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Abstract

Many different notions of “program property”, and many different methods of veri-
fying such properties, arise naturally in programming. We present a general frame-
work of Specification Structures for combining different notions and methods in a
coherent fashion. We then apply the idea of specification structures to concurrency
in the setting of Interaction Categories. As a specific example, a certain specifica-
tion structure defined over the interaction category SProc yields a new category
SProcp in which morphisms are deadlock-free concurrent processes and composi-
tion is process interaction. SProcp is obtained from SProc by adding specification
information to the objects which is strong enough to guarantee deadlock-freedom.
The main technical contribution is to show that this can be done in a way which
is preserved by composition. The methods used to achieve this can be seen as a
semantic analogue of those used to prove strong normalization in classical linear
logic.

1 Introduction

In this paper we are concerned with a concrete instance of the following gen-
eral situation. We have a semantic universe (category with structure) G,
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suitable for modelling some computational situation, but possibly carrying
only a very rudimentary notion of “type” or “behavioural specification”. We
then refine the objects of Gy in order to obtain a richer setting for performing
specification and verification. This paper provides a detailed development of
this idea in the setting of interaction categories [1,5,6], with particular refer-
ence to synchronous systems. Section 2 introduces the notion of a specification
structure, which formalizes the idea of enriching a semantic universe with a
refined notion of property. Section 3 reviews the theory of interaction cate-
gories and defines SProc, a category of synchronous processes. In Section 4
we explicitly state the requirements for a specification structure to be defined
over an interaction category such as SProc, and in Section 5 we define a par-
ticular specification structure over SProc. The result is a category SProcp, in
which the objects contain specification information strong enough to guarantee
deadlock-freedom and in which deadlock-freedom is closed under composition.
We also define a specification structure R, based on a different approach to
specifying deadlock-freedom. In Section 6 we prove that the two specification
structures are equivalent, and that up to isomorphism we have constructed
just one category of deadlock-free processes. As an application of the theory
developed in the rest of the paper, Section 7 analyses the construction of a
class of synchronous networks, which encompasses both synchronous dataflow
programs in languages such as SIGNAL [26] and LUSTRE [27], and systolic
algorithms [22]. Finally we compare our theory with other approaches, and
discuss current limitations and possibilities for further developments. For a
more general discussion of the methodological issues relating to specification
structures, see [2].

2 Specification Structures

The notion of specification structure, at least in its most basic form, is quite
anodyne, and indeed no more than a variation on standard notions from cate-
gory theory. Nevertheless, it provides an alternative view of these standard no-
tions which is highly suggestive, particularly from a Computer Science point of
view. Similar notions have been studied, for a variety of purposes, by Burstall

and McKinna [35], O’Hearn and Tennent [40], and Pitts [43].

Definition 1 Let C be a category. A specification structure S over C is de-
fined by the following data:

o for each object A of C, a set PsA of “properties over A”.
e for each pair of objects A, B of C, a relation Sy p C PsAxC(A,B)x PsB.

We write ¢{f}v for Sap(d, f,¥) (“Hoare triples”). This relation is required
to satisfy the following azioms, forf : A — B,g: B — C, ¢ € PsA, ¢ € PsB



and 6 € PsC':

p{ida}o (1)
d{ Yo, v{g9}0 = &{f;g}0. (2)

The axioms (1) and (2) are typed versions of the standard Hoare logic axioms
for “skip” and “sequential composition” [21]. Given C and S as above, we can
define a new category Cg. An object of Cg is a pair (A4, ¢) with A € ob C and
¢ € PgA. A Cg-morphism f : (A, ¢) — (B,v) is a morphism f: A — Bin C
such that ¢{f}v.

Composition and identities are inherited from C; the axioms (1) and (2) ensure
that Cg is a category. Moreover, there is a faithful functor

C «—~ Cg

given by

A (4, 9).

In fact, the notion of “specification structure on C” is coextensive with that
of “faithful functor into C”. Given such a functor F' : D — C, we can define a
specification structure S by:

PsA = {pcobD|F(¢)= A}
${f}0 < 3a cD($,%). Fla) = f

(by faithfulness, a is unique if it exists). It is easily seen that this passage
from faithful functors to specification structures is (up to equivalence) inverse
to that from S to C «— Cg.

A more revealing connection with standard notions is yielded by the observa-
tion that specification structures on C correspond exactly to lax functors from
C to Rel, the category of sets and relations. Given a specification structure S
on C, the object part of the corresponding functor R : C — Rel is given by
Pg, while for the arrow part we define

R(f)={($, ) | p{f}¥}.

Then (1) and (2) become precisely the statement that R is a lax functor with
respect to the usual order-enrichment of Rel by inclusion of relations:



See [41] for a fuller discussion of how this idea relates to more general notions
in category theory.

The notion of specification structure acquires more substance when there is
additional structure on C which should be lifted to Cg. Suppose for example
that C is a monoidal category, i.e. there is a bifunctor ® : C> — C, an object
I, and natural isomorphisms
assocsgc: (A®B)®C =2 A® (B C)
unitly : IQA=A
unitry : AQI= A

satisfying the standard coherence equations [34]. A specification structure for
C must then correspondingly be extended with an action

®4,B: PgA x PsB — Ps(A ® B)

and an element Ig € Pgl satisfying, for f : A — B, f' : A’ — B’ and
properties ¢, ¢, ¥, ¥, 6 over suitable objects:

A1, ¢ {f 1Y = (6@ ¢)N{f ® f} (¥ ®Y')
(¢ ®9) ® b){assocspc} (4 ® (¥ ®0))
(Is ® ¢){unitls}¢
(¢ ® Is){unitra}o.

Such an action extends the corresponding lax functor R : C — Rel to a lax
monoidal functor to Rel equipped with its standard monoidal structure based
on the cartesian product.

Now assume that C is symmetric monoidal closed, with natural isomorphism
symm, 5 : A® B = B® A, and internal hom —o given by the adjunction
C(A® B,C)=C(A,B — ().

Writing A(f) : A — B —o C for the morphism corresponding to f : AQ B — C

under the adjunction, we require an action

—O4 B: PsA X PsB — Ps(A —o0 B)



and axioms

(¢ ® ) {symm, 5} (¢ ® ¢)
((¢ — 9) ® ¢){evalyp}y
(¢ @ NS0 = ¢H{A()} (D — 6).

Going one step further, suppose that C is a *-autonomous category, i.e. a
model for the multiplicative fragment of classical linear logic [15], with linear
negation (—)L, where for simplicity we assume that A1+ = A. Then we require
an action

(—)s : PsA — Pg(A"Y)
satisfying

gt=¢
$—p=(p@P ).

Under these circumstances all of this structure on C lifts to Cg. For example,
we define

(4,6) ® (B, )
(4,¢)"
(4,¢) — (B,v)

(AQ B,¢ ®4,8%)
(A*, 6%)
(A— B,¢ —oap ).

All the constructions on morphisms in Cg work exactly as they do in C, the
above axioms guaranteeing that these constructions are well-defined in Cg.

For example, if f : (A,¢) — (B,¢) and g : (4',¢') — (B',7'), then

fRg:(A®A,¢®¢)— (BRB, ¥ ®1).

Moreover, all of this structure is preserved by the faithful functor C «—~ Cg.

The above example of structure on C is illustrative. Exactly similar definitions
can be given for a range of structures, including:

e models of classical (or intuitionistic) linear logic including the additives and
exponentials [13]

e cartesian closed categories [20]

e models of polymorphism [20].



2.1

Ezamples of Specification Structures

In each case we specify the category C, the assignment of properties Pg to
objects and the Hoare triple relation.

(1)
(2)
(3)

C=S8et, PsX = X, a{f}b & f(a) =b.
In this case, Cg is the category of pointed sets.
C = Rel, Ps X = {x}, x{R}* e e Ayy,z€ B.zRy ANzRz = y = z.
Then Cg is the category of sets and partial functions.
C = Rel, PsX = 0X, S{R}T & Vz € 5. {y | zRy} C T.
This is essentially a typed version of dynamic logic [33], with the “Hoare
triple relation” specialized to its original setting. If we take

S@xyT=5xT
Sx=X\S8

then Cg becomes a model of classical linear logic.

C=Rel,PsX ={C C X?|C=C°Cnidx = @}

C{R}ngCm',wRy,m'Ry' = yDy'.
C®D = {((z.2), (v,4")) | 20y A 'Dy’}
Cx = X*\(C Uidy).

Cs is the category of coherence spaces and linear maps [25].

C=38et,PsX ={s:w— X |Vz € X.3In € w.s(n) ==z},

s{f}t%i%fEInEw.fosgtogén

where ¢,, is the nth partial recursive function in some acceptable number-
ing [45]. Then Cg is the category of modest sets, seen as a full subcategory
of w-Set [13].

C = the category of SFP domains,

PsD = KQ(D)(the compact-open subsets of D),
U{f}V EUC f(V).

This yields (part of) Domain Theory in Logical Form [3], the other
part arising from the local lattice-theoretic structure of the sets P¢D and
its interaction with the global type structure.

C = games and partial strategies, as in [12], PsA = all sets of infinite
plays, U{c}V iff ¢ is winning with respect to U,V in the sense of [10].
Then Cg is the category of games and winning strategies of [10].



3 The Interaction Category SProc

The theory of Interaction Categories has been proposed as a new paradigm
for the semantics of sequential and concurrent computation [1,5,6]. The term
encompasses certain known categories (the category of concrete data struc-
tures and sequential algorithms [16], categories of games [10], geometry of
interaction categories [11]) as well as several new categories for concurrency.
The fundamental examples of concurrent interaction categories are SProc [5],
the category of synchronous processes, and ASProc [6], the category of asyn-
chronous processes. The category SProc will be defined in this section; later we
will use a specification structure over SProc to construct another interaction
category.

The general picture of interaction categories is that the objects are types,
which we also think of as specifications; the morphisms are concurrent pro-
cesses which satisfy these specifications; and composition is interaction, i.e.
an ongoing sequence of communications. The dynamic nature of composition
in interaction categories is one of the key features, and is in sharp contrast
to the functional composition typically found in categories of mathematical
structures.

There is not yet a definitive axiomatisation of interaction categories, although
some possibilities have been considered [23]. The common features of the exist-
ing examples are that they have x-autonomous structure, which corresponds to
the multiplicative fragment of classical linear logic [25]; products and coprod-
ucts, corresponding to the additives of linear logic, and additional temporal
structure which enables the dynamics of process evolution to be described.

In this section we briefly review the definition of SProc, the category of syn-
chronous processes. Because the present paper mainly concerns the use of
specification structures for deadlock-freedom, we omit the features of SProc
which will not be needed in later sections. More complete definitions can be
found elsewhere [1,23].

3.1 Processes

A labelled transition system (LTS) [36] is a triple (S,L, —— ) where S is a
set of states, L is a set of labels, and —— C S x L x § is the transition

. . a
relation. We write s — ¢ for (s,a,s') € — .

A process representative with sort or alphabet L is a distinguished state of an
LTS whose set of labels is L. We will usually define process representatives



by giving a list of transitions (which define an LTS if the set of states is
taken to consist of all the states appearing in the transitions) and indicating
a distinguished state. It is also possible to present a process representative
diagrammatically, as a distingushed node of a directed graph with labelled
edges, in which case the edges of the graph correspond to transitions.

Given an LTS, strong bisimulation [36] is defined as a relation on the set
of states. Because LTSs can be combined by disjoint union, we can consider
strong bisimulation to be a relation on the set of all processes with a given
sort. All of these definitions are standard; see [36] for a full discussion of the
theory of strong bisimulation. We will work with equivalence classes of pro-
cess representatives modulo strong bisimulation, and use the term process to
refer to an equivalence class. We will generally write “=" for process equiva-
lence, but may sometimes use “~” to emphasise that the equivalence is strong

bisimulation. We write Proc(L) for the set of processes with sort L.

3.2 Traces

A trace over a set L is a finite sequence of elements of L. We write L* for
the Kleene closure of L (the set of all traces over L). We write L* for the set
of infinite sequences of elements of L. We denote the empty trace by ¢, and
the concatenation of traces s and ¢ by st. We do not distinguish notationally
between the element a and the trace consisting of just a.

In an LTS (S,L, — ) we introduce the notation s LI . aias...a,

t _ o
then s ——*s’ means Jsg = s,81,...,8, =8 € SVie {1,...,n}.s;i.1 — s;.

The transition s —*s’ exists if and only if s = s'.

If P is a process with sort L, then alltraces(P) C (*L)UL* and traces(P) C (*L)
are defined coinductively by

alltraces(P) d:ef{e} U{ao | P — Q,0 € alltraces(Q)}

traces(P) % {o € alltraces(P) | & is finite}.

If P is thought of as a distinguished node in a labelled directed graph, then
traces(P) is the set of sequences labelling finite paths from the distinguished
node.

Given any set L, the process nil; has sort L and no transitions (it is the unique
state in the LTS ({nilp},L,2)). We will abbreviate nily by nil if the sort is
clear from the context.



3.3 The Category

An object of SProc is a pair A = (X4,54) in which X4 is a set of actions and
S Crerref % is a safety specification, i.e. a non-empty prefix-closed subset of
Y¥%. We often refer to X4 as the sort or alphabet of A.

If A is an object of SProc, a process of type A is a process P with sort ¥4 such
that traces(P) C Sy4. There is always at least one process of type A, namely
nily , , which may also be written nil4 or simply nil. The fact that P is a process
of type A is expressed by the notation P : A.

The most convenient way of defining the morphisms of SProc is to define a
x-autonomous structure on objects, and then say that the morphisms from A
to B are processes of the internal hom type A — B. This style of definition
is typical of interaction categories; definitions of *-autonomous categories of
games [10] follow the same pattern. Given objects A and B, the object A® B
has

def
EA@B = EA X EB

Sien = {o € Yhen | fst'(c) € S4,snd™(0) € Sp}.

For any sets X, Y and function f : X — Y, f* : X* — Y* is the trace
extension of f.

The duality is trivial on objects: A+ 4f A. This means that at the level of
types, SProc makes no distinction between input and output. Later, however,
we will construct a category in which this distinction is present.

The definition of ® makes clear the extent to which processes in SProc are
synchronous. An action performed by a process of type A ® B consists of a
pair of actions, one from the alphabet of A and one from that of B. Thinking
of A and B as two ports of the process, synchrony means that at every time
step a process must perform an action in every one of its ports.

For simplicity, we shall work with x-autonomous categories in which A1+ = A,
and A —o B (A® BL)l, Ao B def (At ® BL)l. In SProc, we have A = A+,
and hence A9 B = A — B = A® B. Not all interaction categories exhibit
this degeneracy of structure: in particular the category SProcp of deadlock-
free processes, which will be defined in Section 5, gives distinct interpretations
to ® and .

A morphism p : A — B of SProc is a process p of type A — B (so p has to
satisfy a certain safety specification). Since A —o B = A ® B in SProc, this
amounts to saying that a morphism from A to B is a process of type A ® B.



Fig. 1. Composition in SProc

The reason for giving the definition in terms of —o is that it sets the pattern
for all interaction category definitions, including cases in which there is less
degeneracy.

Ifp: A— B and q: B — C then the composite p;q: A — C is defined by
labelled transitions, in the style of Plotkin’s “structural operational semantics”

[44].

At each step, the actions in the common type B have to match. The processes
being composed constrain each other’s behaviour, selecting the possibilities
which agree in B. An example of composition is shown in Figure 1. This
ongoing communication is the “interaction” of interaction categories. If the
processes in the definition terminated after a single step, so that each could
be considered simply as a set of pairs, then the labelled transition rule would
reduce to precisely the definition of relational composition. This observation
leads to the SProc slogan: processes are relations extended in time.

10



We have to prove that composition is well-defined with respect to strong bisim-
ulation, and that a composite process satisfies the appropriate safety specifi-
cation.

Proposition 2 Ifp,p': A — B and q,q¢' : B — C withp ~ p' and q ~ ¢
thenp;q~p';q.

PROOF. It is straightforward to show that the relation

{(p;9,0";¢) | p,p’ € Proc(£4-B),q,9" € Proc(¥p—c),p ~p',q~q'}

is a strong bisimulation. For more details of proof techniques for strong bisim-
ulation, see [36]. O

Proposition 3 Iftraces(p) C S4_.p andtraces(q) C Sp_c then traces(p;q) C
SA—OC-

PROOF. Suppose s € traces(p; q). Then there are ¢t € traces(p) and u €
traces(q) such that fst*(s) = fst*(¢), snd*(s) = snd*(u), and snd*(¢t) = fst*(u).
From the definitions of Ss4_p and Sp_.¢, fst*(t) € Sa and snd*(u) € Se.
Hence s € S4_oc. O

The following definitions will be useful in the rest of this section and later.

Definition 4 If A is an object of SProc and s € S4, then

Sa(s) L {a e Ty |sac S4).

If P is a process with sort ¥ and S C"?™f ©* then the process P|S, also with
sort ¥, 1s defined by the transition rule

P-2.Q ac S

P1S —— QI(5/a)

where §/a ® {o | ac € S}. Note that the condition a € S in the transition
rule refers to the singleton sequence a rather than the action a.

If A is an object of SProc and s € S4 then the object A/s is defined by:

11



Ya/s =D

def

Sass = Safs.

The identity morphisms are synchronous buffers or wires: whatever is received
by idg : A — A in the left copy of A is instantaneously transmitted to the
right copy (and vice versa—there is no real directionality).
The identity morphism idg4 : A — A is defined by id4 &ef id[S4_4 where the
process id with sort ¥ 4_,4 is defined by the transition rule

G,EEA
FRGLOET]

Proposition 5 SProc is a category.

PROOF. To prove that composition is associative and that identities work
correctly, the strategy is to show that a suitable relation on processes is a
strong bisimulation. To prove that p;(¢;7) = (p;¢);rforall p: A — B,
g: B— C and r : C — D, the relation is

{(p;(g57),(p;9);r) | p € Proc(X4-B),q € Proc(Xp_c),
r € Proc(2¢—p)}-

To prove that p;idg = p for all p: A — B, the relation is

{(p;id,p) | p € Proc(X4_.8)}

where id has sort ¥p_,p. In each case, the fact that the relation is a bisimu-
lation follows easily from the transition rules defining composition. O

3.4 SProc as a x-Autonomous Category

The definitions of ® and (—)L can now be extended to morphisms, making
them into functors. If p: A —+C and g: B— Dthenp®q¢: AQB —-(C®D
and pt : Ct — Al are defined by transition rules.

(a)) / (b,d) ! (a)) /
p > P q > q p > p
a,b),(e,d c,a
p®q(( )i ))pl®ql pJ_ ( )p/J_

12



As with composition, it is straightforward to check that ® respects strong
bisimulation and that p ® g satisfies the required safety specification.

The tensor unit I is defined by

Sr = {o} S1 = {o" | n < w}.

The following notation provides a useful way of defining the structural mor-
phisms needed to specify the rest of the *-autonomous structure. If P is a
process with sort ¥, and f : ¥ — ¥’ is a partial function, then P|[f] is the
process with sort X’ defined by

P—2.Q a € dom(f)
P12 Qry.

The canonical isomorphisms unitly : I® A = A, unitry : AQI = A,assocy g :
A®(BR®(C)=(A®B)®C and symmy 5 : A®Q B = B® A are defined below.
We use a pattern-matching notation to define the partial functions needed for
the relabelling operations; for example, (a,a) — ((,a),a) denotes the partial
function which has the indicated effect when its arguments are equal.

unitl 4 4 id4[(a,a)

= (
unitr4 def id4[(a,a) — ((a,e),a)]

assoCy B C = 'dA® BQC) [((a7 (b7 C))7 a, (b7 C))) = ((a‘a (b7 C))7 ((aab)a C))]
symmy 5 = idagn[((a,),(a,b)) = ((a,b), (b, 2))].

If f: AQ B— C then A(f): A — (B — C) is defined by

A(f) = fl((a,b),¢) = (a, (b,c))]-

The evaluation morphism Ap, 5 : (A — B) ® A — B is defined by

APA,B o ids8[((a,d),(a,d)) — (((a,b),a),d)].

All of the structural morphisms are essentially formed from identities, and the
only difference between f and A(f) is a reshuffling of ports.

If P is a process of type A then Pla +— (e, a)] is a morphism I — A which can
be identified with P. This agrees with the view of global elements (morphisms

13



from I, in a *-autonomous category) as inhabitants of types.

Proposition 6 SProc is a compact closed category.

PROOF. Verifying the coherence conditions for ® is straightforward, given
the nature of the canonical isomorphisms as relabelled identities. The proper-
ties required of A and Ap are equally easy to check. Since (—)L is trivial, it is
automatically an involution. This gives the *x-autonomous structure; compact
closure follows from the coincidence of ® and »». O

The following result on relabellings will be useful later.

Lemma 7 If p € Proc(¥4-8), ¢ € Proc(¥p—c) and f : ¥ — Zp is a
bijection, then

pl(a,b) = (a, f(8))]; ql(b,c) = (f(b),c)] = p;q.

PROOF. It follows from the definitions of relabelling and composition that
the relation

{(p[(a,b) = (aaf(b))] ) Q[(ba C) = (f(b),c)],P ) Q) | pE PI‘OC(EA_OB),
q € Proc(¥pc)}

is a bisimulation. O

3.5 Compact Closure and Multi-Cut

As we have already seen, the linear type structure of SProc is quite degenerate.
Specification structures can be used to enrich the specifications of SProc to
stronger behavioural properties. This will have the effect of “sharpening up”
the linear type structure so that the degeneracies disappear.

Our point here is that the looser type discipline of SProc can actually be useful
in that it permits the flexible construction of a large class of processes within a
typed framework. In particular, compact closure validates a very useful typing
rule which we call multi-cut. The usual Cut rule

FT, A FA A
- T,A

14



(a) (b) (c)
Fig. 3. Cyclic and acyclic networks

allows us to plug two modules together by an interface consisting of a single
port [7], as in Figure 2. This allows us to connect processes in a tree structure,
as in Figure 3(a), but not to construct cyclic interconnection networks as in
Figure 3(b). The problem with constructing a cycle occurs at the final step,
when two processes must be plugged together on two ports simultaneously as
in Figure 3(c). Cyclic connections would be supported if we had the following
binary version of the Cut rule:

FT, A, A, F A AN AL
-T,A

or more generally the “multi-cut” rule:

FT,A FIY, At
I,

This rule is not admissible in Linear Logic and cannot in general be interpreted
in *-autonomous categories. However it can always be canonically interpreted
in a compact closed category (and hence in particular in SProc) as the following
construction shows.

15



Let T' = Ay,...,An, IV = By,...,B,, A = (4,...,C} and write

A=4® ---®A,, B=B ®- ---®B,, C":Cl@...@Ck

Ct=(C1® - QC) =Cl®---QCL.

Suppose that the proofs of F ', A and - IV, A’ are interpreted by morphisms

f:I—>/~1®C~Y g:I—>B®C~YL

respectively. Then we can construct the required morphism A : I — A® B as
follows.

~ f®g

I IQI (A®C)® (B® Ch)
h AQ(C1®CH)® - (Ch®Cy)® B
evaluate
A® B - - AQI®---QI®B

Note that in a compact closed category I = L so A = A — I. Arrows
labelled by ~ are canonical isomorphisms, and the morphism evaluate is id ®

Ap®---®Ap®id.

In the case where k = 1 this construction is the internalization of composition
in the category (using the autonomous structure) so it properly generalizes
the standard interpretation of Cut. Some related notions, arising in work on
coherence in compact closed categories, can be found in the literature [17,30].

The above use of compact closed structure to interpret cyclic networks goes
back to [5,6]. In recent work, Joyal, Street and Verity [29] have axiomatised
feedback in monoidal categories (in their terminology a trace) and observed
that every compact closed category is traced. This provides an appropriate
general setting for the above calculation. For a discussion of connections be-
tween traced monoidal categories and computational structures, see [8].

It is useful to introduce some notation for the operation of cycle formation.
If P € Proc(Xy,¢..94,9B98L) then P € Proc(Xy,g..g4,) is defined by the

16



transition rule

fP:A® - A, BBl then P: 4, ®---Q A, (it is straightforward
to check that the necessary safety specification is satisfied).

3.6 Products, Coproducts and Non-determinism

The binary coproduct functor @ is defined on objects by

Y 0B 2 Y 5}

Sies = {inl*(s) | s € S4}
U {inr*(s) | s € Sg}.

In the following definitions we use the operation + on processes for non-
deterministic sum of labelled transition systems (the standard + operation of

CCS [36]).If p: A—~Candg: B — Dthenp®q: A®B — C® D is defined
by

p®q¢Epl(a,c) ~ (inl(a),inl(c))]

+ l(b,d) > (ine(b), inr(d))].

The insertions inlyp: A -+ A® B and inry g : B— A® B are defined by

inIA,B défidA[(aa a) = (aa inl(a))]
inrg B défidB[(b, b) = (b,inr(b))]

and,forp: A—-C,q:B— C,[p,q :A®B — C is

[P, 9] = pl(a, ) > (inl(a), c)]
Proposition 8 The above definitions make A @ B a coproduct of A and B.

17



PROOF. Suppose p: A — C and ¢q : B — C. We first need to check that
inl ; [p, q] = p. The definitions of [p, q] and composition mean that

inl; [p, g] <=~ inl; p'[(a,c) ~ (inl(a),c)] < p = p'

Since inl = id[(a,a) — (a,inl(a))], Lemma 7 shows that

inl; p'[(a,c) = (inl(a),c)] =id ;p’ = p'.

Hence inl; [p, q] and p are bisimilar.
Symmetrically, inr; [p,q] = ¢

Now suppose that h : A® B — C with inl ;A = p and inr; A = g. There
is a trivial possibility to dispose of: if A = nil then p = nil and ¢ = nil, and

[p, ] = nil = .

Otherwise, the type of h means that its first transition has one of two forms:
either

h (inl(a),c) hl

or

h (inr(b),c) hl.

In the first case, because inl ; A = p, we have p Lo, p' with inl; ' = p'. The
safety specification of A @ B means that we can consider A’ as a morphism

inl(A) — C, where the object inl(A) is defined by

|n| A) {ml( ) | ac EA}
|n| A) {ml*( ) | LS SA}

Now we have

p'l(a,c) = (inl(a),c)] = ('"' h)[(a,c) = (inl(a), c)]
=inl[(a,inl(a)) — (inl(a),inl(a))]; A’
= Id|nI(A) ) 3
=h'.

Similarly, in the second case we have g {ba), q' and h' = ¢'[(b,c) — (inr(d), c)].
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Finally, note that the first transition of & is the same as that of either p[(a, c) —
(inl(a),c)] or q[(b,c) — (inr(b),c)] as appropriate. Hence h is bisimilar to
pl(a,c) — (inl(a),c)]+q[(b,c) — (inr(b),c)], which is the definition of [p,q]. O

Since @ is a coproduct, its dual is a product; because all objects of SProc are
self-dual, this means that A @ B is itself also a product of A and B—so, in
fact, a biproduct.

We will use the notation A & B for the product of A and B, in line with the
standard notation for the additive connectives of linear logic [25]. In SProc,
A & B is the same object as A@ B, but we will use the product notation when
we want to emphasise the product properties. Exploiting the self-duality of
SProc objects, we can define projections and pairing as follows.

def .
w4 = inlt

def .
75 = inrt

def
(P a) = [pral”
There is also a zero object 0 which has T % @ and S & {e}.

Proposition 9 The object 0 is initial and terminal in SProc.

PROOF. The only safe trace for 0 is the empty trace, so a morphism A — 0
cannot make any transitions and must be nil. Similarly for a morphism 0 —

A. O

When a category has biproducts and a zero object, it is possible to define
a commutative monoid structure on each homset [34]. If p,q : A — B then

p+q: A — Bis defined by

p+qC1:efAA4A®A[ﬂ]B
~— A" BeBY B

—~

where A4 def (idg,id4) is the diagonal and Vp def lidg,idg] the codiagonal.

The unit is defined by 04_5 40 B.

In SProc, this construction yields the non-deterministic sum of CCS (when
strong bisimulation is taken as the notion of equivalence). The proof of Propo-
sition 9 shows that the unique morphisms into and out of 0 are nil processes,
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and so 04_,p is also nil. To unravel the definition of +, consider the composi-
tion (p, q) ; Vp. Pairing creates a union of the behaviours of p and ¢, but with
disjointly labelled copies of B. Composing with Vp removes the difference
between the two copies. A choice can be made between p and g at the first
step, but then the behaviour continues as behaviour of p or behaviour of gq.

3.7 Time

So far, all of the constructions in SProc have been essentially constructions
on relations, extended uniformly through time. The next step is to define an
operator which allow the temporal structure of the morphisms to be manipu-
lated.

The basic construction dealing with time is the unit delay functor o. It is
defined on objects by

Toa B {5} + T4
Soa e} U {x0o | o € Sy}

It is notationally convenient to write * instead of inl(*), assuming that * ¢ X 4.

Given f: A — B,of : 0A — oB is defined by the single transition of {2x), f.

It is straightforward to check that o is indeed a functor. In fact it is a strict
monoidal functor.

Proposition 10 There are isomorphisms

mong g : (0A)® (0B) — o(A® B)
(natural in A and B) and monunit : I — ol.

®,x)

PROOF. monunit : [ 2 of is defined by monunit ~2*% id;.

mong g : (0A)® (0B) 2 o(A® B) is defined by mony g (G idsgB-

In both cases the inverse is obtained by considering the process as a morphism
in the opposite direction. It is easy to check that these are isomorphisms and
that mon is natural. O

The most important feature of o is that it has the following unique fized point
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property (UFPP) [1].

Proposition 11 For any objects A and B, and any morphisms f : A — oA
and g : oB — B, there is a unique morphism It(f,g): A — B such that

f

A oA

It(f,9) olt(f,g)

oB

commutes.

PROOF. The equational condition that the square commute, namely

It(f,g) = f;0lt(f,9) ; g,

can be read as a guarded recursive definition of It(f,g). It is standard in
concurrency theory that such a definition has a unique solution [36]. O

We will not go into the applications of this property in the present paper,
except to mention that it supports guarded recursive definitions [1,23] and is
an important part of a proposed axiomatisation of interaction categories [23].
The notation It(f,g) is intended to suggest iteration.

4 Specification Structures over Interaction Categories

4.1 The Sequence of Definitions

Suppose C is a x-autonomous category with a notion of a set of elements of
each type, written Elem(A) (in SProc an element of type A is a process P of
type A, which may be identified with a morphism P : I — A). The following
sequence of steps provides a convenient way to define a specification structure
S. This sequence will be used in the present paper when defining specification
structures over SProc; it mirrors the sequence already used in the definition

of SProc itself.

(1) Define PsA for each A.
(2) For each A, define a relation of satisfaction: =4 C Elem(A) x PsA.
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(3) Define (—)j.

(4) Define ® 4, and hence 94 and —o4 5.
(5)

(6)

Define the Hoare triple relation by 6{f}¢ & fEAs.BO — ¢.
Verify that the desired structure of C, including the *-autonomous struc-
ture, lifts to Cg.

For reference, we will now list the definitions and conditions which are needed
to lift the relevant structure of C to Cg. In the present paper, we are inter-
ested in the *-autonomous structure, products and coproducts, the unit delay

functor, and the UFPP.
4.2 x-Autonomous Structure

For every pair A, B of objects we need an operation

®a,B: PgA x PsB — Ps(A ® B)

When writing this and similar operations, we will usually omit the subscripts.
To define the functor ® : Cg x C¢ — Cg we need, for every 8,¢,19,p €
PsA, PsB,PsC,PsD, f:A— (Candg: B — D,

0{f}¢,plgtp= (6 @ ){f ® 9} (¥ ® p).
Then

(4,0)® (B,¢) < (A® B,0 ®45 ¢).
We need Ig € Pgl in order to define the tensor unit in Cg by (I, Is).

To lift the symmetric monoidal structure of C to Cs we need the following

conditions, for every 6,¢,1% € PsA, PsB, PsC'.

(0 ® (p®¢)){assocsB o} (8 ® ¢) ® D)
(Is ® 6){unitl4}6
(0 ® Is){unitrs}6
(0 ® §)}{symm, p}(6 ®0)

For each object A we need an operation

(—)j : PsA — Ps(AJ')
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and we can then define

(4,8)" < (AL, 6%).

In order to define the functorial action of (—)L on Cg we need, for every

0,0 € PsA,PsB and f: A — B,

0{f = d5{f" }64.
The operations
@A,B : PsA X PsB — Ps(A 00 B)

—O4AB: PsA X PsB — Ps(A —o0 B)

can be defined by

def 1
09459 (04 ®at 5L 65) 41051

e 1
045 ¢= (0 @45 $5)4qpe

and the property L g by
=y

To lift the closed structure we need, for every 0,¢,% € PsA, PsB, PsC and
f:A® B — C,

(0 ® ){f1¢ = 60{A(f)}(¢ — P)

and

(6= @) ® ){Aps 5}
4.8 Products and Coproducts

For every pair A, B of objects we need an operation

&A,B : PsA X PsB — Ps(A & B)
This enables the product in Cg to be defined on objects by
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(A79) & (B7¢)déf(‘4 & 379 &A,B ¢)
For functoriality, it must be the case that for every f: A — C,9g: B — D
and 07¢7"/},P € PSA7P537P507PSD7

0{f}b,d{atp= (0 & O){f & g} (¥ & p).

Additionally, we need

(0 & ¢){ma}b
(6 & d){mp}¢

and, for f:C — A,9:C — B,

P{f10,9{g}d=P{(f,9)}(0 & ¢).

The treatment of coproducts is dual.

4.4  Unat Delay

For each object A we need an operation

04: PSA — PS(OA)
in order to define the unit delay on Cg by

o(A,0) % (04, 048).

For functoriality we need, for each f: A — B and 0,¢ € PsA, PsB,

0{f}¢= ob{of}o¢.
Lifting the UFPP to Cg requires that if f : A — oA and g : oB — B with
‘97¢ € PsA,PsB,

0{f}ob,00{grd = 6{Ii(f,9)}¢.
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4.5

Ezamples

A major example of a specification structure over SProc is the subject of the

rest

of this paper. For illustrative purposes, we now give two examples of

constructions which are not specification structures.

(1)

Consider a variation on SProc in which objects are simply alphabets and
there is no safety requirement on morphisms. Formally, consider the full
subcategory of SProc consisting of all objects of the form A = (X4, %%).
Call this subcategory USProc (“unsafe SProc”).

It might appear that we can define a specification structure S on USProc

by

Pg(A) = {X|XCmruy}
p =X <= traces(p) C X

or equivalently, in terms of the Hoare triple relation,

X{f}Y <= {fst*(s) | s € traces(f)} C X
A {snd*(s) | s € traces(f)} C Y.

The intention would be that USProcg is equivalent to SProc, in other
words that SProc could be defined by first defining #SProc and then
adding the safety specifications by means of a specification structure.
However, S does not satisfy the specification structure axioms: if X C
Y% then we do not have X{id4}X, because {fst*(s) | s € traces(idyg)} =
4.
Given any set Yy, consider the full subcategory of SProc with just the
object U = (Xy, X};). Call this category TSProc, (“typeless SProc”). We
might attempt to define a specification structure S over TSProc, with
the intention that 7SProcg is equivalent to USProc as in the previous
example:

Ps(U) = #®%Epy
p =X <= traces(p) C X*

Again, we could instead define the Hoare triple relation:

X{f}Y < {fst*(s) | s € traces(f)} C X~
A {snd*(s) | s € traces(f)} C Y".

As before, the specification structure axioms are not satisfied, because
the identity morphism in 7SProc does not lift to an identity morphism
on an object (U, X) of TSProcg.If X C Xy then we do not have X{idy} X

because there are traces s of idy which contain actions in Yy — X.
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These examples indicate that an alphabet and a safety specification consti-
tute the minimum type information which can be used as the basis for an
interaction category.

5 A Specification Structure for Deadlock-Freedom

Throughout this paper, deadlock means termination. A more refined treatment
might consider unsuccessful termination as deadlock; the view taken here is
that all termination is unsuccesful. In fact, given the synchronous nature of
SProc, successful termination is not especially interesting because all processes
would have to terminate simultaneously. A process may have both terminating
and non-terminating behaviours, but a deadlock-free process is one which has
no maximal finite behaviours. For example, the process a.b.nil can deadlock;
the process P defined by P = a.P + b.nil can deadlock although it can also
generate the infinite trace a; the process ) defined by @ = a.b.Q) is deadlock-
free.

Deadlock-freedom is not preserved by composition: two processes may individ-
ually be deadlock-free, but when forced to communicate they could deadlock
each other by being unable to agree on a sequence of actions to perform.
For example, if the CCS processes P and () are defined by P = a.b.P and
@ = @.c.Q) then composing them means forming the process (P | Q)\ {a, b, c}.
In this process, P and () can communicate for a single step, but then deadlock
occurs because P must do b next while () can only do c.

In order to construct a category of deadlock-free processes which are guaran-
teed to remain deadlock-free when composed with each other, more informa-
tion is needed than just the fact that a process runs forever. We will build
suitable additional information into the objects by constructing a specifica-
tion structure over SProc. In fact we will construct two specification struc-
tures, based on different approaches to specifying deadlock-freedom. It turns
out, however, that the two specification structures are equivalent in a strong
sense, and lead to isomorphic categories. Each approach has its advantages:
the ready specification approach is easier to motivate, while the sets of pro-
cesses approach appears more general. In both cases, there is a strong analogy
between the treatment of deadlock-freedom and proofs of strong normalisation
in Classical Linear Logic [4,25].

In Section 5.1 we discuss ready specifications and define the specification
structure R. However, we do not immediately prove that R is a specifica-
tion structure. In Section 5.4 we define a specification structure D, based on
sets of processes, such that SProcp is the desired category of deadlock-free
processes; this section contains most of the proofs necessary to establish that
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the structure of SProc lifts to SProcp. In Section 6 we prove that D and R
are equivalent. This equivalence enables us to deduce that R is a specification
structure, and to fill in the proofs omitted from Section 5.4. It turns out that
although the proofs of the basic specification structure properties are most
easily carried out in D, the proofs that the product and coproduct structure
lift are more easily expressed in the language of ready specifications. Finally
we prove that the categories SProcp and SProcg are isomorphic.

5.1 Ready Specifications

The reason why deadlock-freedom is not generally preserved by composition in
SProc is that two deadlock-free processes may, when forced to communicate,
reach states from which no further communication is possible even though
both processes have more actions available. This observation leads to the idea
that if a type is to guarantee compositional deadlock-freedom, it must specify
something about which actions a process must be prepared to perform in
certain states. The way in which this information is captured is via the notions
of ready pair and ready specification. We will see that ready specifications arise
naturally as “datatypes extended in time”.

Consider a function f : A; x --- x A,, — B, with each of the types A;,..., 4,
and B determining a set of values. Suppose that in one computation step f
receives n inputs and simultaneously produces an output. In each of the n
inputs, f is prepared to receive any value—indeed, it is precisely this property
which characterises them as inputs—while in the output, f is free to choose
which value appears. More generally, if f is a relation rather than a function,
we can think of the A; and B as the types of ports rather than inputs or
outputs. In this case, the picture of which values may appear in each port is
more complex—some input values may not be accepted, and some outputs may
be non-deterministic. More generally still, f may be a process with dynamic
behaviour extending through time. Its behaviour can still be characterised by
the sets of values which may appear in each port, but now these sets depend on
the state of the process. If we indicate the state of a process by the sequence of
actions which led to that state, then the following definitions are very natural.

Definition 12 A ready pair over an SProc object A = (X 4,S54) ts a pair
(s,X) in which s € Sq and X C X4, such that Vo € X.sz € S4. The set X is
the ready set of the ready pair. A proper ready pair is a ready pair (s, X) with
X # @. The set of proper ready pairs over an object A is denoted by RP(A).
If P is a process of type A, then

initials(P) ' {z € £4 | 3Q.P =~ Q}

27



readies(P) < { (s, X) | (P ——*Q) A (X = initials(Q))}.

For any process P, readies(P) is the set of ready pairs (s, X) representing the
actions (those in X) in which P is ready to engage after performing a sequence
s of actions. Note that readies(P) does not necessarily consist entirely of proper
ready pairs.

Definition 13 A process P of type A is deadlock-free if and only if there is
no trace s € Sy such that P ——*nil. Equivalently, if and only if there is no
trace s € Sy such that (s,) € readies(P). Again equivalently, if and only if

whenever P ——*(Q) there is a € ¥4 and a process R such that Q —— R. We
use the notation P| to indicate that P is deadlock-free.

For example,

readies(a.b.nil + a.c.nil) = {(e, {a}), (a, {b}), (a,{c}), (ab, @), (ac,2)}

and if P = a.P,

readies(P) = {(a",{a} | n < w)}.

The idea of a ready pair, and the related notions of failures and refusals,
appear in the process algebra literature [14,18,28]. There, however, they are
used to define semantic alternatives to bisimulation; the use made of ready
pairs in this paper is very different.

The key definition is that of orthogonality of ready pairs.

Definition 14 The orthogonality relation L on RP(A) is defined by

(5, X)L ¢,V E (s =t) = XnY # ).

The idea is that if (s, X) and (¢,Y) are ready pairs of two processes which
are supposed to be communicating, then (s,X) L (¢,Y) means that if they
have been communicating so far (s = t) there is some action which they are
both prepared to do next (X NY # @) and thus continue the communication.
If there are two ports, in which the respective sets of actions X and Y can
occur, then connecting them together only results in correct communication
if X NY # @. Taking the varying states of the processes into account leads
to the definition of orthogonality of ready pairs.
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We lift the orthogonality relation to an operation of negation on sets of ready
pairs.

Definition 15 Let § C RP(A) for some object A.

def

(5,X) L0EV(t,Y) € 6.(s,X) L (,Y)
0+ < {(s,X) € RP(A) | (s,X) L 6}.

Defining (—)L in this way from a symmetric orthogonality relation yields a
self-adjoint Galois connection [19] and the following lemma holds for general
reasons.

Lemma 16 For 6,¢ C RP(A),

1.0 C ¢ = ¢+ C ot
2. 6 C g+t

3. 6+ = 6+

Definition 17 A ready specification over an object A is a non-empty set 0 of
proper ready pairs over A, satisfying

o ((s,X)ehAN(zeX)=3TY.(sz,Y) b
o (sz,Y)e 0= 3X.[(s,X)€eONzEX]

The set of ready specifications over A is denoted by RS(A).
Because only deadlock-free processes are of interest in this section, it is conve-
nient to restrict attention to those objects of SProc whose safety specifications
do not force termination. Such objects are called progressive.
Definition 18 An object A of SProc is progressive if

Vs € Sq.da € Y4.8a € Sy.
The full subcategory of SProc consisting of just the progressive objects is de-

noted by SProc,,.

SProc,, inherits all the structure of SProc, apart from the zero object. The
specification structure for deadlock-freedom will be defined over SProc,,.

Proposition 19 If A is progressive then RP(A) € RS(A).
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PROOF. We need to check that RP(A) satisfies the closure conditions of
Definition 17. For the first, suppose that (s, X) € RP(A) and z € X. Then

sz € S4 by the definition of ready pair. Since A is progressive, there is a € ¥4
such that sza € S4. This means that (sz,{a}) € RP(A).

For the second, observe that if (sz,Y) € RP(A) then (s,{z}) € RP(A) with
ze€{z}. O

Corollary 20 If A is progressive then RS(A) # @.
Proposition 21 For any object A of SProc,,, the following hold.

(1) RP(A)** = RP(A)
(2) RP(A)" = {(5,%4(s))}) | s € Sa}.

PROOF.

(1) RP(A)LL is a set of ready pairs, so RP(A)lL C RP(A). Also RP(A4) C
RP(A)LL by Lemma 16.

(2) It is clear that {(s,X4(s)) | s € Sa} L RP(A). Conversely, suppose that
(s,X) L RP(A). Because (s,{z}) € RP(A) for every z € X4 such that

st € S4, the definition of orthogonality means that # € X for each such
z. Hence X = X 4(s) as claimed. O

Corollary 22 For any object A of SProc,,, and § C RP(A),

0 2 {(s,%4(s)) | s € Sa}-
PROOF. If 6 C RP(A) then {(s,S4(s)) | s € S4} = RP(A)* C 6+, O

5.2 The Specification Structure R

Following the sequence of definitions in Section 4.1, we can define the specifi-
cation structure R over SProc,,.

Definition 23

(1) PrA % {6 € RS(A) | 6+ = 6}.
(2) P=0 & readies(P) C 6.
(3) (—)L : PRA — PRrA has already been defined.
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(4)

05 6 {(s,U x V) | (fst*(s),U) € 8%, (snd*(s), V) € ¢*}*
6@ 6% (645 ¢1)
o= otgg
IR {(s,{*}) | s € S}
(5) 0{f}o = f =0 — ¢.

(6) The definitions required to lift the additive and temporal structure of
SProc to SProcg are

0 & % ({(inl*(s),inl(X)) | (s, X) € 84}
U{(inr* (t),inr(Y)) | (,Y) € *})"
6®¢= (0" agh)
08 & ({(&, {x})} U {(xs, X) | (s,X) € 6*})"

Proposition 24 If6 € PrA and P |= 0 then P|.

PROOF. Follows from the fact that 6 contains only proper ready pairs. O

Proposition 25 If§ € PrA then 0 O {(s,X4(s)) | s € Sa}.
PROOF. Follows from Corollary 22, because § = (GL)L. O

As mentioned earlier, we do not yet prove that R satisfies the specification
structure axioms.

5.8 Ezample

To illustrate the way in which ready specifications rule out deadlocking com-
positions, it is convenient to restrict attention to the first step of process
behaviour. Then a process p : A — B is simply a subset of ¥4 x ¥p (i.e. a
relation between A and B), ready pairs are replaced by ready sets (the traces
are discarded, and a ready specification is a set of ready sets), and satisfaction
becomes p =0 <— p C 4.

Orthogonality is defined on ready sets by X 1 Y < XNY # @, and is lifted
to ready specifications as before. The definitions of » on ready specifications,
and IR, become
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§0dp={UxV|Uco-Vecs}
Ip ={{*}}

and as before, Iz = Ir. Composition of processes is relational composition,
and deadlock-freedom is non-emptiness.

Consider the object A defined by ¥4 = {a,b} (safety specifications are now
irrelevant). There are four ready specifications over A:

0={{a,b}}

¢={{a,b},{a}}

¥ ={{a,b},{b}}
={{a,b},{a},{b}}.

It is easy to check that these are all ready specifications, i.e. are ~—-invariant,
and that there are no other possibilities. Note that ¢ = ¢ and 3+ = ).

11

Define p: I —+ Aand q: A — I by p = {(*,a)} and ¢ = {(b,%)}. The
processes p and g are composable in SProcg if and only if there is a € PrA
such that p : (I,Ig) — (4,a) and q: (A,a) — (I,Ig), i.e. p = Ir — a and
g E a —o Ig. Since p; ¢ = &, we expect that there should not be such an a.
The small number of possibilities for a make it straightforward to calculate
Ir — a and a — Iy in each case, and check satisfaction directly.

I o 0=1Ig 50
=Ipp 0
—{UxV|Uel}Vedt)
={{x}xV|Ves}
={(*,0), (%, 1)}, {(*,0)},{(+,8)}}"
={{(*,a), (*,5)}}

As expected from the x-autonomous structure, Iz —o 6 is isomorphic to 6 in
a straightforward way; similar calculations yield:

Q

Ir — ¢={{(*,a), (*,0)},{(,a)}}
Ir — P ={{(*,a), (*,0)},{(*,0)}}
Iz — 8- ={{(*,a),(x,0)},{(*, )}, {(*,5)}}.

Calculating a — Ig in each case is similar, and as expected the result is

isomorphic to a’.

0 — Ig= {{(a’) *)7 (ba *)}7 {(aa *)}7 {(ba *)}}
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¢ —o IR:{{(aa*)a(b’*
P —o IR:{{(aa*)a(b7*
QJ_ - IR:{{(aa*)a(ba*

)}
)}
)3}

We can now see that the following relationships hold:

{(a,%)}}
{(6,%)}}

pEIp—¢ qf=0—lIp
pEIg— 6+ qgE=v — g

but there is no choice of ready specification over A which allows p and ¢ to be
composed.

The same ready specifications can be used to illustrate various cases in which
processes can be composed: for example,ifr: I — Aand s : A — [ are defined
by r = {(x,a),(*,b)} and s = {(a, *)} then we can achieve r : (I, Ig) — (4, a)
and s : (A4,a) — (I, Ig) by taking a to be 8, ¢ or 6+.

5.4 Sets of Processes

In this section we use the same notion of deadlock-freedom, but take a different
approach to constructing the properties required for a specification structure.

Definition 26 Given processes P and Q) of type A, the process P Q of type
A 1is defined by

p_*.p Q —2+¢Q'

PNQ—2-PnqQ.

For each type A, the orthogonality relation on the set of processes of type A
15 defined by

def

P1Q&E(PNQ).

Intuitively, P 1 @ means that if P and @) are run in synchronous lockstep
then they do not deadlock each other. As an example of how this is used,
consider R: A — B and S : B — (. The behaviours of R and S in their ports
of type B can be described as processes P and @) of type Bj; orthogonality of
P and @ corresponds to non-deadlocking communication between R and S
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when they are combined into R ; S.

Definition 27 For each object A of SProc,., Proc(A) s the set of deadlock-
free processes of type A. The orthogonality relation is extended to sets of pro-
cesses by defining, for U,V C Proc(A) and P : A,

def

PLUEvVQeUP1Q
ULvEvpPcUuPr LV,

Orthogonality then generates an operation of negation on sets of processes,

defined by
US4 {P € Proc(4) | P L U}.

For this new notion of orthogonality, we have the same result as Lemma 16.

Lemma 28 For all U,V C Proc(A),

LUCV=V+-CU*
2. Ucu+t
3. Ut =U"

We will also need some additional results.

Definition 29 For any object A of SProc,,, the process maxy : A is defined
by

a€ Sy

a
max —— maxy/,.

Lemma 30 For any P € Proc(A), P L maxy4.

PROOF. Plimaxy = P, so P | maxy because P|. O

Lemma 31 IfU C Proc(A) then U+ # @.

PROOF. Lemma 30 implies that maxy € UL. O
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5.5 The Specification Structure D

Following the sequence of definitions listed in Section 4, we can now define
the specification structure D.

Definition 32

(1) PoA ¥ {U* | U C Proc(A)}
2) PEUEPeU.
(3) (—)L : PbA — PpA has already been defined.

(4)

UgVE{PQ|PelU,QeV}™
UV Utevt)
U—-vEUev)

Ip % {max;}.

(5) UfIVEfEU—-V.
(6) The definitions required to lift the additive and temporal structure of
SProc to SProcp are

U VE{Pinl | PecUU{Qlin]| Qe V})*t
UevEwtevt)*
oUdéf{oP | P € U}.

The following points are worth noting.

e Lemma 31 and Lemma 28 ensure that for each U € Pp(A), U # @ and
Uttt =10.

e Lemma 31 ensures that clause 3 of the definition makes sense, by guaran-
teeing that U+ € PpA for each U € PpA.

e For any U C Proc(A4), U+ is the smallest **-invariant set of processes
containing U.

e There are now separate definitions relating to product (&) and coproduct
(®). We will prove later that these connectives are distinct in the specifica-
tion structure D.

We need to check that every set of processes defined in Definition 32 is
11 invariant. In every case except that of o, this follows from the fact that for

every U C Proc(A), Ut is **-invariant (Lemma 28).

Lemma 33 IfU € PpA then oU € Pp(cA).
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PROOF. First, oU # & because U # &.

Next, note that for P,QQ € Proc(cA), there are P',Q" € Proc(A) such that
P = oP' and Q = oQ)'. Furthermore, P | Q < P’ 1 Q'.

This means that

(oU)* ={oP|P e U}"
={oQ|QeU"}
:o(UJ‘)

and hence (oU)lL = o(ULl) =oU. O

We can now prove that D satisfies the specification structure axioms.

Lemma 34 IfU CV C Proc(A) thenidg € U — V.

PROOF. We need ids € (U ® V*)". Now,

111

UeVY)' ={PeQ|Pcl,QeV"}
:{P®Q|PEU,QEVL}L

so it is enough to show idy L {P®Q | P € U,Q € V'}. Let P € U and
Q € VL. U CV implies V1 C Ut,s0 Q € U and hence P L Q. For any
common trace s of id4 and P ® @, fst*(s) is a trace of P and snd*(s) is a trace
of @, and fst*(s) = snd*(s). So there is an action a such that fst*(s)a is a trace
of P and snd*(s)a is a trace of Q. Hence (a,a) is an action such that s(a,a)
is a trace of both id4 and P ® ). This means that (id4 N (P ® Q))J, and so
dgy Ll PRQ. O

For the next two lemmas, a slight abuse of notation is useful. If f : A — B and
P : A, thereis a process P; f of type B obtained by regarding P as a morphism
I — A, composing with f, and then regarding the resulting morphism I — B
as a process of type B. Similarly, if Q : B* there is a process f ; Q of type A.

Lemma 35 If f: A— B,U € PpbA,V € PpB, f€¢ U -V and P € U,
then P; feV.

PROOF. To show that P; f € V, we will consider an arbitrary Q € V* and
show that P ; f L @, thus establishing P; f ¢ V1L =V.
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Let Q € V' and let s be a common trace of P ; f and Q. The definition of
composition means that there is a trace ¢ of f such that fst*(¢) is a trace of P
and snd*(¢) = s. We have f € U — V, and so f L (P ® Q). Hence there is an
action (a, b) such that ¢(a,b) is a trace of f, fst*(¢)a is a trace of P and snd*(t)b
is a trace of (). Then sb is a common trace of P ; f and @, so ((P; f) M Q)|

as required. O

Lemma 36 If f: A— B, U € PpA, V€ PpB, fcU -V and Q € V*,
then f;Q c U*t.

PROOF. Similar to the proof of Lemma 35. O

Notation When s and ¢ are traces of equal length, we will write s zip ¢ for
the unique trace u such that fst*(u) = s and snd*(u) = ¢.

Theorem 37 D s a specification structure over SProc,,.

PROOF. The first requirement is that if A is any object of SProc,, and
U € PpA, U{ids}U. This follows from Lemma 34.

Next, suppose that A, B, C' are objects of SProc,, and U € Pp A,V € PpB
and W e PbC.If f: A— B and g: B — C with U{f}V and V{g}W, we
need U{f ; g}W. Thus the goal is to prove that f;9 L {PRQ | P € U,R €
W}

Take P € U and Q € W+. We need to prove that (f;g) L (P ® Q). Any

common trace of ;g and P® Q arises from traces s and ¢ such that f ——*f’,

g —t>*g', p e )*P' Q ﬂ*Q' and snd*(s) = fst*(¢). Then we have
f g fst*(s) zip snd™(¢) f, : g, P® Q fst*(s) zip snd* () p! ® QI.

fst*(

This gives P ; f —— G pr i fand ¢g;@Q N0l g'; Q'. By Lemmas 35 and 36,
P;fe V and g;R € VL Hence (P ; f) L (g9; R), so there is b such that

P:f — P";f"and ¢'; Q' LN g’ Q” By the definition of composition,
there are a and c such that P’ —2~ P" , (a.8) ' ¢ —> (b.e) % ¢" and Q' _°., Q.
Hence f'; 4" —— o), f";4¢" and

PI ® Q PII ® Q”

as required. O
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It is now legitimate to talk about the category SProcp of deadlock-free pro-
cesses. In order to prove that the x-autonomous structure of SProc lifts to
SProcp, we need to check the various conditions listed in Section 4. As an
example of the style of proof required, we will verify one case.

Proposition 38 IfU € PpA and V € PpB, then

(U@ V){symm, z}(V ®U).

PROOF. We need

symme (UQV) — (VeU),

l.e.

1
)

symme (U V)®(VeU))

or equivalently

symmJ_{P®Q|PEU®V,Q€(V®U)L}.

First, suppose that Q € (V ® U)L ={R®S|RecV,Se U}LLL, i.e.

QL{R®S|RecV,SeU}.

Defining @’ def Q|[(b,a) — (a,bd)], it is clear that Q' L {SQR|ScURc V}
andso Q' € (U® V)L.

Now suppose that Pc U®V and Q € (V ® U)l, and s is a common trace of
symm and P ® (). The definition of symm means that fst*(s) = snd*(s)[(b,a) —
(a,b)]. Also, fst*(s) is a trace of P and snd*(s)[(b,a) — (a,b)] is a trace of Q'.
Because P L @', there is an action (a,b) available to both P and Q' after
this trace. So @ can do (b,a) after the corresponding trace, and P ® @ can
do ((a,bd),(b,a)) after s. This action is also available to symm after s. Hence
symm L P ® @, as required. O

We also need to check that the products and coproducts lift to SProcp. It turns
out that the necessary proofs are more easily formulated in the language of
ready specifications, and they will be postponed until Section 6, when ready
specifications have been shown to be equivalent to sets of processes.
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We will, however, prove that the UFPP lifts to SProcp.

Proposition 39 Let A, B be objects of SProc,,, U € PpA andV € PpB. Let
f:(A4,U) — (0A,0U) and g : (0B,oV) — (B,V), and let h : A — B be the
unique morphism in SProc satisfying h = f;oh;g. Then h: (A,U) — (B,V)
in SProcp.

PROOF. We need to prove that h U — V,ie. that h L {P®Q | P €
U,Q € V+}. We will prove, by induction on the length of s, that

VsVP e UVQ e V*. (PRQ)Mh—*P' ®Q")NA
= 3(a,b).(P'® Q)1 W L2 (P"® Q") 11 b

(Base case) s = ¢. Take P € U, Q € V', R € o(Ut), S € oV. Because
f L P® R there is a such that f fox) f'and P —~ P'. Because g 1 S Q@ Q

there is b such that g B, g g’ and Q L Q'. The transitions of f and g give
h( )h' and we also have P @ Q —— )P'®Q'

(Inductive step) Assuming the result for traces of length n, consider traces
of length n + 1. Take P € U and Q € V*. Because f = U —o oU and
g E oV — V, Lemmas 35 and 36 give P ; f € oU and g; @ € oV. Sup-

pose h M (P ® Q) RLLITy Ny M (P11 Q). This means that there are traces u and
v with f 271 () 4 *f', oh r)zip (+0) o p and ¢ M* !, Also P —=*P' and
Q—»Q' ertingP'f:oRandg;Q—oS we have R —*R' = P'; f'
and S —*S5' =4';Q".

Now we have

AN (R®S) “* kN (R ® S)

with R € U, S € V! and length(u zip v) = n. By the induction hypothesis,
there is (¢, d) such that

kM (R®S) (@B agr N(R'®95).

a ac

So there is (a b) such that P’ —— P”, flb ', Q' — Q" and ¢’ {db) g".

Hence ' 2%, f” kE';g"and PPQQ — P'®Q". O

39



For later work it is useful to have a supply of properties over each object.

Proposition 40 For every object A of SProc,,, {maxA}L = Proc(4) and
Proc(A)" = {max,}.

PROOF. For any P € Proc(A), P L maxy. Hence Proc(4) L {maxy}.
This means that {maxs}" D Proc(A); also, {max4}" C Proc(A). This gives
{max4}" = Proc(A).

For the second part, we already have {max,} C Proc(A)L. Now suppose that
P # maxy. There is a process P’, a trace s and an action a € Y4 such that

sa € S4 and P ——*P' but P’ cannot do a. Define Q to be the same process
as P, except that the node P’ is replaced by Q' where Q' = a : max,/,,. Then

P11 Q is not deadlock-free, so P f Proc(A4). O

Corollary 41 {maxs}"" = {maxs} and Proc(A)"" = Proc(A).

Definition 42 For each object A of SProc,,, define two properties over A:
ing def {max,} andouty def Proc(A). Thus we have inj = out4 and outy = ing.

A port of type (A,ing) represents an input because the possible behaviour is
described by max4 which is always prepared to engage in any action. A port of
type (A, outy) represents a possibly non-deterministic output; no information
is available about its possible behaviour.

Proposition 43 For all objects A,

(s € Sa= a€ Xyg.sa€Sy) < (ing =outy).
Corollary 44 Ip = in; = out; = I3.
There are a few useful results on combinations of in and out properties.
Proposition 45 For any objects A and B of SProc,,,
.ing ®ing = inggp

.outy o outg = outA@B

.outy ® outg = outgB

= W N =

.inging = ingoB.

PROOF.

(1) Follows from the fact that maxs ® maxg = maxsgs.
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(2) Follows from 1 by duality.
(3) Since My @ Mg ={P®Q | P € M4,Q € MB}lL, it is enough to prove

{PR®Q|PecMsQe Mp} ={maxsgs}
Clearly
maxsep L {P®Q | P € M4,Q € Mg}.

Suppose that R € Proc(A ® B) and R # maxagp. At some point in the
tree of R, there is an action (a,b) which is unavailable. For simplicity,
say that R cannot do (a,b). Then if P = a : maxy,, and @ = b : maxgs,

(P& Q) L R.
4) Follows from 3 by duality. O
Foll fi by duali

Proposition 46 If P : Ay --- % A, in SProc, the A; are progressive and
P|, then P : (Aj,outy, ) - (A,,outy,) in SProcp.

PROOF. It is immediate that if P : A in SProc, A is progressive and P is
deadlock-free, then P : (A,outy) in SProcp. By Proposition 45, the result can
be obtained by applying this observation to the type A; % --- 9 A,. O

5.6 Loss of Degeneracy

The degeneracies present in SProc (coincidence of ® and »p, coincidence of &
and @) do not appear in SProcp.

Proposition 47 Define SProc objects A and B by ¥4 = {a,b}, Sa = X%,
Yp = {c,d}, Sg = X%. Then outs ® ing # outy 75 ing.

PROOF. We have

outy @ ing ={P @ maxg | P € Proc(4)}""
outg g ing =(ing ® out]_:;)L
={maxy, ® Q| Q € Proc(B)}L.

Defining processes X and Y of type A ® B by

X=(b¢).X+ (a,d).X
Y =(a,c).Y + (b,d).Y
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it is easy to see

X € {P®@maxp | P € Proc(A)}"
Y € {maxs ® Q | Q € Proc(B)}".

But X / Y, which means that Y ¢ {P ® maxp | P € Proc(4)}'*. O

Loss of compact closure is to be expected, as in general the arbitrary formation
of cycles can lead to deadlock. Later in the paper we will present ways of
constructing cyclic processes in particular cases.

Proposition 48 Define SProc objects A and B by ¥4 = {a}, Sa = X%,
Yp = {b}, Sg = ¥%. Then outy @ outp # outy & outp.

PROOF. We have

outs @ outp = ({maxs} U {maxg})"*

— {max4, maxg}""
outs & outp = (outy @ outB)l

= {maxy, maxg}",
omitting inl and inr for clarity. Now, {max4, maxg}" = {max4 + maxg}, but

{max4 + max]_:g}L O {max4 + maxg, max4, maxg}

and so out4 @ outp is strictly larger than outs & outg. O

Although ® and »p are distinct in SProcp, the Mix rule is still valid.
Proposition 49 For any objects (A,U), (B,V) of SProcp, we have idsgp :
(4,U)® (B,V) = (4,U) » (B,V).

PROOF. By Lemma 34 it is enough to show that UQ V C U % V, i.e.

{PRQ|PcUQeV}"C{R®S|RecU",SecV'}.

This follows from
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{R®S|RecU,SeV'IC{P®Q|PcUQeV}"

which in turn follows from

{RS|RcU-,ScV}L{P®Q|PcUQEeV}

Take PcU,QcV,RcUL, ScVL If

(PRQ)N(R®S) —*(P Q)N (R ®S5")

fst*(s)

then PN R *P'I_IR'andQI_ISsnd *Q'm S BecausePJ_RandQJ_S

there are a, b such that P/ —— P", R' —~+ R", Q' —— Q", §' —— §". This
implies (P’ @ Q)N (R'® §') — (a.8) (P"® Q"M (R"® S"),and so (P®Q) L
(R®S). O

6 Equivalence

We will now prove that for each object A of SProc,, there is a bijection be-
tween PpA and PrA, and that this bijection preserves all the operations on
properties exactly. Also, satisfaction of properties is preserved. This will en-
able us to deduce that R is a specification structure (which has not yet been
proved), and that SProcg and SProcp are isomorphic.

6.1 Egquivalence of D and R

We now have two versions of orthogonality and of every operation on prop-
erties. To avoid confusion we will stick to the convention of using 6, ¢, ... for
ready specifications and U, V,... for sets of processes, and begin by proving
that the two notions of orthogonality are compatible.

Lemma 50 If P,Q € Proc(A), then P L @) <= readies(P) L readies(Q).

PROOF. Suppose P L @, (s,X) € readies(P) and (s,Y) € readies(Q). So
—> »P’ and Q ——*Q’, and orthogonality of P and Q implies that there

is an action a such that P’ ———+ P” and Q' ——» Q". This means that a €

initials(P’) = X and a € initials(Q') =Y, so (s, X) L (s,Y).
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Conversely suppose readies(P) L readies(Q), P ——*P' and Q ——*Q’. Then
we have (s, initials(P’)) € readies(P) and (s, initials(Q’)) € readies(Q), and this

implies
initials(P’) N initials(Q') # @.

a

Thus there is an action a such that P’ —— P"and Q' —— Q",so P L Q. O

Definition 51 Let U € PpA and 6 € PRA.

F(8) % {P € Proc(A) | readies(P) C 6}
G(U) | J{readies(P) | P € U}.

Proposition 52 If 6 € PrA then GF(0) = 6.

PROOF. If (s,X) € GF(0) there is P € F(0) with (s,X) € readies(P).
This means that (s,X) € 6, because P € F(0) = readies(P) C 6. Hence
GF(0) C 4.

If (s,X) € 0 then establishing (s,X) € GF(0) requires P € F(6) such that
(s, X) € readies(P). This means finding P with readies(P) C 6 and (s,X) €
readies(P). We know that (¢,X4(¢)) € 6 for any trace ¢t € S4. In maxy there
is a unique state reachable by the trace s. By removing branches from this
state, we can construct a process P with the required property. O

Proposition 53 IfU € PpA then FG(U) =U.

PROOF. If P € U then readies(P) C G(U), so P € FG(U). Hence U C
FG(U).

If P € FG(U) then readies(P) C G(U). So for any (s, X) € readies(P) there is
Q € U such that (s, X) € readies(Q). If R € U* and (¢,Y) € readies(R), this
means that (s,X) L (¢,Y), because R L @) and by Lemma 50. Hence P L R,
ie. Pe Ut =U. Thus FGU)CU. O

Lemma 54 Satisfaction is preserved by the correspondence between D and

R, i.e.

readies(P) C § < P € F(0)
P € U < readies(P) C G(U).
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PROOF. The only non-trivial part is readies(P) C G(U) = P € U; the
others follow easily from the definitions of F' and G. If readies(P) C G(U)
then Pc FG(U)=U. O

Lemma 55 F(6+) C F(8)" and G(U*') C G(U)*.

PROOF. If P € F(6+) and Q € F(6) then readies(P) C 6 and readies(Q) C
6,s0 P 1L Q.

If (s,X) € G(U") and (¢,Y) € G(U) then 3P € U*.(s,X) € readies(P) and
3Q € U.(t,Y) € readies(Q). Since P L @, readies(P) L readies(Q) and hence
(s,X) L (t,Y). O

Lemma 56 If § € PrA, there is a set of processes {P; | i € I} (where I s

some indezing set) such that

U readies(P;) = .

i€l

PROOF. Define a labelled transition system whose states are the ready pairs
in #, with transitions defined by

ac X

(s, X) . (sa,Y).

We have (s, 4(s)) € 0 for each s € S4. So for any pair (sa,Y’) € 6 there is the

transition (s, 4(s)) — (sa,Y), which means that every state is reachable
from (e,X4(g)), except for any (g, X) with X # ¥ 4(e). This means that the
states (&, X) can be taken as the processes P;. O

Proposition 57 F(6+) = F(6)".

PROOF. It is enough to prove F(§)" C F(6+).If P ¢ F(6)" then P L F(9).
Let Q1,...,Q, be such that readies(Q;)U. . .Ureadies(Q,) = 6. Each Q; € F(0),
hence P 1 Q; for each i. So readies(P) L 6 and hence readies(P) C #+. Thus
PeF(6+). O

Proposition 58 G(U') = G(U)™.
PROOF.
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Corollary 59 F(§) = F(6)"" and G(U) = G(U)™.

Proposition 60 If§ € PrA and ¢ € PrB then F(8 ¢) = F(8) » F(¢).
PROOF. It is enough to show that F(8+ 5 ¢*) = F(6+) 5 F(¢'). Now,

649 ¢t ={(s,Ax B) | (fst’(s), 4) € 6, (snd"(s), B) € ¢}

and

F(6*) 5 F(¢*)=F(0)" 5 F(¢)"
=(F(8)® F(¢))"
={P®Q|PecF),QcF(¢)}

so we need to show that

F[{(s,Ax B)| (fst"(s), A) € 6, (snd*(s), B) € ¢}"'] =
{P®Q|PcF(),QcF($}

We will consider the two inclusions separately. If

R F({(s,Ax B) | (fst"(s), A) € 8, (snd"(s), B) € ¢}")

then

readies(R) L {(s, A x B) | (fst*(s), A) € 8, (snd*(s), B) € ¢}.

For any s, A, B with (fst*(s), A) € 6 and (snd*(s), B) € ¢, (s, X) € readies(R)
implies that there is (a,b) € X with a € A and b € B. So if readies(P) C 6
and readies(Q) C ¢, R L (P ® Q).

For the other inclusion, suppose that R L {P®Q | P € F(0),Q € F(¢)}. We
need to show that readies(R) L {(s, Ax B) | (fst*(s), A) € 8, (snd*(s), B) € ¢}.
Let (s,X) € readies(R), (fst*(s), A) € 6 and (snd*(s),B) € ¢. By Lemma 56
there are P and @ such that P € F(6), Q € F(¢), (fst*(s), A) € readies(P)
and (snd*(s), B) € readies(Q). Because R | P ® @, after the trace s there is
an action (a, b) available to both R and P® Q. Hence (a,b) € XN(Ax B). O
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Corollary 61 F(§ ® ¢) = F(8) ® F(¢).
PROOF. This follows from the fact that F' preserves »p and (—)L, and duality
of ® and . O

Corollary 62 G(U» V) =G(U) 5 G(V) and GU V) =G(U) @ G(V).
PROOF.

GU»V)=GFGU)» FG(V))
=GF(G(U) » G(V))
=G((U) » G(V).
Again, G(UQ V) = G(U) ® G(V) follows easily. O

Proposition 63 F(0 & ¢) = F(0) & F(¢) and G(U & V) = G(U) & G(V).
PROOF.

F0a¢)=F((6&e) )
=(F(6&¢)"
={P|PEb6&¢}
={Q[inl] + Rfinr] | Q = 6,R |= ¢}
={QI[inl] + R[inr] | Q € F(8),R € F(¢)}*
=F(0) & F(¢).

G(U & V) =G(F(G(U)) & F(G(V)))
=G(F(G(U) & G(V)))
—GU)&G(V). O

Proposition 64 F(of) = oF () and G(oU) = oG(U).
PROOQOF.

F(of)={P | P |= o6}

={oQ | Q F 0}
=oF(0).
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G(oU) =G(oF(G(U)))
=G(F(oG(U))
=oG(U).

0=

Proposition 65 F(RP(A)) = outs and F(RP(A)") = iny4.

PROQOF. 1t is sufficient to prove the first statement.

F(RP(A))={P € Proc(A) | readies(P) C RP(A)}
= Proc(A4)
=outy. O

From the definitions of RP(A) and RP(A)L, we have that in the ready spec-
ifications formulation, ing = {(s,2Z4(s)) | s € S4} and outy = {(s,X) | s €
Sa,D # X C Y4(s)}. This provides an alternative view of why the properties
in and out correspond to input and output. A port of type in is always ready
to receive any action in the available alphabet, whereas a port of type out can
enter states in which arbitrary subsets of the alphabet are not available.

6.2 Products and Coproducts

Now that the specification structures D and R have been shown to be equiv-
alent, any calculations relating to deadlock-freedom can be carried out in
whichever setting is more convenient. We have not yet proved that products
and coproducts lift to SProcp; we will now present the proof in terms of ready
specifications. By duality, it is sufficient to consider products.

Lemma 66 Let A, B be objects of SProc,, with § € PrRA, ¢ € PgB.

(1) If s # € then (inl*(s),X) € 0 & ¢ < (s,{z |inl(z) € X}) € 6.
(2) If s # ¢ then (inr*(s),X) € 0 & ¢ < (s,{z |inr(z) € X}) € ¢.
(3) (e,X)€00&¢p «— U, V.(,U) € 8,(c,V) € $ and X = inl(U)Uinr(V).

PROOF.

(1) (=) We will show that (s,{z | inl(z) € X}) L (¢,Y) for every (¢,Y) € 6+.
It is sufficient to consider (s,Y) € 64; we then need {z | inl(z) € X} N
Y # @. Since (inl*(s),X) € 6 & ¢, the definition of 6 & ¢ implies that
X Ninl(Y) # @, and we are done.
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(<) We need (inl*(s), X) L (inl*(s),inl(U)) for every (s,U) € 6*. Since
(s,{z |inl(z) e X}) €6

we have U N{z | inl(z) € X} # @, and so X Ninl(U) # @.

(2) An identical argument.

(3) (=) Take U ¥ {z | inl(z) € X}, V & {z | inr(z) € X}, so that
X = inl(U) Uinr(V). To show that (¢,U) € 0, consider (¢,Y) € §+. The
definition of § & ¢ implies (e,X) L (g&,inl(Y)) and so X Ninl(Y) # @.
Hence UNY # @,i.e. (¢,U) L (¢,Y). So (e,U) € 8++ = 4. An identical
argument shows that (¢,V) € ¢.

(<) Suppose X = inl(U)Uinr(V) with (¢,U) € 0 and (¢, V) € ¢. For any
(e, W) € 6+, WNU # & and hence W N X # @. For any (¢,Z) € ¢+,
ZNV # @ and hence XNV # &. Thus (¢,X) € § & ¢. O

Proposition 67 Let A, B, C be objects of SProc,,. Let f : A — B and
g:A— C with 0{f}¢ and 6{g}v, where 6,¢,9% € PrA, PrB, PgC.

(1) (6 & ¢){m}f
(2) (6 & ¢){ms}é
(3) 6{{f,9)}(¢ &¥)

PROOF.

(1) We need

readies(m;) C (0 & ¢) — 6
(08 ¢) 50
{(s,U x V) | (fst*(s),U) € 8 & ¢, (snd*(s), V) € 6*} .

Consider any s, U, V, X with

(fst*(s),U) €0 & ¢
(snd*(s),V) € 6+
(s, X) € readies(m;).

For some (t zip ¢,Y) € readies(id4) we have s = inl*(¢) zip ¢t and
X = {(inl(a),b) | (a,b) € Y},

So fst*(s) = inl*(¢) and snd*(s) = ¢.

By Lemma 66, either (1) fst*(s) = ¢ and U = inl(W) U inr(W') for
some W, W' with (¢,W) € 6 and (¢, W') € ¢, in which case we will say
(t,W) € 6 with t = ¢; or (2) fst*(s) # ¢ and U = inl(W) for some W
with (¢, W) € 6.
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Because id4 |= 6+ 5 6, i.e.
readies(id4) L {(u,Z x T) | (fst*(u), Z) € 0, (snd*(u), T) € 6*},

in either case we have (tzipt,Y) L (tzipsnd*(s), WxV),so YN(W xV) #
@. Hence X N (U x V) # @, since X and U are defined by relabelling Y
and W.

(2) A symmetrical argument.

(3) We need

readies((f,9)) L {(s,U x V) | (fst*(s),U) € 6,
(snd"*(s), V) € (¢ &¥) .
Consider any s, U, V, X with

(s,X) € readies((f, g))
(fst*(s),U) €6

),U
(snd*(s),V) € (¢ & ¥).

There are three cases.
(a) s = ¢, so that

X =initials(f)[(

[(a, b)
U initials(g)[(

a, (a,inl(d))]
a,c) = (a,inr(c))]

and, by Lemma 66, V = inl(V;) U inr(V3) with (,V;) € ¢+ and
(¢,V2) € ¥*. Then f = 6+ 9 ¢ implies that initials(f) N (U x V1) # @,
and hence X N (U x V) # @.

(b) s # € and snd*(s) = inl*(¢), so that X = Y[(a,b) — (a,inl(d))] with

|_>
'_>

(fst*(s) zip t,Y) € readies(f)

and V = inl(V}) with (¢£,V1) € ¢-. Then f = 6+ 5 ¢ implies that
(fst*(s) zip ¢,Y) L (fst*(s) zip ¢t,U x V1);s0 Y N (U x V1) # @, and
hence X N (U x V) # @.

(c) A symmetrical case. O
6.3 Ready Equivalence and +*-invariance

It is possible that readies(P) = readies(Q)) with P # @, and in this case
the processes P and () satisfy exactly the same ready specifications. It is
not possible for distinct processes to be contained in exactly the same sets
of processes: if P # ) then P ¢ {Q}. So it appears possible that sets of
processes may make finer distinctions than ready specifications. However, if
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distinct processes have the same readies, they must be in the same ~~-invariant

sets of processes, as shown by the following proposition.

Proposition 68 If P € U and readies(P) = readies(Q) then Q € U*+.

PROOF. Follows from Proposition 53. Alternatively, note that if R € U+
then readies(R) L readies(P). So readies(R) L readies(Q)), which means that
QeU. O

Defining two processes to be ready-equivalent if they have the same readies,
this result says that a *1-invariant set of deadlock-free processes must be the
union of a collection of ready-equivalence classes of deadlock-free processes.
So membership of 11-invariant sets cannot distinguish processes more finely
than ready-equivalence.

6.4 The categories SProcp and SProcg are isomorphic

Theorem 69 The categories SProcp and SProcg are isomorphic, i.e. there
are functors F : SProcp <> SProcg : G with FG = Lsproc, and GF = Lsproep, -

PROOF. Given an object (A4,U) of SProcp, F(A,U) o (X, F(U)). Given
a morphism f : (A,U) — (B,V) of SProcp, F(f) aef f: (A FU)) —
(B,F(V)). Note that if f : (4,U) — (B,V) then we have f = U — V
and, because of the equivalence of satisfaction in D and R and the fact that
F preserves the linear connectives, this gives f = F(U) — F(V) also. Hence
f really is a morphism (A4, F(U)) — (B,F(V)) in SProcg. Because F does
not change morphisms, composition and identities are trivially preserved. The
functor G is defined similarly, and the fact that F and G are mutually inverse
follows from the fact that F' and G are mutually inverse. Furthermore, 7 and
G preserve all of the structure of the categories; again, this is simply because
F and G preserve all the structure. O

7 Synchronous Networks

In this section we will consider some applications of our techniques to systems
of practical interest. There is a class of concurrent systems to which our theory
is very well suited; we call these systems synchronous networks. A synchronous
network consists of a number of processes or nodes, each with various ports,
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which are connected together in some configuration. The key points are that
once the network has been constructed, its topology does not change; and that
the entire system is subject to the synchrony hypothesis with which we have
been working throughout. The two main examples of synchronous networks
are synchronous dataflow programs, written in languages such as SIGNAL [26]
and LUSTRE [27], and systolic algorithms [22].

Given that the topology of a network never changes, the operation of categori-
cal composition (parallel composition + hiding) is suitable for forming a fixed,
private connection between two nodes. As we have already seen in Section 3
the structure of a compact closed category such as SProc allows arbitrary
networks to be constructed by means of categorical operations. We are also
interested in constructing networks in SProcp, to ensure deadlock-freedom;
however, loss of compact closure means that cyclic networks cannot be con-
structed without some additional analysis. By suitable use of the deadlock-free
types in and out, and their properties, we are able to identify which cycles can
always be safely constructed.

In addition, Proposition 73 gives a sufficient condition for the safe construction
of cycles which, a priori, might be unsafe. The condition is that when a cycle is
formed by connecting one of the outputs of a network to one of the inputs, the
output must be independent of the input. Independence means that the output
produced at any time depends only on the input received at previous times. In
the synchronous dataflow language LUSTRE, cycle formation is restricted so
that every cycle contains a pre node; the pre operator in LUSTRE introduces an
output which is independent of one input. Hence any legal cycle in a LUSTRE
program satisfies our condition. Furthermore, our condition is the natural
specialisation of Wadge’s cycle sum test [47] to the synchronous case. Wadge
attaches an integer weight to every path from input to output in every node,
corresponding to a delay in causality. Computations of history-independent
functions have a weight of 0, the pre node has a weight of +1, and a node which
produces output only after consuming input has a negative weight. Deadlock
in a dataflow network occurs when an output causally depends on itself; if
the sum of the weights around every cycle is strictly positive, then this cannot
happen. Wadge does not assume synchrony, and hence has to consider negative
weights; in the synchronous setting, all weights must be non-negative, and the
cycle sum test reduces to checking for the presence of at least one strictly
positive weight in every cycle. The cycle-formation condition established in
Proposition 73 is therefore as general as Wadge’s cycle sum test, given that
we are working synchronously.
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A—
A — P — F
P =c B—| Q
B —= D — F

(a) (b)

Fig. 4. Two simple networks

7.1 Networks in a Compact Closed Category

Suppose we are working in a compact closed category, potentially one in which
(—)L is non-trivial. Suppose also that for each datatype used by a particular
network, there is an object in the category suitable for modelling a port of
that type. The (—)L operation is used to switch between input and output,
in the sense that a port of type A must be connected to a port of type A',
but at this stage we have not chosen which of A and A' is input and which
is output.

In general, when working with a *-autonomous category, a node with n ports
of types Ai,..., A, is represented by a process of type A; » --- % A,, i.e.
a morphism P : I — A;»r ---% A,. The closed structure allows types to
be moved across the arrow; in a compact closed category we do not have to
worry about the effect that this has on the connectives, and we can replace
every connective by ®. The only condition is that when a type is moved
across the arrow, (—)L must be applied. For example, a process P with three
ports of types A1, B+ and C could be represented as P : C+ — Al @ B+,
P:A®(C+ - B, P: A® B — C, and so on. If we wish to interpret A+
and B* as input types and C as an output type, then the last of these makes
the most sense, and we might draw the process as in Figure 4(a). In this way,
any desired network can be constructed as a morphism in the category, with
the calculation described in Section 3 being used to form cycles. For example,
the morphism corresponding to the network in Figure 4(b) is

(PRidp);Q: A B®D - EQF

where the morphisms corresponding to the individual nodes are P : AQB — ('
and Q:C®D > EQF.

7.2 Deadlock-Free Types

We will now consider ways of typing the nodes of a network in SProcp. In
many cases it is possible to identify each port of a process as either an input
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or an output, and this allows us to use the types in and out. Since SProc is
based on synchronization rather than value-passing, we need to define what it
means for ports of an SProc process to be inputs.

Definition 70 Let P : Ay -+ A, in SProc and let J C {1,...,n}. P is
receptive in the ports J if whenever P ——*Q and Vj € J .a; € T4, (75 (s))
then for eacht € {1,...,n}—J there is a; € X 4,(7}(s)) such that Q (a,an)

for some R.

Receptivity in a set of ports means those ports correspond to inputs and
are independently able to receive arbitrary values. When a dataflow node is
modelled by an SProc process, that process is receptive in each port which we
consider to be an input of the node.

Proposition 71 Let P: A;» -5 A, be any SProc process and let J be the
set of ports in which it is receptive. Defining 6; € PpA; by

in ificJ

out otherwise

gives P : (A1,61) 59 -+ 9 (A,,0,) in SProcp.

PROOF. We will use the ready specification formulation of deadlock-free
types. Without loss of generality, assume that J = {1,...,m}. We need to
show that

readies(P) C {(s, X1 x -+ x X,,) | Vi.(r}(s), X;) € 67}

i.e. that

readies(P) L {(s,X; x --- x X,,) | Vi.(7}(s), X;) € 6;"}.

Pick (s1,X1)...(sn,X,) and X such that for each s € {1,...,n}, (s;, X;) € 65,
and (s, X) € readies(P), where s = sy zip ... zip s,. We need to show that
(Xix--xX,)NX #@.

For each 7 € {1,...,m} pick a; € X;. Because (s, X) € readies(P) there is a

process Q such that P ——*Q and X = initials(@). Because P is receptive in
ports {1,...,m}, for each j € {m + 1,...,n} thereis a; € X 4;(s;) such that

Q M)» R for some R. Hence (a17 s ,an) € X.
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Fig. 5. The two kinds of cycle

For each j € {m +1,...,n} we have ¢9jl =in, so X; = X4, (s;), and a; € Xj.
Hence (a1,...,a,) € X1 X --- x X,,. O

This result allows any node to be assigned a type on the basis of a classifica-
tion of its ports as inputs or outputs. If a network is constructed in SProcp
according to the type discipline, this corresponds to obeying the constraint
that every connection is between an output and an input. As we know, the
result is a network which will not deadlock. The type system of SProcp does
not allow cyclic connections to be established; however, cycles are very likely
to be present in any interesting network, and we need to be able to construct
them.

Now that we have identified certain ports as inputs, it is possible to see that not
all cycles have the same structure. In Figure 5 the arrows point from outputs
to inputs. Each of the two networks contains a cycle, but the patterns of flow of
data are different. In the cycle on the right, one node has two outputs coming
from it; if the part of the network enclosed in dashed lines is considered as a
single node, this means that the cycle can be constructed by simultaneously
connecting two outputs from one node to two inputs of another. The cycle on
the left does not have this property, and represents a genuine feedback loop.
In general, consider a polygon with n sides and orient each side by adding
an arrow in one direction or the other. Starting from any vertex, follow the
arrows; either we return to the initial vertex, or we arrive at a vertex with
two arrows pointing at it. The first case corresponds to a feedback loop; in
the second case, a dual argument shows that there is also a vertex with two
arrows pointing away from it.

This means that any cycle which is not a feedback loop can be reduced to
a simultaneous connection of two outputs from one process to two inputs of

another, as in Figure 6. In SProcp we have processes P : (4,in4 )9 (B,outp) s
(C,outg) and Q : (B,ing) 5 (C,ing) 59 (D,outp). Writing P and @ as mor-
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= - - —=

= - - —=

Fig. 6. A double connection between nodes

1 =

+ fork

Fig. 7. A network with feedback

phisms gives

P : (A,outy) — (B,outg) » (C,outc)
Q : (B,outp) ® (C,outg) — (D,outp)

or equivalently

P : (A,outy) — (B g C,outp 5 oute)
Q@ : (B ® C,outg ® outg) — (D, outp).

By Proposition 45 we have outp 3 outg = outpxoc and outp ® outg = outpgc.
Combined with the fact that B @ C' = B 9 C, this means that P and () are
composable, and we obtain P ; Q : (A,outs) — (D,outp), or equivalently
P;Q:(A,ing)p (D,outp). Hence P ; Q is a deadlock-free process.

We now have to deal with the case of a feedback loop. As an example of the use
of feedback in dataflow programming, consider the network in Figure 7. The
node 1 produces the sequence 111... and the function f is defined on streams
by f(o) = 0c. The fork node simply copies its input, and the + node outputs
at each instant the sum of the inputs received at the same instant. The output
z is defined by z = 111... 4 f(z), and the least solution of this equation (i.e.
the least fixed point of Az.111...+ O:I:) is = 1234 . ... The significant feature
of f is that its first output token is independent of any input, and subsequently
there is always a delay of one time unit between an input being received and
the corresponding output being produced. For a dataflow network to be free
of deadlock, every feedback loop should contain a node such as f. In LUSTRE,
the corresponding node is called pre, and the language specifies that every
loop must contain at least one pre. We will now give a semantic formulation
of this property of nodes, and show that it yields a sufficient condition for the
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formation of deadlock-free cycles.

Definition 72 Let P : (A;,in) g -+ % (An,in) 5 (Bi,out) 5 - -+ 5 (B,,out)
in SProcp. Output i of P is independent of input j if whenever P ——*(Q,

Vai,...,8j_1,8541,...,0y, 3b such that for all R, ) (@1, ambrbn) = b =
b.

Proposition 73 Suppose P : (A1,in) g -9 (Am,in) 9 (Amy1,0ut) p -9
(An,out) 9 (Ant1,in) g (Ant1,0ut) in SProcp and let P be the SProc process
obtained by connecting ports (Ani1,0ut) and (Ani1,in) of P. If the output
at port (Any1,0ut) of P is independent of the input at port (A,i1,in), then
P:(Ay,in)g -9 (4Am,in) 9 (Amy1,0ut) p - -9 (A,,out) in SProcp.

PROOF. We need to show that

readies(P) L {(s, X1 x -+ x X,,) | Vi.(x}(s), Xi) € 6;"}
where 6, ...0,, are in and 0,,,, ...0, are out.

Pick (s1,X1)...(8n,X») and X such that for eachi € {1,...,n}, (s:, X;) € 6;-,

and (s, X) € readies(P), where s = sy zip ... zip s,. We need to show that
(X1 x--xX,)NX #@.

The definition of P means that there is a trace ¢t over A,.; and a set Y such
that (s zip t zip t,Y) € readies(P), and

X ={(z1,...,2,) | Fy.(z1,...,Zn,y,y) €Y.

Because the output at port (A,11,o0ut) of P is independent of the input at port
(Ant1,in), for any z1,...,z, thereis bsuch that (z1,...,2,,y,2) €Y = 2 =b.

Let X,y1 = {b} so that (¢,X,41) € out, and let X,y = X4, (¢) so that
(t, Xnt2) € in. Because readies(P) C in»p - -+ 9 in>p out 5 - - - 5 out g in »p out,
there is (a1,...,8n,y,2) € (X1 X -+ X X,12)NY.

We have z = b, dependent only on ay,...,a,. Because X,,,1 = {b}, y =
b. So we have (aj,...,a,,b,b) € Y, and hence (ay,...,a,) € X. Therefore
(X1 x---xX,,)NX # @, as required. O

We will use the term source to describe an output which is independent of
any input which forms part of a cycle under consideration. In previous work
[23] the term source has been used to describe an output which is indepen-
dent of all inputs, but here we will use this weaker definition. The process
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P in Proposition 73 represents the network at the last stage of construction,
just before formation of the cycle. In practice, and in line with the LUSTRE
condition that every loop contains a pre node, we would like to deduce that
the appropriate output of P is a source from the fact that one of the nodes
used to construct P has a source. It can be shown, assuming that the outputs
of nodes depend functionally on the inputs and that nodes are deterministic
(these conditions are always satisfied for a language such as LUSTRE), that
sources are preserved by composition [23]. Hence it is sufficient to check that
there is a source somewhere in every cycle. In LUSTRE, the only way of intro-
ducing a source is by means of a pre node, hence the requirement that every
cycle in a LUSTRE program must contain at least one pre.

7.3 (Generalisations

In our analysis of networks, we have simply identified each port as either
an input or an output. However, we can imagine more general situations in
which a particular port may behave in different ways at different times; for
example, being receptive at the first step (and thus behaving as an input) but
subsequently behaving as an output. In general, consider any finite sequence of
in and out symbols, and interpret such a sequence as specifying the repeating
unit of a communication pattern. For example, the sequence in.out represents
an infinite alternation of input and output. The structure of SProcp is rich
enough to include semantic versions of such communication patterns over any
SProc object. Continuing the example, the interpretation of the sequence in.out
over the SProc object A would be the ready specification

{(s,24(3)) | length(s) is even} U {(s,X) | X C X4(s),length(s) is odd}.

A detailed development of this idea, which is a subject for future work, should
lead to interesting connections with the type system proposed by Takeuchi et

al. [46].

8 Conclusions

We have presented a semantic view of the specification and verification of con-
current systems. The relevant technical machinery is the notion of specifica-
tion structures, which provides a systematic approach to the construction of a
hierarchy of semantic universes allowing us to express increasingly strong con-
straints on computational behaviour. We have illustrated this idea by defining
a specification structure over SProc, a category of synchronous processes. The
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resulting category, SProcp, is a semantic universe in which compositional ver-
ification of deadlock-freedom can be discussed. We have presented two equiv-
alent definitions of SProcp, one based on the idea of a specification as a set
of processes, the other based on the notion of ready specification. As a sim-
ple application, we have shown that SProcp supports the specification and
verification of deadlock-free synchronous networks; examples of synchronous
networks include synchronous dataflow programs and systolic algorithms.

We have described SProcp as a “semantic universe” without explicitly present-
ing a semantic function with a particular language as its domain. We think of
the objects of SProcp as semantic models of types which specify communica-
tion behaviour, as indicated briefly in Section 7.3. Previous work on interaction
categories includes the definition of a typed process calculus [23,24] in which
types correspond to safety specifications. This process calculus has a denota-
tional semantics in which types are interpreted by SProc objects and processes
by SProc morphisms. (In fact, the typed process calculus can be interpreted in
any category satisfying certain axioms which capture the essential structure
of SProc.) We hope to extend this process calculus so that its type system
specifies communication patterns of the kind mentioned in Section 7.3, and
then use SProcp to give a denotational semantics to the new process calculus.
The aim of our research on interaction categories is to understand the seman-
tic structure of complex behavioural types, and work from that understanding
towards a language which can be given a categorical semantics.

Several type systems for concurrency have been proposed recently. All of them
start with a syntax (often based on the w-calculus), an operational semantics
and a collection of typing rules, and prove that correct typing guarantees cer-
tain operational properties. Many of them are based on the idea of identifying
ports or channels as input or outputs, and checking that outputs are always
connected to inputs. There are several variations which include information
about how many times channels are used [32], the order of usage of channels
[31], subtyping [42], types for choice and branching behaviour [46]. The distin-
guishing features of our semantic approach are as follows. First, it is based on a
category-theoretic description of the collective structure of processes and their
relationship to specifications. Second, we have proposed a methodology (via
the notion of a specification structure) for treating a range of program proper-
ties and verification techniques within a single framework. Finally, because we
have a semantic model of specifications or types, arbitrarily complex combina-
tions of input and output ports can be treated in a uniform way. This means
that our arguments for correctness of networks, although intuitively based on
considerations of input vs. output and information flow, are formalised within
a uniform semantic setting. Of course, we still need to formalise a syntax of
processes and types in order to complete the picture of a language with its
categorical semantics.
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The other way in which the theory described in this paper could be extended
and developed is by removing the assumption of synchrony. Progress has al-
ready been made on an asynchronous version of the theory, by applying the
sets of processes approach to the asynchronous interaction category ASProc
[6]. The result is a category of deadlock-free processes in which the global
synchrony condition is not present. Preliminary versions of this work have ap-
peared in [2,23] and improved versions in [9,39]; a full report of this area will
be the subject of a future paper.

Beyond the issues of synchrony and a formal syntax, there are two respects
in which our theory of deadlock-freedom is restrictive. First, we have not yet
addressed the issue of mobility [37,38], which has featured prominently in re-
cent research on concurrency theory. Second, the property guaranteed by our
specifications is extremely strong—all processes must run forever. This is the
reason why, in our applications, extra analysis is needed in order to construct
cyclic networks. Most proposed type systems for concurrency use types to
guarantee slightly weaker properties—for example, that any communication
which occurs must be correct, but not that communication must always con-
tinue. This problem is alleviated slightly by the asynchronous version of our
theory, which incorporates a notion of successful termination, but we would
like to find a modification of the theory which would make the type system
weaker but correspondingly more flexible. Static analysis techniques, as well as
type-checking techniques, may then be appropriate for establishing program
properties.
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