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Abstract

In kidney exchange programmes (KEPs) patients may swap their incompatible donors leading to

cycles of kidney transplants. Countries try to merge their national patient-donor pools leading to

international KEPs (IKEPs). How can we ensure long-term stability of an IKEP to prevent coun-

tries leaving? Long-term stability of an IKEP can be achieved through a credit-based system. The

goal is to find, in each round, an optimal solution that closely approximates this target allocation.

We provide both theoretical and experimental results for the case where the cycle length is un-

bounded.

Kidney Exchange

We model a pool of patient-donor pairs as a directed graph G = (V, A) (the compatibility

graph) in which V consists of the patient-donor pairs, and A consists of every arc (u, v) such
that the donor of u is compatible with the patient of v.

In a directed cycle C = u1u2 . . . uku1, for some k ≥ 2, the kidney of the donor of ui could be

given to the patient of ui+1 (with uk+1 := u1). This is a k-way exchange using the exchange

cycle C .

An `-cycle packing of G is a set C of directed cycles, each of length at most `, that are pairwise
vertex-disjoint.

A solution for round r is an `-cycle packing in the associated compatibility graph Gr. To help

as many patients as possible in each round r, we seek an optimal solution, i.e., a maximum

(size) `-cycle packing of Gr.

Theorem [1]: If ` = 2 or ` = ∞, we can find an optimal solution for a KEP round in polynomial

time; else this is NP-hard.

International Kidney Exchange

As merging pools of national KEPs leads to better outcomes, international KEPs (IKEPs) are

formed [5, 7]. How can we ensure long-term stability of an IKEP to prevent countries leaving?

A (cooperative) game is a pair (N, v), where N is a set of n players and v : 2N → R is a value

function with v(∅) = 0. A subset S ⊆ N is a coalition. If for every possible partition (S1, . . . , Sr)
of N it holds that v(N) ≥ v(S1) + · · · + v(Sr), then players will benefit most by forming the

grand coalition N .

An allocation is a vector x ∈ RN with x(N) = v(N) (we write x(S) =
∑

p∈S xp for S ⊆ N ).

A solution concept prescribes a set of fair allocations for a game (N, v). In particular, the core

allocations ensure N is stable. However, a core may be empty.

partitioned `-permutation game on a directed graph G = (V, A) with a partition (V1, . . . , Vn) of
V is the game (N, v), where N = {1, . . . , n}, and for S ⊆ N , the value v(S) is the maximum

size of an `-cycle packing of G[
⋃

i∈S Vi].
We obtain a partitioned matching game [2, 4] if ` = 2, and a partitioned permutation game if

` = ∞. The width of (N, v) is c = max{|Vi| | 1 ≤ i ≤ n}.
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Figure 1. A permutation game (N, v) of width c = 3 defined on a graph G = (V, A). Note that N = {1, 2, 3, 4} and

V = V1 ∪ V2 ∪ V3 ∪ V4 with V1 = {a, b, c}, V2 = {d, e} and V3 = {f} and V4 = {g, h, i}, as indicated by the dotted

circles. Also note that v(N) = v({1, 2, 4}) = 8, that is the size of cycle packing C = {abdeca, high} as indicated by

the thick edges, while v({2}) = 2 and v({4}) = 3 and v({1}) = v({3}) = 0.

To ensure IKEP stability, we use the model of Klimentova et al. [6], which is a credit-based

system.

In each round, countries are given an initial allocation (as prescribed solution concepts) of the

total number of kidney transplants. This allocation is adjusted by a credit function yielding a

target allocation.

We must also determine how to choose in each round r a maximum `-cycle packing C (optimal

solution) of the corresponding compatibility graph G.

C is strongly close to x if d(C) is lexicographically minimal over all optimal solutions.

If we only minimize d1(C) = maxp∈N{|xp − sp(C)|} over all optimal solutions, we obtain a

weakly close optimal solution.

RelatedWork

It is NP-hard to find a weakly close maximum matching even for |N | = 2 once the games are

defined on edge-weighted graphs [4].

Theorem [3] For partitioned matching games, the problem of finding an optimal solution that is

strongly close to a given target allocation x is polynomial-time solvable.

Theoretical Results

Theorem The core of every partitioned permutation game is non-empty, and it is possible to find a

core allocation in polynomial time. Moreover, for partitioned permutation games of fixed width c,
the problem of deciding if an allocation is in the core is polynomial-time solvable if c = 1 and

coNP-complete if c ≥ 2.

Theorem For partitioned permutation games even of width 2, the problem of finding an optimal

solution that is weakly or strongly close to a given target allocation x is NP-hard.

Theorem For a partitioned permutation game (N, v) on a directed graph G = (V, A), the problem
of finding an optimal solution that is weakly or strongly close to a given target allocation x can be

solved by a randomized algorithm in O(|A|O(n)) time.

Simulation Results

4 5 6 7 8 9 10

1

2

3

4

Re
lat

ive
 D
ev

iat
ion

s (
%)

3.12

4.28

0.27

0.861.07

2.4

0.33

1.97

1.21

3.01

Banzhaf value
arbitrary d1 lexmin d1+c lexmin+c

4 5 6 7 8 9 10

1

2

3

4

5

3.56

4.8

0.49

1.521.61

3.05

0.68

2.75

1.82

3.65

Nucleolus
arbitrary d1 lexmin d1+c lexmin+c

4 5 6 7 8 9 10

1

2

3

4

Re
lat
ive

 D
ev

iat
ion

s (
%)

3.29

4.41

0.33

1.151.25

2.52

0.48

2.27

1.41

3.11

Benefit value
arbitrary d1 d1+c lexmin lexmin+c

4 5 6 7 8 9 10

1

2

3

4

5
4.29

5.5

0.68

1.51
2.0

3.43

0.92

3.19

2.24

4.19

Contribution value
arbitrary d1 lexmin d1+c lexmin+c

4 5 6 7 8 9 10
Number of countries

1

2

3

4

Re
lat
ive
 D
ev
iat
ion
s (
%)

3.25

4.35

0.31

0.941.15

2.35

0.38

2.03

1.29

2.92

Shapley value
arbitrary d1 lexmin d1+c lexmin+c

4 5 6 7 8 9 10
Number of countries

0
2
4
6
8
10
12
14 14.28 14.49

0.1 0.310.49
1.46

Shapley value under the matching case

arbitrary d1 d1+c lexmin lexmin+c

Figure 2. Average total relative deviations for each of the five solution concepts under the five different scenarios,

where the number of countries n ranges from 4 to 10. For comparison, the bottom right figure displays a result

from [3] for ` = 2, namely for the Shapley value, which behaved best for ` = 2.

A credit system using strongly close optimal solutions makes an IKEP the most balanced.

without decreasing the overall number of transplants

The Banzhaf value yields the best results: on average, a deviation of up to 0.90% from the

target allocation.

Moving from ` = 2 to ` = ∞ yields on average 46% more kidney transplants, but cycles may

be very large, in particular in the starting round.
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