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Abstract

In this thesis we present three mathematical frameworks for the modelling of reac-
tive probabilistic communicating processes. We first introduce generalised labelled
transition systems as a model of such processes and introduce an equivalence, coarser
than probabilistic bisimulation, over these systems. Two processes are identified with
respect to this equivalence if, for all experiments, the probabilities of the respective
processes passing a given experiment are equal. We next consider a probabilistic pro-
cess calculus including external choice, internal choice, action-guarded probabilistic
choice, synchronous parallel and recursion. We give operational semantics for this
calculus be means of our generalised labelled transition systems and show that our
equivalence is a congruence for this language.

Following the methodology introduced by de Bakker & Zucker, we then give deno-
tational semantics to the calculus by means of a complete metric space of probabilistic
processes. The derived metric, although not an ultra-metric, satisfies the intuitive
property that the distance between two processes tends to 0 if a measure of the dif-
ferences of their observable behaviour also tends to 0. We show that the denotational
model is fully abstract with respect to our equivalence.

We also provide a logical characterisation of the process equivalence by means of a
variant of the quantitative Hennessy-Milner Logic (HML), where each HML formula
is interpreted as the probability of it being satisfied by the process instead of the usual
truth value. Two processes are then shown equivalent if, and only if, they agree on

the quantities assigned to all HML formulae.
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Chapter 1

Introduction

Formulating suitable models for the formal description, specification and analysis of
concurrent systems is an important topic of study in theoretical computer science. A
concurrent system is one where programs communicate among themselves by some
well-defined mechanism. A designer or verifier will need a way to assign a consis-
tent meaning to the program or language under consideration. This meaning is the
semantics of the language or program.

There are three main approaches to giving semantics to programming languages:
operational, denotational and logical. The different semantics offer alternative views.
The operational model is closely related to the actual implementation of the language,
and is defined by means of some abstract machine. This machine will then describe
the steps taken to execute the program. The denotational semantics is given in terms
of some mathematical structure where programs are considered as elements of this
structure. This then yields a compositional model: the semantics of a complex program
is defined in terms of its components by means of operators on the mathematical
structure. The logical model enables the investigation of properties and satisfaction
conditions of programs. As the different semantic approaches offer different “views” of
the same system, understanding the relationships between them can prove useful. The
correspondence often sought between the operational and denotational models is one
of full abstraction, which means that two program phrases have the same denotation
if and only if the operational meaning of every program is unchanged when one phrase
is replaced by the other in any context. A similar correspondence regarding the logical
and operational approaches is also useful, where instead of program phrases having
the same denotation we consider program phrases which have the same interpretations
under all formulae of the logical model.

Depending on the application required, one of the three approaches will prove
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more useful. For example, a programmer is likely to prefer the denotational approach
because the model will be compositional; an implementer will choose an operational
semantics since this approach is most closely linked to an actual implementation,
whereas, if we wish to reason about properties of programs, a logical semantics is the
natural choice since we can express the desired properties as formulae of the logic and
then investigate whether they are true for a particular program.

In recent times, randomisation has proved to be a very useful tool in the con-
struction of certain algorithms for concurrent systems which, unlike their determin-
istic counterparts, can be programmed efficiently: they have relatively simple struc-
tures, use less memory and can achieve results that deterministic algorithms cannot
be proved to meet. The algorithms include: a symmetric distributed solution to the
dining philosopher’s problem [LR81] and solutions to: consensus protocols [Sei92], load
balancing [Pug90] and self-stabilisation [Her90].

Traditionally, the modelling of concurrent systems has abstracted away from quan-
titative aspects. As a result, there is no information about how frequently or with what
chance certain behaviour of a system will occur, whereas, at a practical level, there
need to be distinctions relating to this, since many aspects of concurrent systems are
probabilistic in nature, or at least can be modelled adequately by assuming random
behaviour. Thus, adding randomisation allows us to use a more realistic model of such
systems. For example, it is often infeasible to construct a system that is error-free and
some measure of the frequency of erroneous behaviour could be useful, as illustrated
by modelling communication media, see for example [PS87], where it is often necessary
to allow for processes to lose messages with a certain probability. Using probabilities
will also offer a method of telling how good or bad certain systems are: if the proba-
bilities of errors occurring are very low the system can be deemed useful, whereas if
the probabilities of errors are very high, then clearly the system will have no practical
applications.

Furthermore, allowing randomised behaviour can be seen as a way of modelling
fairness, since a fair choice can be considered as a choice, where the probability of
either action occurring is greater than zero or some assigned lower bound.

The modelling of concurrent systems is already made complex by the phenomenon
of non-determinism. Non-determinism presents a powerful tool to model situations
where there exist two or more possible choices for how a system will behave, but it
is unknown which choice is going to be taken; we call such a choice an internal (or
non-deterministic) choice. This, therefore, offers us a way to under-specify systems,
that is, we can allow certain areas of a system’s behaviour to be partially defined.

Then adding randomisation will increase the complexity of the model since this adds
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a different kind of non-determinism: the choice is made as a result of some random
draw, or more simply from the result of the toss of a coin.

The usual approach to adding randomisation to concurrent systems has been to
replace non-deterministic behaviour by probabilistic behaviour, that is, substitute the
unspecified choice by a probability distribution over the possible choices. However,
although, as indicated above, these two phenomena are similar, they are in fact used to
model very distinct situations: as discussed above, non-determinism allows us to under-
specify the behaviour of system, whereas randomisation fully specifies the behaviour of
systems, as we will know the exact frequency (probability) of the choices of a system.
To illustrate this, consider a choice between picking any number from 1 to 6, then
if this choice is internal (non-deterministic) we will be unable to say which number
is picked or how often each number is picked. However, if this choice arises through
randomisation, one example would be to consider the choice being made according to
the throw of a die and, in this case, over any long series of trials the frequency of any
one of the numbers occurring is one sixth, assuming the die is fair.

Also, non-determinism arises in systems through other forms of behaviour, for
example, if we are in a situation where the environment in which the system is placed
decides how the system behaves. If the system can offer two distinct choices which the
environment cannot distinguish, this type of choice will then degenerate to an internal
choice.

Following this discussion we feel it is important to model both non-determinism and
randomisation and treat them as distinct entities. The main objective of this thesis
is, therefore, to investigate the different semantic views and relationships between
the alternative modelling approaches for concurrent systems which exhibit both non-
determinism and randomisation and distinguish clearly between them, or, in other

words, to construct operational, denotational and logical semantics for such systems.

1.1 Outline

The next chapter gives an overview of related work, concentrating on the classical
operational models for non-probabilistic systems and extensions to allow for probabil-
ities. Chapter 3 introduces most of the notation used and the background material
needed for this thesis.

Chapter 4 introduces reactive probabilistic transition systems, a model of pro-
cesses that exhibit (action-guarded) probabilistic, deterministic and non-deterministic
behaviour. This chapter, furthermore, introduces an observational order and equiva-

lence over elements of such systems.
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Chapter 5 presents the syntax and semantics of our calculus for reactive processes
RP, where the difference between RP and standard (non-probabilistic) process calculi
is that prefixing is replaced by action-guarded probabilistic choice of which the former
is a special case. Moreover, we investigate the properties of our operational ordering
over this semantics.

Chapter 6 gives a denotational semantics for our process calculus based on the
work of de Bakker and Zucker [BZ82], which we show is fully abstract with respect to
our operational semantics.

Chapter 7 investigates a logical approach based on the re-interpretation of the
modal p-calculus for probabilistic processes introduced by Huth and Kwiatkowska
[HK97], and we show a strong connection between this interpretation and our opera-
tional semantics.

Finally, in Chapter 8 we conclude with an evaluation of the presented work and a

discussion of possible future research directions.



Chapter 2

Related Work

Models of concurrency containing probabilistic behaviour can be classified according
to two main criteria: which process calculus theory the probabilistic work is based
on and the kind of probabilistic behaviour modelled. There are two main process
calculi that serve as the basis for probabilistic extensions, namely Milner’s Calculus
of Communicating Systems (CCS) [Mil89] and Hoare’s Communicating Sequential
Processes (CSP) [BHR&4]. The difference between the theories of CCS and CSP arises
from the types of equivalences and the approach used in modelling systems, and in
particular the process constructors.

CCS is modelled using labelled transition systems [Plo81]: a tuple (T, Act, —),
where T' is a set of processes (or states), Act is a set of actions (or labels), and
— C T x Act x T is a transition relation, where for any (P, a,Q) € — we write
P %5 @, denoting the process P performing the action a and then behaving as the
process (). Equivalences for these transition systems are based on bisimulation |[Par81]
and [Mil83]. A (strong) bisimulation is a relation ~ such that for any P,Q € T, P ~ @
if and only if for all a € Act:

(i) if P-%5 P then 3Q' €T: Q- Q' and P' ~ Q'
(ii) if Q- @' then AP €T : P P and P' ~ Q.

Two processes P and () are said to be bisimilar if there exists a bisimulation relation
~ such that P ~ ). An alternative and weaker equivalence for CCS results from
considering simulations (see [Par81]), where a simulation relation corresponds to only
the first clause in the definition of bisimulation above. The classical denotational
models for CCS are then based on Milner’s synchronization trees [Mil89] and can be
divided into domain-theoretic and metric-space approaches, for example see [Abr91al

and [BZ82| respectively.
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In contrast, the models and equivalences for CSP are based on traces [Hoa85] and
failures [BHR&4]. The traces of a process are the possible sequences of actions that
the process can perform, and failures are represented by pairs (o, X) where o is a
trace and X is a set of actions. Each process is represented by the set of all failures,
where each failure (o, X') means that the process can perform the trace o and then
refuse to perform all the actions in the set X (failure sets are closed with respect to
certain axioms). Processes are then trace or failure equivalent when their traces or
failure sets are equal (for the formal definition see Section [3.4)). Both models form an
algebraic inductive partial order, a structure used to give denotational models for CSP
(see Mislove [Mis91]).

The above models can be constructed for both CCS and CSP; for example, Brookes
[Bro83| constructs a model for CSP based on synchronization trees. However, the gen-
eral tendency is to use synchronisation trees for CCS and traces or failures for CSP.
The equivalences mentioned above differ substantially in how well they discriminate
branching: trace equivalence is the prime example of a linear-time equivalence, bisim-
ulation is the prime example of a branching-time equivalence and failure equivalence
can be considered as linear-time equivalence enriched with “local branching informa-
tion”. Intuitively, linear time equivalences are completely determined by the observable
contents of processes’ possible runs, whereas branching-time equivalences also use the
information as to when the processes make choices. For these reasons, the equivalences
form a hierarchy, with bisimulation being the finest equivalence and the coarsest being
trace equivalence (see [BKOS8| and [GIa90]). To illustrate the differences between
these equivalences consider the example given below:

P

a a a

Figure 2.1: Linear versus Branching-time equivalences

In Figure all processes can only perform the traces ab and ac, and hence are linear-
time (trace) equivalent. However, whenever P performs an a transition it then offers
a choice between performing the actions b and ¢, which is not the case for either @)
and R, and thus P is not branching-time equivalent (bisimilar) to either @ or R. Fur-
thermore, since R can perform an a transition such that there exists a choice between
performing the actions b and ¢ and () cannot perform such a transition, ) and R
are also not branching-time equivalent. As mentioned before, failure equivalence is

an extended linear-time equivalence, and to illustrate this fact failures can distinguish
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between the processes P and () but cannot distinguish between the processes P and
R.

There are arguments for and against which type of equivalence is more appropriate,
depending on how strict the notion of observable behaviour is and what is considered
a realistic testing scenario. In van Glabbeek [Gla90, [Gla93] a detailed description of
the different options available is provided.

The choice of whether a metric or a domain-theoretic approach is used to give de-
notational semantics is to some degree a matter of taste. Denotational semantics was
first introduced by Scott and Strachey using ordered sets (domains) as the mathemat-
ical framework [Sto77] and since then Nivat [Niv79] followed by de Bakker and Zucker
[BZ82] introduced metric spaces as an alternative framework. In both settings, to
deal with recursive programs, for example while statements, a solution of a recursive
domain equation is used to give denotational semantics, and general techniques for
such constructions, for example [Plo81] and [AJ94] for domains and [ARS9] for metric
spaces, are offered.

However, in certain cases one approach can have advantages over the other. For
example, when considering fixed points for metric spaces we have unique fixed points
from Banach’s theorem, whereas in domain-theoretic approaches typically we use least
fixed points according to the Knaster-Tarski theorem. As a result, proofs of statements
relating to fixed points are often simpler in the metric space approach. On the other
hand, one of the main arguments against a metric approach arises from the question
of whether we need to know the actual distance between processes given by a metric,
or whether it is enough to know that one process approximates another as given by
an ordering. In fact, the primary role of metric denotational semantics appears to be
concerned with limit point arguments, as opposed to the quantitative role that the
numerical distance between processes offers.

Although not yet applied to the field of concurrency, there has been some recent
work establishing connections between the theory of metric spaces and domain theory.
Research in this area includes Edalat and Heckmann [EH], where metric spaces can

be represented as the set of maximal elements of suitably constructed domains.

2.1 Probabilistic and Other Choice Operators

If we now consider the different options available to model probabilistic choice, we
see there are two approaches to defining the type of probabilistic choice. The first,
introduced by Lowe [Low93]|, is based on the choice operators of CSP, namely internal

(or non-deterministic) choice and external (or deterministic) choice, denoted M and
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[J respectively. The difference between these operators is that, for any processes P
and (), P represents the process that will behave as either P or (), whereas the
behaviour of PJQ depends on the actions offered by the environment: if only one of
the processes P and ) can perform the actions offered by the environment then P []Q
will behave as that process, but if both P and () can perform the actions offered by
the environment, then P [JQ will choose between P and () non-deterministically, that
is, [J degenerates to M in this case. Hence, the environment only has control over the
choices with respect to the external choice operator.

Extending this to the probabilistic setting, we arrive at two probabilistic choice
operators, internal and external probabilistic choice, which we will denote ,M, and
o, respectively (where p+q =1). F M, F will act as the process E with probability
p and F' with probability ¢. If the environment offers actions which only E or F' can
perform then E [, F will act as E or F respectively, and if the environment offers
actions which both £ and F' can perform then E [, F will act as E with probability p
and F with probability ¢. Lowe [Low93|, furthermore, considers the two extreme cases
of the external probabilistic choice, that is, when p = 1 and ¢ = 0 and when p = 0 and
q = 1, named prioritised choice: for example, if the environment offers actions that
both E and F can perform then E [y F will act as E, since the probability of acting
as E is 1 and the probability of acting as F' is 0, but if the environment offers only
actions that F can perform then E [y F' will act as F.

An alternative approach has been introduced by van Glabbeek et al. [GSST90]
where three different models for probabilistic choice are presented, namely reactive,
generative and stratified. In the reactive model, the model selected for consideration
in this thesis, the environment is only allowed to offer processes one action at a time,
and if a process can perform this action a probabilistic choice is made between the
transitions associated with this action. The result is that, for any action a process can
perform, the total probability of the process performing transitions associated with
this action is required to be 1. Moreover, we can consider this model as having both
external and internal probabilistic choice: an external (deterministic) choice made by
the environment as to which action a process is allowed to perform, and an inter-
nal probabilistic choice as to which transition associated with this action the process
subsequently performs.

On the other hand, the generative model allows the environment to offer more than
one action and processes then make probabilistic choices between transitions associated
with these actions. Hence, this model represents a type of external probabilistic choice
and allows no other form of choice.

To illustrate the difference between these models consider the following example
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(where + denotes probabilistic choice):
1

3 2 1 1 1 3
ECL.El ‘I— Za.Fl + ngQ + ngQ and gCLE + §bF ‘I— gCG

First, if we consider the behaviour of the reactive process on the left, we note that if
the environment offers the action a then the process will perform an a transition and
behave as E; with probability i and F} with probability %. Similarly, if the process
is offered a b, it will perform a b transition and then behave as Es with probability %
and F, with probability é Now, the generative process on the right (recall that in the
generative model the environment is allowed to offer more than one action at a time),
when offered the actions a, b and ¢, it will choose the a transition with probability
%, the b transition with probability % and the c¢ transition with probability % If,
however, the environment offers the actions a and b, then the process will perform the
a transition with probability % and the b transition with probability %. Note that these
values are reached by normalising the probabilities over the possible choices allowed,
that is over % + % Similar calculations can be made for other actions being performed;
in particular, if only one of a, b and c is offered, the process will choose the associated
transition with probability 1.

The stratified model captures the probabilistic branching of processes in a more
satisfactory way, by allowing probabilistic choice to be separate from action transitions.
This model contains an external probabilistic choice operator and, as for the generative
model, the only type of choice is probabilistic. To illustrate this consider the following
example of a stratified process:

1 1 /1 3
—a.F' (b.F' —c. ').
2a —|—2 1 +4CG

It first makes a probabilistic choice between performing an a transition and a b or ¢
transition, and only after this choice is made does the process make a probabilistic

choice between a b and ¢ transition.

2.2 Probabilistic Versions of CCS

Probabilistic extensions to CCS are based on probabilistic labelled transition systems
and probabilistic bisimulation introduced by Larsen and Skou [LS91]. Probabilistic
transition systems are essentially labelled transition systems with probabilities at-
tached to each transition, such that transitions are now of the form E——, F, which
stands for E performing an a transition and then behaving as the process F' with

probability p. To model reactive and generative processes we require:

S{pu|IFeT.E-,F} =1 and Y {p|3F €T, Jac Act. E-*, F} =1



2.2 Probabilistic Versions of CCS 10

for each process E and action a that E can perform, and (active) process F respectively.
Modelling stratified processes becomes more difficult, but if we introduce a distinct
action to represent probabilistic choice and we require that all transitions of other
action types occur with probability 1, a transition system for stratified processes can
be formulated.

Probabilistic bisimulation [LS91] is an extension of bisimulation to allow for prob-
abilities. Formally, we can define a probabilistic bisimulation relation ~, over the
set of processes of a probabilistic transition system, P say, as follows. A probabilistic

bisimulation ~,, is an equivalence on P such that whenever E ~, F' the following holds:
Va € Act. VS € P/~,. E-, 5 & F-%, 8

where P/ ~, denotes the set of equivalence classes of P under ~, and E -, S if
and only if u = Y{¢/|E' € S and E -5, E'} . Then two probabilistic processes
E and F' are said to be probabilistic bisimilar in the case that (F, F') is contained in
some probabilistic bisimulation. Although the definition of probabilistic bisimulation
appears very different from the definition of bisimulation given above, we note its
similarity to ordinary bisimulation by instead considering the following equivalent
formulation of bisimulation given in [LS91]. A bisimulation ~ is an equivalence on T
(the set of processes of a labelled transition system) such that whenever P ~ @) the
following holds:
Va € Act. VS €T/~. P S & Q- S.

Formally, a connection between bisimulation and probabilistic bisimulation has
been shown by Bloom and Meyer [BM89] in that, for any two finitely branching bisim-
ilar non-deterministic processes, there exists an assignment of probabilities such that
the resultant probabilistic processes are probabilistic bisimilar. The close relationship
between bisimulation and probabilistic bisimulation implies that probabilistic bisimu-
lation is also a branching time equivalence. Therefore, the time at which probabilistic
choices occur will influence the equivalence of processes.

Larsen and Skou |[LS91] have introduced a notion of testing such that if two pro-
cesses are probabilistic bisimilar then there exists a testing algorithm that with prob-
ability 1 — ¢, for € arbitrarily small, will distinguish the processes.

Also, Jonsson and Larsen [JLI1] generalize probabilistic bisimulation by means of
a specification formalism, which extends specifications for non-probabilistic processes
(for example see [Lam89]). Specifications are represented by probabilistic transition
systems where each transition is labelled with a set of probabilities. Using this they
define a satisfaction relation between processes and specifications. A process and spec-

ification are in such a relation if the probabilities of the process performing transitions
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lie within the set of probabilities of the corresponding transition of the specification.
They then show that, if processes are turned into specifications by considering sin-
gleton sets, then two processes are probabilistic bisimilar if and only if they are in a
satisfaction relation. Moreover, Jonsson and Larsen define a relation between specifi-
cations which leads to a probabilistic simulation relation over probabilistic processes.

Based on this work, Segala and Lynch [SL94] extend both probabilistic bisimulation
and simulation to a generalized reactive model of probabilistic processes. Processes
of the model can be interpreted as allowing an internal choice between behaving as
reactive processes which can perform only one action type. Their notion of proba-
bilistic simulation is shown to coincide with the usual definition of simulations if the
processes are restricted to non-probabilistic processes by letting all transitions occur
with probability 1.

Of approaches related to probabilistic bisimulation we mention Giacalone, Jou and
Smolka [GJS90], where a probabilistic version of Milner’s synchronous version of CCS
(SCCS [Mil83]), called PCCS is considered. The difference from SCCS arises from
the choice operator being replaced by a probabilistic choice operator. Formally, any
SCCS expression of the form > ;c; E;, denoting the process that can make an inter-
nal choice between behaving as E; for any ¢ € I, is replaced by an expression of the
form °,c;[pi] Ei, where p; € (0,1] and Y ,c; pi = 1, which denotes the process which
can behave as the process E; with probability p;. Adapting Larsen and Skou’s prob-
abilistic transition systems and probabilistic bisimulation to the reactive, generative
and stratified models, van Glabbeek et al. [GSST90] have given operational semantics
for PCCS for each of the three models, where in each case probabilistic bisimulation
is a congruence over all the usual operators of SCCS. For the generative model, Jou
and Smolka [JS90] have given a complete axiomatisation of probabilistic bisimulation.
Similarly, Larsen and Skou [LS92] have constructed a Calculus for Probabilistic Pro-
cesses (CPP), also based on SCCS, which can be considered as a subset of PCCS, and
given a sound and complete axiomatisation of probabilistic bisimulation for reactive
processes.

In [JS90] a weaker form of probabilistic bisimulation is introduced, namely e-
bisimulation. Two processes are considered e-bisimilar if their transitions differ by
at most €. Using this weaker form the authors have investigated a possible metric
over generative probabilistic processes. However, the “metric” fails to satisfy the tri-
angle inequality except in the restricted case where processes can perform at most one
transition of any action type.

Alternative equivalences for generative PCCS [GJS90] have been introduced by Jou
and Smolka [JS90] extending the classical CSP equivalences of traces [Hoa85], failures
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[BHR84] and readies [BKOSS] (see Section (3.4 for the definition of ready equivalence
over non-probabilistic processes). They show that the equivalences based on failures
and readies coincide, and all fail to be congruences over PCCS.

Tofts [Tof90] presents a version of SCCS extended with weights as opposed to
probabilities. The operational model is based on a labelled transition system in which
there exist two types of transitions: weighted and action. Hence, his model can be
regarded as a stratified model. He furthermore extends probabilistic bisimulation to
this setting and shows it to be a congruence over his calculus. Also, Hansson [Han94]
considers an extension of CCS with respect to the alternating model of [HJ90], an
extension of the reactive model so named because states alternate between having
an internal probabilistic choice or an internal choice between actions. Probabilistic
bisimulation is then extended to this setting. The resulting equivalence is shown to be
a congruence and a complete axiomatisation of the equivalence is given. It should be
noted that time is also present in his model.

Although not based on CCS, Baeten, Bergsta and Smolka [BBS92] have considered
probabilistic bisimulation over an extended version of Bergstra and Klop’s Algebra
for Communicating Processes (ACP) [BK84] to allow generative probabilistic choice.
Probabilistic bisimulation is shown to be a congruence over this calculus and also a
sound and complete axiomatisation of this equivalence is given.

As for denotational models, Baier and Kwiatkowska [BK97] have used the model of
[SL94] to give denotational semantics to the (full) calculus of CCS enriched with action-
guarded probabilistic choice. Two semantic frameworks are provided: a domain-
theoretic model which is shown to be fully abstract with respect to probabilistic
simulation [SL94] and an ultra-metric semantic model which they show to be fully
abstract with respect to probabilistic bisimulation. Both semantics are based on clas-
sical results for the non-probabilistic case, for example see [Abr87] and [AJ94] for
the domain-theoretic and [BZ82] and [ARS9] for the metric space construction and

framework respectively.

2.3 Probabilistic Versions of CSP

Relating to CSP, Lowe [Low93| considers a probabilistic version of CSP, where internal
choice is replaced by internal probabilistic choice and external choice by prioritised
choice. The result is a rather complex semantic model in which all forms of choice are
probabilistic in nature.

Lowe |[Low| has since considered a model which includes internal probabilistic

choice, external choice and internal choice. The model is constructed by first consid-
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ering processes as Non-deterministic-Probabilistic-Action (NPA) graphs, where NPA
graphs are graphs with three different nodes: non-deterministic, action and probabilis-
tic, and hence the three sorts of transitions processes can perform can be modelled
separately. Next Probabilistic-Action (PA) graphs are introduced and using these the
non-deterministic behaviour is factored out by considering a NPA graph as a set of PA
graphs, with each graph representing the result of the possible internal choices made.
Using these sets of PA graphs different possible equivalences over processes were con-
sidered, based on, for example, traces, failures and readies. However, each equivalence
arrived at turned out not to be a congruence over certain operators of CSP including
relabelling, and, as such, the resulting denotational model would not be compositional
(the main property sought in denotational models).

Similarly to [Low|, Morgan et al. [MMSS96] also add probabilistic choice to CSP by
adding an extra operator, and therefore the original external and internal choice remain
part of their model. They give denotational semantics to this calculus by applying the
probabilistic powerdomain construction of Jones and Plotkin [JP89, [Jon90] (which
is possible over any directed complete partial order) to an extended failures model
for CSP. Intuitively, they consider probabilistic processes as probability distributions
over the non-probabilistic processes of CSP, where for any probabilistic process E,
the value corresponding to any process P of CSP is the probability that E is the
process P. A problem that occurs in their model when considering certain operators
is with processes which “appear twice”. To give an example, consider the asynchronous
parallel operator of CSP, then for actions a # b according to the theory of CSP the

“unravelling” law for ||| is:

(@ P)Ib—@Q) =(a—Pl6—-Q)0(b—(a—P)IQ)

and we see that the processes P and () appear only once on the left-hand side of
the equation and twice on the right. When we add probabilistic choice to the model,
probabilities of the form p on the left-hand side may become p? on the right-hand side,
and thus the equality (or law) is lost. We note that a similar problem is encountered in
this thesis (see Section , although for different reasons. Solutions to this problem,
in their model, have been investigated in [MMSS95].

Seidel [Sei92] has constructed two probabilistic models of CSP. The difference from
the standard CSP is that an internal probabilistic choice operator replaces the internal
choice operator. In the first model the (denotational) semantics for processes is in
terms of probability measures on the space of infinite traces. For any process F and

set of traces A, [E]A denotes the probability of E performing a trace from the set A.
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To illustrate this construction, the prefix operator is defined as follows:
[a — EJA = [E](prefir;' (A))

where prefiz;'(A) denotes the set of traces u such that au € A. Furthermore, the

probabilistic choice operator is defined as:
(B, F]A=p-[E]A+q- [F]A.

However, Seidel is unable to define external (deterministic) choice in her model, since
the probability of deterministic processes performing traces depends upon the envi-
ronment. To overcome this, conditional probability measures are introduced, where
if y is a trace, (E|)(A,y) is the probability that F will perform a trace in the set A
under the condition that the environment is willing to perform the trace y and nothing
else. Using this model an external choice operator g[], where S is a set of traces, is
introduced. Intuitively, this operator will act as its left argument if offered a trace
from S and as its right argument otherwise. This, therefore, leads to a fully determin-
istic model, since even if E and F' can perform the same traces Egl]F will act as E
or F' depending on whether the trace is in S. Also, hiding cannot be defined in this

extended model.

2.4 Equivalences of Probabilistic Processes

In this section we discuss the properties of the equivalences mentioned above and other
equivalences over probabilistic processes. We will restrict our attention to models con-
taining internal probabilistic choice (for example, any model of reactive probabilistic
processes), as this is the model considered in this thesis. First, we believe that proba-
bilistic bisimulation of Larsen and Skou [LS91] is too fine for any model where the type
of probabilistic choice is internal, in the sense that it will distinguish processes which
are indistinguishable in a reasonable testing scenario. This arises from, as already
mentioned above, probabilistic bisimulation being influenced by the time at which
probabilistic choices occur, which we feel is unimportant, since, unlike other forms of
choice, internal probabilistic choice is made neither by the process nor by the envi-
ronment, but instead by some prescribed probability distribution. To illustrate this,

consider the simple reactive probabilistic processes given in Figure below.

Intuitively, the process E behaves as follows: it flips a coin and then performs the

trace abc if the coin lands on heads, or the trace abd if the coin lands on tails. On
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Figure 2.2: Probabilistic bisimulation is too fine.

the other hand, the process F' first performs an a transition, and then flips a coin
and performs the trace bc if the coin lands on heads, or the trace bd if the coin lands
on tails. Then, since performing an a transition before or after flipping a coin has
no effect on whether the coin lands on heads or tails, that is, the time at which the
probabilistic choice is made is unimportant, the processes should be observationally
equivalent: both perform the traces abc and abd with probability % However, it is
straightforward to show that probabilistic bisimulation will distinguish between these
processes; this is due to the difference in their probabilistic branching behaviour, that
is, when the probabilistic choice actually occurs.

A further example illustrating the unimportance of the time at which probabilistic
choices occur is given by Morgan et al. [MMSS96], where “scratch cards” are consid-
ered. Each card comprises of a number of windows, one of which may be rubbed out
by a customer to either reveal a prize or not. There are two possible ways to imple-
ment such cards. The first is by placing prizes with a certain distribution on every
card, and thus the probabilistic choice is made by the customer when he or she chooses
which window to rub out. Alternatively, two types of cards can be printed: one kind
with no prizes at all and the other with prizes under all the windows, and therefore
in this case the probabilistic choice is made before the customer buys the card, as it
will depend on how the cards are arranged in the factory. Although the probabilistic
choices are made at different times, to the customer — if he or she is only allowed to rub
out one window — the two approaches would appear the same, and therefore the time
at which the probabilistic choice is made has no effect, and hence can be considered
unimportant.

Other equivalences that distinguish the processes given in Figure and which
we therefore view as too fine include: Segala and Lynch’s probabilistic simulation
[SL94] and Wang Yi and Larsen’s testing equivalence [YL92], based on de Nicola and
Hennessy [NH84] testing equivalences for non-deterministic processes and defined over
Hansson and Jonsson’s [HJ90] alternating model. In Yi and Larsen’s model tests are
represented by non-deterministic (and non-probabilistic) processes, and processes can

pass tests with a set of probabilities corresponding to different internal choices made.
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They use these sets to deal with two different testing scenarios: must-testing, where
processes pass tests if the minimum probability of the process passing the test is 1, and
may-testing, where a process passes a test if the maximum probability of the process
passing the test is greater than 0.

Nevertheless, when considering models with external probabilistic choice (not con-
sidered in this thesis), the probabilistic branching structure may become important,
since the probabilistic choices the processes make depend on the choices made by the
environment.

Of equivalences that will identify the processes in Figure there are several
based on extending traces, failures and readies by incorporating the probabilities of
processes performing traces and then refusing or accepting to then perform a certain
set of actions. Seidel [Sei92] and Lowe [Low| define equivalences for models including
an internal probabilistic choice operator based on traces and both failures and readies
respectively. Also, Jou and Smolka [JS90] have introduced equivalences for generative
process based on traces, failures and readies. We have considered these equivalences
over our reactive setting. However, we feel the resulting equivalences are too coarse:
although they do capture the probabilistic behaviour of processes (and hence do not
distinguish between the processes of Figure , they are linear-time based equiva-
lences, and therefore do not capture the branching behaviour associated with choices
other than probabilistic, such as external choice which is contained in reactive sys-

tems. We illustrate this point by the example given in Figure 2.3 below. Observe that

Figure 2.3: Trace, failure and ready equivalence are too coarse.

E’ can reach an intermediate state (after performing the action a with probability %)
where there is an external choice between performing a b transition followed by a d
transition, and performing a ¢ transition followed by an e transition. In contrast, F’
cannot reach such a state.

On the other hand, if we now consider the traces of £/ and F’ endowed with the
probabilities of the occurring traces, it is straightforward to show that these processes

are equivalent, and hence the equivalence of Seidel [Sei92] cannot distinguish between
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them. Similarly, if we extend ready sets [BKOS8| with probabilities, where (o,Y,p) is
a ready set of a probabilistic process if the process can perform the trace o and is then
able only to perform the actions in Y with probability p, we observe that the ready

sets of £/ and F’ are equal to

{o40.cr 1), (b ddh ), (047%3) (oederg) s (aetod ).

). (910.2) (). o0 )

and hence these processes are also ready equivalent. Likewise, they will be equivalent
with respect to Jou and Smolka’s and Lowe’s versions of failures equivalence.

A different approach is introduced by Morgan et al. [MMSS96] where, similarly
to [Low], the model is based on the failures model of CSP, but instead of basing the
equivalence on how processes “make decisions”, that is, the behaviour of processes, the
authors base their equivalence on what the process “is” by intuitively considering the
probability that probabilistic processes are standard CSP processes. The equivalence
of [MMSS96] will not distinguish between the processes given in Figure 2.2 However,
we still feel that their equivalence is too fine in certain cases, which we illustrate by the

following example in which 7 is used to represent internal choice. First, observe that

Figure 2.4: Morgan et al.’s equivalence is too fine.

E" can either perform the trace ab or the trace ac, both with probability % Moreover,
no matter which internal choice F” can make, the outcome will match the behaviour of
E". Therefore, these processes should be observationally equivalent. However, in the
approach of Morgan et al. [MMSS96], the processes are distinguished: for example, the
probability that E” is the CSP process a — (b — 0) is %, whereas the probability that
F" is the process a — (b — 0) is 1 since F” only becomes the process a — (b — 0)
when both instances of E” in F” choose to perform the trace ab.

If we return to any of the equivalences mentioned previously, it is straightforward
to show that these processes will not be distinguished, even considering probabilistic

bisimulation.
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In addition, Christoff [Chr90], Cleaveland, Smolka and Zwarico [CSZ92] and Yen
et al. [YCDS94] have adapted de Nicola and Hennessy’s testing equivalences [NH84] to
generative processes. However, as this work depends heavily on the generative nature
of processes, and hence on external probabilistic choices, they cannot be compared
with our setting in which probabilistic choices are internal.

As for results relating to probabilistic process calculi and equivalences on proba-
bilistic processes, the conclusions we reach are as follows. If one works with a fine (or
strong) equivalence over probabilistic processes, then almost all operators of CCS and
CSP can be adapted to the probabilistic setting and the equivalence will be a congru-
ence for the resulting calculus. For example, van Glabbeek et al. [GSST90] show that
probabilistic bisimulation is a congruence over their calculus PCCS (which contains
all the usual SCCS operators) and Baier and Kwiatkowska [BK97] show congruence
properties of full CCS extended with action-guarded probabilistic choice. However, as
discussed in the previous chapter, this equivalence will discriminate between processes
that have equivalent operational behaviour under a realistic testing scenario.

One alternative is to work with a weaker (or coarser) equivalence, which can be
considered more satisfactory as it will only distinguish processes that can be distin-
guished by external observations. In this case the difficulty is that only a subset of
operators can be considered if we wish to ensure our equivalence is a congruence; the
latter is an important property, since without it any resulting denotational model will
not be compositional. Examples of these difficulties are mentioned above and include
Jou and Smolka [JS90], where even restriction forces both trace and failure equivalence

to fail to be congruences, and also in [Sei92] and [Low| where hiding cannot be defined.

2.5 Logics for Probabilistic Processes

Modal and temporal logics offer a framework for reasoning about the truth of prop-
erties of systems over time. This is achieved by the introduction of modal/temporal
operators which typically express: invariance (properties will always hold), eventuality
(properties will hold at some time in the future) and precedence (one property must
hold before another one becomes true).

Temporal logics were first introduced to reason about concurrent systems by Pnueli
[Pnu77]. Since then a variety of logics have been introduced. For example, Hennessy
and Milner define a modal logic known as the Hennessy-Milner Logic (HML) [HMS85] for
expressing properties of labelled transition systems. HML extends classical propositional
logic by the inclusion of the basic modal operator (a)¢ which holds true for a process

if it can perform an a transition such that the formula ¢ then holds for the resulting
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process. Hennessy and Milner have then shown that two processes are bisimilar if
and only if they satisfy the same HML formulae. Another example is Emerson, Clarke
and Sistla’s Computational Tree Logic (CTL) [CES83|] which includes the temporal
operators: AX¢ (¢ is true in all immediately succeeding states), A[pUv] (always ¢
holds until ¥ holds), E X ¢ there exists an immediate successor state such that ¢ holds)
and E[¢U1)] (there exists a path such that ¢ holds until ¢ holds).

Modal and temporal logics have been extended to the setting of probabilistic con-
current systems. The work in this area falls into two categories. The first is a qualitative
approach, where processes either satisfy a formula or they do not, that is, the formu-
lae are assigned truth values. This is achieved by either keeping the standard syntax
and requiring that formulae hold “with probability 17 (see [SPH84]), or extending the
syntax by including explicit probabilities: the formulae are of the form ¢, for some
p € [0,1], and are satisfied if the (non-probabilistic) formula ¢ holds with probability
at least p (see [Chr93, [HJ94l LS9l [SI.94]). The alternative approach is quantitative,
where the logic is re-interpreted in the sense that instead of formulae either being true
or false they are assigned (estimates of) probabilities as their meaning (see [HK97] and
[NIN).

To illustrate the difference between the two approaches given above, we consider
Larsen and Skou’s [LS91] qualitative extension to HML and Huth and Kwiatkowska’s
[HK97] quantitative re-interpretation of the modal p—calculus [Koz83a]. Recall that
a process satisfies the formula (a)¢ of HML (and of the modal p—calculus) if it can

perform an a transition and the state reached satisfies the formula ¢. Formally:

[{a)o] P =

true if 3Q such that P—> Q and [¢]Q = true
false otherwise.

Then Larsen and Skou formulate Probabilistic Modal Logic (PML) by replacing the
formula (a)¢ with (a),¢, where p € [0, 1]. Furthermore, a probabilistic process satisfies
this formula if it can perform an a transition with probability greater than or equal to

1 and reach a state satisfying the formula ¢. Formally:

true if 3.5 such that £, S, u <y’ and [¢]F = true VF € S

false otherwise.

[[<G’>M¢HE = {

On the other hand, Huth and Kwiatkowska’s re-interpretation assigns to (a)¢ the
weighted sum over the values assigned to ¢ in the states reached by the process per-

forming an a transition. Formally:

Ka)elE = > A-[lF.

E2.F
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If we return to the processes given in Figure 2.2] then under Larsen and Skou’s inter-

pretation the formula
o= (a>1(b)0.5(c>1true
yields [¢] E = false and [¢]F = true. On the other hand, for the formula

¥ = (a)(b){c)true

we have [¢]E = [¢]F = 5 in Huth and Kwiatkowska’s re-interpretation. In fact,
Larsen and Skou show that the equivalence induced from PML is the same as prob-
abilistic bisimulation, and Huth and Kwiatkowska show their induced equivalence is
strictly weaker. On the other hand, the induced equivalence of Huth and Kwiatkowska
is strictly finer than the equivalences for probabilistic processes based on trace, failure
or ready equivalence, for example those of Jou and Smolka [JS90]. To illustrate this,
their induced equivalence will distinguish between the processes of Figure [2.3| by means

of the formula:

(a) (<b><d>true A <c>(e>true)
whereas, as already stated, the equivalences based on trace, failure or ready equivalence
will not.

Christoff [Chr93] defines an extension of HML similar to [LS91] where, instead of
single probabilities, intervals of probabilities are considered. Other logics extended
to a probabilistic setting include CTL [CES83] with qualitative extensions [BCHKRIT,
HJ94l, [Han94! [Sei92] and propositional dynamic logic (PDL) [Har79] with quantitative
extensions [FH82| [Koz&3al [FL.79).

2.6 Other Related Research

Other research into probabilistic behaviour includes Kozen [Koz81] where semantics
for a probabilistic while-language is given in terms of linear continuous operators on
partially ordered Banach spaces. Also, Jones and Plotkin [Jon90l [JP89] construct
a general framework for giving domain-theoretic semantics for probabilistic program-
ming languages in terms of the so called probabilistic powerdomain. They furthermore
give semantics to a simple language containing probabilistic choice, sequential compo-

sition and while statements, but no form of external choice.



Chapter 3

Preliminary Material

This chapter will introduce the notation used and the material required to understand
the rest of the thesis. It divides into four main sections: traces, probability theory,

metric spaces and trace, failure and ready equivalences.

3.1 Traces

In this section we give a summary of the notation we use for traces and operations on

traces; for more formal definitions see for example [Hoa85].

Definition 3.1.1 (Traces) For any set A, A* is the set of all finite traces (= se-
quences) made up of elements of A. Furthermore, we have the following notation for
any u,v € A*, a € A, n € N and B C A:

( the empty trace
au the concatenation of a with the trace u
A" the set of traces with length at most n
uln restriction of u to its first n symbols
u<wv wuis a prefiv of v
ul B the largest prefiz of u such that all its elements are in the set B

uNuv the largest common prefiz of u and v.

3.2 Probability Theory

In this section we introduce the basic concepts and definitions of probability theory
we shall need throughout this thesis. A more detailed introduction can be found in

[GWS6] or any good textbook on probability theory.
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3.2.1 Random Experiments and Events

Games of chance such as tossing a coin or rolling a die are examples of “random
experiments”. If we pick a ball from a bag containing a number of different coloured
balls and look for the colour of this ball, this is another random experiment.

More formally, a random experiment is an experiment which has the following

properties:

e it is performed according to a set of rules that determine for each the outcome

completely
e it can be repeated arbitrarily often

e the result of each experiment depends upon “chance”, that is, the outcome or
event is beyond our control, and thus the outcome cannot be uniquely deter-

mined.

Experience has shown that most random experiments exhibit statistical reqularity, that
is, the relative frequency of an outcome of an experiment in a long series of trials is
the same if we perform several of such trials. For example, classical results confirm
this for the experiment of flipping a coin, in that a head will be the outcome for half
of the experiments in any long series of trials. The relative frequency of an event for

any random experiment is called the probability of the event.

3.2.2 Conditional Probabilities and Independence

In certain cases, we may require to find the probability of an event B occurring under
the condition that an event A occurs. Formally, this is the conditional probability that
B will occur given A has occurred.

Conditional probabilities lead us to the definition of independent events: two events
A and B are independent if the probability of B occurring under the condition that A
has occurred is equal to the probability that B occurs. Furthermore, classical results
have shown that when A and B are independent, the probability that both A and B
occur is the multiplication of the probability of A occurring and the probability of B
occurring, and thus the formal definition of independence turns out to be symmetric.

3.2.3 Probability Distributions

In this thesis we need only consider discrete probability distributions which we now
define.
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Definition 3.2.1 Let D be a set. A (discrete) probability distribution on D is a
function f:D—|0,1] such that Y 4cp f(d) = 1. Furthermore, let (D) denote the set
of discrete probability distributions on D.

We note that as we are considering discrete probability distributions, for any set D
and f € u(D), the set s(f) ={d € D| f(d) > 0} called the support of f is countable.

Definition 3.2.2 For any set D and f € p(D), f is called a point distribution if
there exists p € D such that for any q € D:

f(CI):{ L dp=a

0 otherwise

and in this case we denote f by n, (the point distribution at p).

3.3 Metric Spaces

In this section, we include some definitions and results relating to metric spaces re-
quired for the construction of our denotational semantics. For a more detailed intro-

duction to metric spaces see [Sut77] or any good textbook on metric space theory.

Definition 3.3.1 (Metric Space) Let M be a set. A map d: M x M — IR is called
a metric and (M, d) is called a metric space if the following conditions are satisfied for
all x,y,z € M:

(M1) d(z,y) >0 and d(z,y) =0 S z=y
(M2) d(z,y) = d(y, z)
(M3) d(z,y) +d(y,z) > d(z, 2).

Furthermore, if (M1) is weakened to:
(M1") d(z,y) >0 and d(x,z) =0

then d is called a pseudo-metric and (M, d) a pseudo-metric space. On the other hand,
if (M3) is strengthened to:

(M3) d(z, 2) < max{d(z,y), d(y, 2)}

then d is called an ultra-metric and (M, d) an ultra-metric space.
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Definition 3.3.2 Let (My,dy) and (M, ds) be metric spaces. We say that (M, dy)
and (Ms,ds) are isometric if there exists a bijection ¢ : My — My such that for all
x,y € My:

dy(d(x), o(y)) = di(z,y).
We then write My, = Msy. When f is not a bijection, but only an injection, we call f

an isometric embedding.

Definition 3.3.3 A sequence (x,)new in a metric space (M,d) converges to x, de-
noted lim,, o , = x, if for any € > 0, there exists N € IN such that d(x,,x) < e for
alln > N. Furthermore, a sequence is called convergent if the sequence converges to

some point.

Definition 3.3.4 (Cauchy Sequence) A sequence (x,)new in a metric space (M, d)
is a Cauchy sequence if, for any ¢ > 0, there ezxists N € IN such that d(x,,z,) < €
for all m,n > N.

Lemma 3.3.5 FEvery convergent sequence in a metric space is Cauchy.

Definition 3.3.6 A metric space (M,d) is called complete if every Cauchy sequence

in M converges to some element of M.

Theorem 3.3.7 (Metric Completion) Let (M,d) be an arbitrary (pseudo-)metric
space. Then there exists a metric space (M,d), called the completion of (M,d), to-
gether with an isometric embedding v : M — M such that:

(i) (M,d) is complete

(1i) for every complete metric space (M',d’) and isometric embedding 3 : M — M’,

there exists a unique isometric embedding j: M — M’ such that jov = ).

Proof. The space (M , CZ) is constructed as the set of equivalence classes under the

equivalence relation ~ on the set of Cauchy sequences in M is defined by:
(Tp)new ~ (Yn)new if and only if nhrglo d(p,yn) =0
endowed with the metric:

d([<xn>n€ﬂ\1]~v [<yn>n€]N]~) = lim d(xnayn)'

n—oo
Furthermore, the isometric embedding » maps every x € M to the equivalence class of

the Cauchy sequence of which all elements are equal to x:

) = [(#)nen]~-

It is easy to show that (M , d ) and ¢ satisfy the above properties. O
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Definition 3.3.8 (Closed Set) Let (M,d) be a metric space. A subset X C M is

called closed if every convergent sequence in X converges to a point in X.

Definition 3.3.9 (Hausdorff Distance) Let (M,d) be a metric space and let X,Y
be subsets of M. We define the Hausdorff distance between X and Y as follows:

(a) d(z,Y)=inf cyd(z,y)
(b) d(X,Y)=max {SupxeXd(x, Y), supyeyd(y,X)}

where inf® =1 and sup® = 0.

Lemma 3.3.10 Let (M,d) be a metric space, and let P.(M) be the collection of all
non-empty closed subsets of M. Then, if d is the Hausdorff distance (R.(M),d) is a

metric space.

Definition 3.3.11 (Intervals) Let 7 = {[a,0]|0 < a < b < 1}. We now define
addition, multiplication, union and scalar multiplication on I as follows. For all
[a,b],[c,d] € T and e € [0,1]:

la,b] + [c,d] = Ja+c,b+d]
la,b] - [e,d] = [a-c¢,b-d]
[a,b] U [c,d] = [min{a,c}, max{b,d}]
e-la,b] = [e-a,e-].

Furthermore, we introduce the orderings <., and <, and induced equivalences =,
and =, over I as follows. For all [a,b],[c,d] € T:

[a,b] <.ple,d] if a<c and [a,b] <. lc,d] if b<d.

Proposition 3.3.12 For all finite 11,1, C I: U yjer, [, b] = U aenlc, d] if and only
of

o 18] = 2ot le.d)and - o o, B =, e Lo
where the minimum and mazimum are taken with respect to the orderings <., and

<,.gn TESPEClIVElyY.

Proof. The proof follows by Definition [3.3.11] O

Definition 3.3.13 Let dr : T x T — [0,1] be the map defined as follows. For all
la1, b], [ag, bo) € T put:

dz([a1, bi], [ag, by]) = max{|a; — aal,[b1 — bal}.
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Proposition 3.3.14 The mapping dz is a metric on L.
Proof. (M1) If [a,b], [c,d] € Z, then by definition of dz:

dz([a,b],]c,d]) =0 < max{la—c|,[b—d|} =0
& Jla—c¢/ =0 and |b—d| =0 rearranging
& a=c and b=d by definition
< a, b = [a,c].

(M2) If [a, b], [¢,d] € Z, then by definition of dz:

dI([aub]7[cvd]> = max{‘a_cyu‘b_d‘}
= max{|c—al,|d —b|} by properties of the Euclidean metric
= dz([e,d], |a,b]) by definition of ds.

(M3) If [a, b], [c,d], [e, f] € Z, then by definition of dz:

dI([a7 b]? [C’ d]) +dI([Cv d]? [euf])
max{|a — ¢/, |b — d|} + max{|c —¢|, |d — f|}

> max{fa —c[+|c—e|,[b—d| +|d - [}
> max{|a—e|,|b— f|} by properties of the Euclidean metric
= dz([a,b], [e, f]) by definition of ds.
O
Lemma 3.3.15 For all [a,b],[c,d] € Z, 0 < dz([a, ], [c,d]) < 1.
Proof. The proof follows by definition of dz. O

Proposition 3.3.16 For all [a1,b1], [az,bs] and [c,d] € T:

<Z> df([alv bl] ’ [07 d], [an b2] ’ [07 d]) < dI([ab bl]? [an b2])
(’LZ) dz([al, bl] L [C, d], [CLQ, bg] L [C, d]) S dz([al, bl], [CL27 bg])

Proof. If [a, b;], [az, bo] and [c,d] € Z, then by Definition [3.3.11}

dz([ar,br] - [e, d], [az, bo] - [e, d])
= dzr([ar - c,b1-d], [az - ¢,bz - d])
max{|a; - c—as-c|,|by -d—by-d|} by definition of dr

max{|a; — az| - ¢, |by — by - d} rearranging
max{|a; — as|, |b1 — ba|} since ¢, d € [0, 1]
dz([a1,b1], [az, b)) by definition

IA
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and thus the first part of the proposition holds. For the second part, by Defini-
tion [3.3.11] and the definition of dr we have:

dz([al, bl] L [C, d], [ag, bQ] L [C, d])
= dz([min{ay, ¢}, max{by, d}|, [min{as, c}, max{by, d}])
= max{|min{ay, ¢} — min{as, c}|, | max{by, d} — max{by, d}|}. (3.1)

Then, considering the values of a;, as and ¢, we have the following four cases:
1. If a1, a9 < ¢, then | min{ay, ¢} — min{ay, c¢}| = |a; — asl.
2. If ¢ < ay, as, then |min{a, ¢} — min{as, c}| =|c— | =0 < |a; — ayl.

3. If a; < ¢ < ay, then

| min{ay, ¢} — min{aq, c}| = |a; — ¢
= c—a since a; < ¢
< ay—a; since ¢ < ay

= |a; —ag| since a; < as.
4. If as < ¢ < aq, then by symmetry on item 3 we have

| min{a;, c} — min{ay, c}| < |a; — as.

Since these are all the possible cases:

| min{ay, ¢} — min{as, c}| < |a; — asl.
Furthermore, using the dual of the above, we have:

| max{by, d} — max{by, d}| < |by — by
and substituting these facts into (3.1]) we have:

dz([al, bl] L [C, d], [&2, bg] L [C, d]) S maX{]al — (12|, ’bl — bg‘}
= dI<[CL1, bl], [CLQ, bg]) by definition of dz'

as required. O

Proposition 3.3.17 Ifn > 1 and {[a;,b;]|i € {1,...,n}} and {[c;, d;] |i € {1,...,n}}
are subsets of T, then there exists j € {1,...,n} such that:

dr (Ui [ai, bi], Uiy [ci, di]) < dz([ay, bs], [ej, dj]).-
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Proof. If n > 1 and {[a;,b;]|i € {1,...,n}} and {[c;,d;] |i € {1,...,n}} are subsets
of Z, then by Definition [3.3.11

U?l[ai7bi]:l min a;, max bi] and LI, [ci,di]:[ min ¢;, max di]
i€{1,...,n} i€{1,...,n} ie{1,...,n} i€{1,...,n}

and hence:

dI<|—|:'L:1[ai7 bl]? |_|;-L:1 [Ciﬂ dZD

= max{

by definition of dz. Next, we show there exists k € {1,...,n} such that:

max b; — max d;

min a; — min ¢
i€{1,...,n} i€{l,...,n}

ie{l,...,n} i€{l,...,n} ’

booe

“min a; — min ¢| < dz([ak, bk, [ck, di))- (3.3)
€{1,...,n} ie{l,...,n}
If min;ey,.. ny a; < mingeqy,.. ny G, then setting & such that a = mineqy, ny as:
min a; — min ¢;| = min ¢ — min a;
1e{l,...,n} ie{1,...,n} ie{1,...,n} ie{1,...,n}
= min ¢ — a by definition of k
i€{1,...,n}
< ¢ — ay since min ¢; < ¢
ie{1,...,n}
= |ar — ¢ since a; < ¢
< max{|ax — ¢l |bx — di|} rearranging

dz([ak, bk}, [Ck, dk]) by definition of dI.

On the other hand, if minjeg; .. n) @; > mineqy,. ny ¢, then setting k such that ¢, =

mine(1,...n) ¢; the result follows by symmetry on the case above. Dually, we show there

-----

exists m € {1,...,n} such that:

max b; — max d;| < dz([am, bm], [cm, dm)) (3.4)

i€{1,...,n} i€{1,...,n}

...............

we have:

dI('—'?:l [aiv bl]a l—l?:l[civ dl]) < maX{dI(laka bk]? [Ckv dk])v dI([amv bm]> [Cmv dm])}
= dz([aj,b],[cj,d;]) for some j € {1,...,n}

as required. a
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3.4 Trace, Failure and Ready Equivalences

Recall the definition of a labelled transition system (T, Act,—) given in Chapter [2|
In order to define trace, failure and ready equivalences over such a system, we first
need to introduce the following two auxiliary definitions of initial actions of processes

and the generalised action relations.
Definition 3.4.1 The set of initial actions of any P € T is defined by:
initials(P) = {a € Act |3Q such that P> Q}.

Definition 3.4.2 The generalized action relations 2= for o € Act* are defined in-

ductively by:
1. PLPforall PeT
2. P Q with a € Act implies P—- Q with a € Act*
3. P -2 Q - R implies P 2% R.

We are now in a position to introduce the following equivalences over the set of

processes T of any labelled transition system (7', Act, —).

Definition 3.4.3 For any P € T, the set of traces traces(P) of P is given by:
traces(P) = {o | 3Q such that P - Q}.

Definition 3.4.4 (Trace Equivalence) Let P,Q € T, then P and Q are trace equiv-
alent if traces(P) = traces(Q).

Definition 3.4.5 Let (0,X) € Act* x P(Act) and P € T, then (0,X) is a failure
of the process P if there exists Q € T such that P —= Q and initials(Q) N X = 0.
Furthermore, let failures(P) denote the set of failures of P.

Definition 3.4.6 (Failure Equivalence) Let P,Q € T, then P and @ are failure
equivalent if failures(P) = failures(Q).

Definition 3.4.7 Let (0,X) € Act* x P(Act) and P € T, then (0,X) is a ready
set of the process P if there exists Q € T such that P —~ Q and initials(Q) = X.
Furthermore, let readies(P) denote the set of readies of P.

Definition 3.4.8 (Ready Equivalence) Let P,QQ € T, then P and Q) are ready
equivalent if readies(P) = readies(Q).



Chapter 4

Reactive Probabilistic Transition

Systems

In this chapter we introduce a model for reactive probabilistic systems based on labelled

transition systems and define appropriate operational equivalence notions.

4.1 Introduction

We begin by recalling the definition of Larsen and Skou’s probabilistic transition sys-

tems introduced in [LS91]. A probabilistic transition system is a tuple:
S = (P, Act,Can, )

where P is a set of processes (states), Act is a set of observable actions, Can is an
Act-indexed family of sets of processes where Can, is the set of processes capable
of performing the action a as their initial move, and g is a family of probabilistic
distributions, y,, : P — [0, 1], for a € Act, with p € Can, indicating the possible next
states and their probabilities after p has performed a, that is, 11, 4(q) = A means that
the probability that p becomes ¢ after performing a is \.

If we consider any p € P and a € Act such that p € Can, then, since p,, is a
probability distribution, the total probability of p performing the action a is 1, and
hence in the terminology of van Glabbeek et al. [GSST90], p is a reactive process.
Furthermore, since for any a € Act there is at most one probability distribution
associated with p performing a, the choice between which action p performs is external.

Therefore, since we wish to model reactive processes with probabilistic, external

and internal choices we will need to extend the above model to allow for internal
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choice. Formally, we generalise Larsen and Skou’s transition systems as follows. First,

we introduce the following definitions.

Definition 4.1.1 (Reactiveness Condition) Let A and S be sets. Then if X C
A xS, X is said to satisfy the reactiveness condition if, for any (ai, s1), (az, s2) € X,

either a; # as or (ay,s1) = (ag, s2). In other words, the set X is a partial function

from A to S.

Definition 4.1.2 (Powerset Operators) Let () and F},(-) denote the powerset
operators restricted to only finite and finite non-empty subsets respectively. Further-
more, let (- X ) and By, (- X -) denote the powerset operators restricted to only finite
and finite non-empty subsets of cartesian products satisfying the reactiveness condition

respectively.

We are now ready to introduce our generalised model. The main difference from
ordinary transition systems is that the transition relation is between states and certain
sets, with each such set representing a probabilistic processes deterministic on the first

step of its behaviour (that is, a set consisting of action-probability distribution pairs).

Definition 4.1.3 A Reactive Probabilistic Transition System is a tuple (R, Act, —),

where R is a set of states, Act is a finite set of actions and — a transition relation
— C R X P (Act x u(R))

satisfying: for all E € R there exists S € P, (Act x (R)) such that (E,S) € —. We
write E— S instead of (E,S) € —. Furthermore, (R, Act,—) is called:

purely probabilistic if for each E € R there is a unique transition £ — S and
either S =0 or S = {(a,m)} for some a € Act and w € p(R).

deterministic if for each E € R there is a unique transition £ — S.

non-deterministic if for each E € R and S € B, (Act x u(R)) such that E — S,
either S =0 or S = {(a, )} for some a € Act and 7w € u(R).

Unless it is clear from the context, if R is the set of processes or states of a purely
probabilistic transition system, deterministic probabilistic transition system or non-
deterministic probabilistic transition system, we shall refer to R as RP, R and R"?
respectively.

Intuitively, any S € B, (Act x p(R)) should be thought of as a reactive proba-
bilistic process which is deterministic on the first step of its behaviour: either S =
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{(a1,m1), ..., (am,mn)}, the process which makes an external choice between the ac-
tions {aq,...,a,} and for any 1 <i <m and F' € R the probability of S performing
the action a; and then behaving as F is given by m;(F), or S = (), the inactive process.
We can relate this to Larsen and Skou’s probabilistic transition systems by considering

any process p € P as such a set S, where:
Sy, = {(a, pap) |a € Act and p € Can,}.

Non-determinism is introduced by allowing a choice between “deterministic” processes:
for any £ € R and distinct Sy, S2 € B, (Act x u(R)), if E — Sy and E — Sy, then E
makes an internal choice between continuing as the process S; or Ss. The class of all
reactive systems allows (reactive) probabilistic, external and internal choice.

We now illustrate how the states of such reactive probabilistic transition systems
can be represented graphically by means of the following examples, recall that ng
is the point distribution at E (see Definition . Consider the states E, F , G’, H
of a reactive probabilistic transition system (R, Act,—) with the following possible

transitions:

E — S if and only if S={(a,5 ne+3-n}

F — S ifand only if S ={(b,ng),(c,ng)} or S={(b,ng),(d,ng)}
G — S ifandonlyif S={(b,ng)} orS={(c,ny)}

H — S ifand only if S =0.

Then E and F can be represented by the graphs given in Figure below (note that

7 is used to represent internal choices).

Figure 4.1: Example of the states of a reactive probabilistic transition system.

4.2 Purely Probabilistic Transition Systems

Our goal is to define an operational ordering on reactive probabilistic transition sys-
tems based on testing, such that two processes will only be distinguished by the or-

dering if they have observably different behaviour. In this section we only consider an
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operational ordering over purely probabilistic transition systems. In the next sections
the ordering is respectively extended to deterministic and non-deterministic proba-
bilistic transition systems. Finally, the latter two orderings are combined to yield an
order on all reactive probabilistic transition systems.

To begin with, we introduce the set of tests referred to as TP for purely proba-
bilistic systems. Following Milner [Mil89], we motivate the tests by means of button
pushing experiments on transition systems: we suppose we have a series of buttons,
one for every action (a € Act), which act as an interface between an experimenter and
processes of the transition system as follows. For any process E of the system, if no
buttons are pressed the process E will remain in rest. However, if an experiment is
performed, that is, the a-button is pressed for some action a, the process E can react

in one of two ways:

e by performing an a action, in which case the button will go down and the ex-
periment succeeds. We are then in a position to perform an experiment on the

process reached by F performing the a action (by pressing another button).

e by not performing an a action, in which case the button will not go down and

the experiment fails.

If we consider these experiments over processes of a reactive probabilistic transition
system, they are in fact random experiments, since for any process the success of the
experiment will depend on the probabilistic choices the process performs. We can,
therefore, consider the relative frequency of experiments succeeding, that is, the prob-
ability of the experiment succeeding. Before we investigate the probabilities associated

with experiments on processes we formally define the set of tests as follows.

Definition 4.2.1 Let TP, be the testing language defined inductively as follows:
tu=_1lat
where a € Act.

In terms of button pushing experiments, | is the experiment where no buttons are
pressed and a.t is the experiment where we first press the a-button and, if the exper-
iment succeeds, the experiment t is then performed. One can think of elements of TP
as tests for the occurrence of paths: L is the empty test, that is, any path can pass
the test L, and a.t tests for the occurrence of paths which begin with the action a and
then pass the test t. We note that any ¢ € TP is of the form a; ... a,.L for some n € IN
with a; € Act for all 1 <7 < n, and so intuitively ¢ is a test for paths beginning with

the sequence of actions a; ... a,.
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If we now consider a purely probabilistic transition system (RP, Act,—) and E €
RP, by definition there exists a unique S € B, (Act x p(RP)) such that £ — S and
either S = 0 or S = {(a,m)} for some a € Act and m € u(RP). Therefore, we use £
as an abbreviation for the unique element of (Act x p(RP)) U {0} into which it can
evolve. We can now define a map P from RP and TP to the unit interval which, for
any process £ € RP and test t € TP, yields the probability P(E)(t) of E passing the
test t, that is, the probability of F performing the paths that ¢ tests for.

Definition 4.2.2 Let P : RP — (TP — [0,1]) be the map defined inductively on t € TP
as follows. For any E € RP put: P(E)(L) =1 and

> w(F)-P(F)() if E— {(a,7)} for some RP
R | E) o otherwii ! S

The intuition behind the map P is as follows. Firstly, P(E)(L) calculates the proba-
bility of F passing the test L, and since any process can pass 1 we set this value to
1. Secondly, P(E)(a.t) calculates the probability of E performing paths which have
the initial action a and then pass the test t. If E cannot perform the action a, that
is £ 4 {(a,m)} for any m € p(RP), then clearly F cannot perform any paths which
have the initial action a and thus we set P(F)(a.t) = 0. On the other hand, if F can
perform the action a, that is F — {(a,7)} for some 7 € p(RP), then for any F' € RP
the probability of E performing the action a and behaving as the process F' is given
by m(F'). So supposing we have calculated the probability of F' passing the test t,
that is, the value of P(F")(t), if this was the only a transition F can perform P(E)(a.t)
would be given by 7(F') - P(F)(t); however, since there may be other a transitions F
can perform, we take the weighted sum of w(F) - P(F)(t) over all F' € RP giving the
value of P(E)(a.t) in the definition of P.

Using the map P we formulate the following ordering and resultant equivalence on

processes.

Definition 4.2.3 For any E, F € R?, E CP F if P(E)(t) < P(F)(t) for all t € TP.
Moreover, for any E,F €¢ R°, EXF if ECPF and F CPE.

The order CP can be understood as follows: if £ CP F' then any path that E performs
F' can perform with a higher or equal probability, or any experiment that E can pass

F' can pass with a higher or equal probability.

Lemma 4.2.4 CPis a pre-ordering over RP.



4.2 Purely Probabilistic Transition Systems 35

Proof. (i) (Reflexivity) E' CPE for all E' € RP follows by definition of CP.
(17) (Transitivity) If E CPF and F' CPG, then by definition for any ¢ € TP: P(E)(t) <
P(F)(t) and P(F)(t) < P(G)(t), and hence P(E)(t) < P(G)(t). Since this was for

arbitrary t € TP, F CP (G as required. O

We now give some examples of purely probabilistic processes to illustrate the ordering
CP. First, consider the processes given in Figure below.

Figure 4.2: Example of the ordering CP.

We will often summarise the results of tests on processes in tables, omitting the zero
values and the trivial case of the empty test (L). The table for P(E;) and P(E3) on
TP is:

t a.l|ab. L
P(Ey) | 1 €
P(Ey) | 1
and hence if ¢ < § we have F; CP Ey and if ¢ > 9, Fy CP E;. Next consider the
processes given in Figure |{4.3]

Figure 4.3: Example of equivalent purely probabilistic processes.

Observe that for any ¢ € {1,2, 3,4}, both E3 and Ej4 can perform the actions a, then b
followed by the action ¢;, with probability i, and therefore to any observer they would
appear equivalent. The table summarising test results for the processes in Figure [4.3]
where ¢ € {1,2,3,4}, is:

t a.llab.Ll]|ab.c.L
P(Es) | 1 1 1/4
P(E,) | 1 1 1/4
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and hence we have E3 & E,, which corresponds to the processes being equivalent under

any observation. Finally, consider the processes in Figure [4.4]

Figure 4.4: Example of equivalent purely probabilistic processes.

Then, both E5 and Eg can perform the action a, then b followed by ¢ with probability
0, and otherwise perform the action a, then b followed by d with probability 1 —4. For
E5 and Eg the table of test results is:

t a.l lab.Llabec Ll |abd.L
P(Es)| 1 1 ) 1—90
P(Fe)| 1 1 ) 1—90

and so E5 & Ey, which corresponds to the fact that we cannot distinguish between the
behaviour of F5 and Eg by any observation made with the help of our testing language.
The reader should note that both EF5 and Ej, and F5 and Ejg, will be distinguished
by probabilistic bisimulation which opposes our view that the processes cannot be

distinguished by any observation.

4.3 Deterministic Probabilistic Transition Systems

We now consider an ordering over any deterministic probabilistic transition system.
Adding external choice adds an extra level of complexity to our model and, as a result,
we need to extend our definitions of TP and P since otherwise the resultant ordering will
not distinguish processes that have observably different behaviour. We demonstrate
this by means of the example given in Figure [4.5]

The table for H; and H» and tests t € TP is:

t a.llab.L|ac.L
P(Hy)| 1 1/2 | 1/2
P(Hy) | 1 1/2 | 1/2

and thus H; £ H, under TP tests. However, if we consider the behaviour of H; and Ho,

we note that H; can perform the action a with probability % and then either perform
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Figure 4.5: CPis too coarse over deterministic probabilistic processes.

the action b with probability 1 or perform the action ¢ with probability 1 (where the
choice between these is external). In contrast, Hy cannot exhibit this behaviour.

We therefore extend TP by allowing tests of the form (aj.t1, ..., am.t,) which cor-
responds to the experiment involving making m copies of a process and pushing the
a;-button followed by the experiment ¢; on one copy of the process for each 1 < i < m.
We impose the restriction on these tests that a; # a; for all 1 < i # j < m, which
follows from the earlier discussion concerning button pushing experiments, in that we
wish to press different buttons on the different copies made of processes. This also
ensures that the tests are independent, since, for any action a process can perform,
there is a distinct probability distribution associated with the process performing this
action. Although we can add dependent tests, by removing this condition, in terms
of probability theory our testing scenario becomes unrealistic: for certain dependent
events, the probability of both events occurring in the same run will always be zero,
and therefore if we perform dependent tests realistically one of them will always fail.
For example, if we consider the random experiment of tossing a coin, the events of
heads and tails are dependent, and testing for both heads and tails will always fail,
that is, occur with probability 0.

Following this, to ease notation, we say any tests ¢ and ¢ are independent if and
only if the first step of their corresponding experiments are associated with pressing
different buttons (which is indeed the case). Furthermore, in any construction of tests
of the form (¢4, ...,t,,), we require that ¢; and ¢; are independent for all 1 < i # j < m.

We now formally extend the definition of TP as follows.

Definition 4.3.1 Let T¢ and TS be the testing languages, with elements t and T re-

spectively, defined inductively as follows:

t = 1]|aT
T == (t,...,1)

where a € Act.

As in the case of TP, we can consider any T € T¢ as a test for the occurrence of

certain paths, with the addition that (¢1,%) is a test for the occurrence of the paths
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that t; and ts test for. For example, for the tests ¢; = a.c.L and to = b.L, (¢1,t5) tests
for the paths which have the initial actions ac and those which have the initial action
b.

Alternatively, the following examples demonstrate how T4 can be thought of graph-
ically: letting ¢; and ¢y be the tests given above, and t3 = a.L and t; = b.(c.e.L,d. 1),
then (¢1,t3) and (t3,t4) can be represented as follows (note that L is represented by

an open circle):
(t1,t2) (ts,t4)

a b

Now for any deterministic probabilistic transition system (R4, Act,—) and E €
R4, by definition there exists a unique S € B,.(Act x p(R?)) such that £ — S, and
therefore any E € RY can be used as an abbreviation of the set S € 7,.(Act x u(RY))

such that £ — S. We now extend P to the set of states RY of any deterministic
d

w?

probabilistic transition system and the set of tests T¢, with the resulting map called

D for clarity.

Definition 4.3.2 Let D : RY — (T4 — [0,1]) be the map defined inductively on TS as
follows. For any E € RY put: D(F)(L) =1,

> w(F)-D(F)(T) if(a,m) € E for some 7 € u(RY)
D(F)(a.T) = { Ferd

0 otherwise
and D(E)((t1,...,tn)) = H D(E)(t;).
i=1
As in the case of P, the value of D(FE)(t) denotes the probability of E passing the
test t and is calculated as follows. For any test (t1,...,%,), we first calculate the

probability of E passing the tests ¢;, that is D(E)(¢;), for all 1 <1 < m, and then since
D(E)((ti,...,tn)) calculates the probabilities of E passing all the tests tq,...,t,, we
multiply these probabilities to give the probability of E passing the composite test
(t1,...,tn). Multiplication can be used since by construction the probabilities of E
passing the tests ¢; and ¢; are independent for all 1 <i# j <m.

If we now return to Figure [4.5, we see that for T = (a.(b.L,c.1)) € T9:

D(H)(T) = & and D(H,)(T) =0
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and hence with the help of the tests T¢ we can distinguish between the processes H;
and H,.
The pre-order and equivalence on purely probabilistic transition systems lift to the

following pre-order and equivalence on deterministic probabilistic transition systems.

Definition 4.3.3 For any E,F € RY, ECYF if D(E)(T) < D(F)(T) for all T € T4.
Moreover, for any E,F € R, ELF if ECYF and F CUE.

As in the purely probabilistic case, the order C9 can be understood as follows: for any
E,F € RY, E CYF just in the case any test that E can pass, F' can pass with a higher
or equal probability.

Lemma 4.3.4 For all E,F € RY, E C¢F if and only if D(E)(t) < D(F)(t) for all
teTd

Proof. For the “if” direction consider any £, F € R? such that D(E)(t) < D(F)(t)
for all t € TY. Then for any T € TS, T = (t1,...,t,,) for some independent ¢, ..., ¢,
and by definition of D:

D(E)T) =

=

D(E)(t:)
D(F)(t;) sincet; € T9 for all 1 <4 < m and the hypothesis
F)(T) by definition of D

i) lfemt

~

I
9

and since this was for arbitrary 7' € T4, E C4 F as required. The “only if” direction
follows by definition of D and since (¢) € T4 for all ¢ € T4, O

The lemma above implies that we need only consider the set of tests T¢ to investigate
properties of our ordering C¢ as opposed to the larger set of tests T4.

In later work we will need to consider the composition of certain tests of T¢ which
we now define. We also introduce an important property of this composition by means

of the lemma below.

Definition 4.3.5 If T} = (t1,...,tym) € TS and Ty = (t,,...,t.,) € T¢ such that T}
and Ty are independent, put Ty | To = (t1,. .. tm, t), ... 0 )).

Lemma 4.3.6 If T1,T, € TS and T, || Ty is defined, then Ty || Ty € TS, and for all
B € R*: D(E)(Ty | T5) = D(E)(Ty) - D(B)(Ty).
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4.3.1 Comparisons with Larsen and Skou’s Testing Scenario

Since, as indicated above, deterministic probabilistic transition systems are equivalent
to Larsen and Skou’s probabilistic transition systems, we are now in a position to
compare our testing scenario with that of Larsen and Skou [LS91]. To do this we
first modify their definition of tests over probabilistic transition systems as given in
the introduction to this chapter to the case of deterministic probabilistic transition

systems (RY, Act, —). Note that they do not impose any conditions on the construct

(t,....1).

Definition 4.3.7 The testing language of Larsen and Skou [LS91)] is constructed from
the following syntax:
t o= wlat|(t,... 1)

where a € Act. The tests induce the following observation sets:
O, ={Lu}, Ot ={0,}U{1ls:elec O and Oy, 1,) = Oy X -+ xOy,.

Then for any E € RY and test t, Pop : Oy — [0,1] is the probability distribution
defined structurally on the possible tests t as follows:
1. P,e(l,)=1
0 if(a,m) € E for some m € u(R4
% Pon(04) = f( ). f u(Re)
1 otherwise
> w(F)-Pyrle) if(a,m) € FE for somem € n(RY)

Pa.t,E(Lz . 6) = FeR
0 otherwise

3. P(tl,...,tn),E<<€1a o 6n)) = H Bi7E(ei>'
i=1

There is a clear similarity between the above definition and the definitions of T¢ and
D (Definition and Definition respectively). Formally, we have the following
proposition.

Proposition 4.3.8 For all t € T there exists (t},e;) such that D(E)(t) = Py p(e)
for all E € RY.

Proof. The proof is by induction on ¢ € T4. Ift = L, then setting (' ,e,) = (w, 1) we
have: D(E)(L) = Py g(ey) = 1for all E € R* by definition of D and Definition m

If t = a.T for some a € Act, then T' = (t1,...,t,) for some m > 1 such that
{t1,. . tn} C T If we set (th,er) = (t,,....t; ey X --- X e,,) and (t],e) =



4.3 Deterministic Probabilistic Transition Systems 41

(a.tp, 14 : er) then showing that D(E)(t) = Py g(e,) for all E € R4 follows by definition
of D and Definition [4.3.7, by first showing D(E)(T) = Py_g(er) for all E € RY. O

Intuitively, since both constructions allow tests of the form (t,...,¢), both induce
branching time equivalences. However, there is a clear difference, in that Larsen and
Skou’s testing scenario removes the syntactic restriction of independence we impose on
our testing language. As a result, the two approaches attach a different meaning to the
phrase “the probability of a process passing a test”. In our approach, the probability
of a process passing a test corresponds to the probability of one run (or execution)
of the process passing a test, with the addition that we allow the value to correspond
to the probability of one run of a process passing a test under different conditions,
for example due to changes in the behaviour of the environment: in our setting the
probability of a process passing the test (a.7T,0.7) is the probability of some run of
the process passing the test a.T" when the environment offers the action a, and the
same run passing the test b.T" when the action b is offered. On the other hand, the
probability of a process passing a test in Larsen and Skou’s scenario may correspond
to more than one run of a process. To see this consider the process that flips a fair
coin (denoted by the action “flip”) and then performs the action a if the coin lands on
heads and the action b otherwise; then under Definition [4.3.7], the probability of FLIP
passing the test (flip.a.w, flip.b.w) and observation set (1, @ 1o : 1) X (1 ¢ 1 2 1)
is % . % = %, which is the probability of tossing a coin twice and the coin landing on
heads one time and tails the other, and not the probability of tossing a coin once and
it landing on heads and tails (which is zero). Hence, the outcome of a test corresponds
to more than one run of the process.

The impact of this difference is that, unlike our testing equivalences, Larsen and
Skou’s will be influenced by the time at which probabilistic choices are made. In-
tuitively, this results from allowing different experiments on the same probabilistic
choice in the same test, which we do not allow. Furthermore, using this fact and
Proposition [£.3.8] our induced equivalence is in fact coarser than Larsen and Skou’s.
Moreover, since Larsen and Skou have shown that their testing equivalence corresponds
to probabilistic bisimulation, our induced equivalence is also coarser than probabilis-
tic bisimulation . For example, Larsen and Skou’s testing scenario (and probabilistic
bisimulation) will distinguish the processes F3 and Ej in Figure , and the processes

E5 and Eg in Figure .4 whereas our testing scenario will not.
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4.4 Non-deterministic Probabilistic Transition Sys-

tems

If we now consider any non-deterministic probabilistic transition system (R™, Act, —)
and F € R" then by definition we have that if £ — S then S = {(a,7)} (a singleton
set) for some a € A and 7 € pu(R™), which to ease notation we will abbreviate to
(a,7), or S = (. Then, for any £ € R" since the processes are non-deterministic
in nature, the decision as to which transition E will perform, that is, which s €
(Act x p(R*)) U {0} such that E — s will be selected, and the probability of the
transitions occurring cannot be determined. Thus, if we perform any button pushing
experiment of the form a.T on E, the outcome of the experiment will depend on the
internal choice that ' makes. Hence, we will lose any information about the discarded
choices of E.

To overcome this, we extend our tests of the form a.T" to tests (a.T']), where,
in terms of button pushing experiments, ((a.7")) is the experiment in which we make
sufficiently (finitely) many copies of a process, such that each internal choice that the
process can perform will occur in at least one of the copies made, and then we perform
the experiment a.T" on each copy, that is, we press the a-button and then perform
the experiment 7. We note that the above imposes a condition on the demons that
influence the internal choices processes make: any internal choice a process can make
will become possible within a finite period. Formally, we extend our testing language

to T as follows.

Definition 4.4.1 Let T° and T°¢ be the testing languages, with elements t and T

respectively, defined inductively as follows:

r o= 1|aT
t == (r)
T == (t,...,1)
where a € Act.
We note that, in any construction of tests of the form (¢, ...,%,), we still impose the

restriction that ¢; and ¢; are independent for all 1 <14 # 5 < m, that is, the first step
of their corresponding button pushing experiments are with pressing different buttons.
The reason behind including tests of the form (¢,...,#) in T2 will be illustrated once
we have investigated extending the map P to the non-deterministic setting, which now

follows.
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Recall that, for any process E and test t, P(E)(t) calculates the probability of
the process E passing the test t. For any E € R™ and test (a.T), by means of
the definition of P over purely probabilistic transition systems, we can calculate the
probability of any s € (Act x u(R™)) U {0} passing the test a.T" where E — s.
However, since the transitions that £ can perform may pass the test a.T with different
probabilities, we are unable to calculate the exact probability of E passing the test
a.T. Given the test (a.T'|) note that we will, in fact, have a set of values corresponding
to the probability of each s € (Act x u(R*)) U {0}, where E — s, passing the test
a.T. This leads to two possible extensions of P to non-deterministic processes: one
calculating the greatest lower bound on the probability of processes passing the tests
and the other calculating the least upper bound on the probability of processes passing
the tests; we will denote these extensions Ny, and N,,, respectively.

We note that these are the only realistic options since we are unable to take any
kind of meaningful average, since the choice is internal and so we are unable to calculate
the frequency of each choice being made; in fact, all we know is that each choice will
be made within finitely many steps. Furthermore, if we wanted to model demonic or
angelic non-determinism then we would only need to consider N, or Ny, respectively.

To put this another way, for any process F and test (r]): F will always pass the
test r with a probability that is greater than or equal to Ng,(E)((r])) and less than
or equal to Ny,,(E)((7)), that is, the probability of E passing the test r always falls
inside the interval

[Newo (E) (D) i (E) ((])]-

Formally, we define N,,, and N, as follows over the set of tests Tf}d.

Definition 4.4.2 Let Ny, Ny, : R — (T2 — [0, 1]) be the maps defined inductively
on Tf)d as follows, where we use N, to denote either Ny, or Ng,. For any E € R

put:

New (E)((r)) = mln Neiw(5)(r), Nuw(E) (7)) = maleub( )(7)
and NL(E)((t1,...,tm)) = il;ll N.(E)(t;)
where for any s € (Act x p(R*)) U {0} we put: Ni(s)(L) =1 and
N.()(@T) = Fe%ndﬂ(F) “NL(F)T) if s=(a,m) for some m € p(R")

0 otherwise.

The intuitive explanation behind the definition above follows from our discussion

above except when considering tests of the form (¢4, ...,%,,). In this case, similarly to
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the deterministic case, we can use multiplication, since for any test (1, ...,%,) by the
restriction we have imposed the corresponding button pushing experiments of ¢; and
t;j for any 1 < ¢ < j < m are associated with pressing different buttons at their first
step, and so the (bounds on the) probabilities of any process passing the tests ¢; and
t; are associated with different probability distributions (or zero) for all 1 < i < m,
and hence these values are independent.

To ease notation, since by definition N, (E£)((L])) = Ny (E)((L]) = 1 for all non-
deterministic probabilistic transition systems (R®¢, Act,—) and E € R™, we denote
any occurrence of the test (L[ by L in our tables.

We now illustrate the reasoning behind including the (¢y,...,%,) construct in our
definition of T2 by means of the example given in Figure below, where 7 is used

to denote internal choice.

Figure 4.6: Example of non-deterministic probabilistic processes.

Consider the behaviour of F; and F,. When F; has performed a, either b or ¢ are
possible, but not both. In contrast, when F, has performed a, both b and ¢ remain
possible. Hence, these processes have different behaviour, if we allow copies of processes
to be made during any stage of their executions, and therefore we would wish to
distinguish them under testing. However, if we calculate the nonzero values of the

maps N,,, and N, with respect to the processes F; and Fh, and the subset of Tfj)d

where each test is of the form (ay.(ay. .. (am.L)...)), for some {a1,...,a,} C Act
we have:
T (a.L] T (a.L]) | (a.bo. L)) | (a-(e.L])
N (F1) 1 Ny (F1) 1 1 1
N (F2) 1 Ny (F2) 1 1 1

and hence the orderings induced from N, and N,,, with respect to the restricted set
of tests cannot distinguish between F; and F,. However, if instead we consider all the
tests T2 letting T = ((a.((b.L)), (c. L)) € T2 and calculating the values of N,
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with respect to ¢t and the processes F; and F, allows us to obtain:

Niww (F1)(T) = 0 # 1 = Ny (F2)(T).

Therefore, Ny, can distinguish between the processes F; and F, when we use the tests
T2, On the other hand, even with the set of tests T"4, N, cannot distinguish between
F} and F,. This may lead us to conclude that the ordering induced from N, is the
best candidate for the ordering over non-deterministic processes.

However, if we now consider the processes given in Figure [£.7] below:

Figure 4.7: Example of non-deterministic probabilistic processes.

we see that the process F3 can perform an action a with probability %, and then
always perform an action b and terminate with probability 1. However, F; cannot
behave in this way, and so we would wish to distinguish these processes through
testing. Calculating the non-zero values of N,,, and N, with respect to the processes
F5 and F,; we have:

T | ((a-L)) | ((a-((5-LD)D) | (Qa-((0-(Qe-LD)DID) | ((a-((0-((d-LD)D)D)
Ngu (£5) 1 1 0 0
Ngu (Fy) 1 1 0 1/2
Ny (F3) 1 1 1/2 1/2
Ny (Fy) 1 1 1/2 1/2

and thus N, can distinguish F3 and F);, whereas N, cannot.

Taking the above two examples into account, we observe that in certain cases
there will exist non-deterministic processes with differing observable behaviour which
only one of the maps N,, and N, can distinguish. Therefore, to incorporate the
advantages of both, we take the intersection of the orderings induced from N, and
N,., as our operational ordering over non-deterministic processes. Formally, we define
the following pre-order and equivalence on non-deterministic probabilistic transition

systems.



4.4 Non-deterministic Probabilistic Transition Systems 46

Definition 4.4.3 For any E,F € R*, E C" F if N.(E)(T) < N.(F)(T) for N, =
Now, Nio = Ny, and for all tests T € ng. Moreover, for any E,F € R, EMFE if
ECME gnd FCE.

Similar to the deterministic case, the following lemma demonstrates why we need
only consider the set of tests T4, as opposed to the (larger) set of tests T, when

w )

investigating properties of the ordering C"%

Lemma 4.4.4 For all E,F € R*, E C" F if and only if Ngyo(E)(t) < Nuw(F)(2)
and Ny (E)(t) < Ny (F)(t) for all t € T,

Proof. The proof is similar to that of Lemma [4.3.4] O

We now give some examples of non-deterministic probabilistic processes to illus-
trate the ordering =" To begin with, consider the processes in Figure .

Figure 4.8: Example of the ordering C"%

The table for N, and N,,, with respect to the processes Fj and Fy and T is:

t [(aL)[(a.(b.L)) t [(aL)](a-(b- L))

aw(F5) 1 € b (F5) 1 15
an(F6)|| 1 |min{e, 0} wo(F6)|| 1 |max{e,d}

N N
N N

and therefore if ¢ = §, ¢ > 6 or ¢ < &, then F5 " F;, Fy C" Fy and Fy C" Fy
respectively. In particular, the outcome of the experiment (la.(b.L|)) on Fgz can be
considered as any probability in the closed interval [min{e, ¢}, max{e,d}].

Finally, we give an example of the induced equivalence n by means of the pro-

cesses given in Figure [4.9]

Both processes can perform an internal choice and reach a state, where for any
i € {1,2,3,4} the probability of performing the trace ab; is either one half or zero.
Moreover, the probability of either process performing the traces ab; and ab; for any

i # 7 € {1,2,3,4} is zero, since either the processes reach a state which is unable to
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Figure 4.9: Example of equivalent non-deterministic probabilistic processes.

perform one of the traces, or the probabilities of performing the traces are dependent
(for example, the probability of tossing a coin and the coin landing on heads and tails
is zero). Summarising, this yields the tables below for N, and N,,, with respect to
the processes Iy and Fy and T, where i € {1,2,3,4}:

t [QaL) t [[a.L)[qa-(0:. L))
New(FD 1 | [New()] 1 1/2
New(Fo) | 1 | [New(F)| 1 1/2

and thus F» ™ Fy, which corresponds with their observable behaviour being equivalent.
Recall that F; and Fy will be distinguished by probabilistic bisimulation.

Before we consider arbitrary reactive probabilistic transition systems, as for the
deterministic case we introduce the definition of the composition for certain tests of

T2 and an important property of this composition.

Definition 4.4.5 If Ty = (t1,...,tp,) € T and Ty = (¢}, ...,t,,) € T2 such that T}
and Ty are independent, put: Ty || To = (t1, ... tym, th, ... T 0).

Lemma 4.4.6 If T1,T, € T4 and T, || Ty is defined, then T, || Ty € T and for all
E € R NL(E)(Ty || Ty) = No(E)(Th) - No(E)(T3).

4.5 Reactive Probabilistic Transition Systems

In this section we wish to extend the orderings CP Cdand C" to an ordering over
arbitrary reactive probabilistic transition systems (R, Act, —). As processes of reac-
tive probabilistic transition systems may exhibit non-deterministic behaviour, the first
step is to introduce extensions of the maps N, and N,,, to this setting.

The first approach we consider is simply applying the maps N, and N,,,, defined for
non-deterministic probabilistic transition systems to reactive probabilistic transition
systems. Note that N, and N,,, were already constructed over transition systems
where processes exhibit non-deterministic behaviour. However, since reactive prob-

abilistic processes exhibit external choices, as well as internal, the ordering induced
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from the maps N, and N, will not distinguish certain reactive probabilistic processes
with different observable behaviour. We demonstrate this by means of an example.

Consider the processes given in Figure [4.10]

Figure 4.10: Example of reactive probabilistic processes.

Observe that Gy can perform a transition which offers an external choice between the
actions a and b, a behaviour that G5 cannot match. Therefore, we would wish to
distinguish these processes through testing. Calculating the values of N, and N,,, we

have:
Nglb(Gl)(t) = Nglb(G2>(t) = { Lift=1 and

0 otherwise
1ift e {L, (L), (b-L), (o)}

0 otherwise

Nuw (G1)(6) = N (G2) 1) — {

and thus we cannot distinguish these processes with the ordering induced from N,
and Ni,,.

We, therefore, need to find alternatives to N,y and N,,,, and since in the example
above the difference between the observable behaviour of processes G; and G5 results
from differences in their external choices, we base our definition to a greater degree on
the construction of the tests T4 and the map D for deterministic processes, as opposed
to Ngp and N,,,. To accomplish this, we form the testing language Tf)/ by replacing
any test of the form (¢y,...,t,) in T¢ by the test ((¢1,...,%,)). Then using this testing

language we now introduce the maps D, and D,,, as follows.

Definition 4.5.1 Let Dy, Dy 0 R — (T4 — [0,1]) be the maps defined inductively
on Tf,/ as follows where D, denotes either Dy, or Dy,,. For any E € R put:

Denn(B)(((t1, -, ta))) = min D (S)(t1, -, £a))  and

Dua (E)(((t1 -+ t0)]) = max Du () ((F1; - - 5 1))
where for any S € B,(Act x u(R)) put: D.(S)(L) =1,

D.(S)((t1s ... ta)) = 11 D(S)(t:) and

([NemE

(2
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D.(S)(aT) = anﬁ(F) -D(F)T) if(a,m) €S for somenm € u(R)
0 otherwise.

Note that, the difference between the definition of D, and D,,, and the definition of
N and Ny, (see Definition , results from the difference between when the tests
of T4" and T make copies of processes in order to perform different tests on each
copy: in Tg/ these copies are made after processes perform internal choices, whereas
in T these copies are made before the internal choices.

If we return to Figure above and consider the test T = ((a.L,b. 1)) € T¢
then using the definition above we have:

Dlub(G1)<T) =1 7é 0= Dlub(GZ)(T)

and thus the ordering induced from D,,, and D,,, will distinguish the processes G; and
Gs.

However, this is still unsatisfactory as we will not correctly discriminate internal
behaviour. As an example, let us return to the processes F; and F, given in Figure [4.6

and calculate the values of D, and D,,, with respect to these processes:

Lift e {1, ((a. L))}

0 otherwise

and

D (F1)(t) = Dan (F2)(t) = {

Loift e {L, ((a. 1)), ((a-((b-L)D)D, ((a-((c-L)D)D}

Duub (F1)(¢) = Diw (F2) (1) = { .
0 otherwise
and thus D, and D,,, cannot distinguish between these processes.

The reason for the failure of the above two approaches is that reactive probabilis-
tic processes can make three types of choices: probabilistic, external and internal,
whereas in the tests of T and T we only have two levels of complexity, namely a.T
and (¢,...,t). As a result, when testing reactive processes we can only capture the
behaviour associated with two of the choices processes make: a.T is a test relating to
the probabilistic behaviour of processes (since probabilistic choice is action-guarded)
and (¢,...,t) relates to either the external or internal choices between actions that
processes make. The difference between whether (¢,...,t) tests for external choice or
internal choice results from where (.) appears in the test, for example, in the first
attempt (N.) the construct was of the form ((r)),...,(r) and the internal choices
were captured, whereas in the second (D,) the construct was of the form (¢, ..., t]) and
the external choices were captured.

Following on from this argument, we need to combine the definition of T4 and

T2 to allow for both constructions in order to form a set of tests that will capture
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probabilistic, external and internal choices, which we will denote by T,. Formally, we
combine the definitions of T4 and T2 to the set of tests T, as follows. We note that
we still impose the restriction on any construct of the form (¢, ...,t,,) in that for any
1 <4 # 7 < m the first steps of their corresponding experiments are associated with
pressing different buttons. Furthermore, we introduce a separate construct [t, ..., 1]
to the syntax of our testing language T, to distinguish the different types of tests and

apply the same restriction to it.

Definition 4.5.2 Let T and T,, with elements t and T respectively, be the testing

languages defined inductively as follows:

r o= Ll|[aT,...,aT]
t == (r)
T == (t,...,1)

where a € Act.

Combining the definition of D over deterministic probabilistic processes, and the def-
initions of N, and N,,, over non-deterministic probabilistic processes, we define the
maps R, and Ry, over reactive probabilistic transition systems. Similar to the non-
deterministic case, Ry, calculates the greatest lower bound on the probability of the
process passing the test and R,,, calculates the least upper bound on the probability

of the process passing the test. Formally, we define R,,,, and Ry, as follows.

Definition 4.5.3 Let Ry, R, : R — (To, — [0, 1]) be the maps defined inductively
on T, where R, stands for either R, or Ry,. For any E € R put:

Ra (£)((r]) = min Rew (5)(r), Ruus (E)((7]) = max R, (5)(r)
and R.(E)((t1,...,tm)) = jijl R.(E)(t;)

where for any S € B (Act x p(R)) and 1 <1i <m put:

R.(S)(L) =1, R.(S)([ar.T1,...,am.T]) = TT R(S)(a;.T;) and

([N E

)

> w(F)-RAF)T) if (a,m) €S for some m € u(R)
R.(S)(a.T) =< Fer
0 otherwise.
The intuition behind the above calculations is similar to those for D, N, and N,
where we note that, as a result of our restriction on the construct (¢,...,t) and

[a.T, ..., a.T], multiplication can be used since the tests will be independent. We note



4.5 Reactive Probabilistic Transition Systems 51

that as in the non-deterministic case and to ease notation we replace all occurrences
of the test (L)) by L.

The pre-order and equivalence on all reactive probabilistic transition systems is
defined as follows, where for similar reasons to the non-deterministic case we take the

intersection of the orderings induced from R, and R,,y.

Definition 4.5.4 Forany E,F € R, E C#* F if Ry (E)(T) < Raw(F)(T) and E CT™®
F if Run(ENT) < Ry (E)(T) for all T € T, respectively. Moreover, for any E, F € R,
EC'Fif EC™F and EC"™F, and E~F if EC'F and FC'E.

As before, we need only consider the set of tests T since the following lemma holds

similarly to Lemma 4.3.4}

Lemma 4.5.5 For all E;F € R, E C"F if and only if Ry (E)(t) < Ruwn(F)(t) and
Riww(E)(t) < R (F)(t) for all t € T.

If we now return to Figure for R, and Ry, with respect to the processes Fj
and F, and tests T:

t ([a-L]) | (fa-1o-LIDID | (la-Qle-LIDID | (fa-(Q[o-LID, (le-L]D)ID
Ruo(F1) || 1 0 0 0
Ry (1) 0 0 0
Ruo(F1) || 1 1 1 0
Ruo(F2) || 1 1 1 1

Similarly, returning to Figure we have:

t (e L]D|([6-LID|(fe-L]D|([a-L, . L]D]([b-L, c.L]]
Rlub(G1> 1 1 1 1 0
Riub(G2) 1 1 1 0 1

and R, (G1) and R, (G2) are zero for all tests not equal to (L]). Therefore, using the
testing language T, we can now distinguish between the processes F} and F5 and the
processes (G; and Gb.

Moreover, as the definition of the maps R, and R, are based on those of P, D, N,
and N,,,, by construction the ordering C" is based on the orderings CP, C¢ and C"?.
As a result it is straightforward to show that each of the following propositions hold
for any purely probabilistic transition system (RP, Act, —), deterministic probabilistic
transition system (R, Act,—) and non-deterministic probabilistic transition system
(R™, Act, —).
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Proposition 4.5.6 For all E,F € RP, ECPF if and only if E C"F.
Proposition 4.5.7 For all E,F € RY, ECYF if and only if EC"F.
Proposition 4.5.8 For all E, F € R*, EC"F if and only if E C"F.

Consequently, all the examples considered so far will remain valid if C"replaces the rel-
evant equivalence or ordering. In particular, C" will distinguish between the processes
of Figure [4.6] and hence we have overcome the problems associated with the first two
attempts at extending our orderings to reactive probabilistic transition systems.

We now illustrate the ordering C" over reactive probabilistic processes by means
of the example given in Figure below, where we have removed the probabilities

associated with transitions since all occur with probability 1.

G3 G4 GG

Figure 4.11: Example of the ordering C".

Summarising R, and Ry, with respect to the processes G1, G and G3 and tests T

we have the tables:

t | (fa-L]D|([b-L]D|([a-L, b.L]] t |(fa-L]D]([o-L]D]([aL,b.L])
Raw(G3)| 0 0 0 Rus(Gs)| 1 0 0
Ruw(Ga)| 1 0 0 Rus(Ga)| 1 0 0
Ruw(Gs)| 1 0 0 R (Gs)|| 1 1 1
Run(Ge)| 1 1 1 R (Go)|l 1 1 1

and therefore G5 T8 G4 & G5 T G and G5 X0 Gy T™ G5 ™ Gg. This gives Gy CF
G4 C'G5 C" G, and so “more deterministic” processes are further up the ordering.
To further illustrate this point, consider the reactive processes given in Figure [4.12]

where again we remove the probabilities since all transitions occur with probability 1.
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G7 C7Y9
a b>.c T TN\T
a b c

Figure 4.12: Example of the ordering C".

Then for the processes G7, Gg and Gy we have:

t ([a.L]D[([o-LID|([e-L]D | ([a-L, b.L]D|([a-L, c.L]D]([b-L, c.L])|([a-L, b.L,c.L])
Raw(G7)|| 1 1 1 1 1 1 1
Run(Gs)| 0 0 0 0 0 0 0
Run(Go)| 0 0 0 0 0 0 0
Run(G7)|| 1 1 1 1 1 1 1
Ru(Gs)|| 1 1 1 1 0 0 0
Rus(Go)|l 1 1 1 0 0 0 0

and hence Gy C'Gg C"Gr.
As for the deterministic and non-deterministic case, we now introduce the compo-
sition of tests, which we do for both T and T,,.

Definition 4.5.9 If (r) € T, put r|| L = L||r = r, and if (1)), (r2)) € T are such

that r1 = [a1. Ty, ..., ap.Tpl, ro = [} TY, ... al, T ], and ri and ry are independent,
put
r || re = a1 T4, .oy am Ty ay T4, ..y al, T

Furthermore, if Ty = (t1,...,tm) € T, and Ty = (t},...,t,.,) € T, such that Ty and Ty

are independent, put:
Ty || To = (t1, s tmy by, sth)).

Lemma 4.5.10 If (1)), (r2)) € T and r1 || 2 is defined, then (ry||r2)) € T and for all
S € Br(Act x (R)): Ru(5)(r1 [|72) = Ru(S)(r1) - Ru(S)(r2).

Lemma 4.5.11 If T1,T, € T, and Ty || Ts is defined, then Ty || Ty € T, and for all
E € R: RAE) Ty || Ty) = R(E)TY) - R(E)T3).

4.6 Comparisons with Alternative Equivalences

We first relate our ordering to the classical equivalences over labelled transition sys-
tems, that is, non-probabilistic processes. We accomplish this by restricting any re-

active probabilistic transition system (R,.Act,—) so that all transitions occur with
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probability one, that is in the definition of our transition relation — we restrict the
set of probability distributions p(R) to the set of point distributions over R (see Def-
inition [3.2.2): that is the set {ng|E € R}. This then yields a transition system
equivalent to a labelled transition system of the form (S, Act U {7}, —) where 7

denotes internal choice, with the following restrictions on all P € S

(i) P - if and only if P /£~ for all a € Act
(i1) if P - P"and P - P” then P’ = P".

Considering our maps R, and R,,, under the above restriction, it is straightforward
to show that their type is now R, Rip 1 S — (T, — {0, 1}) (the two-valued set).
As usual, since such a labelled transition system (.S, ActU{7}, —) allows 7 moves,

we generalise transition relation as follows:
Definition 4.6.1 For any P,Q € S and a € Act, P == Q, if P(—)* - (—)*Q.
Using this new transition relation we reach the following proposition.

Proposition 4.6.2 For all P€ S, 0 =ay...a, € A* and X = {by,...,b,} C Act,
if 1= lar.( ... ([an.L]) ... D], 7" = [a1.(- .. ([an-(([b1.L, ... b LID]) ... )] and " =
[a1.( ... ([an-(([b1-L])s - ([Om-LIDD - - - D], then:

1. o € traces(P) if and only if Ruw(P)((r])) = 1.

2. there exists Q € S such that P == Q and X \ initials(Q) # 0 if and only if
Riuw(P)((7) =1 and min{R., (P)((r')), Ruw (P)((r"))} = 0.

3. there exists Q € S such that P == Q and X C initials(Q) if and only if
max{Ryu (P)((r']), Rua (P) ("))} = 1.

Proof. The proof follows by induction on o € A*. O

Now comparing the third part of Proposition with Hennessy’s acceptance sets
[Hen85|, for any P € S (using the notation from Proposition [4.6.2)) the set:

{(0, X)[ (0, X) € Act” x B(Act) and max{Ru.(P)((r')) = 1, Ruw(P)((r"))} = 1}

corresponds to the acceptance sets of P.

Next, we compare our equivalence with the classical equivalences of CSP, namely
trace, failure and ready equivalences (see Section over such labelled transition sys-
tems. However, we must first define these equivalences for transition systems allowing
7 moves, which we accomplish by replacing the usual transition relation — with the
transition relation = (see Definition throughout the definitions in Section [3.4]
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Now, using Proposition , the definition of ~ and of trace equivalence, it follows
that for any P,Q € S, if P~ @ then P and () are trace equivalent. Furthermore,
when restricted to only deterministic processes it is straightforward to show, using
Proposition , that for any P,Q € S if P~ (@, then P and @ are also failure
and ready equivalent. However, in general this result does not hold, to illustrate this
consider the processes given in Figure below.

Figure 4.13: Example of processes that our equivalence cannot distinguish.

Then calculating the tables for P; and P, we have:

t || (la. L3 [ ({6 L]D | (la-(feLIDID | (la-(ld-LIDID | (fa-(lc. L, d. L]D)
w(P) ]| 1 1 1 1 1
w(P) || 1 1 1 1 1

R
R

and R, (P2)(t) = Raw(P2)(t) = 0 for all ¢ # 1, and hence Py ~ P». However, P; and
P, are neither failure nor ready equivalent, since for example:

(a,{c}) € readies(P,) \ readies(Py) and (a,{d}) € failures(Py) \ failures(P;).

Furthermore, if we consider the processes ()1 and ()3 given in Figure below.

Figure 4.14: Example of processes that failures and readies cannot distinguish.
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It is straight forward to show that these processes are failure and ready equivalent, for

example, the set of readies of ()1 and of ()5 is:

{(0.{a}), (a,{b,c}), (a,{c, f}), (ab, D), (ac,{d}), (ac,{e}), (af, ), (acd, D), (ace, D)}.

However, if we consider the test ¢ = (|[a.([b.L, c.([d.L]D]]]]), then Ruw(Q1)(t) =1 # 0 =
Riub(@Q2)(t), and hence ~ distinguishes between the processes. Putting these results
together, clearly our equivalence is distinct from both failure and ready equivalence
defined over non-probabilistic processes.

On the other hand, for CCS type equivalences it is straightforward to show that
our equivalence is weaker than bisimulation (~) and distinct from simulation ().
Intuitively, our equivalence ~ is coarser than both bisimulation and simulation equiv-
alences, as ~ is based on the behaviour of one run of a processes, possibly under
different conditions (that is, changes in the environment), whereas both bisimulation
and simulation equivalences are based on the the total behaviour of processes. This is
accomplished by an inductive definition, for example see the definition of bisimulation
given in Chapter [2l To illustrate this fact consider the processes given in Figure

below, where all choices are internal.
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a 72 a a a a a
b ~ b b b b b
c d c d

Figure 4.15: Example of non-probabilistic processes.

=

e e

As for other equivalences on probabilistic processes, it is straight forward to show
~ is finer than the equivalences of Seidel [Sei92], Lowe [Low| and Jou and Smolka
[JS90] for probabilistic processes, all of which are based on these classical equivalences.
To illustrate this, if we recall the processes in Figure[2.3] which we have shown not to be
distinguishable by the equivalences of [Sei92, [Low] and [JS90], it can be shown that for
the test (a.((b.(d. L)), (c.(e.L])]))) our equivalence ~ distinguishes these processes.

Also, as mentioned in Subsection probabilistic bisimulation is finer than <
(on deterministic reactive systems) and it follows that the same holds true for ~.
Furthermore, it is straightforward to show ~ is coarser than Segala and Lynch’s
probabilistic simulation [SL94] and Yi and Larsen’s testing equivalence [YL92].

The last equivalence we compare ~ with is Morgan et al.’s equivalence over prob-
abilistic processes [MMSS96], using as an example the processes of Figure which
are distinguished by the equivalence of [MMSS96]. It is easy to show that ~ does
not distinguish these processes. However, since their equivalence is based on failure
equivalence, which we have shown is distinct from ~ in the non-probabilistic setting,
there will exist probabilistic processes which their equivalence will not distinguish but
~ will. Therefore, ~ is incomparable with the equivalence of [MMSS96].

Finally, we mention two other results relating to our testing scenario. First, when
we restrict our model to only deterministic probabilistic transition systems and enrich
our tests by allowing to test for termination and for the set of initial actions of a process,
the resulting equivalence will correspond with our equivalence < over deterministic
transition systems. This result appears interesting since, although in a different setting,
both Lowe [Low| and Jou and Smolka [JS90] also define different equivalences which
they then show to coincide.

Also, if we consider the equivalence derived from the map R,,, and allow dependent
tests in the construction of T, the equivalence will coincide with branching simulation

[GIa93] on non-probabilistic systems.



Chapter 5

The Process Calculus

In this chapter, we present a process calculus for reactive probabilistic processes, which

we call RP, following the construction of the operational ordering C" over reactive

probabilistic transition systems. We do this in the following four steps.

1. First we define the syntax of a purely probabilistic calculus RP,, that is, a cal-

culus where the only form of choice is (action-guarded) probabilistic choice. We
then present an operational semantics for RP, in terms of a purely probabilistic
transition system, and then investigate the properties of the ordering CP over

this calculus.

. We then extend RE, by including an external choice operator to form the calculus
RPy, and give this calculus an operational semantics by means of a deterministic
probabilistic transition system and investigate the properties of the ordering C¢

over RE.

. Similarly to the above, we extend RE, to form the calculus RE,q, where instead

of allowing external choice we allow internal choice.

. We then combine the above to obtain the calculus for arbitrary reactive proba-
bilistic processes RP and give an operational semantics to this calculus by means
of a reactive probabilistic transition system, and investigate the ordering C" over

this calculus.

Intuitively, we can consider the above calculi as forming the following hierarchy:

RP
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5.1 Preliminaries

In this section we introduce notation that we will use in the construction of our calculus

and for investigating properties of our operational orderings over the calculus.
Definition 5.1.1 (Process Calculus Notation)

o Act is a (finite) set of actions (or labels) that processes can perform (ranged over

by a,b...) and, furthermore, we let B be any subset of Act.

® > .cr i is a summation over a countable index set I, where pu; € (0,1] for all
1€ and Y ;e = 1.

o X is the set of process variables (ranged over by x,y. . .).

e ) is a relabelling function, that is, a function from Act to Act; we also require

that X\ is bijective.

When discussing to our operational orderings we will require the notion of an action
a being in a test ¢, written a € t. Intuitively, a is in the test ¢ if ¢’s corresponding
button pushing experiment involves, at some stage, pressing the a—button. More
formally, we can define this by induction on tests, for example, for the set of tests T4
(see Definition [4.3.1)) and for any a € Act: a ¢ L and a € d'.(ty,...,t) if a=d/, or
a € t; for some 1 < i <m.

Furthermore, we will need to extend any relabelling function A\ : Act — Act to
a function on our testing languages. Again, this can be done easily by induction on
tests, where for the testing language T¢ we define the extended map A : T¢ — T4 by
putting: A(L) = 1L and Aa.(t1,...,tm)) £ Xa).(A(t1), ..., AMtm)).

5.2 Purely Probabilistic Processes

As described above, in this section we consider a purely probabilistic process calculus
called RE,, where the only form of choice is action-guarded probabilistic choice. The

syntax, however, also includes (full synchronous) parallel composition and recursion.

Definition 5.2.1 The set of RE, expressions is given by the syntaz:

Fiu=z|0|a X crmi-Fi| Fi||Fo| FIB| FIN| fix, F.
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As usual, “0” denotes the inactive process, “Fi || Fy” denotes parallel composition,
“F'| B” denotes restriction, “F [A]” denotes relabelling and “fiz,.F” denotes recursion.
Furthermore, “a.};c; p;.F;” denotes action-guarded probabilistic choice. Observe that
prefixing is a special case of probabilistic choice: @ — F and a.F' (prefixing in CSP
and CCS notation respectively) are equivalent to a.1.F, meaning after a is performed
the process becomes F' with probability 1.

The above syntax allows variables to occur freely in expressions. However, as
usual, we will only consider guarded and closed expressions as terms of our calculus.

Formally, we have the following definitions.

Definition 5.2.2 A wvariable v € X is bound in any expression F' € RE, if and only
if every occurrence of x in F occurs within the scope of a subexpression of F' of the

form fix,.F'. If x is not bound in F then we say x is free in F.

Definition 5.2.3 A variable x € X is guarded in an expression F' € RE, if any
occurrence of the variable x in G lies within a subexpression of the form 3 ;c; ay,.Gj.
Furthermore, we denote the set of guarded expressions of RE, by GP, that is, the set

expressions without unguarded variables.

Definition 5.2.4 A closed expression or process is a term without free or unguarded

variables. We denote the set of processes of RE, by PrP.

5.2.1 Operational Semantics

We now give operational semantics for the set of processes of RB,, based on reactive
probabilistic transition systems. Since the states of a purely probabilistic transition
system (RP, Act,—) can be considered as elements of (Act x pu(RP)) U {0}, we map
an element of Pr® into an element of (Act x u(Pr?)) U {0} as follows.

1. O0] = 0.

2. Ola. et pi-Fi] = (a,7) such that 7(F) < Yy, for any F € PrP.
i€l &
F=F

3. O[E1|| E2] = (a,n), it O[E1] = (a,m) and O[E;] = (a,m;) for some 7,1 €
p(PrP) such that for any F' € PrP:

0 otherwise

©(F) déf{ m(Fy) - mo(Fy) if F=F || F,

and O[E; || E2] = 0 otherwise.
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4. O[E|B] = (a,n), if O[E] = (a,n’) for some 7’ € pu(Pr?) such that a € B and
for any F' € Pr”:

0 otherwise

o(F) g{ (F) if F=F|B

and O[E | B] = () otherwise.

5. O[E[N] = (a,7), if O[E] = (b, 7") for some 7" € p(PrP) such that A\(b) = a and
for any F' € Pr”:
r(F) ' (F') it F = F'[\
0 otherwise.

and O[E [A]] = 0 otherwise.

6. O[fiz,.E] = O|E{fiz,.E/x}] where E{F/x} denotes the result of changing all

free occurrences of x in E by F', with change of bound variables to avoid clashes.
The following proposition shows the semantics to be well defined.

Proposition 5.2.5 For all E € Pt either O[E] = 0 or O[E] = (a,w) for some
a € Act and m € u(PrP), that is, 7 is a probability distribution on the set of processes
of RE,.

Proof. The proof is by induction on the structure of £ € PrP.
1. If E =0, then O[E] = 0.

2. If £ = a. > ¢ pui-Fi, then O[E] = (a,7) where by definition of the transition

rules:

> on(F) = % (Zui)
FePrP FePrP | jer&

F,=F

= > U since I; € PrP foralli € I
i€l

=1 by Definition [5.1.1

and thus m € pu(PrP).

3. If E = E, || Es, then either O[E] = 0, or O[E] = (a,n) for some a € Act such
that O[E;] = (a,m) and O[E;] = (a,m), and by induction m; € p(PrP) for
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i € {1,2}. In the second case by definition of the transition rules:

> w(F) = > m(F) - m(F)

FePrP F) || FzePrP

_ ( > 7r1(F1)>-< > 7r2(F2)> rearranging

FrePrP FrePrP

=1 by induction
and hence m € p(PrP).

4. If E = E'I|B or E = FE'[A], the result follows by induction on E’ and the

transition rules.

5. If E = fix,.E', then O[E] = O[E'{fiz,.E'/x}] and the result follows by induction
on B’ € GP.
O

5.2.2 RE, and the ordering CP

Using the operational semantics defined above, we now relate the ordering CP to RPF,.
We first investigate the properties of the map P with respect to the processes Pr” and
semantic operators of RE,. Since it follows from Proposition that, for all £ € PrP
and ¢t € TP, we can calculate P(O[E])(t), the ordering CP will be well defined on the
set {O[E] | E € PrP}. As usual we extend the ordering CP to all guarded expressions

by means of the following definition.

Definition 5.2.6 For all F,G € G°, O[F] CP O[G] if and only if O[F{E/i}] CP
O[[G{E/i’}ﬂ for all E C P1P, where the free variables of F and G are contained in the

vector of variables .

With the help of the above definition, all results for the set of processes of RB, will
also hold for the guarded terms of RE,, and hence for the remainder of this chapter
we will only prove results with respect to processes. Moreover, to simplify notation,
we will denote expressions of the form P(O[E]) by P(E) for any E € PrP, and repeat

this notation when we extend the calculus RB, and consider the maps D, N, and R,.
Lemma 5.2.7 For all By, Ey € PtP and t € TP: P(Ey || E2)(t) = P(E1)(t) - P(E2)(t).

Proof. The proof is by induction on t € TP. If ¢t = L, then by definition of P for all
Ey,Ey € PrP: P(EY || Ey)(L) =1=1-1=P(Ey)(L)-P(Ey)(L).
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If t = a.t’' for some a € Act, then for any E || F2 € Pr® we have the following two

cases to consider.

1. O[E: || E»] = (a, ) for some m € p(PrP), and hence by definition of the transition
rules, O[F1] = (a,m) and O[E,] = (a,m) for some m,m € p(PrP), and by

definition of P and the transition rules:

P(EL || Ep)(at') = - HI;ePrP w1 (F1) - 7T2<F2)) P(FL || F>)(t)
B F z;gprp(m(E) ' WZ(FQ)) ' (P(Fl)(t/) ' P(F2)(tl)) by induction

_ ( 5 wl(Fl)-P(Fl)(t’)>~< 5 WQ(FQ).P<F2)<1:')> rearranging

FyePrP FoePrP
= P(Ey)(a.t')-P(Ey)(a.t) by definition of P.

2. O[E: || E2] # (a,7) for any m € p(PrP), then without loss of generality we can
suppose O[E1] # (a,w) for any 7 € pu(PrP), and therefore by definition of P:

P(EL || E2)(t) = 0= 0-P(Ey)(t) = P(E1)(t) - P(E2)(1).

Since these are the only possible cases, the lemma is proved by induction on ¢t € TP. O

Lemma 5.2.8 For all E € Pr®, t € TP and B C Act:

P(EfB)(t):{P(O ifa €t for anya € Act\ B

E)(t) otherwise.

Proof. We prove the lemma by induction on ¢ € T?. If t = 1, the lemma holds by
definition of P and since a ¢ L for any a € Act.
If EIB € Pr? and t = a.t’ for some a € Act, then if o’ € t for all @’ € Act \ B by

definition of P and the transition rules:

P(E fB)(a.t’) _ { FEZPrp w(F)-P(F|B)(t) if O[F] = (a,n) for some 7 € u(PrP)

0 otherwise
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if O|F| = fi
s wp)pa)e) DOPIZmRr
= F|BePrP some 7 € u(PrP) by induction

0 otherwise

> w(F)-P(F)() it O[E] = (a, ) for

= FepPrP some 7 € p(PrP) rearranging

0 otherwise

= P(E)(a.t)) by definition of P.
On the other hand, if @’ € a.t’ for some a’ € Act \ B, we have the following two cases

to consider.

1. a = d/, then by definition of the transition rules, O[F | B] # (a,w) for any
7 € pu(PrP) and therefore by definition of P: P(E | B)(a.t’) = 0.

2. a # ad and d' € t/, then by definition of P and the transition rules:

P(E|B)(a.t) = { FGZPrPW(F) -P(F|B)(t) if O[E] = (a,n) for some 7 € pu(PrP)

0 otherwise

FepPrP by induction

> 7w(F)-0 if O[E] = (a,n) for some 7w € u(PrP)
0 otherwise

Since these are all the possible cases the lemma holds by induction. O
Lemma 5.2.9 For all E € Pr®, X\ and t € TP: P(E [\))(¢t) = P(E)(A71(1)).

Proof. The proof is by induction on ¢t € TP. The case when ¢ = | is trivial as
AN = L.

If t = at’ for some a € Act and E [\ € PrP, then by definition of P and the
transition rules P(E [A])(a.t') equals:

) { L2 m(F) P if O[E] = (A (a),m) for some 7 € p(Pr")

0 otherwise
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B { L3 m(F) - PIEYAHW)) i O[E] = (™! (a),m) for some = € p(Pr?)
0 otherwise

by induction

= P(EYA(a)AH(H)) by definition of P
= P(E)(A\(a.t")) by definition of A on TP
and thus the lemma holds by induction on n € IN. O

Lemma 5.2.10 If G € GP such that G{E/x} € PrP for all E € PrP, then either
O[G{E/z}] = 0 for all E € Pr®, or there exists a € Act and ng € u(RE,) such that
for any E € Pr?, O[G{E/x}] = (a, ) where for any F € PrP:

(F) nq(F') if F = F{E/x} for some F' € RE,
i e
0 otherwise.

Proof. The proof follows by induction on the structure of £ € GP and the transition

rules. O

Lemma 5.2.11 For any E € RE, and F, F' € Pr* such that E{F/xz}, E{F'/z} € P1?
and P(F)(t) < P(E')(t) for all t € TP then: P(E{F/x})(t) < P(E{F'/x})(t) for all
teTP.

Proof. Consider any E € RB, and F, F’ € Pr? such that E{F/x}, E{F'/x} € PrP and
P(F)(t) < P(F')(t) for all t € TP. We prove the lemma by induction on the structure
of B € &P,

1. If E € X, then F = x since E{F/z} € PrP, and hence for any t € TP:
P(E{F/x})(t) = P(F)(t) < P(F')(t) = P(E{F"/x})(t)
by hypothesis.
2.t E=a.Ycr - By and t € TP, then
E{F/z} = a. z%:I'uZ(EZ{F/x}) and FE{F'/x} = GZ§1M<E1{F,/5U})
and we have the following three cases to consider:

(a) t = L, then by definition of P: P(E{F/z})(t) =1 = P(E{F'/x})(t).

(b) t =b.t" and b # a, then P(E{F/x})(t) = 0 = P(E{F’'/x})(t) by definition
of the transition rules and P.
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(¢) t = a.t’, then by definition of P and the transition rules:

PIE{F/z})(at) = & pi-P(EAF/}()
E] wi - P(EAF"/x})(t') by induction
P(E{F'/x})(a.t") by definition of P and

the transition rules.

IN

3. f E=FE,||Ey, E=FE'|Bor E= E'[)], the result follows using induction, the
above lemmas concerning these operators and P. For example if £ = Fy || Es,
then for any ¢t € TP, by definition:

P((EL | E){F/x})(t) = P((E{F/x}) || (Eo{F/x}))(t)
= P(E{F/z})(t) P(E{F/x})(t) by Lemma[5.2.7
< P(E{F'/x})(t) - P(E2{F'/z})(t) by induction
= P((E{F /x}) | (E2{F"/2}))(t) by Lemmal[5.2.7]
= P((E1 || E){F"/2})().

4. If E = fiz,.E', then either ¥ = y in which case z is not free in E, therefore
E{F/xz} = E{F'/z} = E, and hence the lemma holds in this case, or y # x in
which case for any ¢ € TP, since x # y we have P(E{F/z})(t) is equal to:

= P(fir, (E{F/z}))(1)

= P(F {F/x}{ﬁx E'{F/x}/y})(t) by the transition rules

= P(E{F/z}{E{F/x}/y})(t) by definition of

= P(E{E/yH{F/x})(t) rearranging since x # y

< P(EA{E/yHF'/z})(t) by induction on E'{E/y}

= P(E{F'/c}{E{F'/x}/y})(t) rearranging since z # y

= P(E{F'/x}{fix, E'{F'/x}/y})(t) by definition of E

= P(fiz, (E'{F'/x}))(t) by the transition rules
P(E{F )1 since & #,

as required.
O

Using the above lemmas we can now show that CPis a congruence over Pr? by means

of the following proposition.

Proposition 5.2.12 The pre-order CP is preserved by all contexts in the language
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RB,. Formally, if we have that O[E;] CP O[F;] for alli € I and O[E] CP O[F], then:

Ola. Yicr pi-E5] EP Ola. Yieq pi-Fi]
O[E|G] E° O[F| ]
O[F1B] C* O[F|B]
O[EN] £° O[F[N]
Olfiz,.E] CP Olfiz,.F].

Proof.

1. I E =a.Y,crpi-Fy and F' = a. Y e pi. Fi, then ' = (a,7) and F' = (a,n’)
such that for any G € Pr’:

7(G)= Y w and 7'(G)= > wu. (5.1)
el & i€l & :
GZE»; G:Fi

Considering any t € TP, either t = L and by definition of P: P(E')(L) =
P(F')(L) =1, or t = a'.t' for some ¢’ € Act and t' € TP, in which case by
definition of P:

3 m(G)-P@)() it =a

P(E(dt) =

0 otherwise.

M - P(El)(t,) ifa' =a

.
m
~

by (5.1)

)

otherwise.

IN
.
m
~

by the hypothesis
0 otherwise.

Y 7(G)-PG)F) ifd =a

Gepe by (51)

0 otherwise.

{ wi - P(F)(t) ifd =a

= P(F")(d'.t) by definition of P.
Putting the above together we have O[E'] CP O[F"].

2. If ' =F| G and F' = F|| G, then for any ¢t € TP,

P(E(t) = P(E)(®)-P(G)(#) by Lemma 2T
< P(F)(t)-P(G)(t) since ECPF

= P(F)(t) by Lemma [5.2.7]
and since this was for any t € TP, O[E'] CPO[F'].
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3. If " = E|Band I’ = F| B, then for any t € T either a € ¢ for some a € Act\B
and by Lemma [5.2.8 P(E’)(t) = P(F')(t) =0, or a ¢ t for all a € Act \ B and
in this case:

P(E")(t) = P(E)(t) by Lemmal5.2.8
< P(F)(t) since ECPF
= P(F’)(t) by Lemmal[5.2.8

Then since this was for any t € TP, O[E'] CPO[F"].
4. If E' = E[\] and F' = F' [\, then for any ¢ € TP,

P(E")(t) = P(E)(A"'t)) by Lemmal5.2.9
P(F))(A(t)) since F CPF
P(F")(t) by Lemma [5.2.9

IN

giving O[E'] CP O[F'].

5. If E' = fiz,.E and F' = fix,.F, to simplify the proof we assume that £ and F
have at most x as a free variable, in which case by definition E’, F/ € Pr® and
E{G"/z}, F{G'/x} € P1® for all G’ € PrP. Furthermore, since £ CP F' we have
O[E{G'/x}] CPO[F{G"/z}] for all G' € Pr* by Definition that is:

P(E{G'/x})(t) < P(F{G'/x})(t) for all G’ € PP and ¢ € TP. (5.2)

Now, by definition of CP, to prove O[E’] CP O[F"] it is sufficient to show that:
P(E")(t) < P(F')(t) for all t € TP, which we prove by induction on ¢t € TP. If
t = L the result follows by definition of P.

If t = a.t’, then by definition of the transition rules:

P(E')(a.t") = P(E{E'/z})(a.l')

= P(E{E'/z})(at)

< P(F{E’/x})(a ') by

— Geprp 7(G) - P(G)(t') if F{E'/z} = (a,7) for some 7 € pu(P1P)
- 0 otherwise

by definition of P
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> wr(G)-P(G{E'/z})({t') if F{E'/x} = (a,n) for some 7 € pu(PrP)

= GEeRPP
0 otherwise
by Lemma [5.2.10
> wr(G)-P(G{F'/z})({t') if F{E'/x} = (a,7) for some m € pu(PrP)
< GERPP
0 otherwise
by induction and Lemma [5.2.11
> 7(G)-P(G)(t) if F{F'/x} = (a,n) for some 7 € pu(PrP)
< GePrP
0 otherwise
by Lemma [5.2.10
P(F{F'/x})(a.t") by definition of P
P(F")(a.t') by the transition rules

and hence P(E’)(t) < P(F’)(t) for all t € TP, as required.

5.3 Deterministic Probabilistic Processes

In this section we extend the process calculus RE, by allowing external choice, denoted

(], to form the process calculus RP;.

Definition 5.3.1 The set of REy expressions is given by the syntax:
Fu=2z|0|a) w.F | L0OF | F | F|F|B|F[N| fi,F.
iel

Again, we only consider the guarded and closed expressions of RP;, denoted G¢ and
Pr¢ respectively. As is customary, we require that the set of initial actions of F; and
E5 are disjoint in the construct £y [J Es, that is, init(E;) N init(Ey) = 0, where, for
any F € GY, init(E) is the set of initial actions of E. Intuitively, this restriction is
needed since if we considered an external choice between two process, each having
the same action as one of its initial moves, then such a choice must degenerate to an
internal choice which we must exclude since there is no operator for internal choice
in the syntax of RP;. Formally, we have the following definition of the set of initial

actions of a process.
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Definition 5.3.2 Let init : G4 — B (Act) be the map defined inductively on the syntazx
of RPy as follows:

init(0) =
init (0. e i F) = {a)
init(Ey U Ey) = init(E) Uinit(Es)
init(Ey || E2) = init(E£y) N 1n1t(E )
init(EB) = init(F)N
init(E[\]) = {\a)|a€ 1n1t(E)}
init(fiz,.£) = init(E).

5.3.1 Operational Semantics

We give operational semantics for the processes of RE; in terms of reactive probabilistic

transition systems by mapping elements of Pr? into T,.(Act x u(Pr?)) as follows:

1. Ofo] = 0.

2. Ola. Yier pi-Fi] = {(a,7)} such that for any F € Prd: n(E) = ¥ pu,.
i€l &
F=F,

3. O[E, 0 Es] = O[E\] U O[E].

4. O[E, || E2] = S, if O[E,] = S; and O[Es] = S, such that (a, ) € S if and only
if there exists (a, ;) € S; for i € {1,2} and for any F € Pr:

def 7T1(F1)'7T2(F2) lfF:Fl ||F2
m(F) = .
0 otherwise.

5. O[E|B] = S, if O[E] = S’ such that (a,7) € S if and only if (a,7) € 5,
a € B, and for any F € Pr:

ﬂmg{ﬂwqﬁF:Fw

0 otherwise.

6. O[E[\] = S, if O[FE] = S’ such that (a,7) € S if and only if (A"*(a),7’) € S’
and for any I € Prd:

'(F') if F=F'
W(F)d_ﬁf{ﬂ ) HF =N
0 otherwise

7. Olfiz,.E] = O[E{fiz,.E/z}].
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The well-definedness of the above semantics can be demonstrated by the following

proposition.
Proposition 5.3.3 For all E € Pr': O[E] € B, (Act x u(Pr?)).

Proof. The proof follows similarly to Proposition by induction on the structure
of £ € Prd, with the following additional case for external choice. If F = E;[]E,
then, by the restriction we have imposed on RP;, the transition rules and induction,
we know that init(E;) Ninit(Es) = 0, O[E] = O[E1] U O[FE,] and O[E;], O[E,] €
B (Act x u(Pr?)) respectively. Combining these facts and using Proposition , it
follows that O[E] € B,.(Act x u(Pr?)) as required. O

Furthermore, the above semantics gives the following characterisation of the mapping
init.

Proposition 5.3.4 For all E € Pr': a € init(E) if and only if (a,7) € O[E] for
some 7 € p(Pr?).

Proof. The proof follows by induction on the structure of E € Pr. O

5.3.2 RP; and the ordering C*°

As for the calculus RB,, we now investigate the properties of the ordering C9 over the
operators of RP;. Using the lemmas below we show that C9is a congruence over the
calculus RE;. We note that many of the proofs are simple extensions of similar lemmas

for RP,, and have therefore been omitted.

Lemma 5.3.5 For all By, Ey € Pr? and t € T%: D(E, || Ey)(t) = D(E))(t) - D(Ey)(t).
Furthermore, for all E € Prd, t € T9, B C Act and relabelling function \:

{ 0 ifa €t for anya € Act\ B

D(E)(t) otherwise

and D(E [N]))(t) = D(E)(A7L(t)).

Lemma 5.3.6 For all E,F € Pr® such that EQF € Pr? and t € T%:
D(EUF)(t) = max{D(E)(t), D(F)(t)}.

Proof. Consider any E, F' € Pr such that E[JF € Pr? and t € T4, then either t = L
and the lemma holds by definition of D, or t is of the form a.T for some a € Act.
In the second case, depending on whether a is a member of init(£) or init(F'), since
by the definition of RE), init(E) N init(F) = @, we have the following three cases to

consider:
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1. a & init(F) U init(F'), then using Proposition (a,7) ¢ O[E] and (a,7) &
O[F] for any 7 € u(Pr?), and since O[EQ F] = O[E] U O[F] by definition of
D: D(EUF)(t) = max{D(E)(t), D(F)(t)} = 0.

2. a € init(E) and a & init(F), then similarly to the above, D(F')(t) = 0. Further-
more, since a € init(F), using Proposition there exists (a,m) € O[E] for
some 7 € p(PrP), and since O[E U F] = O[E] U O[F] by definition of D:

D(EDOF)(t) = D(E)(t) = max{D(E)(t), 0} = max{D(E)(t), D(F)(t)}.
3. a € init(F) and a ¢ init(E), then by symmetry on item 2:
D(EOF)(t) = max{D(E)(t), D(F)(t)}-
Then since these are the only possible cases the proof is complete. 0

Lemma 5.3.7 If G € G% such that G{E/z} € Pr® for all E € P19, then there
exists S¢ € Po(Act x u(RRy)) such that for any E € Pr?, O[G{E/z}] = 0 if
and only if S¢ = 0 and O[G{E/z}] = {(a1,m1), ..., (a@m,7m)} if and only if Sg =
{(a1,78), ..., (am, 7))} where for any F € Pr? and i € {1,...,m}:

(F) = 7o (F") if F = F'{E/x} for some F' € RF}
' 0 otherwise.

Lemma 5.3.8 For any E € RPy and F, F' € Pr? such that E{F/x}, E{F'/z} € Pr*
and D(F)(t) < D(F')(t) for all t € T¢ then: D(E{F/z})(t) < D(E{F'/z})(t) for all
teTd

Proposition 5.3.9 The pre-order 9 is preserved by all contexts in the language RP;.
Formally, if we have that E; T4F; for alli € I and E CYF, then:

Ola. Sier pi-Ei] TY Ofa. Yie pi-Fi]
O[E0G] C¢ O[FUG]
o[g|G] £f O[F|a]
O[eTB] . O[F|B]
O[EN] C¢ O[F[M]
Olfir,. E] T Ofiz,.F.
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Proof. The proof follows the same arguments as that of Proposition [5.2.12] with
the additional clause for external choice, which we now prove. If E' = FE[JG and
= F G, then for any t € T4

D(E")(t) = max{D(E)(t), D(G)(t)} by Lemmal5.3.6
< max{D(F)(t), D(G)(t)} since EC4F
= D(F)(t by Lemma [5.3.6]

)
and since this was for any ¢ € T4, O[E'] C¢ O[F’] as required. 0

5.4 Non-deterministic Probabilistic Processes

In this section, we extend the syntax of the process calculus RF, to RE,4q by allowing

internal choice (denoted M) as follows.

Definition 5.4.1 The set of RB,q expressions is given by the syntax:
Fu=2]0|a) w.F | AENFE | F || F| FIB|F[N| fic,F.
iel
As before, we only consider the set of guarded expressions and processes of RP,q,

denoted g™ and Pr™? respectively.

5.4.1 Operational Semantics

We give operational semantics for RBP4 in terms of reactive probabilistic transition
systems. We take Pr"¢ as the set of states and define the transition relation — C

Pr? x (Act x u(Pr"®))U{(} as the smallest relation satisfying the following conditions:

1. OJo] — 0.

2. Ola. Yeq 1t5-F;] — (a, ) such that for any F € Pr'®: n(F) < > u,.
i€l &
F=F,

3. O[E1NEy] — s,if O[E] — s or O[Es] — s

4. O[E; || E2] — 0, if O[E1] — (a1, m) and O[Ey] — (ag, 7o) such that a; # as,
or either O[E,] — 0 or O[E,] — 0.

5. O[E:L || E2] — (a,m), if O[E\] — (a,m1) and O[Ey] — (a,ms) such that for any
F € Pr:
def 7T1(F1)'7T2(F2) lfF:Fl ||F2
(F) = .
0 otherwise.
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6. O[E|B] — 0, if O[F] — (a, ) such that b € Act \ B, or O[E] — 0.
7. O[E|B] — (a, ), if O[E] — (a,7') such that a € B and for any F € Pr"®%
/ / 4 _ /
o(F) d:f{ m(F) EF = F'1B
0 otherwise.
8. O[EN] — 0, it O[E] — 0.
9. O[E[N] — (a, ), if O[E] — (A\~'(a), ') such that for any F € Pr*%:
o(F) d:f{ m(F) iEF = F'
0 otherwise
10. O[fiz,.E] — s, it O[E{fiz,.E/x}] — s.

Proposition 5.4.2 If E € Pr™ and O[E] — s, then s € (Act x u(Pr"%)) u {0}.

5.4.2 RP,4 and the ordering C"

Recall that the ordering C"? on non-deterministic probabilistic processes is based on
the mappings N, and N,,. We now investigate the properties of N,,, and N, with
respect to the operators of RB,3. In the lemmas below we suppose N, denotes both
N, and N, and, similarly to the case for D, when the proofs are simple extensions

of those relating P and RE, they are omitted.
Lemma 5.4.3 For all Ey, E, € Pr*¢, ¢t € T

(1) Nw(En || E2)(1) = Ny (E1)(t) - Now (£2)(2)
(1) Niwn(Ex [| E2)(E) = Nuao (£1) () - Nuws (E2) (2)-

Proof. We only consider the case for N,y,; the case for N,,, follows similarly. The
lemma is proved by induction on ¢t € T%. If + € T4, then ¢ is of the form (r]). First,
if we consider any s;,sy € (Act x u(Pr")) U {@}, then returning to the operational
semantics of the operator || for RP, and replacing u(Pr?) by u(Pr™), we reach a

definition of s;||sy. Using this we obtain:

Naw (51 | 52)(7) = Na(51)(r) - N (52)(7) (5.3)

following the arguments in the inductive step of Lemma [5.2.7, Next, consider any
Ey,E, € Pr™, then by comparing the definition of s||s, for any si,s, € (Act X

p(Pr™?)) with the operational semantics for | in RB,q we have:

O[E1 | Ex]) — s & O[FEi] — s; and O[FEs] — so such that s = s||ss.  (5.4)
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Now, by definition of N, we have Ny, (E1 || E2)((r]) is equal to:

= min{Ngy(s)(r) [ O[EL || E2] — s}

= min{Ngy(s1 [ 2)(r) | O[E\] — 51 & O[Eo] — 52} by

= min{Ngu(51)(r) - Ngw(s2)(r) | O[E1] — s1 & O[E,] — s2} Dby

= (min{Ng(s1)(r) | O[E1] — s1}) - (min{Ngun(s2)(r) [ O[EL] — s2})
rearranging

= N (E£1)((r]) - Ngu (E2)((r)) by definition of Ny,

and hence the lemma holds for N, by induction. ad

Lemma 5.4.4 For all E € Pr*, t € T, B C Act and \:

N*(EfB)(t):{ 0 ifa €t for anya € Act\ B

N.(E)(t) otherwise
and NL(E ()(1) = N.(E) (A (1))
Lemma 5.4.5 For all E, F € Pr" and t € T"%:

(1) Ngw(ETTF)(t) = min{Ng (E£)(t), Ngw(F)(?)
(17) N (ETTE)(t) = max{N,,,(F)(t), Nuw(F)(t)}.

Proof. We only prove the case for N, as the case for N,,, follows similarly. Consider
any E,F € Pr*® and t € T", then by definition of T"¢, ¢ is of the form (r[), and hence
by definition of N,y:

N (EME)(t) = min{Ng,(s)(r) | O[ET F] — s}
= min{N_,(s)(r) | O[E] — s and O[F] — s} by the transition rules
— min{min{Noy(s)(r) | O[E] — s}, min{Ney(s)(r) | O[F] — 5}
rearranging
= min{Ng,(E)(t), Ngw(F)(t)} by definition of Ngs.

O

Lemma 5.4.6 If G € G such that G{E/x} € Pr"* for all E € Pr", then there
exists a set Sg C (Act x (RByq)) U {0} such that for any E € Pr**, O[G{E/x}] — 0
if and only if 0 € Sg and O|G{E/x}] — (a,w) if and only if (a,7g) € Sg where for
any F € Pr:

(F) ma(F') if F = F'{E/x} for some F' € RBgq
71’ pr—
0 otherwise.
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Lemma 5.4.7 For any E € RByg and F,F' € Pr" such that E{F/z}, E{F'/x} €
Pr™® and Ny (F)(t) < Ny (F)(t) for all t € T then:
Ny (E{F/2})(t) < Ny (E{F"/2})(t) for all t € T,

Proposition 5.4.8 The pre-order CT"? is preserved by all contexts in the language
RPB.q. Formally, if we have that E; C"F; for alli € I and E C" F, then:

Ola. Sier - Bi] T Ola. ey pi-Fi]
O[ENG] £ O[FNG]
OlE|G] & O[F|d]
O[glB] £ O[F|B]
O[E[N] T O[F[A]
Olfiz,.E] & Olfiz,.F].
Proof. The proof follows similarly to the cases for RE, and RF;. O

5.5 Reactive Probabilistic Processes

We now give the syntax of the calculus RP, combining RE; and RB,4 as follows.

Definition 5.5.1 The set of RP expressions is given by the syntax:
el
Again we only consider the guarded expressions and processes (closed terms) of RP,

which we denote G and Pr respectively. Note that we do not restrict when the construct

E,[J E, appears in RP since, unlike RP;, RP also contains internal choice.

5.5.1 Operational Semantics

We give operational semantics for RP based on reactive probabilistic transition sys-
tems, where the states are Pr and — C Pr x B, (Act x p(Pr)) is the smallest relation

satisfying the following conditions:

1. Ofo] — 0.

2. Ola. Sier pi-Fi] — {(a,7)} such that for any F € Pr: 7(F) < ¥ .
i€l
Fy=F

3. O[E,UE,] — S, if O[E] — S; and O[E,;] — S such that S is a maximal

reactive subset of S; U Ss.
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4. O[[El HEQ]] — S, if O[[El]] — S or O[[Egﬂ — S.

5. O[E: || o] — S, if O[E,] — S and O[Es] — S such that (a,7) € S if and
only if (a,m;) € S; for i € {1,2}, and for any F' € Pr:

def 7T1(F1)'7T2(F2) lfF:Fl ||F2
(F) = .
0 otherwise.

6. O[E|B] — S, if O[E] — S’ such that (a,7) € S if and only if (a,7’) € 5,
a € B and for any F' € Pr:

: " if F=F'IB
wpy 2 T =
0 otherwise.

7. O[E[N] — S, if O[E] — S’ such that (a,7) € S if and only if (A\"*(a),7’) € S’
and for any F' € Pr:

(F) def m'(F") if F = F' [\
B 0 otherwise.

8. Olfiz,.E] — S, it O[E{fiz,.E/x}] — S.

With the exception of the rule for [J, all the above transition rules are in agreement
with those given in the subcalculi discussed earlier. We illustrate the rule for [J by
means of the following examples. First, if O[E] — {(a,7)} and O[Es] — {(b,7")}
and a # b, then from the transition rules above O[E;, U Es] — {(a,7), (b,7")}, and
hence O[E; [ E;] makes an external choice between the actions a and b. As a second
example, suppose O[E;] — {(a,7),(c,m)} and O[Es] — {(b,7’), (¢, )} for some
distinct actions a,b and ¢, then O[E; U Ey] — {(a,n), (b,7'), (¢, m;)} for i € {1,2},
and thus O[F; [ E5] makes an external choice between the actions a, b and ¢, but
there is an internal choice between the distributions m; and w5 when performing the
action ¢, that is, external choice degenerates to internal choice when processes can
perform the same action as their initial move.

We show that the above semantics is well-defined by means of the following propo-

sition.

Proposition 5.5.2 If E € Pr and O[E] — S, then S € B, (Act x p(Pr)).
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5.5.2 RP and the ordering C'

As for the case of RB,q, to relate the ordering C"to the operational semantics of RP,
we first consider the mappings R,,, and R,,. We arrive at the following lemmas with
proofs similar to the cases for RE,, RE; and RB,q, where R, denotes both Ry, and Ry,s.

Lemma 5.5.3 For all Ey,Es € Pr andt € T:

(1) Rew(E1 M E2)(t) = min{Rgw(£1)(t), Raw(E2)(1)}
(i) R (E1 T E)(t) = max{Ruu, (£1)(1), R (£2)(1)}
(iii)  Rew(Ex || £2)(t) = Raw(£1)(£) - Raw (E2)(2)
(1) Riu(Ex || B2)(f) = Riun(£1)(t) - Riuw (E2)(£).

Furthermore, for any E € Pr, t € T, B C Act and relabelling function \:

0 ifa €t for anya € Act\ B
R.(E)(t) otherwise.

and R.(E'[A])(t) = R(E)(A™'(1)).

Lemma 5.5.4 If G € G such that G{E/x} € Pr for all E € Pr, then there ex-
ists a set Sq¢ C P.(Act x u(RP)) such that for any E € Pr, O[G{E/z}] — 0
if and only if 0 € Sg and O[G{E/x}] — {(ai,m1),..., (@m,mn)} if and only if
{(ar,78), -y (am, 7))} € Sq where for any 1 <i < m and F € Pr:

m(F) = { 7o(EF') if F = F'{E/x} for some F' € RP

0 otherwise.

Lemma 5.5.5 For any E € RP and F,F' € Pr such that E{F/x}, E{F'/x} € Pr
and Ran(F)(t) < Raw(F')(t) for allt € T then:

Rew (E{F/x})(t) < Ruw(E{F'/x})(t) for allt € T.

Lemma 5.5.6 For any E € RP and F,F' € Pr such that E{F/x}, E{F'/z} € Pr
and Ry (F)(t) < Ry (F")(t) for allt € T then:

Riw (E{F/2})(t) < Ruw(E{F'/x})(t) for all t € T.

Lemma 5.5.7 For all E, F € Pr, O[E] C=™ O[F] if and only if for any (r|) € T and
S" € B.(Act x u(Pr)) such that O[F] — S’ there exists S” € P.(Act x pu(Pr)) such
that O[E] — S" and R, (S")(r) > R (S”)(1).
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Proof. First, if E,F € Pr and O[E] C#™® O[F], then for any (r) € T and S’ €
B (Act x p(Pr)) such that O[F] — S":
R (S)(7) min{R,, (5)(r) | O[F] — S}
Raw (F)((7)) by definition of R,
R (B) (7)) since F Co F
= min{R,,(5)(r) | O[E] — S} by definition of Ry,
= Ran(5")(r) for some O[E] — 5"
and since this was for any () € T and S" € B, (Act x p(Pr)) such that O[F] — ¢,
the “if” direction holds.
Second, suppose for any (7)) € T and 5" € B, (Act x p(Pr)) such that O[F] — S’
there exists S” € B, (Act x u(Pr)) such that O[E] — S” and Ry, (57) (1) > R (5”) (7).
Then, R, (F)((r]) equals:

= min{R,,,(S)(r) | O[F] — S} by definition of Ry,

v

v

= Rawn(S)(r) for some S’ € B, (Act x pu(Pr))
such that F' — 5’
> R (S")(r) for some S” € B, (Act x p(Pr))

such that O[E] — S” by hypothesis
> min{R,,(S)(r) | O[E] — S} since O[E] — S”

Raw (E)((7]) by definition of R,
and since this was for arbitrary (r) € T, O[E] C# O[F] and hence the “only if”
direction holds. O

Lemma 5.5.8 For all E, F € Pr, O[E] C"* O[F] if and only if for any (r) € T and
S" € B.(Act x u(Pr)) such that O[E] — S’ there exists S” € P.(Act x pu(Pr)) such
that O[F] — 5" and Ry, (5")(r) < Riuw(S”) (7).

Proof. The proof is the dual of Lemma [5.5.7 above. O

Using the lemmas above we can now show that C"is a congruence over RP.

Proposition 5.5.9 The pre-order T is preserved by all contexts in the language RP.
Formally, if we have that E; C"F; for alli € I and E C"F, then:

O[[& ZzEI 27 lﬂ Er [[a Zze[ MZE]]

O[EUG] T O[FUG]
O[ENG] C" O[FNG]
O[E|G] E" O[F|G]
O[ETB] C" O[F|B]
O[E[N] E" O[F[A]
Olfiz,.E] C" Olfiz,.F].
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Proof. The proof follows similarly to the case for RE,, RF; and RE,q except in the
case of [J. In the latter case, suppose E, F,G € Pr and O[E] C" O[F]. Considering
any S € B, (Act x u(Pr)) such that O[F'] — S’. By definition of the transition
rules there exists S1,S2 € B,(Act x u(Pr)) such that O[F] — S;, O[G] — S, and
(a,7) € S"if (a,m) € Sy or (a,7) € Sy. Then if (r|) € T, either r = L, in which case
since by construction O[EUG] — S§” for some S” € B, (Act x pu(Pr)), we have by
definition of R,,:

Rg,b(S’)(J_) =1= Rglb(SH)(J—)7

or r is of the form [ay.T}, ..., ay.T),], then putting:
ry = [a}.TY,...,a,,. T,

where for any 1 <4 < m/ there exists a unique 1 < j < m such that a,. 7] = a;.7T; and
(a;,m) € S"N Sy for some m; € u(RP), and putting:

ry=[a}. TV, ... al .. T

s Uy m”]

where for any 1 < ¢ < m”, there exists a unique 1 < j < m such that .1} = a;.T;
and a. T}, # a;.T; for all 1 < k <m/. By definition of R, we have:

Ren(S7)(1) = R (S1)(71) - R (S2) (72).

Moreover, since O[E] C" O[F], by definition O[E] C=™ O[F] and since O[F] — S,
Lemma implies there exists S| € B, (Act x u(Pr)) such that O[E] — S} and
Raw (S7)(t1) < Ry (S1)(1). Furthermore, it follows by definition of the transition rules
that there exists S” € B, (Act x p(Pr)) such that O[ELJG] — 5" and

Ren(S”)(r) = Rawn(S1)(71) - Ran(S2) (r2).

Combining the above, we have R, (S")(r) > R (5”)(r). Then since this was for any
t € Tand S’ € B, (Act x u(Pr)) such that O[FUG] — S', Lemma implies
O[EUG] E=»O[FUG].

Similarly, using Lemma [5.5.8| instead of Lemma [5.5.7] and considering any S’ €
B, (Act x pu(Pr)) such that O[E L G] — 5’, we can show O[E F] C** O[F U G], and
thus, since C"is the intersection of the orderings C# and C"*, O[EUG] C'O[F U G]

as required. O

5.6 Equational Laws

In this section, we investigate equational laws for RP. We note that when restricted

to only the syntactic operators of RE,, RF; and RB,4, the laws we derive will hold
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for these subcalculi. We first define the following “equality” and “ordering” relations

co-inductively over the set of processes of RP.
Definition 5.6.1 A relation =°C PrxPr is a “equality” relation if whenever E =° F:

(i) iof O[E] — 5" then O[F] — S" such that S" = 5"
(it) iof O[F] — 5" then O[E] — 5" such that S" =¢S5’

where for any S', 5" € B,(Act x u(RP)), S" = 5" if whenever (a,7') € S’ then
(a,7") € S" such that for any G' € RP there exists G" € RP with G' =* G" and
©'(G") = 7"(G"), and vice versa.

Furthermore, a relation ©&° C Pr x Pr is a “ordering” relation if whenever E C° F':
if O[E] — S’ then O[F] — S” such that S" C° S”

where for any S, 8" € B.(Act x u(RP)), S" ¢ S" if (a,7') € S implies (a,n") € S”
such that for any G' € RP there exists G" € RP with G' C° G" and «'(G") = n"(G").

Now, following the standard techniques we introduce the maximum such “equivalence”

and “ordering” relations as our equality and ordering over RP.

Definition 5.6.2 Let = and T be the maximum “equality” relation and “ordering”

relation respectively.

We now list some of the equational laws of RP in Figure below. We see that many
of the laws coincide with those for non-probabilistic process calculi. For example, 1 is
idempotent, symmetric and associative, and both [J and || are associative, symmetric
and distribute through M. Also, we see that [] degenerates to M when processes can
perform the same action. Other equational laws for RP include those for restriction

and relabelling, which distribute over M, [J and ||.

However, certain rules fail to extend from the non-probabilistic setting, for example
[ is not idempotent. To illustrate this consider the process ' = (a.1.0) 1 (0.1.0); then
by definition of the transition rules we can represent E and E'[] E graphically as given

in Figure [5.2] below.

By definition of =, it is clear that E[JE # E.
Another standard CSP law that fails is that M no longer distributes through []. To
illustrate this, suppose E is the process given above, F' = 0.1.0 and G = b.1.0. Then
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ENE = FE

ENF = FNE
EN(FNG) = (ENF)NG

EUF = FUE
FUO(FUG) = (FOFMOG

EQJ(FNG) = (FUF)N(ELG)
EMno C F
Ell0 = F
(a-Yier ti-Ei) M (0. Xjes Ay Fy) & (a'zz‘ellui'Ei)D(b'zjeJ)‘j'Fj) ifaz#b

(a. Xier pi-Ei) N (a. >jed Aj-Fy) (a. Yier pi-£:) U (a. > et Aj-Fy)

E|F = F|E
E(F|G) = (E|F)IG
E|(FNG) = (E||F)N(E|F)
Ell0 =0
(a. ier i-Es) || (a. 2jes A Fy) = a. Yicl&jed (i - Aj) -Ei || F
ElAct = E
El) =0
Elidyw] = E
(E M) [Ae] = Efrz0 )]

Figure 5.1: Equational Laws of RP.

it is straightforward to show that: EM(FUG) = F and (ENF)U(ENG) = EUE,
and therefore since F # EJ E:

EN(FUOG) £ (ENF)O(ENG).

5.7 Adding Additional Syntactic Operators

As we have attempted to define an equivalence to distinguish processes which can
only be distinguished by external observations, consequently we have to omit certain

operators to ensure our equivalence is a congruence (see discussion in Section [2.4]).
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Figure 5.2: Example to show external choice is not idempotent.

For example, if we add a parallel operator which is not fully synchronous to our

calculus then ~ will fail to be a congruence. To illustrate this consider the following

processes of RP, where if no probability is given it is assumed to be 1:
F, = a. (b. (%.C.O + %O)) , Ihy=a. (%.b.C.O + %.b.O) and F3 =d.0.

First, it is straightforward to show that O[Fi] ~ O[Fy]. However, following the ex-

pansion law for interleaving we have:

Fy ||| Fs = (a. (b (3.(c.d.00d.c.0) + 3d.0) Od. (b. (3.c0+ 1.0)))) Od.Fy

and Fy ||| F3 = (a. (%.b.(c.d.O Od.c.0) + 5.(b.d.00] d.b.O))) Ud.F,.

Furthermore, by definition of the transition rules the behaviour of F} ||| F5 and F; ||| F3
when offered the action a, denoted Fi3 and Fj3 respectively, can be graphically repre-
sented in Figure [5.3] below.

Figure 5.3: Graphical representation of Fi3 and Fbs.

Then considering the test ¢ = ([a.([b.([d.([c.L]]D]), d-([b-([c.L]IDIDID]D), it is straightfor-
ward to show
RAEI|B)(1) = § # 5 = Ru(B| B)()

where R, denotes either Ry, or R,,. Hence, O[F ||| F5] £ O[F:||| F3], and thus ~
fails to be a congruence since O[F;] ~ O[F].
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It should also be noted that we have not included the hiding operator, the reason
being that our model contains action-guarded probabilistic choice. In we added a
hiding operator in this setting, there will exist probabilistic transitions which are
hidden, and it would be problematic to test for the probability of such hidden moves. A
more appropriate model would be one where probabilistic choices and action transitions
are separate, that is, a model that contains both prefixing and an internal probabilistic
choice operator. Moreover, we feel that in this model it may be possible to add an
interleaving parallel operator to the calculus without losing the congruence property
of our equivalence.

One approach to model such a calculus would be to consider a transition system
which exhibits probabilistic, internal and action (external) choices. One such candidate

could be a transition system (P, Act,—), where the transition relation is:
— C P x p(B(Act x P)).

In the above any S € B, (Act x P) should be thought of as a deterministic process,
where either S = {(aq, E1), ..., (am, En)}, the process which makes an external choice
between the actions {aq,...,a,} and, for any 1 < i < m, if S performs the action
a; it will then behave as the process E;, or S = (), the inactive process. Then any
7 € u(B,(Act x P)) represents the probabilistic process in which the probability of
7 behaving as any deterministic process S € F,.(Act x P) is given by 7(S). Finally,
internal choice is introduced by allowing choices between probabilistic processes.

If we then consider our testing scenario over the above transition system, one can
adapt the maps R, and Ry, where R, denotes either R, or Ry, as follows. For any
E € P put:

Rew(E)((r]) = E_l}?r Rew(7)(1), Ruun(E)((7)) = IEnfEf Ry () (1)

and R.(E)((t1,...,tm)) = II RJ(E)(t:)

where for any 7 € p(Bn-(Act x P)):

Ruan (M) () = SeR g‘\:CtxP) m5) - Rl 500

and for any S € B, (Act x P) and 1 <i <m:
R.(S)(L) =1, Riw (S)([a1.T1, ... an. Th)) = ']:[1 Riu (9)(a;.T;)

Ruw(F)(T) if (a,F) € S for some F € P

0 otherwise.

and R (9)(a.T) = {
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Furthermore, we illustrate how we could give operational semantics to a calculus
containing a separate internal probabilistic choice by means of such a transition system,
where 75 denotes the point distribution with value 1 at S (see Definition |3.2.2)).

e O[0] — m.
e Ola.E] — N{(a,E)}-

e O[E,N, F] — 7, if O[E] — m and O[F] — s such that for any S € B,.(Act x
P), m(S) = p-m(S) +q- m(S).

The above is only an outline for how the operational semantics can be constructed,
which we feel is worth future investigation.

Note also that we only allow a restricted version of the relabelling operator, that is,
we require relabelling functions to be bijective. This again is to preserve the congruence
of our equivalence: we feel that in a model with a separate probabilistic choice operator
our equivalence may turn out to be a congruence for a weaker notion of relabelling.

Furthermore, as none of our results relating to our orderings depend on the sum
of any probability distribution being 1, we can in fact consider sub-probability distri-
butions by allowing the syntactic operator a . > ;c; p;. F; where >7,cr p; < 1. This way
1 — > ;er i; can be used to model the probability of deadlock, and all results relating

to our ordering will still hold.



Chapter 6
Denotational Semantics

In this chapter, we present denotational semantics for our probabilistic calculus RP.
As mentioned in Chapter [2| there are several frameworks available and each offers
its own advantages. We have chosen the metric-theoretic approach as probabilistic
processes are quantitative in nature: the probabilities of transitions occurring are
given, which corresponds with the quantitative information contained in the distance
between denotations given by a process metric.

To achieve our goal we follow de Bakker and Zucker’s metric space construction
for denotational semantics of non-probabilistic process calculi [BZ82], which we now
outline. First, de Bakker and Zucker consider simple processes, that is, those which
are derived in the sub-calculus by means of just the syntactic operator used in the
inductive step of the transition rules of the calculus. In non-probabilistic calculi, these
are the processes which can be derived just using (successive applications of) prefixing.
Formally, de Bakker and Zucker introduce the following inductively defined collection

of metric spaces.

Definition 6.0.1 (cf. [BZ82]) Let (P,,d,), n = 0,1,..., be a collection of metric
spaces defined inductively as follows. Let Py = {po} where do(p',p") = 0 for all
P, 0" € Py, and Poy1 = {po} U (A x P,) where dpi1(po,po) = 0, dni1(po, (a1,p1)) =
dn+1((a1,p1),po) =0 and

dn+1((a1,pl)7 <a27p2>> _ { 1 ifal 7£ a2

% dy(p1,p2) otherwise.
Informally, Py € P, C ... C P,... form a sequence of sets, where as n increases
the number of simple processes which are modelled increases, with P, modelling the
processes capable of performing one action at a time up to the depth n.

Following this, de Bakker and Zucker then take the completion of (U,F,,U,d,)

as the denotational model for simple processes. Intuitively, the denotational model
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consists of py and all finite sequences (aq, (az ... (ay,po)...)) where n € IN, together
with all infinite sequences (aq, (asz...)). We can think of (a1, (ag ... (an,po)...)) as the
process that can perform the actions aq,as ... a, in sequence and then terminate, and
(ay, (ag,...)) can be considered as an infinite process performing the sequence ajas . ..

In the second step, to model the whole calculus de Bakker and Zucker “lift” the
denotations of simple processes to sets using the induced Hausdorff distance between
the sets, and add semantic operators to model the remaining syntactic operators of the
calculus. This corresponds to the introduction of an appropriate powerset operator P

into the construction as follows:
Pn+1 = {p(]} U7DC<A X Pn)

Now set-theoretic union corresponds to the syntactic choice: the denotation {(a, py)}U
{(b,po)} can intuitively be thought of as the process that can either perform the action

a and then terminate, or perform the action b and then terminate.

6.1 A Metric for Simple Probabilistic Processes

We first turn our attention to simple probabilistic processes, which should be thought of
as suitable generalisations of the simple processes of de Bakker and Zucker [BZ82]. As
in the non-probabilistic case, a probabilistic process will be represented by a certain set
of such processes. Returning to the transition rules for RP, we see that the inductive
step of the transition rules is given by action-guarded probabilistic choice, and we
therefore consider simple probabilistic processes as those which are derived in the sub-
calculus by means of just this syntactic operator. We denote such a simple probabilistic
process p by the pair (a, f), where a € A is an action type and f: P — [0,1] is
a probability distribution on the set of simple probabilistic processes P such that for
any simple probabilistic process ¢, f(q) gives the probability of p performing the action
a and then behaving as ¢. Furthermore, to model the inactive process we introduce
the distinguished element py. Then applying the techniques of [BZ82] this leads us to

the following inductively defined collection of carrier sets.

Definition 6.1.1 (Finite simple probabilistic processes) Let P,, n € IN, be a

collection of carrier sets defined inductively by:

Fo=A{po} and Fnix ={po} U (A x u(F,))

where A is a set of actions. Let P,, = U, P, denote processes of bounded depth.
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For simplicity, we consider any f € u(P,) as the extension of f to P,, defined by
letting f(p) = 0 for any p € P, \ P,.

The next step is to construct a metric on the set of simple probabilistic processes
P,,. To motivate our construction we first consider what properties we would expect
of a metric over P,. The main tool a metric offers is the notion of convergence, that
is, defining Cauchy sequences (see Definition . Therefore, we first consider the
Cauchy sequences we would expect a metric over P, to give us. One example is given

by the sequence (p,)nen of simple processes given in Figure below.

Figure 6.1: Example of a Cauchy sequence and its limit point.

Observe that, as n — oo, the probability of p, performing its right branch becomes
more and more insignificant, that is, the operational behaviour of p, converges to
that of p. Therefore, following Lemma [3.3.5| which states “any convergent sequence
in a metric space is Cauchy” we would expect the sequence (p,)new to be a Cauchy
sequence for any intuitively “correct” metric over P,,.

Following de Bakker and Zucker’s construction, we first attempted to define a
metric inductively on the sets P,. Firstly, the case for n = 0 is simple, as Fy is
a singleton set, that is, do(p,q) = 0 for all p,¢ € Fy. Moreover, similar to de
Bakker and Zucker’s construction, we can set: d,41(po,po) = 0, dpi1(p,po) = 1 if
p # po and d,11((a, f),(b,g)) = 0 if a # b. This leaves us with defining the case for
dni1((a, f), (a,g)) where f,g € u(P,). However, in this situation things become more
complex, since the metric d, 1 will need to take into account the distances d,,(p', ¢’)
as well as the values f(p') and ¢(¢') for all p’ € s(f) and ¢’ € s(g). Investigating a
possible definition of d,,.; we found that the metric did not correspond to the opera-
tional behaviour of the processes. For example, possible approaches would be to take

the minimum, maximum or summation of one of the following:
1f ) = 9(d)] - dulr, ¢') (6.1)

1
[f(#) = 9(d) + 5dn(p', 4) (6.2)
over all p',¢" € P,. Firstly, if we consider the minimum of either (6.1]) or (6.2)), it is

straightforward to show the resultant “metric” does not satisfy the triangle inequality
(M3). On the other hand, if we consider (6.1)), the only non-zero value for p, and p
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in Figure [6.1]is |1 — 27"|. Therefore, if we take either the maximum or summation of
(6.1), as n — oo the resultant distance between p,, and p increases, and therefore the
sequence (p,)new does not converge to p.

We note that if instead we consider the maximum or summation of similar
problems will be encountered.

Intuitively, the difficulty with these approaches arises from the separation of the
distance between the processes in P, and the probabilities associated with these pro-
cesses, that is, the values of f and g. For example, there exist cases where | f(p’) —g(¢')|
is small (or zero) and the operational behaviour of p" and ¢’ is different, and cases where
|f(p") — g(q')| is large and the operational behaviour of p’ and ¢’ is similar (or even
equivalent). Thus, calculating the value of and will yield small values even
though the operational behaviour is different.

To overcome these problems, that is, to avoid the above separation, a non-inductive
approach is needed. Based on the above discussion, our first attempt, see [KNIGD],
was to define a metric on simple processes P, by means of the following metric on

probability distributions.

Proposition 6.1.2 (cf. [KN96b]) For any set P, the family p(P) of probability dis-

tributions on P is a metric space with respect to the metric:

1
du(f,9) =5 > 1) =9l
pes(f)Us(g)
Using the metric d,, of [KN96bD] and de Bakker and Zucker’s metric we constructed the

following metric on finite simple probabilistic processes P,,.

Definition 6.1.3 (cf. [KIN96b]) Let (P,)new and B, be the carrier sets defined in
Definition 6.1.1, We define the metric d on the structure of elements of P, by putting

dA(pU?p(ﬁ = 07 d(p(b (av f)) = 17 Ci(<a7 f>7p0> = 17 and

1 ifa#0b
(f,g9) otherwise.

d(a. ). (b.9) = { ,

An analysis of the metric d leads to the following observation. We first consider
the simple probabilistic processes p,, and p given in Figure [6.1| which differ on their
first transition. Calculating the distance we have: cZ(pn, p) = 27", and hence (p,)nen
is a Cauchy sequence. However, if we now consider the simple probabilistic processes
which differ after the first transitions given in Figure below, the above property

relating to convergence no longer holds for the metric d.
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Figure 6.2: Processes differing after the first transition.

Calculating the distances between p/, and p!,. for any n # m € IN we obtain: d(p,,p.,) =
1. However, analysing the operational behaviour, similarly to the processes of Fig-
ure , we have that as n — oo, the behaviour of p/, becomes more similar to that of
P/, and hence we would expect (p!),enw to be Cauchy.

To understand the above we discuss how the metric “works”: on the first transitions
of simple probabilistic processes the metric considers the difference in the probabilities,
and hence we have the “correct” results for Figure [6.1, However, as soon as we go
beyond the first transitions, the differences between the probabilistic transitions are
only considered with respect to equality. To elaborate on this, consider cZ(p’n, pl,) for
any n # m € IN: we see that p/, and p/, can perform the action a’ with probability
1 and then behave as the processes p, and p,, given in Figure [6.1) but the metric
only uses the information that p, # p,,, and not the differences in the probabilities
of transitions of p, and p,,. Thus, the values given by the metric of [KN96b| be-
tween simple probabilistic processes do not capture the behaviour of certain simple
probabilistic processes, that is, those whose operational behaviour differs after their
first transitions. Therefore, if we wish to find a metric to eliminate this problem an
alternative approach is required, which we now explain.

The motivation behind the new approach is to develop a representation of simple
probabilistic processes which will give us more information about their operational be-
haviour. To achieve this, instead of modelling a simple probabilistic process by the pair
(a, f) of an action symbol and a probability distribution, we consider a simple proba-
bilistic process as sets of (maximal) finite strings over A x (0, 1], that is, sets of strings
of pairs of actions and (non-zero) probabilities of the form: (ay, p1)(az, p2) ... (ag, px),
where k € IN, a; € A and p; € (0,1] for all 1 <4 < k. To illustrate this representation,
recall the simple probabilistic process given in Figure [6.1} we can represent p,, by the

following set of strings:

{(a,1—=2"")(b,1), (a,27")(c,1)}.

Formally, using Definition [6.1.1} in order to represent simple probabilistic processes as
sets of finite strings over A x (0, 1], that is, subsets of (A x (0, 1])*, where to simplify
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notation let A" = (A x (0, 1])*, we introduce the following mapping from the set of

simple probabilistic processes P, to the set of strings described above.

Definition 6.1.4 Let S: P, — B, (A% be the map defined inductively on p € P, as
follows. If p € Py, then p = py and put S(p) = ¢, and if p € P11\ Py, then p = (a, f)
for some a € A and f € u(P,), and put:

S(p) ={(a, f(q))x |z € S(q) & q € s(f)}.

Recall s(f) denotes the support of the distribution f.

Intuitively, for any process p € P, and x € S(p), by construction we have: z =
(a1, pr1)(ag, 2) - . . (ag, py) for some k € IN, where a; € A and p; € (0,1] for all 1 <
i < k. The sequence ay...ay is a complete path (trace) that p can perform, and

[y - o - - - g is the probability of p performing this path. To make these notions more

precise we introduce the following two projections on A®",

Definition 6.1.5 Let A: A% — A* and V : AV — [0,1] be the maps defined as
follows. For any x = (ay, 1) (az, p2) - . . (ag, ux) € A" put:

A(x):{ v i k=0 and V(x):{ L k=0

aias . ..a; otherwise [ - o - i otherwise.

The idea behind these mappings is that, if we consider any p € P, and = € S(p), then
A(x) is a path p can perform and V(z) is the probability of p performing this path.
Unfortunately, the situation is more complex, which we demonstrate by the simple

probabilistic process given in Figure (6.3

Figure 6.3: Example of a simple probabilistic process.
Then calculating S(p”) we have:
S(") = {(a,3)(0. 1), (&, )b, ), (a,3)(0, (e, 1)}

and by definition of A: A((a, 3)(b,1)) = A((a, 3)(b, 3)) = ab. Thus, for certain simple

1 2/\Ys g
probabilistic processes p, there will exist distinct x,y € S(p) such that A(z) = A(y);
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intuitively, in these cases, there will be two (or more) ways that p can perform the
path u, and thus the probability of p performing the path u will be V(z)+V(y) (or the
sum over all z € §(p) such that A(x) = u). To make this more formal, we introduce

the following definition:

Definition 6.1.6 For all simple probabilistic processes p € P, and paths u € A*,
we define the probability of p performing the path w, denoted V(u,p), as follows:
V(u,p) =0 if A(x) # u for all x € S(p) and

V(u,p) = Y. V(z) otherwise.
zeS(p) &
A(z)=u
By abuse of notation, we have two mappings named V. However, the following lemma
leads us towards an alternative characterisation of the map V given in Definition [6.1.6
which will remove the need for the mappings S, A and V (of Definition and also

simplify subsequent work.

Lemma 6.1.7 For any p = (a, f) € P, and u € A*, if u # au for some 4 € A*, then
V(u,p) = 0. Furthermore, for all u € A*:

V(at,p) = Y flq) V(i,q).
aes(f)

Proof. If p = (a, f) € P,, then by Definition if x € S(p), then x = (a, f(q))y
for some ¢ € s(f) and y € S(q), and therefore A(z) = a.A(y) for some y € S(q) and
q € s(f). Now considering u € A* such that u # au for any @ € A*, from the above
we have A(z) # u for all z € S(p), and therefore by definition of V, V(u,p) = 0 as
required.

For the second part of the lemma, consider any a4 € A*, if au # A(z) for any
z € S(p). From the first part of the proof we have @ # A(y) for all y € S(¢) and
q € s(f), and hence by definition of V:

V(at,p) =0= > f(q)-0= > f(a) V(& q)

qes(f) qes(f)
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On the other hand, if aa = A(z) for some z € S, then by Definition [6.1.6}

V(at,p) = ¥ V(z)
zeS(p) &
A(z)=a1

= > V((a, f(q))y) by Definition [6.1.4

q€s(f),y€S(a) &
A((a,f(q))y)=at

= > flg)-V(y) by Definition [6.1.5

qes(f),yeS(q)
& A(y)=1u

= X flg)-| X V(y)| rearranging

qes(f) y€S(g9) &
Aly)=t
= X flq)-V(u,q) by Definition [6.1.6
qes(f)
as required. a

Using this lemma, we reach the following alternative to Definition [6.1.6]

Definition 6.1.8 Forallp € P, and u € A*, we define the probability of p performing
the path u, denoted V(u,p), inductively on u € A™ as follows. For all p € P, put:

V(<>,p)={ L 4p=p

0 otherwise

and for all u € A™ and a € A:

Viaw.p) E}; f(@) - V(u,q) ifp=(a,f) for some f € u(F,)
auw,p) = 9€ e
P 0 otherwise.

From the above we reach the following fundamental proposition concerning V.

Proposition 6.1.9 For all p € P, the map V(-,p) : A* — [0,1] is a probability

distribution.

Proof. The proof is by induction on p € P,. If n = 0, then p = py and by Defini-
tion [0.1.8F

Z V(u,po) =V(0,p0) =1 as required.

uEA*
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Now suppose the lemma holds for some n € IN and consider any p € P, \ P,
then p = (a, f) for some a € A and f € p(P,), and by definition of V we have
s(V(-,p)) ={au|u € s(V(-,q)) and ¢ € s(f)} and hence:

> V(u,p) = X (Z f(Q)'V(ﬂ7Q)>

ucA* at€A* \ges(f)

= X flg)- ( > V(ﬁ,q)) rearranging

qes(f) acA*
= X flg)-1 by induction
q€s(f)
=1 since f € u(P,)
which completes the proof. O

To recap, we have constructed the map V from the set of simple probabilistic pro-
cesses (P,) and the set of paths such processes can perform (A*) to the unit interval,
where for any p € P, and u € A* the value given by V(u,p) is the probability of
p performing the path w. Using this map we can now explain the intuition behind
the construction of our metric: for any two simple probabilistic processes p and gq,
to calculate the distance between p and ¢ we should compute the similarities and
differences between them. By the construction of simple probabilistic processes, the
differences and similarities involve the paths that the probabilistic processes can per-
form and the probabilities of performing these paths. Following this argument, using
Definition [6.1.8] for any path u € A* we can find the difference in the probabilities of
p and g performing this path, that is:

V(u,p) = V(u,q)l. (6.3)

Then summing (6.3)) over all possible paths, that is, over u € A* gives a candidate
value for the distance between p and ¢ which is representative of their similarities and
differences. From this intuition, we can now define our metric (in fact a pseudo-metric)

on P, as follows, where the factor % is used to normalise the distance.

Proposition 6.1.10 P, (and P, for anyn € IN) is a pseudo-metric space with respect

to the pseudo-metric:

Is(p,0) = 5 3 1V(w,p) = V().

ueA*

Furthermore, 0 < ds(p,q) <1 for all p,q € P,,.
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Proof. (M1’) For all p,q € P, ds(p,q) > 0 and ds(p,p) = 0 follows by definition of
ds.

(M2) For all p,q € P, ds(p,q) = ds(q, p) follows by properties of the Euclidean metric.
(M3) First, by construction V(u, s) € [0, 1] for all u € A* and s € P, and hence using

the properties of the Euclidean metric, we obtain:
for any for any p,q,r € P, and u € A*. Now by definition of ds and rearranging:

ds(p,q) +ds(q,r) — ds(p,r)
= ;X (IV(u,p) = V(u, )| + V(u,q) = V(u, )| = V(u,p) —V(u,r)l)

uEA*

> 0 by (6.4),

and hence ds(p, q) + ds(q,r) — ds(p,r) > 0 as required.
To prove that ds does not satisfy (M1) we show there exist distinct p,q € P, such
that d(p,q) = 0. Consider the simple probabilistic processes given in Figure |6.4]

Figure 6.4: Example to show dgs is only a pseudo-metric.

Clearly q # ¢’ and by definition of ds we reach:

1 1 1 1 5 1 3 3

Finally, to show 0 < ds(p,q) < 1 for all p,q € P, consider any p,q € P,. By (M1’)
0 < ds(p,q) and by definition ds(p, ¢) equals:

2 Y W(u,p) = V(u,q)] < 3 X V(u,p)+35 X V(u,q) rearranging
ueA* ucA* ucA*
= %(1 +1) by Proposition [6.1.9
=1

as required. O
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If we now return to Figure[6.1] and Figure [6.2] and calculate the distances between the

processes with respect to ds, we obtain for any n,m € IN:

dS(pnapm) = ds(p;,p;n) = |2—n — 2—m|

and so we have constructed a pseudo-metric with the required convergence properties.
The next step is to consider the Cauchy sequences with respect to dg, with which
we want to model recursive simple probabilistic processes. As an example we discuss

the sequence of simple probabilistic processes (¢,), in Figure [6.5]

CZO q1 q2 dn
a a a
1 1 1
a a
1 1
a
1

Figure 6.5: Example of recursive simple probabilistic processes.

From the methodology of de Bakker and Zucker, the limit of this sequence will model
the recursive simple probabilistic process which repeatedly performs the action a with
probability 1. However, it is straightforward to show that for any n # m € IN,
ds(qn,qm) = 1, and thus (g,), is not a Cauchy sequence with respect to ds.

As in [KN96D], to solve this problem we introduce truncations, where for any n € IN
the nth truncation of a simple probabilistic process p, denoted p[n|, gives only the first

n steps that p performs, as illustrated in Figure [6.6]

Figure 6.6: An illustration of truncations.

Formally, we define truncations on distributions and simple probabilistic processes as
follows.
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Definition 6.1.11 (Truncations) Let f € u(P,). For k € IN define the kth trunca-
tion of f, flk] : P, — [0,1], as follows. For anyp € P,,

flE(p) = > flq)

S
& qlk]=p

where for p € P, the truncation on simple probabilistic processes, plk], is defined

inductively on k € IN by putting p[0] = po for all p and

B Po if p=po
Pl = { (a, fIK]) ifp=(a,[) for somea € Aand f € p(F,).

The truncation of simple probabilistic processes (and respectively of probabilistic
distributions) satisfies the properties given in the proposition below, useful in proofs
of properties of our pseudo-metric, as truncations are an integral part of its definition.
These properties are, moreover, reminiscent of the properties of projection spaces, for

example see [GHI0).
Proposition 6.1.12 For all p,q € P, and k, m € IN:

(a) ifp € P, thenplk] € P, when k < m and plk] = p otherwise.
(6) (p[m))[k] = p[min{m, k}].

(¢) p[m] = q[m] if and only if p[k] = q[k] for all k < m.

(d) ds(plk], qlk]) < ds(p, q)-

(e) ifue A*\ AF, then V(u,p[k]) = 0.

However, before we can give a proof of the above proposition we require the following

lemma.

Lemma 6.1.13 Forallp € P,, u € A* and k € IN:

V(u, plk]) = rZ (i, p).
i k=u
Proof. The proof is by induction on k& € IN. The case for £ = 0 follows by Proposi-
tion and since p[0] = pp and u [0 = () for all p € P, and u € A*.

Now suppose the lemma is true for £ € IN and consider any p € P,,. If p = py then,
the result follows by definition of truncations and since, for any u € A*, u[(k+1) = ()
if and only if uw = (). On the other hand, if p = (a, f) for some a € A and f € u(P,),
by definition p[k + 1] = (a, f[k]). If u # au’ for any u' € A*, then by Definition [3.1.1]
if @] (k+1) =u we have @ # au’ for any v’ € A*, and hence by definition of V:

Viplk+1)= Y V(@p) =0,

al(k+1)=u
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On the other hand, if u = au’ for some v’ € A*, by definition of V:

V(au',plk +1]) = QESZ(fo(Q)-V(U’,Q[k])

= V(ai, (a, f)) rearranging
a(alk)=au’
— > V(u,p) by Definition [3.1.1
[ (k+1)=au’
as required. O

Proof. (of Proposition [6.1.12))

(a) The proof is by induction on p € B,. If n = 0, then p = py and by Defini-
tion [6.1.11] po[k] = po for all k € IN as required.

Now suppose that (a) holds for some n € IN and consider any p € P,y \ P.
Then p equals (a, f) for some a € A and f € u(P,). If k <n+ 1, either k =0
and by definition p[k] = py € Py, or k > 1 and by definition p[k] = (a, f[k — 1]).
In the second case to prove p € Py by definition of Py it is sufficient to show
flk — 1] € p(Py—1). By Definition we have s(f[k —1]) = {qlk — 1] |q €
s(f)}, then by induction we have s(f[k — 1]) C Py_1. Moreover, by definition of

truncations:
> flk=1@ = X flk—=1Q)
GePu ges(flk—1])
= 3 > f(p)| by Definition [6.1.11
ges(flk—1]) | qeP, &
qlk—1]=¢
= X f(q from above
qes(f)
= 1 since f € u(FPy,)

and thus plk] € Py as required. The case for k& > n + 1 follows similarly by

induction.

(b) The proof is by induction on k£ € IN. If k = 0 the proof follows by definition of

truncations. Now suppose the result is true for £ € IN and consider any p € P,,.

Then either p = py and by Definition[6.1.11| (p[m])[k+1] = p[min{m, k+1}] = po.
Or p = (a, f) for some a € A and f € p(P,), in which case (p|m])[k + 1] =
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(a, (flm — 1))[k]) and p[min{m, k + 1}] = (a, f[min{m — 1,k}]). Therefore, to
show (b) holds it is sufficient to show (f[m — 1])[k] = f[min{m — 1,k}| and by
Definition [6.1.11] we have:

s((flm—1)[k]) = {qlk]|g € s(flm—1])}
= {(g[m —1))[k]|q €s(f)} by Definition [6.1.11
= {gmin{m — 1,k}]|q € s(f)} by induction
= s(f[min{m — 1, k}]).

Similarly, using induction we can show (f[m — 1])[k](¢) = flmin{m — 1,k}|(q)
for all ¢ € P,, and hence (p[m])[k + 1] = p[min{m, k + 1}] as required.

(¢) The proof follows techniques similar to (a) and (), using induction on m € IN.

(d) Consider any p,q € P, and k € IN, then by definition of dg:

ds(plk],qlk]) = 3 X [V(u,p[k]) — V(u,q[k])|

u€EA*
= 1 ¥ X V(a,p) = X V(1 q)| by Lemma [6.1.13
u€A* |G lk=u ulk=u

< 53X <~rk— V(a,p) — V@,q)\) rearranging

acA*
= ds(p,q)

as required.

(e) Consider any p € P,,, k € IN and u € A*\ A*, then by Definition alk #u
for any u € A* and hence:
alk=u
= V(u,p[k]) by Lemmal6.1.13
as required.
g

Using truncations we reach the following classical definition of an ultra-metric d,
which is the metric Baier and Kwiatkowska use to give denotational semantics to a
probabilistic version of CCS [BK97].
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Definition 6.1.14 For all p and q € P,;:

o) = 0 ifp=gq
t\D,q) = 21—min{k|p[k’}7&qvﬂ} otherwise.

If we return to the recursive processes given in Figure , we have d;(qpm, gn,) = 2™ for
any m < n € IN, and hence (g, )nen is a Cauchy sequence with respect to d;. However,
if we calculate the values of d; on the processes in Figure [6.1] and Figure then:

1

1
di(Pns Pm) = 3 and di(p;,, p),) = 2

for any n # m € IN. Thus, we lose the convergence properties of the pseudo-metric
ds, that is, (p,), and (p),), are no longer Cauchy sequences converging to p and p’
respectively. To keep the properties of ds, and also to incorporate the required Cauchy

sequences, we define a pseudo-metric on P, as follows.

Definition 6.1.15 For all p,q € P, we define d,, : P, x P, — [0,1] as follows:
do(p,q) = Y_ 27 ds(p[k], q[K]).
k=0

Proposition 6.1.16 (P,,d,) (and (P,,d,) for anyn € IN) is a pseudo-metric space.
Furthermore, 0 < d,(p,q) <1 for all p,q € P,,.

Proof. (M1’) For all p,q € P, d,(p,q) > 0 and d,(p,p) = 0 follows from Proposi-

tion [6.1.12|(a) and since ds satisfies (M1’).
(M2) For all p,q € P, d,(p,q) = d.(q,p) follows from Proposition [6.1.12((a) and since

ds satisfies (M2).
(M3) Consider any p, ¢ and » € P,, then by Proposition [6.1.12{a), p[k], q[k] and

r[k] € B, for all k € IN, and since ds is a pseudo-metric on P, we have:
ds(plk], qk]) + ds(q[k], r[k]) — ds(p[k], r[k]) = O
for all £ € IN, and hence,
>~ 274 (ds(plt], i) + ds(alK), 1K) — ds(pl], 1K) = 0
Rearranging, we have:

ki 2 ds(plk], q[K]) + i 2 ds(qlk). rlK]) > i 2+ ds(plk), r[K]).
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that is, d,(p, q) + d,(q,r) > d,(p,r) as required.

The proof that d, does not satisfy (M1) follows from the case for ds using Proposi-
tion [6.1.12(a) and Proposition [6.1.12(d).

Finally, for all p,¢ € P, 0 < d,(p,q) is a result of (M1’). To show d,(p,q) < 1
for all p,q € P,, consider any p,q € P,, then from the definition of truncations,
p[0] = ¢q[0] = po, and hence since dg is a pseudo-metric, ds(p[0], ¢[0]) = 0. Substitut-

ing this into the definition of d,,, we have:

do(p,q) = X 27*ds(p[k], g[k])
< S~ ok by Proposition [6.1.10
=1

k
=1
as required. O

If we now consider the processes in Figure[6.1] Figure[6.2] and Figure [6.5] and calculate

the distance between the processes with respect to the pseudo-metric d,,, we have:

—n —m ]' —n —m
0 ifm=n

g-min{n.m}  otherwise

and dw(Qma Qn) - {

and hence d, has captured both the properties of ds and d;.

Our pseudo-metric nevertheless specialises to the metric of de Bakker and Zucker
[BZ82]. To see this consider a restriction, for each n € IN, of the set pu(P,) to the set
of point distributions of P, (see Definition [3.2.2)), that is, the set {n,|p € P,}. As
before, we inductively denote {po} U A x {n,|p € P} by P, and put P! = U, P/
Intuitively, if p = (a,n,) € P then the probability of p performing the action a and
becoming ¢ is 1, and the probability of p becoming any other process is 0. This can
be compared with de Bakker and Zucker’s construction of simple processes, where the
elements are of the form p = py or p = (a, q), for a action and ¢ process. Formally, we

have the following lemma and proposition.

Lemma 6.1.17 For all p,q € P

ds(p,q) = { 0 ¥p=q

1 otherwise.

Proof. The proof is by induction on p,q € P,. If n = 0, then p = ¢ = py and the

lemma holds since dgs is a pseudo-metric.
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Now suppose the lemma holds for some n € IN and consider any p,q € P,,q. If
p = ¢, then since ds is a pseudo-metric ds(p,q) = 0. On the other hand, if p # g,

without loss of generality we have the following three cases to consider.
1. p # q = po, then by definition of V| if V(u,p) > 0, then V(u,q) = 0 and vice
versa. Substituting this into the definition of ds we have:

< > V(u,p)+u€ZA*V(u,q)>

ueA*
(1+1) by Proposition [6.1.9

ds(p,q) =

= N DN |

2. p=(a,ny)and g = (b,ny) such that a # b € Aand p', ¢’ € P,, then by definition
of Vif V(u,p) > 0, V(u,q) = 0 and vice versa, and hence as in the first case we
have ds(p,q) = 1.

3. p=(a,ny) and q = (a,ny) such that a € A and p' # ¢’ € P,, then by definition

of V and ds:
ds(pg) = 3 & [1-V(up)=1-V(uq)
= %ug‘ V(u,p') — V(u,q)] rearranging
ds(p',q) by definition of ds
=1 by induction.
Since these are all the possible cases the lemma is proved by induction. O

Proposition 6.1.18 The pseudo-metric d, is equivalent to the metric of de Bakker
and Zucker (see Definition on the subspace P! of P,,.

Proof. First, classical results have shown us that the metric of de Bakker and Zucker
given in Definition [6.0.1] is equivalent to the metric d; given in Definition [6.1.14] It is
therefore sufficient to prove that d,, is equivalent to d; on the subspace P! of F,. Now,
consider any p,q € P, then if p = ¢, it follows that d,(p, q) = 0 since d,, is a pseudo-
metric. On the other hand, if p # ¢, using Proposition (c) and Lemma
and letting m = min{k | p[k] # q[k]}, by definition of d we have:

o0

do(p,q) = > 27" =2""

k=m

and hence, d,, is equivalent to the metric d; on the subspace P” of P, as required. 0O

We now consider some of the properties of the pseudo-metrics ds and d,, on elements
of P,,.
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Lemma 6.1.19 For all f,g € (P,) and a # b € A: ds((a, f), (b, g)) = 1.

Proof. Consider any f,g € u(P,) and a # b € A, then by definition of ds and V:
Is((@ ). (,9) = § T Plaw (0. ) =0l +1 £ 0= V(b (0,0))

S Vi (@ )+ 5, Vi (a,g)

au€eA*

(1+1) by Proposition[6.1.9

— Nl= NI N

as required. O
Lemma 6.1.20 Let a and b be distinct elements of A, f,g € u(P,), p € P, and
m € IN, then
1 1
du((a, f), (b, 9)) = du(po, (@, f)) =1, du((a, f).(a,9)) < 5 and du(p,p[m]) < 5.
Proof. Consider any f,g € u(P,) and distinct a,b € A, then by Lemma |6.1.19| and
Proposition [6.1.12{(a):
ds((a, f)[k +1], (b, g)[k + 1]) = ds((a, f[K]), (b, g[k])) = 1
for all £ > 1. Substituting this and the fact that (a, f)[0] = (b, ¢)[0] = po into the

definition of d,, we have:
do((a, f), (b,g)) = S 2% = 1.
k=1

Similarly, we can show that d,(po, (a, f)) = 1.
For the third part, since Py = {po}, using Proposition [6.1.12|(a) we have f[0] = ¢[0],
and therefore (a, f)[1] = (a, g)[1] by definition of truncations. Hence, by definition of

d,, we have:
d(a. ). (a.9)) = 5 27 ds((a. DKL (b.g)[k])
< %2"“ by Proposition [6.1.16
k=2
_ 1
)

as required.
Finally, consider any p € P, and m € IN, then by definition of d:

d(pplk) = 5 27 ds (I, (plm]) )
= k§02*kd3(p[k],(p[min{m,k}]) by Proposition(b)

= ioj 2-%ds(p[k], (p[k]) since dg is a pseudo-metric
k=m+1

< Y 27k by Proposition [6.1.16
k=m+1

1

om
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as required. a

We now apply the standard metric completion technique to derive the metric space

(P, d) of (finite and infinite) simple probabilistic processes.

Definition 6.1.21 Define the space (P,d) of simple probabilistic processes as the

metric completion of (P,,d,,).

Applying the standard completion techniques (see Theorem [3.3.7)), P consists of the

set of equivalence classes of Cauchy sequences of P, under the equivalence ~, where

(Pr)new ~ (@n)nen  if and only if  lim d,(pn,gn) = 0,

and for any Cauchy sequences (p,)nen and (g,)nen the metric d is given by:

d(<pn>n€]N> <Qn>n€]N) = nhjgo dw(pm Qn)

Categorical techniques of [AR89] have not been used to derive a domain equation for
simple probabilistic processes as it is unclear how to define a functor to represent this
construction; this is due to the fact that our pseudo-metric d,, is not defined inductively
in correspondence with the inductively defined metric spaces.

We now introduce some useful lemmas concerning the Cauchy sequences of P,,.
Lemma 6.1.22 For allp € P, (p[n])» is a Cauchy sequence.

Proof. Consider any p € P, and n,m,k € IN, then (p[n])[k] = p[min{n, k}] and
(p[m])[k] = p[min{m, k}] by Proposition [6.1.12b). Therefore, since ds is a pseudo-

metric for any & < min{n, m}:

and substituting this into the definition of d,, we have:

do(pln), plm)) = > 27kdg(p[min{n, k}], pmin{m, k}))

k=14min{m,n}
00

< > 2=% by Proposition [6.1.10
k=14min{m,n}
— 2—min{m,n}

and thus (p[n]), is a Cauchy sequence. 0

Lemma 6.1.23 If (p,)new is a sequence in P, such that p,,1[n] = pu[n| for alln € IN,
then (pp)new is Cauchy and py[n] = py[n] for allm > n € IN. Furthermore, if {(¢n)nen
is a sequence in P, such that ¢,41[n] = qn[n| for alln € IN and (pp)new ~ (@n)nen,
then dy(pn[n], gn[n]) = 0 for all n € IN.
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Proof. First, if (p,)nen is a sequence in P, such that p,.[n] = p,[n] for all n € IN,
then since ds is a pseudo-metric and using Proposition |6.1.12c) we have:

ds(pns1lk], pu[k]) = 0 for all k <mn and n € IN.

Then, substituting this into the definition of d,, for any n € IN:

doPrirpn) = % 2 Fds(pusalk], palk))

k=n+1

< ioj 2~k by Proposition [6.1.10
k=n+1

— 9 n

and hence (p,)nen is Cauchy.
Next, we prove p,,[n] = p,[n] for all m > n € IN, by induction on m > n. If m =n

the result is trivial. Now suppose that p,,[n| = p,[n| for for some m > n, then:

pralt] = Psalmin{m, n)]
= (pma1[m])[n] by Proposition [6.1.12)b)
= pm(n] by hypothesis
= pu[n] by induction.

and since n € IN was arbitrary, this part of the lemma holds by induction.
Finally, if (¢,)new is & sequence in P, such that g,.1[n] = ¢,[n] for all n € IN and

(Pn)nen ~ (@n)new- Then, using the second part of the lemma, we have:
Pm[n] = paln] and g,,[n] = ¢u[n] for all m > n € IN (6.5)
and using Proposition [6.1.12(d), for any n, k € IN:

do(pr[n], ax[n]) < duw(Pr, qr)-

Therefore, since (p,)nem ~ (¢n)nen, by definition of ~:

Jim dy(pr,gp) =0 = lim dy(pi[n], ge[n]) = 0
= lim dy(pa[n], gu[n]) =0 by
= du(pn[n], gu[n]) =0

as required. O

Lemma 6.1.24 [f <pn>n€]N and <Qn>n€]N are CG/UChy sequence and <pn>n€1N 76 <Qn>n€]N;
then there exists n € IN such that p,[n] # qa.[n].
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Proof. The proof is by contradiction, suppose (p,)nenw and (g, )nen are Cauchy se-
quence such that (p,)nen 7% (¢n)new and p,[n] = ¢,[n] for all n € IN. Then, since ds
is a pseudo-metric and using Proposition [6.1.12{¢):

ds(pnlk], gnlk]) =0 for all k <n and n € IN
and hence by definition of d,, for any n € IN:
Ao(Pnygn) = 2 27"ds(pulk], 4a[K])

= § 27%ds(pu|k], gu[k]) from above
k=n+1

< i% 2~k by Proposition [6.1.10)
k=n+1
= 27"

Now, by definition of d we have:

d(<pn>n€]Na<qn>n€]N) - nhiglodw(pn7Qn>

lim 27" from above

n—o0

0

IN

that is (pn)new ~ (¢n)new Which contradicts the hypothesis, and therefore p,[n] # g, [n]
for some n € IN. O

6.2 Denotational Semantics for RE,

Using the complete metric space (P, d), we can now give denotational semantics for our
language RE,, assuming A = Act. The first step is the introduction of the semantic
operators: synchronous parallel (), restriction ( [ ), and relabelling ([\]), where
following the definition of RP we require that A\: A — A is bijective. However, before

we can do this we require the following definition.

Definition 6.2.1 The degree of a process p € P, is defined inductively by putting
deg(po) = 0 and deg(p) =n+ 1 if p € Pyyq \ P, for some n € IN.

We can now define the semantic operators on the pseudo-metric space P,, by induction

on the degree.

Definition 6.2.2 (Parallel Operator) Let p||po = po||p = po and

Fa—b
(a,;jng) ZZ;AZ) where (f|¢)(r) = =, F(r1) - glrs)

&ri || ro=r

(@, /)11 (b; g) = {

for anyr € P,.
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We now investigate properties of Definition [6.2.2] with respect to the map V. Recall

that for any uy, us € A*, u; Nuy denotes the largest common prefix of u; and us.

Lemma 6.2.3 For allp,q € P, and u € A*:
V(U,p || Q) = " ﬁ%::uV(U:l’p) ’ V(“’Q? Q)

Proof. The lemma is proved by induction on deg(p| q). If deg(p|/q) = 0, then
Pl ¢ = po and by Definition without loss of generality we have the following two

cases to consider:

1. p = po, then for any u € A*, if u # () and u; Nuy = u by Definition [3.1.1) u; # ¢,
and hence by definition of V:

V(u,pllg) = > V(u1,p)-V(uz,q) = 0.

ui1Nua=u
On the other hand, if u = (), using the above we have:
E v(ulap) ’ V(u% Q) = Z V(ulap) ’ V(”Za Q>
ulﬂu2:(> u,ugEA*

= ( 3 V(“hP)) ( > V(u2,q)> rearranging

uEA* ugEA*

= 1-1 by Proposition [6.1.9
= V(0,po) by Definition [6.1.8
= V(0,p|q) by hypothesis.

2. p=(a,f) and ¢ = (b,g) for some distinct a,b € A and f,g € u(P,). Consider
any u € A*, then if u # () we have u = cu/ for some ¢ € A and by Definition [3.1.1]
if w3 Nuy = u then u; = cuf and uy = culy such that v} Nul, = v'. Without loss of

generality, we can suppose ¢ # a and therefore > V(uy,p) - V(ug,q) equals:

u1Nus=u

by Definition [6.1.8

> V(euy,p)-Vieuy,q) = > 0-V(euy,q)
wf N uly=u/ wf N uly=u/ since ¢ # a
=0
= V(c/,po) by Definition [6.1.8
= V(u,pllq) by hypothesis.
On the other hand, if © = (), similarly to the first case we have:

S V(ur,p) - V(uz,q) = V(u,p|q) = 1.

w1 Nua=()
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Then since these are all the possible cases, the lemma holds for n = 0.

Now, suppose the lemma holds for some n € IN, and consider any p,q € P such
that deg(p|lg) = n+ 1. Then, by Definition [6.2.2] p|l¢ = (a, f | g) for some a € A
and f,g € u(P,) such that p = (a, f) and ¢ = (a,g). Now considering any u € A*, if
u # au’ for some v’ € A* and uy Nug = u, by Definition [3.1.1] without loss of generality
we can suppose u; # au’ for any v’ € A*, and hence by Definition we have:

> V(ur,p) - V(ug,q) = > 0-V(ug,q) =0=V(u,p|q).

urNuz=u u1Nuo=u

On the other hand if u = au’ for some v’ € A* and u; Nuy = u, by Definition [3.1.1]
uy = au} and us = au} such that uj Nu) = v/, and from Definition [6.2.2}

Viad,plle) = ¥ (F(0)-9(d)) - VW.pll¢)

p'es(f)
&q'es(g)
= X (f(p’)-g(q’))-( ) V(u’l,p/)-V(u’z,q’)> by induction
p'es(f) uw) Nuh=u/
&q'es(g)
-y ( > f(p’)-wua,p'))-( > g(q’)-wug,q/»)
ut Nuh=u' \p'Es(f) q'es(g)
= X V(auy,p)-V(auy,q) by Definition [6.1.8
uj Nuby=u’
= > V(uy,p) - V(ug,q) from above
uiNuz=au’
as required. 0

Lemma 6.2.4 For all p,q € P, and k € IN: (p|| ¢)[k] = p[k] || q[k].

Proof. The proof is by induction on & € IN. If £ = 0, then by definition of truncations
and | (p[lq)[0] = p[0] || ¢[0] = po.

Now, suppose the lemma holds for some k£ € IN and consider any p,q € P,. If
Pl ¢ = po, then the result follows by Definition and Definition [6.2.2] On the
other hand, if p|| ¢ # po, then p|lq = (a, f || g) for some a € A and f,g € u(P,) and
by Definition to prove (p|lq)[k + 1] = p[k + 1] || ¢[k + 1] it is enough to show
(f Il9)[k] = f[k] || g[k]. By Definition we have:

s(fIK l glk]) = {pllq|p € s(f[k])and q € s(g[k])}
{(pK] | d[k] | p € s(f) and ¢ € s(g)} by Definition [FI.11
= {(@lQ[k]|p €s(f)and ¢ €s(g)} by induction

(/1| 9)[k]) by Definition G-L.1T]
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Similarly, we can show (f || g)[k](r) = (f[k] || g[k])(r) for all » € P,, and thus,
(Pl @)k + 1] = plk + 1] [ g[k + 1]
as required. O
Proposition 6.2.5 || is continuous and well-defined on (P, d,,).
Proof. Consider any p,q and » € P, and k € IN, then by Lemma we have:

ds((p | 7)[K], (g [ r)[K]) = ds(p[k] || (K], g[K] [ 7[K])

= 35 Pluspl] ) — Vgl 1) by defnition of ds
= 1 x| = (Vs Vs rlkl) — Vi, glkl) Vi, (kD))

by Lemma [6.2.3

< 35 (L2 Vi rlk) - i plk) = Vi alk) )

u€A* \uiNuz=u

- % > V(ug,rlk]) - |[V(u1,plk]) — V(ui,q[k])| rearranging

ul,UQEA*
= %ue;x L-[V(u,plk]) — V(u,q[k])| by Proposition [6.1.9
= ds(plkl, q[k]) by definition of ds

and since this was for any £ € IN by definition of d,,:

Liplraln = $ 274, @) k)
< > 2-%ds(plk], q[k]) from above
= ’lel(p, q) by definition.
Therefore, if p,p’, ¢ and ¢’ € P,, we have:

o llg, P 1 q) +do(@ ||g,p' || ¢') by the triangle inequality
w(P,p') +du(q, ) from above

du(pll ¢, Pl ¢)

ISUSSH

<
<

and thus || is continuous if well defined.
To complete the proof we show p || ¢ € P, for all p,q € P, by induction on n where
n = max{deg(p),deg(q)}. If n =0, then p = ¢ = po, and thus p || ¢ € P as required.
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Now suppose the proposition holds for n and consider any p,q € P, such that
n 4+ 1 = max{deg(p),deg(q)}, then by definition of || either p||¢ = po and hence
pllg € P, or pllq = (a, f|| g) for some a € A and f,g € pu(P,) such that p = (a, f)
and ¢ = (a, g) for some a € Act and f,g € u(P,). Therefore, in the second case, by
Definition [6.2.2] p||¢ = (a, f||g), and hence to prove p|| ¢ € P,, it is sufficient to show
fllg € u(P,). First, by Definition it follows that:

s(fllg) ={pllq|p €s(f) and g € s(g)} (6.6)

and therefore by induction p || § € P, for all p € s(f) and ¢ € s(g), and hence s(f || g) C
P,. Moreover, by :

> (fllgtr) = X (fllo@la)

res(fllg) pes(f) &

= X f(®) -9(q) by Definition [6.2.2

- (z f(ﬁ))-( > g@> rearranging

=1 since f,g € u(P,)

and thus f || g € u(P,) as required.
O

The next semantic operator we introduce is restriction, which we again define

inductively on the degree of processes.

Definition 6.2.6 (Restriction Operator) For any B C A, let:

@ f1B) o B e 1B = = £
Do otherwise Tergw &
7| B=q

polB=py and (a,f)[B:{

for any q € P,.

To investigate properties of this semantic operator, as for the case involving parallel
composition we first consider a connection between ) and the restriction operator.
Recall that for any u € A* u[B denotes the largest prefix of u such that all its

elements are in the set B.
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Lemma 6.2.7 Forallpe P,, u € A* and B C A:

V(u,plB)= } V(. p).
"I B=u

Proof. The proof is by induction on u € A™. If u € A°, then u = ¢ and if v'| B = u
for any u' € A*, either ' = () or v/ = au” for some a ¢ B. Now considering any

p € P,, we have the following three cases:

1. p = pg, then by Definition p| B = po and by definition of V since () [ B = ¢:

V(u,p|B)= Y V@, p) =1

u' | B=u

2. p = (a,f) and a € B, then by Definition plB = (a,f]B) and since

- P
(au) [ B # () for any u € A*, by definition of V:

V(u,pI|B)= > V', p)=0.
u' | B=u
3. p=(a,f) and a ¢ B, then since (av') [ B = ¢ for all v’ € A* and by definition
of V, V(u,p) = 0 if u # au’ for some v’ € A*:
> V(u,p) = X V(up)
u' | B=u uEA*
= 1 by Proposition [6.1.9
= V(0,po) by Definition [6.1.8
= V(0,p|B) by Definition [6.2.6] since a € B.

Since these are all the possible cases the lemma holds for n = 0.

Now suppose the lemma holds for n € IN and consider any u € A"\ A" then
u = at for some a € A and w € A". If a ¢ B by Definition u' [ B # u for any
u € A*. Moreover, for any p € P,,, by Definition |[6.2.6|p | B # (a, f) for any f € u(P,),
and hence by definition of V:

>, V(,p)=V(u,plB)=0.
u' | B=u

On the other hand, if a € B, then for any p € P, either p # (a, f) for any f € u(P,)
and by Definition [3.1.1

> V.p) = V(at, p)
u' | B=u @' | B=u
= 0 since p # (a, f) for any f € u(P,)
= V(aw,po) by definition of V

= V(ai,p|B) by Definition [6.2.6]
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or p = (a, f) for some f € u(P,), in which case by Definition and V:

V(u,pI|B) = X flq)-V(i,q]B)

V(a', q)) by induction

. (z f<q>~v<a',q>) rearranging
B=u \q

al es(f)
= V(at', p) by Definition [6.1.8
@ | B=i
= V', p) by Definition since a € B.
u' | B=at
Thus, the lemma is proved by induction. a

Lemma 6.2.8 Forallpe P,, BC A and k € IN: (p| B)[k] = p[k] | B.
Proof. The proof is by induction on £ € IN and follows similarly to Lemma [6.2.4, O
Proposition 6.2.9 For all B C A, | B is continuous and well-defined on (P, d,).

Proof. Consider any p,q € P, and k € IN, then by Lemma [6.2.8;

ds((p[ B)[K], (¢] B)[K]) = ds(p[k][ B, q[k] | B)

= 1 > V(u,plk]|B) — V(u,qlk] | B)| by definition of ds
u€EA*
= 1ix V(' plk]) = ¥ V(u’,q[k;])’ by Lemma [6.2.
u€A* |u' | B=u u' | B=u
< 3.5 (L2 MOl -V ali)l ) rearanging
u€A* \u'|B=u
= 3 > [V plk]) = V(' q[k])]
u'€A
= ds(plk], q[k]) by definition of ds

and since this was for any & € IN, similarly to Proposition we have d,(p[B,q[B) <
d,(p,q), that is | is continuous on (P,,d,).
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To show p| B € P, for all p € P, follows similarly to Proposition [6.2.5] above using
induction on deg(p). O

Finally, we introduce the semantic operator for relabelling defined inductively on

the degree of processes as follows.

Definition 6.2.10 (Relabelling Operator) For any A\: A — A, let po [A\] = po and
(a, f) [Nl = (Ma), f [A]), where for any q € F,:

FIN@) = > f).
reP, &
r[Al=¢
To show the above operator is continuous and well-defined on (P, d,,), we first extend

any function A : A — A to X\ : A* — A* as follows: for any a € A and u € A*:
M) = ¢ and A(au) = A(a)A(u). Using this extension, we reach the following lemma.

Lemma 6.2.11 For allp € P,, u € A* and \: A — A: V(u,p[\]) = V(AL (u),p).

Proof. The proof is by induction on u € A", If u € A° then for any p € P by
definition of V:

L ifp[A]l=po
0 otherwise

V(o,p[A]) = {

0 otherwise

1 ifp=
_ { tp=DPo by Definition [6.2.10
P) by definition of V
1

as required.
Now suppose the lemma holds for any n € IN and consider any u € A"\ A", then
u = au’ for some a € A and if p € P, by definition of V we have:

V(au',p[A]) = 9&€s(h)

0 otherwise

{ > flg)- V(' q) ifp[A] = (a, f) for some f € u(P)
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o it p=(A"Y(a), f)
= qe%(:f) f@)- Ve A) for some f € u(P) by Definition [6.2.10

0 otherwise

if p=(A7'(a), f)

= qes(f) for some f € p(P) by induction
0 otherwise
VA (a)A\H (), p) by Definition [6.1.8
V(A (a),p) rearranging
as required. O

Lemma 6.2.12 For allp € P,, \:A — A and k € IN: (p[A])[k] = (p[k]) [A].

Proof. The proof is by induction on £ € IN and again follows similarly to Lemma|6.2.4]
O

Proposition 6.2.13 Forall \: A — A, [\ is continuous and well-defined on (P, d,,).

Proof. The proof follows similarly to Proposition and Proposition using
Lemma [6.2.7 and Lemma [6.2.8 lemmas above. O

We are now in a position to give denotational semantics to the guarded expressions
GP of RE,. We accomplish this by defining a map D from RE, to P, but only consider
properties of this map over guarded terms. By construction, the element of P are the
equivalence classes of the Cauchy sequences of (P, d,) under the equivalence relation
~, and we therefore first construct a sequence of maps (D,,)new from RE, to P, such
that (D[E])nen is Cauchy for any £ € GP, and then set D[E] = [(D[E])nen]~ for
any E € GP.

As usual, in order to handle the variables = in the expressions RE,, we introduce
environments Env, ranged over by p, defined by Env= X — P. Similar to the above
discussion, for any p € Env we can suppose that there exists a sequence of maps
(Pn)new such that p, : X — P, for all n € IN, (p,,(2))new is Cauchy in (P,,d,) and
p(x) = [{pn(x))nen|~ for all z € X

In addition, we shall require the following auxiliary function.

Definition 6.2.14 For any set P and family {u;, p;)icr where {u;,p;) € ((0,1] x P)
for alli €1, let: @p((pi, pi)ier)(q) = 3{n; i € I and g = p;}.
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Lemma 6.2.15 If Y ic; i = 1 for some family i, pi)icr, then ®p({pi, pi)ier) € p(P).

Proof. By definition of ®p, if (1, pi)icr € ((0,1] x P)* we obtain:

Z CI)P u27pz ’LEI Z/‘L’L

qeP el
and hence ®p({(u;, pi)icr) € u(P) by the hypothesis. O

We can now define denotational metric semantics for RE,.

Definition 6.2.16 (Denotational Semantics) Let D,, : RE, — (Env — P,), n €
IN, be the collection of maps defined inductively as follows. Put Dy[E] = po for all
E € RE,, and D, be defined inductively on the structure of elements of RB, as
follows:
Dpii[z](p) = poni(2)
Dnia[0](p) = po
Dniala- Xier - Eil(p) = (a, @, ({i, DulEi](p))icr))
Dui[Er[| E2](p) = Dupii[E1](p) | Dusa[E2](p)
Dni[ETB](p) = DnulEl(p)[B
Do [EM](p) = DnnalEl(p) [A
Duiilfiz, E[(p) = Duni[EN(p{Dulfiz, . E)(p)/x}).
Furthermore, let D : RB, — (Env — P) be the map defined as follows, for any E € RE,

put: DIE](p) = [(DulE1(p))nen]~-

To prove the well-definedness of the semantic map we shall require the following tech-

nical lemmas.

Lemma 6.2.17 For all E€RE,, pe P,, p€ Env and k <n € IN:

Di[E](p{pln]/x}) k] = De[ET(p{p/x})[K].

Proof. If £k = 0, the result follows by definition of truncations. Now consider any
k,n € IN such that £k + 1 < n, we prove this case by induction on the structure of
E ¢ RE,.

1. If E € X, then by definition for any £ < n € IN:

(pln))[k+1] UHE=z
pr+1(E)[k + 1] otherwise

D [El(p{p[nl/=})[k +1] = {
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i k+1 if £ =
_ { pmin{n, k+1}] i . by Proposition [6.1.12|(0)

pr+1(E)[k+1]  otherwise

k+1 if £ =
= { ple+1] ' . by hypothesis

per1(E)[k + 1] otherwise

= Di1[E](p{p/z})[k + 1] by definition of Dyy.

2. If E = 0, the result follows by definition of Dy ;.
3. If E'=a.Y;cr pi-E;, then by definition of Dy 1:

De[EN(p{p/a )k +1] = (a,®p, (i, DulE](p{p/2}))ier) ) [k + 1]

= (0. 9p. (i DB (p{p/2}))icr)[K)

by Definition |6.1.11| and similarly, for any n € IN:

Dyt [EL(p{pln] /a})[k + 1] = (a, @, (i D[ ED(p{p[n)/2}))icr) [F])

Therefore, to show the lemma holds in this case, by definition of ®p it is sufficient to
prove that for all K +1 <n and 1 € [:

DilE](p{pln]/x}) k] = DilEi](p{p/})[K]

which follows by induction since £ < k+ 1 < n.
4. If E = E1 || Ey, then for any £+ 1 < n € IN we have Dy 1[E](p{p[n]/z})[k + 1]

equals:

(Dera[B:I(pApln)/2}) || Disa [Bo] (p{pln) /2 }) ) [k + 1] by definition of Dy,
= Dol Blp{plal/z 1k + 1] | DecalEl(p{plnl /1) +1] by Lemma
= Denl[El(p{p/aD) [k + 1] | i [Es] (p{p/2})[k + 1] by induction
= (D [B\l(pfp/2}) | Desa [E(pfp/2}) ) [k + 1] by Lemma .24
= Di[Er || E2])(p{p/x})k + 1] by definition of Dy, .

5. If E = F|B or E = F[)], the proof follows a similar argument to the case above
replacing Lemma by Lemma [6.2.8) and Lemma [6.2.12| respectively.

6. If E = fiz,.F, then either x = y and by definition of Dy, we have Dy 1 [E](p{q/7}) =
Dr1[E](p) for any ¢ € P, and hence the lemma holds in this case, or = # y, in which
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by definition of Dy 1:

D [El(p{plnl/2 1)k + 1] = Dea[F1(p{DL[E](p) /y3{pIn] /2 }) [k + 1]
= Dpa[Fl(p{pln]/xH{Di[E](p) /y})[E + 1] since z £y
= Dipr1[F)(p{p/2H{DslE](p)/y})[k +1] Dby induction
= Dina[FI(o{DelEl(0) fyHp/x 1)k +1]  since z #y
= Diu1[E](p{p/z})[k + 1] by definition.

Since these are all the possible cases the lemma holds by induction. O

Lemma 6.2.18 For all E €GP, pe P,, p € Env and k € IN:
Di[El(p{p/z}) [k + 1] = Dp[E](p{plk]/2}) [k + 1].

Proof. The proof is by induction on the structure of £ € GP and follows similarly to
Lemma|[6.2.17| above except in the case when E' = a. ;cr p;. £;. In this case, similarly
to Lemmal6.2.18]and replacing n by k, to show the lemma holds it is sufficient to prove
Di[Ei](p{p/z})[k] = Dr[Ei](p{plk]/x})[k] for alli € I, which follows by Lemma[6.2.17]

since E; € RP? for alli € [ and k < k. a
Lemma 6.2.19 For all E € G°, p € Env and k € IN: Dy 1[E](p)[k] = Dr[E](p)[k].

Proof. We prove the lemma by induction on £ € IN. The case for £ = 0 follows by
definition of truncations.

Now suppose the lemma holds for some k € IN, then we prove the lemma by
induction on the structure of £ € GP. The proof follows similarly to Lemma [6.2.17
above except in the case when E = fiz,.F', which we now prove. If E = fiz,.F', then
by definition of Dy o:

Decal Bk +1] = Dol FI(o{Drs[ELo) 2}k + 1]
= Dipa[Fl(p{Dra[E](p)[K]/2}) [k +1] by Lemma[6.2.18
= Dip2[F1(p{Dk[E](p)[k]/x})[k+1] by induction on k € IN
= DenlFlpDUENp) sk +1] by LemmafZT8
= D1 [F](p{D[E](p)/x})] ] by induction on F'
= Di[E](p)k +1] by definition
which completes the proof. O

Lemma 6.2.20 For all E € RE,, F € Pr?, p € Env and n € IN:
D,[E{F/x}](p)[n] = Du[E(p{ Du[F]/2})[n].
Furthermore, if E € GP then:

Dot [E{F/2}(p)ln + 1] = Dyt [E)(p{ Dal Fl/2}) [ + 1.
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Proof. The proof is by induction on the structure of E and follows a similar proof to

Lemma [6.2.17 and Lemma [6.2.18] O

Proposition 6.2.21 D is well-defined on the set of guarded expressions of RE,.

Proof. First, we prove that D,[E](p) € P, for all E € G? and n € IN by induction
on n. The case for n = 0 is trivial.

Now suppose D, [E](p) € P, for all E € GP and some n € IN, we prove the case
for n + 1 by induction on the structure of £ € GP.

1. If E = 0, then by definition D,,1[0](p) = po € P,.

2. If E = a.Ycr 13- E;, then by induction D, [E;](p) € P, for all i € I, and since
by construction > ;<7 p; = 1, using Lemma [6.2.15] we have:

®p, ({ui, DIEN(p) Jicr) € p(Fe).
and therefore, D[E](p) € P, by definition of Dy, 1.

3. If E=E, || Ey,, E= E|B or E = E[)], the proposition holds by definition of

D, 11, the well-definedness of the semantic operators and induction.

4. If E = fiz,.E’, then by induction on E’ and n € IN we have D,1[E'](p) € P,
and D, [E](p) € P, respectively, and hence D, 1[E](p) € P,, by definition of
Dy

Finally to prove that D is well defined, we show that for any £ € GP: (D, [E])nen
is Cauchy in (P,,d,) which follows from the continuity of the semantic operators,

Lemma [6.1.23 and Lemma [6.2.19] O

6.2.1 Full Abstraction

In this section we show that the above denotational model is fully abstract, that is, two
RB, expressions are equivalent with respect to 2 if and only if their denotations (under
the semantic map D) have distance zero. By definition the operational equivalence X

and metric d are based on the mappings P and V respectively, where
P: ({O[E]|E € Pr"} x T°) — [0,1] and V: (A" x {D,[E]|E € Pr"}) — [0,1].

Therefore, to reach a full abstraction result, we first relate the semantic maps O and
D and our testing language TP and the set of strings A*, then, using these results, the
maps P and V. This leads to a connection between £ and the metric d, and hence

the full abstraction result. Formally, we have the following lemmas and definition.
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Lemma 6.2.22 For all E € Pr? and p € Env, O[E] = 0 if and only if D, 1[E](p) =
po for alln € IN, and O[E] = (a,7) if and only if D, 1[E](p) = (a, f) for alln € N
such that for anyn € IN and q € P,:

flille) = > ()

FePrP &
Dn[F](p)[nl=q

Proof. Consider any E € PrP, p € Env and n € IN, we prove the lemma by induction

on the structure of FE € PrP.
1. If E =0, then O[E] = 0 and D,,1[0](p) = po as required.

2. If E = Y crau.E;, then by the transition rules O[E] = (a,7), where for any

F e Pr?:
T(E)= Y .
el &
E=E

On the other hand:

Dyiala Sier i B (p) = (a, @, (15, Dal B (p) icr))

by definition of D,, 41 and letting f,, = ®p, ({1, Du[E:](p))icr), we obtain D, [E] =
(a, fn). Thus, for any n € IN and ¢ € P, we have:
)@= >, 7(F)
FePrP &

Dn[F1(p)[n]=q

by definition of ®p, and 7.

3. If E = Ei|| By, then either O[E] = 0 or O[E] = (a,n) for some a € Act and
7 € pu(PrP). First consider when O[E] = 0, then by definition of the transition

rules one of the following two cases must hold.

e O[E,] = 0 or O[Ey] = 0, then by induction either D, 1[F1](p) = po or
D, 1[E2](p) = po, and therefore D, 1[E1 || E2](p) = po by definition of
D,+1 and the semantic operator || .

e O[E1] = (a1, m) and O[Ey] = (ag,ms) for some my,me € p(PrP) such that
ay # ao. Then by induction, the definition of D,,; and the semantic oper-
ator ||, Dnia[Ex || E2](p) = po.

Secondly, if O[E] = (a,7), then by definition of the transition rules O[F;] =
(a,m) and O[F;] = (a,ms) for some 7y, m € u(PrP). Then by induction and
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the definition of the semantic operator ||: D, 1[E1 || E2](p) = (a, fu || gn), where
Du1[E1](p) = (a, fn) and D, 1[E2](p) = (a,gn). Moreover, for any ¢ € P by
Definition [6.2.2}

(fulnlllguln))(@) = X fulnl(q1) - guln](q2)

q1,92€P
& q1 || g2=¢

= > > mi(F1) | - > mo(F3) | by induction
q1,q2€P FePrP & FrePrP &
& a1 ||l g2=q \Dn[F1](p)[n]=a1 Dy [F2](p)[n]=g2

= > 1 (Fy) - mo(Fy) by Lemma [6.2.4
F1,F>ePrP &
(Dnl£1](p) || Dr[F2](p))[n]=4

= > w1 (F1) - mo(F3) by definition of D,,
Py FEPIP &
D[y || F2](p)In]=q

= > w(F) by the transition rules.
FePrP &
DulF](p)[n]=q

4. If E = E'|B, then either O[E] = 0 or O[E] = (a,n) for some a € Act and
7 € p(Pr®). Considering when O[E] = ), by definition of the transition rules:
O[E'] = 0 or O[E'] = (a,7) for some a € A\ B, in both cases by definition of

the semantic operator for restriction and induction D,,1[E](p) = po.

On the other hand, if O[E] = (a, ) then by definition of the transition rules: a €
B such that O[F’'] = (a,n’). Furthermore, by induction D, 1[E'](p) = (a, f»),
and hence by definition of the semantic operator for restriction D, 1[E](p) =
(a, f, | B) and for any n € IN and g € P:

(faB)nl(q) = X faln](p)

pEP &
p[n] [ B=q

= > > 7 (F)| by induction
pEP & FEPP &
p[n] 1 B=q \Dn[F](p)[n]=p
= > ' (F) by Lemma [6.2.8
FePrP &
Dn[F](p) | Bn]=q
= > '(F) by definition of D,,
FePrP &
Dn[F [ B](p)[n]=q
= > w(F) by the transition rules.
FePrP &
D [F](p)[n]=q
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5. If E = E’[)], either O[E] = ) and O[E’] = 0 in which case the result follows
by induction, or O[F] = (a,7) and O[E'] = (A!(a), ), then by induction
Do1[E](p) = (a, f [N]), and for any g € P, by Definition [6.2.10}

faln]M(g) = X faln](p)

pEP, &
p[n] [N=¢

= > > 7@(F)| by induction
peP, & FePrP &
pN=q¢ \DPn[Fl(p)ln]=p

= > T(F) by Lemma [6.2.12
FePrP &
Dr[F1(p) [N[n]=q

= > T(F) by definition of D,
FePrP &
Dy [F N](p)[n]=q

= > 7w(F) by the transition rules.
FePrP &
Dn[Fl(p)Inl=q

6. If £ = fix,.F’, the lemma follows by induction on the structure £’ € GP, similarly
to the cases above and using Lemma [6.2.20]

Since these are all the possible forms of E the lemma is proved by induction on the

structure of F. O

Definition 6.2.23 We define the following map & : A* — TP inductively on u € A™.
Let £(¢) = L and {(au) = a.£(u).

Lemma 6.2.24 The mapping & is bijective.

Proof. The proof follows by definition of A* and TP, and since A = Act. O

As discussed earlier, we are now in a position to reach a connection between the maps

P and V. Recall that for any u,v € A*, u < wv if u is a prefix of v.

Lemma 6.2.25 For all E € PrP?, p € Env, u € A" and n € IN:

> V(W Du[E](p)[n]) = P(E)(£(w)).
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Proof. The proof is by induction on n € IN, where we remove p for simplicity.
Consider any F € PrP? and u € A, then since A = {¢}:

u' €AY
&<

= V(0, Do[E][0])
= V((>,p0)
=1

= P(E)(1)

= P(E)(£(0))

by Definition [6.1.11
by Definition |6.1.8
by definition of P
by definition of &.

Now suppose the result holds for n and consider any £ € Pr* and u € A", If
u = (), then since ¢ < ' for all u € A"

> V(u,Dpy[E]ln+1]) =
u eAntL
& ()<’

> V(u, Dpa[E][n +1])

u/ € Antl

> V(u,D[E][n + 1]) by Proposition [6.1.12fe)

u'€A*

by Proposition [6.1.9
by definition of P
by definition of &.

On the other hand, if u # () then u = au for some a € Act and u € A", and in this
case by definition of V, ¢ and Lemma [6.2.22] if O[E] # (a,n) for any = € u(PrP):

> VYV, Dy E]ln+1]) = P(E)(£(u) = 0.

uw eAntL
& u<u’
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We are therefore left with the case when O[E] = (a, 7) for some 7 € u(Pr?). Using

Lemma [6.2.22] Definition [3.1.1] and since v = att we have:

> VW, D[E]ln+1]) = X V(e (a, f)[n+1])

u'eAntl u' €A™
& ulu! & a<u!
= > V(a,(a, fu[n])) by Definition [6.1.11
Eel
= X ( > falnl(q) - V(W q)) by definition of V
Yetw 1

= X | X Y w(F)|-V(,.q)| by Lemmal6.2.22

weAnr | g€R, FePrP &

&asu/ Dn[F][n]=q
= Y wF)-| X VW, D,[F]n]) rearranging
FePbrP u' €A™
& u<u’
= ¥ 7w(F)-P(F)(&(w)) by induction
FePrP
= P(E)(a.l(a)) by definition of P
= P(E)({(an)) by definition of £
= P(E)(&(u)) by hypothesis
and thus we have proved the lemma by induction on n € IN. O

Finally, using the above lemmas we reach the following full abstraction result.
Theorem 6.2.26 (Full Abstraction) For all E, F € GP:
O[E] R O[F] if and only if D[E](p) = D[F](p) for all p € Env.

Proof. We only consider the case for E, F' € PrP, as the case for E, F € GP \ PrP
follows by definition of X on GP (we remove p for simplicity). First, consider any
E, F € Pr® such that D[E] = D[F]. Then using Lemma, and Lemma we
have d,(D,[E][n], D,[F][n]) = 0 for all n € IN, and hence by definition of d and ds:

V(u, D,[E][n]) — V(u, Dp[F][n])| =0 Yu e A" &neN
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= V(u,D,[E][n]) = V(u,D,[F][n]) Vue A" & n € N

= wear W AT

& u<u! & u<u’
= P(E)(&(u)) =P(F)(&(u)) YVue A" & ne IN by Lemma [6.2.25
= P(E)(&(u)) =P(F)(&(u)) Yu e A* rearranging
= P(E)(t)=P(F)(t) VteTP by Lemma [6.2.24
= O[E]RO[F] by definition of £

as required.

For the other direction, suppose D[E] # D[F], then by definition of (P,d):
lim,, oo dy(DL[E], Du[F]) # 0, and hence using Lemma there exists n € IN
such that ds(D,[E][n|, Dn[F][n]) # 0. Therefore, by definition of ds there exists
u € A* such that V(u, D,[E][n]) # V(u, D,[F][n]). Now by construction Act is finite
and Act = A, and therefore A" is finite and using Proposition (e), without loss

of generality we can suppose u € A™ and that:
V(u', D,[E][n]) = V(u', D,[F][n]) for all u' € A™ such that u < u'. (6.7)
Moreover, Lemma implies £(u) € TP, and therefore by Lemma :
P(E)(&(u) = X V(u,Du[E][n])

u' €A™
& u<u’
= V(u,D,[E][n]) + > V', D,[E][n]) rearranging
u' €A™
u<u’
= V(u, Dol E][n]) + ) V(u', Dy [F][n]) by
u'€A"
u<u’
# V(u,D,[F][n])+ > V(/,D,[F][n]) by hypothesis
uleAn
u<u’
= ¥ VW, D,[F]n]) rearranging
¥
= P(F)(&(w)) by Lemma [6.2.25
thus, O[E] R O[F] as required. O

6.3 A Metric for Deterministic Probabilistic Pro-

cesses

Observe that simple probabilistic processes (the elements of P) are represented either

by po (termination), or are limits lim,, ., p,, of Cauchy sequences of (finite) processes,
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where with out loss of generality, we can suppose p,y1 = (a, f,) for some a € A
and f, € pu(P,) for all n € IN | and thus initially can only perform the action a.
To represent choice it is necessary to use sets of elements of P as denotations for
probabilistic processes. As we wish to model deterministic probabilistic processes
(that is, processes that can make external choices), in the light of the definition of
deterministic probabilistic transition systems such sets must satisfy the reactiveness
condition.

We note that since this construction is based on the construction of the denotational
model for purely probabilistic processes, in certain cases the results will overlap and
in such cases we omit the proofs.

We now proceed with the construction involving sets of P, as opposed to just
elements, to give a denotational semantics for deterministic probabilistic processes.
The difference between the equation below and that in Definition is the presence

of the power set operator B, (- x -) (finite non-empty reactive subsets).

Definition 6.3.1 (Finite deterministic probabilistic processes) Let D,, n € N,

be a collection of carrier sets defined inductively by

Do ={{po}} and Dny1 = {{po}} U Bnr (A x (D))

where A is a set of actions. Furthermore, let D,, = U,, D,, denote deterministic prob-

abilistic processes of bounded depth.

To simplify notation, we define D, where s is intended to denote the singleton
elements of D, as the elements of the form pg or (a, f) for some a € A and f € u(D,).
Intuitively, we can think of an element of D? as a finite deterministic probabilistic
process whose first transition can only be of one action type and the total probability
of this action taking place is 1. Furthermore, let D, be ranged over by X,Y ... and
D, q...range over D.

When constructing a pseudo-metric over P, recall that we first considered pro-
cesses as sets of strings of the type (A x (0, 1])* by means of the mapping S, and using
this representation we could then calculate the probability of processes performing a
given path. Later on we showed that we could, in fact, calculate the probabilities of
paths being performed without the need for the mapping S, by induction on the depth
of paths (see Definition [6.1.8). Now we extend this definition to our current setting.
The next step is therefore to consider the possible paths of deterministic probabilistic
processes.

At first sight it may seem feasible to extend our pseudo-metric on simple proba-

bilistic processes by means of the Hausdorff distance. However, if we consider possible
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paths of deterministic probabilistic processes, as opposed to simple probabilistic pro-
cesses, we see that the situation is more complex, since there is now external choice, as
well as (internal action-guarded) probabilistic choice. We demonstrate this by means

of an example. Consider the deterministic probabilistic process X given below:

To incorporate the external choice we consider deterministic trees, as opposed to
strings, since we cannot consider the paths that X can perform as elements of A*:
X can perform the action a and then make an external choice between b and ¢, which
will be denoted by the tree a{by,c(}, and thus we need to add sets to the definition
of A*. Intuitively, we need to add this extra level of complexity as our pseudo-metric
is not inductive, whereas de Bakker and Zucker’s construction does not require this
as their metric is inductive, and so they can use the Hausdorff metric inductively
to capture the branching behaviour. Formally, we define A}, the set of trees that

deterministic processes can perform as follows.

Definition 6.3.2 Let A}, n € IN, be a collection of sets defined inductively as follows.
Let
Aq= {0} and AF" = A x (B (A7) U{0}).

Furthermore, let Aj = U, A}.

Using A} we are now in a position to extend V (Definition |6.1.8) to deterministic prob-
abilistic processes and deterministic trees as follows, where multiplication is used for
the same intuitive reasons it is used in the definition of D on deterministic probabilistic

transition systems.

Definition 6.3.3 For allp € DS, u € A}, and n € IN, we define the probability of p

w?

performing the “deterministic tree” wu, denoted V(u,p), as follows:

V(<>,p)={ L 4p=p

0 otherwise
Then for all p € D?, and aU € AT put:

V(aU, p) = Xg)u [(X)-V(U,X) ifp=(a,f) for some f € u(D,,)

0 otherwise
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where, for all X € D, and U € P (A) U {0}, either U = {a1Uy,...,a,Upn} €
Pror(AL) and

if)( ::{(alyji)v"'7(anwtﬁn)}
for some{f1,..., fm} C u(D)
0 otherwise

V(U X) = il;ll V(a:Us, (ai, i)

or U = (), and then put:

V(0. X) :{ 1 if X = {po}

0 otherwise.

We next introduce the following extension of Proposition to the deterministic

case.

Proposition 6.3.4 For all p € D5 and X € D, the maps V(-,p) : A5 — [0,1] and
V(- X) : B (A U{0} — [0,1] are probability distributions.

Proof. The proof is by induction on p € D] and X € D,,. If n = 0 the lemma follows
similarly to Proposition [6.1.9

Now, suppose that the proposition holds for some n € IN, then again similarly to
Proposition we can show that V(-,p) € u(Aj}) for all p € D; ;. Next consider
any X € Dyiq \ Dy, then X = {(a1, f1),.-.,(@m, fm)} for some m € IN, where
(a;, fi) € Dj 4 for all 1 < i < m. Letting p; = (ai, f;), pi € D, and hence from
above V(-,p;) € pu(Ay) for all 1 <i < m. By Definition [6.3.3}

2 V(U X) = > (,H V(aiUi7pi)>
UeBnT(AZi)U{O} U?;laiUiEBnr(Ag) 1=1

= fn[ ( > V(aiUi,pi)> rearranging
=1 aiUieAZ

= ﬁ ( > V(u,p,-)) by Definition since p; = (a;, fi)
i=1 \ueAx

= ﬁ 1 since V(-,p;) € p(A}) forall 1 <i<m
i=1

=1

as required. O

Following the construction for the metric space (P, d) of simple probabilistic pro-
cesses, we next define a pseudo-metric on D,. We achieve this by first defining a
pseudo-metric on D based on the pseudo-metric ds on F,, and then extend this

pseudo-metric to all of D, using the Hausdorff distance.
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Proposition 6.3.5 D? is a pseudo-metric space with respect to the pseudo-metric:

ds(p,0) = 5 3 V(u,p) = V0ug) |

u€A}
Furthermore, for all p,q € D2, 0 < ds(p,q) < 1.

We note that, since A* C A} and the fact that V' (defined over deterministic proba-
bilistic processes) when restricted to simple probabilistic processes coincides with the
definition of V over simple probabilistic processes, the above pseudo-metric is equiva-
lent to the pseudo-metric given in Proposition defined over simple probabilistic
processes.

Again, following the methodology for the construction of P, we next extend the

definition of truncations on P, to D, as follows.

Definition 6.3.6 For any f € u(D,,), p € D and k € IN, flk] and p[k| are as defined
in Definition |6.1.11. Furthermore, for any X € D, put X[n| = {p[n]|p € X}.

Using the above definition and Definition [6.3.3] similarly to Lemmal6.1.13|and Proposi-
tion|6.1.12for P, we have the following lemma and proposition connecting truncations

and deterministic probabilistic processes.
Lemma 6.3.7 Forallpe D}, X € D, ue€ A} and U € P, (A7) U {0}

V(u,plk]) = > V(a,p) and VU, X[K) = > V(U X).

alk=u Ulk=U

Proposition 6.3.8 For all p,q € D] and k,m € IN:

(a) ifp e Dz, thenplk] € Di when k < m and p[k] = p otherwise.
(b)  (plm])[k] = p[min{m, k}].

(¢) plm] = q|m] if and only if p[k] = q[k] for all k < m.

(d) ds(plk], qlk]) < ds(p, q)-

(e) ifue A;\ A%, then V(u,plk]) = 0.

Similarly to the case for simple probabilistic processes, to obtain the required Cauchy
sequences we consider the pseudo-metric d,, (see Definition [6.1.15)) over D? . incorpo-

w?

~—

rating both the pseudo-metric ds and truncations. We reach the following proposition.

Proposition 6.3.9 D? (and D: for anyn € IN) is a pseudo-metric space with respect

the pseudo-metric:

do(pra) = 3" 2 ds(plk], alk])-
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We are now in a position to extend d,, from D? to D, as follows.

Theorem 6.3.10 (D,,,d,) (and (D,,d,) for any n € IN) is a pseudo-metric space,
where d,, is the Hausdorff metric with respect to d, on D?. Furthermore, for all
p,q € DS and XY € D, 0 <d,(p,q),d.,(X,Y) < 1.

Proof. If we consider any X € D,, then either X = {po} or, by definition of B, (- x-),
X is a non-empty finite set of elements, and hence closed. Then, since this is the case
for any X € D, Lemma [3.3.10| implies that d, is a pseudo-metric on D,. To show
0<d,(p,q),d,(X,Y)<1forallp,q € D’ and X,Y € D, we use an argument similar
to that for Proposition together with the definition of the Hausdorff distance.

We now investigate the properties of the pseudo-metric d,, on D,,.

Lemma 6.3.11 Let a and b be distinct elements of A, f,g € u(D,), p € D and
m € IN, then

du((a, f), (0,9)) = du(po, (a, ) = 1, du((a, f),(a,9)) <

Moreover, for all X,Y (# {po}) € Do d.(X,Y) < 3 if and only if

and d,(p, p[m]) <

N —

X = {(alaf1)7' ) (amafm)} and Y = {(a’lvgl)a sy (amvgm)}
for some m € IN, where a; € A and f;, g; € u(Dy,) for all 1 <i < m.

Proof. For the proof of the first part of the lemma see Lemma [6.1.20, For the second

part of the lemma and its “if” direction suppose:

X ={(a1, f1),- .-, (am, frn)} and Y ={(a1,91),-.., (am,gm)}-

Hence, if p € X then p = (a;, f;) for some 1 < i < m, and therefore by definition of
the Hausdorff distance:

dy(p,Y) = infld,(p,q)[q€Y}
du((ai, fi), (ai, 9:)) since p = (a;, fi) and (a;,g;) € Y

1
3 by the first part of the lemma

IAINA

and since this was for any p € X, sup,c xd., (p,Y) < % Furthermore, by symmetry we

have sup, ¢y di (g, X) < %, and hence by definition of the Hausdorff distance d,(X,Y") <

1 .
5 as required.

For the “only if” direction, consider any X, Y (# {po}) € D, not of the form given

in the hypothesis, then without loss of generality we can suppose that there exists
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p € X such that p = (a, f) for some a € A and f € u(D,), and for all ¢ € Y,
q # (a, g) for any g € u(D,,). Then, by definition of the Hausdorff distance:

do(X,Y) = inf{du(q,p)lq €Y}
=1 by the first part of the lemma.

Moreover, by Proposition 6.3.5] d,(X,Y) < 1, and thus d,(X,Y) = 1 as required. O

As before, we now apply the standard completion techniques to derive the metric

space (D, d) of deterministic probabilistic processes.

Definition 6.3.12 Let (D,d), the metric-space of deterministic probabilistic pro-

cesses, be the completion of (D, d,).

Note that, as for the case for simple probabilistic processes, D consists of the set of

equivalence classes of Cauchy sequences of D, under the equivalence ~, where
<Xn>n€]N ~ <Yn>nE]N if and Only if nh—%lo dw<Xn> Yn) = 07
and for any Cauchy sequences (X, ),en and (Y, )en the metric d is given by:

d(<Xn>ne]Nv <Yn>nelN) = lim dw(XmYn)-

n—oo

Before we introduce denotational semantics for RE;, we first require the following

technical lemmas.

Lemma 6.3.13 For all X € D, (X[n]), is a Cauchy sequence.

Lemma 6.3.14 If (X,))nen s a sequence in D, such that X, 1[n] = X,[n| for all
n € IN, then (X, )new is Cauchy and X,,[n] = X, [n] for allm > n € IN. Furthermore,
if {(qn)nenw 1S a sequence in D, such that Y, 1[n] = Y,[n| for alln € IN and (X, )pen ~
(Yo new, then d,(X,[n],Y,[n]) =0 for alln € IN.

Lemma 6.3.15 If (X,)nen and (Yy,)new are Cauchy sequence and (X, new 7 (Yo )nen,
then there exists n € IN such that X, [n] # Ya[n].

6.4 Denotational Semantics for RE;

Similarly to the case for P we can now give denotational semantics for our language
RP; based on D (assuming A = Act). The first step is to add an operator for external
choice and extend the semantic operators defined over P,. Similar to the case for P,
we define the operators by induction on the degree of a processes X € D, which we

now define.
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Definition 6.4.1 The degree of a process X € D, is defined inductively by putting
deg({po}) =0 and deg(X) =n+1if X € Dypy1 \ D,, for some n € IN.

Definition 6.4.2 (External Choice) Let {po}@&{po} = {po} and if X,Y € D, with
non-zero degree, then X @ {po} = {po} ® X = X and X @Y is the set theoretic union
of the two sets X and Y .

To show @ is well-defined, we first require the following lemma:

Lemma 6.4.3 For all X, X, Y and Y € D,

d (X @Y, X ®Y) < max{d, (X, X),d,(Y,Y)}.

Proof. If X, X, Y, Y € D,, then without loss of generality either X = {po} and the
result follows from Lemma [6.3.11) or X, X, Y and Y are not equal to {po}. In this
case, by definition of the Hausdorff distance and & we obtain:

do(p, X @Y) =dy(p, X UY) < dy(p, X) < do(X, X) < max{d,(X,X),d,(Y,Y)}
for any p € X. Taking the supremum of p € X we have
sup,exdo(p, X ©Y) < max{d, (X, X),d,(Y,Y)}.

Then similarly:

suPeydo(q: X @Y) < max{d, (X, X),du(Y,Y)}
SUP;exdw(D, X @) < max{d, (X, X),d,(Y,Y)}
SUPQ‘eY/dw((ja X @ Y) S max{dw (Xv X)u dw(Y7 Y)}

Now taking the maximum of the left hand sides of the above four inequalities, the

lemma follows by definition of the Hausdorff distance. O

We note that, Lemma above can be generalize to: for all X, X, YandY € D,:

dy(X @Y, X ®Y) <max{d,(X,X),d,(X,Y),d.(Y,X),d,(Y,Y)}.

Proposition 6.4.4 @ is continuous and well-defined on (D,,, d,,), with the restriction
that X @Y s only considered if X @Y satisfies the reactiveness condition.
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Proof. The proof that @ is continuous in both arguments is a direct result of
Lemma Furthermore, with the above restriction, it is clear that X &Y € D,
for all X|Y € D, as required. O

Before we consider the semantic operators || and | with respect to D,,, following the
techniques used for simple probabilistic processes we lift the operators N and [ B for
any B C A on A* to A} by induction as follows.

Definition 6.4.5 For any U,U € B, (A%*") and B C A:

0D — 0 ifuni=( foralueU&aclU
| {wndaluna £y, ueU&acUYy otherwise

and

0 iful B = for allu € U

UlB= :
{ulBlulB# (& ueU} otherwise.

We next introduce the semantic operator for synchronous parallel.

Definition 6.4.6 (Parallel) We extend the definition of the semantic operator || on
P, to D, by setting: X ||Y = ®{p|lq¢lpe X &qeY} forany X,Y € D,,.

We next investigate the connections between || and V. First we require the following

lemma.

Lemma 6.4.7 For all X = X, U Xy € D, such that X; and X5 are of the form
{(a1, f1),-- ., (am, fm)} and {(b1,q1),. .., (bm,gm)} respectively, and Uy, Uy € B, (AY)
such that Uy and Uy are of the form {a1Vi, ..., anVin} and {byW1, ..., b5Ws} respec-
tively:

VU, UUsy, X) =V(Uy, Xy) - V(Us, Xo),

and moreover:

S VU, X) = V(U Xy).

UL CU
Proof. Consider any X € D,, and Uy, U, € B, (A]) of the form given above. Then
Definition implies:

3

VU, U, X) = 11

1j

= (fiviavi i) - (fvw 000 reoranging

(V(aiVi, (ai, fi)) - V(0; W5, (bs, g5)))

1

.

= VU, X1) - V(Us, X5) as required.



6.4 Denotational Semantics for RP; 133

For the proof of the second part of the lemma, since X € D, by the reactiveness
condition a; # a; for all 1 <7 < m and 1 < j < m. Moreover, by definition of V), if
U € B (AY) and U # Uy U Uy for some Uy, Uy € Pyr(A)) of the form given in the
hypothesis, we obtain V(U, X) therefore equals 0. Supposing U, varies according to
the form given in the hypothesis, the term > V(U, X) therefore equals:

UhCU
> VU UUy, X) = > V(UL Xq) - V(U X3) from above
U2€Rnr(A5) U2€Rnr(AY)
= VU, Xy) - > V(Uy, X3) | rearranging
UQEBnr(AS)
= V(U X)) by Proposition [6.3.4
as required. O

Lemma 6.4.8 For allp,qe D?, XY € D, u € A} and U € B (A)) U {0}:

V(u,pllg)= > V(u,p) V(uz,q) and

uiNua=u

VUX[IY)= Y VU, X) - V(,Y).
UiNUa=U

Proof. The proof is by induction on deg(p || ¢) and deg(X || Y'). Similarly to the proof
of Lemma we can show that the lemma holds for any p,q € D? and X,Y € D,,
such that deg(p || ¢) =deg(X || Y') = 0. Suppose that the lemma holds for some n € IN
for any p,q € D? such that deg(p|¢) =n+ 1, and u € A}:

V(u,pll)= > V(u,p) V(us,q). (6.8)

u1Nuz=u

To complete the proof, consider any X,Y € D, such that deg(X ||Y) = n+ 1. By
definition of ||, X ||Y ={(a1, fillg1),---, (@m, f || gm)} for some m € IN such that:

X = {(al,f1), ey (am7fm)7 (bl, f1)7 ) (bm17 fm1)}

and
Y = {(alagl)v SR (amagm)7 (Clagl)v ey (szagmz)}
where my,mg € IN, b; # ¢; for all 1 <7 <my and 1 < j < my. By definition of V and
Definition [6.4.5t
VUX|Y) = Z VU, X)-V(Uy,Y)=0
UrN Us=U

for any U € B, (A}) not of the form {a Uy, ..., anUpy}.
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On the other hand if U is of the form {aUy,...,a,U,} then:

VX V) = {1 V(0 (o, fi 1))

= 11 ( X V(i (@, £i) - V(ws, <ai,g¢>>> by
= ﬁ < Z V(ai‘/;a (ai7 fz)) ' V(aim, (aia gl))) by Definition [6.4.5
=1 \a;ViNa;W;=a;U;
— > v (8 a;Vi, 8 (as, fx)) -V (Cj a; Wi, Cj (aiagi))
—  aVina;Wi=a,;U; =1 =1 i=1 =1
V1<i<m

_ 5 ( > vwo)-( > v<W,Y)) by Lemma BT
a;ViNa;W;=a;U; \Uj2,a;V;CV um aW;CW
V1<i<m

- > VIV, X)-VWY) by Definition [6.4.5]
VAW=U

O
Lemma 6.4.9 For all p,q € D and k € IN we have (p|| ¢)[k] = plk] || ¢[k].
Proposition 6.4.10 || is continuous and well-defined on (D, d,,).

The next semantic operator we introduce is restriction.

Definition 6.4.11 (Restriction) We extend the definition of the semantic operator
I by setting: X |B =®{p|B|p¢€ X} for any X € D,,.

We now investigate properties of this operator.

Lemma 6.4.12 Forallp e D}, X € D, u € A*, U € By, (A}) and B C A:

V(u,pI|B)= > V(',p) and V(u,X|B)= >  V{U, X).
' | B=u U1 B=U

Furthermore, for any k € IN: (p| B)[k] = p[k]| B.

Proposition 6.4.13 For all B C A, the map | B is continuous and well-defined on
(Do, do).

As for the case concerning P,, the final semantic operator we introduce is that of

relabelling.
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Definition 6.4.14 (Relabelling) For all \: A — A we extend Definition by
setting X [N\ = @{p[\] |p € X} for any X € D,,.

To show that the above operator is continuous and well-defined we need the following

lemma.

Lemma 6.4.15 For allp € DS, u € A, \: A — A and k € IN: V(u,p[A]) =
V(A (u),p) and (p[A)[k] = (p[k]) [A].

Proposition 6.4.16 For all \: A — A, [A] is continuous and well-defined on (D,,,d,,).

We can now define denotational metric semantics for RE; by extending the definition

of the semantic map D given earlier for RE,.

Definition 6.4.17 (Denotational Semantics) Let D,, : RBy — (Env — D), n €
IN, be the collection of maps defined inductively as follows. Put Dy[E] = {po} for
all E € RPy, and D,,.1 be defined inductively on the structure of elements of REy as

follows:

Doalz](p) = puii()
Dy[0](p) = {po}

Dpiifa. Yier wi-Eil(p) = {(a, @p, ({1, Du[Ei](p))ier))}
Don[E1UEs](p) = Duia[Er](p) © Duia[Ea](p)
Dpia[Er | E2](p) = Duia[Er](p) [| Drs1[E2](p)

Dy [ETBl(p) = Duui[E](p)| B
Dpi[EN](p) = Duta[E](p) [
(p)

]
Dualfiz, E)(p) = Dpur[E](p{Dnlfiz, E](p)/z}).
Furthermore, let D : REy — (Env — D) be the map defined as follows, for any E € RE;
put: DIE](p) = [(Dn[E](p))nen]~-

As before, to prove the well-definedness of the semantic map we must first demonstrate

the following results.

Lemma 6.4.18 For all E € G%, p € Env and k € IN: D1 [E](p)[k] = Dr[E](p)[k].
Lemma 6.4.19 For all E € RPy, F € PrY, p € Env and n € IN:

Du[E{F/x}](p)[n] = DulEJ(p{ DulF]/2})[n).

Furthermore, if E € G4 then:

Dot [E{F/a}(p)ln + 1] = Dus[E)(p{ Dul Fl/2}) [ + 1.
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Moreover, since we have added deterministic choice to our model, we also require the

following lemma.

Lemma 6.4.20 For all E € G4, p € Env and a € Act: a € init(E) if and only if
(a, fn) € Dpi1[E](p) for some f, € p(Dy,) for all n € IN.

Proof. The proof is by induction on the structure of £ € G¢ and follows from the

definition of init D,,; and the semantic operators on D,,,. O
Proposition 6.4.21 D is well-defined on the guarded expressions of RF;.

Proof. The proof follows similarly to the one of Proposition [6.2.21, with the fol-
lowing additional inductive step. If £ = E;[] E,, then by induction on E; and Ej,
Dy+1[Er](p) € D, and Dy 1[E2](p) € D,,. Furthermore, by Lemma and since
init(F;)Ninit(Ey) = 0 by construction of REy, we have that D1 [E1](p) UDk1[E2](p)
satisfies the reactiveness condition and hence Dy, 1[E](p) € D, by definition of Dy,
and &. O

6.4.1 Full Abstraction

To prove full abstraction we first require the following lemmas and definitions where

we remove the proofs if they are simple extensions of the corresponding proofs in

Subsection [6.2.1]

Lemma 6.4.22 For all E € Pr? and p € Env, O[E] = 0 if and only if D,[E](p) =
{po} for alln € IN and O[E] = {(a1,m1), ..., (am,7m)} if and only if D, 1[F](p) =
{(ar, £, ..., (am, f™)} for alln € IN such that for anyn € N, 1 <i<m andY € D:

Ln(Y)= > m(F).
FePrd &
D[F](p)[n]=Y

We next extend our mapping £ : A* — TP to Ay} — T¢ as follows: for any U =
{uy, ..., un} € Bnr(A}) put:

é(U) d:(if (5(“1)7 te 7€(um>>

Furthermore, we extend < to A} by letting: ¢ < u for all w € A} and aU < ' if
v = aU' for some U’ € B, (A5) U{0} such that for all & € U there exists 4’ € U’ such
that @ < @'. Then we have the following lemmas.

Lemma 6.4.23 The mapping & s bijective.
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Lemma 6.4.24 For all E € Pr? and p € Env, if O[E] = {(a1,71),-- -, (Gm; Tm)},

then D, 1[E](p) = {(a1, f}}), ..., (@m, f™)} for any n € N (by Lemma and for
any 1 <i<m, U € Py (Ay) U{0} and n € IN:

> V(u,(ai, fo[n])) = D(E)(E(u)).

uEA"+1

&aiUgu
Proof. Consider any FF € Pr? and p € Env, such that O[E] = {(a1,m1), ..., (am, ™m)}-
We prove the lemma by induction on n € IN and we ignore p for simplicity. If n = 0,
then by definition of AS, if U € B, (A3) U {0}, then U = {¢} and by Definition [6.4.5]
for any 1 <7 < m:

Y V(u,(ai, f0]]) = V(a{o}, (as fi[0]]).
ueAi1
&ai{()}<u
Now, by definition of V and D we have: V(a;{0}, (a;, fi[0])) = D(E)(a;.(L)) =1 and
since £(a;{0}) = a;.(L), the lemma holds for n = 0.
Now suppose the lemma holds for some n € IN and consider any F € Prd and U €

P (AT U {0}. Then either U = ¢, and since ¢ < U’ for all U’ € B,.(AFTH) U {o}:

> VU, Dpn[Fln+1]) = > VU, Dp[Fln+1])
U'€Rnr (A3 THU{0} U'€Rnr (AFTHU{0}
&()<U’

= > V(U Dpi[F][n+1]) by Proposition [6.3.8e)
U'€Rnr(ADU{0}

=1 by Proposition
= D(F)(1) by definition of P
= D(F)(&(0)) by definition of &,

or U = {byUy,...,b Uy} for some k € IN, such that b;U; € A7t for all 1 < i < k.
If {(by,7m1),..., (bg,m)} € O[F] for some {m,...m} C p(Pr), then Lemma [6.4.22
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entails (b;, f) € Dy41[F] for some f: € u(D,) for all 1 <i <k, and in this case:

> VU, Dpua[F][n+1])

U'€Rnr (A3 HU{0}
L U<U’

= > > VU, Dyu[F]n+1])| by definition of <
bUleAr ™t | U'€R,, (AFTHUL()}
& b;U; <b; U Uk b UICU
Vi<i<k
= > H V(U (by, f2)[n +1]) by Lemma [6.4.7]
biUleAntt =1
& b Uy <bi U
Vi<i<k
k .
= ]I > VUL (b, fL)n+ 1)) rearranging
= bureant
&bU;<b;U!
k
= II S V@, (b, f2)n+ 1)) by definition of <
i=1 u EA"+1
k
= [ID(F)(&b:Uy)) by induction
i=1
D(F)(E(balL), . .., E(bRUR))) by definition of D
D(F)(&U)) by definition of &.

On the other hand, if (b;,m;) & O[F] for some 1 < i < k and all m; € p(Pr?), then
(bi, f) € Dpia[F] for any f € p(D,,) by Lemma [6.4.22| and therefore:

Y. VWU, DpulF]n+1]) = D(F)(E(U)) =0

U'€Rnr (A3 HU{()}
&U<U’

by definition of D and V. Putting this together, we have:

>, V(U Duui[F][n +1]) = D(F)(£(V))

U'€Rnr (A3 THU{0}
&UU’

for all F € Pr and U € B, (A5 ) U {o}. Using the latter the remainder of the proof

follows similarly to Lemma [6.2.25| O
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Theorem 6.4.25 (Full Abstraction) For all E, F € G4
O[E] L O[F] if and only if D[E](p) = D[F](p) for all p € Env.

Proof. As for the purely probabilistic case, we only consider when E, F € Pr? (we
remove p for simplicity). First, consider any E, F € Pr? such that D[E] = D[F ]]
then using Lemma and Lemma we have d,(D,[E][n], D,[F][n]) =
for all n € IN. Furthermore, by Lemma and Lemma either D, 1[E] =
D,1[F] = {po}, in which case O[E] = (9[[ ] = 0 by Lemma [6.4.22] and hence
O[E] £ O[F], or

DBl ={(a1, £,).- - (am, £} and Doyt [F] = {(a1,g,),- -, (am, 97")}

for some m € IN, such that d,,((a;, f2)[n+1], (a;, g5)[n+1]) = 0 for all 1 <7 < m and
n € IN. In the latter case, again using Lemma we have:

O[E] = {(a1,m),...,(am, ™)} and O[F] = {(a1, 7)), ..., (am,7,)} (6.9)

such that m;, 7, € p(PrP) for all 1 <i < m. Now, by definition of d,, for any n € IN:

du((as, f3)In +1], (a5, g,,)[n +1]) = 0
= V(aU, (a;, f))[n+1]) = V(a;U, (a;, f)[n+1]) Ya,U € AL
Y Vi (an f)ln+1) = 2 V(u,(a,g))n+1]) VaU e AFH

ue AL ue ALt
&a;U<u & a;U<u

by Definition |6.4.5
= D(E)(&(a;U)) = D(F)(&(a;U)) Va,U € AT by Lemma

and since this was for any n € IN and 1 < i < m we have:
D(E)(&(a;U)) =D(F)(&(a;U)) Va,U € A and 1 <i < m.

Now considering any u € A} not of the form a;U for some 1 < ¢ < m, then either
u = (), and hence D(F)(&(u)) = D(F)(&{(u)) = 1 by definition of D since {(u) = L, or
u is of the form aU where a & {ay,...,a,}. In the latter case, we have D(E)({(u)) =
D(F)(¢(u)) = 0 by definition of £, D and using (6.9). Putting the above together we
have:
D(E)(&(u)) = D(F)(&(u)) Yu e Ay = D(E)(t) =D(t) Vt € T by Lemma [6.4.23
= O[E]LO[F] by definition

as required.
The reverse direction follows a similar argument to the proof of Theorem [6.2.26
using the definition of the Hausdorff distance and Lemma |6.4.24] O
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6.5 A Metric for Non-deterministic Probabilistic

Processes

Similarly to the deterministic case, to add internal choice it is necessary to use sets
of elements of P. We proceed with the construction involving sets of P to give a
denotational semantics for non-deterministic probabilistic processes, as an alternative
to deterministic probabilistic processes, by introducing finite non-deterministic proba-
bilistic processes as follows. We note that certain proofs below follow similar arguments

to the relevant proofs for P and D, and we therefore omit these.

Definition 6.5.1 (Finite non-deterministic probabilistic processes) Let N,

n € IN, be a collection of carrier sets defined inductively by

No={{po}} and Nux = Ba({po} U (A x u(N,)))

where A is a set of actions. Furthermore, let N, = U, N,, denote non-deterministic

probabilistic processes of bounded depth.

The difference between the above definition and the corresponding definition for the
deterministic case results from the fact that non-deterministic probabilistic processes
are able to perform two distinct transitions of the same action type, whereas deter-
ministic probabilistic processes cannot. For this reason, we remove the reactiveness
condition from the powerset operator to allow transitions of this type to occur. A fur-
ther change is in where py (the inactive process) appears in the two definitions. This
difference again arises from the difference between external and internal choice, since
in the process calculus RP we have the following absorption law E[]0 = E, whereas
ET10 # 0; the result of this is that when we model non-deterministic probabilistic
processes, we must allow processes of the form {(a, f), po}, whereas, when considering
deterministic probabilistic processes, {(a, f),po} can be represented as {(a, f)}.
Following the construction of P, the next step is to introduce the set of “trees”
which processes can perform and then define a map V which calculates the probability
of processes performing these trees. Following this we will then define a pseudo-metric
over processes using the map V. However, as we are considering processes which
exhibit non-deterministic behaviour, we are unable to calculate the exact probability
of processes performing trees. This is similar to our construction of the ordering C"
over non-deterministic probabilistic transition systems. To overcome this, instead of
the map V taking values in [0, 1], we will let V take values in the set of closed intervals
(subsets) of [0,1], that is, the set Z (see Definition [3.3.11]), and use our metric dz on
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T (see Definition [3.3.13)) to formulate a pseudo-metric over finite non-deterministic
probabilistic processes. Recall that for any [a, ], [c,d] € Z:

dz([a,b], [¢,d]) = max{|a — c|,|b— d|}.

Intuitively, for any process and tree, the probability of the process performing the tree
will always lie inside the interval given by the map V.

As the above will lead to a more complex model than in the cases for P and D,
instead of considering closed trees, we will only work with the set of open trees, by

removing () from the definition below. This is to simplify the formalism.

Definition 6.5.2 Let A7y, n € IN, be the sets inductively defined as follows. Put:
Ay =A and AMT' = (A X B (AZ)) U A
Furthermore, let A%y = U, A},.

As described above, we now introduce the map V from the set of trees Ay, and N,

to Z, where summation, multiplication and union take the meaning given in Defini-

tion B.3.111

Definition 6.5.3 Let V : (A%, x N,) — Z be the mapping defined inductively on A4
as follows. For allp € N5, a € A and V' € P, (ALy) put:

w?

[17 1] ifp= (au f) for some f € M(Nw>
[0,0] otherwise.

V(a,p) = {

and

X fY)-V(V.Y) ifp=(a,f) for some f € p(N,)
V(aV.p) = ( Yelo
[0, 0] otherwise

where for all X € N, put:

VIV, X)=TI V(v,X) and V(aV,X)= ] V(aV,p).

veV peX

We now introduce an important lemma concerning the above definition.
Lemma 6.5.4 For all X € N, and v € A%y V(v, X) C [0,1].

Proof. The proof is by induction on v € A?;. If n = 0 then v = a and the lemma
holds by definition of V.
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Now suppose the lemma holds for n € IN and consider any X € N, and V' €
Prnr(A%y), then by definition of V and induction:
V(V,X) =11 V(v,X) € I1[0,1] = [0, 1]. (6.10)

veV veV

Next consider any p € N2 and v € A"{1\ A", then v = aV for some a € A and

V € B (Aly) and either p # (a, f) for all f € pu(N,), or there exists f € u(N,,) such
that p = (a, f). In the first case by definition of V, V(aV,p) = [0,0], whereas in the

second case:

V(aV,p) = YGZN fY)-vvy) by definition of V
c =)o) by
C > f(Y)-0, > f(Y)-1| by Definition
YEN, YEN,
= [0,1] since f € p(N,).

Finally, for any X € N,,, by definition of V:

V(U,X) = |_| V(U7p>
peX
C u|o,1] from above
peX
= 10,1] by Definition [3.3.11
as required. O

We are now ready to introduce our pseudo-metric over non-deterministic proba-
bilistic processes. As in the previous models, the intuitive understanding behind the
pseudo-metric is that the distance between any processes X and Y should correspond
to the differences or similarities between X and Y. Using the map V and the metric
dz, a candidate value corresponding to the difference in the probabilities of X and YV
performing the tree v, is the value of dz(V(v, X),V(v,Y)). In previous models, we

then took the sum over all trees, that is, in this case over all v € A¥,, giving:
d,(X7 Y) = Z dI(V(U7 X): V(U7 Y))

veAr,

as our candidate for a pseudo-metric over non-deterministic probabilistic processes.
This was a suitable definition in the cases before, as the sum over all trees of the

probability of trees being performed was 1. However, due to the difference between
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non-deterministic probabilistic processes and the processes considered so far, this result
will not hold in this case and, in fact, the value of d'(X,Y’) above will be unbounded
(even if we were to replace Af, by a set of closed trees, that is, introduce () into the
definition of A},). To prevent our pseudo-metric from being unbounded, we calculate
the maximum difference in the probabilities of processes performing trees. Formally,

we define the following pseudo-metric over non-deterministic probabilistic processes.

Proposition 6.5.5 N, (and N, for any n € IN) is a pseudo-metric space with respect

to the pseudo-metric:

dV<X7 Y) = rggz( dI(V(U7X)7V(U7Y>>‘

Furthermore, 0 < dy(X,Y) <1 for all XY € N,,.

Proof. (M1’) For all X,Y € N, dy(X,Y) > 0 and dy(X, X) = 0 follows by definition
of dy and since dz is a metric on Z.
(M2) For all X, Y € N, the expressions dy(X,Y) and dy(Y, X) are equal by definition
of dy and since dz is a metric on Z.
(M3) Consider any X, Y and Z € N,, and v € A%, then since dr is a metric (see

Proposition [3.3.14)) we get:

dz(V(v, X),V(v, Z))

IA

dr(V(v, X),V(v,Y)) +dz(V(v,Y),V(v, Z))
g}i dz(V(v, X),V(v,Y)) + gﬂﬁ dz(V(v,Y),V(v, Z))

IN

dy(X,Y)+dy(Y,Z) by definition of dy.

Since v € A}, was arbitrary, we have dy(X,Z) < dy(X,Y) + dy(Y, Z) by taking the
maximum over all v € A%, as required.

To show that dy, is only a pseudo-metric we can use the processes in Figure [6.4] given
in the proof of Proposition [6.1.16]

Finally, 0 < dy(X,Y) < 1 for all X, Y € N, follows by (M1’), Lemma and the
property of the metric dz given by Lemma |3.3.15 O

If we were to follow our construction of the pseudo-metric over D, we would instead
construct the pseudo-metric dy, over the singleton elements of N, that is, over {py} U
(A x u(N,)), and then employ the Hausdorff distance of this pseudo-metric over N,,.
However, if we took this approach we would have defined a pseudo-metric with respect
to which processes with equivalent operational behaviour have a non-zero distance. To

illustrate this we return to the processes in Figure 4.9 namely:
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Then, as discussed earlier, these processes have equivalent observable behaviour. If

we consider their denotations in N,,, then F; and Fyg will be represented by the sets:
{(a, f12), (a, f34)} and {(a, f13), (a, f2.4) } respectively, where for any Y € N,:

Lty ={ dk ]
fi,j(Y) _ 2 1 {( k?”{po})} an € {Z7j}
0 otherwise.

Then by simple calculations we have dy((a, f;;), (a, fx;)) # 0 for any {4, j} # {k,(},
and hence by definition of the Hausdorff distance, the distance between the denotations
of F; and Fy will be non-zero.

We now investigate the properties of the pseudo-metric dy,. Firstly, we need to check
that the properties of our pseudo-metric defined for simple probabilistic processes still
hold. We therefore return to the example which distinguishes between our pseudo-
metric and the classical ultra-metric construction given in Figure [6.2] Calculating the

non-zero values of V for p/, and v € A}, we have:

v a’ aa a’ab a'ac

V.p) [[LY ][] -2 1 -2 [ 27|

and by definition of dy, we have dy(p),,p),) = |27 —27™] for any m,n € IN, and hence
the pseudo-metric dy keeps the properties of ds while at the same time extending it
to non-deterministic probabilistic processes.

Similarly to the earlier construction, to model recursive processes we introduce
the definition of truncations which corresponds to the definition for D. Moreover, as

before, the following proposition holds.
Proposition 6.5.6 For all X,Y € N, and k,m € IN:

a) if X € Ny, then X[k| € Ny, when k < m and X[k]| = X otherwise.
b) (X[m])[k] = X[min{m, k}].
c) X[m]=Y][m]if and only if X[k] = Y[k| for allk < m.

(
(
(
(d) dv(X[k],Y[k]) < dv(X.Y).
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The proofs follow similarly to the case concerning simple probabilistic processes and

using the following lemma to prove part (d).
Lemma 6.5.7 For all X € N, v € A%, and k € IN: V(v, X[0]) = [0,0] and

V(v,X) ifve Ak,

V(v, X[k + 1)) = { [0,0]  otherwise.

Proof. The first part of the lemma follows by definition of V and since X |[0] = {po}
for all X € N,,.

We now prove the second part of the lemma by induction on k£ € IN. Firstly
consider any p € N? and v € A%;. Then v = a for some a € A and by definition of V:

[1,1] if (a, f) € p for some f € p(N,)

0,0] otherwise

V(a,p) = {

1, 1] if 1] f N,
_ L 1] if (e, fl0]) € pli] for some € p(No) p 5y 6 iion BT
[0,0] otherwise
= V(a,p[1]) by definition of V
and therefore, by definition of truncations and V for any X € N_:
Ve, X) = U V(a,p)
peX
= | V(a,p[l]) from above
peX

= V(a, X[1]) by definition of truncations and V.
On the other hand, if v ¢ AY,, then v = aV for some a € A and V € B, (A%,) and in

this case:

{ Y f0](Y)-V(V,Y) if (a, f]0]) € p[1] for some f € pu(N,,)
V(aV,p[l]) = { ves(o)
[0, 0] otherwise

_ ) 1-V(V.po) if (a, f[0]) € p[1] for some f € pu(N.)
B [0, 0] otherwise

by Proposition [6.5.6(a)
B 1-10,0] if (a, f[0]) € p[1] for some f € u(N,)
- [0,0] otherwise

by the first part of the lemma

= [0,0].
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Then, similarly to the first case and using the above, for any X € N, we have:

V(U7X[1]) = U [O’ O]

peX

= 10,0] by Definition [3.3.11

and since this was for any X € N, hence the lemma holds for n = 0.
Now suppose the lemma holds for any k£ € IN and consider any V' € B, (ALy), if
V € Bur(Afg):

VIV, X[k+1]) = HVV(U,X[k+1])
ve
= II V(v,X) by induction
veV
= V(V,X) by definition of V.

On the other hand, if V' & B, (A*,) then there exists © € V such that o ¢ A%, and
in this case:

VIV, X[k+1]) = HVV(U,X[k+1])
ve
= V(,X[k+1])- < M1 Vv, X[k+ 1])) rearranging
veV\{o}
= [0,0]- < M Vv, Xk+ 1])) by induction
veV\{5}
= 1[0,0] by Definition [3.3.11]

Next, consider any v € Af,;. Then if v = a for some a € Act the proof follows
similarly to the case when & = 0. On the other hand, if v = aV for some a € A and
V € Bnr(Afy), then for any p € X, either p # (a, f) for any f € pu(V,), and hence by
definition of V: V(aV, plk +2]) = V(aV,p) = [0,0], or p = (a, f) for some f € p(N,),
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and in this case since plk + 2] = (a, f[k + 1]) we obtain:
V(aViplk+2)= > f(Y) V(VY)

ves(f[k+1])
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= > fY)- V@V, Y[k+1]) by definition of truncations

Yes(f)

> ) V(VY) iV € B (Af)

_ ves(f) . from above
> f(Y)-1]0,0] otherwise
Yes(f)
> ) V(YY) itV € B (Af)
= Yes(f) rearranging
[0, 0] otherwise

V(aV,p) if aV € A%T?
[0,0]  otherwise

by definition of A1,

Using the above the remainder of the proof follows similarly to the case for k =0. O

The above lemma also leads to the following connection between truncations and

our pseudo-metric dy.

Proposition 6.5.8 For all X,Y € N, and k € IN:

dy( X[k + 1], Y[k + 1]) = max dz(V(v, X), V(v,Y)).

veAk,
Proof. Consider any X,Y € N, and v € A},;. By Lemma|6.5.7}
dz(V(v, X[k +1]), V(v, Y[k + 1]))
dz(V(v, X),V(v,Y)) ifve AF,
dz([0,0],[0,0]) otherwise

d X Y if Ak
_ ] GV X)VY) dfveda o h g ition B33
0 otherwise

Therefore, dy(X[k + 1], Y[k + 1]) equals:

= max dz(V(v, X[k +1]),V(v,Y [k +1])) by definition of dy,

veAY,
= max{mix dz(V(v, X),V(v,Y)), 0} by (6.11)
vE ﬁd
= max dz(V(v, X),V(v,Y)) by Lemma [3.3.15

vEA’€

(6.11)
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as required. a

As in the case of our pseudo-metric for simple probabilistic processes P, we combine
both the pseudo-metric dy, and truncations to formulate a pseudo-metric for non-

deterministic processes.

Definition 6.5.9 For all X,Y € N,, we define d, : N, x N, — [0,1] as follows:
do(X,Y) =" 27Fdy(X[k], Y[k]).
k=1

Proposition 6.5.10 (N, d,) (and (N,,d,) for anyn € IN) is a pseudo-metric space.
Furthermore, 0 < d,(X,Y) <1 for all X, Y € N,,.

We now continue applying the standard completion techniques (see Theorem|3.3.7)),

to construct the metric space of non-deterministic probabilistic processes.
Definition 6.5.11 Let (N,d) be the completion of (N,,d,,).
Before we give denotation semantics to RPF,q, we introduce the following lemmas.

Lemma 6.5.12 For all X € N, (X[n]), is a Cauchy sequence.

Lemma 6.5.13 If (X,))en is a sequence in N, such that X, .1[n] = X,[n| for all
n € IN, then (X, new is Cauchy and X,,[n] = X,[n| for allm >n € IN. Furthermore,

if (qn)new is a sequence in N, such that Y, 1[n| = Y, [n] for alln € IN and (X,)new ~
(Yo)new, then d,(X,[n],Y,[n]) =0 for alln € IN.

Lemma 6.5.14 If (X,)en and (Y, )new are Cauchy sequence and (X, )new 7% (Yn)nen,
then there exists n € IN such that X, [n] # Y,[n].

6.6 Denotational Semantics for RBE4

As for the cases concerning P and D, we now introduce the semantic operators on N.

We first introduce the semantic operator for internal choice.

Definition 6.6.1 (Internal Choice Operator) For any X,Y € N, let X UY be

set theoretic union.
Lemma 6.6.2 For all X,Y € N, and k € IN: (X UY)[k] = X[k] UYk].

Proposition 6.6.3 U is continuous and well-defined on (N, d,,).
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Proof. Consider any X,Y,Z € N, v € A, and k € IN. Then Lemma [6.6.2] entails:

dz(V(v, (X U Z)[k]), V(v, (Y U Z)[K]))

(]
= dz(V(v, X[k]) UV(v, Z[k]),V(v,Y[k]) UV(v, Z[k])) by definition of V
< dr(V(v, X[k]),V(v,Y[k])) by Proposition [3.3.16{i)
< maxyea;, dr(V(v, X[k]), V(v, Y[k]))
= dy(X,Y) by definition.

Since this was for arbitrary v € A% g:
dy((X U Z)[K], (Y U Z)[k]) < dy(X[K], Y[K])

follows by definition of dy. Furthermore, since this was for any k£ € IN, we have:
d,( XU Z Y UZ) < d,(X,Y) by definition of d. The rest of the lemma follows

similarly to the deterministic case. O

For the remaining semantic operators have definitions equivalent to the deterministic
case with & replaced by U. We now turn our attention to the semantic operator for
synchronous parallel. To show this operator is well-defined and continuous we first

require the following lemmas.
Lemma 6.6.4 For all X,Y € N, andv € AZ;: V0, X ||Y)=V(v,X)-V(v,Y).

Proof. The proof is by induction on v € A%. If v € A, then v = a for some a € Act
and the lemma follows by definition of V and the semantic operator || .

Now suppose the lemma holds for any n € IN and consider any X,Y € N, and
V' € B (Aly), then by definition of V:

VVXIY) = IV X]Y)
= II V(v,X) V(v,Y)) by induction

veV

= (H V(U,X)> . (H V(v,X)) rearranging

veV veV

= V(V,X) - V(V,Y) by definition of V.

Next consider any p,q € N2 and v € A"\ A", then v = aV for some a € A. Now

if p|lq = (a, h) for some h € u(N,), then h = f| g where p = (a, f) and ¢ = (a, g), in
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which case:

V(aVipllg) = oy (fl9)(2)-V(V.Z)
= XH;EN (F(X)-9(V)) - V(V, X ||Y) by definition of ||
= x&:@v (f(X)-9(V)) - (V(V, X) - V(V,Y)) by induction

X€eN,, YeN,

_ ( 5 f(X)~V(V,X)>~< > g(Y)-V(V,Y)) rearranging

= V(dV,p) - V(aV,q) by definition of V.

On the other hand, if p||q # (a, f) for any f € u(N,), without loss of generality we
can suppose p # (a, f) for any f € u(N,). By definition of V we therefore obtain:

V(aV.pllq) = [0,0] = [0,0] - V(aV, q) = V(aV,p) - V(aV, q).
Finally for any X,Y € N, and v € A%

Vi, X||Y) = WV(v,r)|reX|Y} by definition of V
= UWV(,pllg|lpe X &qeY} by definition of ||
= UW{V(v,p) - V(v,q)|pe X &qeY} from above
= ( Upex V(v,p)) . ( Ugey V(v, q)) rearranging
= V(u,X) -V(,Y) by definition of V.

Hence, we have proved the lemma by induction on v € A7;. O
Lemma 6.6.5 For all X,Y € N, and k € IN: (X ||Y)[k] = X[k] || Y[E].
Proposition 6.6.6 || is continuous and well-defined on (N,,d,,).

Proof. Consider any X, Y and Z € N, k € N and v € A},. By Lemma [6.6.5}

), V(v, (Y || 2)[K]))
kI ZKD, V(o, YIE] | Z[K]))
k)) - V(v, Z[k]),V(v,Y[k]) - V(v, Z[k])) by Lemma[6.6.4]
] ) by Proposition [3.3.16/4)

dz(V(v, (XHZ)Uf]
= ( (U’ [
dz(V(v, X[ v

dz(V(v, X[k]), V(v,Y[k])
maxyea+ dz(V(v, X[k]), V(v, Y[k]))
= dy(X,Y) by definition of dy,

IAINA
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Then since this was for any v € A*; and k£ € IN, similarly to proving that U was
continuous, || is continuous. The fact that || is well-defined follows similarly to
Proposition [6.2.5 0

Next we consider the operator for restriction, for which we require the following lemma

before we can verify that this operator is well-defined.
Lemma 6.6.7 Forall X € N,, ve A}y and B C A:

V(v X 1 B) = 0,0] ifaEU'forsome a€ A\ B
V(v,X) otherwise.
Moreover, for any k € IN: (X | B)[k] = X[k] | B.
Proposition 6.6.8 For all B C A, | B is continuous and well-defined on (N, d,,).

Proof. Consider any X,Y € N,,, v € A%y, k € N and B C A. Using Lemma [6.6.7] we

infer:

dz(V(v, (X I B)[K]), V(v, (Y | B)[K]))
= dz(V(v, X[K][ B), V(v, Y[K] | B))

_ { dr(V(v, X[k]),V(v,Y[k])) ifac€ V for some a ¢ B by Lemma [f67
0 otherwise.
< dr(V(v, X[k]), V(v,Y[k])) rearranging
< max dz(V(v, X[k]), V(v, Y[k])
= dy(X,Y) by definition of dy.

Since this was for any V' € A%, and k € IN, we have that [ is continuous as required.
It follows that [ is well-defined by an argument similar to Theorem m O

Finally, we consider relabelling.

Lemma 6.6.9 For all X € N,, v € A%j, \: A — A and k € IN: V(v, X [)\]) =
V(AT (v), X) and (X [A])[k] = (X[k]) [A].

Proposition 6.6.10 Forall \: A — A, [A] is continuous and well-defined on (N, d,,).

Proof. The proof follows from Lemma above and a similar proof for the deter-

ministic case. O

Using the above semantic operators we can now define denotational metric semantics

for the expressions of our process calculus RB,q.
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Definition 6.6.11 (Denotational Semantics) Let D,, : RBq — (Env — N,), n €
IN, be the collection of maps defined inductively as follows. Put Do[E] = {po} for all
E € RByg, and D, 1 be defined inductively on the structure of elements of RByq as

follows:
Dpa[zl(p) = pusi(z)
Dnia1[0](p) = {po}
Dni[Eier an-Ei](p) = {(a, P, (i, DulEil (p))icr))}
Dpi[EA M ES](p) = Dusa[E1](p) U Dy [E:](p)
Duni[Er || E2](p) = Dyps1[E1](p) || Dusa[E2](p)
Dui[ETBl(p) = Dun[El(p) B
Duni[E[N](p) = Dusa[E](p) [A
Dyilfiz, El(p) = DnrilEN(p{Dulfiz,.E](p)/x})
Furthermore, let D : RBq — (Env — N) be the map defined as follows, for any

E € RBy put: D[E](p) = (DulE}(p))nen]-~-

To prove the well-definedness of this semantic map, we first need to reach the following

technical lemma, similarly to the cases before.

Lemma 6.6.12 For all E € G*, p € Env and k € IN: D1 [E](p)[k] = De[E](p)[k].

Lemma 6.6.13 For any E € RPy, F € Pr", p € Env and n € IN:

Du[E{F/x}](p)[n] = DulEJ(p{ DulF]/2})[n].

Furthermore, if E € G* then:

D s [EAF/2})(p)n + 1] = Dus [ENp{ Du[F] /a}) 0 + 1]

Proposition 6.6.14 D is well-defined on the guarded expressions of RP.q.

6.6.1 Full Abstraction

To show that the above denotational model is fully abstract with respect to our equiv-

alence ¢ we first require the following lemmas and definition.

Lemma 6.6.15 For all E € Pr™, p € Env and s € (Act x p(Pr™?)) U {0}, we have
O[E] — s if and only if p.1 € Duia[E](p) for all n € IN such that if s = 0, then
Py = Do, and if s = (a,m), then p5 .| = (a, [), where for any Y € P:

fln]Y) = > w(F).
FePrhdg
D[F](p)[n]=Y
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Definition 6.6.16 Let ¢ : A%y — T\ {( L)} be the following map between trees and
tests defined inductively as follows: p(a) = (a.(L)) and p(aV) = (a.p(V)]), where

({1, om}) = (p(01), - o(vm)).

Lemma 6.6.17 The map ¢ is bijective.

Lemma 6.6.18 For all E € Pr™, p € Env, v € A%, and n € IN:

V(0, Dnia[E](p)[n + 1]) = [New (E) (2(v)), Nuuw (E) (0 (0))]-

Proof. The proof is by induction on n € IN. If v € A%, then v = a for some a € IN
and by definition ¢(a) = (a.(L]))). Considering any s € (Act x p(Pr"?)) U {L}:
1 if s = (a,7) for some 7 € p(Pr™?)

) (6.12)
0 otherwise

Nuo (5)(@0.LD) = Ny () (0.0 L)) = {

by definition of Ny, and N,,. For any s € (Act x u(Pr™®)) U {#} using the notation
of Lemma [6.6.15 above we have:

V(v,pi[1)) [1,1] if p! = (a, foy) for some fy € pu(N,,)
v, -
m [0,0] otherwise
1.1 if s = f P nd
- { [1,1] if s = (a,n) for some 7 € p(Pr") by Lomma F6T5

[0,0] otherwise

= [Naw(s)(a.( L)), Nuus(s)(a-(L])] by (6.12).  (6.13)
Then for any F € Pr*¢:
V(v, D1[E][1]) = U{V(v,pi[1]) | O[E] — s} by Lemma [6.6.15
= :OﬁrEliIiSV(v,pﬂl]), Or[[%?is)/(v,pﬂl])} by Definition [3.3.11

= | min Ngy(s)(a.(L]), max Nlub(s)(a.(]J_D)] by (6.13)

O[] s O[E] =5
= [N (E)((a-(LDD); Nun(E)((a-(LD))] by definition of N,
= [Nglb(E) (SO(G/)); Nlub(E)(QO(CL))] by definition of %)

and thus the lemma holds for n = 0.
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Now suppose the lemma holds for some n € IN and consider any V' = {vy,...,v,,} €
Pror(A%y). Then:

V(V,Dpir[E][n+1]) = ﬁ V(vi, Dps1[E][n +1]) by definition of V

- iﬁl[Nglb(E)(‘P(Ui))a Niub (E) (¢ (vi))] by induction
= fll New (E) (0 (v1)), Zﬁl Nuww(E)(¢(v:))| by Definition B.3.11
N (E)(0(V)), Nouw (E) (0(V))] by definition of ¢.

Next consider any v € A”'. Then either v = a for some a € A in which case the
result follows similarly to the case when n = 0, or v = aV for some a € Act and
V € Br(A%). In the second case, for any £ € Pr*? and s € (Act x u(Pr™)) U {0}
such that O[E] — s we have the following two possibilities:

1. s # (a,m) for any 7 € p(Pr"?), and hence by definition of N,, V, ¢ and
Lemma [6.6.15)

V(aV,p;aln+2]) = [0,0] by definition of V
= [Naw(s)(a.©(V)),Nuw(s)(a.(V))] by definition of N,
= [Naw(s)((aV)),Nws(s)(o(aV))] by definition of (.

2. 5 = (a,m) for some m € p(Pr"%), in which case using Lemma [6.6.15 p3_ ., =
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(a, fnt1) € D[E], and therefore V(aV, ps[n + 2]) equals:

= Y fann+1Y)-VVY) by definition of V
YEN,
= > > w(E)|-V(VY) by Lemma [6.6.15
YeNo | Feprmig
DIF][n+1]=Y
= Y 7w(F)-VV,D[F]n+1]) rearranging
Feprnd

= X () Naw(F)((V)), Nuaw(F) ((V))] from above

Feprrd

= X 7w(F) - Naw(F)(0(V)), X w(F) - Nuw(F)(0(V))

FEPrnd FEPrnd
by Definition [3.3.11
= [Ngw(s)(a.©(V)), Nuus(5)(a.(V))] by definition of N,
= [Nglb(3)<90<av))a Nlub<3) (SO(CLV>>] by definition of ©.
The remainder of the proof follows as for the case when n = 0. O

Theorem 6.6.19 For all E, F € G
O[E] X O[F] if and only if D[E](p) = D[F](p) for all p € Env.

Proof. As before, we only prove the case for E, F € Pr" removing p for simplicity.
First, consider any E, F € Pr™ such that D[E] = D[F]. Then using Lemma
and Lemma we have d,(D,[E][n|, D,[F][n]) = 0 for all n € IN, and hence by
definition of d and dy:

V(v, Dy [E][n + 1)) — V(v, Dyt [Fln +1])] = 0 Yo € AT & ne N
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= VW, Dp1[E]n+1]) =V, D [F]n +1]) Yo € A% &neN
= N (E)(0(v)) = Nau () (0(v)) & Niw (E) (0(v)) = N (F) ((v)) Yo € Ay
by Lemma and
definition of A},
= Nao(E)(t) = Ngip (F) (t) & Niuo (E)(t) = Niwo (F)(t) V¢ € T\ (L)
by Lemma [6.6.17]
= Ngw(E)(t) = Nei(F) () & N (E)(t) = N (F)(2) VYt € T
by definition of N, and Ny,
= O[E]™O[F] by definition of *
as required.
On the other hand, if E, F € Pr* and O[E] "¢ O[F], then by definition of "¢ and
Lemma for any n € IN:

glb( )(p(v)) = Nun(E)(¢(v)) and N (F)(¢(v)) = Nuws (F) (0(v)) Vo € Ay
VYV, Dpia[E][n + 1]) = V(v, Dpsr[F]n + 1)) Yv € A?; by Lemma[6.6.18
V(

[F]n+
0, D1 [E][n+ 1)) = V(v, Dy [F] [n +1]) Yv € A%, by Lemma[6.5.7]
= dv(Dn+1 [E][n+ 1], Dpa[F][n + 1]) = by definition of dy

and substituting this into the definition of d,, we have:

Pl ELDulF]) < 5, 2D [EIH, Do [FIIR)
< § 27% by Proposition [6.5.5]
k=n+2

= 270D rearranging
Then, since this was for arbitrary n € IN, by definition of d we have:

d(D[E], D[F]) < lim 27" = 0.

n—oo

and thus, D[E] = D[F] since d is a metric. 0

6.7 A Metric for Reactive Probabilistic Processes

In this section, we outline the construction of a metric space for reactive probabilis-
tic processes, based on our previous constructions, where we remove the proofs when
they are simple extensions of the cases discussed earlier. First, we combine the defini-
tions of finite deterministic and non-deterministic probabilistic processes (D,, and N,

respectively) to form the set of finite reactive probabilistic processes as follows.
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Definition 6.7.1 (Finite reactive probabilistic processes) Let R,, n € IN, be a

collection of carrier sets defined inductively by:

Ro = {{po}} and Rusr =P ({{po}} U Bur(A x u(Ry))).
Furthermore, let R, = U, R, denote reactive probabilistic processes of bounded depth.

To ease the notation, we let X,Y ... range over R,,, x,y ... range over the elements
of X € R,, that is, over {{po}} U Pnr(A x u(R,)), and p, ¢ range over the elements
of x € X € R, that is, the elements of the form py or (a, f) for some a € A and

fen(Ry).

We next introduce the set of (open) trees reactive probabilistic processes can per-
form, and then using this definition extend the map V to this setting. We note that
since the processes exhibit internal choices the map V takes values in the set of closed

intervals Z, as for the case concerning N,,,.

Definition 6.7.2 Let A?, n € IN, be the sets inductively defined as follows. Put:
A = Bl A) and A = B (A X Bur(AZ) U A)

Furthermore, let AY = U, A}

Definition 6.7.3 Let V : (Af x R,) — T be the mapping defined inductively on A? as
follows. For all x € {{po}} U Bnr(A X u(R,)), a € A, V € AT and V € B (A7) put:

[1,1] if(a, f) € x for some f € u(R,)

[0,0] otherwise

Y% fY)-V(V,Y) if(a, f) €x for some f € u(R,)
) [0,0] otherwise

V(a,z) = {
V(aV,z) =

V(v,z) = I V(.2

veV

and furthermore, for all X € R, put:

VIV, X)= 1 V(V,X) and V(V,X) = || V(V,z).

Vev zeX

As for the non-deterministic case, the following lemma holds concerning the map V.
Lemma 6.7.4 Forall X € R, and V € A% V(V,X) C[0,1].

Then, for reasons similar to the non-deterministic case, we define our pseudo-metric

over reactive probabilistic processes based on the metric dz as follows.
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Proposition 6.7.5 R, (and R, for anyn € IN) is a pseudo-metric space with respect

to the pseudo-metric:

Furthermore, 0 < dy(X,Y) <1 for all X,Y € R,,.

As before, to model recursive processes we introduce the definition of truncations, for

which the proposition below holds.

Definition 6.7.6 For all f € u(R,), truncations are defined as in Definition |6.1.11
with the additional case that for all X € R,,, X|n| = {z[n] |z € X}, and for allx € X,

[n] = {pln]|p € x}.

Proposition 6.7.7 For all X,Y € R, and k,m € IN:

(a) if X € Ry, then X[k| € Ry when k < m and X[k] = X otherwise.
4 (X[m])[k] = X [min{m, k}].

(¢) X[m]=Y[m]if and only if X[k] = Y[k| for all k < m.

(d) dy(X[k], Y[K]) < dy(X,Y).

The proofs of (a), (b) and (¢) follow similarly to the case concerning simple probabilistic

processes and the proof of (d) follows from the lemma below.
Lemma 6.7.8 For all X € R,, V € Af and k € IN: V(V, X[0]) = [0,0] and

V(V,X) if Ve Ak

V(V, X[k +1]) = { [0,0]  otherwise.

Following our construction, we next combine our pseudo-metric dy, with truncations

to reach the following pseudo-metric over reactive processes.

Definition 6.7.9 For all X,Y € R, we define d, : R, X R, — [0,1] as follows:
9(X,Y) = 3 2y (XK, YIH).
k=1

Proposition 6.7.10 (R,,d,) (and (R,,d,) for anyn € IN) is a pseudo-metric space.
Furthermore, 0 < d,(X,Y) <1 for all X,Y € R,,.

To construct denotational semantics for RP, we first construct the metric space of

reactive probabilistic processes as the completion of the metric space (R, d,,).
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Definition 6.7.11 Let (R,d) be the completion of (R,,d,,).

Before we introduce denotational semantics for RP, we first require the following tech-

nical lemmas.

Lemma 6.7.12 For all X € R, (X|n|), is a Cauchy sequence.

Lemma 6.7.13 If (X,)nen is a sequence in R, such that X, 1[n] = X,[n| for all
n € IN, then (X, )new is Cauchy and X,,[n] = X,[n| for allm >n € IN. Furthermore,
if {(qn)new 18 a sequence in R, such that Y, 1[n] = Y, [n] for alln € IN and (X,)peN ~
(Yo)new, then d,(X,[n],Y,[n]) =0 for alln € IN.

Lemma 6.7.14 If (X,))pen and (V) new are Cauchy sequence and (X, )new 7% (Yn)nen,
then there exists n € IN such that X, [n] # Y, [n].

6.8 Denotational Semantics for RP

Similarly to the cases before we can introduce the definition of the degree of a process
and then define semantic operators on reactive processes by induction on their degree.
We note that the definitions and proofs concerning semantic operators are omitted

when they are the expected extensions.

Definition 6.8.1 For any X,Y € R, let X UY be set-theoretic union.

Lemma 6.8.2 For all X,Y € R, and k € N: (X UY)[k] = X[k] UY[K].

Proposition 6.8.3 U is continuous and well-defined on (R,,d,,).

We next introduce the semantic operator for external choice.

Definition 6.8.4 (External Choice Operator) For any X,Y € R, let
XOY =A{z]z€ezly, r€ X andy €Y}

where {po} U{po} = {{po}}, and if x,y € Bur(A x p(R.,)) put {po} Uz = zU{po} =
{z} and x0y to be the set of mazimal reactive subsets of x Uy.

Lemma 6.8.5 For all XY € R, and V € A}:

YV, XOY)= || V(i X)-V(VhY)

Viuve=V
& ViNVa=0(

where Vi, Vo € A* U{0} and V(0, Z) = [1,1] for any Z € R,,.
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Proof. Consider any X,Y € R, and V € A}, then:

VvV, XOY)= [ VYV, z2)

zeX Y

by definition of ¥V and, using Proposition [3.3.12] it is sufficient to prove that:

min = V(V1, X) - V(Vo,Y) =n ZEH)}%lYV(Vy z)

ViuVe=V
& ViNVa=(
and
max V(V,X)-V(L,Y) =, max V(V, z).
ViUVomV V1, X) - V(12,Y) g o ex0Y (V:z)
& ViNVa=0

We only prove the case for max as the case for min follows similarly. First, consider
any z € XY, then by Definition there exists * € X and y € Y such that
z € r[Jy. Now setting:

Vi={aV]aV €V and (a,f) €xNz} and Vo=V \}

we have:
V(V,z) = VWi, x) - V(Va,y) by definition of V
<igne maxV(Vi,z) -maxV(Va,y) sincex € X and y € Y
zeX yeYy
= YV, X) - V(14,Y) by definition of V
Stight V1IL51\2}:<V V(V1,X)-V(V,,Y) since ViUV, =V and Vi NV, = ().
& ViNVa=0

In either case, since this is valid we infer:

max V(V, 2) <. ,max VWi, X) - V(L Y). (6.14)

zeX Y

On the other hand, considering any Vi, V5 € A* U {0} such that V; UV, = V and
Vi NV, =0, either V(V1, X) - V(V5,Y) = [0,0] and thus:

V(‘/h X) ' V(‘/Qa Y) Sright zg)l(a[IXY V(V7 Z)

by Lemma [6.7.4 or V(V1, X) - V(V,,Y) # [0,0], and then, by definition of V, there
exist ¥ € X and y € Y such that V(V}, X) =, V(V1,2), V(V5,Y) = V(12,Y),
where aV € V; if (a, f) € x for some f € pu(R,) and aV € V;, if (a, f) € y for some
f € u(P,). Then, let z be the element of B, (A x p(R,,)) such that z € (a, f) if and
only if one of the following holds:

e (a,f) €z and aV € V] for some V € B, (Af)
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e (a,f) € yand aV € V; for some V € B, (A)
e (a,f)€xor(a,f)eyandaV ¢V forall Ve R, (A}).

By definition of [, 2 € z[Jy, and hence since v € X and y € Y: z € X[Y. Then,

similarly to the above, we have:

VVi,z) - V(Va,y) = V(V.2)
<igne  max V(V,z) since z € XY

zeX Y

Since this was for any Vi, V5 € A* U {0} with V; UV, =V we obtain:

. < . .
Vlgl\%}iv VIV, X) - V(V,Y) <iigne Zen)l(aﬂxyl}(v, z) (6.15)
& ViNVa=0

Putting (6.14) and (6.15]) together we have:

Vlgl‘/%}iv V(‘/i7 X) ° V(‘/éy Y) :right ngalj}cy)j(‘/v’ Z)
& ViNVa=0

as required. O
Lemma 6.8.6 For all XY € R, and k € N: (X0OY)[k] = X[k]OY[k].
Proposition 6.8.7 [ is continuous and well-defined on (R,,d,,).

Proof. The proof that dc is continuous follows from Lemma [6.8.5] and properties of

dz (see Proposition 3.3.16| and Proposition [3.3.17)). O

Lemma 6.8.8 For all X,)Y € R, andV € A* and k €e N: V(V, X || Y) =V(V, X) -
V(V.Y) and (X || Y)[k] = X[k] || Y[k].

Proposition 6.8.9 || is continuous and well-defined on (R, d,).

Lemma 6.8.10 Forall X € R,, V € A, BC A and k € IN:

V(V,X|B) = [0, 0] ifaEVfor some a ¢ B
V(V,X) otherwise
and (X | B)[k] = X[k]] B.
Proposition 6.8.11 For all B C A, | B is continuous and well-defined on (R, d,).

Lemma 6.8.12 For all X € R,, V € A, A\: A — A and k € IN: V(V, X [)\]) =
VATH(V), X) and (X [A)[k] = (X[k]) [A].
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Proposition 6.8.13 Forall \: A — A, [A] is continuous and well-defined on (R, d,,).

We now use the above semantic operators to define denotational semantics for the set

of expressions £ of our process calculus RP.

Definition 6.8.14 (Denotational Semantics) Let D,, : RP — (Env — R,), n €
IN, be the collection of maps defined inductively as follows. Put Do[E] = {{po}} for
all E € RP, and D, 1 be defined inductively on the structure of elements of RP as

follows:

n—l—l[[xﬂ(p) = Pn+1(5(7)
Du1[0](p) = {{po}}

Dp1[Yicraw - Eil(p) = {{(a, Pr,({1i, Du[Eil(p))ier)}}
Dpi[ELOE)(p) = DonlE 1]](P)DDn+1[[E2]](P
Dpa[ExTEs](p) = Duua[Er](p) U D [Ea](p)
Dp[Er| E2](p) = Dapr[E1](p) | Duta[E2](p)

Do[ETB](p) = Dnui[E](p) | B
Dpi[EN](p) = Dunr[E](p) [N
Dplfiz, E)(p) = Dupi[El(p{Dnlfiz, El(p)/x}).

Furthermore, let D : RP — (Env — R) be the map defined as follows, for any E € RP
put: D[E](p) = [(Dn[E](p))nen]~-

To prove the well-definedness of the semantic map D, as before we first require the

following lemma.

Lemma 6.8.15 For all E € G, p € Env and k € IN: Dy 1[E](p)[k] = De[E](p)[E].

Lemma 6.8.16 For all E € RP, F' € Pr, p € Env and n € IN:
Du[E{F/x}](p)In] = DulE1(p{ Dn[F]/x})[n].

Furthermore, if E € G then:

Dn[E{F/x}](p)[n + 1] = Dua [EN(p{ Du[F]/2}) [0 + 1]

Proposition 6.8.17 D is well-defined on the guarded expressions of RP.

6.8.1 Full Abstraction

To show that the above denotational model is fully abstract we first require the follow-
ing extensions of the lemmas and the definition of the map ¢ from the non-deterministic

case.
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Lemma 6.8.18 For all E € Pr, p € Env and S € B, (Act x u(Pr)), we have O[E] —
S if and only if x5 € Dyp1[E](p) for allm € IN such that if S =0 then x5, = {po},

and if S = {(ay1,m1),...(Am,7n)} then x,ShLl is of the form {(ay, f1), ..., (am, ™)},
and for any 1 <i<m andY € R:

V)= > m(F).
FeRP &
Do [F](p) =Y

Definition 6.8.19 Let ¢ : A¥ — T\ {(L)} be the mapping defined inductively as
follows: p({a,...,an}) = ([ai-(L]),...,an-(L)]) and

90<{a1V17 s 7amvm}) = (I[al.gp(Vl), s CngO(Vm)”),
where o {Vi,..., Vin}) = (¢(V1), ... (Vi)
Lemma 6.8.20 The mapping s bijective.

Lemma 6.8.21 For all E € Pr, p € Env, V € A? andn € IN:

V(V, Dnia [E](p)[n + 1)) = [Re(E)(0(V)), R (E) (0(V))].
Theorem 6.8.22 For all E, F € G:

O[E] ~ O[F] if and only if D[E](p) = D[F](p) for all p € Env.

6.9 Discussion

As already mentioned in Section[5.7], one possible topic of future research is to consider
a process calculus with a separate probabilistic choice operator based on the opera-
tional model and our metric space construction for the calculus RP. The first step
would be to consider simple probabilistic processes, which can be considered as any
f € n{po} U (A x P)) such that for any simple process g, f((a,g)) is the probability
that f will perform the action a and then behave as g, and f(pg) is the probability

that f behaves as the inactive process. This then gives:

Poir = p({po} U (A x P,))

as a candidate for the carrier set construction for simple probabilistic processes. Then
we could introduce a pseudo-metric (ds) based on the mapping V : A* x P — [0, 1],

where for any pu:

V(0,f) = f(po) and V(au, f) = 3, f((a,9)) V(u,g).
(a.9)€s(f)
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Extending this to respectively allow external choice, internal choice and both types of

choice, we would expect to arrive at the following carrier set constructions:

Dpri = p({{po}} U R (A x Dp)),
Npj1 = Bfn(ﬁb({{po}} U (A x Nn)))v
Ruyi = Ba(p({{po}} UBu(A x Ry))).

Also, as mentioned in Section [5.7], we can formulate an operational model contain-
ing sub-probability distributions. However, if we consider the full abstraction results
we see that the cases relating to P and D depend on the summation of distributions
being one, whereas the cases for NV and R do not. Thus, to formulate a fully abstract
model for purely probabilistic and deterministic probabilistic process calculi contain-
ing sub-probability distributions we will need to use a psudeo-metric in the spirit of
dy, as opposed to ds, that is, remove the null string (¢)) from the definitions of A* and
Aj and then consider the maximum difference between the probabilities of processes

performing these paths instead of a summation over all paths.



Chapter 7

Logical Semantics

In this chapter we give a logical semantics to reactive probabilistic transition systems
using Hennessy-Milner Logic (HML) [HMS85] and adapting Huth and Kwiatkowska’s
non-standard interpretation [HK97] for HML over processes of Larsen and Skou’s prob-
abilistic transition systems [LS91] to our reactive probabilistic transition systems.
Similarly to the operational and denotational approaches, we first consider purely
probabilistic transition systems, and in this case give a logical semantics to these
transition systems by means of a sublanguage of HML. We next consider suitable ex-
tensions of this sublanguage of HML to extend our semantics to both deterministic
and non-deterministic probabilistic transition systems, and then finally combine these

sublanguages to give semantics to all reactive probabilistic transition systems.

7.1 Preliminaries

In this section, we introduce the logic HML and give this logic Huth and Kwiatkowska’s
non-standard interpretation originally introduced for Larsen and Skou’s probabilistic
transition systems. Moreover, we state definitions that will be needed to give our

reactive probabilistic transition systems a logical semantics.

Definition 7.1.1 (Hennessy-Milner Logic [HMS85]) The logic HML is defined in-

ductively on the syntax:
¢ == true | (a)¢ | @[ PN ¢
where a ranges over a set of actions Act.

We note that we only consider the finitary version of conjunction as we only consider

finite external and internal choices.
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Definition 7.1.2 Let [.] : (HML x P) — [0, 1] be the mapping defined inductively on
formulae of HML for any probabilistic transition system (P, Act,Can,u) and E € P as

follows:
[true]E = 1
[(a)glE = Ypep{n- [WIF|E~—=, F}
[-o]E = 1-[¢lE

[pr A gl =[] E - [pa] B

We note that in [HK97] Huth and Kwiatkowska also consider additional alternative

operators, for example disjunction (V) and fixed point operators.

Definition 7.1.3 Let act : HML — B} (Act) be the mapping defined inductively on the
syntaz of HML as follows:

act(true) = 0
act((a)p) = {a}
act(—~¢) = act(¢)

act(p1 N @) = act(pr) Uact(pa).

Definition 7.1.4 We define the height of a formula ¢ of HML, ht(¢) € IN, by induction
on the syntax of HML as follows:

ht(true) = 0
ht((a)¢) = ht(¢)+1
hi(=¢) = hi(¢)+1
ht(¢p1 A o) = max{ht(¢y), ht(da)} + 1.

7.2 Purely Probabilistic Transition Systems

First, since the interpretation [-] of HML (see Definition [7.1.2)) is given for probabilis-
tic transition systems, we adapt it to purely probabilistic transition systems. Let

(RP, Act,—) be a purely probabilistic transition system and E € RP; we need to
replace the clause for (a)¢ in Definition by:

a)o] E 4 Fg;zp w(F)-[o]F if E = (a,n) for some 7 € pu(RP)
0 otherwise.

As mentioned above, to characterise our equivalence over purely probabilistic transition

systems we need only consider a sublanguage of HML, denoted HML,,, defined as follows.
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Definition 7.2.1 The sublanguage HML,, of HML is the language defined inductively on
the syntax:
¢ == true| (a)¢p

where a € Act.

The following connections between the map P on purely probabilistic tests and HML,

with its interpretation on RP given above can be proved.

Proposition 7.2.2 For all t € TP there exists ¢, € HML,, such that [¢:|E = P(E)(t)
for all E € RP.

Proof. The proposition is proved by induction on ¢t € TP, where for any ¢ € TP we set:

4y = true ift=_1
. (a)pp ift=a.t.

If t = 1, then ¢, = true and we conclude by definition of P and [-] that [¢, ]|E =
P(E)(L) =1 for all E € RP.

If t = a.t’ for some a € Act, then ¢, = (a)¢y and by induction we have ¢, €
HML,. Furthermore, by definition of P and [-] for any E € RP:

P(E)(a) = ngpﬁ(F) -P(F)(t') if E = (a,n) for some 7 € u(RP)
0 otherwise.

> w(F) - [¢u]F if E = (a,w) for some 7 € u(RP)

= FERP by induction
0 otherwise.
= [a)¢v]E by definition of [-]
and hence the proposition is proved by induction on n € IN. a

Proposition 7.2.3 For all ¢ € HML, there exists t, € TP such that [p]E = P(E)(ty)
for all E € RP.

Proof. The proof follows by arguments similar to the proof of Proposition above
by induction on the height of formulae of HML,,, where for any ¢ € HML,:

p o 1 if ¢ = true
T aty ife=(a)v.
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Theorem 7.2.4 For all E, F € RP, E CP F if and only if [¢p]E < [¢]F for all
¢ € HML,,.

Proof. First consider F, F' € RP such that I CP I, then for any ¢ € HML,:

[¢]E = P(E)(ty) by Proposition [7.2.3
< P(F)(ty) since ECPF

= [¢]F by Proposition [7.2.3]

Conversely, suppose E, F' € RP and [¢]E < [¢]F for all ¢ € HML,. Then for any
teTr:
P(E)(t) = [¢]E by Proposition
< [#F by hypothesis
= P(F)(t) by Proposition [7.2.2]

and since this was for arbitrary ¢ € T, we obtain £ CP F' as required. O

7.3 Deterministic Probabilistic Transition Systems

In this section we consider a deterministic probabilistic transition system (R¢, Act, —)
and first extend the subset HML,, of HML, to HMLy, defined as follows.

Definition 7.3.1 The sublanguage HMLq of HML s the language defined inductively on
the syntax:

¢ = true| oA @] (a)o
where, for any ¢1 and ¢o € HMLq, ¢1Apo ezists in HMLq if and only if act(¢pr)Nact(¢py) =
0.

We can state the following connections between the function D and HML4. Recall that
for any independent Ty, Ty € TS, Ty || Ty denotes the composition of the tests 7 and
T5.

Proposition 7.3.2 For all t € T¢ there exists ¢; € HMLy such that [¢;]E = D(E)(t)
for all E € RY, and if t is of the form a.T then act(¢;) = a.

Proof. The proof is by induction on ¢ € T4, where for any t € T we set:

true ift= 1 -
- and = A 3
” {<a>¢T 1= aT Otrtm) = N,

The case for t = L follows similarly to Proposition If t = a.T for some a € Act,
then T is of the form (¢y,...,t,) such that t; € T¢ for all 1 < i < m, and each t;
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is of the form a;.T; such that a; # a; for all 1 <7 # j < m. By induction we have
¢y, € HMLq and act(¢y,) = a; for all 1 < i < m, therefore ¢y € HMLy since a; # a; for
all 1 <1 # 5 < m. Hence, by the construction given above, ¢; € HMLy. Moreover, it
follows by definition of [-] and D that [¢;]E = D(E)(t) for any E € RY, and hence

the proposition is proved by induction. O

Proposition 7.3.3 For all ¢ € HMLy there exists Ty € TS such that [¢]E = D(E)(Ty)
for all E € RY, where Ty is of the form (ay.Ty,...,an.Ty) if act(¢) = {a1,...,amn}
and Ty = (L) if act(¢) = 0.

Proof. The proof is by induction on n € IN where n = ht(¢). Put:

(1) if = true
T¢ = (CL.T¢) if ¢ = <a)1/1
Ty, “ Ty, Lo =d1 A2

The proof now follows similarly to Proposition [7.2.3] except in the inductive step
when supposing the proposition holds for all formulae of height n and ¢ is of the form
1 N ¢ for some ¢, € HMLy and ht(¢) = n + 1. In this case Ty, || Ty, is well-
defined by induction and since, by definition of HMLy, act(¢;) Nact(ps) = 0. Therefore,
from our construction above, we have T, € T9 and is of the required form since
act(¢1 A ¢z) = act(¢y) U act(¢). Moreover, for any E € R%:

[0]E [o1 A do] E
(1] E - [¢2] E by definition of [-]
D(E)(Ty,) - D(E)(Ty,) by induction
D(E) (T¢1 H T¢2) by Lemma
D(E)(Ty) by construction
as required. O

Using Proposition and Proposition |7.3.3| we reach the following theorem connect-

ing HML4 and our operational ordering "¢

Theorem 7.3.4 For all E, F € RY, E C¢ F if and only if [p]E < [¢]F for all
¢ € HMLy.

Proof. The proof follows similarly to that of Theorem [7.2.4] O
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7.4 Non-deterministic Probabilistic Transition Sys-

tems

We now consider a logical semantics for non-deterministic probabilistic transition sys-
tems. In non-probabilistic transition systems internal behaviour is often represented
by processes being able to perform hidden actions, that is, 7 actions. When formu-
lating logical semantics over such transition systems, an operator of the form ()¢ is
added to the syntax of HML (for example, when giving a logical characterisation of weak
bisimulation [Mil89]), where for any labelled transition system (7', Act U {7}, —) and
P €T, ()¢ is interpreted as follows:

[(e)g] P < max{[4]Q | P = Q}.

Here P = @ if there exists a path from P to @) consisting of an arbitrary number (> 0)
of 7-steps. Intuitively, a process P satisfies the formula ()¢, that is, [(e)¢]P = 1, if
P can make an internal choice to evolve as a process which will satisfy ¢. Adapting
this to a non-deterministic probabilistic transition system (R, Act, —), we have the

following interpretation of (¢)¢ for any £ € R":

[(e)¢] E = max{[¢]s| E — s}

since E makes an internal choice between behaving as any s € (Act x u(R*)) U {0}
such that £ — s.

Furthermore, we also add the dual of ()¢, namely [¢]¢, where, intuitively, a (non-
probabilistic) process P satisfies the formula [¢]¢ if all the processes that P can evolve
to by making an internal choice satisfy ¢. Since by definition of HML [.] = —(.)—, we
reach the desired interpretation of [¢]¢ over non-deterministic probabilistic transition

systems by means of the following proposition.
Proposition 7.4.1 For all E € R™ and ¢ € HML: [[e]g] E = min{[¢]s | E — s}.

Proof. Consider any E € R" and ¢ € HML, then by definition of []:

[llE = [~{e)~elE
= 1 —max{[~¢]s| E — s} by definition of [-]
= 1—max{l —[¢]s| E — s} by definition of [-]
= 1—(1—min{[¢]s| E — s}) rearranging
= min{[¢]s| F — s}

as required. O
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Furthermore, since any s € (Act x p(R™)) U {#} can be considered as a purely

probabilistic process and can therefore perform no internal choices, we can set:

[(e)¢]s £ [¢]s and [[e]¢]s < [¢]s.

We also set [(a)¢]s to have the same interpretation as when we considered purely
probabilistic transition systems.

As we have added (¢)¢ to HML, we therefore extend our definition of the maps act(-)
and ht(-) as follows. For any ¢ € HML:

act((e)p) 2 act(¢) and ht((e)¢) L ht(¢)

Using this operator, we reach the following two extensions of HML,, denoted HML':) and
HML!|, where intuitively the meaning of HML') and HML') respectively is that processes

may or must validate a formula.

Definition 7.4.2 The sublanguage HML:) of HML is the language defined inductively
on the syntaz:

¢ == true| (e){a)p | P AP
where, for any ¢1 and ¢y € HMLE) ¢1 A ¢y exists in HMLY) if and only if act(¢y) N
act(¢g) = 0.

Definition 7.4.3 The sublanguage HMLE, of HML is the language defined inductively

on the syntax:

Y = true| [gl{a)y | Y AU
where, for any Y1 and 1Py € HMLY) Wby A 1)y exists in HMLE, if and only if act(y;) N
act(vg) = 0.

We now state the following relationship between HML) and N,,,, and HML, and N,

Proposition 7.4.4 For allt € T there exists ¢, € HMLY) such that for all E € R™,

1

[0 E = N (E)(t), and ift is of the form (a.T|) for some a € Act, then act(¢;) = {a}.

Proof. The proposition is proved by induction on ¢ € T by setting:

true ifr=_1 m
Or = { Gy = (€)0r  and  Pyp,) = A Ot

(a)pr ifr=al, i=1

O

Proposition 7.4.5 For allt € T there exists 1, € HMLY) such that for all E € R™,
[ E = Ngw(E)(t), and if t = (a.T)) for some a € Act, then act(¢y,) = {a}.
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Proof. The proposition is proved by induction on ¢ € T* similarly to Propositionm
above using Proposition and replacing (¢) with [e]. O

Proposition 7.4.6 For all ¢ € HML] there exists Ty € T such that Ny, (E)(Ty) =
[P]E for all E € R™, where T, is of the form ((ar.Th)),. .., (am.Tnl) if act(¢) =
{ai,...,a,} and Ty = (L) if act(¢) = 0.

Proof. The proof follows by induction on the height of formulae similarly to Propo-

sition [7.3.3] using Lemma {4.4.6|instead of Lemma [4.3.6, and putting:

((L)) if ¢ =true
Ty =4 ((aTy)) if ¢ = (e)(a)¢’
T¢>1 H T¢>2 if o = ¢1 A ¢o.
O

Proposition 7.4.7 For all ¢ € HMLY) there exists Ty, € T such that Ny, (E)(Ty) =
[V]E for all E € R™, where Ty is of the form ((a1.T1)), ..., (am.Tn) if act(y) =
{a1,...,an} and Ty = (L) if act(yp) = 0.

Using the above propositions, we reach the following theorem connecting HML "} UHML!?
and C"?

Theorem 7.4.8 For all E, F € R*, E C" F if and only if [p]E < [¢]F for all
¢ € HMLE) and [Y]E < [Y]F for all 1 € HMLY).

Proof. First consider £, F' € R" such that F C" F, then for any ¢ € HML:

[4]E = Nuw(E)(Ty) by Proposition [7.4.6]
< Nuw(F)(Ty) since ECMF

= [¢]F by Proposition [7.4.6

and hence [¢]E < [¢]F for all ¢ € HMLY]. To show [¢]E < [¢]F for all ) € HMLY)
follows a similar argument using Proposition [7.4.7) instead of Proposition [7.4.6]

Conversely, suppose E, F € R and [¢]E < [¢]F for all ¢ € HML'} and [¢]E <
[4] F for all i) € HMLY), then for any ¢ € T":

Nyus (F)(t) by Proposition [7.4.4

E
F by hypothesis
(F)(t) by Proposition [7.4.4]

Similarly using Proposition [7.4.5] we can show N, (E)(t) < N, (F)(t), and since this
was for arbitrary ¢ € T"!, we get £ C" F as required. O

= [[¢t]]
< [¢]
Nlub
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7.5 Reactive Probabilistic Transition Systems

To consider reactive probabilistic transition systems we first extend the interpreta-
tion of (¢)¢ from non-deterministic probabilistic transition systems to reactive proba-
bilistic transition systems as follows. For any reactive probabilistic transition system
(R, Act,—) and E € R:

[(£)¢] E < max{[¢]S | E — S}

since F makes an internal choice between behaving as any S € B, (Act x u(R)) such
that £ — S.

Again, we can consider the dual of (¢)¢, namely [¢]¢, and we reach the interpre-
tation of [g]¢ over reactive probabilistic transition systems by means of the following

proposition.
Proposition 7.5.1 For all E € R and ¢ € HML: [[¢]¢] E = min{[¢]S | E — S}.

Furthermore, since any S € F,.(Act x u(R)) can be considered as a deterministic

probabilistic process, for any S € B, (Act x u(R)) we set:

[(£)¢]S £ [¢]S and [[e]¢]S < [4]S.

Furthermore, [(a)¢]S has the same interpretation as when we considered deterministic
probabilistic transition systems.
We next combine the sublanguages of HML, HMLyq and HML':}, and HMLy and HML') to

form the following two sublanguages of HML.

Definition 7.5.2 The sublanguage HML!® of HML is the language defined inductively

on the syntax:

¢ == true | () (a)¢ [ 9N | ()P A Q)
where, for any ¢1 and ¢o € HMLE | 1 A ¢g and (€)(¢d1 A ¢o) exists in HMLE if and only
if act(¢y) Nact(gpg) = 0.

Definition 7.5.3 The sublanguage HMLEE! of HML is the language defined inductively on

the syntax:

¥ u= true | [ (a)y [ Y A | [e](¥ A )
where, for any ¥ and ¥y € HMLE by Ay and [e](11 A1bg) exists in HMLE if and only
if act(11) Nact(yy) = 0.

Before we consider the relationship between HML!® and R,,, and between HMLE and

Raw, we first prove the following lemmas.
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Lemma 7.5.4 For any {¢1,...,¢m} CHMLY, if act(¢;) Nact(¢;) =0 for all1 <i <
m then there exists ¢ € HML'® such that

act(9) = U act(6), 1018 = [(©) (Ror)| B and [ols = |Ror 8

for all E € R and S € B (Act x p(R)).

Proof. The proof is by induction on m € IN. The case for m = 1 follows by definition
of HML{® and [-].

Now suppose the lemma holds for some m € IN and consider any {¢1, ..., ¢mi1} C
HML{* such that act(¢;) Nact(¢;) for all 1 <7 < m+1. Then by induction there exists
¢ € HML! such that:

act(e) = U act(en), [01E = ) (Aor)| B and [0l = |Ao]s
for all E € R and S € B, (Act x u(R)). Now setting:

gb = <5> (¢, A gbm-&-l)

it follows that ¢ € HML{® by the induction hypothesis and since act(¢;) N act(¢;) for
all 1 <i <m+ 1. Furthermore, by definition of [-], for any S € B, (Act x u(R)):

[6]S = [¢' A dmia]S
= [¢]5 - [omii]S

Then, for any E € R:

[¢]E = rbpi%([[qb’ A ¢m+1]S by definition of [-]

m—+1
= max |[ A qbi]] S from above
E—S | i=1

N |[<€> (m§11¢)]] E by definition of [-]

and hence the lemma is proved by induction on n € IN. O
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Lemma 7.5.5 For any {¢1, ..., ¥y} CHMLE, if act(y;) Nact(;) =0 for all1 < i <
m then there exists 1» € HMLE such that

act() = U act(), [WIE =6} (Awi)| B and [ws = Ru] 8
for all E € R and S € B (Act x p(R)).
Proof. The proof follows similarly to Lemma above replacing max by min, and

(e) by [e]- 0

Using Lemma and Lemma [7.5.5] we are now in a position to state a connection
between the map R,y and HML!® | and between the map Ry, and HMLE.

Proposition 7.5.6 For all t € T there exists ¢y € HML{ such that for all E €
R, [%:]F = Ruw(E)(t), and if t is of the form ([a1.Th,. .., an.Ty]) then act(¢) =
{Gl, c ,am}.

Proof. The proposition is proved by induction on ¢ € T, where for any (r|) € T, if

r =1 we set ¢ = true, and if r = [a1.171, ..., ay,. T, using Lemma we set ¢; to
the formula of HML{® such that:

60E = (@) (A (adom)) | £
for all E € R, where ¢, = Z\ilqﬁt;-_ i Ty = (... 1), 0

Proposition 7.5.7 For all t € T there exists 1»y € HMLF such that for all E €
R, [W]E = Ruw(E)(t) and if t is of the form ([a1.Th,...,an.Ty]) then act(vy) =

{Gl, Ce ,am}.

Proof. The proposition is proved by induction on ¢t € T,, similarly to Proposition [7.5.6
above using Proposition and replacing (¢) with [e]. O

Proposition 7.5.8 For all ¢ € HML{® there exists (ry)) € T and Ty € T, such that
[6]S = Ruw(S)(ry) for all S € P.(Act x p(R)), and [¢p]E = Ruw(E)(Ty) for all
EeR.

Proof. The proof follows by induction on n € IN, where n is the height of formulae of
HML{| by combining the proofs of Proposition and Proposition and using
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Lemma [4.5.10| and Lemma [4.5.11] instead of Lemma [4.3.6| and Lemma [4.4.6, and for
any ¢ € HML{® putting:

i if = true
L) laT) o= (e
Tou [ 79, Q=1 Ao
o |76, i 0= (€)(d1 A ¢2)
and
((L)) if ¢ = true
7| WaTold)  ifo= E)ay

T¢1 HT¢>2 if¢:¢1A¢2
((re I76,)) if @ = (e)(d1 A ¢2).
O

Proposition 7.5.9 For all ¢ € HMLY! there exists (ry|) € T and Ty € T, such that
[V]S = Raw(S)(ry) for all S € B(Act x u(R)) and [Y]E = Raw(E)(Ty) for all
EecR.

Proof. The proof follows similarly to Proposition [7.5.8| O

We now give some examples of the mappings between the testing language T, and the

logics HML{®" and HMLF! by means of the following table.

T, HML®) HMLE!
((fa-([o- LIDID) (e)(a)(e) {b)true []{a) (] {b)true
(([a.L]), ([6-L]]) (e)(a)true A (g)(b)true [e]{(a)true A [g](b)true
(([a.L,b.L]])) | (e)({e)(a)true A (e)(b)true) | [¢]([e](a)true A ([e](b)true)

Finally, using Proposition [7.5.6] Proposition [7.5.7, Proposition [7.5.8 and Proposi-
tion we reach the following theorem connecting HML{ U HMLI! and C".

Theorem 7.5.10 For all E, F € R, E C" F if and only if [¢p]E < [¢]F for all
¢ € HML) and [Y]E < [¢]F for all ¢ € HMLE.

Proof. The proof follows similarly to Theorem using Lemma [4.5.5| O

7.6 Fixed Point Operators

In this section we add a fixed point operator to the logics HML{® and HMLI! and compare
the results with our maps Ry, and Ry, respectively. We note that we only prove results

relating to HML{® and R,,;,, as the results for HMLF and R, are dual.
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To add a fixed point operator to our logic we must first add variables (ranged over
by Var) to the syntax of HML!”and extend the definition of ht by setting ht(z) = 0
for any z €Var. To compare the tests of T to fixed point operators of HML{®  we
construct unfoldings of formulae, and using the map between formulae of HML!® and T
given in Proposition we then consider these unfoldings as elements of our testing

language. Formally, we have the following definitions.

Definition 7.6.1 For any ¢ € HML{®, let (ry)) € T and Ty € T,, be the tests defined by
induction on the height of ¢ as follows:

uE if = true
ro =4 laTy] if o= ()(a)¢’
Toy |76y if &= 1 A pg ord = (€)(P1 A ¢2)

((-LD) if ¢ = true
(([aTyl))  if &= (e)a)d’

T, || T, if o= 1 Ao
(7o 176.D) if & = (e) (1 A ).

Definition 7.6.2 For all ¢ € HML!® and x € Var, we define ¢7} by induction onn € IN
as follows: ¢° = true and ¢"' = ¢p{¢"/x}.

and Ty, =

Using the sequence of formulae given in Definition and the map between formulae
and tests given in Definition , we reach the following sequences of tests (1} )nen,
<T$I>n€]N- Considering these unfolding with respect to the map R,,,, we have the
following lemma and proposition. Its importance is that successive unfoldings improve

the probability upper bound obtained with the help of the map R,,,.

Lemma 7.6.3 If ¢,0;,0, € HML® and x € Var such that Ry,,(S)(rs,) < Ruw(S)(rg,)
and Riw(E)(Th,) < Ruw(E)(Tp,) for all S € P.(Act x u(R)) and E € R, then

Riun (5) (76460 /21) < Riun(S)(T102/23) and Riwn(E)(Ty(6,/21) < Riaw(E)(Tg(05/2}) for all
S e P, (Act x u(R)) and E € R.

Proof. The proof follows by induction on n € IN, where n is the height of the formula
¢ € HML(®. O

Proposition 7.6.4 For all S € B, (Act x u(R)), E € R, ¢,0 € HML® and x € Var:
Rlub(5>(7"9{¢;+1/x}) S Rlub(S)(r6{¢g/x}) and Rlub(E)(Tg{qng/x}) S Rlub(E)(TO{gbg/x})-

Proof. The proof is by induction on the height of 6, where we suppose the only
variable in 6 is x. If § € HML{ and ht(¢) = 0, then by hypothesis we have the

following two cases to consider.
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1. If 6 = true, then 6{¢}/x} = true for all n € IN, and hence the lemma holds.

2. If 8 € Var, then by the hypothesis § = x, and in this case we prove the lemma
by induction on n € IN. We only consider the case for S € B, (Act x u(R))
since the case for E € R follows similarly. If n = 0 then since § = z for any
S e Br(Act x u(R)):

Rlub(S> (7‘9{43;:/1}) = lub(S)(rtf)glc)

IN

R

1 by construction of R,
Riun(S)(L) by definition of R,
R

R

b () (Terue) by Definition [7.6.1
b () (79100 /2) by Definition [7.6.2]
Now suppose the lemma holds for some n € IN, then similarly to the above we

have:

lub S T¢:+2 )

Riun (5) (rggn+2/01) (S)(
(S)(

b (S)(Toren/zy) by induction and Lemma [7.6.3
(S)(
(5)(

b (S 7‘¢g+1> by Definition [7.6.2

lub S T9{¢2+1/I}) SlnCe 0 =XT.

IA
XL X0 XN X0 D

Then, since these are all the possible cases, the lemma holds for all formulae of height
0.

Now suppose the lemma holds for all formulae of HML{® of height less than or equal
to some k € IN. Consider any ¢ € HML{® of height k£ + 1. Then we have the following
three cases to consider.

1. If 6 = (e){a)0 for some a € Act and 0’ € HML{® of height k, then by Defini-
tion for any n € IN:

Togsnsay = ((rogon/ay)) = (([a-Tor(gp/031)) (7.1)

Therefore, if we consider any S € B, (Act x (R)) then either (a,m) ¢ S for all
7 € u(R) and by definition of R, for any n € IN:

Riun (S)([a- T (gn/21]) = 0,

or (a,m) € S for some m € u(R), and in this case by definition of R,,, for any

n € IN:
Rlub(s)([a'Tef{qs:“/x}]) - F%:RW(F) ' Rlub(F)(Tef{qs;“/z})
< X w(F) Ruw(F)(Toen/zy) by induction
FER

= Ruw(S)([a-To(n/21]) by definition of Ry,y,.
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Putting this together and using (7.1)) we have:

Rlub(S)(TQ{qngrl/x}) < Rlub<S)(7‘9{¢g/x}) (7.2)

for all S € B, (Act x u(R)). Then for any £ € R and n € IN:

Ruw(E) Ty /y) = Ruw(E)((([a-Toien/1]))) by (7.1)
maxpg_.s R (5) (7 (on+1 /x}) by definition of Ry,

maxgs R (5) (roga/zy) by (7.2)
= Run(E)(Toggn/ay) by definition of Ri,.

IN

2. If § = 01 N\ 0y for some 0,0, € HML{® of height less than or equal to k, then for
all n € IN by Definition we reach:

Togon /ey = To1{gn/x} | Tos{on 2} (7.3)

Therefore, for any S € B, (Act x u(R)) and n € IN, by (7.3) and Lemma [4.5.10;

Rlub(S)(r9{¢n+1 ) lub(S)(Tel{qﬁg“/x}) ‘R (5) (T92{¢g+1/x})
< lub(S)(Tgl{(z)n/x}) Riun () (T651¢n/2)) by induction
lub( )(7”01{%/3:} ” ng{(i,g/z}) by Lemma |4.5.10
Riun (9) (Togon /2}) by (7.3).
Furthermore, similarly to the above using Lemma instead of Lemma4.5.10],

for any ' € R:
R (E) (T9{¢g+1/z}) < Rlub(E)(T9{¢Q/Z})‘

3. If 0 = (¢)(01 Nbs), then for any S € . (Act x u(R)) by Definition similarly
to case 2. we can show that for all n € IN:

Riub (5) (7"0{¢;L“/a;}) < Run(9)(ogop/a3)-

Then since this was for any S € T} (Act X p(R)) and Typynerq = ((7orsm+1 /)
by Definition [7.6.1], we have for any E € R:

Rlub(E)(Te{qﬁ;“/x}) < R (B) (To1gp/21)
similarly to the first case.

Since these are all the possible cases the lemma holds by induction on the height of
formulae of HML!®. O
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Corollary 7.6.5 For all ¢ € HML)?, x € Var and E € R, the limit lim Riw(E)(T}))

exists and is in the interval [0, 1].

Proof. If we consider any ¢ € HML{”, then using Proposition letting 6 = ¢, we
have (R (E) (T}, ))new is a decreasing sequence in the interval [0,1], and hence the

(unique) limit exists and is in the interval [0, 1]. O

Using Corollary and Huth and Kwiatkowska’s interpretation of the greatest
fixed point operator, in fact the value of lim,, .., R(E)(T},) corresponds to that of the
greatest fixed point operator, that is, for any ¢ € HML{ and F € R:

[va.g]E = lim R (E)(TL).

The connection with the greatest, as opposed to the least, fixed point operator arises
from the fact that there is no test representing false in our testing language T, and
hence we must begin all iterations from true (that is, (L)), and since Ry, (E)(T) < 1
for all E € R and T € T,,, any monotone sequence we construct will either be constant
at 1 or decreasing. Hence, the limit corresponds with the greatest fixed point. To give

an example of the values of [vx.¢] E consider the recursive probabilistic processes given
in Figure [7.1] below.

Figure 7.1: Examples of recursive probabilistic processes.

Then, by simple calculations we have:

[vz.(e)(a)z] E = [vz.[e](a)z] E =1 and

- - 1 ifo=1
[va.(e)(B)a] F = [va.[e](0)2] F = lim 6" = o=
n—o0 0 otherwise.
Unlike the above, the values of the greatest fixed point operator with respect to the
formulae of HML{® and HMLIY may differ in the case of processes with non-deterministic

behaviour. Suppose that G is the process that makes an internal choice between
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behaving as F and F in Figure . If a # b, then we have:

0 otherwise.

[vreNa)a]G =1, [va.(e)(b)a]G = { 1 ifsd=1

and  [vz.[e](a)z]G = [ve.[e](b)z]G = 0.

On the other hand, if a = b then:

1 ifo=1

0 otherwise.

[ve.(e) (@G = 1 and [ve.[e){a)a] G = {

Comparing this with the classical interpretation of vz.(a)z, which means there exists

an infinite path of a actions, intuitively the pair of values

[va.[)(@)]G, [va.(e) ()]G

corresponds to the interval containing the probability that G will perform an infinite
path of a actions.

We conclude this chapter by noting a result of some interest: if we restrict ourselves
to any deterministic probabilistic transition system (RY, Act,—), then adding nega-
tion to the logic HMLy to form HML; does not influence the equivalence induced from
the logic, in the sense that the obtained equivalence will still correspond to our equiv-
alence < over deterministic probabilistic transition systems, and also over any purely
probabilistic transition system. The proof of this follows by Proposition and
replacing Proposition by the following proposition, which is proved by induction
on the height of formulae of HML.

Proposition 7.6.6 If ¢ € HML] then there exists T C TS and Ay : T — {—1,+1}
such that:

either [p]E = Y. Au(T) - D(E)(T) for all E € R4

TeT

or [¢p]E=1— 3 Ay(T) -D(E)T) foral E € R

TeT



Chapter 8
Conclusions

In this thesis we first presented an equivalence for reactive probabilistic processes
based on testing which aims only to distinguish processes with observably different
behaviour. This equivalence does not distinguish between when probabilistic choices
occur, which as discussed in Section we feel is unimportant as neither processes nor
the environment can influence the choice made. On the other hand, our equivalence
does capture the difference in the behaviour of processes with respect to other forms of
choice, that is external and internal choices, which we feel is important since these can
be influenced by both processes and the environment. To some users, the time at which
internal choices are made is unimportant since the environment has no control over
which alternative is chosen. Our equivalence is intended to be the “finest” equivalence
which can realistically be based on the observable behaviour of processes, that is,
one based only on the outcome of single runs of processes potentially under different
conditions (for example, changes in the environment or different internal choices made)
but by varying the test language we can also derive other equivalences. For example,
by weakening our testing language we can construct an equivalence which will abstract
away from the time at which internal choices are made (in fact, we have already given a
definition of the functions that will induce such an equivalence, namely D, and D,,;, as
given in Section. Furthermore, by placing suitable restrictions on the construction
of composite tests, that is, those of the form (¢,...,t) in our testing language, we will
derive both a “trace” equivalence (by removing all occurrences of the construct) and
a “failure/ready” equivalence (by only allowing this construct at the final step).
Next we constructed a process calculus for reactive probabilistic processes for which
we have shown that our equivalence is a congruence. Returning to the discussion above,
if we consider the weaker equivalences induced from the mappings D,,, and D,,, (the

trace and failure/ready equivalences) then we can show them to be congruences for
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our process calculus.

As discussed in Section we are unable to add certain syntactic operators with-
out losing the congruence property of our equivalence (for example, asynchronous
parallel), assuming our equivalence is based only on differences in “observable be-
haviour”. However, as mentioned in Section [5.7, we have proposed a solution to this
by considering a process calculus with a separate probabilistic choice operator.

Following this, we have presented a denotational model for our process calculus
based on de Bakker and Zucker’s construction for classical process calculi, which we
have shown is fully abstract with respect to our operational model. The denotational
semantics we have constructed is “smooth” as opposed to the “discrete” model con-
structed by Baier and Kwiatkowska [BK97]. To elaborate on this, consider the space
of probability distributions over a two point set. With the metric presented here it is
isomorphic to the Euclidean metric over [0,1], whereas the ultra-metric of [BK97| gives
rise to the discrete topology on [0,1]. This, however, comes at a cost: we have con-
structed a pseudo-metric, whereas the metric constructed in [BK97] is an ultra-metric.
Also, our metric is not inductive, and as a result we cannot use America and Rutten’s
general framework for metric semantics [ARS89], whereas the metric constructed in
[BK97] is inductive and therefore the framework of [AR89] can be used.

We have also considered a logical characterisation of our process equivalence by
means of a quantitative interpretation of the logic HML, and since we have only con-
sidered a positive sub-logic the connection still holds when we add the greatest fixed

point operator to our logic.

8.1 Future Work

As already discussed, a possible future continuation of this work would be to give
semantics to a process calculus containing a separate probabilistic choice operator,
which may allow the addition of syntactic operators such as asynchronous parallel and
hiding without losing the congruence property of an equivalence based only on the

observable behaviour of processes. Other possible future topics include:
e A sound and complete axiomatisation of RP.

e Formulating a domain-theoretic denotational semantics for RP, since domain-
theoretic models have been constructed for CSP based on both failure and ready
sets, and our equivalence can intuitively be thought of as an “extension” of failure

and ready sets to include more of the branching information of processes.
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e Developing a (metric) denotational model for the generative and stratified models
of van Glabbeek et al. [GSSTI0).

e Constructing a denotational model for stochastic process calculi; we have already
derived a metric model for a subset of the stochastic process calculus called
Performance Evaluation Process Algebra (PEPA) [Hil96] in [KN96a] (joint with
M.Kwiatkowska), and to give a complete metric model for the full calculus we
will need to add probabilistic behaviour, which may involve combining the work
of this thesis and that of [KN96a].

e Generalising the logical framework by removing the rather strong syntactic con-
ditions on the logics considered. This may have to involve a more complicated
interpretation since, by removing the conditions we impose on constructs of the
form ¢ A1, the values of [¢]E and [¢]E, for certain probabilistic processes FE,
will no longer be independent and we will therefore be unable to use multiplica-
tion in the definition of [¢ A ¢]. To formulate a probabilistically sound definition
we will have to consider conditional probabilities, since for dependent events the
probability of both events occurring is given in terms of the conditional probabil-
ities of each event occurring given the other has occurred. This research would
also consider adding negation, which as already mentioned earlier, has no effect
on the equivalence induced from the interpretaion of the logics in the cases when
processes do not exhibit any non-deterministic behaviour. One of the main re-
sults of this, in the case when process can make internal choices, would be the
introduction of formulae containing both the operators (¢) and [¢] which by the

syntactic restrictions imposed have so far been excluded.
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