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1 Introduction

Over the past years Gaussian processes (GPs) have become an important tool for machine learning.
Initially proposed under the name kriging in the geostatistical literature [6, 4], its formulation as a
non-parametric Bayesian regression technique boosted the application of these models to problems
beyond spatial stochastic process modeling [5, 9].

Although Gaussian process inference is usually formulated for a single output, in many machine
learning problems the objective is to infer multiple tasks jointly, possibly exploring the dependencies
between them to improve results. Real world examples of this problem include ore mining where
the objective is to infer the concentration of several chemical components to assess the ore quality.
Similarly, in robotics and control problems there are more than one actuator and the understanding
and accurate modeling of the dependencies between the control outputs can significantly improve
the controller.

The main challenge for multi-task Gaussian processes is to define valid cross-covariance functions
that are both positive semi-definite and informative [4]. In this paper we generalize the multi-task
Gaussian process to allow the use of multiple covariance functions, possibly having a different
covariance function per task. We develop a general mathematical framework to build valid cross
covariance terms and demonstrate the applicability to real world problems. As examples, we provide
closed form solutions to cross covariance terms between Matérn and Sparse, and two different Sparse
covariance functions. The Sparse covariance function was recently proposed for exact GP inference
in large datasets [8]. This property of sparsity can be naturally incorporated in the multiple output
case with the definition of valid cross sparse terms as described in this paper.

Our model can be seen as a mathematical procedure to derive multi-kernel covariance functions
for the convolution process of two smoothing kernels (basis functions), assuming the influence of
one latent function [3]. It can also incorporate the extensions proposed in [1] where multiple latent
functions influence the output.

2 Multiple Output Gaussian Processes

Consider the supervised learning problem of estimating M tasks y∗ for a query point x∗ given a set
X of inputs x11, . . . ,xN11,x12, . . . ,xN22, . . . ,x1M , . . . ,xNMM and corresponding noisy outputs
y = (y11, . . . , yN11, y12, . . . , yN22, . . . , y1M , . . . , yNMM )T , where xil and yil correspond to the ith
input and output for task l respectively, and Nl is the number of training examples for task l.

The Gaussian processes approach to this problem is to place a Gaussian prior over the latent func-
tions fl mapping inputs to outputs l [2]. Assuming zero mean for the outputs we define a covariance
matrix over all latent functions in order to explore the dependencies between different tasks

cov [fl(x), fk(x′)] = Klk(x,x′), (1)
where Klk is a positive semi-definite (PSD) matrix. In this work we allow Klk to be computed with
multiple covariance functions (or kernels) resulting in a final PSD matrix. To fully define the model
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we need to specify the auto covariance terms klk with l = k and the cross covariance terms klk
with l 6= k. The main difficulty in this problem is to define cross covariance terms that provide PSD
matrices. A general framework for this is proposed in the next section.

3 Constructing Multi-Kernel Covariance Functions

3.1 General Form

To construct valid cross covariance terms between M covariance functions k11 (x, x′), k22 (x, x′),
... , kMM (x, x′) we need to go back to their basis functions. The proposition below states that if the
M covariance functions kii (x, x′), i = 1 : M can be written as convolution of their basis functions
gi, defining the cross covariance terms as the convolutions of gi with gj where i, j = 1 : M results
in a PSD multi-task covariance function.

Proposition 1 Suppose kii (x, x′), i = 1 : M are single-task stationary covariance functions and
can be written in the following form:

kii (x, x′) =
∫ ∞
−∞

gi (x− u) gi (x′ − u) du, i = 1 : M. (2)

The M task covariance function defined as

K (x, x′) =
∫ ∞
−∞

gi (x− u) gj (x′ − u) du for x ∈ Ti, x′ ∈ Tj , i, j = 1 : M (3)

where Ti and Tj stand for tasks i and j, respectively, is a PSD multi-task covariance function.

Proof. For any M set of points Xi = (x1i, x2i, .., xNii) and arbitrary real numbers Ai =
(a1i, a2i, ..., aNii) , i = 1 : M , via basic algebraic manipulations it can be shown that the quadratic
form generated by the functionK is PSD which proves thatK is aM task PSD covariance function.

The covariance functions kii , i = 1 : M can have the same form with different hyper-parameters or
can have completely different forms. When the covariance functions can be written as in Eq. (2) the
cross covariance terms can be calculated as in Eq. (3). The main difficulty is finding gi for popular
covariance functions. The following section demonstrates how this can be performed for stationary
covariance functions through the Fourier analysis.

3.2 Constructing Cross Covariance Terms with Fourier Analysis

If k (τ ) is a stationary covariance function in RD with a spectral density S (s), then k (τ ) and S (s)
are Fourier duals of each other (Wiener-Khintchine theorem), i.e.

k (τ ) = F−1
s→τ [S (s)] (τ ) , S (s) = Fτ→s [k (τ )] (s) , τ = x− x′. (4)

Assuming that the covariance function k (x,x′) can be represented in the form

k (x,x′) =
∫

RD

g (x− u) g (u− x′) du (5)

where g (u) ≡ g (−u) and changing the variable of integration we obtain
k (x,x′) = (g ∗ g) (τ ) (6)

where ∗ stands for convolution.

Applying the Fourier transformation to Eq. (6) and using the well-known equality

(g1 (τ ) ∗ g2 (τ ))∗ (s) =
√

2πg∗1 (s) g∗2 (s)
where ∗ in superscript stands for the Fourier transformation, one has that

k∗ (s) =
√

2π (g∗ (s))2 . (7)

Using Eq. (7) one can calculate the basis function using the covariance function as follows:

g (τ ) =
1

(2π)1/4
F−1
s→τ

[√
Fτ→s [k (τ )]

]
. (8)
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4 Examples

Using the framework described above multiple single-task covariance functions can be integrated
through a multi-task covariance function. In this section we provide analytical solutions for combin-
ing the Matérn (ν = 3/2 see [9], p.85) covariance function with the Sparse covariance function [8]
and for combining two Sparse covariance functions with different characteristic length-scales. We
have included the Sparse covariance function as this provides an elegant solution to handle large
datasets. The idea is to produce intrinsically sparse matrices which can be inverted efficiently.

For example, the analytical calculations of the cross covariance term between the Matérn 3/2 and
Sparse covariance functions results in

kM×S (r; lM , lS) =
8
√

2
33/4

√
lM
lS

π2l2M
4π2l2M + 3l2S

sinh

(√
3

2
lS
lM

)
exp

(
−
√

3
r

lM

)
, (9)

where lM and lS are the length scales for the Matérn 3/2 and Sparse covariance functions respec-
tively, and r = |x− x′|.
A combination of two Sparse kernels with characteristic length-scales l1 and l2 results in

kS1×S2 (r; l1, l2) =
2

3
√
l1l2


lmin + 1

π
l3max

l2max−l2min
sin
(
π lmin
lmax

)
cos
(

2πr
lmax

)
if r ≤ |l2−l1|2

l1+l2
2 − r + 1

2π(l21−l22)

[
l31 sin

(
π l2−2r

l1

)
− l32 sin

(
π l1−2r

l2

)]
if |l2−l1|2 ≤ r ≤ l1+l2

2

0 if l1+l2
2 ≤ r

(10)
where H (x) is the Heaviside unit step function, lmin = min (l1, l2) , lmax = max (l1, l2), and
r = |x− x′|.
Multidimensional and anisotropic extensions of these covariance functions can be constructed by
taking the product of the cross covariance terms defined for each input dimension and applying
linear transformations as in [7].

Note that the examples above do not consider parameters for the amplitude (signal variance) of
the covariance functions. This, however, can be added by multiplying blocks of the multi-task
covariance matrix by coefficients from a PSD matrix as in [2]. We have also derived analytical
solutions for the combination of square exponential with sparse, square exponential with Matérn
and two different Matérn covariance functions.

5 Experiments

For this experiment 1363 samples from an iron ore mine were collected and analyzed in laboratory
with x-ray instruments to determine the concentration of three components: iron, silica and alumina.
Iron is the main product but equally important is to asses the concentration of the contaminants silica
and alumina. The samples were collected from exploration holes of about 200m deep, distributed in
an area of 6 km2. Each hole is divided into 2 meter sections for laboratory assessment, the lab result
for each section is then an observation in our dataset. The final dataset consists of 4089 data points
representing 31 exploration holes. We separate two holes to use as testing data. For these holes we
predict the concentration of silica given iron and alumina. The experiment is repeated employing
different multi-task covariance functions with either squared exponential or Matérn kernel for each
task combined with the analytically derived corresponding cross-covariance terms. The results are
summarized in Table 1 which demonstrates that the dependences between iron, silica and alumina
are better captured by the Matérn 3/2 ×Matérn 3/2 × SqExp multi-kernel covariance function.

6 Discussion

This paper presented a novel methodology for constructing cross covariance terms for multi-task
Gaussian processes. This methodology allows the use of multiple covariance functions for the same
multi-task prediction problem. A general methodology for calculating the basis functions of station-
ary covariance functions using the techniques of Fourier analysis is proposed. A general method-
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Kernel for Fe Kernel for SiO2 Kernel for Al2O3 Absolute Error
SqExp SqExp SqExp 2.7995±2.5561

Matern 3/2 Matern 3/2 SqExp 2.2293±2.1041
Matern 3/2 SqExp Matern 3/2 2.8393±2.6962

SqExp Matern 3/2 Matern 3/2 3.0569±2.9340
Matern 3/2 Matern 3/2 Matern 3/2 2.6181±2.3871

Table 1: Mean and standard deviation of absolute error

ology for constructing cross covariance terms using these basis functions is also proposed and the
resulting multi-task covariance function is proved to be positive semi-definite.

As an example we provided analytical solutions for cross covariance functions combining the Matérn
and Sparse as well as two Sparse covariance functions. The presented multi-task Sparse covari-
ance function provides computationally efficient (and exact) way of performing inference in large
datasets [8]. Note however that approximate techniques such as [10, 12] can also be used.

The presented analytical forms for the cross covariance terms can be directly applied to multi-task
GP prediction problems and are also useful for other kernel machines.
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