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—— Abstract

Commutative regular expressions describe sets of unordered words, and are used, for example,
when building type systems for process calculi. In these applications, an important operation is
finding the intersection of two expressions, but no algorithm currently exists. We remedy this
by proposing an algorithm for computing intersections of commutative regular expressions, which
we implement and prove correct in the Rocq prover. The algorithm encodes the intersection of
two expressions as systems of linear Diophantine equations, and extracts from their solution an
intersection expression. To solve these systems we implement and verify the algorithm proposed by
Contejean and Devie. We detail the implementation of the intersection algorithm, highlight essential
aspects of the proofs (including the complex proof of termination of the equation system solver), and
evaluate the OCaml-extracted solver on random and real-world commutative regular expressions.
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1 Introduction

Commutative regular expressions denote sets of words where the letters are said to commute:
for instance, the expression (ab)* denotes the language of all words that contain an equal
number of @ and b, and no other letter. They appear in different fields of computer science,
but often under distinct names: commutative regular grammars [19], multiset regular
expressions [12], unordered regular expressions (with applications to XML types [5]), regular
bag expressions (used in RDF schemas [32]), etc. More recently, commutative regular
expressions have also appeared as types for process calculi and concurrent programming.
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Mailbox types [13, 15] describe unordered interactions between two processes. For instance,
?(a*)(b*)c is the type of a process that can receive any number of a and b messages, and
must receive exactly one ¢ message, regardless of the order. Another calculus, Milner’s
bigraphs [23], may be equipped with sorts to express how bigraphs may be composed and
permit only well-formed instances. Mailbox types have been adapted to specify sorting rules
for a bigraphical language, and the well-sortedness of several constructs is based on the
existence of an intersection of two sort expressions [4]. However, the authors do not specify
how to compute this intersection.

More generally, to our knowledge, there is no published work on computing the intersection
of two commutative regular expressions (i.e., an expression that recognises exactly the words
recognised by both input expressions). In Conway’s words, “Commutative regular algebra
is notable for the number of results whose proofs one would expect to be trivial, but
which turn out to be very subtle” [11]. The commutativity axiom renders many results
and algorithms for traditional (i.e., non-commutative) regular expressions inapplicable to
the commutative case. Many of these algorithms rely on first converting the expressions
to automata and then performing operations on automata directly. This is the case of
intersection for standard regular expressions, which can be computed via the product of their
automata representations (or, following De Morgan’s laws, via the complement of the union
of the two automata complemented) [18]. Since automata naturally enforce an order in which
letters are read, these results do not transfer to the commutative case. While in 1971 Conway
did prove that commutative regular expressions are closed under intersection [11], this proof
is not only non-constructive but also somewhat informal in several steps. Therefore, an
algorithm for computing the intersection of commutative expressions was still missing.

Since words in the language of a commutative expression are defined only by the number
of occurrences of each letter, our algorithm first calculates equality constraints between letter
occurrences in the two input expressions e; and es. Resolving these constraints amounts
to finding the set of minimal solutions of a non-homogeneous system of linear Diophantine
equations. Based on Fortenbacher’s algorithm for solving a single linear Diophantine
equation [6], Contejean and Devie proposed one of the most general algorithms in the
literature, solving not just one equation but a system with arbitrarily many equations that may,
additionally, be non-homogeneous [10]. Since it remains one of the most widely used solvers
(e.g., it is one of the two implementations in the Maude system’s built-in linear Diophantine
equation solver [8, 7]), we chose this particular algorithm to formalise in our pipeline. While
Mefiner et al. formalised a solver for single homogeneous linear Diophantine equations in
Isabelle/HOL [22], to the best of our knowledge, our work presents the first formalisation for
the general case of systems of (non-)homogeneous linear equations. We extract the certified
solver to OCaml code, which may be used either independently or in integration with other
tools. Systems of linear Diophantine equations have their own applications in diverse fields,
such as Petri nets [24], constraint logic programming [1], decomposing chemical reactions [25],
and unification modulo associativity [21], commutativity [33, 17], and distributivity [9].

Our paper and contributions follow the structure highlighted in Figure 1 and described
below. Our entire formalisation and examples are provided as an artefact [3]. It also includes
the first benchmark of intersections of commutative regular expressions.

Section 2 presents our first contribution: a mechanisation of commutative regular
expressions with denotational semantics (Je] denotes the set of all multisets of
letters recognised by e), and establishes the correspondence with the axiomatic semantics
of [11].
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Section 2 Section 3
CRegex Norm CRegex SPV
(aab+b)* N (aab)*b* N {a — 2z1;b— z1+x2}N{a — z3+1;
Sec 3.1 Sec 3.2
(abb)*(a + b) ((abb)*a + (abb)*b) b— 2z3}U{a > z4;b— 2x4+1})
Section 4 ! Sec 3.3
CRegex Solutions Equations
(aabbbb)* aabb {(024132),(122111), (S1 : {za = 221520 = x3+1;
+ (aabbbb)*b (342201} U{...} xp =x1+1;2 =2x3}) U (S2:...)

Figure 1 Intersection algorithm pipeline with an illustrative intersection example.

Section 3 details the first half of the intersection algorithm: a series of transformations
encoding the intersection constraints between two expressions as equation systems.
Section 4 then presents our second contribution : the first mechanisation of a solver
for (non-)homogeneous systems of linear Diophantine equations, based on
the algorithm proposed by Contejean and Devie. It discusses the challenges around
its proofs of termination and correctness. Finally, we put it all together in our third
and main contribution: the first intersection algorithm for commutative regular
expressions, implemented as a pure Rocq function intersection, and close with the
final result: [intersection e es] = [e1] N [ez].

Section 5 evaluates the performance of our implementation using both uniformly random
generated expressions and real-world expressions.

Section 6 discusses the development as a whole and presents directions for future work.

2 A Formalisation of Commutative Regular Expressions

Let ¥ ={01,...,0,} be an alphabet. A word over X is a finite sequence of letters, and in a
commutative word all letters are mutually commuting by definition (e.g., ab = ba). Since
only the number of occurrences of each letter matters (and not the order), a commutative
word can be identified by a multiset of letters, or Parikh Image (PI), that maps each letter to
its number of occurrences and whose type is given by: Definition PI (X: Type) := ¥ - nat.
In the following definitions, we fix the alphabet ¥. A commutative reqular expression defines
a language, i.e. a set of commutative words, and can be obtained from 0, 1, and letters in X
by a finite application of the regular operations - (often omitted), + and *.

We formalise the commutative reqular expressions over X as an inductive type in Listing 1.
The language acts as denotational semantics for expressions. Sets are defined by their
membership condition, and a language is a set of PIs over the alphabet ¥ (which we will
simply call the PI of that language). Then, lan e computes the language associated with
expression e. In its presentation, we use subscript n to differentiate multiset notations from
set notations (e.g. 0, is the empty multiset while () is the empty set). Expression Zero does
not recognise any word, One recognises only the empty word, and Letter x recognises only
the word with exactly one occurrence of x. As expected, Sum recognises the union of the
languages recognised by its arguments. The Prod operator is a bit more difficult to specify:
Prod e f recognises any word that is the sum of a word recognised by e and a word recognised
by £. Formally: s1 @ s2 = {m | Imy € s1,m2 € s2,Yo,m(c) = my(0) + ma(o)}. Finally,
Star e recognises any word recognised by any k-ary product of e by applying & k times.
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Inductive exp :=
| Zero | One | Letter (x: X) | Prod (e f: exp) | Sum (e f: exp) | Star (e: exp).

Definition set (A: Type) := A - P .
Definition lang : Type := set (PI ).
Fixpoint lan (e: exp) : lang :=
match e with
| Zero =0
| One = {0}
| Letter x = {{z}.}
| Sum e £ = (lan e) U (lan f)
| Prod e £ = (lan e) & (lan f)
| Star e = Api = 3k, pi € " (lan o)
end.

Listing 1 Commutative regular expressions and their language.

2.1 Denotational and Axiomatic Semantics

To check that our denotational semantics faithfully represent the behavior of commutative
regular expressions as understood in the litterature, we proved its correspondence with an
earlier axiomatic definition.

Two expressions are said to be equivalent if they recognise the same language, which
we write lan e = lan f. Redko [28] and Salomaa [30] proposed an axiomatization of
commutative regular expressions, stating that any equivalence between two expressions
is a consequence of the classical axioms of regular expressions [11] extended with axioms 1
and 2 below [28] (axiom (3) can be derived from (2) [11]). This became known as Redko’s
theorem [28], whose proof was completed by Pilling [26] and later simplified by Conway [11].

ef=fe (1) e fr=(f)e+f) 2 (e+f)=ef 3)

We have proven that lan satisfies all classical and commutative axioms (see the lemma for
axiom (2) below), some of which can be derived from earlier ones. This result is the converse
of Redko’s theorem: since the = relation is transitive, the application of any combination of
rewriting axioms yields an equivalent expression. It remains to be seen if we could also use
these definitions to formalise Redko’s theorem. In addition to this theoretical result, these
rules are also useful in proving the intersection function described in the next sections.

Lemma star_prod : Ve f,
lan (Prod(Star e)(Star f)) = lan (Prod(Star(Prod e f)) (Sum(Star e)(Star f))).

Listing 2 Rocq statement of Equation (2).

3 Intersection as Systems of Linear Diophantine Equations

This section describes the first half of the algorithm that computes the intersection of two
commutative regular expressions. Given two arbitrary expressions, it computes a disjunction
of systems of linear Diophantine equations. These equations describe the relation between
the number of occurrences of each letter in the language of the intersection. The algorithm
is defined as a sequence of three transformations:

1. normalise each input expression
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2. compute a disjunction of Symbolic Parikh Vectors (SPVs) from each normalised expression
3. compute a system of linear Diophantine equations for each possible pair of SPVs

For each of the intermediate constructs used in the algorithm (SPVs, equations, Diophantine
equations), we defined an interpretation in terms of the language recognised by the object.
The proof of correctness of each transformation then amounts to proving that the languages
recognised by the source and target of the transformation are equal. We now describe each
transformation in more detail, along with elements of the associated correctness proof.

3.1 Normalisation

The first pass of the algorithm consists of simplifying expressions into a form from which
equational constraints may be extracted to define the intersection problem. Conway’s “Normal
form theorem” [11, Chap 11, Thm 1] states that “any commutative regular expression (...)
can be expressed in normal form as a finite sum of terms of the shape wj...w)w, where
W1,y ..oy Wy, w are words (i.e., products) of the letters”.

In Rocq, we specify Conway’s normal form as the inductive definition dnf shown in
Listing 3, and we implemented the normalise algorithm that transforms an arbitrary
expression into an expression respecting the dnf shape. It proceeds by applying both
classical and commutativity axioms (see Section 2.1) in three passes: first, it distributes Prod
operations over Sum, and turns Star operations of Sum expressions into Prod operations of Star
expressions; second, it removes nested stars; last, it applies neutral elements, associativity
and commutativity rules to put the resulting expression into the exact shape specified by
dnf. For example, expressions (aab + b)* and (abb)*(a + b) from Figure 1 have normal forms
(aab)*b* and (abb)*a + (abb)*b, respectively.

Inductive word: exp — P :=

| w_letter: word (Letter x)

| w_prod: word e — word (Prod (Letter x) e).

Inductive term: exp — P :=

| t_one: term One

| t_word: word e — term e

| t_prod: word el — term e2 — term (Prod (Star el) e2).
Inductive dnf: exp — P :=

| d_zero: dnf Zero

| d_sum: term el — dnf e2 — dnf (Sum el e2).

Listing 3 Normal form for commutative regular expressions.

The two lemmas below prove the “Normal form theorem” constructively. The first
specifies that normalising preserves the language recognised by the expression. Its proof
mainly consists of applying the axiomatic rules discussed in Section 2.1, to show that each
atomic rewriting of the syntax preserves the recognised language.

» Lemma 1. Normalisation preserves the recognised language

YV e, lan (normalise e) = lan e

The second specifies that, after normalisation, the expression is indeed a dnf. It is
structured in three sub-lemmas, one for each normalisation pass. To simplify the statement of
these lemmas, we wrote precise inductive definitions of the shape of the expressions after each
intermediate pass (e.g. expressions where Prod have been distributed). This decomposition

increased the number of inductive definitions but simplified stating and proving the lemmas.
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» Lemma 2. Normalising an expression produces a dnf

V e, dnf (normalise e)

3.2 Translation into Symbolic Parikh Vectors

As explained in Section 2, the language recognised by an expression can be identified by its
PI. In this section, we show how to compute a SPV, an abstraction of this PI well-suited to
generate intersection equations.

In the previous section, we showed that any expression can be rewritten in a normal
form which corresponds to sums of terms wj...w;;w. We observe that such a term identifies
an abstraction over PIs that maps alphabet letters to linear expressions defining their
possible number of occurrences: each letter o; is mapped to k;i1z1 + ... + ki nzn + ki,
where each k; ; denotes the number of occurrences of ¢; in w;, and k; is the number of
occurrences in the constant term w. The variables zq,...,x, range freely over IN since
every w;* corresponds to 0 or more repetitions of w;. We call this abstract representation a
Symbolic Parikh Vector (SPV). For instance, the expression (ab)*(aab)*b is equivalent to
{a— 214+2x540;b — x1 +x2+1}. Our intersection algorithm decomposes the sum obtained
after normalisation into a list of terms, and returns an SPV for each term. The union of the
languages recognised by these SPVs equals that recognised by the source expression.

We present our mechanisation of SPVs in Listing 4 below. An SPV is a partial map
from letters (type Map.t) to “rows”, which encode the linear expressions defined above. To
ensure that all rows have the same length (i.e., that the linear expressions all have the same
number of variables), we use dependently typed vectors: a row n is a pair containing i) a
vector vec IN n of exactly n natural numbers (n variables) and ii) a natural number (the
coefficient of the constant term). The semantics of an SPV are given in terms of sets of Pls,
similarly to expressions. The definition eval_row indicates how a row is evaluated under a
given valuation v of variables x1, ..., x,. The function dot_prod implements the usual dot
product on vectors of the same size: the resulting integer is the sum of every member of the
valuation multiplied by the corresponding coeflicient. Given a valuation, eval_SPV evaluates
an SPV into the PI of a single word. Function lan_SPV specifies that the language recognised
by an SPV is the image of the evaluation function.

Definition row n := vec IN n * IN.
Definition SPV n := Map.t (row n).

Definition val n := vec IN n.

Definition eval_row (v: val n) (r: row n) := dot_prod v (fst r) + snd r.
Definition eval_SPV (v: val n) (p: SPV n) : PI ¥ := Ax = eval_row v p[x].
Definition lan_SPV (p: SPV n) : lan := Api = dval, pi =, eval_SPV val p.

Listing 4 Symbolic Parikh Vectors.

We implement the transformation from expressions into SPVs as a function dnf_to_SPVs
which we do not detail here. The correctness of this function is expressed by the lemma
below, which states that a word is recognised by an expression e if and only if it is recognised
by one of the SPVs generated from e. Note that this lemma only applies if e is a dnf: the
normalisation algorithm must be applied before transformation into SPVs.
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» Lemma 3. Translation into SPVs preserves the recognised language

Ve, dnf e - Vpi, pi € lan e > Jdp, p € dnf_to_SPVs e Api € lan_SPV p

3.3 Generating Linear Diophantine Equations

In the previous subsections, we have shown how to convert commutative regular expressions
into disjunctions of SPVs. We now build systems of linear Diophantine equations that
represent the intersection of a pair of SPVs. A linear Diophantine equation is a linear
equation with integer coefficients and solutions. As a first step, our algorithm represents
these equations with natural coefficients, and allow coefficients and constants on both sides
of the equations (e.g. 2x1 + 3x2 + 1 = 4x3). The second step translates these equations into
a stricter form compatible with our solver.

We describe this process through the example from Figure 1. To calculate the intersection
of expressions (aab)*b* and (abb)*a , the algorithm first calculates their two SPVs

{a— 22150 — 21 + 22} and {a— 23+ 1;b— 2z3}

Recall that variables x1,x2, x3 represent the number of repetitions of each * in the source
expressions. We denote the number of occurrences of a and b in a given word by z, and xy,
respectively. This word belongs to the intersection of the two SPVs whenever there exists an
assignment to xy, xe, x3 satisfying the following system (system S in Figure 1):

— O0c + 1zg + Oxp — 221 — Ox9 — O3 = 0
— le 4+ 1lzoa + Oz 0x1 Oro — 1z = 0
— Oc + Oz, + 1lapy — 17 — l1laxzs — Oxz = 0
— 0c + Oxy + 1lazy — Oxy — Ozo — 223 = 0

Each equation corresponds to the association between one letter and one expression in one

of the SPVs (e.g. the second equation corresponds to a — z3 + 1 from the second SPV).

The first column corresponds to the number of occurrences of the letter in the constant term,
i.e. not under a star. For these equations to accurately describe the intersection, ¢ must be
equal to 1: the constant term is counted exactly once. Adding this “dummy” variable allows
us to represent a non-homogeneous system as a homogeneous one, as done in [10, Sec 7].
Listing 5 presents our implementation of systems of Linear Diophantine Equations. Type
diophs n m represents a system of m Diophantine equations with n variables as a matrix
of coefficients of m vectors of size n. The language recognised by such a system is defined
by lan_dioph. It depends on a vector of letters v which gives the correspondence between
columns of the system and letters of the language. A PI pi is recognised if (1) every letter
in pi appears in v, and (2) there exists a solution to the system of equations in which the
variable corresponding to each letter x is instantiated to pi[x] (vmap is the usual map function

Definition dioph n := vec Z n.
Definition diophs n m := vec (dioph n) m.

Definition eval_dioph (d: dioph n) (v: vec IN n) := dot_prod d v.
Definition solution (d: diophs n m) (v: vec IN n) :=
Vr, r € d = eval_dioph r v = 0.
Definition lan_dioph (v: vec ¥ n) (d: diophs (1 + n + n2) _) : lang :=
Api = (¥ x, x € pi »x € v) AJv2, solution d (vcons 1 (vmap pi v ++ v2)).

Listing 5 Representation and evaluation of systems of linear Diophantine equations.

8:7
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on vectors). To evaluate whether or not a valuation v is a solution of the system, every
equation is evaluated independently by taking the dot product of its coefficients with v.

Going back to the intersection algorithm, a function SPVs_to_diophs (not detailed here)
converts a pair of SPVs into the system of equations denoting their intersection. It returns
the vector of letters and the matrix of coefficients. Lemma 4 specifies its correctness.

» Lemma 4. The language recognised by the system of equations computed from a pair of
SPVs is exactly the intersection of the languages of the two SPVs

V sl s2, let ’(v, degs) := SPVs_to_diophs sl s2 in
lan_dioph v deqs = lan_spv sl M lan_spv s2

Chaining the transformations presented in this section, we get a function that translates
two expressions e; and e; into two normalised expressions (e.g., (aab)*b* and (aab)*a+(aab)*b
from Figure 1), which are each translated into a list of SPVs (a list containing {a — 2x1;b —
x1 + a2} and another with {a — x3 + 1;0 — 223} and {a — 24;b — 224 + 1}). Then, it
generates a system of equations for each pair of SPVs in the cartesian product of these
lists (systems S7 and S3). By chaining the previous correctness lemmas, the union of the
languages recognised by these systems of equations is equal to lan e; N lan es.

4  Formally Verified Solving of Diophantine Equation Systems

We now move on to the second half of our intersection algorithm, which solves the systems
of equations generated in the first part, and rebuilds a commutative regular expression from
the solution. To do so, we implemented the algorithm proposed by Contejean and Devie [10]
as a pure Rocq function. In the first part of this section, we give a high-level overview of
the algorithm through an iterative characterisation that allowed us to easily mechanise its
proof of correctness. Then, in Section 4.2, we describe the executable implementation of the
algorithm, focusing on its proof of termination. In Section 4.3, we show a more practical
formulation of the correctness of this algorithm. Finally, in Section 4.4, we show how the
solution is used to rebuild a commutative regular expression representing the intersection.

4.1 Iterative Characterisation and Correctness

The goal of the algorithm proposed by Contejean and Devie is to compute a set of minimal
solutions to a system of linear Diophantine equations. We first recall the definition of a
minimal solution, which we mechanised as presented in Listing 6. In this section, we assume
that the system of equations eqs is fixed. A vector of natural numbers is a minimal solution
to this system if (1) it is a solution, (2) it is non-null (characterised by its L1-norm | - | being
strictly positive), and (3) there exists no solution that is strictly smaller according to the
partial ordering vgt (noted >> in [10]): v >> u iff each component of v is greater than or
equal to the corresponding one in u, and at least one component of v is strictly greater than
the corresponding one in u. For instance, (1,2,3)>>(1,1,3).

We now focus on the implementation of the simplest version of the algorithm, presented
in [10, Sec 4], which computes the set of minimal solutions. This algorithm uses a while
loop to iterate until a set of candidate solutions is empty. It is not possible to implement
this algorithm as-is in Rocq, because all recursive Rocq functions must be proven to be
terminating. The criteria for termination is that every recursive call must be guarded: one
argument of the function must be inductive, and every recursive call must apply to a subterm
of this argument (we say that this argument is strictly decreasing). In the case of this



R. Almeida, B. Archibald, B. Pesin and M. Sevegnani

Variable eqs : diophs n m.
Definition vgt (u v: vec N n) := (V i, u i > v_i) A(F i, u_i > v_i).

Definition min_solution (v: vec IN n) :=
solution egs v A [v]l > 0 A (V x, solution egs x — Ix| > 0 — (v >> x)).

Listing 6 Minimal solutions to a system of equations.

algorithm, there is no good candidate for a strictly decreasing argument. Indeed, as the
authors state, the proof that this algorithm terminates is non-trivial.

As a first approximation, and to facilitate the proof of correctness, we defined a recursive
function iter that uses a natural number k£ as a “fuel” argument to iterate the body of the
while loop & times. This function is presented in Listing 7. The step function corresponds to
one step of the loop. It takes two lists of vectors as inputs. List b contains minimal solutions
that were already found. List p contains solution candidates: a vector x is a candidate if there
is no minimal solution s in b such that x >> s. The function transforms p and b. First, it
extracts actual solutions from p and adds them to b. Then, for every vector x left in p, it tries

to add to x any unit vector é; that satisfies Fortenbacher’s restriction [6]: egs(x) - egs(é;) < 0.

This restriction “cuts” the hyperplan perpendicularly to egs(z), keeping egs(x + &;) in the
half-space containing the origin. This restriction reduces the search space, and, in particular,
is crucial to guaranteeing termination by preventing the algorithm from continuing its search
“infinitely far away” from the solution. We implement this check by taking the dot_prod of
eval x and eval é;. Finally, p is filtered to keep only the vectors for which all previously
computed solutions in b are not strictly greater. As said, the iter function iterates step k
times, starting with an empty set of solutions, and the unit vectors for candidates.

Definition eval (v: vec IN n) : vec Z m := vmap (A d — eval_dioph d v) egs.

Definition step (p b: list (vec IN n)) : pair (list (vec IN n)) :=

let (bn, p) := partition solution? p in

let b := b U bn in

let p :=

Usesp

(let evx := eval x in
let fbasen := filter () ei = dot_prod evx (eval ei) <? 0) [é1;...;€r] in
let p := map (\ ei = x + ei) fbasen in
filter (A v = forallb (A s = negb (v > s)) b) p)

in (p, b).

Fixpoint iter (k: IN) : pair (list (vec IN n)) :=
match k with

| 0 = ([é1;...56n1, [
| Sk =1let (p, b) := iter k in step p b
end.

Listing 7 Iterative characterisation of the system solver.

In the following, suppose iter k = (p, b). Proving that iter is correct amounts to
proving that it returns a vector v in b if and only if v is a minimal solution. Let us start with
the proof of completeness: all minimal solutions are computed. For a given k, we cannot prove
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that this implementation computes all minimal solutions, since it may stop before finding all
of them. In fact, the algorithm will find only (but all) minimal solution v such that |v| < k:
this is formalised by the lemma below. The proof of this lemma relies on two intuitions.
First, any solution in p is found and added to b. Second, any solution with norm greater than
k is reachable from p. This second point is the most difficult to prove, because it requires
proving that Fortenbacher’s restriction does not suppress some of the solutions. The proof
proposed by Contejean and Devie consists in showing that any solution may be decomposed
in a sum of unit vectors, all leading in the right direction. We mechanised this argument into
an inductive predicate, decomposable: vec IN n — P, showed that min_solution v implies
decomposable v, and finished the proof by induction on the derivation of this predicate.

» Lemma 5. Completeness (Proposition 1 from [10])

Vv k, let (p, b) := iter k in min_solution v — |v| <=k -v € b

The second part of the correctness proof is soundness: any vector v in b is actually a
minimal solution. It is easy to see that v is a solution (since this is checked by filter),
and that it is positive (since all vectors in p are greater than or equal to a unit vector). To
prove that it is minimal, we reason by contradiction: if it is not, then there exists a minimal
solution x such that v >> x. By the completeness lemma, we know that this solution was
found by iter k’ with k’ < k. Because of the filtering applied at the end of the step function,
that would mean v could not be in p, and therefore not in b, which is a contradiction.

» Lemma 6. Soundness (Proposition 2 from [10])

Vv k, let (p, b) := iter k in v € b — min_solution v

4.2 Implementation and Termination

In this section we describe our formalisation of Contejean and Devie’s termination argument.
To describe this mechanisation as a proof of termination for a Rocq function, let us start
from the implementation presented in Listing 8. The conclusion of the argument is that, at
some point, the list of candidate solutions p will be empty. Therefore, the recursive function
solve_aux first checks if p (the first element of the pair pb) is empty. If it is, it returns b
(the second element of the pair). If it is not, it calls itself recursively after one call to step.
This recursive call is not guarded a priori, and Rocq would normally refuse this function.
However, we follow the approach recommended by Leroy [20], and add an extra argument to
the function, ACC, which acts as the decreasing argument. ACC is a proof of accessibility for
the relational form of the step function, StepR: it states that any sequence of elements related
by StepR starting from pb is finite. Inverting ACC requires proving that the step function
satisfies its relational specification, which is easily done in StepR_step. This is sufficient to
define a recursive function which is accepted by Rocq.

Of course, this is not the whole proof: by using Acc StepR, we have merely moved the
burden of the proof to the initial caller of solve_aux, the solve_diophs function, which must
prove that any sequence starting from the initial list of candidates is finite, which corresponds
exactly to the argument of Contejean and Devie, and is formalised in lemma StepR_init.

To mechanise this argument, we proceeded, as in the original paper, by contradiction.
The central piece of reasoning is Lemma 7 presented below, which corresponds to [10, Prop 3].
Let VR v1 v2 be the relation between a candidate solution v2 and v1, its predecessor by the
step function. Let v be an infinite sequence of candidate solutions. We write v k for the k-th
element of v, which is a vector in N™. If v respects VR, then there exists at least one index k
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Definition StepR pbl pb2 := fst pbl <> [] A step_rel pbl pb2.

Lemma StepR_step : Vp b, p <> [1 — StepR (p, b) (step p b).
Proof. (* easy *) Qed.

Fixpoint solve_aux pb (ACC: Acc StepR pb) :=

match list_empty_dec (fst pb) with
| left _ = snd pb
| right NEMPTY =

solve_aux (step (fst pb) (snd pb)) (Acc_inv ACC (StepR_step pb NEMPTY))

end.

Lemma StepR_init : Acc StepR ([é1;...;é,1, [1).
Proof. (* hard, uses proposition 3 *) Qed.

Definition solve_diophs := solve_aux ([é1;...;ér], []) StepR_init.

Listing 8 Recursive implementation of the system solver.

and one positive solution x to the system of equations, such that v k is strictly greater than
x. This is a contradiction: thanks to the reasoning used in proving Lemma 6, we know that
any candidate solution must not be strictly greater than a minimal solution.

» Lemma 7. There is no infinite sequence respecting StepR (Proposition 3 from [10])

let VR vl v2 := 3j, v2 = vl + é; Adot_prod (eval vl) (eval é&;) < O in
V (v: N - vec N n),

(3 j, v0o=¢ AVk, VR (v k) (v (S k))) -
(3 k x, solution egs x A |x| > 0 A (v k) >> x)

As Contejean and Devie state, the proof of Lemma 7 is “quite delicate”. Indeed, it

involves techniques and results from real analysis and linear algebra. The proof is (summarily)
structured as follows:

1.

First, it shows that the sequence , with ||.|| denoting the L2-norm, converges

|leval (v k)||
K

to 0 ([10, Lemma 1]). The intuition is that ||eval (v k)|| grows slower than k, since the

difference between (v (k+1)) and (v k) is a unit vector. Using submultiplicativity of the

Frobenius norm, we conclude that ||eval %H also converges to 0.
(v_k)

. Then, since == is bounded, it admits an adherence value [ € R™. This vector is

proven to have at least one strictly positive component, since it is the adherence value

of a sequence of non-null vectors % Moreover, it is a solution for eqs in R™, since
[|leval (ka) || converges to 0.

[ is decomposed into a vector [; with only strictly positive components and a null vector.

In the mechanisation, we use explicit projection functions between [ and [;. [ is further
decomposed into a vector Iy of components that are linearly independent in @, and a

second vector I3 where every component is a sum of components of I coefficiented by Q.

From there, it extracts a solution to the system of equations w € Q™. By multiplying
every component in w, it gets back a strictly positive solution vy € N™.

. vg is then proven to be strictly smaller than some v k, which is a contradiction: this

particular v k cannot have been generated by the algorithm. This finished the proof.

To mechanise this proof, we used the Reals module provided with Rocq’s standard library.

We needed to generalize some results from this library; for instance, the Bolzano-Weierstrass
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» Lemma 8. Functional Backwards List Choice

Po P1 D2 Pn
[ | [ | [ | [ |
V0, — V1 —x V@®: A—-A->P) (p: N —1list A),
, Vv k, pk <> [1) -

v v Vo) —— =3 Ungy = «ee

0; < Ul; — U2 + Ung - > (W kv, ve (p (k¥1)) —3u, u € (p k) AR u v) —
Vo, — V1, — U2y ---3 Uny

2 2 1 n1 dv, In (v 0) (p 0) AVk, R (v k) (v (k+1))

Figure 2 Choosing vectors.

theorem which was only defined for scalar reals and needed to be generalized to vectors of
reals. We also needed to add some definitions to manipulate vectors by index during the
proof, in particular when extracting components of [ and constructing w. Overall, the proof
of Lemma 7 is the most complex in the development, and requires approximately 2,000 LoC.
We also discovered a missing conceptual step in the pen-and-paper proof proposed by
Contejean and Devie. Let us go back to StepR_init: we must prove that any sequence of
pairs (p, b) satisfying StepR is finite. We proceed by contradiction: we must prove that the
existence of an infinite sequence of pairs (p,b) satisfying StepR is a contradiction. Let us
only consider p, the list containing the candidate solutions, for each pair. Figure 2 illustrates
the infinite sequence of p, where arrows represent the VR relation. We know that there is an
infinite number of non-empty p,, and that every element in p,,y; is related to an element
in p,. From this assumption, we need to extract an infinite sequence of vectors related by
VR, to instantiate Lemma 7 and finish the proof. The corresponding proof obligation is a
specialisation of Lemma 8, with A := vec IN and R := VR. However, we realised that it is not
possible to prove this lemma constructively. Indeed, it is not possible to write a terminating
algorithm that chooses between a sequence that is actually infinite (such as vg,, v1,,v2,, -
in the example), and a sequence that is finite but may be arbitrarily long (such as the one
starting at vg, in the example). This is akin to the halting problem. Instead, the proof
relies on non-constructive reasoning, in particular with the axioms of excluded-middle and of
dependent functional choice, and is similar to the proof of Kénig’s infinity lemma [16].

4.3 Correctness theorem

In the previous sections, we have established that solve_diophs terminates, and proved the
correctness of its iterative specification. The correctness of solve_diophs is obtained by
combining this result with a proof of correspondence between the recursive implementation
and the iterative specification. This correctness is stated below, in terms of minimal solutions.

» Lemma 9. Correctness of the Diophantine equations solver in terms of minimal solutions

V eqgs v, min_solution eqs v <> v € (solve_diophs egs)

However, to simplify further reasoning, we state the final correctness theorem in terms
of linear combinations of vectors. The inductive predicate 1lin_comb vs v presented below
specifies that v is a linear combination of vectors in vs with coefficients in IN.

Inductive lin_comb: list (vec N n) wvec N n =P :=
| 1lin_comb_nil: lin_comb [] O
| 1in_comb_cons: Vhd tl x vl, lin_comb tl vl — lin_comb (hd::tl) (x * hd + vi).

Listing 9 Linear combinations of vectors.

Intuitively, any vector is a solution to the system of equations iff it is equal to a linear
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combination of minimal solutions returned by solve_diophs, as specified below.
» Theorem 10. Correctness of the Diophantine equations solver

V egs v, solution eqs v <> lin_comb (solve_diophs egs) v

4.4 From the Set of Minimal Solutions to Expression

Finally, after having computed the set of minimal solutions to the system of equations
generated for an intersection, it remains to generate a commutative regular expression from
this solution. Recall that all equations in the system have the same structure, with the
first variable corresponding to the number of occurrences of the constant term, the n; next
variables to the number of occurrences of each letter in the intersection, and the remaining ns
variables being free. Naturally, the solution vectors also follow this structure. As explained

in Section 3.3, we are only interested in solutions where the first component is exactly 1.

Since every solution to the system can be expressed as a linear combination of minimal
solutions, we immediately exclude minimal solutions whose first component is greater than 1,
as proposed in [10, Sec 7]. The first subset, mq, contains “constant” solutions. The second
subset, mg, contains “repeating” solutions. Any solution of interest is thus the sum of exactly
one vector from m; and of repeated vectors from my.

As an example, the system of equations presented on Page 7 for the first intersection in
Figure 1 has the following set of minimal solutions:

{(024132),(122111),(342201)}

Any solution of the system is thus of the form (024132) xk+(122111) x 1 for some
k € IN. Focusing on variables z, and x; (second and third values), in all solution we have
T, = 2k 4+ 2 and x, = 4k + 2, for some k. Since x, and x; express the number of a’s and
b’s, respectively, in the intersection, the SPV of the expression denoting the intersection is
{a — 2k + 2;b— 4k + 2}. Applying the inverse transformation from Section 3.2, we obtain
the resulting expression as follows. The repeated parts of a and b are bounded by the same
variable (k) and so they appear under the same starred word, a twice and b four times. Since
k is the only variable, there are no other starred words, only constant occurrences of a and b,
twice each. The resulting expression is therefore (aabbbb)*aabb.

This transformation is implemented by the functions presented in Listing 10. The
function split_sol splits the solution into the two subsets mg and mi, and removes the first
component of each vector to simplify later processing. Each vector in the resulting subsets is
converted into a product expression by the function vec_to_exp, which is parameterised by
the vector of letters computed earlier by diophs_of_eqs. With a vector of letters (x1, ..., Ty, )
and a solution vector (K1, ..., knyy Kny+1s s Kny4ns ), the letter x; is repeated k; times in the
generated expression. The components after k,, are ignored, as they correspond to free
variables. Finally, the function sol_to_exp combines these functions to transform the whole
set of minimal solutions. First, it decomposes this set into the two subsets m1 and m0. Then,
it generates a sum of expressions from the vectors in m1 and a product of starred expressions
from the vectors in mo.

The correctness lemma for sol_to_exp is presented below. It establishes that the generated
expression preserves the language recognised by the system of equations. This lemma holds
for any input set of vectors that forms a minimal solution, in the sense of Theorem 10.
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Definition split_sol (m: list (vec IN (1 + n))) :=
(map vtail (filter (A v = vhead v =7 1) m),
map vtail (filter (A v = vhead v =7 0) m)).

Fixpoint vec_to_exp (vn: vec X nl) (v: vec N (nl + n2)) :=
match vn, v with
| vnil, vnil = One
| vcons x vn’, vcons k v’ = Prod (X, x) (vec_to_exp vn’ v’)

end.

Definition sol_to_exp (vn: vec ¥ nl) (m: list (vec IN (1 + nl1 + n2))) :=
let ’(m1, mO) := split_sol m in
Prod (- cp1 (vec_to_exp vn v)) (Xyecpo (Star (vec_to_exp va v))).

Listing 10 Translating a solution into an expression.

» Lemma 11. The expression computed by sol_to_exp corresponds to the set of minimal
solutions of the equations

V egs sol,
(VY v, solution eqs v <> lin_comb sol v) —
lan (sol_to_exp vn sol) = lan_dioph names egs

4.5 Putting it all together

Recall that computing the intersection of two expressions required solving a disjunction of
systems of Diophantine equations. Lastly, the expressions generated from the solutions of
these systems are combined using the sum operator. Listing 11 presents the final intersection
function, built from composing the functions presented in the two previous sections.

Definition intersection (el e2: exp) : exp :=
let pvsl := dnf_to_SPVs (normalise el) in
let pvs2 := dnf_to_SPVs (normalise e2) in

+p1 € pvsl, p2 € pvs2
(let ’(vn, degs) := SPVs_to_diophs pl p2 in sol_to_exp vn (solve_diophs degs))

Listing 11 Intersection of commutative regular expressions.

The final correctness theorem for this function is presented below, and is proved by
composing the correctness lemmas for each of these functions.

» Theorem 12. Correctness of the intersection

V el e2, lan (intersection el e2) = lan el N lan e2

5 Performance and Experimental Evaluation

In their paper, Contejean and Devie propose several versions of the intersection algorithm.
The Rocq function described in the previous section is an implementation of the “naive”,
high-level version of the algorithm. While testing, we realised that this implementation
could be quite slow on some relatively simple input expressions: for example, computing the
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intersection of ((a?b + a®)bc?)* and (a®b?)*c*—which is (a”°b3%c*?)*—takes 5 seconds on
a laptop with an Intel Ultra 7 running at 4.5GHz. Most of this time is consumed by the
equation-solving algorithm (normalisation takes less than 0.0001 seconds). This is due to the
solutions being the fairly large vector (90, 36,42), which requires at least 90 + 36 + 42 = 168
iterations to be found by the solving algorithm.

5.1 A more efficient algorithm

To improve on these performances, we implemented in Rocq the optimised incremental stack
algorithm [10, Sec 6&9], which makes several improvements over the naive version. First, it
is incremental, meaning that it solves the system one equation at a time, refining its minimal
solution with each new equation. It starts with the canonical base, which is the minimal
solution of an empty set of equations. Then, when adding another equation to the system,
the algorithm searches a new minimal solution as a set of linear combinations of vectors
from the previous minimal solution. This approach reduces the number of iterations of the
search, since every step of the search adds a vector from the base computed from the previous
equations rather than a unit vector. Second, the algorithm fixes the order in which the
vectors of the basis may be added. This avoids redundancies in the search: if the algorithm
computed v; + vg, it will never compute vy + vy. Third, it avoids explicit computation
of the << operator by instead keeping track of the difference between the candidate and
solution vectors. Last, the search uses a stack, on which vectors are pushed and popped in
an order that guarantees that the size of the stack is at most the number of vectors in the
previous minimal solution, making the algorithm space-efficient. For the example above, this
algorithm computes the same intersection in under 0.001 seconds.

While implementing this version of the algorithm, we detected two small errors in its
original pseudo-code [10, page 160]: an incorrect decrement when calculating the height
of the stack at the start of each loop cycle (n:=height (P)-1), and the vector comparison
with existing solutions in the wrong direction (>> instead of <<). At time of writing, the
termination and correctness proofs for this version of the algorithm are still work in progress.
The optimisations introduced in the stack algorithm make reasoning much more complex; in
particular, it requires complex invariants relating the previous minimal solution, the order in
which vectors from it have been added into candidate vectors on the stack, and the computed
differences. We are confident the proofs are doable given enough time.

5.2 Simplifying expressions

Expressions produced by the normalisation process and by the conversion of solutions to
expressions may contain redundant terms. This has two drawbacks. First, the intermediate
expressions may be translated to more complex unions of SPVs than necessary, and therefore
more complex systems of equations, impacting the solving time. Second, the output
expressions may be less readable. To alleviate these issues, we added an expression simplifier
in our pipeline. It is applied after normalisation, and before returning the output expression.
It simplifies useless 1 and 0 (e.g. el = e and e+ 0 = 0), redundancies in sums (e.g. e+e = e)

*

and in product of starred words (e.g. e*e* = e*). The simplifier also has been fully verified.

5.3 Evaluation

To evaluate the performance of our implementation, we generated a benchmark with several
batches of uniformly randomly generated regular expressions using the tool FAdo [2, 29].
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Figure 3 Average time taken to compute intersections of random expressions using two versions
of the Contejean-Devie algorithm: fully formalised original version (left) vs partially formalised
stack incrementer version (right).

Each batch contains 10,001 expressions of a fixed length (varying between 10 and 15) and a
fixed number of letters (between 2 and 5) in Polish notation (so their lengths are statistically
significant). Then, for every two consecutive expressions in a batch we computed their
intersection and measured the time taken. The results are presented in Figure 3, which
includes the results obtained with the more efficient version described in Section 5.1 (right
chart) for comparison and as motivation for its ongoing formalisation. For each combination
of expression length and number of letters, we present 1) the average time of the intersections
that finished in 10 minutes (continuous lines), and 2) the percentage of intersections that did
time out (dashed lines). This illustrates a wide amplitude in the computation times. Despite
this, we observed average and median times consistently below 1 second. Expression length
clearly is a factor, although some of the times actually dropped when length increased.

To better understand the test cases that timed out, we analysed more closely the first 5
cases that did not finish within 10 minutes for expressions of size 15 and 4 letters. With the
stack algorithm all 5 intersections were computed in <0.10 seconds. Two of these intersections
were as simple as (ddcb)* and (dddcaaaadb)*, but our certified implementation, with timeout
disabled, took ~ 8 hours to compute the first one. The second one was still running after
a full day. This can happen when the equation solver quickly finds relatively few minimal
solutions but then spends most of the time exploring all remaining candidate solutions
until discarding them (i.e., each of them keeps being incremented repeatedly without ever
becoming a solution, but eventually becoming strictly greater than an already-found minimal
solution). For two of the remaining cases, the intersections computed were significantly
larger, one containing 52 terms and taking ~ 6 hours to compute, and the other 7 terms but
taking a full day. For the last one, the stack algorithm computed an intersection with 168
terms but the certified implementation was still running after 1 day.

The stack algorithm exhibits a more consistent behaviour, without timeout. Apart
from the expression length, the number of letters also has an influence, with, for instance,
expressions with only 2 letters consistently intersecting faster than the other ones. This is
unsurprising, as the number of equations in the system is double that of the letters.

We also tested our implementation with real-world examples from mailbox types [15],
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which are defined as commutative regular expressions. For instance, we can compute the
intersections of the types inferred by the MBCheck typechecker for the Pat language [14].
During the typechecking of the Dining Philosophers implementation included in the tool,
two of the types inferred are

(H(D+1))*H(DE+1) and (H(D+1))*H(DE+1) (H(D+1) ) *H(DE+1) + (H+D+E) *

Where H, D and E are short for Hungry, Done and Exit, respectively. Their intersection is
computed in under 0.01s by our certified implementation:

Hx* (DH) *DEH+H* (DH) *DEHH+H* (DH) *H+H* (DH) *HH.

6 Discussion and Future Work

We closed the open problem of how to compute the intersection of two commutative regular
expressions. While commutative regular expressions were already known to be closed
under intersection, no algorithm existed in the literature yet. We introduced an algorithm,
formalised it in Rocq and proved it correct. Since our algorithm relies on solving systems of
linear Diophantine equations, our mechanisation includes a formalisation of such a solver (in
this case, the solver proposed by Contejean and Devie [10]). While solvers for single linear
Diophantine equations had already been formalised before [22], this is the first formalisation
of a solver for systems of linear Diophantine equations, which works both with homogeneous
and non-homogeneous systems. Both the algorithm that computes expression intersections
and the solver of systems of linear Diophantine equations are available to use in the executable
OCaml-extracted artefact provided [3]. The artefact also includes the first benchmark of
intersections of commutative regular expressions, computed from uniformly random generated
regular expressions using our certified implementation.

We estimate that 3 researcher-months were required to complete the formalisation work
described in this paper. The result of this work is around 5.5k lines of Rocq code, including
specification, executable code and proofs for every pass of the algorithm.

Table 1 Number of LoC and axioms used for each part of the mechanisation

Lines of Code

Pass Specification Executable Proof Total Axioms Used

Exp + Axioms 60 0 570 630 none
Normalisation 15 100 540 655 classic

Exp — SPV 15 50 340 405 none

SPV — Eqgs 15 25 230 270 none

Egs Solver 10 30 3100 3140 classic, DFC, real number axioms
Solution — Exp 0 20 420 440 none

Total 115 225 5200 5540

As shown in Table 1, the bulk of the development lies in the proof of correctness for
the Contejean-Devie algorithm presented in Section 4. This was expected, considering the
pen-and-paper proof was already “quite delicate” and spanned more than 4 pages in the
original paper. Our mechanisation follows this proof closely, while clarifying some of the
steps: for instance, the “continuity arguments” used on pages 11 and 12 of the original paper
respectively involve the submultiplicative property of the Frobenius norm, and the density of
Q in R.
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As discussed in the previous sections, the proofs of termination and correctness of
the Diophantine solver are not constructive. More generally, our development relies on
five non-constructive axioms from Rocq’s standard library, which may be listed using the
Print Assumptions command. They can be broadly categorised into:

Excluded-middle (classic) and dependent functional choice (DFC): necessary to prove

Lemma 8, similarly to the proof of Kénig’s infinity lemma.

Axioms used to define real numbers in Rocq’s library (sig_not_dec, sig_forall_dec and

funext): necessary to prove the termination of the Contejean-Devie algorithm.
The last column of Table 1 recaps which axioms are used in which part of the proof.

Pottier [27] has provided a bound on the norm of the minimal solutions that could be
used as an alternative when proving the algorithm terminates. Contejean and Devie point
out that this bound is incomparable to Fortenbacher’s restriction, which we implemented,
but report that it yielded a larger set of nodes in all their experiments [10], while additionally
being significantly more complex to compute. This is the main reason why we chose not to
use it, but it would still be interesting to implement it and test how it affects the performance
of the solver in practice. It may also allow us to remove some of the non-constructive axioms
used in the termination proof.

In addition to being a (semi-)constructive proof that commutative regular expressions are
closed under intersection, the algorithm we implemented may be used in practical contexts,
such as type inference for process calculi (e.g. Mailbox types [15]). One limitation is that the
algorithm cannot be run inside Rocq itself, since the decreasing argument of the solve_aux
function presented in Listing 8 is a proof of accessibility which contains applications of
non-constructive axioms, and therefore does not reduce. Instead, we use the Rocq extraction
feature to generate equivalent OCaml code, which we then compile and run.

In Section 2.1, we introduced Redko’s theorem, that states that every identity between
commutative regular expressions is a consequence of the axioms. A possible direction of
future work is to extend our formalisation (which already includes all axioms) with an
algorithm that decides the equivalence between any two expressions. As in the case of the
intersection, we expect this work would reuse some of the ideas and concepts from the
existing non-constructive proofs (such as Conway’s, which refines the normal form into a
new independent form [11]).

Finally, we plan to integrate the executable code extracted from our formalisation into
the OCaml tool BigraphER [31]. As mentioned in the introduction, bigraph sorts are given
by commutative regular expressions and an implementation of the intersection will enable
the first implementation of sort inference for bigraphs [4].

Declaration on the use of Al

We declare that, for the experimental evaluation described in Section 5, the parser for input
expressions and the Python script to plot our results (Figure 3) were written with the aid of
GenAl.
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