)
and the properties are arbitrary elements ofprops(ports∗(x : t)). Constraints can thus be
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formulated on the properties of multi-valued ports. In contrast to an optional port, a multi-
valued port is active even if it has no element. Hence, there is not need to dynamically
activate multi-valued ports. However, it is necessary to dynamically generate new compo-
nents to meet cardinality constraints on ports. It is sufficient to generate parts for direct
portsp(x) ∈ ports(x : t) of a componentx. This is achieved by a generative constraint
that creates the parts when the lower bound of the cardinality is increased and that adds
them to the instance-set oft. This instance-set needs to be represented by a set variable
[48] with an open domain [40]:

∀i ∈ {1, 2, 3, . . .} : #p(o) ≥ i⇒ p(o, i) ∈ instances(t) (24.28)

If a configuration assigns the valuek to the cardinality of a direct partonomic portp of a
componentx, then the configuration will contain the partsp(x, 1), . . . , p(x, k), but not any
other partp(x, k′) with k′ > k. Since the partonomy is acyclic, each configuration can
only contain a finite number of parts.

The generative constraint thus generates components on a by-need-basis. It also im-
poses an important constraint on the port cardinality. If the configuration of thek-th part
fails, then it cannot belong to the instance-set meaning that the cardinality of the port is
strictly smaller thank. Hence, infinite chains for generating parts are broken as soon as
a part cannot be configured. However, infinite ascending chains could be obtained by a
search procedure that successively increases the lower bound for the cardinality#p(o) in
a search branch. It is nevertheless possible to impose an upper bound on the cardinality
based on the following argument. Since components are generated to meet requirement
and resource constraints, we determine how many componentseach such constraint may
generate for the portp(o) and use the sum of those upper bounds as an upper bound of
the cardinality. We can compute the upper bound for a resource constraint as soon as the
total resource consumption has been established. We suppose that the produced resource
of each component in the port is greater than a strictly positive lower bound. We can then
calculate the upper bound of the number of components by dividing the total amount of the
resource by this lower bound. It is important to note that this upper bound on the cardinality
imposes an additional constraint on the configuration space. It eliminates configurations
with a large number of parts that don’t have any function.

Ports of multi-valued partonomic ports can be modeled by recursive constraints. Letξ
be a single-valued port of the destination type of the partonomic portp. The portξ(p(x))
is then multi-valued. We introduce auxiliary set variablesξ(p(o), i) for the subset that is
contributed by the partsp(o, i+ 1), p(o, i+ 2), . . . , p(o, k), wherek is the cardinality:

ξ(p(o)) := ξ(p(o), 0)

ξ(p(o), i) =

{

{ξ(p(o, i+ 1))} ∪ ξ(p(o), i+ 1) if #p(o) ≥ i+ 1
∅ otherwise

(24.29)

Multi-valued portsξ are handled by a similar recursive constraint that directlyuses the
port ξ(p(o, i+ 1)) of thei+ 1st component in the union-operation instead of{ξ(p(o, i +
1))}. Properties of partonomic ports are calculated in a similarway except that they are
formulated on multi-set (or bag) variables instead of the set variables.

If r is a resource of the destination type of a partonomic port, then the resource of the
port can be modeled in a recursive way as well. Auxiliary variablesr(p(o), i) denote the
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contribution of the partsp(o, i+ 1), p(o, i+ 2), . . . , p(o, k), wherek is the cardinality:

r(p(o)) := r(p(o), 0)

r(p(o), i) =

{

r(p(o, i + 1)) + r(p(o), i + 1) if #p(o) ≥ i+ 1
∅ otherwise

(24.30)

A connection port of typet is modeled by an open set variable that is a subset of
instances(t). As the elements of connection ports are not ordered, specific union- and
sum-over-set-constraints have been introduced in the generative CSP-approaches [40]. The
sum-over-set constraint maintains a local consistency among the lower and upper bounds
on the port cardinality, the lower and upper bounds on the sum, the set of required ele-
ments in the set variable, and the lower and upper bounds of the resources provided by the
required elements.

24.3.7 Complex Cases

Complex configuration models can be obtained by combinations of the previously defined
models. In particular, components at the leaf level of the partonomy often do not need to
be distinguished, thus allowing the use of a boolean or cardinality model.

Complex problems are also obtained by more sophisticated representations of the func-
tional properties. Functions can be composed of sub-functions meaning that they are rep-
resented by a function partonomy. Functions are then assigned to components and sub-
functions need to be assigned to their subcomponents. The sub-functions fulfilled by the
subcomponents of a component need to be equal to the sub-functions of the function that
is fulfilled by the component. This homomorphism can be expressed by an equality of two
union-over-set-constraints. The refinement of function occurs, for example, in the con-
figuration of instrumentation-and-control systems [40] and electrical wiring systems [1].
Complex connection reasoning leads to similar problems if connections between principal
components are refined by connections between subcomponents.

24.4 Problem Solving for Configuration

Whereas Constraint Programming is used to find a solution or an optimal solution of a
CSP, configuration brings in new problem-solving tasks, such as the maintenance of global
consistency in interactive configuration, the computationof an explanation if a given set
of requirements cannot be satisfied, or the computation of a relaxation of those require-
ments. The automatic computation of configurations also hasparticularities. Solution
search should produce functionally well-justified configurations instead of an arbitrary
configuration. If optimal configurations are required, thenthe user preferences are rarely
specified in terms of a single criterion, but typically involve multiple criteria.

24.4.1 Interactive Configuration

Sales configurators are usually interactive as the functional requirements evolve during the
decision-making process. An interactive configurator shows the functional characteristics
of the configured system in the form of a web page or a GUI. Each functional attribute
is characterized by its possible values. The user can express bounds on these attributes,
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eliminate possible values, or choose a value. The configurator typically reacts to those user
inputs by propagating their logical effects. If a value is nolonger possible for an attribute,
then the configurator can eliminate it. Interactive configuration has, for example, been
studied in [2] and in the CAWICOMS-project [3].

Definition 24.10(Interactive configuration task). Given a configuration modelK(x : t),
user requirementF (x : t), and a set of variablesY representing the functional character-
istics, the task consists in finding the setD(y) of legal values for each variabley ∈ Y . A
valuev is legal fory iff there exists a configuration that satisfiesK(x : t) ∪ F (x : t) and
that assignsv to y.

This task is solved by maintaining global consistency [19] for the functional require-
ments. A domainD(y) of a variable is globally consistent iff each valuev in D(y) is
legal fory. An initial domainDinit(y) taken from the configuration modelK(x : t) can
be reduced to a maximally global consistent domainD∗(y) by inspecting each valuev of
Dinit(y) and by checking whetherF (x : t) ∪ K(x : t) ∪ {y = v} is consistent. If this
problem is inconsistent, thenv will be removed fromy’s domain. In the other case, the
valuev for y is supported by a configuration ofF (x : t) ∪K(x : t).

The exhaustive application of a procedure for maintaining global consistency requires
n · d consistency checks in the worst case, wheren is the number of attributes andd is the
initial domain size. If a check has been positive and produced a solution, then this solution
will support a value for each functional attribute. Strategies for computing diversified
solutions can thus significantly reduce the number of checks. Furthermore, the procedure
need not be applied to exhaustion, but may compute a lower bound forD∗(y) that contains
only supported values and an upper bound that only excludes illegal values.

Local consistency methods such as arc consistency [37] can be used to compute the
upper bound. In certain cases, when the constraint network is acyclic, then arc consistency
coincides with global consistency [20], meaning that the task has a polynomial cost only.
For example, this condition is met if only catalog constraints are given.

Configuration problems that additionally contain compatibility constraints on variables
of the same catalog constraint are not acyclic and arc consistency does not remove all
illegal values. Preprocessing techniques can then be used to find all solutions ofK(x :
t). Cluster techniques limit this preprocessing to the clusters of a cluster-tree [14, 46].
An alternative is to use decision diagrams to store the set ofprecomputed solutions in
a factorized way [2, 29]. However, it is also possible to use suitable strategies for the
consistency checks performed by the global consistency procedure. Cutset decomposition
[13] and learning of strategies (detection of critical variables [36]) are good candidates for
performance increases. Further speed-ups can be obtained by algorithms such as LazyAC
[53] or PrefAC [5].

It should also be noted that an interactive configurator solves many configuration prob-
lems that share the same configuration modelK(x : t) and that differ only in the functional
requirements. Preprocessing and learning techniques can therefore pay off significantly.

24.4.2 Explanations and Relaxations

The functional requirementF (x : t) is typically a conjunction of user requirements and
can alternatively be represented by a set of requirements, which will be supposed in this
sub-section. IfF (x : t) ∪ K(x : t) has no solution, then the configuration problem is
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overconstrained and some requirements need to be relaxed. In this case, the requirements
no longer express hard constraints, but desiderata that aresatisfied whenever possible.
There are two scenarios where such a situation can arise:

1. The user enters one requirement after the other and the interactive configurator re-
duces the domains of functional attributes after each entry. As the propagation might
not eliminate all illegal values, the propagation can reacha dead-end. To recover
from the failure, the user needs to find a minimal set of requirements for which prop-
agation is failing, to choose a culprit from this set, and to remove it. This procedure
is iterated until the set of the non-relaxed requirements isconsistent.

2. The user enters multiple requirements at once, possibly augmented with a preference
order. This set of requirements may be inconsistent, meaning that the configurator
will compute a relaxation by removing some requirements. Removed requirements
are (globally) inconsistent with respect to the selected requirements. The user needs
to understand which requirements are causing the failure ofa removed requirement.
This explanation will allow the user to change the preferences if the removal of a
requirement was not acceptable.

Hence, overconstrained problems lead to a relaxation and anexplanation task.

Definition 24.11(Relaxation task). Given a set of requirementsF (x : t), find a maximal
relaxation, i.e. a subset that is consistent with respect tothe configuration modelK(x : t).
If additionally a strict partial order onF (x : t) is given, then find a preferred solution in
the sense of [8, 33]. It is obtained by choosing a complete ranking of the requirements and
by doing a lexicographic maximization based on this ranking.

Definition 24.12(Explanation task). Given an overconstrained set of requirementsF (x :
t), find a minimal conflict, i.e. subset that is inconsistent with respect to the configuration
modelK(x : t). If additionally a strict partial order onF (x : t) is given, then find a
preferred conflict in the sense of [33]. It is obtained by choosing a complete ranking of the
requirements and by doing an anti-lexicographic minimization based on this ranking.

Relaxations are usually computed by adding one requirementafter the other in the
chosen order and by testing the consistency of the current selection after each step. If a
solution has been found, then the requirement is kept. Otherwise, it is removed.

Conflicts have traditionally been computed by truth maintenance system (TMS) [15]
and several attempts have been made to integrate a TMS into a constraint solver [35, 57].
However, the computed explanations can be far from minimal,in particular if resource
constraints are involved (see [33] for an example).

A method for computing minimal and preferred conflicts is presented in [33]. The
algorithm called QuickXplain solves the explanation problem by successively removing
requirements and by checking the consistency of the remaining requirements. If the re-
maining requirements are inconsistent, the problem has been reduced in size. If not, then
some of the removed requirements do necessarily belong to the conflict. QuickXplain is
recursively dividing the explanation problem into subproblems of the same size. For ex-
ample, the initial setF (x : t) will be split into two subsetsC1 andC2. It first seeks for
conflict elements inC2 while keepingC1 in the background (i.e, all constraints ofC1 are
active, but they will not be removed while solving the secondproblem). The first step then
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consists in removing all elements ofC2 and testing the consistency ofK(x : t)∪C1. If this
fails, the empty set is a minimal conflict of the second problem, meaning that the problem
has been reduced toC1. If the test succeeds, then at least one requirement in the second
problem is needed for the failure. If the second problem is a singleton, then its element is
added to the conflict. If the second problem has multiple elements, it is again split into two
parts and the procedure is applied recursively. When the second subproblem has been suc-
cessfully solved, its minimal conflict is added to the background and the first subproblem
is removed from the background. Then the first subproblem is solved. A minimal conflict
for the complete problem is then obtained by merging the minimal conflicts of the first and
second subproblems.

Evolutions of QuickXplain have been proposed to explain thevalues chosen in a solu-
tion [22] and to find the parts of an overconstrained problem that need to be repaired when
restoring the consistency [45].

24.4.3 Searching Solutions

Whereas interactive configurators mainly support propagation and explanation, the auto-
matic search of solutions if an important features of configurators in manufacturing. We
discuss the search of solutions for the most general form of configuration problem, which
corresponds to a generative CSP. A search procedure for a generative CSP does not only
need to choose a value for the different variables of the initial problem. It also needs to
take into account variables that are added by inheritance orby the generation of subcom-
ponents. These variables are added when the search procedure is making decisions about
a component type or about the cardinality of a partonomic port. It is important to note that
decisions about newly generated variables cannot precede the decisions that lead to their
generation. As a consequence, the sequence of search decisions that produces a solution
needs to respect this order. By doing this, the search configures a component by top-down
refinement.

The dynamic nature of complex configuration problems also contradicts some basic
postulates of constraint programming that state that it is better to eliminate inconsistent
choices a priori by a propagation procedure than doing this aposteriori by analyzing and
learning a conflict. Configurators need to make wrong decisions in order to discover that
they are wrong. For example, it is possible that a given computer typet is incompatible
with respect to the given requirements. However, it may be necessary to generate all the
variables and constraints that are inherited from this typein order to discover the incom-
patibility. This is only possible if the computer has been specialized to the typet. The
conflict between the type assignment and the functional requirements that is discovered in
this way provides useful information for the ongoing configuration process. Therefore, it
is recommended to keep those conflicts [47].

Another issue is obtained by search decisions that choose the number of parts or that
choose the functionality of the part. The search should avoid under-charged components
and over-fulfilled functions. An example of under-charged components is obtained if two
servers are provided for 10 users, although a single one is sufficient. Over-fulfilled func-
tions are obtained if there is a single demand for a printing capability, but two printers
are provided. Whereas over-fulfilled functions can be avoided by a suitable constraint
model, under-charged components cannot be avoided by constraints. If the search proce-
dure chooses the number of components before configuring them, it can easily end up with
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under-charged components. Furthermore, it can produce under-charged components if it
chooses more components than necessary or if it chooses lessfunctionality than possible.

These problems can be avoided if configurations are producedby decision sequences
that respect certain properties. When a component is configured, then the following kinds
of decisions should be taken in the following order:

1. First, the values for the functional attributes of the root type of the component are
chosen. The functions of the component can be maximized by applying the follow-
ing preferences. The presence of a capability is preferred to its absence, meaning
that the value true is preferred to the value false for boolean attributes. For numeri-
cal capacities, higher values are preferred. The search procedure should then assign
the best value to each functional attribute. However, trade-off considerations be-
tween multiple functional attributes allow the procedure to abandon a best value for
an attributea1(o) if this allows an improvement for a later attributea2(o). The pro-
cedure can avoid a high penalization ofa2(o) by auxiliary decisionsa2(o) ≥ v that
are made before assigning a value toa1(o). As shown in [32], any Pareto-optimal
combination of the attribute values can be found in this way.

2. Once the functional characteristics are chosen, the typevariable is specialized by
decisions of the formtype∈ leaves(t). Multiple specialization decisions can occur
for the same type variable. Inherited properties and ports can be configured as soon
as they are generated by such a decision. There is no predefined order among the
inherited properties and ports, meaning that technical attributes, cardinalities, and
connections can be configured in any order if not otherwise specified.

3. The values of the technical attributes are chosen by standard value assignments.
There are no predefined preferences between these values.

4. The cardinalities of partonomic ports are chosen by decisions of the form#p(o) ≤ k
and smaller values for the boundk are preferred. If such a decision fails, then its
negation#p(o) > k is added to the constraints. This generates a new subcomponent
p(o, k+ 1) that needs to be configured before the next cardinality decision #p(o) ≤
k + 1 is tried out. The componentp(o, k + 1) is configured by applying the whole
configuration process recursively.

5. Connection ports are configured by membership decisions of the form o′ ∈ p(o).
There are no predefined preferences.

The task for searching a functionally well-justified solution can be expressed as follows:

Definition 24.13(Solution search task). Find a configuration that satisfies the given func-
tional requirements and the given configuration model by a sequence of search decisions
that have the form discussed above and that respect the preferences between values and
variables as discussed above.

Preference programming [34] proposes a language for expressing decisions and prefer-
ences for configuration problems. In addition to the structural preferences, specific prefer-
ences among the attributes of a component can be expressed aswell. Whereas preference
programming defines a strategy for producing a solution, other strategies may be needed
to recover from a failure. Blind strategies such as min-domain-first ignore the specific
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structure of a configuration problem and do not appear to be well-adapted for this case.
Strategies that move up the failure [36], cutset decomposition [13], or dependency-directed
backtracking [15] are better candidates. Learning methodsmay also be a good way in order
to identify critical variables for proving the infeasibility of a subproblem.

Difficult configuration problems can also profit from symmetry-breaking methods [21].
However, the most important issue is to avoid the introduction of symmetries by the con-
figuration model. The partonomic model presented in section24.2.2 avoids symmetries
between parts. The elements of a partonomic port are orderedand the individual ele-
ments cannot be referenced inside constraints. They are indistinguishable before being
configured. A sequence of search decisions that is inconsistent for one part, will also be
inconsistent for the next part. Hence, the configuration of thek + 1-st part can start where
the configuration of thek-th part has stopped.

24.4.4 Satisfying User Preferences

An advanced issue in configuration is the satisfaction of user preferences. As the layman
user does not know the configuration model, she or he will often run into underconstrained
or overconstrained situations when specifying the requirements through the form of con-
straints. Underconstrained situations leave a large set ofchoices and there is a high risk that
users miss their favorite choice. Overconstrained situations are obtained if the users choose
their preferred value for each attribute. In the first case, users will not feel very confident
about the obtained configuration since they have not explored the limits. In the second
case, the users need to toggle through an inconsistent set ofrequirements and manage the
preferences on their own. The need for preference handling for configuration problems has
for example been expressed in [28].

Preference-based configurators offer a simple way to specify preferences in an intuitive
and qualitative way. CP-nets are a successful formalism forordering the values of an at-
tribute dependent on the values of parent attributes [6]. Symbolic preference programming
permits the user to order the requirements and to specify an order for numerical or quali-
tative attributes [34]. Given such preferences on multipleattributes (also called criteria), a
multi-criteria optimization problem has to be solved. Although any Pareto-optimal solution
of this problem may be interesting, it is often more appropriate to guide the user through
the set of possible compromises by generating multiple extreme solutions (lexicographic-
optimal for different rankings) and balanced solutions [32]. This approach thus generates
a small set of preferred solutions of a good diversity. Diversity is ensured by changing the
importance of criteria. Diversity can also be enforced by global constraints [30].

Future work on preference-based configurators is needed to develop the full potential
of this feature. This includes work on algorithms, on the preference language, and on the
preference elicitation methods. Explanations of failure provide a good opportunity to ask
for preferences between the possible relaxations. Hence, explanations can play a key role
in making preference elicitation more interactive and moreefficient.

24.5 Conclusion

This chapter has given an overview on constraint-based configuration while stressing the
particularities of configuration. Configuration is not a classical application of Constraint
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Programming. The constraint networks are not static, but evolve during problem solving.
As such, the formalism of constraint networks is not sufficient to specify a configuration
problem and it is necessary to go up to a higher modeling level, which describes the config-
uration knowledge independent of a problem-solving formalism. Configuration knowledge
covers product data as found in the databases of an ERP system, structural models that can
be formulated within UML or within a description logic, and the configuration constraints.
The structural model includes a description of the functional characteristics and of the
alternative ways to map them to a structure.

Depending on the characteristics of the configured system, this knowledge can be com-
piled into various kinds of constraint models including boolean models, cardinality models,
static and dynamic CSP models, and generative CSP models. The latter ones support dy-
namic activation or generation of variables and constraints and thus create new issues for
the search process. The search process has to take dynamically generated variables into
account and needs to respect the generation order. The search process is function-driven
and should make choices only when they contribute to given functional requirements.

Searching for solutions is not the only problem-solving task that occurs in configura-
tion. Interactive configurators often support a form of (strong) propagation and let the user
make the decisions. The user thus has the freedom to try out all of her or his preferred
choices with the risk of running into overconstrained problems. Explanation facilities then
allow the user to identify conflicting requirements, but still leave them the burden of choice.
An alternative is the emerging idea of a preference-based configurator where users enter
preferences among the possible values instead of making categoric choices. Preferences
are heavily used in recommender systems and the lessons learned in this area may be ben-
eficial for configuration. However, interactive configurators and their explanation facilities
can also lead to new possibilities for preference elicitation, meaning that there is a potential
for a cross-fertilization between both fields.
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Chapter 25

Constraint Applications in Networks

Helmut Simonis

In this chapter we discuss the use of Constraint Programming(CP) for network applica-
tions. Network problems arise in many different domains, wetake a rather narrow view in
this presentation and concentrate on three areas:

• electrical networks

• water (oil) networks

• data networks

Some of the earliest examples for CLP(R) were for analysing analog circuits, whose behav-
ior can be described byOhm’s lawfor the relation between resistance, voltage and current
andKirchhoff ’s lawswhich defines how connected circuits behave. This early analysis
later was extended to more complex, hybrid networks. One of the most interesting practi-
cal problems in this domain is the configuration of electrical power distribution networks
(section 25.1), which has been studied with different constraint techniques and for which
operational systems exist.

The work on CP models for electrical power distribution networks later led to the study
of water distribution networks (section 25.2), which have similar importance in the utilities
area. Water networks differ from electrical networks in a number of fundamental ways:

• Water can be stored in the network, reservoirs and water towers are key elements of
water distribution systems.

• Water quality can vary. Keeping track of relevant properties is important when mix-
ing water from different sources.

• Many water networks were built in the 19th century. Old pipesmay be leaking,
losing up to 30 % of the water sent through them. The exact lossrate is typically
unknown.
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Networks for oil distribution have similar properties, butface additional challenges.
The bulk of constraint applications for networks [60] are inthe context of data net-

works (section 25.3), covering either traditional, connection oriented networks or packet-
switched, routed networks like the Internet. We look at a number of different applications
in this domain:

• We start with a problem ofapplication placement(section 25.3.1) for the Italian
Inter banking network, which was one of the first large scale CLP applications in the
network domain.

• In many networks, the task ofpath placement(section 25.3.2) is to define the route
on which a demand will be sent through the network. This is a fundamental net-
working problem, for which many competing CP methods have been proposed.

• One possible extension is the use ofmultiple paths(section 25.3.3) for demands,
where the secondary path is only active when the primary connection has failed.

• Another possible extension is to add a time dimension, wheretraffic demands have
given start and end times, and demands compete for network bandwidth if they over-
lap in time. This application is calledBandwidth on Demand(section 25.3.4).

• In the previous problems, the network structure and capacity was fixed. The problem
of Network Design(section 25.3.5) deals with defining connectivity and finding the
right link capacity to satisfy a projected set of demands.

• IP (Internet Protocol) networks usually do not use explicitroutes for traffic demands.
Instead, packets are routed based on a distributed shortestpath algorithm.Metric
optimization(section 25.3.6) deals with choosing metric weights to influence the
routing in the network and to optimize the network utilization.

• Many traditional algorithms assume a demand matrix of all communication needs
between network nodes. In IP networks this demand matrix is not readily avail-
able,Resilience Analysis(section 25.3.7) tries to predict network behavior in failure
scenarios without explicit knowledge of the demand structure.

• Secondary paths and routing algorithms provide some methods to maintain network
communications in case of element failure. The idea ofBandwidth Protection(sec-
tion 25.3.8) offers an alternative, purely local mechanismfor improving network
resilience.

25.1 Electricity Networks

Electrical networks are controlled by the application of three fundamental relations, Ohm’s
law and the two Kirchhoff’s laws:

Ohm’s Law Ohm’s Law relates the three fundamental electrical quantities: voltageV ,
currentI and resistanceΩ, V = I ∗ Ω.

Kirchhoff’s Current Law The current flowing into a node or branching point is equal to
the sum of the currents leaving the node or branching point.
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Kirchhoff’s Voltage Law The sum of all the voltages around any closed path in a circuit
equals zero.

As an early example for CLP(R), it was shown in [35] (see also [36, 46]), that simple
electrical networks can be modeled using linear constraints over continuous domains. The
use of constraints allows a very flexible query structure, were given, partial information
about voltages, currents and resistance can be used to deduce the missing information.
The solver in CLP(R) was restricted to linear constraints only, so that most interesting
electrical and electronic circuits can not be modeled. By combining the finite domain and
the continuous solver in CHIP, the LOGICIM tool [32] extended the modeling capabilities
to hybrid circuits with state. It is perhaps surprising thatafter the development of non-linear
solvers in the nineties (see chapter 16 “Continuous and Interval Constraints”) there has not
been a systematic study of the simulation of analog electronic systems with Constraint
Programming.

On the other hand there are application problems where the basic laws above are
enough to model quite complex electrical circuits. This is the case for electrical power
distribution networks, first studied for CLP in [18, 19]. Power distribution networks are
formed of high (medium) voltage transmission lines, which link power stations (the pro-
ducers) to transformer stations (the consumers), which convert the high voltage to lower
voltage for actual consumers. The transmission lines form agraph, of which only a sub-
graph is in active use at any one time. Lines can be enabled anddisabled by switches,
which can be opened or closed as required. At any time point, the active transmission net-
work forms a forest, with trees rooted in the power stations and consumers at the leaves of
the network. Cycles in the network must be avoided, since they will result in malfunctions
and equipment damage. The configuration task for a power network consists in controlling
the transmission switches in such a way that

• there are no cycles

• all customers are reached

• the capacity of the power stations is not exceeded

• the currents limits of the transmission lines are not exceeded

• loss due to resistance in the transmission lines is minimized

If an element failure occurs in a network, then there is a reconfiguration task to restore
supply to all or at least to the most important customers as quickly as possible, while
minimizing the number of switch changes. Reaction times in seconds (or faster) is required
as a rule.

For maintenance or extension work it is necessary to isolatecertain components in the
network, so that they are safe to work on. Given a set of such maintenance jobs, we have
a planning problem to define the best schedule of operations.This is typically further
constrained by release and due dates, resource and manpowerlimits and other scheduling
constraints.

The PlaNets system [18, 19] was developed by the University of Catalonia in Barcelona
(UCB) for the Spanish electricity company Enher to tackle these problems. It uses the
rational solver of CHIP [25] for the electrical network constraints, and the finite domain
solver for the temporal and scheduling aspects of the system.
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Recently, other constraints approaches for the reconfiguration problems have been at-
tempted. In [33], the use of a Boolean, BDD [12] based solver is advocated to allow fast
reaction times. The use of propositional calculus to represent open or closed switches is
natural, but in order to be able to use the Boolean solver alsofor the electrical constraints,
massive simplifications are required. For example, all consumers are assigned the same,
unit demand size, and Kirchoff’s current laws are represented with small integers. The
system currently is in experimental use at the Danish power company NESA.

25.2 Water (Oil) Networks

The team at UCB working on the PlaNets system cooperated withexperts on water dis-
tribution systems to form the CLOCWISe consortium to study the use of constraint pro-
gramming for operational control of water systems [11]. Water distribution system share
many aspects with electrical power supply networks. The system forms a network with
supply stations (water wells), transmission lines (pipes)and distribution nodes. The flow
through nodes follow flow conservation (Kirchhoff’s current law), there are capacity limits
for wells and pipes, etc. The scheduling scenarios are similar as well, there are configu-
ration and reconfiguration tasks, and more complex planningscenarios. But there are also
significant differences:

• Water supply systems use storage facilities, reservoirs and water towers. Levels in
these storage nodes evolve over time, producer/consumer models [61] can be used
to describe these constraints.

• Pipes can be operated at different flow rates, with significant differences in the en-
ergy expended.

• Many pipes are old and therefore leaky, losing water at an unknown, but significant
rate. Therefore flow conservation is not preserved, the flow of water entering a pipe
is different from the flow leaving the pipe.

• Chemical properties of water from different sources vary, and may be further changed
by processing in the network. Mixing laws are quite complex and often non-linear.

The CLOCWISe system deals with these additional constraints using the rational solver
of CHIP and its finite domain solver, especially global constraints for scheduling. A qual-
ity estimator for water mixing scenarios uses the linear solver, dealing with non-linear
constraints by piece-wise linear approximation.

Pipeline transport for petro-chemical products is closelyrelated. The FORWARD C
system of Technip [58] contains a module for pipeline transport between a tank farm at a
deep water harbor and the tank farm associated with the refinery. The transmission plan
can be seen as a sequencing operation in a schedule. Crude oilmixing plays an important
role, as it can be used to optimize the throughput of the refinery by mixing crudes with
different properties to more closely match the design specification of the refinery.

Studies to schedule more general oil distribution networkswith Constraint Program-
ming were largely unsuccessful. There are many non-linear,continuous constraints, the
pipes can be used bi-directionally, requiring a detailed view of the contents of the pipe
at any given time. When sending two different products, one after the other, through the



H. Simonis 877

pipe, the products partially mix at the interface, requiring down-grading of the product, or
even producing scrap that needs to be reworked at a refinery. An exception was the pipeline
scheduling tool developed by PrologIA for AirLiquide, which was designed to handle parts
of their European pipeline system.

25.3 Data Networks

We now consider data network applications, which form the core of this chapter.

25.3.1 Application Placement

The system described in [16] was one of the first constraint applications dealing with net-
works. It was developed for the Italian Inter-banking network and deals with the placement
of applications on servers in the network.

The problem is to place a set of applicationsK on different servers in a network, so
that they can run over-night batch jobs with data transmitted by users on nodes in the
network. Each serverj has limited CPU capacity, denotedcpu (j), while many nodes of
the network can not host any applications. Each user requeststates that a user on nodei
needsdem(i, k) CPU units for applicationk. If we run applicationk on a serverj, we
have to pay a costlic (j, k), typically license fees. Transmitting data from useri to server
j creates a transport costdist (i, j) per unit transported.

We introduce{0, 1} decision variablesAj,k to indicate if applicationk is running on
serverj, and decision variablesUkij to indicate that the demand of useri for applicationk
is satisfied by serverj. We can then express the model in this form

min
{Ajk,Uk

ij}

∑

k∈K

∑

j∈N

lic (j, k)Ajk +
∑

k∈K

∑

i∈N

∑

j∈N

dist (i, j)dem(i, k)Ukij (25.1)

st.

∀j ∈ N :
∑

k∈K

∑

i∈N

dem(i, k)Ukij ≤ cpu (j) (25.2)

∀k ∈ K , ∀i ∈ N :
∑

j∈N

Ukij = 1 (25.3)

∀k ∈ K , ∀i ∈ N, ∀j ∈ N : Ukij =⇒ Ajk (25.4)

Ajk ∈ {0, 1}
Ukij ∈ {0, 1}

The objective function (25.1) is to minimize the total cost of the system which consists of
the license costs and the transportation cost over the network. Each server can handle only
jobs up the the limit of its CPU, this is controlled by equation (25.2). Equation (25.3) states
that each customer job must be handled by exactly one server.The last constraint (25.4)
states that if a customer application is assigned to a server, then the corresponding applica-
tion must be provided on the server.

Looking at the constraints we see that this model is an extended version of the ca-
pacitated warehouse location problem [48]. This is relatedto the (simpler) uncapacitated
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warehouse location problem described in [66], one of the first models developed with finite
domain constraint programming. Not surprisingly, the problem in [16] was also expressed
using the finite domain solver of CHIP [25]. It is doubtful whether for this problem the
approach is competitive with state of the art local search methods [47].

Note that the network view of this model is quite simplistic.We only have to pay a
transmission cost which depends on the choice of source and sink for each demand. We do
not consider if there is enough network capacity to transport the traffic over the network,
or which routes should be used. For the application placement model, network capacity
is infinite. We will see in the following section how a more detailed view of the network
could be used to add more constraints to the problem.

25.3.2 Path Placement

In many data networks we can decide which path is used for a demand, and a central control
algorithm is responsible for assigning paths to demands under the capacity constraints of
the network. There are three main alternative models for solving this problem, they are
called

link-based For each demand we have one decision variable per link which states if the
link is used for this demand or not.

path-based For every demand we have one decision variable per possible path between
source and destination. We can choose one path per demand.

node-basedFor every demand we have a decision variable for every node inthe network.
If its value is 0, then the node is not used by the demand, if it is non-zero, then it
gives the successor node. The variables for each demand forma cycle in the graph.

We also present two variants of the path placement problem inthis section.

• In thedemand acceptance problem, we are given a set of demands and have to decide
which demands we can accept without exceeding the capacity limits of the network.
We are interested in finding a solution which maximizes the value of the accepted
demands.

• The traffic placement problemuses a fixed set of demands, which all have to be
placed. We search for a solution which minimizes the maximalutilization over all
network links.

The base-line comparison for these problems is theCSPF (Constrained Shortest Path
First) algorithm [24], which applies a simple greedy heuristic to place the demands in order
of decreasing demand size. For each demand we attempt to place it on the network using a
shortest path algorithm in a residual graph, where only edges with more than the required
bandwidth are considered. If the demand can be placed, it is accepted, and the free capacity
in the network is reduced by its demand size.

We now discuss the different models in more detail, using thefollowing conventions.
The network consists of a set of nodesN and a set of directed edgesE. The setOUT(n)
consists of all edges leaving noden, the setIN(n) of all edges leading to noden. The ca-
pacity of an edge is given bycap (e). The source of an edge is denoted assource (e), the
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sink assink (e). For every demand in the setD, we have a source (orig (d)) and a des-
tination (dest (d)), a bandwidth requirementbw(d) and a valueval (d) which indicates
the benefit of accepting demandd.

Link-based model

We start with thedemand acceptance problemin a link-based model, where we use one
decision variable for every demand and link of the network. The {0, 1} variableXde

denotes whether demandd is routed over edgee of the network. For every demandd we
also have one{0, 1} decision variableZd which indicates if the demand is accepted or not.
The following model gives a MILP formulation.

max
{Zd,Xde}

∑

d∈D

val (d)Zd (25.5)

st.

∀d ∈ D, ∀n ∈ N :
∑

e∈OUT(n)

Xde −
∑

e∈IN(n)

Xde =











−Zd n = dest (d)

Zd n = orig (d)

0 otherwise

(25.6)

∀e ∈ E :
∑

d∈D

bw(d)Xde ≤ cap (e) (25.7)

Zd ∈ {0, 1}
Xde ∈ {0, 1}

The path constraint(25.6) states that there is a single path for each accepted demand,
linking theZd andXde variables. Equation (25.7) states thecapacity constraint, that for
each link the amount of traffic routed over it must be smaller than the link capacity. The
objective (25.5) is to maximize the value of the accepted demands.

We often also havequality of serviceconstraints attached to the demands. For each
demandd we have a quality requirementreq (d) which should not be exceeded in our
solution. The quality of the assigned path is calculated as the sum of constantsdel (e) for
all edges which are used by the path. A typical quality indicator is delay (also called
latency), which is calculated as the sum of the propagation delays ofthe links on the
selected path. This delay must be smaller than the latency requirement expressed for the
demand. The constraints take the form given in equation (25.8). If the required latency is
too small, then we may not be able to find any path which satisfies the demand.

∀d ∈ D :
∑

e∈E

del (e)Xde ≤ req (d) (25.8)

The traffic placement problemis expressed in a similar form. Here all demands must
be accepted, we therefore no longer needZd variables. The only variables in the model are
{0, 1} variablesXde which indicate whether demandd is routed over edgee. We still have
thepath constraint(equation 25.10) and an objective function (25.9) which is to minimize
the maximal relative utilization of any edge in the network.For this we divide the amount
of traffic routed over the edge by the capacity of the edge. A solution with a cost of less
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than 1 means that the traffic routed over all edges stays within the link capacity, if the cost
is greater than 1, then some links exceed their capacity.

min
{Xde}

max
e∈E

1

cap (e)

∑

d∈D

bw(d)Xde (25.9)

st.

∀d ∈ D, ∀n ∈ N :
∑

e∈OUT(n)

Xde −
∑

e∈IN(n)

Xde =











−1 n = dest (d)

1 n = orig (d)

0 otherwise

(25.10)

Xde ∈ {0, 1}

In this model the capacity constraints (25.7) are folded into the objective function, they will
appear as linear constraints in a MILP representation. Unfortunately, there seems to be no
consensus about the objective function. There are at least two other versions proposed in
different papers. One is to minimise the overall network utilization

min
{Xde}

∑

e∈E

∑

d∈D

bw(d)Xde (25.11)

while imposing the capacity constraints (25.7). This objective function is closely related to
the formulation of theInteger Multi-Commodity Flow Problem[3]. The other alternative
is proposed in [51] as a compromise which is supposed to return better overall solutions.
It minimizes the average link utilization.

min
{Xde}

∑

e∈E

∑

d∈D

bw(d)

cap (e)
Xde (25.12)

Overall, demand acceptance and these versions of traffic placement are closely related,
but their objectives are different enough to make a direct comparison between results dif-
ficult. In later section, we will only describe the demand acceptance problem, the traffic
placement variant can be derived in a similar way.

We now discuss a number of proposed algorithms that use the link based model.

Lagrangian relaxation/CP hybrid - path decomposition A hybrid method for traffic
placement is proposed in [51, 52]. It combinesLagrangian Relaxation (LR)(see chapter
15, “Operations Research Methods in Constraint Programming”) with constraint program-
ming. Both models are set up in parallel and exchange information during a depth-first
search. In the Lagrangian subproblem we dualize the capacity constraints (25.7) into the
cost function and keep the path constraints (25.6).

The constraint model uses finite domain{0, 1}Xde variables and finite domain versions
of the path constraints, strengthened by some redundant inequality constraints to remove
cycles. In a preprocessing step, some capacity constraintsbased on s-t cuts are added. The
LR model starts with an initial heuristic, possibly infeasible assignment obtained with a
CSPF variant.
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At each node of the search tree, a limited number of subgradient steps [3] are performed
in the LR model. This involves solving|D| shortest path problems with an LP solver. The
results are used to generate new constraints for the FD model, which, through propagation,
may lead to further assignments, which are then returned to the LR model. When the LR
model is stopped, the current Lagrangian solution is used todecide on the next branching
choice, assigning some undecidedXde variable. Nodes in the search can be pruned ei-
ther because the LR model becomes infeasible or because constraint propagation detects a
failure.

The results obtained in [51, 52] can not be directly comparedwith other methods,
since the model uses a different cost function (25.12). But [53, 21] describe experiments
with a modified version of this decomposition where the more commonly accepted cost
function (25.11) is used.

Lagrangian relaxation/CP hybrid - knapsack decomposition As an alternative La-
grangian Relaxation [53] proposes to relax the path constraints (25.6) while keeping the
capacity constraints (25.7). This means that at each subgradient step, we have to solve|E|
independent knapsack ILP problems.

Both [51] and [53] use cost-based filtering [29] from the reduced cost of theX variables
of the LP relaxation solved at each subgradient step to fix some values to either 0 or 1.
This idea is extended in [22, 23], which adds three more filtering rules. Comparative
experiments show that this produces stronger pruning, which improves the quality of the
solutions, reduces the number of nodes in the search tree significantly and can lead to
overall savings in computation time.

Probe backtracking Probe Backtracking Search (PBT)[27] is used in [43] to solve the
traffic placement problem with a link-based model. The idea behind PBT is to split the
constraints into two groups, considered ”easy” and “hard”.The hard constraints and the
optimization are handled by a branch&bound backtracking scheme. In each node, one of
the hard constraints is replaced by a disjunction of easy constraints, which form the basis of
the branching decisions. The system starts with a tentativeassignment based on a heuristic.
In each node the current set of easy constraints is used to solve a subproblem calledprober
which either detects infeasibility or returns a new tentative, partial assignment. Violations
of the hard constraints are resolved by branching on the introduction of additional simple
constraints.

For the traffic placement problem the prober finds a cycle-free path for one demand
which respects the delay constraint (25.8) and any imposed forbidden and required links.
The prober is implemented as an incremental ILP which adds no-good cuts until a valid so-
lution is returned. The search component checks for violations of the capacity constraints;
if there are none, a solution has been found. Otherwise, it heuristically selects a link with
a capacity violation and a demand routed over it, and calls the prober again, branching on
either forbidding or enforcing the selected link for the selected demand.

The probe backtracking scheme can be used with a variety of probing methods, [37]
considers the combination with local search, and [38] applies this combination to demand
acceptance. The local probe consists of a simulated annealing local search routine which
tries to find paths for a set of demands. One of the challenges for the implementation lies
in how to incorporate forced links into the neighborhood operator.
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Path-based model

The second type of formulation for the path placement problem is the path-based model. In
this model we consider for each demand the paths on which it can be routed. Assume that
there arepath (d) possible paths for demandd. We introduce a{0, 1} decision variable
Yid for each possible path for each demandd. The constantsheid indicate whether pathi
for demandd is routed over edgee. The{0, 1} variablesZd again state whether demandd
is accepted or not.

max
{Zd,Yid}

∑

d∈D

val (d)Zd (25.13)

st.

∀d ∈ D :
∑

1≤i≤path (d)

Yid = Zd (25.14)

∀e ∈ E :
∑

d∈D

bw(d)
∑

1≤i≤path (d)

heidYid ≤ cap (e) (25.15)

Zd ∈ {0, 1}
Yid ∈ {0, 1}

The objective function (25.13) is the same as for the link based model (25.5). Equa-
tion (25.14) links theZd and theYid variables and states that at most one path may be
selected for each demand. Equation (25.15) is a modified capacity constraint, stating that
the bandwidth required for all selected paths routed over anedge must be smaller than the
edge capacity.

Column generation The direct implementation of a path based model will be difficult
due to the very large number of possible paths even in a small graph. This model therefore
is a natural candidate for techniques like column generation, where only a limited subset of
all possible paths are considered and the objective function can drive the search for finding
new paths which improve overall solution quality.

We will discuss this approach used for example in [14] in moredetail in section 25.3.5.

Blocking islands A different, more CSP oriented view of a path-based model is given in
[30]. It considers the traffic placement problem without objective function, i.e. all demands
must be placed, but we only require a feasible solution. Thiscan be modelled as a CSP
where each demand is a variable which ranges over all possible paths. The main idea of
this paper is that it is not necessary to describe the domainsof the variables explicitly, it is
sufficient if we can check whether there still is a possible path for each demand at each step.
This corresponds to a forward-checking based constraint propagation, which can be used
inside a search routine that assigns paths to demands. Heuristics like dynamic variable and
value selection can also be applied, making this a nice example of an implied constraint
model.

Key to the implementation of this implied model is the concept of a blocking island.
For a given demand sized, we can partition the nodes in the network into equivalence
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classes, calledd blocking islands. All nodes inside one blocking island can reach each
other with paths of at least sized. We know that a demand of sized can be satisfied if both
source and sink are in the samed island, and can not be satisfied if they are in differentd
islands. The blocking islands for different capacity values form a tree, where the root is
one island connecting all nodes with capacity 0.

When a path is assigned to a demand, we can update the blockingisland tree effectively,
and can check if there still is a path for every demand in the new tree. If not, the node in
the search tree can be pruned, and we backtrack to a previous choice. The experiments in
[30] showed that it can be worthwhile to replace chronological backtracking with a form
of conflict-driven backjumping.

The approach can be easily extended to handle the objective function for traffic place-
ment, but it is unclear how to adapt this technique to the demand acceptance problem.

Local search/CP hybrid Another hybrid solver for the demand acceptance problem is
described in [41, 42]. It combines local search with finite domain constraint programming
in a multi-step procedure, and also combines elements of a path based and a link based
model. It starts with a heuristic, CSPF based initial selection of paths to be chosen. In
a second step, it tries to add additional demands one by one, at each step calling a local
search based repair method to remove any capacity bottlenecks. This repair works by
replacing an existing path with a new one. As a third step it uses a hybrid branch&bound
routine combining finite domains with local search. The finite domain model initially only
consists of the acceptance variablesZd, theXde variables are only lazily generated on
demand. The system finds necessary links for a demand, and imposes capacity constraints
on them. It also considers certain cut sets and createsXde variables for each of those links.
It then adds a constraint stating that their sum must be equalto the demand variableZd as
well as the link capacity constraints over all demands on that link.

The local search routine identifies capacity violations andbuilds a neighborhood by se-
lecting demands currently routed through a violation, and choosing a new shortest path for
each demand, using the capacity violation as link metric. The neighborhood is evaluated
based on the improvement of the capacity violations, and a move selected using a random-
ized choice which allows some decrease in quality for some moves. A restart method was
incorporated to go back to a previous state if no improvementhad been achieved within a
given number of steps.

A comparison of this method with a variant of [43] for demand acceptance showed that
both were complementary, each method was more successful onsome problem instances,
while both clearly outperformed CSPF.

Node-based model

In the node-based model the decision variables define successor relations between network
nodes, defining paths through a network via the nodes that aretraversed. This model is
due to [56], which describe this model in terms of aBandwidth on Demandapplication
(see section 25.3.4). For each demandd and each nodek in the network, we introduce an
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integer decision variableSkd with the following domain:

Skd ::











{sink (e)|e ∈ OUT(k)} k = orig (d)

orig (d) k = dest (d)

{0} ∪ {sink (e)|e ∈ OUT(k)} otherwise

(25.16)

For each demand the domain for a node contains all possible successors and the value 0,
which indicates that the node is not used to route the demand.We add a back-link from
the destination of the demand to the source, which does not correspond to an edge in the
graph. We now require that for every demandd the set

{< k, Skd > |Skd 6= 0} (25.17)

forms a cycle in the graph (augmented with the back link). In [56], this condition is ex-
pressed with thecycleconstraint [7, 10] of CHIP. This constraint does not allow conditional
nodes, the model therefore needs dummy nodes and edges to connect all unused nodes in
a second cycle.

The capacity constraint for each node can be expressed with acumulative constraint
[2], which uses two arguments, a set of tasks given bystart, durationandresource useand
a resource profile, given as a set of tuplestime pointandresource limit.

cumulative ({< Sid, 1, bw(d) > |d ∈ D},

{< l,m > |0 ≤ l ≤ n,m =











∞ l = 0

cap (e) ∃e ∈ Est.source (e) = i, sink (e) = j

0 otherwise

})

(25.18)

In this model we need|D| cycle constraints and|N| cumulative constraints to express the
conditions of the routing problem, we then have to define a search routine and amin max
[55] optimization routine to find the optimal solution. Additional conditions like quality of
service constraints can be handled by using extra argumentsof the cycle constraints.

The cycle constraint probably is not the best choice for thisapplication, the need for
dummy nodes and edges in the model destroys much of its propagation potential.

25.3.3 Multiple Paths

In the models of section 25.3.2 we have looked for a single path for each demand. This
path is used to transmit the traffic between the source and thedestination of the demand.
What happens if one of the elements on the path fails? There are three possible scenarios:

• The transmission for the demand is interrupted until the element failure is repaired.
This may lead to an outage of several hours and is normally notacceptable.

• We dynamically search for a new path in the modified network and set up the path for
transmission. The outage will be much shorter, and is limited by the time required
to find a new path.
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• We have pre-computed an alternative path, which islink disjoint to the original path,
so that the element failure does not affect this additional,secondary path. We can
immediately switch to the alternative, minimizing the outage.

We will now look at the problem of finding multiple (primary and secondary) paths for
demands, where the primary path is used in normal operation,and the secondary is only
active when some link on the primary path has failed. We present a link-based, demand
acceptance model for this problem, which is an extension of the model in section 25.3.2. In
addition to the{0, 1} variablesZd for demand acceptance, andXde for the primary path,
we need additional decision variablesWde, which indicate whether edgee is used for the
secondary path of demandd.

max
{Zd,Xde,Wde}

∑

d∈D

val (d)Zd (25.19)

st.

∀d ∈ D, ∀n ∈ N :
∑

e∈OUT(n)

Xde −
∑

e∈IN(n)

Xde =











−Zd n = dest (d)

Zd n = orig (d)

0 otherwise
(25.20)

∀e ∈ E :
∑

d∈D

bw(d) ∗Xde ≤ cap (e) (25.21)

∀d ∈ D, ∀n ∈ N :
∑

e∈OUT(n)

Wde −
∑

e∈IN(n)

Wde =











−Zd n = dest (d)

Zd n = orig (d)

0 otherwise
(25.22)

∀e ∈ E, ∀e′ ∈ E \ e :
∑

d∈D

bw(d) ∗ (Xde −Xde′ ∗Xde +Xde′ ∗Wde) ≤ cap (e)

(25.23)

∀d ∈ D, ∀e ∈ E : Xde +Wde ≤ 1 (25.24)

Zd ∈ {0, 1}
Xde ∈ {0, 1}
Wde ∈ {0, 1}

The model is quite similar to the model in section 25.3.2. Theobjective function (25.19) is
the same, and we also find the path constraint (25.20) and the capacity constraints (25.21)
for the primary path. To this we add a path constraint for the secondary path (equa-
tion 25.22) and the link-disjoint constraint (25.24) whichstates that primary and secondary
paths for a demand can not share a link. The only complicated,additional constraint is the
capacity constraint for the secondary paths (equation 25.23). This expresses the capacity
for link e in the case of failure of linke′. The traffic we have to consider is the sum of
all primary paths through linke, except for those that were also routed through linke′.
In addition we need to consider all secondary paths routed throughe, where the primary
was routed through the failed linke′. We therefore need a capacity constraint for each link
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under each failure scenario. This dramatically increases the number of constraints that are
required.

The link disjoint constraint is only one way of keeping the primary and secondary paths
apart. We can also consider two stronger alternatives, the paths may benode disjointor
SRLG disjoint.

For node disjointprimary and secondary paths we enforce that, except for the source
and destination nodes, the paths do not cross the same nodes.This protects the connection
even in case of a node failure. We can express this constraintby the equations

∀d ∈ D, n ∈ N \ {orig (d), dest (d)} :
∑

e∈IN(n)

Xde +Wde ≤ 1 (25.25)

∀d ∈ D, n ∈ N \ {orig (d), dest (d)} :
∑

e∈OUT(n)

Xde +Wde ≤ 1 (25.26)

Using either (25.25) or (25.26) together with the path constraint is enough to ensure the
condition.

TheSRLG disjointconstraint is a generalization to arbitrary sets of links. Ashared risk
link group (SRLG)is a set of links that we consider might fail together. This can happen
for example if several (physical) links are run through the same cable duct, or if multiple
logical (layer-3) connections are mapped to the same physical (layer-1) connections, for
example multiple carriers using the same sea-cable for a intercontinental connection. To
express this constraint, we assume we are given a setS of SRLG sets. For each SRLG
SRLG and each demandd , we express the constraint that primary and secondary path can
not share any links in the set.

∀d ∈ D, ∀SRLG ∈ S :
∑

e∈SRLG

Xde +Wde ≤ 1 (25.27)

The model above is the basis for the solver described in [68].A linearization of the
non-linear constraints (25.23) adds a many new variables and linear constraints. To han-
dle this very large number of capacity constraints requiredfor the failure cases the au-
thors suggested the following decomposition. Initially, the problem is set up without con-
straints (25.23) and solved with a MILP solver. For the optimal solution the secondary
path capacity constraints are checked and, if violated, added (linearized) to the constraint
set. The process iterates until no secondary path capacity constraints are violated, in which
case an optimal solution to the whole problem is found. This can be seen as a form of
Benders decomposition(see chapter 15, “Operations Research Methods in Constraint Pro-
gramming”), where the secondary path capacity constraintsform the sub problems, and all
other constraints form the master problem. TheBenders cutsthat are generated take the
form of the linearized capacity constraints. This approachallowed a significant speed-up
over a standard MILP formulation of the problem.

25.3.4 Bandwidth on Demand

So far, the traffic demands we encountered were all for a single snapshot in time, i.e. all
demands were simultaneous. We now consider theBandwidth on Demandscenario where
each demand has a fixed startstart (d) and endend (d) time, and demands only interact
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if they overlap in time. The problem is to accept demands so that at no time point the
capacity of the network is exceeded. Instead of looking at every time point between the
earliest start and the latest end of any demand, we can restrict ourselves to time points
when new demands are starting. The set of time pointsT to consider is then given by

T = {start (d)|d ∈ D} (25.28)

We can now formulate the demand acceptance problem for Bandwidth on Demand with
the following MILP, which uses theZd andXde {0, 1} decision variables already familiar
from section 25.3.2.

max
{Zd,Xde}

∑

d∈D

val (d)Zd (25.29)

st.

∀d ∈ D, ∀n ∈ N :
∑

e∈OUT(n)

Xde −
∑

e∈IN(n)

Xde =











−Zd n = dest (d)

Zd n = orig (d)

0 otherwise
(25.30)

∀t ∈ T, ∀e ∈ E :
∑

d∈D
start (d)≤t
t<end(d)

bw(d)Xde ≤ cap (e) (25.31)

Zd ∈ {0, 1}
Xde ∈ {0, 1}

We find the objective function (25.29), the path constraint for each demand (25.30) and a
modified capacity constraint (equation 25.31). This capacity constraint is now quite similar
to the global cumulative constraint [2]. For every time point and every link, the sum of the
accepted traffic routed over the link may not exceed the link capacity.

There are many ways to extend the basic Bandwidth on Demand model. Simple mod-
ifications are changes of the link capacity over time or general topology changes at fixed
time points. We may also consider that demands may be moved from one path to another
during their life-time, in order to accommodate changes in the demand structure.

Another natural extension is some form of on-line algorithm, where new demands for
future time periods are added from time to time. Previous commitments must be respected,
i.e. demands that were accepted at an earlier time point can not be rejected later on. This
is easily handled by forcing some of theZd variables to be 1.

A much more challenging extension is to relax the fixed start and end times. If demands
can be moved in time, we obtain a very difficult combination ofthe path placement and a
cumulative scheduling problem.

France Telecom The problem first described in [39], and then reconsidered in[44] is an
on-line version of the Bandwidth on demand problems for ATM networks. When a new
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demand is entered, we have to check if it can be accepted, possibly by rerouting previously
accepted demands. There is a time limit of one minute to decide on acceptance. But once
a demand has been accepted, it can not be rejected at a later point in time.

The model of [39] uses a constraint based conflict resolutionmechanism which is called
when a demand can not be placed on top of the existing set of connections. It selects short
paths for the new demands and finds all existing connections which would be in conflict
when accepting the new demand on one of the routes. It then creates a constraint model
which tries to repair the solution by moving one of the existing connections to a new path.
The resulting capacity checks are quite complex, since theyhave to be performed for every
time point between the start and the end of the task considered. A specialized calendar data
structure is used to minimize the overhead.

The constraint model for the path constraint takes an unusual form in this model. It is
based on an assignment from a n-th hop variable to the links ofthe network. Therefore,
the length of each path must be bounded a priori, and a dummy value for “not used” must
be introduced.

The procedure is compared to the on-line CSPF algorithm, which does not consider
rerouting of existing connections, and achieves some improvement in the percentage of
accepted demands.

The approach in [44] uses the same basic problem formulation, but usesValued CSP
(VCSP)(see chapter 9, “Soft Constraints”) as the conflict resolution mechanism. The
VCSP is solved by a combination of finite domain, local searchand limited discrepancy
search [34].

Schlumberger dexa.net The Bandwidth on demand system for Schlumberger’s dexa.net
[64] decomposes the problem on a temporal basis. For each time point, a specialized solver
for the demand acceptance problem is run, its results form new constraints for the next time
point.

This technique is expanded in [17], which proposes three alternative models. In the
first one, all orders starting at the same time are processed together, with different events
being treated sequentially. In the second model, the overall planning horizon is split into
intervals, and all tasks starting in that interval are planned together. In the last model, a
Benders decomposition is used to link subproblems for each interval together in the master
problem. Tasks which extend over several intervals cause inter-dependency between the
sub problems, the generated Benders cuts guide the procedure to the optimal solution.
The first two methods are incomplete, the third one is complete. Experiments and the
comparison with a MILP formulation show that the temporal decomposition is much faster
than, but can not reach the quality of, the Benders decomposition, which in turn is similar
to the MILP solution in quality, while requiring significantly less computational effort.

Global constraint model As described in section 25.3.2, the approach of [56] uses a
node-based model. To handle the time dimension of the Bandwidth on Demand prob-
lem, the authors replace the cumulative constraints (25.18) with a four dimensional diffn
constraint [7].
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25.3.5 Network Design and Capacity Planning

The problems in sections 25.3.2 to 25.3.4 were all considering a fixed network structure.
The topology of the network and the link capacities were given, the variables were intro-
duced by demands and the overall utilization of the network.When planning to build a
network, a different question arises: How should I connect the nodes in my network, and
which capacity should I use for each link? A similar problem is considered in capacity
planning. Given the current network and set of projected demands, how should I extend
the network to cope with future demands. We now consider thisproblem, following the
problem specification in [40]. For every potential edge in the network, we have a set of
alt (e) possible design alternatives with bandwidthcap (i, e) and costcost (i, e). One
of these alternatives might be not to use that link. This alternative may have non-zero cost
in the case of capacity planning, when the link already exists and we have to pay a de-
commissioning cost in order to remove it. In our model we havetwo types of variables, the
Xde {0, 1} variables which indicate whether a link is used by a demand, andWie decision
variables which indicate if design alternativei for edgee is chosen.

min
{Xde,Wie}

∑

e∈E

∑

1≤i≤alt (e)

cost (i, e)Wie (25.32)

st.

∀d ∈ D, ∀n ∈ N :
∑

e∈OUT(n)

Xde −
∑

e∈IN(n)

Xde =











−1 n = dest (d)

1 n = orig (d)

0 otherwise

(25.33)

∀e ∈ E :
∑

d∈D

bw(d)Xde ≤
∑

1≤i≤alt (e)

cap (i, e)Wie (25.34)

∀e ∈ E :
∑

1≤i≤alt (e)

Wie = 1 (25.35)

Wie ∈ {0, 1}
Xde ∈ {0, 1}

The objective function (25.32) is to minimize the total costof the design. Equa-
tion (25.33) states the usual path constraint for each demand. The design choice con-
straints (25.35) state that for each edge we have to choose one alternative (which might
be not to use the link). The capacity constraint (25.34) compares the traffic volume routed
over the link with the capacity provided by the chosen designalternative.

ROCOCO benchmarks Reference [40] provides an evaluation of five alternative solu-
tion methods for a set of benchmark problems from France Telecom, and also introduces
combinations of additional constraints for this problem tocreate a broader set of test cases.
It looks at a CP, a MILP and a column generation alternative inan attempt to improve
first results, and further develops the constraint model into a hybrid with local search and
parallel execution on multiple processors. An initial heuristic solution is created with CP,
a local search module then tries to improve the solution found, and finally a tree search is
started with the best current solution as an upper bound.
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The problem sizes range from very small (4-10 nodes) to medium size (15-25 nodes),
and a timeout of 10 minutes is imposed. For a design problem that is a very small ex-
ecution time, this might be explained by the large number of problem variations being
tested. Over the implemented variants, the CP+local searchroutine is the most effective,
but unfortunately details of the different models are quitesparse.

The model used by [14] is path based, using column generationin a branch and price
and cut framework. The paper describes various cutting planes, which strengthen the basic
branch and price framework, which alone is not competitive.But even with the cuts added,
the system does not find solutions within the timeout using the default search method. A
custom search routine based on limited discrepancy search [34] was used to find solutions,
results indicated that is was performing better than [40].

Design for multicast In [20, 21] a variant of the design problem is studied. Instead of
designing a network for point to point demands, the authors consider multi-cast traffic de-
mands. In multi-cast, a traffic source injects traffic to the network which must be delivered
to a number of subscribers. The traffic is routed over a tree rooted in the traffic source,
with consumers located on the leaf nodes. Multi-cast trafficon IP networks is becoming
more and more significant, as it is a much cheaper form of content distribution for applica-
tions like video-on-demand, broadcasting, or large scale software updates. The two papers
differ in the method used, [20] describes a hybrid of Lagrangian relaxation with constraint
programming, while [21] considers a hybrid of a branch-and-price column generation with
a finite domain constraint component.

SONET network design Although also a network design problem, the problem studied
in [63] bears little relation to the model shown above. [63] shows results for using Con-
straint Programming on a design problem of a SONET/SDH optical network. Instead of
point-to-point links, SONET networks use fiber rings to which a number of users can be
connected via hardware devices. The ring capacity can be filled with traffic between users
on the same ring. The objective is to choose the minimal number of rings and of hardware
interfaces to satisfy all communication demands.

25.3.6 IGP Metric Optimization

The problems considered in sections 25.3.2 to 25.3.4 were all about explicit traffic place-
ment, i.e. a central control algorithm computed single paths for demands which together
satisfied the global capacity constraints. In marked contrast stand networks that use rout-
ing and packet switching. Here each packet is forwarded locally not by following a fixed
connection between source and destination, but by local routing decisions which control
at each node where the packet is sent next. A distributed routing algorithm is used so
that each router makes its forwarding decisions only based on local knowledge, and con-
trol messages are sent between the nodes to inform them aboutthe overall topology and
changes to the connectivity. The routing protocols are designed to converge to a con-
sistent routing after each change within a limited time period, there-convergence time.
Routing inside the network is controlled by theInterior Gateway Protocol (IGP), routing
to destinations outside the current network is controlled by theBorder Gateway Protocol
(BGP) [54]. There are many variants of IGP routing protocols (likeRIP, OSPF [49], IS-
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IS, EIGRP) [45], which mainly differ in the way the distributed network nodes exchange
information and what global view of the network is maintained in each node.

From the outside, IGP routing in a steady state can be seen as an application of shortest
path finding. Each link in the network is assigned an edge weight, therouting metric, and
traffic through the network follows a shortest path between source and destination. By
changing the routing metric we can (indirectly) control which paths are chosen and how
much traffic can be placed on the network.

An important question is what happens if multiple shortest paths exist between two
nodes. Depending on the protocol and its configuration, the system may

• select one of the paths at random

• split traffic between multiple alternatives in a balanced way

• split traffic between multiple alternatives in arbitrary fashion

There typically is also a hardware-based limit on how many (typically 8 or 16) shortest
path alternatives can be handled in each node.

All this makes it very hard to predict where traffic will be placed when multiple shortest
paths exist. Some of the systems for IGP metric optimizationtherefore enforce a constraint
that only a single shortest path can exist between any two nodes in the network.

We now present an example of a path-based model for IGP metricoptimization, which
enforces the single shortest path rule. The model uses positive integer (not{0, 1}) variables
We for the edge weights. We have{0, 1} variablesYid for each demandd and each of the
path (d) possible paths for the demand, which indicate whether this path is used. We
also introduce continuous variablesPid which describe the total weight of the pathi for
demandd as the sum of the weights of the edges traversed. The{0, 1} constantsheid
indicate whether pathi for demandd traverses edgee.

min
{Yid,We}

max
e∈E

1

cap (e)

∑

d∈D

bw(d)
∑

1≤i≤path (d)

heidYid (25.36)

st.

∀d ∈ D :
∑

1≤i≤path (d)

Yid = 1 (25.37)

∀d ∈ D, 1 ≤ i ≤ path (d) : Pid =
∑

e∈E

heidWe (25.38)

∀d ∈ D, 1 ≤ i, j ≤ path (d) : Pid = Pjd =⇒ Yid = Yjd = 0 (25.39)

∀d ∈ D, 1 ≤ i, j ≤ path (d) : Pid < Pjd =⇒ Yjd = 0 (25.40)

Yid ∈ {0, 1}
integer We ≥ 1

Pid ≥ 0

The objective function (25.36) is to minimize the maximal relative utilization of any link
in the network. Constraint (25.37) enforces that there is a single, selected shortest path.
The weight of each path is controlled by equation (25.38) as the sum of the weights of the



892 25. Constraint Applications in Networks

traversed edges. Constraint (25.39) states that paths for one demand with the same weight
must have identicalYid values, which must be zero, as only one shortest path is allowed.
Equation (25.40) states that a path will not be selected if a shorter one exists. Note that
this is not intended as an effective model to generate weights, but serves as a declarative
problem specification. We now discuss a number of solution approaches to this problem:

Branch and price A complete method for the unique path weight setting problemis
given in [4]. It is based on a path-based model using column generation in a branch and
price framework using a hybrid with finite domain constraints. Paths for demands are
created lazily using the pricing information from the master problem as a guide.

Preliminary experimental results indicate that the hybridoutperforms more straightfor-
ward MILP models, but has difficulty scaling to larger problem instances. One problem is
the lack of a good initial solution which can be used as a starting point for the tree search.

Tabu search A combination of a tabu based local search and a MILP is presented in
[5]. It is based on the observation that if a weight setting with fractional values achieves
unique paths, then it can be easily converted into a weight setting using integer weights. So
a tabu-based local search is first used to derive fractional weight settings, with the MILP
converting the result into (small) integer weights. To comeup with unique paths in the
local search, an ingenious weight assignment is used which assigns weights2−i to the
edges with a different exponenti for each edge. Therefore each path in the network has
a unique weight, and the search consists in finding a permutation of the edge assignments
which minimizes the traffic load.

This algorithms scales well, although care must be taken notto cause rounding errors
in the shortest path calculations due to the extreme range ofweight values. Experimental
results indicate that in the second part of the algorithm theweights can be re-assigned to
integer values ranging from 1 to 200.

Set constraint solver A more generic problem is solved in [28]. The set based (see
Chapter 17, “Beyond Finite Domains”) model presented in thepaper allows to impose
limits on the splitting of flows in each router. This can be used to express the condition
mentioned above that the router hardware limits branching in a node to no more thanm
alternatives.

The model is a combination of set-valued variables describing the paths, continuous
variables describing the flow volumes on each edge directed towards a node and integer
variables for the edge weights and distance values. It is a good example for the use of
different domain types within one model.

Experimental results show that feasible solutions which satisfy the branching limits are
obtained easily, but that their quality is not close to the lower bound.

25.3.7 Flow Analysis and Resilience Analysis

So far we have assumed that as part of our problem definition wehave a well-defined set
of demands: We know who wants to use the network for connections between specific
points and how much bandwidth they require. For IP based networks this assumption is
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not valid. In an operational network there is no (simple) wayof collecting data about end-
to-end traffic flows, we don’t know who is talking to whom and how much bandwidth they
use. The only information we can collect is the overall traffic on each edge on the network
traf (e) and the external traffic enteringext in(i) and leavingext out(j) at each node of
the network. We can try to reconstruct a demand matrix from these measurements, this is
an active research area calledtraffic flow analysis.

A model for this problem is shown below. We use non-negative flow variablesFij to
denote the traffic flow from nodei to nodej in the network. The[0, 1] constantsreij define
the routing in the network, they indicate what fraction of the flow between nodesi andj is
routed over edgee.

∀i, j ∈ N : min
{Fij}

/max
{Fij}

Fij (25.41)

st.

∀e ∈ E :
∑

i,j∈N

reijFij = traf (e) (25.42)

∀i ∈ N :
∑

j∈N

Fij = ext in(i) (25.43)

∀j ∈ N :
∑

i∈N

Fij = ext out(j) (25.44)

Fij ≥ 0

For every flow, we try to find a lower and an upper bound as the result of an optimiza-
tion run with the objective (25.41). We know that the sum of all flows routed over an
edge is equal to the observed traffic on the edge (25.42), and that the sum of all flows
starting (25.43) or ending (25.44) in a node must be equal to the observed external traffic.

The fundamental problem with this approach is that it is veryunder-constrained. We
have|N|2 flow variablesFij , but only |E| + 2|N| constraints. Results in [59] show that
the values for the flows can vary in a very wide interval, with no clear preference for
any particular value. It is therefore unclear how to use the results for answering further
questions about the network, for example how the traffic willchange in case of an element
failure.

The idea behindresilience analysisis to avoid the generation of the intermediate de-
mand matrix, and to pose questions about the network behavior directly in the initial model.
For example, we may be interested in understanding the traffic in the network under an el-
ement failure and resulting re-routing. The routing in the normal network operation is
denoted withreij , the routing after the element failure is given bȳreij . The model for re-
silience analysis below uses the flow variablesFij only internally, without trying to deduce
particular values.

∀e ∈ E : min
{Fij}

/max
{Fij}

∑

i,j∈N

r̄eijFij (25.45)
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st.

∀e ∈ E :
∑

i,j∈N

reijFij = traf (e) (25.46)

∀i ∈ N :
∑

j∈N

Fij = ext in(i) (25.47)

∀j ∈ N :
∑

i∈N

Fij = ext out(j) (25.48)

Fij ≥ 0

The objective function (25.45) now tries to find a value for each edge in the network under
the failure scenario, and finds bounds by running minimization and maximization opti-
mization queries. The constraints (25.46, 25.47 and 25.48)are the same as for the traffic
flow analysis.

Results in [59] indicate that the bounds on the link traffic infailure scenarios are much
tighter, and are close enough for most practical purposes.

In the discussion above, we have oversimplified the use of theactual traffic measure-
ments. The models above only work if a consistent snapshot ofall values can be collected.
In practice, this poses significant problems. If the data arenot collected for exactly the
same time periods, then inconsistencies may occur. There are further problems caused by
queues in the routers and bugs in implementing data collection facilities in devices of mul-
tiple vendors. The data collection process itself uses unreliable communications (UDP) so
that some measurements may be lost due to dropped packets. One approach to overcoming
these issues is the use of a separate error correction model,which tries to correct values
before feeding them into the models above. Another, shown in[71, 70, 72] deals with
the problem by integrating incomplete and inconsistent data into the constraint solving
process.

25.3.8 Bandwidth Protection

It is very important that a network functions not only when all its elements are working,
but that it continues to provide its services when some network elements fail. So far, we
have seen two methods of dealing with that issue. In section 25.3.3, we looked at the
provisioning of primary and secondary paths in the network,where the secondary path is
used when an element on the primary path fails. Depending on the constraint used, this will
protect against single link failures, node failures or SRLGfailures. In section 25.3.7 we
have studied the problem of resilience analysis which considers a routed network without
an explicit traffic matrix. The resilience analysis provides bounds on the link utilization
in a failure event; if the upper bounds are below a given capacity limit, then the service is
guaranteed not to be affected after the re-convergence of the routing protocol.

In this section we discuss a different method for bandwidth protection, first described
in [69]. We consider node failures in a network, and try to provide local detours for the
traffic around each failed element.

To explain the basic idea, we look at the small example in figure 25.1 taken from [67].
In this network we consider the failure of nodej, which is currently used to forward traffic
from nodec to nodese andf . A set of possible detours will be to use the pathsc, k, l, e and
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Figure 25.1: Bandwidth Protection Problem

c, k, l, f . But how much capacity do we need to allocate on each link of these detours? We
don’t know the actual values for the flows betweenc ande or f , but we can come up with
bounds on these values from the bandwidth of the linkscj, jf andje. The flow between
c andf must be less than20, and the flow betweenc ande less than10. But reserving
20 + 10 = 30 on the detour linksck andkl is wasteful, the combined value of the flows
must be below20, since they both pass through linkcj in the normal state of the network.
For the linklf we have to allocate20, and for the linkle 10 units of capacity. Indeed, for
every link on the detours we have to allocate the maximal amount that could flow through
this link, no matter how the flows through nodej are allocated. This leads to the nested
optimization problem in (25.49).

min
{Xfe}

X

f∈F

X

e∈E

Xfe

st.
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:

∀f ∈ F :

8

>

>
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>

>

<

>

>

>

>

>

>

:

∀n ∈ N \ {orig (f), dest (f)} :
X

e∈IN(n)

Xfe =
X

e∈OUT(n)

Xfe

n = orig (f) :
X

e∈OUT(n)

Xfe = 1

n = dest (f) :
X

e∈IN(n)

Xfe = 1

∀e ∈ E : cap (e) ≥

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

max
{Qfe}

X

f∈F

XfeQfe

st.

8

>

>

<

>

>

:

∀o ∈ orig (F) : ocap (o) ≥
X

f :orig (f)=o

Qfe

∀d ∈ dest (F) : dcap (o) ≥
X

f :dest (f)=d

Qfe

Xfe ∈ {0, 1}

quan (f) ≥ Qfe ≥ 0

(25.49)

We consider the setF of all local flowsf through the failed element. For each of these
flows, we want to provide a single detour around the failure via a link based model from
the origin of the floworig (f) to its destinationdest (f). For this we introduce{0, 1}
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variablesXfe which state whether edgee is used in the detour for flowf . We also use
continuous variablesQfe to describe the flow volume for flowf that we need to consider
for edgee. These flow quantities are constrained by the capacity of thenetwork around the
failed element. For every edge, we have to solve a maximization problem, which finds the
flow volume that could be forced through that link in the failure case. A feasible solution
consists in a choice of theXfe variables which forms a path from source to destination
of flow f and which ensures that on each edge the required capacity is below the edge
capacitycap (e).

We have to solve this problem for every failure we want to consider, and then need
a mechanism which remembers and activates the detours when afailure occurs. The big
advantage of this approach is that it is independent of the traffic pattern at the time of
failure. Indeed, we don’t need any information about trafficflows, or even the routing
method used.

How can we actually solve this type of nested optimization problem? In [69], two
methods are proposed. The first is a transformation into a MILP, using the Karush-Kuhn-
Tucker condition [50] and introducing a set of new variables. This method does not scale
well, and can not solve most of the data sets considered in [69].

The second alternative is to decompose the problem into an integer multi-commodity
flow problem [3] as the master problem and capacity optimization problems for each edge
as subproblems. The master problem generates tentative assignments for the detours,
which are checked by the capacity problems. If the capacity of the edge is exceeded,
then a cut is generated which is passed back to the master problem and which will change
the path assignment. When no capacity constraints are violated, then a solution is found
and the procedure stops. The simplest form of cut that can be generated is a no-good which
excludes the current solution, but more effective cuts are possible and are described in [69].

Experimental results in [69, 67] show that while the decomposition method works for
some large problem instances, it can be beaten by a differenttransformation of the embed-
ded optimization problem into MILP model. Scalability of the algorithms is still an issue,
as the number of flows to be considered increases with increased connectivity in the graph,
which also has an impact on the number of possible detours to be considered.

25.4 Conclusion

Before we try to summarize the results in this chapter, we want to mention some related
problems where constraint programming has been applied. The problem of frequency
assignment in radio networks [1] has been studied quite successfully with different soft
constraint methods, this is discussed in some detail in chapter 9, “Soft Constraints”. Con-
straint programming has also been used for a study of the location of wireless base stations
[31]. An emerging domain with interesting challenges for constraint programming is the
area of ad-hoc networks [57].

In this chapter we have looked at applications for differentnetwork problems, con-
sidering electrical, water and especially data networks. The applications for data networks
cover a wide range of problems, from design, to risk analysisand operational control. Clas-
sical finite domain constraint programming currently seemsto be rather limited for these
problems, this clearly is a field where hybrid systems are achieving much better results. As
an explanation we can see two main contributing factors: oneis the important role of cost
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optimization, the other the large scale of the problems together with the fine granularity of
the decisions. LP relaxations and Lagrangian Relaxation (see chapter 15, “Operations Re-
search Methods in Constraint Programming”) seem to providea much better reasoning on
cost bounds than we achieve from individual finite domain or set constraints. At the same
time, we often find it easier to construct some feasible solutions and changing them with
a restricted neighborhood operator, rather than building very large domain representations
from the start.

Limiting factors for the use of hybrid systems are the complexity of designing and eval-
uating the schemes and the implementation effort required to build a working application.
A flexible constraint toolkit like ECLiPSe [15] can help to speed up development, but at
the moment building hybrid systems remains still very much atask for specialists.

Is there a way to encapsulate the structure of the problem in some global constraints
(see chapter 7, “Global Constraints”), which hide the algorithmic complexity and provide
more high-level abstractions for application developers?Global constraints for graph based
problems have been around for some time [7, 10, 9] and have been very useful for rapid
application development in other domains [10, 58, 62]. As wehave seen in section 25.3.2,
they are probably not the right abstraction for the applications discussed here. But there are
a number of proposals for new global constraints [8, 13, 26] which may help to solve some
of these problems in a more declarative way. Much will dependon how well these con-
straints will integrate cost reasoning, and which problem size can be handled effectively.
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Chapter 26

Bioinformatics and Constraints

Rolf Backofen and David Gilbert

In this chapter we aim to introduce the topic of bioinformatics to an audience of com-
puter scientists, highlight an illustrative selection of those areas in bioinformatics to which
constraint techniques have been applied, and suggest wherethey may be applicable. Bioin-
formatics is an exciting and rapidly developing field, and wehope that we haven’t predicted
all the developments in the next few years – indeed we hope that readers of this chapter
will contribute to future applicatiions of constraints in bioinformatics!

One of the first issues that needs to be addressed is the what ismeant by “bioinformat-
ics” – it is already almost a colloquial word in the scientificcommunity, but its interpre-
tation varies widely. The word bioinformatics has two obvious components – “bio-” and
“informatics”; we deal with each of these in turn.

At present the widely accepted interpretation of the “bio” part is molecular biology,
i.e. the study of the structure and activity of macromolecules essential to life. However are
other areas within biology which can be considered to be within the remit of bioinformat-
ics, for example the study of evolution, and genetics.

Informatics is a word which has only recently entered the English language, following
the French, German and Russian traditions which broadly agree that its meaning coincides
with “computer science”. Thus one definition of informaticsis “the science of systematic
processing of information, using modeling and abstractionof the concrete realization”.

Thus, when considering both parts of the word, we consider the proper meaning to be
solving problems arising from biology using methodology from computer science, applied
mathematics and statistics. We have decided to focus our contribution on work in bioinfor-
matics that involves either the design of a variant of an existing algorithm from the domain
of computer science, or the design of a new algorithm.

An alternative term, more or less coinciding with bioinformatics iscomputational bi-
ology, used more in North America than in Europe. Waterman[107] considers that there
are three interpretations, all of which are valid:

One, that it is a subset of biology proper and any required mathematics
and computer science can be made up on demand; two, that it is asubset of
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the mathematical sciences and that biology remains a remotebut motivating
presence; three: that there are genuine interdisciplinarycomponents, with the
original motivation from biology suggesting mathematicalproblems, which
suggest biological experiments.

A good overall introduction to Bioinformatics for computerscientists is [22]. Books
that concentrate more on the required mathematical/algorithmic basis of bioinformatics are
e.g. [107, 21, 59].

The amount and variety of biological data now available, together with techniques
developed so far have enabled research in Bioinformatics tomove beyond the study of
individual biological components (genes, proteins etc) albeit in a genome-wide context to
attempt to study how individual parts cooperate in their operation [60]. Bioinformatics as
a scientific activity has now moved closer to the area of Systems Biology [65] which seeks
to integrate biological data as an attempt to understand howbiological systems function.
By studying the relationships and interactions between various parts of a biological sys-
tem it is hoped that an understandable model of the whole system can be developed. For
example the determination that some interaction, and its strength, exists between two en-
tities is a first step to determining network structure and isa crucial step in the modelling
and analysis of networks such as gene regulation networks, metabolic pathways and sig-
nalling networks. The advent of the new high-throughput technologies (for example gene
expression arrays, mass spectrometry) has meant more challenges for computer scientists
in terms of the type and quantity of data available for analysis.

There are other fields which broadly apply principles from biology to derive novel
approaches in computer science, for example biocomputing,neural computing, genetic
algorithms, and evolutionary computing. These are not directly part of Bioinformatics,
other than being some of the techniques from computer science which can be applied to
biological data.

Since it is rare to find researchers who are both computer scientists and biologists, it
is generally the case that effective research in bioinformatics requires the joint effort from
scientists in both fields. An important corollary is that in order to achieve such cooperation
all parties must use a common language and be prepared to learn about issues from the
other side. In fact many researchers from the biological andphysical sciences working in
bioinformatics have acquired significant computing skills, and may have greater specialist
knowledge in mathematics and statistics than do many computer scientists. An illustration
of this is the heavy use of Hidden Markov Models in bioinformatics, a topic about which
most computer scientists know very little. It is the computer scientist’s task to apply the
approach of problem abstraction together with efficient algorithm design to the problems
from the biological domain.

A challenge for computer scientists who are involved in research in bioinformatics is
to achieve results that make a contribution to computer science. Of course this is not the
main motivation for biologists; moreover there are some exciting projects in bioinformatics
which in the short to medium term are unlikely to contribute to computer science.

26.1 What Biologists Want from Bioinformatics

The great aim of research in bioinformatics is to understandthe functioning of living or-
ganisms in order to “improve the quality of life”. This improvement will be achieved by
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many means including drug design, identification of geneticrisk factors, gene therapy, ge-
netic modification of food crops and animals, etc. Some of these, especially the last, are
proving to be controversial.

26.2 The Central Dogma

The study of proteins, how they interact with each other, andhow genes are regulated is
central to the understanding of the basic principles of the functioning of living organisms.

Proteins comprise approximately 60% of the dry mass of a living cell, and are linear
heteropolymers that are constructed from a chain or sequence of monomers called amino
acids, of which twenty different types are involved in the composition of proteins. It is
widely accepted that the function of proteins (and RNA) is determined by their structure,
and it is known that in the majority of cases structure is uniquely determined by the se-
quence of amino acids, or nucleotides in the case of RNA. The case ofprions is one ex-
ample of exception to the latter rule where misfolding causes prion disease [56]. More
generally, protein folding can be assisted by molecular chaperones and folding catalysts
. Folding catalysts accelerate specific steps in folding, whereas the main function of the
molecular chaperones seems to be in preventing off-pathwayreactions that lead to protein
aggregation and possibly misfoilding. [52]

The central dogma of information flow in biology essentiallystates that the sequence of
amino acids making up a protein and hence its structure (folded state) and thus its function,
is determined by a two-stage process. The first stage istranscription – the process of
copying DNA to RNA by an enzyme called RNA polymerase, and thesecond is that of
translation– where messenger RNA is decoded to produce polypeptide chains according
to the rules specified by the genetic code. This code enables the 20 amino-acids which
form proteins to be coded by triples (codons) of the 4 bases ofRNA.

The central dogma states that once ‘information’ has passedinto a protein it
cannot get out again. The transfer of information from nucleic acid to nucleic
acid, or from nucleic acid to protein, may be possible, but transfer from protein
to protein, or from protein to nucleic acid, is impossible. Information here
means the precise determination of sequence, either of bases in the nucleic
acid or of amino acid residues in the protein.

Francis Crick [25]

Although some proteins, for example transposases, can modify genetic material by
inserting DNA sequences, it is not the case that the amino-acid sequences of those proteins
is reverse-coded to make sequences of nucleotides.

Thus bioinformatics is concerned in a major way with the elicitation of DNA sequences
from genetic material, the annotation of delimited segments (e.g. with information about
their function), the control of gene expression (i.e. underwhat circumstances proteins are
transcribed from DNA), and the relationship between the amino acid sequence of proteins
and their structure. At present, the only physical methods to determine protein structure
are X-ray crystallography and NMR (nucleo-magnetic resonance), both of which are not
only very time-consuming, but cannot be applied to all classes of proteins. One of the holy
grails of bioinformatics is to develop computational methods to determine protein structure
from amino-acid sequence.
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26.3 A Classification of Problem Areas

The problem areas in Bioinformatics can be broadly divided into three classes:

Problems specifically related to the Central Dogma: This includes both those related
to a specific level of information (i.e., sequence, structure or function), and those that
encompass more than one level.

Problems related to data in general: With the exponential growth of knowledge in
(molecular) biology, there are rapidly growing problems such as storage, retrieval, and
analysis of the data. Hence there are issues of database design for biological resources,
representation and visualization of biological knowledge, and the application of data anal-
ysis methods such as data mining. A key underlying techniqueis that ofabstractionof
the data; it is of course imperative that the operations overthe abstract data preserve the
biological meaning of the operations on the original form ofthe data.

Simulation of biological processes: This means the prediction of dynamic behavior of
a biological system on the basis of its components. Examplesinclude the simulation of
protein folding (molecular dynamics) or of metabolic pathways.

In the following we concentrate on the first class of problems, i.e. sequence, structure
and function, and select a subset of illustratory examples.

26.4 Sequence Related Problems

26.4.1 Physical Map

In this problem, one has a collection of short, known substrings of the DNA calledprobes
with the property that they occurexactly oncein the DNA, and a set of fragments of the
DNA (calledclones), which (ideally) cover a specific region of interest on the DNA. For
both the clones and the probes, the exact location on the DNA and the ordering of the
locations are unknown. The goal is to find the ordering of the probes and/or clones in the
DNA.

The first step is to check for every probePi and every cloneCj , whetherCj contains
the substring denoted byPi. This is done by performing hybridization experiments. Hy-
bridization is the process of forming a (possibly imperfect) double helix out of two DNA
or RNA molecules. This can be used to determine which probes occurs in which clones.
The result is a matrixA = (aij), whereaij is 1 if probePi is hybridizes with cloneCj ,
otherwise0. Now if there were no errors in the hybridization experiments, then the order-
ing of the probes could be found be reordering the rows and columns of the matrix such
that the resulting matrix has theconsecutive onesproperty. But since the experiments are
faulty, the problem of finding the ordering minimizing the errors is NP-complete (see e.g.,
[48, 20])

The ordering of the probes (denoted by a permutationπ on the set of probe indices),
usually together with a good bound on the distance between tosuccessive probes, consti-
tutes a physical map, which can be used for different purposes. One is to use this map
when sequencing the genome. The reason is that sequencing isdone by splitting DNA into
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fragments, which are sequenced in the sequel. The remainingproblem is to generate the
original DNA-sequence out of sequenced fragments. This is usually done by searching for
overlapping fragments. The problem is that DNA contains so-calledrepeats. This are long
fragments of DNA which are repeated several times on the DNA.Clearly, such repeats may
not be used for the process of generating the original DNA sequence out of overlapping
fragments. One way to check this is to use a physical map.

In practical applications, the major problem is the occurrence of errors in the hybridiza-
tion experiments.False positivesare entriesaij = 1 although probePi is not contained
in cloneCj . Vice versa,false negativesare entriesaij = 0, wherePi is contained in
cloneCj . In [20], Christof et al. considered a variant of the problemthat uses additional
information stemming fromend-probes. These are probes where it is known that they are
stemming from the end of the clones (but we do not know which isthe left or right end).
Let Pi andPk be the end probes forCr, and letPj be another probe different fromPi and
Pk that hybridizes withCr (i.e.,ajr = 1). Then we know that in the correct orderingπ, the
valueπj must be betweenπi andπk (i.e., eitherπi < πj < πk is true, orπj < πj < πi),
which gives rise to additionalbetweennessconstraints. They presented an integer linear
programming approach for the above described problem, where a maximum likelihood
model is used as an objective function to model the errors in the matrixA. The idea be-
hind the maximum likelihood model is to search for the corrected matrixB that maximizes
the likelihoodP [A|B], given probabilities for producing false positive and false negative
entries inA.

26.4.2 Comparison and Alignment

Overview

The goal of this activity is to compare two sequences, and in addition to return an align-
ment, i.e. some information regarding those parts which arevery similar. When comparing
the sequences, additional information e.g. stemming from known structures may be used.
In general, sequence alignment is fast, whereas alignment involving structure is slow due
to its high complexity.

One of the first fields in bioinformatics was DNA sequence alignment. The reason for
the interest in sequence alignment stems from the fact that there are many different pro-
teins which have common ancestors, and that thesehomologous(i.e., related by evolution)
proteins have a similar structure and function. In addition, homologous proteins often have
similar sequences. Using a reverse reasoning, sequence similarity is used to detect the
homology of protein structures.

Clearly, the quality of this approach depends on the similarity measure used, which is
determined by a model of evolution. The usual approaches usea model with substitution,
deletion or insertion of a single amino-acid (see e.g. [107]for an overview). In this case,
sequence alignment can be performed in polynomial time using a dynamic programming
approach. There are also new approaches which deal with morecomplex models of evolu-
tion such as [10], who considers in addition duplication of substrings (tandem repeats). A
more complex problem is that of multiple sequence alignment[63], which is known to be
NP-complete.

On the level of structure comparison, there are many different problems that have been
considered. Protein threading extends sequence alignmentby incorporating structural in-
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formation. In this approach an alignment is made between twosequences, one with an
unknown structure and the other with a known structure, taking into account the known
structure [69]. Again, this problem has been shown to be NP-hard.

Another problem is to compare two different structures by superposing elements using
translation and rotation to minimize the atomic coordinateRoot Mean Square Deviation
(RMSD) [34]. Structures can also be compared at a higher level of abstraction than atomic
coordinates by using a topological approach based on secondary structure elements [47]
(see Section 26.5.4; this can be performed over topology graphs by detecting maximal
cliques [66] or by pattern discovery and structural alignment [44]).

Pairwise sequence alignment

Pairwise sequence alignment is the problem of determining the similarity of two sequences.
An alignment of two sequencesa, b ∈ Σ∗ consists of two sequencesu, v of the same length
that are generated froma, b via the insertion of gaps. Alignments are evaluated according
to scoring functions, which evaluates the number of inserted gaps, and the similarity of dif-
ferent lettersui andvi at the same position in the alignment (called substitutions). Multiple
sequence alignment is the generalization of the problem to several sequences.

There are different possibilities for constraint-based formalizations of sequence align-
ment. We will start with a formalization that is commonly used in standard approaches to
sequence alignment. We will start with the formal definitionof an alignment.

Definition 26.1 (Alignment and Alignment Distance). Let Σ be an alphabet with 6∈ Σ.
For everyu ∈ (Σ ∪ { })∗ we defineu|Σ to be the restriction ofu to Σ (by deleting all
occurrences of in u). Analignmentis a pair (a⋄, b⋄) with a⋄, b⋄ ∈ (Σ ∪ { })∗ such that
|a⋄| = |b⋄| and there is no positioni such thata⋄i = = b⋄i . An alignment(a⋄, b⋄) is an
alignment of(a, b) with a, b ∈ Σ∗ if

1. a⋄|Σ = a, and

2. b⋄|Σ = b.

Given a cost functionw, we define the cost of an alignment by

w(a⋄, b⋄) =

|a⋄|
∑

i=1

w(a⋄i , b
⋄
i ).

Thealignment distanceof a, b is

D(a, b) = min{w(a⋄, b⋄) | (a⋄, b⋄) alignment of(a, b)}.

The alignment(a⋄, b⋄) is optimalif D(a, b) = w(a⋄, b⋄).

Instead of using distance-based scoring function, one can also use a similarity mea-
surement for evaluating alignments. Then, one searches foran alignment that maximizes
the similarity between the two sequences. As [93] have shown, one can transform each
distance-based (global) scoring scheme into a similarity-based, without changing the op-
timal alignment. Hence, we will consider only the distance-based scoring scheme in the
following.
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The standard approach to solve the pairwise sequence alignment problem for two
sequencesa, b is to use to define a dynamic programming matrix(Di,j), which stores
the cost of the best alignment between the prefixesa1 . . . ai and b1 . . . bj. I.e.,Di,j =
D(a1 . . . ai, b1 . . . bj). This matrix can then be calculated using the following recursion
equation:

D0,0 = 0,

D0,j =

j
∑

k=1

w(−, bk),

Di,0 =

i
∑

k=1

w(ak,−),

∀i, j > 0 : Di,j = min







Di,j−1 + w(−, bj),
Di−1,j−1 + w(ai, bj),
Di−1,j + w(ai,−)







. (26.1)

Thus, the standard sequence alignment problem can be solvedin quadratic time and
space. This changes if one considers different extensions of the original problem. One
extension is to considerparametric sequence alignment, where the cost parameter for dele-
tion δ = w(σ, ) and substitutionµ = w(σ, σ′) are variable. The reason for considering
this parametric version is that it is hard to determine theseparameter (especially the cost
for deletion). Hence, one is interested in checking whethera given alignment is the same
for a complete range of parameters. Yap [110] considered a constraint-based approach
for this problem, where he directly encodes the entries of the dynamic programming table
Di,j as variables, and the recursion equations as constraints. He considered then different
possibilities of pruning in the case thatδ andµ are not known (i.e., are not ground).

Other variants extend sequence alignment by considering additional conditions that
stem from information on the secondary or ternary structureof the associated molecule.
By and large one can say that the difference to sequence alignment is that the scoring
function evaluates not single positions in the alignment, but pairs of positions that are
related (or close) in the structure. This is especially useful when comparing two RNA-
sequences, where it is known that the structure is more conserved than the sequence. Both
global [86, 23, 73, 57, 55] and local [5] versions of the RNA sequence/structure align-
ment have been considered. The multiple RNA sequence/structure alignment problem is
even harder than the multiple sequence alignment problem, since successful heuristic ap-
proaches like progressive alignment can only be applied either in special cases (like the
PMMulti system [55]), or via the combination of sequence/structure and sequence align-
ment (like the MARNA-system [92]).

There many are other problems that extend sequence alignment (or related problems)
using additional information. Examples are the alignment methods used for the detection
of alternative spliceforms of proteins [41, 49, 54, 39], or the design of similar protein
sequence whose mRNA form a specific RNA-structure [8]. Currently, most of these prob-
lems are solved via special dynamic programming approaches. A first approach to apply a
general technique for sequence alignment under additionalconstraints has been presented
in [109], where cluster tree elimination was used to efficiently solve pairwise sequence
alignment problems with additional constraints.
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Multiple sequence alignment

The problem of multiple sequence alignment is to align not only two different sequences,
but any number of sequence. This is required to detect biologically important motifs.
Formally, amultiple alignmentfor n sequencesS1, . . . , Sn is given by a character matrix

A = (Aij)1≤i≤n,1≤j≤K

over the alphabetΣ = Σ∪{ } with the property thatSi can be obtained fromAi1 . . . AiK
by removing the gaps. In the general formalization, thejth columnA1j , . . . , Anj of the
alignment is evaluated using ann-ary functionw(A1j , . . . , Anj), and the distanceD(A)
of an alignmentA is given by

D(A) =
∑

1≤j≤K

w(A1j , . . . , Anj).

There is a special formalization of the scoring function that is used in most practical
applications, namely the sum-of-pairs score. The basic idea of this score is to evaluate an
alignment by the sum of all pairwise alignments, which was introduced by Carrillo and
Lipman [17]. Here, the distance of an alignmentD(A) is given by given by

D(A) =
∑

i<i′

∑

1≤j≤K

wp(Aij , Ai′j),

wherewp : Σ′ × Σ′ → R is a usual pairwise cost function. Of course, this is equivalent to

D(A) =
∑

1≤j≤K

∑

i<i′

wp(Aij , Ai′j),

and is hence a special case of the general multiple sequence alignment problem, where the
cost for a column is given by

w(a1, . . . , an) =
∑

i<i′

wp(Aij , Ai′j)

Kececioglu [64, 63] introduced a graph-based formalization of multiple sequence align-
ment with sum-of-pairs cost function, thecomplete maximum-weight trace (CMWT)for-
malization. An ILP (integer linear programming) solution for this problem was presented
in [84, 62]. In CMWT, the letters of the stringsSi = si1 . . . sini

are considered to be the
set of verticesV = V1 ⊎ . . . ⊎ Vn1 of a completen-partite graphG = (V,E) (i.e.,G
satisfies that for everysij ∈ Vi andsi′j′ ∈ Vi′ , we havee = (sij , si′j′ ) ∈ E if and only
if i 6= i′). G is called thecomplete alignment graphfor the sequencesS1, . . . , Sn. An
alignment graphG′ is a subgraph of the complete alignment graph. Alignment graphs can
be used to restrict the search for a multiple sequence alignment to a subset of all possible
alignments to reduce the search space. For example, letS1 beAACGandS2 beAGG. Then
the complete alignment graph forAACGandAGGis the2-partite graph

.

1Where⊎ is the disjoint union, andVi is {si1, . . . , sini
}.
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With every edgee ∈ E, there is a positive weightw(e) associated. An alignmentA
for the sequencesS1, . . . , Sn realizesan edgee = (sij , si′j′) ∈ E of an alignment graph
G = (V,E) for the sequencesS1, . . . , Sn if the jth character ofSi and thej′th character
of Si′ are aligned inA. For example, consider the alignment

A A C G
A G G

.

Then this alignment realizes three edges, indicated by straight lines:

Given an alignmentA, the set of all edges realized byA is called thetrace of A. A set
T ⊂ E of edges is called atrace if it is the trace of some alignmentA. Given the weight
functionw, theweightof a traceT is

∑

e∈T w(e).

Definition 26.2 ((Complete) Maximum-Weight Trace). Let S1, . . . , Sn be sequences, let
G = (V,E) be the complete alignment graph forS1, . . . , Sn, and letw be a weight func-
tion. Thecomplete maximum-weight trace problemis to find a traceT ⊂ E that has
maximal weight (underw). Themaximum-weight trace problemis defined analogously
for an alignment graphG = (V,E) for S1, . . . , Sn.

A remaining problem is that not any subset of edges is a trace (i.e., not every subset
of E corresponds to a real alignment). Consider again the two sequencesAACGandAGG,
and consider the following subset of edges indicated by straight lines:

.

By the definition of a realized edge, this set of edges would correspond to the alignment

A C A G
A G G

,

which is an alignment for the sequencesACAGandAGGinstead ofAACGandAGG. Hence,
this subset of edges is not a trace. The problem are the two crossing edges indicated in
grey above.

An ILP-formalization for the pairwise alignment characterizing traces was given in
[73]2, which is a follows. LetG = (V,E) be an alignment graph, and lete1, . . . , en be an
enumeration of all alignment edges inE. We say thatek is in conflict withel iff ek andel
are crossing edges, i.e.,ek = (s1i, s2j), el = (s1i′ , s2j′ ) with neitheri < i′ ∧ j < j′ nor
i′ < i∧ j′ < j. Then one introduces for every edgeei a boolean variablexi, wherexj = 1

2In this work, structural condition where formulated in addition to the pure sequence alignment problem
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implies thatei is contained in the trace. Furthermore, letwi = w(ei). Then the constraint
problem is

maximize
∑

ei∈E

wi · xi

subject to the following constraints:

xi ∈ {0, 1} (26.2)

xk + xl ≤ 1 ∀ek, el ∈ E s.t. ek is in conflict withel (26.3)

For the multiple sequence alignment step, the condition of non-crossing edges is not
so simple. Whether a pair of edges is conflicting might dependon other edges contained
in the trace. Consider the following two set of edges for three sequencesABC, ABD and
ABCD:

A B C D

A B C

A B D

A C D

A B C

A B D

B

The the first represents for example the following valid alignment:

A B C
A B D

A B C D
.

The second one does not represent a valid alignment, but we cannot identify pairs of con-
flicting edges.

Hence, we have to extend the definition for the multiple case.For the pairwise case,
a trace is nothing else than a set of edges which are strictly orderedin both components.
I.e., a trace is an ordered set of edgese1 = (s1i1 , s2j1), . . . , em = (s1im , s2jm) with the
property that∀1 ≤ k < m : ik < ik+1 ∧ jk < jk+1. The corresponding definition for the
multiple alignment case is as follows.

Given sequencesS1, . . . , Sn with Si = si1 . . . sini
, one defines theextended alignment

graphG = (V,E,≺) for S1, . . . , Sn to be a triple such that(V,E) is an alignment graph
for S1, . . . , Sn, and≺ is defined by

≺= {(sij , sij+1) | 1 ≤ i ≤ n ∧ 1 ≤ j < ni}.

With ≺∗, we denote the transitive closure of≺. Note that≺∗ is a strict partial order ofV .
Using the extended alignment graph, one can characterize traces. Aconnected compo-

nentof a graphG = (V,E) is a⊆-maximal setV ′ ⊆ V such that for all verticesv, v′ ∈ V ′

there is a path of edges inE connectingv andv′. For any two subsetsX,Y ⊆ V , we define

X ⊳ Y if and only if ∃v ∈ X ∃v′ ∈ Y : v ≺ v′.
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We define⊳∗ to be the transitive closure of⊳. For the sequencesAACGand AGGthe
extended complete alignment graph is

where we have indicated the edges for≺ by arrows.

Theorem 26.3. Let S1, . . . , Sn be sequences, and letG = (V,E,≺) be the extended
alignment graph forS1, . . . , Sn. Then a subsetT ⊆ E is a trace if and only if it does not
contain two edges sharing the same node, and⊳∗ is a strict partial order on the connected
components ofG′ = (V, T ).

The question is of course how to enforce the above stated condition in a constraint-
based or ILP formalization. For the pairwise case, this is achieved by excluding all con-
flicting edges with the constraint given in(26.3), thus forcing a strict partial order on the
edges. Following [62], then every pair of conflicting edges for the pairwise case corre-
sponds in the extended alignment graph to amixed cycle. This is a cycle in the extended
alignment graph that uses at least one alignment edge and at least one edge from the≺-
order. Such a mixed cycle is calledcritical if in every sequence, all the nodes used by
the cycle occur consecutively in the sequence. Then condition (26.3) is replaced in [62]
by excluding all critical mixed cycles, which then gives an ILP-formalization for multiple
alignment.

The main problem with the above formulation is that in general, one has to add ex-
ponentially many cycle constraints. For this reason, Prestwich et al. proposed in [83] an
alternative ILP model, which is transformed to linear pseudo-Boolean (PB, a generalization
of SAT which significantly improves expressiveness) form. The model is of polynomial
size, and therefore better suited to a generic SAT solver.

Pairwise alignment with conditions: example protein threading

The previous formalization is based on a graph based model ofsequence alignment, where
one has Boolean variables for every possible alignment edge. The major drawback of this
approach is that it uses a huge number of variables. E.g., forpairwise sequence alignment,
this model requires quadratically many variables.

Another possible formalization for pairwise sequence alignment that requires less vari-
ables has one variableXi for each position1 ≤ i ≤ |S1| of the first sequenceS1. The
domain of each variable is the set{1, . . . , |S2|} of positions in the second sequence. In
principle,Xi = j is interpreted as “positioni of the first sequence is aligned with position
j of the second one”.

The next step is to encode gaps. An unaligned positionj in the second sequence, which
correspond to a gap in the first one, are already encoded by thefact that there is noi with
Xi = j. In addition, one has to encode that a positioni in the first sequence is aligned with
a gap in the second sequence. One possible way to encode this is by allowingXi−1 = Xi,
which is then interpreted as positioni is aligned with a gap. On the other hand, positioni is
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matched (i.e., aligned with some positionj in the second sequence) if and only ifXi = j
andXi > Xi−1. Note that this kind of encoding was considered in [109].

In the following, we will consider a special instance of pairwise sequence alignment
with additional conditions using a formalization similar to the one described above, namely
protein threading. The additional conditions stem from information about the structure of
one sequence. For protein threading, we have a sequences with known structure, and we
want to determine the structure of a sequences′ that is homologous (i.e. related via evo-
lution) to s via an appropriate pairwise alignment. The idea is to use theknown structure
of s to guide structure prediction fors′ by simultaneously alignings′ with s and with the
known structure ofs.

The basic approach for protein threading is to identify firstparts of the structure of
s that are more likely to be conserved. This is called acore model fors, and consists
usually of secondary structure elements. Thesecondary structureof a sequence consist
of structural elements of high local order. There are two main elements considered for
protein threading, namelyα-helices (a helical structure) andβ-sheets (two or more strands
of the protein sequence that are regularly connected). It isassumed that the core models are
highly conserved in their length as well as in their interactions. The stretches between two
core elements are calledloops, and the lengths of these loops can vary in the homologous
sequences′. This is captured by the definition of a core model.

Definition 26.4 (Core Model). Let s be a sequence. Acore modelfor s is a tuple(m, ~c,
~λ,~lmin), where~c = (c1, . . . , cm) is the sequence of lengths for the core elements ins, and
~λ = (λ0, . . . , λm) is the sequence of lengths for the loops between the core elements such
that

|s| = λ0 +
∑

1≤i≤m

(ci + λi).

The sequence~lmin = (lmin
0 , . . . , lmin

m ), consists of the minimal length required to connect
the corresponding ends of the core elements (i.e., the minimal length of the loop regions)
with ∀1 ≤ i ≤ m : lmin

i ≤ λi.

Note that the valueλ0 is the length of the initial loop (i.e., the N-terminal loop), while
λm is the length of the final loop (i.e., the C-terminal loop).

Given a core model(m,~c,~λ,~lmin) for s, we define theith core regionof s to be the set
of positions

Ci =

{

λ0 +
∑

1≤j<i

(cj + λj) + k

∣

∣

∣

∣

1 ≤ k ≤ ci
}

.

The jth position of theith core is denoted byCi,j . Figure 26.1 illustrates a core model
with 4 core regions, where the lengths of the core regions is given by the vector(4, 3, 4, 3).

In the following, we will define a threading of sequences′ through the core model
for s to be a mapping of the core positions to consecutive positions of s′. Since we are
using consecutive regions, a threading is uniquely determined by the mapping of the first
position of every core region. Furthermore, this implies that there are no gaps allowed in
core regions. All gaps in the alignment must occur in the loopregions. In inserting and
deleting positions in the loop regions, one must obey the length restrictions imposed by
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Figure 26.1: Core model. It is supposed that the grey parts ofthe given structure are the
conserved regions. The define the core of the structure. Thisleads to the definition of 4
core elements.

the core model. Recall here thatlmin
i is the minimal length needed to connectCi andCi+1

according to stereochemical restrictions (depending, e.g., on the distance between the last
position inCi and the first position ofCi+1 in the structural model ofs).

Definition 26.5 (Threading). LetMC = (m,~c,~λ,~lmin) be a core model for a sequences.
Lets′ be a sequence. Athreading ofs′ through the core modelMC for s is a vector

~t = (t1, . . . , tm) ∈ Nm

such that

1 + lmin
0 ≤ t1 (26.4)

∀1 ≤ i < m : (ti + ci + lmin
i ) ≤ ti+1 (26.5)

and

tm + cm + lmin
m ≤ |s′|+ 1 (26.6)

In the following, we setc0 = 0 for convenience. The conditions (26.4)–(26.6) are
calledordering constraints.These constraints imply so-calledspacing constraints, which
constitute a domain for theith value of an arbitrary threading

∀1 ≤ i ≤ m :



1 +
∑

j<i

(cj + lmin
j ) ≤ ti ≤ |s′|+ 1−

∑

j≥i

(cj + lmin
j )



 (26.7)

The next part is to score the threading. The first step is to define the interactions that
are determined by the given structure. Thus, theinteraction graphdescribes which core
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regions contain core positions that are ‘neighbors’ in somebiochemical sense, i.e. that
are core positions that interact in the folded structure. Albeit the interactions have to be
defined on the level of amino acids, one usually combines all interactions between two
core regions into one single interaction. How this complex interaction is evaluated is then
hidden in the scoring function.

Definition 26.6(Interaction Graph). Lets be a sequence with a core modelMC = (m, ~c,
~λ,~lmin). An interaction graphI forMC is a graph(V,E), whereE ⊆ V 2 andV is the set
of all core regions, i.e.

V = {Ci | 1 ≤ i ≤ m}.
Definition 26.7 (Scoring Function). Let s be a sequence with core modelMC = (m, ~c,
~λ, ~lmin) and interaction graphI. A scoring functiong for s, MC , andI consists of two
functionsg1 ∈ N2 andg2 ∈ N4 with the property that

g2(i, j, k, l) 6= 0⇔ (Ci, Cj) ∈ I. (26.8)

Given a threading~t of s′ to s under the core modelMC , thescoreof f(~t) of~t is defined by

f(~t) =

m
∑

i=1

g1(i, ti) +

m
∑

i=1

m
∑

j>i

g2(i, j, ti, tj).

This is the form of scoring function that is most often used inprotein threading, where
only pairwise interactions are considered. But in general,higher-order interactions could
be admitted. To include these, one must extend the definitionof interaction graph to that of
an interaction hypergraph. Furthermore, one must introduce2n-ary functionsgn in order
to implementn-ary interactions. If the core model hasm regions, thenn ≤ m. Hence, the
fully general form of scoring function is

f(~t) =
∑

i1

g1(i1, ti1) +
∑

i1

∑

i2>i1

g2(i1, i2, ti1 , ti2) + . . .

+
∑

i1

∑

i2>i1

. . .
∑

im−1>im

gm(i1, i2, . . . , im, ti1 , ti2 , . . . , tim).

Lathrop and Smith [69] solved the threading problem using a branch-and-bound ap-
proach, working on sets of possible threadingsT, which are described by finite domains
for theti’s. Reformulating the scoring function slightly, we get thefollowing tight bound
using the scoring function itself:

lb(T) = min
~t∈T m

∑

i=1

[

g1(i, ti) + g2(i− 1, i, ti−1, ti) +

m
∑

|i−j|>1

1

2
g2(i, j, ti, tj)

]

.

Of course, it is NP-hard to calculate lb(T). For that reason, they introduced the following
following relaxed scoring function for a set of threadingsT:

lbpoly(T) = min
~t∈T m

∑

i=1













g1(i, ti)

+ g2(i− 1, i, ti−1, ti)

+ min
~u ∈ T
ui = ti

∑

|i−j|>1

1

2
g2(i, j, ti, uj)













,



R. Backofen, D. Gilbert 917

The relaxation is given by the fact that for the calculation of g2, for everyi a different
threading~u can be used. Thus, there is no dependencies anymore for the calculation of
theg2 terms (with the exceptions of the termsg2(i− 1, i, ti−1, ti)), which implies that the
bound can be calculated in polynomial time using dynamic programming.

26.4.3 Search and Pattern Discovery

In both sequences (DNA and RNA) and structure (RNA and protein), there are function-
ally significant regions that are repeated in different entities; these regions can be often
described by patterns. A need has arisen to be able to search through genome or protein
databases (which may be very large), and identify entries which match the pattern. Ob-
viously, this has a parallel in formal language theory, see for example Searls’ excellent
discussion in [87]. In reality, biological data is noisy, and in the case of string languages,
stochastic approaches have been developed using for example Hidden Markov Models [33]
and stochastic context-free grammars [71]. It is of interest to note here that although Dy-
namic Bayesian Networks [43] can represent Hidden Markov Models, the use of DBNs in
bioinformatics for sequence analysis remains an under-exploited area.

Although patterns can be constructed by hand, its preferable to use a mechanized (ma-
chine learning) approach, i.e.,pattern discovery[15, 85]. Finding gene expression sites in
DNA may require context sensitive patterns.

One active research field is to design appropriate pattern languages and associated dis-
covery mechanisms which are able to express significant properties of structures as op-
posed to strings [47, 58].

Pattern discovery can also be performed over protein structures [45] and metabolic
pathways.

Sequence pattern matching

The basic biochemical properties of DNA and RNA permit some constraints to be exploited
in pattern matching over nucleotide sequences:

• The first property is that of the total ordering of the nucleotides in a sequence, by
convention from the 5′ to the 3′ end, which can be exploited in pattern matching
algorithms.

• The second property is the name associated with a nucleotide. A DNA nucleotide
consists of a base – adenine, cytosine guanine, or thymine — plus a molecule of
sugar and one of phosphoric acid; such nucleotides are oftenknown by the initial
letter of the base that they contain,a, c, g or t. In the case of RNA, thymine is
replaced with uracil (u). Thus the names of nucleotides are drawn from a restricted
alphabet of size 4:a, c, g, t in the case of DNA, anda, c, g, u in the case of RNA,
and patterns can be defined with characters drawn from (a subset of) the alphabet.

• Thirdly, two nucleotides can interact due to the Watson-Crick base pairs: in the case
of DNA, a-t andc-g, with both pairs being of roughly equal strength. RNA pairs
area-u, c-g, as well as the weakerg-u, and some other even weaker pairs. This
base paring can cause nucleotide sequences to adopt particular conformations due to
long-range interactions. This pairing can be exploited both in formal models of the
conformations, and also associated techniques to compute over these models.
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Sequential Patterns
Tandem repeat αα acgacg
Simple repeat αβα acgaaaacg
Multiple repeat αβαβ1α acgaaacguuacg

Structural Patterns
Stem loop αβαrc acgaacgu
Attenuator αβαrcβ1α acgaacguauacg
Palindrome, even ααr acggca
Palindrome, odd αxαr acgagca
Pseudoknot α1βα2β1 α

rc
1 β2α

rc
2 acgaaucugccguauaaga

Table 26.1: Patterns in nucleotide sequences, from [35]

Protein sequences comprise amino-acids which have properties corresponding to the
first two above: firstly that they are totally ordered (in thiscase from the N terminus to the
C terminus), and secondly that there are 20 amino acids, i.e.the names are drawn from an
alphabet of 20 names (or corresponding letters).

Eidhammer et al. [35] have defined patterns in sequences as consisting of a logical
expression on components, where a component is a description of a string of symbols, and
a set of constraints. An input stringS matches a patternP if every component inP is
matched by some substring ofS, such that all the constraints are satisfied and the logical
expression evaluates toTrue.

Sequentialpatterns can be defined using the following constraints:
(1) lengthof a substring to match a specific component;
(2) distancein the input string between substrings to match the different components

of a pattern;
(3) contentsof a substring to match a component;
(4) positionson the input string where a particular component can match;
The patterns in the PROSITE data base [9] are examples of the sequential class; thus

[AC]-x(2,3)-D describes a pattern comprising three components, the first being anA or a
C, the second of length 2 or 3 and the last being aD.

Structuralpatterns have in addition at least onecorrelation constraint, between two
substrings matching different components, e.g. the substrings should be identical, or the
reverse of each other. Examples are repetitions or palindromes, and can correspond to
conformations that the sequence can adopt.

Example patterns in nucleotide sequences identified from the literature by Eidhammer
et al [35] are given in Table 26.1 below. Pattern components (strings) are indicated by
letters from the Greek alphabet:α, β, . . . (with or without indices) andx is a wildcard.
The reverse of a componentα is indicated byαr , andαc is the complement ofα. These
annotations can be combined:αrc is the reverse complement ofα. Strings corresponding
to pattern components are underlined.

The CLP version of the Eidhammer et al. system is now no longeravailable for general
use. from the paper describing it. A related but more sophisticated, and faster approach
by Thebault e al. is described in [100]. They use a CSP approach, representing structured
RNA motifs which interact with other molecules. These motifs occur on more than one
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sequence and which are related together by possible hybridization. Together with pattern
matching algorithms, constraint satisfaction techniqueshave been implemented in a proto-
type software system called “MilPat” (http://carlit.toulouse.inra.fr/MilPaT/MilPat.pl) and
can be applied to search for tRNA and snoRNA genes on genomic sequences.

Another related approach using CSP is by Morgante et al [82];the software system
SMaRTFinder can be downloaded from http://bioinf.dimi.uniud.it/software/smartfinder.
The algorithm locates structured models which are sequences of simple motifs and dis-
tance constraints. It combines standard pattern matching procedures with a constraint
satisfaction solver, and can search for partial matches. A significant feature of their ap-
proach is that the (potentially) exponentially many solutions are represented in compact
form as a graph. The time and space necessary to build the graph are linear in the number
of occurrences of the component patterns.

Staden’s program[97] is an early system which permits search for structural patterns in
sequences. A patterncomprises elements, called motifs. There are nine classes of motifs,
the simplest of which is just a string of characters. Two other classes include structures:
inverted repeat or stem-loop and (direct) repeat. Logical operators AND, OR and NOT
can be used to specify whether each motif must be present, is an alternative to another, or
must be absent. Constraints can be specified on the length of amotif, the distance between
two motifs and the contents of a motif; for the structure classes, constraints can be given
on an individual part of the structure, e.g. on the loop of a stem-loop. Percentage match
and scoring matrices can be used in searching. In Staden’s system there is no possibility to
definegeneralcorrelations or relations between parts.

An example of a pattern which can be decribed in Staden’s language is

tata(〈(at OR cg),−5,−2〉 AND 〈tt(〈¬ga,−3, 3〉), 2, 6〉)
which describes a pattern whose ‘root’ motif is the stringtata, with two further required
motifs. The first of these is between 5 and 2 bases upstream of thetata motif, and can be
eitherat or cg. The second is att motif located between 2 and 6 bases downstream of the
tatamotif, and there must not be agamotif within 3 bases upstream or downstream of the
tt.

As can be seen, the language permits motifs to be overlaid on each other. Although this
may seem counter-intuitive when describing biochemical sequences, there are situations
when such overlays occur during processing of nucleotides,for example ’cassette genes’
[50].

Other languages and associated systems are:SCRUTINEER[90], RNAmot[40], RNAMo-
tif [75] (http://www.scripps.edu/mb/case/casegr-sh-3.5.html), OVERSEER[91], Palingol
[12], PatScan[32] (http://www-unix.mcs.anl.gov/compbio/PatScan/HTML/patscan.html),
andPALM [53]. HoweverGENLANG(Searls [89, 88]) is the most general system which
has been implemented for searching for structural patternsin nucleotide sequences. It uses
an indexed language which has an expressive power between context-free and context-
sensitive languages.String variablesare used to define structures and constraints on the
length and contents of the string variables can be specified.

Eidhammer et al. [35] have defined a constraint-based structure description language
for biosequences, and give an algorithm plus associated program to solve the structure
searching problem as a CSP as well as an implementation in theconstraint logic program-
ming language clp(FD) [27]. The language is able to describetwo-dimensional structure
of biosequences, such as tandem repeats, stem loops, palindromes and pseudo-knots.
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26.4.4 Phylogenetic Trees

If we have any set of species that are related, then the relationship between these species
(resp. entities) is called aphylogeny. When constructing a phylogenetic tree, the task is
to set up a tree to show how the different species have evolvedfrom a common ancestor.
In addition, the trees generated are often labelled. The labels indicate the time when the
species evolved from a common ancestor, or any other measureof the distance between the
different species. Note that the construction phylogenetic trees is not necessarily applied to
species, but to any kind of entities where we can set up some sort of distance information
(e.g., phylogenetic trees can be constructed for languages). In this case the tree constructed
may not be rooted.

The problem of constructing phylogenetic trees can be formulated in different ways.
The first one is to have a finite set of species or entitiesS = {e1, . . . , en}, and a distance
matrix (dij)i,j∈[1..n] containing the pairwise distances between the entities. The problem
is to construct a tree, where the edge are labelled by distances and the nodes are labelled
entities (using new entities for the inner nodes). The tree is correct if for each two enti-
ties ej, ek from S, the distance in the tree (by summing up the edges distances along the
path connecting them) out of the ordinal set in the tree isdjk. Trees can be constructed
from pairwise distances by variety of methods, including UPGMA (unweighted pair group
method using arithmetic averages) [96].

Another formulation of the phylogenetic tree constructionproblem isparsimony[38].
Here, one has a setS of sequences (DNA or protein), and a method for calculating costs
for relating any two sequences (not restricted toS). The task is then to find a tree, where
the leafs are labelled by elements ofS and the inner nodes are labelled by other sequences.
Furthermore, the tree should have minimal costs according to the given method (i.e., the
sum of distances between any two sequences that are directlyconnected in the tree should
be minimal).

Since one, or in the case of parsimony several, optimal treescan be generated by tree
building algorithms, an approach such as the bootstrap method [37] is commonly used
to assess the significance of some phylogenetic feature and thus give some measure of
confidence for the tree.

Although the concept of ‘constraints’ is widely used in the phylogentic literature, for
example in the application to parsimony and maximum likelihood in terms of constraints
over edge parameters between substitution sites, [98], almost no work has been done by the
computational constraint community. However, related work certainly exists, for example
the work by Gent et al [42] on the application of constraint programming to supertrees.

26.5 Structure Related Problems

26.5.1 Structure Prediction

Here one is concerned about the relation between sequence and structure. The sequence
can either be from a protein, in which case the problem is sometimes referred as theprotein
folding problem; a more simple variant is that of RNA folding.

Now for natural protein sequences, the protein folds into one stable structure (which is
believed to be a structure where the free energy has a global minima), which is completely
determined by its amino acids sequence. This native structure determines the function
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of a protein. Since it is very easy to determine the sequence of a protein, the structure
prediction problem consists of determining the structure from a given sequence. This is one
of the holy grail of bioinformatics, since protein structure prediction is a very important but
notoriously hard problem. It is subject of many ongoing attempts to solved this problem
by a variety of methods (see for example the CASP competitions [18] [99]) Note that
for artificial sequences, the sequence usually does not determine the structure (i.e., the
artificially designed protein will not fold to a stable structure in general).

Proteins have a high level of local organisation (called secondary structure), which con-
sist ofα-helices,β-strands and turns). For that reason, there are approaches for predicting
secondary structure first, before the overall tertiary structure is determined, as well as ap-
proaches with try to predict tertiary structure directly. It is presently believed that protein
structure prediction cannot be done purely on the level of secondary structure alone.

A problem related to the protein folding problem is theinverse protein folding, which
consists of the following. Given a three-dimensional structure, generate a sequence that
will fold uniquely into the given structure. Naively, this can be solved using structure
prediction (generate a sequence, then predict the structure, and compare the result with
the given structure). Clearly, this problem is of interest for drug design, although inverse
protein folding is not used in drug design yet. The reason simply that the problem is
unsolved (see e.g. [51], where this problem is treatment forlattice proteins).

For RNA, secondary structure is usually related to base pairbonding, and structure
prediction is possible on this level (under some restrictions) taken into account thermody-
namical energies [113].

26.5.2 Structure-Prediction for Lattice Models of Proteins

Introduction

To tackle protein structure prediction and related problems simplified protein models have
been introduced. These simplified models have been successfully used by several groups
in the international contest on automated structure prediction. The most important class of
simplified models are the so-called lattice models. The simplifications commonly used in
this class of models are: 1.) monomers (or residues) are represented using a unified size 2.)
bond length is unified 3.) the positions of the monomers are restricted to lattice positions,
and 4.) a simplified energy function.

Apart from their use in structure prediction, they have became a major tool for investi-
gating general properties of protein folding. They constitute a genotype (protein sequence)
versus phenotype (protein conformation) mapping that can be dealt with using computa-
tional methods. Thus, they can be used to investigate evolutionary processes. An example
is [14], where so-called neutral networks have been investigated. The edges of the net-
work are pairs of sequences which differ only in one sequencepositions, but have the same
minimal energy conformation. Thus, a neutral network represents all protein sequences
encoding the same protein conformation. The question is whether one can switch between
two different neutral networks using only a small number of amino-acid substitutions. If
this is the case, then this suggest a way evolution could haveproduced the diversity of
protein conformations found in nature.

The simplest model is the HP-model, which is an important representative of lattice
models. It has been introduced by Lau and Dill in [70]. In thismodel, the 20 letter al-
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(a)
H P

H -1 0
P 0 0

(b)

Figure 26.2: Energy matrix and sample conformation for the HP-model

phabet of amino acids is reduced to a two letter alphabet, namely H and P. H represents
hydrophobicamino acids, whereas P representpolar or hydrophilic amino acids. In natural
proteins, the hydrophobic amino-acids tend to be in the middle of the protein (forming a
compact hydrophobic core), whereas the hydrophilic ones tend to be on the surface of the
protein, thus interacting with the surrounding water. Thisis modeled in the energy func-
tion for the HP-model, which is given by the matrix as shown inFigure 26.2(a). It simply
states that the energy contribution of a contact between twomonomers is−1 if both are H-
monomers, and 0 otherwise. Two monomers form acontactin some specific conformation
if they are not connected via a bond, and the euclidian distance of the positions is1. A con-
formation withminimal energy(also calledoptimal conformation) is just a conformation
with the maximal number of contacts between H-monomers. Just recently, the structure
prediction problem has been shown to be NP-complete even forthe HP-model [11, 24].

A sample conformation for the sequence PHPHPPHHPH in the two-dimensional lattice
with energy−2 is shown in Figure 26.2(b). The white beads represent P, the black ones H
monomers. The two contacts are indicated via dashed lines.

So far, most of the existing approaches are heuristic methods like the hydrophobic zip-
per [28], the genetic algorithm by Unger and Moult [103], thechain growth algorithm
by Bornberg-Bauer [13], or monte-carlo approaches with simulating annealing like [7],
which is a monte-carlo method applicable for any regular lattice. There are only two ap-
proaches available that are able to prove optimality of the found conformations, namely the
constraint-hydrophobic core construction (CHCC) [112], and the constraint-based protein
folding method [4], which we will describe here in more detail. It is the first methods that
is applicable to two different lattices (the cubic lattice,and the face-centered-cubic lattice),
and to different energy functions (namely the HP-model and its extension HPNX, which
also encodes charged amino acids). Using this constraint-based approach, we were able to
find minimal energy conformations (and prove their optimality) for sequences up to length
300. In contrast, the CHCC method, which is not based on constraint programming, was
only applied to sequences up to length 86. In the following, we will handle only the cu-
bic lattice, albeit the face-centered-cubic lattice (FCC)is more suited for modeling protein
conformations, but is also more complex.

A simple constraint-based formalization

A sequence is an element in{H,P}∗. With si we denote theith element of a sequences.
We say that a monomer with numberi in s is even (resp. odd) ifi is even (resp. odd). A
conformationc of a sequences is a function

c : [1..|s|]→ Zd
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(whered = 2 or d = 3 depending on whether we consider a 2-dimensional or a 3-
dimensional lattice) such that

1. ∀1 ≤ i < |s| : ||c(i)− c(i+ 1)|| = 1 (where|| · || is the euclidian norm onZd)

2. and∀i 6= j : c(i) 6= c(j).

The first condition is imposed by the lattice constraint and implies that the distance vector
between two successive elements must be a unit-vector (or a negative unit-vector) in every
admissible conformation. The second condition is the constraint that the conformation
must be self-avoiding.

Given a conformationc of a sequences, the number of contactsContacts(c) in c is
defined as the number of pairs(i, j) with i+ 1 < j such that

si = H ∧ sj = H ∧ ||c(i)− c(j)|| = 1

(in other words, the number of pairs of H-monomers that have distance1 in the conforma-
tion c, but are not successive in the sequences). The energy ofc is just−Contacts(c).
With ~ex, ~ey and~ez we denote the unit vectors(1, 0, 0), (0, 1, 0) or (0, 0, 1), respectively.
We say that two points~p, ~p′ ∈ Z3 areneighborsif ‖~p− ~p′‖ = 1. This is equivalent to the
proposition that~p = ~p′ ± ~e with ~e ∈ {~ex, ~ey, ~ez}.

This can now be directly encoded as a constraint problem. Ourconstraint problem
consists of finite domain variables. We use also Boolean constraint and reified constraints.
With reified constraintswe mean a constraintx =: (φ), whereφ is a finite domain con-
straint. x is a Boolean variable which is1 if and only if φ holds. Technically, this can
be achieved via settingx to 1 if the constraint store entailsφ, and to0 if the constraint
store disentailsφ. A constraint storeentailsa constraintφ if every valuation that makes the
constraint store valid also makesφ valid. We use also entailment constraints of the form
φ → ψ, which are interpreted as follows. If a constraint store entails φ, thenψ is added
to the constraint store. We have implemented the problem using the language Oz [94],
which supports finite domain variables, Boolean constraints, reified constraints, entailment
constraints and a programmable search module.

Now we can encode the space of all possible conformations fora given sequence as a
constraint problem as follows. We introduce for every monomeri new variables Xi, Yi and
Zi, which denote the x-, y-, and z-coordinate ofc(i). Since we are using a cubic lattice,
we know that these coordinates are all integers. But we can even restrict the possible
values of these variables to the finite domain[1..2n].3 This is expressed by introducing the
constraints

Xi ∈ [1..(2 · length(s)] ∧ Yi ∈ [1..(2 · length(s)] ∧ Zi ∈ [1..(2 · length(s)]

for every1 ≤ i ≤ n. The self-avoidingness is just(Xi,Yi,Zi) 6= (Xj ,Yj,Zj) for i 6= j.4

For expressing that the distance between two successive monomers is 1, we introduce
for every monomeri with 1 ≤ i < length(s) three variables Xdiffi, Ydiff i and Zdiffi.

3We even could have used[1..n]. But the domain[1..2n] is more flexible since we can assign an arbitrary
monomer the vector(n, n, n), and still have the possibility to represent all possible conformations.

4This cannot be directly encoded in Oz [94], but we reduce these constraints to difference constraints on
integers.
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The value range of these variables is[0..1]. Then we can express the unit-vector distance
constraint by

Xdiff i =: |Xi − Xi+1| Zdiff i =: |Zi − Zi+1|
Ydiff i =: |Yi − Yi+1| 1 =: Xdiff i + Ydiff i + Zdiff i.

The constraints described above span the space of all possible conformations. I.e.,
every valuation of Xi,Yi,Zi satisfying the constraints introduced above is anadmissible
conformation for the sequences, i.e. a self-avoiding walk ofs. Given partial information
about Xi,Yi,Zi (expressed by additional constraints as introduced by the search algo-
rithm), we call a conformationc compatiblewith these constraints on Xi,Yi,Zi if c is
admissible andc satisfies the additional constraints.

The most simplest way to search for conformations with maximal number of contacts
would be to add constraints for counting the number of contacts. Then one can directly
enumerate the variables Xi, Yi and Zi. For HP-type models, we have to count contacts
which are always generated between two neighboring H-monomers. For this purpose, one
introduces a variableContacti,j that is1 if i andj have a contact in every conformation
which is compatible with the valuations of Xi,Yi,Zi, and0 otherwise. Then

Xdiff i,j = |Xi − Xj | Zdiff i,j = |Zi − Zj |
Ydiff i,j = |Yi − Yj | Contacti,j ∈ {0, 1}

(Contacti,j = 1)↔ (Xdiff i + Ydiff i + Zdiff i = 1) (26.9)

where Xdiffi,j, Xdiff i,j and Zdiffi,j are new variables. The variableHHContacts counts
the number of contacts between H-monomers, and is defined by

HHContacts =
∑

i+1<j∧

s(i)=H∧s(j)=H

Contacti,j . (26.10)

Now we could start to apply constraint-based enumeration onXi,Yi,Zi searching for a
conformation with maximal number of contacts.

The main problem using this approach alone is that it is very difficult to define good
bounds and to find a search heuristic for enumerating low-energy conformation first. Nev-
ertheless, this formulation is in part required for latticemodels with an extended alpha-
bet like the HPNX-model [6], which models also electrostatic contacts in addition to hy-
drophobicity.

Dal Pal̀u et al. [80] considered an extension of the above problem fora much more
sophisticated energy function. Since it is not possible to solve the problem optimally or
near-optimally in the case of extended energy functions, they integrated additional bio-
logical knowledge to achieve good predictions. Starting from a formulation of the pro-
tein folding problem for the face-centered cubic lattice similar to the one described in
Eq (26.9), they integrated secondary structure information in the prediction process. In
a later work, Dal Pal̀u et al. [79] extended the simple formulation Eq(26.9) by introduc-
ing variable that have three-dimensional domains (calledBox-domains) associated, and
described a constraint system and propagation techniques for this kind of variables. A
similar approach of using variables with three-dimensional domains was successfully used
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in the PSICO-system [67] for the prediction of protein structure from Nucleic-Magnetic-
Resonance (NMR) data. NMR is an experimental technique for determining protein struc-
ture. The result is a set ofdistance constraintthat give an estimate of the pairwise distances
between the atoms of the proteins. Here, the task is to find a structure minimizing an en-
ergy function that is compatible with the distance constraints (or to be more precise, that
minimizes the violation of distance constraints).

A more sophisticated approach

To overcome the problem of finding good bounds and search heuristics, the set of all con-
formations was restricted in [4] to a subset of conformations that contains provably all
minimal energy conformations. For this purpose, the hydrophobic core, which consists of
the the positions occupied by H-monomers, is calculated first. Then, in a second step, a
conformation of the HP-sequence is searched that has exactly the hydrophobic core calcu-
lated before. Since this problem is a strongly constrained,conformation can be found in
relatively short time. Of course, all possible maximal compact hydrophobic cores have to
be considered.5 Formally, ahydrophobic coreC is just a set of positions. The number of
contacts in a hydrophobic coreC is defined by

Contact(C) =
1

2
|{(~p, ~p′) | ~p, ~p ∈ C ∧ ~p and~p are neighbors}|

X=1
n=3

fr=2x2

X=2
n=6

fr=2x3

X=3
n=4

fr=2x2

⇒

X=1
n=3

fr=2x2

X=2
n=6

fr=2x3

X=3
n=4

fr=2x2

⇒

X=1
n=3

fr=2x2

X=2
n=6

fr=2x3

X=2
n=4

fr=2x2

Figure 26.3: The overall approach

Finding all maximally compact hydrophobic cores is an optimization problem itself,
which was solved in [4] again in a two-level step. First, the distribution of H-monomers
to layers of the formX = i is calculated. Such a distribution is called a frame sequence,
and consists of the number of H-monomer in each layer, as wellas the minimal rectangle
around these monomers. As we will see later, this information can be used to calculate an
upper bound on the number of contacts for a specific frame sequence, which allows one to

5If there is no conformation found for the maximally compact core, then sub-optimal cores have to be con-
sidered as well, which is not very often the case.
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discard many frame sequences. Then, for a given frame sequence, all possible maximally
compact hydrophobic cores having the corresponding frame sequence are generated. Thus,
we have the overall 3-level approach depicted in Figure 26.3.

a) layer contacts

interlayer contacts
x=2x=1

b)

Layer1 Layer2
a1 = 2 a2 = 2
b1 = 3 b2 = 2
n1 = 5 n2 = 4

Figure 26.4: a) Layer and Interlayer Contacts b) Corresponding Frame Sequence

Enumeration of frame sequences The basic idea for the upper bound on the number
of contacts is to classify the contacts into contacts between positions in the same layer
(called layer contacts), and contacts between positions in successive layers (called inter-
layer contacts). To give an upper bound for a specific frame sequence, one gives separate
bounds for the number of layerand interlayer contacts for hydrophobic cores have this
frame sequence. In Figure 26.4a), a the hydrophobic core forthe cubic lattice is shown
together with the layer and interlayer contacts. The corresponding frame sequence is given
in Figure 26.4b).

For the layer contacts, consider a frame of sizea× b with n H-monomers. For finding
the maximal number of layer contacts that any hydrophobic core with this frame can have,
Yue and Dill [111] observed that it is much simpler to calculate the surface instead of the
number of layer contacts. Thelayer surfaceof an hydrophobic coreC in layerx = k is
the number of positions~p in layerx = k that are not inC, but neighbors of some position
~p′ ∈ C (~p is called asurface point). Since every position in the core has 4 neighbors,
which are filled by another member of the core or by a surface point, it is clear that surface
and contacts are related via the equation

4n = 2Contact+ 2a+ 2b.

Hence, minimizing the surface maximizes the number of contacts.
Now whenever we have a layer where a surface point is buried between two position

from the core, this core cannot be maximal. We can achieve a more compact one by
resorting the core positions in this layer in a way that the gap generated by this surface
point is closed (recall that a hydrophobic core is just a set of positions, with no other
conditions imposed on them). Under the condition of a maximal compact layer core, this
implies that every horizontal and vertical line that goes through the core in some layer must
generate 2 surface points. Hence, a frame of sizea×bmust generate at least2a+2b surface
points. Furthermore, one can conclude that an optimal framefor n points must minimize
a + b, which is the case for a nearly quadratic frame. I.e., the best possible adaption of a
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quadratic frame witha = ⌈√n⌉ andb = ⌈na ⌉ will have minimal surface, which used as a
bound when enumerating number sequences.

For the interlayer contacts in the cubic lattice, one simplyobserves that every monomer
in one layer can have at most one contact in the following layer. Thus, the maximal number
of interlayer contacts for two successive layersX = i andX = i+ 1 havingni andni+1

monomers ismin(ni, ni+1). Using this upper bounds for layer and interlayer contacts,one
can calculate the optimal frame sequence using a dynamic programming approach.

For the face-centered cubic lattice, the calculation of thebound is more complicated.
Albeit one can uses also a splitting of the core into successive layers and apply the same
bound for layer contacts, the bound for the interlayer contacts is more difficult. The reason
is that every H-monomer in one layer can have up to 4 contact inthe successive layer. For
details the reader is referred to [2].

Construction of hydrophobic cores Once we have a frame sequenceak, bk, nk for k =
1 . . .m, one has to enumerate the possible hydrophobic cores for this frame sequence. The
first step is to fix the frame positions in each layer. That is, we have finite domain variables
syk andszk for the lower left corner of the frame in layerx = k. We can choosesy1 =
sz1 = 0 for the first frame. For the remaining frames, we have to enumerate in principle all
possible starting positions. But again, we can use bounds todiscard combination of values
for syk, szk that may not result in a maximal compact hydrophobic core.

An example of such a bound is the following. A combination is unfavorable if a frame
does not completely overlap with the previous frame. Then only the part of the two frames
that do overlap can generate interlayer contacts. Hence, wecan use the bounds on the in-
terlayer contacts described in the last section to calculate the number of interlayer contacts
for the overlapping sub-frames.

Once we have fixed the frames (via determining their lower left corners), we start be
enumerating the positions that are actually contained in the core. This can be done by
inserting for every position a Boolean variablec~p for every position~p that is in one of the
fixed frames. Then

c~p = 1 iff ~p is in the core.

Clearly, we have




∑

~p is in Layerx = k

c~p



 = nk.

Since a frame is usually tightly filled, this constraint provides good propagation. Finally,
we have to encode contacts by using a Boolean variableContact~p,~p′ for each pair of neigh-
bors~p, ~p′. Then

Contact~p,~p′ = 1⇔ (c~p = 1 ∧ c~p′ = 1).

CountingContact~p,~p′ will gives us the total number of contacts for the core.
We can improve propagation by the following consideration.Usually, hydrophobic

cores do not have too many caveats. Acaveatis a P-monomer which is part of the hy-
drophobic core and thus buried by H-monomers. This usually produces a non-optimal
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P−position

undet.
positions

H−position

frame bound.

P−positions via entailment

Figure 26.5: Example of the caveat-freeness constraint

core, but must be considered in the case that the optimal cores do not correspond to a valid
sequence conformation. If a frame does not contain any caveat, then we know that for any
line through the frame, the H-monomers must be consecutive on this line. Now suppose we
have two positions~p and~p′ in the same frame with the property that~p is the left neighbor
of ~p′, c~p = 0 (P-position) andc~p = 1 (H-position). Then all positions to the left of~p on
the line through~p, ~p′ must be P-positions as well (see Figure 26.5). For a given pair of left
neighbors~p = (k, s, t) and~p′ = (k, s+1, t), this can be simply expressed by the following
entailment constraint:

c~p = 0 ∧ c~p′ = 1 =⇒
∧

~p′′ = (k, s, t)
in frame

with r < s

c~p′′ = 0

Of course, we have to introduce such a constraint for every pair of left, right or vertical
neighbors. For more details, the reader is referred to [1] and [108]. If caveats are allowed,
then one can enumerate them explicitly and add the constraint for the remaining positions.

26.5.3 Protein Docking and Ligand Binding

Protein docking attempts to find the most stable mode of association between two protein
molecules, starting from the atomic coordinates of the two isolated components. It can be
likened to a ‘lock and key’ mechanism , where both lock and keyare plastic, and distort
according to mutual interactions. The protein-protein interfaces are closely packed, similar
to protein cores. The aim of any docking algorithm is to optimise the surface area and at-
tractive forces and to minimise the loss of energy due to interaction with the solvent. This
is a difficult area of research, but there are general rules. Optimisation must be performed
on many degrees of freedom, since this is an example of 6-D problem of rigid body move-
ment - 3 translations and 3 rotations, all of which must be searched. The approaches to
rigid surfaces are broadly

1. Given the information of a pair of proteins crystallised together, toreconstructthe
docking
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2. Given the individual proteins separately crystallised,to predict their docking. re-
quires trying all combinations of degrees of freedom note that ligand binding- small lig-
ands tend to bind in big pockets; ligands are more flexible than proteins

26.5.4 Structure Motif Matching

Protein structures can be described at various levels of detail, ranging from atomic coordi-
nates, through vector approximations to secondary structures elements (SSEs), to ‘topolog-
ical’ models. These latter abstractions typically consider a sequence of SSEs, i.e. helices
or strands, together with relationships like spatial adjacency within the fold and approxi-
mate orientation, neglecting details like lengths and structures of loops, and the lengths of
the secondary structure elements themselves. This level ofabstraction can be useful to per-
mit very fast algorithms for structure motif matching, discovery and structure comparison.
Further, by neglecting many of the details which typically vary between related structures,
like lengths and structures of loops, and exact lengths, spatial positions and orientations of
SSEs, it has the potential to detect more distant structuralrelationships than could be found
by methods based on more geometrical descriptions. On the other hand, its disadvantages
are that there may be structures which, although related at the topological level, are very
different from a geometric point of view, and have no meaningful biological relationship.

A TOPSstructureis a triple(E,H,C) whereE = S1, . . . , Sk is a sequence of length
k of secondary structure elements (SSEs) andH andC are relations over the SSEs, called
respectively H-bonds and chiralities. In this descriptionan H-bond constraint refers to
a ladder of individual hydrogen bonds between adjacent strands in a sheet. An SSES
is a character from the alphabet{α, β} standing for helix and strand respectively. Since
each SSE in a TOPS structure is associated with a directionup or downwe associate a
direction symbol,+ or−, with each letter of this alphabet. Both H-bonds and chiralities are
symmetric relations (non-directed arcs in the graph). An H-bond constrains the types of the
two SSE’s involved to be strands, and each bond is associatedwith a relative directionδ ∈
{P,A}, indicating whether the bond is between parallel or anti-parallel strands. Chiralities
are associated with handednessχ ∈ {L,R} (left and right respectively), and only occur
between pairs of SSEs of the same type. We denote the H-bond relationship between two
SSEsSi andSj by (Si, δ, Sj) and a chirality relationship by(Si, χ, Sj).

Definition 26.8(TOPS structure). GivenΣ = {α+, α−, β+, β−}, then
a TOPS structureD is defined by the triple(S,Hd, Cd), where
S = (S1, . . . , Sk), Si ∈ Σ
Hd = {(Si, δ, Sj)|Si, Sj ∈ {β+, β−}, δ = P ↔ Si = Sj , δ = A↔ Si 6= Sj}
Cd = {(Si, χ, Sj)|Si, Sj ∈ Σ, χ ∈ {R,L, }}

As an example, in Figure 26.6 we give a TOPS structure for the protein structure
“2bop” (Protein Databank code) both in a form with ‘2-D’ layout as well as in a linear
form form. The textual form of the TOPS description for 2bop is:

2bop =(E,H,C), where
E = (β+1 , α−2 , α−3 , β+4 , β+5 , β−6 , α+7 , β−8)
H = {(β+1 , A, β−6), (β+1 , A, β−8), (β+4 , A, β−6), (β+5 , A, β−6)}
C = {(β+1 , R, β+4), (β−6 , R, β−8)}

A TOPSpattern, or motif, is similar to a TOPS structure, but is a generalisation which
can describe several structures conforming to some common topological characteristics.
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Figure 26.6: TOPS structure for 2bop. Circles representα-helical secondary structure ele-
ments, triangles representβ-strand secondary structure elements, arrows represent loop re-
gions, heavy dotted lines represent hydrogen-bond relationships (‘A’ – anti-parallel), light
dotted lines represent chiralities (’R’ — right-handed)

This generalisation is achieved by permitting ‘gaps’, standing for the insertion of SSEs (and
any associated H-bond and chiralities), in the sequence of secondary structure elements;
indeed a structure is just a pattern where no inserts are permitted. A gap is described by
a pair(n,m) wheren stands for the minimum andm for the maximum number of SSEs
which can be inserted at that position. The range ofn andm is from zero to the largest
number of SSE’s in any TOPS structures (approximately 60).

In principle, just as for TOPS structures, each SSE in a TOPS pattern is associated with
a directionupor down(+ or− respectively) relative to the X-axis, and is a character from
the alphabet{α, β}.

However, since any TOPS description of pattern (or a structure) can be flipped about
the X-axis without loss of meaning, in order to facilitate pattern matching we associate a
direction variable,⊕ or⊖ with each SSE in a patternP s.t. they satisfy the constraint

∀⊕,⊖ ∈ P : opp(⊕,⊖)↔ (⊕ = + ∧ ⊖ = −) ∨ (⊕ = − ∧⊖ = +)

Note that it is possible, but redundant if we are to perform pattern matching, to associate a
similar constraint with each SSE in a structure description.

Definition 26.9 (TOPS pattern). Given Σ = {α⊕, α⊖, β⊕, β⊖} then a TOPS pattern
P = (T,Hp, Cp), ∀⊕,⊖ ∈ P : opp(⊕,⊖), whereT = (n0,m0) − V1 − (n1,m1) −
V2 − . . .− (nk−1,mk−1)− Vk − (nk,mk), Vj ∈ Σ, nj ≤ mj

Hp = {(Si, δ, Sj)|Si, Sj ∈ {β⊕, β⊖}, δ = P ↔ Si = Sj , δ = A↔ Si 6= Sj}
Cp = {(Si, χ, Sj)|χ ∈ {R,L, }, Si, Sj ∈ Σ}

For example a TOPS pattern which describes plaits (2bop is aninstance of a plait) is
illustrated in Figure 26.7; arrows between SSEs in the sequence have been annotated with
pairs of integers standing for(ni,mj), in this case(0,N).

Definition 26.10(Size of a TOPS structure (resp pattern)). The size of a TOPS structure
D = (S,H,C) (resp. pattern) is|S|, the number of SSEs in the structure (pattern).

Gilbert et al [47] have defined a simple backtracking algorithm which is guaranteed to
find all the ways in which a TOPS pattern matches a TOPS structure; for each match it
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Figure 26.7: TOPS plait motif

returns the set of pairs of corresponding SSEs between the pattern and the structure, and
the set of corresponding insert sizes in the pattern.

Finite domain constraints over integers are used in the algorithm in order to prune the
search space. A correspondence is established between the SSE numbers in a structure size
j and the SSE numbers in a pattern sizek Corr := (d1, d2, . . . , dk), wheredi (i ∈ 1 . . . k)
is a constraint variable representing the number of the SSE in the structure matching SSEi
in the pattern. In additionIns := (I1, I2, . . . , Ik−1) is the sequence of insert sizes, where
Ii (i ∈ 1 . . . k−1) is a constraint variable representing the number of inserts between SSEs
i andi+ 1 in the pattern, The matching algorithmimposes constraintson the SSEs in the
pattern by setting up constraints fori ∈ 1..k, C1: 1 ≤ di ≤ j
C2: ni ≤ Ii ≤ mi,
C3: di + Ii + 1 = di+1

Constraint C1 gives the range ofdi (a pattern cannot have more SSEs than a matching
structure); C2 sets up a constraint variable for each insertin the pattern, and C3 ensures
that the insert sizes are respected in the matching.

The simple algorithm then proceeds by matching the H-bonds (respecting the paral-
lel/antiparallel labels), the chiralities (respecting the right/left-hand labels) and the SSEs
(respecting the type and orientation) between the pattern and the structure.

In fact, matching of TOPS motifs to TOPS structures is an instance of the subgraph
isomorphism problem which remains NP-complete for such vertex ordered graphs. There
are several non-polynomial algorithms for subgraph isomorphism problem, the most pop-
ular being by Ullmann [102] and McGregor [76]. Although these are not straightforwardly
adaptable to vertex ordered graphs, the vertex ordering seems to be the property that could
considerably improve the algorithm efficiency.

Viksna et al. [106] give a fast matching algorithm for TOPS structures, which is a
variant of a method based on constraint satisfaction [76]. The algorithm tries to match
edges in the increasing order of edge positions and backtracks if for some edge match can
not be found. Since the graphs are ordered, the positions in the target graph to which a given
edge may be mapped and which have to be checked can only increase. Two additional
ideas are used to make this process more efficient. Firstly, anumber of additional labels
are assigned to vertices and edges; they comprise the numbers of incoming and outgoing
edges of all possible types for a given vertex, whilst for an edge they describes how many
“shorter” or “longer” other edges are connected to the endpoints of a given edge. describes
how many shorter or longer other edges are connected to the endpoints of a given edge
Secondly, if an edgee can not be mapped according to the existing mapping for previous
edges, then the next place where this edge can be mapped according to the labels is found,
and the minimal match positions of previous edges are advanced in order to be compatible
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with the minimal position ofe. The full algorithm is given in [106].

26.5.5 Structure Motif Discovery

Pattern discovery for sequences is a well-established technique [15] which could be applied
to TOPS structures as follows. The first, “pattern driven” (PD) is based on enumerating
candidate patterns in a given solution space and picking outthe ones with high fitness; the
second, “structure driven” (SD) comprises algorithms thattry to find patterns by comparing
given diagrams and looking for local similarities between them. In SD an algorithm may be
based on constructing a local multiple alignment of given sequences and then extracting the
patterns from the alignment by combining the segments common to most of the sequences.

Essentially the difference between pattern discovery for sequences and TOPS structures
is that techniques for the former assume that the grammar of the former is regular whilst
that of the latter is context–sensitive. Thus in a naive version of a PD approach for TOPS
diagrams not only would we have to enumerate an exponentially large number of patterns
comprising not only all the possible combinations of the SSEs (and their orientations) in a
pattern of lengthk, but also all the possible H-bond and chirality connectionsover them.

Viksna et al [106] find maximal common subgraphs for a set of TOPS graphs by an
exhaustive search comprising repeated extension of an initial subgraph and checking for
subgraph isomorphisms in the target set of graphs. In doing so, they exploit the speed of
their specialised subgraph isomorphism algorithm for TOPSgraphs. Starting with a simple
(one vertex) pattern graph, subgraph isomorphism is used tocheck against all graphs in a
given set and in the case of success attempt to extend the already matched pattern graph
in all possible ways. Some restrictions on the number of different types of edges and
vertices can be deduced from the given set of target graphs and are used by the algorithm.
Apart from that, the previous successful match may be used todeduce information about
extensions which are more likely to be successful in the nextmatch. In general this does
not prune the search space but may help to discover large common subgraphs earlier. The
advantage of this approach is that the algorithm has time complexity that is linear with
respect to the number of graphs in the given input set.

Gilbert et al. [45] report an heuristic algorithm which discovers patterns of H-bonds
(and chiralities) based on the properties of sheets for TOPSdiagrams; they also derive pat-
terns on the associated sequences of SSEs and insert sizes. Briefly, the algorithm attempts
to discover a new sheet by finding, common to all the target setof diagrams, a (fresh)
pair of strands, sharing an H-bond with a particular direction. Then it attempts to extend
the sheet by repeatedly inserting a fresh strand which is H-bonded to one of the existing
strands in the (current) sheet. The algorithm then finds all further H-bonds between all
the members of the current sheet. The entire process is repeated until no more sheets can
be discovered; any chirality arcs between the H-bonds in thepattern are then discovered
by a similar process. The numbers of inserts between each strand in the pattern are then
computed for all the patterns in the learning set, and the minimum and maximum size of
the gaps in the corresponding insert positions in the pattern are thus found, and combined
with the SSE sequence to give the T-pattern. The result is theleast general common TOPS
pattern characterising the target set of protein descriptions.

Other methods that are known mostly correspond to the SD approach outlined above,
for example as described by Koch et al. [66]. These may be moreefficient for sets con-
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taining a small number (basically just two) of graphs, but ingeneral cannot be used to find
the exact answer to the problem for larger sets.

The goodness of a pattern can be stated in several ways, including thesizeof the pattern,
its discriminative performance against a set of positive and negative examples, and its
compressionvalue. In [46] Gilbert et al describe how to compute the compression of a
TOPS pattern with respect to a set of graphs of structures using a general data compression
measure applied to the size of the pattern graph and the totalsize of the components of the
structures which are not included in the pattern. This valuecan be normalised to the range
1 (best) to 0 (worst).

Definition 26.11(Raw compression). The raw compression of a pattern lengthk w.r.t. a
set ofn structures of lengthsl1, . . . , ln is

Σni=1li − (n− 1) ∗ k

Definition 26.12 (Normalised compression). The normalised compression of a pattern
lengthk w.r.t. a set ofn structures of lengthsl1, . . . , ln is

(n−1)∗k

Σn
i=1li−minn

i=1(li)

These definitions can be extended in a natural way to include complete structural defini-
tions (H-bonds and chiralities). When there are only two structures in the set, the compres-
sion measure can be used as a measure of structure comparison, as ultilised in the online
TOPS system reported by Torrance et al [101] which operates over the TOPS database
[77].

26.6 Function Related Problems

26.6.1 Metabolic Pathways

Living organisms function by a complex set of interactions at the molecular level which
occur in a highly organised manner. They involve metabolic reactions which transform
some compounds (substrates) into others (products). In general a reactionS → P can
be described by a transitionS → S′ → P , transforming the set of substratesS into the
set of productsP via a transition stateS′ in which the substrate molecules are distorted
into some electronic conformation which more readily converts to the products. In order to
occur,S → P has a negative free energy, i.e. the free energy ofS is greater than that ofP ;
howeverS → S′ has apositivefree energy change, termed the energy of activation. This
energy is a barrier preventingS → P occurring spontaneously, without which all reactions
would occur in an uncontrolled way. Most reactions are catalysed by special proteins
calledenzymeswhich control the reaction by lowering the energy barrier (i.e. increasing
the rate of flow). They do this by binding substrates at combining sites within active sites,
positioning substrate molecules in the most favourable orientations for reactions to occur,
as well as distorting them in order to favour transition state formation. During this process
the enzyme may change shape in order to induce a fit with the substrate, rather than just
rely on a rigid ‘lock and key’ mechanism. In general, reactions can be chained together
into paths so that the products of one reaction become the substrates of another [36].
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26.6.2 Regulatory Networks

Metabolic reactions can be regulated in two ways. The first isby the direct activation or
inhibition of activity of enzymes by small molecules. This method is relatively fast in
action, since it directly affects the chain of reactions. Another method of regulation is that
of transcriptional regulation, in which the production of the enzyme itself is controlled by
a transcription factor (a protein which activates the capacity of a gene to produce another
protein). This method is relatively slow, since it indirectly affects the reaction path.

Reactions can be self-regulated using either the direct or transcriptional method, since
it is common that products of an immediate or eventual reaction act have a direct or tran-
scriptional effect on enzymes involved earlier in the chainof reactions. These regulatory
relationships can be quite complex in that products from onepath can regulate enzymes
involved in another path.

26.6.3 Querying and Analysing Networks of Cellular Function

In [105] van Helden et al. give a data model for representing and analysing networks of
cellular function (metabolic and regulatory pathways). This has been extended by Deville
et al. [26] to the general case including signalling pathways. Often the information is
stored in a database, with the associated the database modelpermitting simple analysis to
be directly be performed on through a database query language which are often unsuitable
for algorithmic use. Specific algorithms with their own datastructures are required for
more sophisticated analyses. Often graphs are used as representational data structures
– these can be compound, reaction, bipartite and hyper-graphs. Object-oriented models
can be seen as a generalization of bipartite graphs, where the nodes are typed, permiting
detailed descriptions, and the use of inheritance to structure data.

Current computational systems often path navigation routines in addition to simple
data retrieval. A simple query is to get all the reactions catalysed by a gene product More
complex queries require the application of specialised algorithms, often involving the use
of graph analysis. These are for example (adapted from [105])

• find all metabolic pathways that convert compound A into compound B in less than
X steps

• find all genes whose expression is directly or indirectly affected by a given com-
pound.

• find all compounds that can be synthesised from a given precursor in less than X
steps

• in the complete set of metabolic reactions, find all feedbackloops including a given
compound, or, in a defined biochemical pathway, find all feedback loops.

Another type of complex queries involve sub-graph extraction. Here the user specifies a set
of seed nodes in the network the system is required to extractthe portions of the network or
sub-graphs that interconnect each pair of seed nodes via thesmallest number of individual
links. The user can specify the maximum number of individuallinks, or graph arcs, that
can be inserted between any two seed nodes. The resulting sub-graph can then be displayed
and analysed. Algorithms for sub graph extraction and maximal path enumeration used in
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this context have been described in van Helden et al [104]. Examples of major databases
and computational systems for storing and analysing biochemical pathway and network
data include KEGG (Kyoto Encyclopedia of Genes and Genomes)[61], BioCyc [68], and
Amaze [72].

In recent work Dooms et al have described an approach using constraint programming
to solve constrained path finding problems in metabolic networks [29] [30], and have ap-
plied it to discover pathways from a set of their reactions. [78]. This approach builds on
earlier work by the same authors [31] in which they defined a graph computation domain
for constraint programming in order to provide a high level modeling language with the
data and results are graphs.

26.7 Microarrays

DNA microarrays (“DNA chips”) are made by the deposition of DNA spots on a solid
support, often a coated glass surface. For an in-depth review, see e.g. [19]. Two main
procedures have been used to produce these: photolithography (e.g. by as developed and
marketed by Affymetrix Inc. [74], and mechanical gridding [16]. Photolithography is a
technique used in the computer microchip industry. There is, however, an inherent length
restriction with thisin situsynthesis technology limiting the probes to about 25 nucleotides
in length. This is offset by the use of high-density arrays which allow the use of multiple
probes per gene. The arrayed probes can be oligonucleotides(photolithography and grid-
ding) or cDNAs (gridding).

Arrays of thousands of DNA sequences representing part of all of the genome of an
organism can be constructed. Such arrays can then be used to compare the relative abun-
dance of the transcriptional products of each of these gene sequences in two DNA or RNA
samples, for example from two different cell populations, or from one population exposed
to two different stimuli. In the spotting techniques the twosamples are first labelled using
different fluorescent dyes and are then mixed and hybridizedwith the arrayed DNA spots.
After hybridization, fluorescence measurements are made for each DNA spot, and record-
ing the fluorescence for each dye separately. These measurements are used to determine
the ratio, and in turn the relative abundance, of the sequence of each specific gene in the
two mRNA or DNA samples. (Adapted from [16]).

The computational challenges can be broadly divided into two major categories:
(1) Normalisation and background correction of microarraydata,
(2) Modelling and analysis of the networks that are represented by the sets of genes in the
samples.

We briefly overview the second challenge. Network or pathwayreconstruction from
microarray data is based on observations of the expression of a set of genes under varying
conditions such as time-series, targeted mutation or exposure to different evnironmental
conditions (stress, starvation etc) [81]. These data are usually taken as steady-state. The
goal is to identify which genes control (the expression of) other genes, and the results if
these controls. The analysis often involves the clusteringof genes by expression data and
the analysis of promoter elements within the same clusters.Machine learning techniques
are commonly used for reconstgruction of gene networks, forexample Soinov et al [95]

A potential application of constraint programming in this area is proposed by Dooms
et al [78] is the explanation of DNA microarray experiments using a CSP able to solve
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pathway discovery problems. However, this area is ripe for the application of constraint
computation techniques, both in the processing of low-level (primary) data, as well as in
the analysis and interpretation of results, for example cross-referencing into biochemical
pathway data.
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[20] T. Christof, M. Jünger, J. Kececioglu, P. Mutzel, and G. Reinelt. A branch-and-
cut approach to physical mapping with end-probes. InProc. of the First Annual
International Conferences on Compututational Molecular Biology (RECOMB97),
pages 84–92. ACM Press, 1997.

[21] P. Clote and R. Backofen.Computational Molecular Biology: An Introduction.
Mathematical and Computational Biology. Jon Wiley & Sons, Chichester, August
2000. series editor S. Levin. 290 pages.

[22] J. Cohen. Bioinformatics—an introduction for computer scientists.ACM Computing
Surveys, 36(2):122–158, June 2004.

[23] F. Corpet and B. Michot. RNAlign program: alignment of RNA sequences using
both primary and secondary structures.Comput Appl Biosci, 10(4):389–99, 1994.

[24] P. Crescenzi, D. Goldman, C. Papadimitrou, A. Piccolboni, , and M. Yannakakis. On
the complexity of protein folding. InProceedings of STOC 1998, pages 597–603,
1998.

[25] F. H. C. Crick. On protein synthesis.Symposium of the Society of Experimental
Biology, 12:138–167, 1958.

[26] Y. Deville, D. Gilbert, J. van Helden, and S. Wodak. An overview of data models for
the analysis of biochemical pathways.Briefings in Bioinformatics, 4(3):246–259,
2003.

[27] D. Diaz and P. Codognet. A Minimal Extension of the WAM for clp(FD). In D. S.
Warren, editor,Proceedings of the Tenth International Conference on LogicPro-
gramming, pages 774–790, Budapest, Hungary, 1993. The MIT Press.

[28] K. A. Dill, K. M. Fiebig, and H. S. Chan. Cooperativity inprotein-folding kinetics.
Proc. Natl. Acad. Sci. USA, 90:1942 – 1946, 1993.

[29] G. Dooms, Y. Deville, and P. Dupont. Constrained path finding in biochemical



938 26. Bioinformatics and Constraints

networks. InProceedings of JOBIM 2004, 2004.
[30] G. Dooms, Y. Deville, and P. Dupont. A mozart implementation of CP(bionet).

In Proceedings of the second International Mozart/Oz Conference, pages 237–250.
Springer-Verlag LNAI 3389, 2004.

[31] G. Dooms, Y. Deville, and P. Dupont. CP(graph): Introducing a graph computation
domain in constraint programming. InProceedings of the Eleventh International
Conference on Principles and Practice of Constraint Programming, pages 211–225,
2005.

[32] M. Dsouza, N. Larsen, and R. Overbeek. Searching for patterns in genomic data.
Trends in Genetics, 13(12):497–498, 1997.

[33] R. Durbin, S. Eddy, A. Krough, and G. Mitchison.Biological Sequence and Analy-
sis. CUP, 1998.

[34] I. Eidhammer, I. Jonassen, and W. R. Taylor. Structure Comparison and Structure
Patterns. Technical Report 174, Department of Informatics, University of Bergen,
Bergen, Norway, Jul 1999.

[35] I. Eidhammer, D. Gilbert, I. Jonassen, M. Ratnayake, and S. H. Grindhaug. A
constraint based structure description language for biosequences.Constraints, 6
(2–3):141–156, 2001.

[36] W. H. Elliott and D. C. Elliott.Biochemistry and Molecular Biology. OUP, 1997.
[37] J. Feldenstein. Confidence limits on phylogenies: an approach using the bootstrap.

Evolution, 39:783–791, 1985.
[38] W. M. Fitch. Toward defining the course of evolution: minimum change for a spec-

ified tree topology.Systematic Zoology, 20:406–416, 1971.
[39] S. Foissac and T. Schiex. Integrating alternative splicing detection into gene predic-

tion. BMC Bioinformatics, 6(1):25, 2005.
[40] D. Gautheret, F. Major, and R. Cedergren. Pattern searching/alignment with RNA

primary and secondary structures: an effective descriptorfor tRNA. Computer Ap-
plications in the Biosciences, 6:325–331, 1990.

[41] M. S. Gelfand, A. A. Mironov, and P. A. Pevzner. Gene recognition via spliced
sequence alignment.Proc. Natl. Acad. Sci. USA, 93(17):9061–6, 1996.

[42] I. P. Gent, P. Prosser, B. M. Smith, and W. Wei. Supertreeconstruction with con-
straint programming. InICCP: International Conference on Constraint Program-
ming (CP), LNCS, pages 837–841, 2003.

[43] Z. Ghahramani. Learning dynamic Bayesian networks. InC. Lee Giles and Marco
Gori, editors,Adaptive Processing of Sequences and Data Structures, number 1387
in Lecture Notes in Artificial Intelligence, LNAI, pages 168–197. Springer-Verlag,
1998.

[44] D. Gilbert, D. Westhead, J. Thornton, and J. Viksna. Tops cartoons: formalisation,
searching and comparison.RECOMB99 (poster), 1999.

[45] D. Gilbert, D. Westhead, J. Viksna, and J. Thornton. Topology-based protein struc-
ture comparison using a pattern discovery technique.Journal of Computers and
Chemistry, 26(1):23–30, 2001.

[46] D. Gilbert, D. Westhead, and J. Viksna. Techniques for comparison, pattern match-
ing and pattern discovery: From sequences to protein topology. In Artificial Intelli-
gence and Heuristic Methods in Bioinformatics, pages 128–147. IOS Press, 2003.

[47] D. R. Gilbert, D. R. Westhead, N. Nagano, and J. M. Thornton. Motif–based search-
ing in tops protein topology databases.Bioinformatics, 15(4):317–326, 1999.



R. Backofen, D. Gilbert 939

[48] D. S. Greenberg and S. Istrail. Physical mapping by sts-hybradisation: Algorith-
mic strategies and the challenge of software evaluation.Journal of Computational
Biology, 2(2):219–273, 1995.

[49] B. J. Haas, A. L. Delcher, S. M. Mount, J. R. Wortman, R. K.J. Smith, L. I. Hannick,
R. Maiti, C. M. Ronning, D. B. Rusch, C. D. Town, S. L. Salzberg, and O. White.
Improving the Arabidopsis genome annotation using maximaltranscript alignment
assemblies.Nucleic Acids Research, 31(19):5654–66, 2003.

[50] R. M. Hall and C. M. Collis. Mobile gene cassettes and integrons: capture and
spread of genes by site-specific recombination.Mol Microbiol, 15(4):593–600,
1995.

[51] W. E. Hart. On the computational complexity of sequencedesign problems. In
Proc. of the First Annual International Conferences on Compututational Molecular
Biology (RECOMB97), pages 128–136, Santa Fe, New Mexico, 1997.

[52] F. U. Hartl and J. Martin. Molecular chaperones in cellular protein folding.Current
Opinion in Structural Biology, 5(92):92–102, 1995.

[53] C. Helgesen and P. Sibbald. PALM - a pattern language formolecular biology.
In L. Hunter, D. Searls, and J. Shavlik, editors,Proceedings First International
Conference on Intelligent Systems for Molecular Biology, pages 172–180. AAAI
Press, 1993.

[54] M. Hiller, K. Huse, M. Platzer, and R. Backofen. Creation and disruption of protein
features by alternative splicing – a novel mechanism to modulate function.Genome
Biol, 6(7):R58, 2005.

[55] I. L. Hofacker, S. H. Bernhart, and P. F. Stadler. Alignment of RNA base pairing
probability matrices.Bioinformatics, 2004.

[56] A. Horwich and J. Weissman. Deadly conformations: Protein misfolding in prion
disease.Cell, 89:499–510, 1997.

[57] T. Jiang, G. Lin, B. Ma, and K. Zhang. A general edit distance between RNA
structures.Journal of Computational Biology, 9(2):371–88, 2002.

[58] I. Jonassen, I. Eidhammer, and W. R. Taylor. Discovery of local packing motifs in
protein structures.Proteins, 34(2):206–219, 1999.

[59] N. C. Jones and P. A. Pevzner.An Introduction to Bioinformatics Algorithms (Com-
putational Molecular Biology). The MIT Press, 2004.

[60] M. Kanehisa. Grand challenges in bioinformatics.Bioinformatics, 14(4):309, 1998.
[61] M. Kanehisa and S. Goto. KEGG: Kyoto Encyclopedia of Genes and Genomes.

Nucleic Acids Res., 28:27–30, 2000.
[62] J. Kececioglu, H.-P. Lenhof, K. Mehlhorn, P. Mutzel, K.Reinert, and M. Vingron.

A polyhedral approach to sequence alignment problems.Discrete Applied Mathe-
matics, 104(1-3):143–186, 2000.

[63] J. D. Kececioglu. The maximum weight trace problem in multiple sequence align-
ment. In Alberto Apostolico, Maxime Crochemore, Zvi Galil,and Udi Manber,
editors,Proc. 4th Symp. Combinatorical Pattern Matching, pages 106–119, 1993.

[64] J. D. Kececioglu.Exact and Approximation Algorithms for DNA Sequence Recon-
struction. PhD thesis, University of Arizona, 1991.

[65] H. Kitano. Looking beyond the details: a rise in system-oriented approaches in
genetics and molecular biology.Current Genetics, 41(1):1–10, 2002.

[66] I. Koch, T. Lengauer, and E. Wanke. An algorithm for finding maximal common
subtopologies in a set of protein structures.Journal of Computational Biology, 3(2):



940 26. Bioinformatics and Constraints

289–306, 1996.
[67] L. Krippahl and P. Barahona. Psico: Solving protein structures with constraint pro-

gramming and optimization.Constraints, 7(4-3):317–331, 2002.
[68] M. Krummenacker, S. Paley, L. Mueller, T. Yan, and P. D. Karp. Querying and

computing with BioCyc databases.Bioinformatics, 21(16):3454–3455, 2005.
[69] R. H. Lathrop and T. F. Smith. Global optimum protein threading with gapped

alignment and empirical pair score functions.Journal of Molecular Biology, 255:
641–665, 1996.

[70] K. F. Lau and K. A. Dill. A lattice statistical mechanicsmodel of the conformational
and sequence spaces of proteins.Macromolecules, 22:3986 – 3997, 1989.

[71] F. Lefebvre. A grammar-based unification of several alignment and folding algo-
rithms. In David J. States, Pamkaj Agarwal, Terry Gaasterland, Lawrence Hunter,
and Randall Smith, editors,Proceedings of the Fourth International Conference on
Intelligent Systems for Molecular Biology, pages 143–154, Menlo Park, June 12–15
1996. AAAI Press.

[72] C. Lemer, E. Antezana, F. Couche, F. Fays, X. Santolaria, R. Janky, Y. Deville,
J. Richelle, and S. Wodak. The aMAZE LightBench: a web interface to a relational
database of cellular processes.Nucleic Acids Res., 32:D443–D448, 2004.

[73] H. P. Lenhof, K. Reinert, and M. Vingron. A polyhedral approach to RNA sequence
structure alignment.Journal of Computational Biology, 5(3):517–30, 1998.

[74] R. J. Lipshutz, S. P. Fodor, T. R. Gingeras, and D. J. Lockhart. High density synthetic
oligonucleotide arrays.Nature Genetics, 21:20 – 24, 1999.

[75] T. Macke, D. Ecker, R. Gutell, D. Gautheret, D. Case, andR. Sampath. RNAMo-
tif, an RNA secondary structure definition and search algorithm. Nucleic Acids
Research, 29(22):4724–4735, 2001.

[76] J. J. McGregor. Relational consistency algorithms andtheir application in finding
subgraph and graph isomorphisms.Information Sciences, 19:229–250, 1979.

[77] I. Michalopoulos, G. M. Torrance, D. R. Gilbert, and D. R. Westhead. Tops: an
enhanced database of protein structural topology.Nucleic Acids Research, Database
issue, 32:D251–D254, 2003.

[78] Y. Deville P. D. G. Dooms. Constrained metabolic network analysis: discovering
pathways using CP(Graph). InWorkshop on Constraint Based Methods for Bioin-
formatics, pages 29–35, 2005.
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0/1/all relation, 173, 183
1 in k-SAT, 644
2+p-SAT, 644

AAS, 700, 711
absolute time, 665
ABT, 701, 703
ABT DO, 712
ABTR, 712
AC-1, 16, 17
AC-2, 16
AC-3, 16–18, 610
AC-DC, 744
activity, 759, 761–763

breakable, 766
late, 768, 769, 783–784
optional, 767

acyclic constraint network, 301, 862
ADOPT, 709
AFC, 701
agent, 464, 473, 699
agentview, 705
AKL, 464, 466
algebra, 179

factor, 181
homomorphism, 181
sub-algebra, 181
surjective, 181

algorithm
BC4, 580
HC4, 577
interval evaluation, 576

ALICE, 626, 627
alignment, 908

distance, 908
optimal ˜, 908

Allen’s Interval Algebra, 187–188
tractable subalgebras, 188

almost symmetries, 365
ALPS, 463
alternative, 502
ant colony optimisation, 265
application

automatic control, 592
conceptual design, 591
image synthesis, 592
robotics, 591

applications, 473
approximation

inner, 574
arc consistency, 482, 677

soft constraints, 306
artificial intelligence, 759, 792
Ask, 464
assignment problem, 531, 786

generalized, 548, 553
asynchronous aggregation search, 700, 711
attributed variables, 434
AWC, 712

B-Prolog, 606
backbone, 643, 646, 656
backdoor, 651
backjumping, 20, 94, 100–102, 118, 120,

121
distributed dynamic, 701
for n-ary disjunctive difference constraints,

678
backtrack threshold, 709
backtracking, 18–21, 83, 205

asynchronous, 701, 703
synchronous distributed, 700
constraint logic programming, 428
copying, 429
for n-ary disjunctive difference constraints,

678
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for disjunctions of point algebra rela-
tions, 676

for disjunctive binary difference con-
straints, 677

for the interval algebra, 676
trailing, 429

bandwidth on demand, 883
Bayesian network, 293
belief network, 750
Benders cut, 555
Benders decomposition, 554, 886

classical, 556
betweenness relation, 174, 184
BGP, 890
binary difference constraint, 671–675, 677
binary difference constraints

with disequations, 672
bioinformatics, 317
blocking island, 882
Boolean algebra, 478
Boolean combination of binary difference

constraints, 673, 678, 679
bounded time, 665
bounds consistency, 481
Branch and Bound, 820
branch and bound, 19, 295, 398, 532
branch and cut, 532
branch and price, 552
branch and reduce, 573
branching, 501, 511
branching CSP, 747
branching strategies, 85–88, 120
branching time, 664, 689
breakout method, 259
bucket elimination, 300–301, 552, 713

c-semiring, 285
Cardinal, 618
cardinality operator, 384
CC, 464
CC framework, 465
CCLP, 463
CCP, 465
certainty closure, 734
certainty query, 679–689
CHIP, 13, 626
CHOCO, 606

choice point, 377, 502
CHR, 464, 471
CIAO, 464
classical constraint network, 281
clone

of operations, 180
relational, 176

CLP, 463
cluster tree elimination, 302
coarse-grained algorithm, 41
Column Generation, 821
COMET, 267
complementary slackness, 530
completeness, 265

PAC, 252
composition, 667

weak, 675
computation space, 468, 469
computational group theory, 334
conceptual model, 407
concurrency, 451, 466, 477
concurrent constraint checks, 710
concurrent constraint programming, 466
concurrent messages, 710
conditional CSP, 750
configuration, 835–867
conflict set, 101, 842, 863
confluence, 476
conjunction of constraints, 381–382
Conjunto, 606, 626
connectivity, 813
consensus, 749
consistency, 15–18, 496, 612, 840, 843, 861–

863
kB consistency, 579
3B consistency, 579
distributed maintenance, 711
adaptive consistency, 51

adaptive relational consistency, 55
arc, 482, 677
arc consistency, 13, 16–18, 20, 21, 35–

47, 89, 90, 96, 98, 218, 430, 435,
510, 641, 642, 764, 769, 776, 778,
862

ACb, 46
AC2001, 44–46
AC3, 39–40
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AC3.2, 47
AC3.3, 47
AC4, 41–43
AC6, 43–44
AC7, 47
bidirectionality, 46
DEE, 46
generalized arc consistency, 35

bound consistency, 63–66, 73, 229, 376,
378, 383, 456, 614

bound(D) consistency, 63–66
bound(R) consistency, 64–66
bound(Z) consistency, 63–66, 73

bounds, 481
bounds consistency, 92, 510, 809
box consistency, 578
directional arc consistency, 60
domain consistency, 36, 499
forward checking, 61
full lookahead, 62
generalized arc consistency, 18, 218,

376, 383
global, 666

for binary difference constraints, 671
for binary difference constraints with

disequations, 672
for the Ord-Horn subclass, 670
for the point algebra, 668
for the pointisable subclass, 668

global consistency, 32, 51, 52
hierarchical arc consistency, 18
hull consistency, 572, 576
hyperk-consistency, 54
hyper arc consistency, 36
(i, j)-consistency, 51
interval, 572
inverse consistency, 56
k-consistency, 13, 18, 49, 89, 93, 107,

121, 666
for binary difference constraints with

disequations, 672
for the point algebra, 668
for the pointisable subclass, 668
strongk-consistency, 50

k-wise consistency, 53
local, 666

for binary difference constraints with
disequations, 672

for the Ord-Horn subclass, 670
for the point algebra, 668
for the pointisable subclass, 668

local consistency, 32
closure, 34
fixpoint, 34
stability under union, 33

max-restricted path consistency, 57
neighborhood inverse consistency, 57
node consistency, 16
pairwise consistency, 53
partial lookahead, 62
path, 386, 668

for binary difference constraints, 671
for the interval algebra, 668
for the Ord-Horn subclass, 670

path consistency, 13, 17–18, 20, 48, 93,
642, 764

path inverse consistency, 56
range consistency, 63–66, 73
relational consistency, 54

relational arc consistency, 54
relational(i,m)-consistency, 55
relationalm-consistency, 54

restricted path consistency, 56
singleton arc consistency, 58

SAC-SDS, 59
SAC1, 58
SAC2, 58
SAC3, 59
SACOpt, 59

singleton consistency, 58
constrained local search, 265
constrainedness, 639
constraint, 28, 843, 848–861

0/1/all, 173, 183
encrypted, 723
partially known, 724
private, 723
all different, 18, 213, 218, 344, 383,

394, 425, 426, 814
all-different, 98, 539
arithmetic, 480
arity, 376
balance, 781–783
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binary, 14–18, 28
binary difference, 671–675, 677
Boolean, 478
chaneling, 392–394
circuit, 216, 540
combinators, 452, 454
conjunction of constraints, 381–382
connected row-convex, 173, 183, 197
constraint graph, 14, 21, 638, 856
continuous, 569
cumulative, 215, 234, 425, 541, 556
database, 680–689

indefinite, 680–689
defining in constraint logic programming

systems, 433
disjunction, 73, 384
disjunctive, 776, 778
disjunctive binary difference, 671, 677
dominance rule, 399
duration, 675
edge-finding, 776–777
element, 213, 393, 538
energy precedence, 780
entailed, 38, 71
extensional, 376, 383–384
filtering, 456
first order, 588
first-order, 680–689
fuzzy, 281–283
global, 18, 28, 72–74, 98, 107, 117,

205, 382–383, 387, 433, 483, 496,
760, 776–783, 785, 792, 815, 817

decomposition, 72
in constraint logic programming, 426
in constraint logic programming lan-

guages, 425
global cardinality, 214, 220, 431
global cardinality with costs, 214, 225
hard, 281
Horn-disjunctive linear, 673, 674
implicational, 173
implied, 94, 385–388, 397–398
interval, 569
k-weighted, 284
knapsack, 212, 225, 881
language

first-order, 680–689

lexicographic, 283, 341, 346
linear, 65, 764, 855
linear Horn, 175, 196
max-closed, 173, 183
meta, 511
minimum, 479
n-ary disjunctive difference, 672, 678
network

interval, 666
temporal, 663–690

non-binary, 28
nonlinear, 571
not-first not-last, 777
optimization, 294, 646
optimization constraint, 225
ORD-Horn, 175
Ord-Horn, 670
order, 474, 483
path constraint, 808
piecewise linear, 543
possibilistic, 283
precedence graph, 780, 786–787
primitive, 411
probabilistic, 284
propagation, 11–13, 15–20, 32, 88–94,

96, 117, 205, 836, 847, 863, 864
propagation redundant, 395
quantified, 575, 588
redundant, 299, 385, 399, 432, 454
regular, 215, 222
reification, 454
reified, 384, 431, 511
resource, 763–765, 776–783, 788
scope, 376
semiring-based, 285–287
set

minimal, 666, 667
set constraint, 613
simplifying lexicographic, 343
soft, 13, 199, 217, 279–320, 689, 749

combination, 288
projection, 288

soft all different, 217, 227
solved form, 480
solver, 13, 68, 74, 205, 453, 478, 852,

856, 863
store, 473
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stretch, 98
sum, 212
symmetry breaking, 340
temporal, 663–690, 764, 773, 780, 786,

788
tightness, 15–17, 198
timetable, 778
unit two-variable per inequality (dise-

quation), 672
valued, 287–288
weighted, 283–285

constraint databases, 440
constraint domain, 411
constraint graph, 29, 107

cutset, 108
degree, 105
separator, 108
width, 107

constraint handling rules, 434, 471
constraint language, 170

Boolean, 172
reduced, 180

constraint logic programming
CLP(FD), 471

constraint logic programming, 13, 407, 466,
592, 605, 607

answer, 414
BNR-Prolog, 592
CHIP, 410
CLP(R), 13
CLP(BNR), 592
CLP(FD), 412, 481
CLP(R), 410, 425, 480
conceptual model, 423
constructive negation, 421
data structures, 426
derivation, 413

fair, 420
design model, 428
disjunction, 430
dynamic scheduling, 433
ECLiPSe, 411
Eclipse, 592
finite failure, 414
history, 409
immediate consequence function, 418
impact, 440

minimization complete, 422
modeling CSPs, 424
negation as failure, 420
optimization, 422, 427, 440
Prolog III, 410
Prolog IV, 592
recursion, 425
search, 435
semantics

algebraic, 417
Clark completion, 418
CLP Scheme), 411
least model, 417
logical, 416, 418
of success, 416
operational, 413

semanticsfixpoint, 418
state, 413
syntax, 412

constraint network, 29
binary network, 30
minimal network, 52

constraint optimisation, 265
constraint optimization, 14, 15, 19, 115, 225,

707
distributed, 697

asynchronous, 707
open, 697, 720
constraint logic programming, 422, 427

constraint optimization problem, 15
distributed, 699

constraint programming
open, 719
concurrent constraint programming, 441
programming paradigms, 441

functional programming, 441
imperative programming, 441
object oriented programming, 442
term rewriting, 441

constraint propagation, 377
constraint relaxation, 737
constraint retraction, 737
constraint satisfaction, 246

distributed, 697
asynchronous, 701

open, 697, 719
secure, 723



948 INDEX

open, 698
constraint satisfaction problem, 13–18

distributed, 699
open, 700
domain, 424

constraint solver, 478
(in)complete, 416, 429, 432
CLP scheme, 412
incremental, 415, 428

constraint solver programming, 471
constraint:finite domain, 481
continuation, 462
continuous endpoint subclass, 668
convex closure, 614
convex hull, 534
convex point algebra, 668
cooperative mediation, 713
COP,seeconstraint optimization problem
copying, 513
CP(Graph), 607, 627
CP-net, 293
CSP,seeconstraint satisfaction problem, 246

spatial, 689
temporal, 663–690

CSPF, 878
cutset, 21, 652, 862, 866
cutting planes, 534

Chvátal-Gomory cuts, 536
comb inequalities, 541
Gomory cuts, 536
knapsack cuts, 537
lifting, 537
mixed integer rounding cuts, 536
separating cuts, 536

cyclic time, 664

database
constraint, 680–689

indefinite, 680–689
Datalog, 194
DCOP, 707
DDBJ, 701
deadlock, 465
decision problem, 170, 186
decomposability, 666

for binary difference constraints, 671

for binary difference constraints with
disequations, 672

for the Ord-Horn subclass, 670
for the point algebra, 668
for the pointisable subclass, 668
global constraints, 72
Montanari’s decomposability, 51

deep guard, 469
definite temporal information, 665
definitions of symmetry, 335
demand acceptance problem, 878
dense time, 664
dependency graph, 552
description logic, 838, 839, 845
descriptive complexity, 194
design model, 407, 428
DFS tree, 709
directional arc consistency

soft constraints, 306
directional path consistency

for binary difference constraints, 672
discrete time, 664
DisCSP, 699
disequality relation, 174
disjunction

of linear systems, 534
of nonlinear systems, 544

disjunctive binary difference constraint, 671,
677

distance graph, 671
distributed programming, 468
distributed system, 464
diversification, 268
DnAC-4, 744
DnAC-6, 744
DnGAC4, 744
domain

continuous, 569
domain filtering

based on dynamic programming, 549
based on Lagrangean duality, 548
based on linear programming duality,

530
dominance, 365
DPOP, 713
dual

Lagrangean, 545, 546
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linear programming, 530
dual encoding, 53, 294
dual graph, 389–390
duration constraint, 675
dynamic CSP, 737
dynamic local search, 258, 266
dynamic programming, 21, 83, 548

distributed, 713
nonserial, 551
state space relaxation, 550

dynamic symmetry breaking, 348

EasyLocal++, 267
ECLiPSe, 606
EHP, 639
energy reasoning, 778–780
entailment, 464, 499
enumeration domain, 482
equation solving, 480
equivalence-preserving inference rule, 306
Evolutionary algorithm, 807
evolutionary algorithms, 264
expectation, 748
explanations, 742
exploration, 514
expressive power, 176

FACILE, 606
factor (of an algebra), 181
fat distribution, 650
filtering, 205

reduced-cost based, 231
filtering algorithm, 495, 507
fine-grained algorithm, 41
finite automata, 608
finite domains, 481
finite-size scaling, 640
first-order, 680–689

constraint, 680–689
constraint language, 680–689
language, 680–689
structure, 680–689
temporal constraint, 680–689
theory, 680–689

flaw, 640
forward checking, 20, 91, 94, 96, 101, 102,

104, 117, 118, 120

asynchronous, 701
for n-ary disjunctive difference constraints,

678
Fourier elimination, 683
frequency assignment problem, 315
fuzzy constraint satisfaction, 732, 751
fuzzy constraints, 281–283
fuzzy lexicographic constraints, 283

GAC, seeconsistency, generalized arc con-
sistency

Gaussian elimination, 480
generalized propagation, 435
GENET, 259
Genetic algorithm, 807
GHC, 464
global consistency, 666

for binary difference constraints, 671
for binary difference constraints with

disequations, 672
for the Ord-Horn subclass, 670
for the point algebra, 668
for the pointisable subclass, 668

global constraint
atmost1, 606, 623
disjoint, 623
distinct, 606
GCC, 624
partition, 624
soft constraints, 309

graduation, 614
graph

ALICE, 604
bipartite, 207
directed, 207
graph object, 626
graph variable, 627
matching, 208
network flows, 208
residual, 209
strongly connected component, 207
undirected, 207

GraphH-Coloring, 193
graph isomorphism, 362, 365
graph width, 21
group theory, 329

right transversal, 333
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axioms, 331
cauchy form, 330
composition, 331
cosets, 333
cyclic form, 330
generators, 332
in constraint programming, 334
inverse, 331
orbit, 334
order, 332
stabiliser, 334
stabiliser chain, 334
subgroup, 333

GSAT, 251
guard, 473
Guided Local Search, 260, 268

heavy tail, 112–114
heavy-tailed distribution, 649, 650
heuristic, 11, 19, 20

bisection, 574
branching, 640, 786–789
earliest, 438
min conflicts, 109, 739, 745
promise, 109
smallest domain, 20, 104–107, 437, 460
symmetry breaking, 355
value, 85, 103–104, 108–110, 113, 114,

120, 458, 460
variable, 85, 104–108, 110, 113, 114,

118, 378, 458, 460
heuristic repair, 739
hidden variable encoding, 73
hierarchical constraint logic programming,

292
hill-climbing, 249
homomorphism

of algebras, 181
of relational structures, 193

Horn clause, 172, 183
Horn-disjunctive linear constraint, 673, 674
HotFrame, 267
hybrid methods, 411, 525, 558, 789, 791,

792
computational performance, 526
continuous constraint solving, 585

idempotent operation, 181, 192
IGP, 890
ILOG

Dispatcher, 267
Solver, 267

implicational relation, 173
incentive-compatible, 722
incompleteness, 265

essential, 250
incremental algorithm

for n-ary disjunctive difference constraints,
679

for binary difference constraints, 677
for the Ord-Horn subclass, 670
for the point algebra, 670

indefinite
constraint database, 680–689
temporal information, 665

indeterminate temporal information, 665
indexical, 434, 510
indicator problem, 178
individual rationality, 722
induced graph, 300
induced width, 300, 552
industrial applications, 442
inequality relation, 174
instantiation, 30

locally consistent instantiation, 30
integer linear programming, 532, 838, 855
integrated methods, 558
intensification, 268
interactive CSP, 751
interval, 575

algebra, 667, 676, 681, 683, 685
constraint

network, 666
modal, 590
time, 663–690

interval algebra, 187–188, 613
tractable subalgebras, 188

interval analysis, 581
Gauss-Seidel method, 582
multivariate Newton method, 583
univariate Newton method, 581

interval arithmetic, 575
interval constraint, 569
interval extension, 576
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iOpt, 267
iterated local search, 265
iterative improvement, 249

randomised, 252

Java, 473
Job Shop Scheduling Problem, 802
join, 29

k-consistency, 666
for binary difference constraints with

disequations, 672
for the point algebra, 668
for the pointisable subclass, 668

k-independence, 196
k-weighted constraint, 284
knapsack, 881
knife-edge, 637, 638

labeling, 13, 475, 479, 501
constraint logic programming, 408, 436
domain splitting, 482

Lagrangean dual, 545, 546
of linear programming problem, 547
solving, 546

Lagrangean relaxation, 545
Lagrangian method, 262
Lagrangian Relaxation, 822
Lagrangian relaxation, 880
language

first-order, 680–689
Large Neighbourhood Search, 819, 820
Latin square, 647
lattice

clp(L), 607
powerset, 612

learning, 19, 20, 836, 842, 862, 864, 866
lexicographic bounds, 619
lexicographic order constraint, 483
library

Boost, 592
Gaol, 592

Limited Discrepancy Search, 819
linear constraint, 673, 682, 683
linear equations, 172
linear logic, 476
linear polynomial equations, 480

linear programming, 211, 232, 480, 528, 784
basic solution, 528
basic variables, 529
continuous relaxation, 584
duality, 530
incremental Simplex, 428
Lagrangean dual for, 547
mixed integer programming, 784, 790–

792
reduced cost, 529
sensitivity analysis, 530
simplex method, 529

link disjoint, 885
local changes, 740
local consistency, 666

for binary difference constraints with
disequations, 672

for the Ord-Horn subclass, 670
for the point algebra, 668
for the pointisable subclass, 668
soft constraints, 303–309

local minima, 250, 252, 254, 258
local repair, 739
local search

for n-ary disjunctive difference constraints,
679

for the interval algebra, 676
logic, 194
logic programming, 13
lookahead, 20

maintaining arc consistency, 20, 47, 90–92,
117, 118

soft constraints, 312
markov decision problem, 747
MAX-CSP, 266
MAX-SAT, 266
maximal tractable class, 670, 673, 675
MAX SAT, 292, 294, 307
meeting scheduling, 697
membership function, 281
Memetic algorithm, 807
meta-heuristic, 806
metaheuristics, 245
metric

temporal constraint, 671–675
temporal information, 665
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min-conflicts heuristic, 250, 252, 255
mini-bucket bounds, 311
mini-bucket elimination, 303
mini-cluster tree elimination, 303
minimal

constraint set, 666, 667
network, 666, 679

for binary difference constraints, 671
for binary difference constraints with

disequations, 672
for the continuous endpoint subclass,

668
for the convex point algebra, 668
for the interval algebra, 668
for the Ord-Horn subclass, 670
for the point algebra, 668, 670
for the pointisable subclass, 668

mixed
temporal constraint, 674
temporal information, 665

mixed CSP, 734
mixed integer linear programming, 532
modal interval, 590
modal query, 679–689
modeling, 11, 94, 248, 267, 451, 838, 840–

841, 851–861
CLP impact, 442
conceptual model, 407
design model, 407, 428
disjunctive, 534
dual model, 394
fixed charges, 533
mixed integer linear programming, 532
pattern, 400
problem representation, 377
viewpoint, 379–380, 391–396
with constraint logic programming, 423

modeling language, 519
modelling, 338

matrix, 346
morphing, 649
Mozart, 464
multicommodity flow problem, 880
multisets, 616

n-ary disjunctive difference constraint, 672,
678

n-queens, 482
n-queens, 12, 19, 21
n-queens problem, 213
n-queens problem, 380, 381
NAE SAT, 645
narrowing operator, 495
neighbourhood, 248, 249

connected, 252
large, 265, 266

network
minimal, 666, 679

for binary difference constraints, 671
for binary difference constraints with

disequations, 672
for the continuous endpoint subclass,

668
for the convex point algebra, 668
for the interval algebra, 668
for the Ord-Horn subclass, 670
for the point algebra, 668, 670
for the pointisable subclass, 668

point-duration, 675
node consistency

soft constraints, 306
node disjoint, 886
nogood, 20, 31, 94, 388, 555, 704, 706, 712

recording, 94–99
non-convex time interval, 689
non-determinism

don’t care, 465
don’t-know, 464

NP-complete, 171

OCOP, 700
OCSP, 700
ontologies, 629
open constraint optimization problem, 700
open CSP, 751
Open Shop Scheduling Problem, 802
operation

conservative, 182
essentially unary, 184
Mal’tsev, 182, 184
near-unanimity, 182, 183
semilattice, 182
semiprojection, 184

operational equivalence, 478
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operations research, 12, 14, 525, 759, 760,
792

OPL, 267
OptAPO, 713
optimal asynchronous partial overlay, 713
optimization, 398–399

constrained, 575
global, 575

oracles, 742
Ord-Horn

constraint, 670
subclass, 670

order-sorted domains, 629
overconstrained temporal CSP, 689
OZ, 606
Oz, 466

parallelism, 475
partial constraint satisfaction, 291
partially ordered time, 664, 689
path consistency, 668

for binary difference constraints, 671
for the interval algebra, 668
for the Ord-Horn subclass, 670

path constraint, 879
path placement

link based, 879
node based, 883
path based, 882

PC-1, 17
PC-2, 17
penalty-based methods, 258, 266
periodic temporal information, 665, 689
permutation problem, 390–391, 394
phase transition, 637, 638, 647
PKC, 724
Planner, 13
planning, 759–793

action, 770
constraint based, 759–761, 769, 773,

775, 776, 792, 793
graph, 770
operator, 770, 773

effect, 770
precondition, 770

planning and scheduling, 556
point

algebra, 668, 676, 681, 683
convex, 668

time, 663–690
point-duration network, 675
pointisable subclass, 668
polymorphism, 177

multi-sorted, 192
polynomial class

soft constraints, 309–311
possibilistic constraints, 283
possibility query, 679–689
preference, 689, 841, 842, 861, 863, 865–

866
privacy, 723
privacy loss, 724
probabilistic constraints, 284
probabilistic CSP, 735, 736
probe backtracking, 881
process, 464, 473
program analysis, 476
projection, 29, 852

soft constraints, 288
Prolog, 13
Prolog II, 13
propagation event, 69, 499, 504
propagation list, 47, 74
propagation rule, 472
propagator, 66, 74, 429, 495–497

checking, 495
correct, 495
entailed, 499
idempotent, 66, 498, 507
least fixpoint, 67
monotonic, 66
priority, 505
rewriting, 499
stability, 67

propositional logic, 478
propositional satisfiability, 14, 15, 172, 247,

478, 642, 678, 838, 840, 853
2-satisfiability, 195
3-satisfiability, 195
Horn clause, 183
Not-All-Equal satisfiability, 172
One-in-Three satisfiability, 173

qualitative
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algebra, 670
temporal constraint, 667–671
temporal information, 665

quality of service, 879
quantified Boolean formula, 642, 645
quantified contraint

continuous, 588
quantifier elimination, 680–689
quantitative

temporal information, 665
quasigroup, 646
query

aggregation, 679
certainty, 679–689
hypothetical, 680
modal, 679–689
possibility, 679–689

random graphs, 655
random k-SAT, 642
random problems, 21, 116, 637, 638
randomization and restarts, 109–114, 637,

639, 649, 650, 654
RB-AC, 742
reasoning

temporal, 663–690
recomputation, 514
recurrent CSP, 745
reduced cost, 817
reduced-cost, 212

based filtering, 231
regret, 749, 816
regular set, 608

CLP(Σ∗), 605
relation, 170

multi-sorted, 190
relation variables, 626
relational clone, 175–177
relational structure, 187, 193

ω-categorical, 187
relaxation

convex hull, 534
dynamic programming, 548
Lagrangean, 545
linear programming, 528
of all-different constraint, 539
of circuit constraint, 540

of cumulative constraint, 541
of disjunction of nonlinear systems, 544
of element constraint, 538
of global constraints, 538
of piecewise linear constraint, 544

reordering
asynchronous, 712

resilience analysis, 893
resource, 759, 773

alternative, 765
calendar, 766, 792
cumulative, 763, 778–780, 788
reservoir, 767, 781–783
state, 767
unary, 763, 776–777, 783, 788

resource allocation, 315
ROBDD, 607, 621
rule

propagation, 472
simplification, 472

rules, 471
rules iteration, 32, 66

reduction rules, 32, 66
runtime distribution, 110–114
russian doll search, 297

SALSA, 267
SAT,seepropositional satisfiability, 247, 678
SAT solver, 678, 679

for n-ary disjunctive difference constraints,
678

for Boolean combinations of difference
constraints, 678, 679

satisfiability, 84, 92, 93, 97–99, 107, 108,
118, 120

propositional, 678
scenarios, 747
Schaefer’s Dichotomy Theorem, 172
scheduling, 11, 12, 14, 15, 215, 234, 729,

745, 759–793, 841
constraint based, 759–761, 778, 792,

793
elastic, 761, 764
non-preemptive, 761, 762, 764, 775–

788
preemptive, 761, 762, 764, 783, 790
uncertainty and, 749
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Schreier Sims algorithm, 334
search, 13, 15, 205, 457, 469, 475, 479, 482,

836, 840, 841, 860, 861, 864–867
asynchronous Weak-Commitment Search,

712
distributed, 700
distributed local search, 716
AND/OR, 313
backtracking, 83
best-first, 114
bounded backtracking, 313
branch and bound, 116, 295, 532
branch and cut, 532
branch and price, 552
control flow, 460
controllers, 462
depth-first, 18–20, 84, 114, 453, 461
encapsulated, 468
first fail, 437
heuristic, 457
label earliest, 438
local, 83, 245, 298, 789–790
local search, 439
non-determinism, 458
programming in constraint logic pro-

gramming, 435
pseudotree, 313
russian doll, 297
strategies, 460
systematic, 83, 295
systematic search, 436

search order, 386–387
search problem, 186
search tree, 84, 85, 88, 100, 105, 114, 120
semantics

CHR, 473
semi-ring CSP, 736
semidefinite programming, 528
semigroup, 183
semiring constraint network, 286
semiring-based constraints, 285–287
series-parallel graph, 676
set

regular, 608
set cardinality, 614
set constraints, 613
set data structures, 630

set domain, 613
set interval, 612, 613
set interval calculus, 613
set variable, 606, 613

set based languages
{log}, 609
CLP(Σ∗), 607
CLPS, 610

set constraint
atmost1, 623
disjoint, 623
global set constraint, 622
graduated constraint, 615
inference, 615
partition, 624

set domain
lexicographic bounds, 619
ROBDD, 621

setup
cost, 766, 768, 784–787, 789, 792
time, 766, 768, 784–787, 789, 792

simple temporal problem, 749
Simplex algorithm, 480
simplex method, 212
simplification rule, 472
simulated annealing, 265
Skolem constant, 685
small-world graphs, 649
soft constraint, 689

applications, 315–319
modelling in constraint logic program-

ming, 428
soft constraints, 279–320

combination, 288
projection, 288

software package
BARON, 592
C-XSC, 592
Constraint Explorer, 592
ILOG Solver, 592
Intlab, 592
Numerica, 592

solved form, 480
Solver, 606
solver

black-box, 471
glass-box, 453, 471
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spatial CSP, 689
SRLG, 886
stability, 469
state restoration, 512
stochastic CSP, 736, 747
stochastic local search, 245, 248
structure

first-order, 680–689
subgradient optimization, 546
supersolutions, 745

weighted, 747
symmetry, 19, 21, 97, 377, 396–398

breaking, 397–398, 483, 866
symmetry and implied constraints, 364
symmetry and inference, 364
symmetry and local search, 364
symmetry applications, 361
symmetry breaking, 631
symmetry breaking methods

all different constraint, 344
combination, 360
constraints, 340
GAP-SBDD, 357
GAP-SBDS, 356
GE-Trees, 358
heuristics, 355
Lex-Leader constraints, 341, 343
matrix models, 346
reformulation, 338
SBDD, 352
SBDS, 349
STAB, 359
Subsets Lex Leader, 346

symmetry detection, 362
symmetry expression, 362
symmetry in planning, 365
symmetry in SAT, 365
symmetry in theorem proving, 365
systematic local search, 265

Tabu Search, 807
tabu search, 254
Tell, 464
temporal

constraint, 663–690
first-order, 680–689
metric, 671–675

mixed, 674
network, 663–690
qualitative, 667–671

CSP, 663–690
overconstrained, 689

information, 663–690
definite, 665
indefinite, 665
indeterminate, 665
metric, 665
mixed, 665
periodic, 665, 689
qualitative, 665
quantitative, 665

reasoning, 663–690
termination, 476
termination detection, 709
theory

first-order, 680–689
thrashing, 15, 17
tightness, 198
time, 663–690

absolute, 665
bounded, 665
branching, 664, 689
cyclic, 664
dense, 664
discrete, 664
granularity, 665, 672
interval, 663–690

non-convex, 689
partially ordered, 664, 689
point, 663–690
structure, 664
totally ordered, 664
unbounded, 665

time windows, 811
totally ordered time, 664
tractability, 15, 21, 38

tractable algebras, 180
tractable classes, 21
tractable language, 171
tractable operations, 179

Tractable algebras conjecture, 185
tractable class

maximal, 670, 673, 675
traffic flow analysis, 893
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traffic placement problem, 878
trailing, 512
traveling salesman problem, 539, 540, 550

comb inequalities, 541
with time windows, 531

traveling salesperson problem, 216
Travelling Salesman Problem, 801
tree decomposition, 301
tree width, 302
truthful mechanism, 722

unbounded time, 665
uncertain CSP, 734
unfold, 465
unification, 503
unit propagation, 89, 92
unit two-variable per inequality (disequation)

constraint, 672

valuation structure, 287
value aggregation, 711
valued constraint network, 288
valued constraints, 287–288
valued CSP, 736
variable, 11, 13, 14, 841, 843, 847, 852–

862, 865–866
auxiliary, 384–385
boolean, 391, 400
domain, 494, 505–506
dual, 389–390
elimination, 382, 480
graph, 237
hidden, 389
input, 496
output, 496
search, 395
set, 236
set variable, 396, 613, 853, 858, 860,

861
variable elimination, 300–301, 311, 680–689
variable fixing, 232
Variable Neighbourhood Search, 807
variable order, 386–387
VCG mechanism, 722
Vehicle Routing Problem, 799
Vehicle Routing Problem with Time Win-

dows, 800

Vickrey-Clarke-Groves tax, 722
visualization, 388, 400

WalkSAT, 253
weak composition, 675
weighted constraints, 283–285

XOR SAT, 645

ZDC, 267


