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Abstract. Continuous dynamical systems are fundamental in modelling
a wide range of real-world phenomena, from cyber-physical systems to
industrial automation. Such systems operate in dynamic environments
where unanticipated situations can arise. Requirements specified at de-
sign time may become partially unachievable when the system is de-
ployed. We propose a novel method for reachability specification degra-
dation tailored to continuous dynamical systems. Our approach involves
sampling points within the initial state space region, estimating reach-
ability regions over time using the Lipschitz constant, and augmenting
the original specification through disjunction operations. We implement
our method to support how a system can adapt to requirements in real
time.

Keywords: Continuous dynamical systems - Reachability - Specifica-
tion degradation.

1 Introduction

Continuous dynamical systems are fundamental in modelling a wide range of
real-world phenomena, from cyber-physical systems [20, 15] and communication
systems [26, 16,13] to biological processes [9] and industrial automation [21].
These systems operate in environments that are often dynamic, uncertain, or
partially known, making it essential for the system requirements (specified at
design time) to continually adapt as the environment changes or new informa-
tion about the environment becomes available. For example, consider a workload
management system for next-generation communication base stations [26]. The
system must balance resource allocation across processing units and communi-
cation channels, despite fluctuating network demands and traffic patterns. Such
requirement could be expressed as a safety property that states “a base station
workload must never exceed 1 terabits per second (Tbps)” or formally in sig-
nal temporal logic as: G, (WL, < 1Thps), where G is always, a,b represent
time values, and WLy, is the base station workload. However, in a major event,
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the number of users connected to a station may increase dramatically, causing
this requirement to be (temporarily) violated. When modelling a continuous dy-
namical system, this violation may manifest as a subset of trajectories from an
initial state-space region (e.g., a high number of connected users) that never
reach desirable states (e.g., a workload below 1 Tbps). One possible repair to
the predefined requirement might be “a base station workload must never exceed
1 Tbps, or if it does, then it must reduce it to below 1 Tbps within 5 minutes”.

Several approaches have been proposed to enable adaptation of specifications
(a.k.a. specification degradation) expressed in a temporal logic formalism in the
face of environmental changes, such as [27, 3, 8, 6, 10]. However, these are limited
in that they either (i) only handle discrete systems and thus require discretisation
of the state space, causing a lack of precision in the requirements specification,
or (ii) do not provide means for detecting violations of the specification for
continuous dynamical systems from an initial region to trigger the adaptation.

In this paper, we propose a novel method for safety requirements’ degra-
dation in continuous dynamical systems. Our approach to safety requirements
expressed in non-nested Signal Temporal Logic (STL) [19] and considers their
satisfaction checking as a reachability analysis problem [2, 14, 11]. Given an ini-
tial condition (representing a state-space region, which is the blue region of
Fig. 1) for the system and a safety requirement, the approach uses the system’s
Lipschitz constant to estimate the reachability regions (yellow region of Fig. 1)
for the system starting from the sampling points in the initial state-space region.
Since the considered STL specifications are non-nested, their satisfaction can be
checked independently for each atomic temporal subformula, which simplifies the
degradation process. The estimated region is then used to extract a weakening
of the original specification, ensuring that the adapted specification is satisfied
by all trajectories starting from this initial state-space region.
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Fig. 1. The specification repair is based on the Lipschitz constant with (a) a 2 x 2
partition, and (b) a 3 x 3 partition. The yellow regions denote the reachable regions.
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2 Related Work

The closest work to ours focuses on the degradation of specifications in STL
when deviations in the environment’s expected behaviour are detected [7,6].
The primary challenge for these approaches lies in verifying whether the pre-
defined specification has been violated, as it often requires checking an infinite
number of trajectories. For instance, the work of [6] cannot detect specification
violations when the time interval of the specification is long, and the action set
is large, since this requires checking numerous trajectories generated by various
combinations of actions within the specified time frame. To overcome this prob-
lem, Ghosh et al. [10] employed mixed-integer linear programming (MILP) to
verify the violation of STL specifications and facilitated specification adaptation
by reformulating the repair process as a model predictive control problem, for a
dynamical system originating from an initial point. However, MILPs can only be
used to check the violation of the specification for certain simple scenarios, since
they often face infeasibility issues, such as running for extended periods without
producing a solution. This is caused by large problem sizes, tight or complex
constraints, or ill-conditioned problems [5].

The work of [3] presents an automated approach to the degradation of spec-
ifications expressed in a subclass of Linear Temporal Logic, for which tractable
synthesis methods exist, in response to the detection of violations of environmen-
tal assumptions. Their approach considers violations of safety assumptions about
the environment as a trigger for the adaptation process. As in this work, their
research focuses on computing weaknesses of the original specification. Different
from ours, they focus on discrete systems. In [1], a meta-learning framework is
proposed to support the adaptation of learners during specification degradation
tasks. They propose using a reinforcement learning agent to configure a learner
that identifies the optimal degradation at runtime. However, these approaches
cannot be applied to continuous dynamical systems, nor can they handle speci-
fications without loss of accuracy.

At the same time, alternative set representations have been explored in reach-
ability analysis, which could also be applied in the context of specification re-
pair for continuous systems. For example, polygonal (polyhedral) sets have been
used to represent the behaviour of anisotropic systems [12]. Similarly, Taylor
model-based representations, which combine high-order polynomial expansions
with rigorous remainder bounds, have been employed to construct flowpipes for
nonlinear systems [18,4]. While our framework is currently formulated using
Lipschitz-based approximations, it could in principle be extended to incorporate
these alternative representations.

Our work can be viewed as complementary to approaches to synthesising
correct-by-construction control strategies for dynamical systems, as [22, 17]. These
assume specifications are correct initially. Our approach complements these ap-
proaches by accounting for requirements that are too strong and cannot always
be achieved, requiring their degradation.
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3 Preliminary

3.1 Dynamical System

A continuous dynamical system (CDS) describes the evolution of a system’s
state over time, and an external dynamical environment can influence its dy-
namics. This system may need to satisfy certain specifications, such as safety or
reachability.

Definition 1 (Continuous Dynamical System). Given S C R as the bounded
state space for a system, and £ C R™ as the bounded state space for the dy-
namical environment, we define a continuous dynamical system as the tuple
Y :=(S,E,f), where f : S x E— > S is a measurable function characterising
the state evolution of Xs. Assume that this dynamical system starts from the
initial state space region By C S. That is, given x(t) € S and e(t) € € at some
time t, its dynamical system is defined as

@(t) = f(x(t),e(t), t €RT, (1)

where the dynamics of state e(t) is governed by

é(t) = O(e(t)), (2)
and @ : £ — & is a measurable function.

If the function e : R>¢ — R™ is a constant vector function, the CDS runs in
an environment with a constant rate of variation. The static environment is the
special case, in which e(t) is always the zero vector for any ¢ € RT.

By selecting a sufficiently small time step h; and an initial time to, Eq. (1)
can be approximated by the Euler method, as follows,

w(k+1) = x(k) + he f(2(k), e(k)), (3)

where k = % For any time t* € RT, the time interval [to, t*] can be represented
as [0, k*], where k* = t*h;tt", k* € Z*. Tts initial condition x(0) denotes xy and
xy, denotes z(k). In the following discussion, we only consider this form for the
CDS. Thus, the evolution of the system described in Eq. (1) is characterised by
the trajectories of its states and measurements.

In this paper, we assume that the models of Eq. (1) and (2) are all known
and autonomous dynamical systems. In the following sections, we will study the
specification adaptation, such as the properties of safety and reachability.

3.2 Signal Temporal Logic

Signal Temporal Logic (STL) was originally developed as an extension of Metric
Interval Temporal Logic (MITL), designed to analyse and reason about the be-
haviour of real-valued, dense-time signals [19]. Thus, STL can be used to specify
the time-varying behaviour of a system based on the real value signal. In this
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paper, we focus on the STL with non-nested temporal operators fragment, which
includes all the key temporal operators of STL except for their nesting.

STL is consisted of predicates h which is true if and only if a function h :
R™ — R is such that h(z) > 0. The syntax for an STL formula ¢ is defined as

¢:=true | h(z) >0 | =0 | ¢p1 A2 | Fla ¢ | Glap@ | 01U )02,

where ¢1, ¢2 are STL formulas and a, b € R>g with a < b. U is the until
operator, and ¢ U, ;2 means ¢; must hold until ¢2 becomes true within a
time interval [a,b]. The temporal operator F and G are eventually and always
operator. Let F denote the satisfaction relation between a time-state pair (x,t)
and an STL formula ¢, i.e., (z,t) F ¢ which means ¢ holds true in the signal x
at the time moment ¢, where the function x : R>o — R".

Definition 2. For a signal x the satisfaction of a formula ¢ as described in [19],
as follows

tYEh < h(z(t)) >0

x,t) F—=h < —((z,t) Eh)

T, ) E 1 Ao <= (x,t) E ¢1 A (z,1) E ¢

2,8) E ¢ Upyds <= 3t € [t+a,t+b]- (2,11) F o AWty € [t,11] - (2,12) E 1
x,t)

x,t)

)

)

)

':F[ab]¢ < 3t1€[t+a t—|—b] ($,t1)ﬁ¢

(@,
(
(
(
(
( FGupn¢ <= VY €t+a,t+0b]-(2,t1)F ¢

)

4 Problem Statement

We are interested in checking the trajectory of a system whose behaviour is
prescribed by Eq. (1), starting from the initial region By, against a reachability
property specified as an STL formula.

Definition 3. (Regional Satisfaction) Given a specification ¢ and its time
interval [0,t*], the system described in Eq. (1) can satisfy this specification ¢,
when starting from initial region By, i.e., for all (k) generated from Eq. (3),
the set Xy = {x¢ € Bo|3k € {0,...,k*},xp = ¢} is equal to By. We say this
system has a Regional Satisfaction w.r.t. ¢, when starting from the initial region
Bo.

Definition 4 (Partially Regional Satisfaction). Given a specification ¢ and
its time interval [0,t*], the system described in Eq. (1) can partially satisfy this
specification ¢, when starting from the given region By, i.e., the set Xy C By.
We say this system has a partially regional satisfaction w.r.t. ¢, when starting
from the given region By.

Definition 5 (Strong Regional Unsatisfaction). Given a specification ¢,
the system described in Eq. (1) cannot satisfy this specification ¢, when starting
from the given region By, i.e., for all z(0) € By, the set Xy is empty. We say
this system has a strong regional unsatisfaction with respect to ¢, when starting
from the given region By C S.
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Remark 1. Tt is easy to obtain that: if the system described in Eq. (1) fails to
achieve regional satisfaction with respect to ¢, then its trajectories from the
initial region By either satisfy ¢ only partially or are strongly unsatisfactory.

Definition 6 (Specification Repair). Given a specification ¢, the system de-
scribed in Eq. (1) whose initial region is By has strong regional unsatisfactory
w.r.t. ¢. Then, a new generated specification ¢* is such that for Eq. (3) the set
Xpr = {xg € Bo|3k € {0,...,k*},zx = ¢*} is equal to By. We say this spec-
ification ¢* is the specification repair of ¢ for this system described in Eq. (1)
whose initial region is By.

Problem. Let the system described in Eq. (1), whose initial region is By,
not have regional satisfaction with respect to an STL formula ¢. Based
on the dynamics of this system and the parameters of STL, generate a
new specification ¢* such that this system, whose initial region is By, can
have regional satisfaction w.r.t. the new specification ¢*.

In this problem, we face two key challenges:

C1 Determining when a system described in Eq. (1) whose initial region is By,
does not have regional satisfaction w.r.t. specification ¢?

C2 Determining an adaptation to the specification that ensures regional satis-
faction w.r.t. specification ¢?

For C1, since the initial region By for the system described in Eq. (1) is a dense
and uncountable set, it is impossible to check the trajectory of this system start-
ing from every point in By. Additionally, it is difficult to degrade the specification
based on the limited information (C2). The following section will try to address
these challenges.

5 Methodology

We propose here a method to verify whether a system described in Eq. (1) whose
initial region is By has regional satisfaction w.r.t. specification ¢, and to degrade
when it does not.

For Eq. (1), the satisfaction of the specification can be verified by evaluating
the function h values corresponding to the system’s state variables. Typically,
for systems with a continuous state space, evaluating the function h can be
reduced to a reachability analysis. This involves determining whether the state
variables can enter some specified value ranges while meeting the given temporal
requirements. In this section, we adopt the Lipschitz constant £ of the vector
field of Eq. (1) to verify the specification.

For the dynamical system described in Eq. (1), it has a Lipschitz constant L,
such that for any z and z* in S, || f(z) — f(z})|| < L]z — x%||. The Lipschitz
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constant £ can be used to quantify the distance between two trajectories of
Eq. (1), each starting from a different initial point. According to Eq. (3),

241 = T | <hell £ () = Fl@p) 1+ lzr — 27|
< (Lhe + llzg — @il < (Lhy + 1)z — ag]l. (4)

This property is useful for quickly estimating the reachable region of Eq. (1) by
sampling a limited number of trajectories from a small set of initial points, as
shown in Algorithm 1. In detail, we can partition the initial region into many
cells, as shown in Step 1, and then sample the central point of each cell as the
initial point, as indicated by the blue region in Fig. 1. For each initial point,
the system described in Eq. (1) generates the associated trajectory. According
to the specification ¢, we find the point in each trajectory, as shown in Step
5, satisfying that the value of the function h at this point is the closest to the
value region of the same function in the specification ¢. Alongside, the relevant
maximum time moment is recorded. Using the maximum distance between any
point in a cell and its centre in Step 2, the inequality described in Eq. (4) is
applied to estimate the reachable region, which calculation can be represented
as the Step 9, as illustrated by the yellow circle in Fig. 1. By comparing the
overlap between the specification region and the estimated region, it is possible
to quickly determine whether a system starting from the initial region By has
regional satisfaction (i.e., C1 can be solved). Through Step 7 in Algorithm. 1, the
new specification is generated, ensuring that trajectories from By pass through
the estimated region while meeting the time constraints of specification ¢, which
C2 is addressed.

Remark 2. In this paper, we restrict our analysis to the known-model setting.
Nonetheless, the framework naturally extends to the unknown-model case, where
an upper bound on the LC can be estimated directly from data using methods
based on extreme value theory [25,24]. This upper bound may result in an
estimated region that is excessively large.

6 Case Study

We present two case studies to demonstrate the capability of our proposed
method in estimating the reachability region based on the given specification and
initial region, and subsequently degrading the specification. Our first case anal-
yses a workload management system for next-generation communication base
stations with dynamic loads. Our second case examines the dynamics of a nonlin-
ear car-like model in response to environmental changes. Both use the Lipschitz
constant to weaken specifications and ensure compliance. The computations are
performed on a laptop with an Apple M1 Pro CPU and 32 GB RAM, running
MATLAB R2024a. The source code can be found at https://github.com/zcode-
pa/SRofCDS.

Ezample 1 (Workload management system).
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Algorithm 1 Automated Weakening Specification of Continuous Dynamical
System

Require: Initial region By, STL specification ¢, time interval I := [tstart, tena], parti-
tion parameter (n,m), time step hy, LC L _
1: Partition By into n x m cells, ensuring each cell Bj,i € {1,...,n X m} has equal

width and height

2: Quantify r := max, e g ||z — «%||, where «® is central point of Bf

3: fori=1:nxmdo

4:  Simulate the trajectory starting from z¢

5:  Locate the trajectory point z%* whose distance to specification ¢ is minimised

and record the moment

6: end for

7: Take the maximum moment t*

8: Calculate (Eht—i—l)k*, where k* = t*jf%

9: At each point %, i = 1,...,n x m, generate a circle of radius r(Lhy+ 1)’“*; denote
this circle by B;

10: Generate the new region B as the union of all circles B;, i = 1,...,n X m, where

11: Compare with the region of specification ¢, denoted this region by By
12: Replace By with the new region B

Consider a workload management system for next-generation Base Stations
(BSs) [26]. Assume each BS in active mode has the same load dynamics. The
dynamics of each BS in active mode of the wireless network are

N
L=fl)+ > agglsly), (5)
=1,

i

where N is the number of BSs, I; := Zum1 Bui ig the load of BS station i at

Bi(t

time ¢ and continuous-time variable, B;(t) (i; the number of physical resource
blocks (PRBs) of BS i can assign to users at time ¢, By ; := Qu/w(Pu.i, No)
is the minimum number of PRBs that should be assigned to user u, @, is the
minimum data rate that needs to be provided, w(P, ;, No) is the rate function,
P, ; is the power that user u receives from BS ¢ and NNy is the noise power. f;
is the load dynamics in BS i, and g(-,-) is the offloading dynamics. The stable
state is [; = 1.

Here, we consider the model with two BSs: i; = (1 — 2) + (I; — ly),lo =
(1—13)+(I2—11). The original specification can be the requirement Fp, ; j(1—¢ <
Iih <14+eAl—€e<ly <1+e€), where ¢y is the moment when many users are
connecting to the network. This specification dictates that the system must
converge to the stable state’s neighbourhood within the time interval [tg, t],
ensuring eventual stabilisation..

As shown in the phase portrait of system (5) in Fig. 2 (a) and (b), the esti-
mated reachability regions do not have any overlaps with the destination region
of Fo,0.4 (A§:10.9 <l; < 1.1), i.e., the trajectories of system (5) starting from
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Fig. 2. Reachability regions estimated from different initial regions under different
partitions: 2x2 (a), (¢), (e), and 3x3 (b), (d), (f), where the purple regions represent the
initial regions, the red regions denote the destination regions, and the circles represent
the estimated regions.
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Fig. 3. The area of the estimated reach regions under varying partitions of the initial
region.

initial region By = [1.8,2] x [1.8,2] cannot satisfy this specification. Thus, the
destination region specified in the original specification needs to be combined
with the estimated reachability region using a disjunction, depicted as circles
in Fig. 2 (a) and (b), where the radii are 0.1054 and 0.0703, respectively. This
ensures that the trajectory from every point within the initial region By satisfies
the updated specification. For another initial region B§ = [1.05,1.25] x [1.8,2],
the similar results can be found in Fig. 2 (e) and (f). In addition, the esti-
mated reachability region based on the specification with large time interval
Fio1] (A2_,0.9 < ; < 1.1) can be found in Fig. 2 (c) and (d). Besides that, in
Fig. 3, under finer partitions of the initial region, the area of the estimated region
becomes smaller and smaller.
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Ezample 2 (Non-linear car model).
Consider the non-linear car-like model as presented in [23]:

& =wvcosf, y=wvsinb, (6)

0 =vK, U=1Uy, K= Ug,

where (2,7, 0,v, k)T € R is state vector, consisting of its planar position (z,v)
[m], its orientation 6 [rad], speed v [m/s], and curvature £ [m~']. The control
input u = (uy,u,)? is two-dimensional and consists of the derivatives of speed
and curvature, respectively. In our simulation, we let the control input v =
(0,0)7, i.e., v and k are constant, respectively. The initial value of the speed and
curvature decides the derivative of orientation.

(a)1.2515 (b)1.25

/ 1.15

1.07] 14 _
1.18 1.18[ 1.

1.04] < U: K_/\
1.1 Y 1214 111 "8 T e T

> ’ >
-
1.04 1.04 | -
0.97] 0.97]
0.9 0.9
0.9 1.05 1.2 1.35 1.5 0.9 1.06 1).(2 1.35 1.5
X

Fig. 4. Reachability regions estimated from the initial condition with different parti-
tions: (a) 2 x 2 and (b) 3 x 3.

In addition, if the external environment, such as wind conditions, varies, the
model is presented as follows:

& =vcosb +w,, §=uvsing + wy, (7)

0 = vk + wy,V = Uy, K= Uy,

where variable w, : RT — R, w, : Rt — R, and wp : Rt — R. The evolution
of wy, wy, and wy is governed by system (2). In this example, we only consider
the constant wind, w,; = 0.3, w, = 0.1, and wg = 0.1.

The estimated reachability regions shown in Fig. 4 and 5 are for specifications:

Fo(13<z<14A11<y<1.2)
Floo4(1.3 <z <14A11<y<1.2)

These two specifications indicate that the non-linear car eventually reaches the
region defined by 1.3 < z < 1.4 and 1.1 < y < 1.2 within time intervals [0, 1]
and [0, 0.4], respectively. They all demonstrate that the estimated regions (i.e.,
circles) obtained with finer partitions are smaller and more precise compared to
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Fig. 5. Reachability regions estimated from the initial condition under wind condition,
with different partitions: (a) 2 x 2 and (b) 3 x 3.

those from coarser partitions. By applying a disjunction operation to the esti-
mated regions, the newly modified specification can be satisfied by all trajectories
starting from the relevant initial region.

Remark 3. The two examples demonstrate how reachability estimation using
Lipschitz constants can be applied to achieve specification degradation. This
approach ensures that system trajectories, starting from an initial state-space
region, can satisfy the newly modified specifications, even in the face of environ-
mental changes.

7 Conclusion and Future Works

We proposed a novel method for gracefully degrading reachability specifications
of continuous dynamical systems operating in the dynamical environment, which
has not been studied before. The proposed approach enables systems to adapt
their requirements dynamically by sampling points within the initial state space,
estimating reachability regions using the system’s Lipschitz constant, and em-
ploying a disjunction operation to augment the original specification. Validation
of a workload management system for next-generation base stations, along with
a non-linear car-like model, demonstrates the effectiveness and practicality of
the method. In the future, we aim to develop a formal framework that integrates
online reachability analysis with specification transformation, enabling provably
correct and minimally conservative requirement adaptations in real time. We
also plan to extend this framework to control continuous dynamical systems
with dense feasible control inputs and to handle more complex specifications,
including reach-avoid tasks and specifications featuring nested temporal opera-
tors.
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