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Abstract
Given several related learning tasks, we propose a nongéiarBayesian learn-
ing model that captures task relatedness by assuming thtettk parameters (i.e.,
weight vectors) share a latent subspace. More specifichByijntrinsic dimen-
sionality of this subspace is not assumed to be knayriori. We use an infinite
latent feature model - the Indian Buffet Process - to autaally infer this num-
ber. We also propose extensions of this model where the anbdparning can
incorporate (labeled, and additionally unlabeled if aafalie) examples, or the task
parameters sharauixture of subspaces, instead of sharingrale subspace. The
latter property can allow learning nonlinear manifold stae underlying the task
parameters, and can also help in preventing negative &nafiefn outlier tasks.

1 Introduction

We present a multitask learning model which assumes thaagikeparameters (i.e., weight vectors)
share an underlyinbasis space, accounting for the task relatedness. Each task can theepbe r
resented as a linear combination of the set of basis tasksprégent two models to learn such a
subspace: a) when all task parameters shayaghe subspace, and b) when they shamizture

of subspaces. Our subspace learning models are nonpaiatnetr intrinsic dimensionality of the
subspaces, and, in the mixture case, the intrinsic dimeabip and number of component sub-
spaces need not to be knowpriori). Here, we concentrate on probabilistic settings for utaai,
namely Bayesian linear regression (for regression) anceflag logistic regression (for classifi-
cation). The framework however is general enough and caonammdate a variety of different
classification and regression tasks in probabilistic rsgsti

2 Latent Subspace Model for Task Parameters

To model task relatedness, we assume that the tasks haveartyimg basis space and each actual
task is a linear combination of the basis vectors (which atsaurce” tasks). More specifically, sup-
pose we havé/ tasks (regression/classification) represented by taglopsterd,, . . ., 0, where

0, € RP is the task parameter for the-th task. We assume the following generative model for
each task parameteft;,, = ZA,, + ¢,,. HereZ € RP*X is a matrix in which each column isi
dimensional basis vector, aid,, € RX*! is the the set of coefficients for the'” task parameter.
The matrixZ, consisting of thei' basis vectors, defines the latent space underlying the geeof
dictors, and is shared across all tasks, justifying the takitedness. The same generative model,
with all task parameters grouped together in a marix [0; ... 05,] € RP*M can be written in a
matrix form as® = ZAy + E, whereAg = [A; ... Ayl

Together, the matriZ of basis tasks, and the coefficietis, ... A,/] give the task parameters a
parsimonious representation where eatlx 1 task parameter vector is represented by a vector of
sizeK x 1, with K <« D. Finally, each rowe,,, of the D x M matrix E explains the task-specific
idiosyncrasies and is assumed to be drawn from a multiea@Gatissian with a diagonal covariance
matrix ¥ = diag(Y11,-..,YDD)-

At a first blush, such a setup may seem like factor analysid{6jvever, unlike factor analysis, e.g.,
X = ZA +E type of set-up where the daXais observed, in this case the matri® is not observed. So
the “data”© is itself a latent variable in this model (others belaigA , E, and the associated hyper-
parameters). The goal of this model is to estimate all thesgguhe datg (X, Y1),..., (X, Y}
available from thel/ tasks.



A crucial issue in the model is determining the intrinsic dimsionality and any underlying spar-
sity of the predictor subspace defined By We propose a nonparametric Bayesian model based
on the recently proposed Indian Buffet Process (IBP) [3]¢aldvith both these issues. The di-
mensionality K of the latent space and the degree of sparsity of the baste sfefined byZ is
automatically determined by the IBP prior. Note that thersipaof Z is akin to imposing ai; -type
regularization or¥ as in the lasso framework, or assuming a Laplace prior ondharms ofZ:

Zy ~ [T, LAPLACE(0, 7).

3 Indian Buffet Process

The Indian Buffet Process (IBP) [3] is a nonparametric Bayesnodel that defines a distribution
over sparse, infinite binary matrices (i.e., unbounded rarmobcolumns). The IBP was originally

motivated by the need to model the latent feature structiiaegiven set of observations. The IBP,
due to its flexibility, has been a model of choice in varietynohparametric Bayesian applications,
such as for factorial structure learning, learning causattures, modeling dyadic data, modeling
overlapping clusters, and others [3].

In the latent feature model, each observation can be thafgis consisting of a set of latent fea-
tures. Given anV x D matrix X of N observations having features each, we can consider a
decomposition of the forrX = ZA + E whereZ is an N x K binary feature-assignment matrix
describing which features are present in each observafipn.is 1 if featurek is present in obser-
vationn, and is otherwise 0A is a K x D matrix of feature scores, and the matExconsists of
observation specific noise. A crucial issue in such modetiséshoosing the numbét of latent
features. The standard formulation of IBP lets us definear prrer the binary matri€ such that

it can have an unbounded number of columns and thus can be&alsyjrior in problems dealing
with such structures. We use IBP to automatically deterrtieadimensionality of the task param-
eter subspace described in the previous section. Noteith@aly formulation, the IBP prior is over
thelatent task parameters instead of the observations.

4 An Infinite Latent Subspace Model for Multitask Learning

In this exposition, we learn together several predictighksdn the context of multi-label prediction,
where each input is associated with multiple labels (our model is more gdriesevever and can
be applied to settings when each task has its own source of)inhearning the prediction task
for the m** label amounts to learning the task paramétgr Formally, given training dat® =
{(x1,97),..., (xn,y™)} for taskm wherex; € RP andy™ is a real (for regression) or a binary
valued (for classification) response, a learning task patarized byv,,,, can be defined ag™ ~

Nor (6T x;, p?) for regression, ang™ ~ Bn(1/(1 + 6_05)"")) for classification. To follow a more
compact notation, we shall denote the inpgts . ., x| by the N x D matrix X and the responses
for all the M tasks by aV x M matrix Y. With this notation, we can define the prediction setting as
a probabilistic modeP (Y |0, X) = Nor(Y|X*'©, p2I) for regression (Bayesian linear regression),

andP(Y|©,X) = Bn(1/(1 + ¢*"©)) for classification (Bayesian logistic regression).

Recall our original setup = ZA, + E. We model the matriZ using the Indian Buffet Process
(IBP), thereby automatically choosing the intrinsic dirsiemality of the task basis space defined
by Z. However since IBP defines a distribution over binary magiandZ a real-valued matrix,
we modelZ asB © V, an element-wise product of a binary matBxand a real-valued matri¥,
both of sizeD x K. We place an IBP prior over the binary matBxand a Gaussian prior over the
real-valued matri¥/. Figure 1 shows the generative story of the model the cooretipg graphical
model(s). Error terms are not shown for the sake of brevigrei, which is itself a latent variable,
acts as the “data” in the model and depends on other lateiables in the modelg, V, Ay, E).

In the basic model (middle figure), the only available “ddta”’learningZ is © (which is actually
itself a latent variable under our probabilistic model)vé&i related but only a small number of tasks
M, the D x M “data” matrix © may not be enough to reliably learn the bagisThis motivates
our second model that also uses the inpxitso improve the learning oZ. Under this model
(rightmost figure), it is assumed that the task paramédeasd the inputs< both shares the same
basis spac&, with different mixing matrice®\, and Ay respectively. This model can be thought
of as simultaneously discovering the task basis as well agdtimensionality reduction for the
dataX. In the latter model, one can simply use the learned taskypetmasO, or as well train a
separate model with dat#\, Y) in a reduced dimensional space (in our experiments, we gest u
the former approach). In addition, under this model, the diaatrix X need not only consist of
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Figure 1: Generative Story and the Graphical Models (miiglee: basic model, rightmost figure:
augmented model with inputs X)

labeled examples. So the matdxin the rightmost figure above caulditionally also consists of
unlabeled examples which are relatively easier to obtain.

5 Inference

We take a fully Bayesian approach for inference in these induaference is almost like the Gibbs
sampler for the IBP [3], except that we also need to infer #tenit variable® which acts as the
“data” in our model and therefore needs to be sampled frorpatterior P(©|D) whereD =
{(x1,97"), ..., (XN, ¥}, (m = [1,..., M]) denotes the actual data the model has access to.

Inference in our model is done using Gibbs sampling with a féstropolis-Hastings steps. The
samplers draws posterior sample€pB, V, Ay (alsoA, for the second model), and the remaining
hyperparameters of the model. We skip the Gibbs samplirajlsiétere due to space limitation. For
regression setting, posterior 6fhas a simple closed form so sampling is easily done by sagplin
it within the Gibbs sampler in the usual way. For classifmatsetting, the posterior @, unfor-
tunately, does not admit a closed form so we embed an ayxilaniable sampling step [5] in our
Gibbs sampler.

6 Prediction

Having learned the task parametérswe use these to make predictions on the test data. For the tes
datax of the m*" task, the prediction can be written 8&/|X) = [ p(y|X, 0.m)p(Orm | tim s m)dOm
which is essentially averaging over the predictions madednh of the posterior samples &f,,
wherep,, andX,, are the mean and covariance parameters ofitHetask parameter. Since the
posterior averaging can be computationally expensivearit @lso be replaced b;,,, the MAP
estimate ofg,,,. Prediction forx then simply requires plugging in the MAP estimaigy|x) =

p(ylxv ém)

7 Experiments

Here we demonstrate the effectiveness of our proposed aqipes on two real-world multi-label
classification datasets (Yeast and Scene) from the UCI itepps We compare both our models
against Bayesian logistic regression trained separateBach label, and use overall accuracy, F1-
Macro, F1-Micro, and AUC (Area Under ROC Curve) as the penfamce metrics. For the exper-
iments, we ran for 1000 iterations both, the Bayesian lagisgression based on Gibbs sampling,
and our models, and extract the MAP samples to make predgctResults are shown in Table 1.

Model Yeast Scene
Acc F1-macro| F1-micro| AUC Acc Fl-macro| F1-micro| AUC
LR 0.5047| 0.3415 0.3828 | 0.5049]| 0.7362| 0.3132 0.3173 | 0.6153
Model-1 | 0.5212| 0.3631 0.3901 | 0.5244] 0.7756| 0.3153 0.3242 | 0.6325
Model-2 | 0.5424| 0.3946 0.4112 | 0.5406]| 0.7911| 0.3214 0.3226 | 0.6416

Table 1:Comparison of Bayesian logistic regression, our basic model (mgdahdl our augmented model
(model-2), for two multilabel datasets. Bold face implies the best pedoo®. Results are averaged over 10
runs with different initializations.

As the table shows, both our models do better than Bayesigstilo regression which completely
ignores the task relatedness. Furthermore, our augmerdddlrfmodel-2) does best overall sug-



gesting that incorporating the input data in learning theglpotor subspace defined Byindeed helps
in learning the task parameters even better, especiallywieenumber of tasks is small (which is
indeed the case with Yeast and Scene datasets).

8 A Mixture of Subspaces Model for Multitask Learning

Our factor analysis based predictor subspace model alsitsadatural extensions to more complex
settings. Here, we briefly outline how a nonlinear manifoldierlying the task parameters can be
learned by assumingraixture of subspaces model over the task parameters. In this settngp not
assume that all task parameters shasimgle subspace, but instead there imixture of subspaces
and each task parameter belongs to one of the subspaces. iXtbeernf subspaces model uses a
collection of locally linear subspace, thereby effectvieting able to model nonlinear manifolds
[4]. The model also captures the notion of clustered taskis [@ way such that the tasks belonging
to the same subspace are considered part of the same cBstaressence, our framework captures
task-relatedness on two levels: task clustering, follolwg@ subspace assumption in each cluster
(and globally modeling a manifold structure underlying thgk parameters). In addition, our model
is fully nonparametric in that we do not need to assume ariori fixed number of clusters, or a
fixed dimensionality of the underlying subspaces in eacktelu The clustered structure of the task
parameters also allows segregation of outlier tasks angeent negative transfer.

To be concrete, let us again assume that we are diveéasksd,, . . ., 0;;. We assume the following
generative model for each task paramétgr p(6,,) = Zfil mNor (g, ZiZiT + ;). Herep; are
the component meang; are the corresponding factor loadings, andre the mixing proportions.
This is essentially a mixture of factor analyzers (MFA) miodiéginally proposed in [4] to learn
the low-dimensional structure of a set afserved data points. However, in this model, the task
parameterd,,, are actuallyunobserved. In our model, these are treated as random variables and
are learned along with the rest of the model parameters fak.M-order to make the model fully
nonparametric, one can put a Dirichlet Process (DP) pripoffilthe mixing proportionsr; which
nonparametrically determinds - the true number of mixture subspace components. To determi
the dimensionality of each subspace, the Indian Buffet&®¢BP) prior [3] on each of thé; just

as we do for the single subspace model discussed in sectiofe2ence in the model can be done
by taking a fully Bayesian approach.

9 Conclusion

We have presented several flexible models for multitasklegr all of them based on the assump-
tion that the task parameters lie on a subspace (lineardinear manifold), extending and general-
izing prior work in this area [2, 8, 7]. In particular, our madd proposed in section 4 extend the work
of [8] making it fully nonparametric. Next, our MFA model grosed in section 8 generalizes both,
the work of [7] which does only task clustering, and [8] whizésumes only a fixed-dimensional
andlinear subspace for the task parameters. Thus it achieves infamnstharing on two levels -
cluster and subspace. The mixture based model can alsonptbeeeproblem ohegative transfer

by segregating relevant tasks from the irrelevant or autdisks. Moreover, all our models are fully
nonparametric, obviating the need of doing model selection
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