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—— Abstract

This paper introduces Hypersequent GV (HGV), a modular and extensible core calculus for functional
programming with session types that enjoys deadlock freedom, confluence, and strong normalisation.
HGV exploits hyper-environments, which are collections of type environments, to ensure that struc-
tural congruence is type preserving. As a consequence we obtain a tight operational correspondence
between HGV and HCP, a hypersequent-based process-calculus interpretation of classical linear logic.
Our translations from HGV to HCP and vice-versa both preserve and reflect reduction. HGV scales
smoothly to support Girard’s Mix rule, a crucial ingredient for channel forwarding and exceptions.
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1 Introduction

Session types [20, 47, 21] are types used to verify communication protocols in concurrent
and distributed systems: just as data types rule out dividing an integer by a string, session
types rule out sending along an input channel. Session types originated in process calculi,
but there is a gap between process calculi, which model the evolving state of concurrent
systems, and the descriptions of these systems in typical programming languages. This paper
addresses two foundations for session types: (1) a session-typed concurrent lambda calculus
called GV [32], intended to be a modular and extensible basis for functional programming
languages with session types; and, (2) a session-typed process calculus called CP [53], with a
propositions-as-types correspondence to classical linear logic (CLL) [19].

Processes in CP correspond exactly to proofs in CLL and deadlock freedom follows from
cut-elimination for CLL. However, while CP is strongly tied to CLL, at the same time it
departs from 7-calculus. Independent 7-calculus features can only appear in combination in
CP: CP combines name restriction with parallel composition ((vz)(P || @)), corresponding
to CLL’s cut rule, and combines sending (of bound names only) with parallel composition
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(z[y].(P || Q)), corresponding to CLL’s tensor rule. This results in a proliferation of process
constructors and prevents the use of standard techniques from concurrency theory, such
as labelled-transition semantics and bisimulation, since the expected transitions give rise
to ill-typed terms: for example, we cannot write the expected transition rule for output,

z[y].(P || Q) “ul, p || @, since P || @Q is not a valid CP process. A similar issue arises
when attempting to design a synchronisation transition rule for bound output; see [29]
for a detailed discussion. Inspired by Carbone et al. [11] who used hypersequents [4] to
give a logical grounding to choreographic programming languages [35], Hypersequent CP
(HCP) [28, 29, 36] restores the independence of these features by factoring out parallel
composition into a standalone construct while retaining the close correspondence with
CLL proofs. HCP typing reasons about collections of processes using collections of type
environments (or hyper-environments).

GV extends linear A-calculus with constants for session-typed communication. Following
Gay and Vasconcelos [18], Lindley and Morris [32] describe GV’s semantics by combining
a reduction relation on single terms, following standard A-calculus rules, and a reduction
relation on concurrent configurations of terms, following standard 7-calculus rules. They then
give a semantic characterisation of deadlocked processes, an extrinsic [44] type system for
configurations, and show that well-typed configurations are deadlock-free. There is, however,
a large fly in this otherwise smooth ointment: process equivalence does not preserve typing.
As a result, it is not enough for Lindley and Morris to show progress and preservation for well-
typed configurations; instead, they must show progress and preservation for all configurations
equivalent to well-typed configurations. This not only complicates the metatheory of GV,
but the burden is inherited by any effort to build on GV’s account of concurrency [16].

In this paper, we show that using hyper-environments in the typing of configurations
enables a metatheory for GV that, compared to that of Lindley and Morris, is simpler, is
more general, and as a result is easier to use and easier to extend. Hypersequent GV (HGV)
repairs the treatment of process equivalence—equivalent configurations are equivalently
typeable—and avoids the need for formal gimmickry connecting name restriction and parallel
composition. HGV admits standard semantic techniques for concurrent programs: we use
bisimulation to show that our translations both preserve and reflect reduction, whereas
Lindley and Morris show only that their translations between GV and CP preserve reduction
as well as resorting to weak explicit substitutions [30]. HGV is also more easily extensible:
we outline three examples, including showing that HGV naturally extends to disconnected
sets of communication processes, without any change to the proof of deadlock freedom, and
that it serves as a simpler foundation for existing work on exceptions in GV [16].

Contributions The paper contributes the following:
Section 3 introduces Hypersequent GV (HGV), a modular and extensible core calculus
for functional programming with session types which uses hyper-environments to ensure
that structural congruence is type preserving.
Section 4 shows that every well-typed GV configuration is also a well-typed HGV
configuration, and every tree-structured HGV configuration is equivalent to a well-typed
GV configuration.
Section 5 gives a tight operational correspondences between HGV and HCP via translations
in both directions that preserve and reflect reduction.
Section 6 demonstrates the extensibility of HGV through: (1) unconnected processes, (2)
a simplified treatment of forwarding, and (3) an improved foundation for exceptions.
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Section 2 reviews GV and its metatheory, Section 7 discusses related work, and Section 8
concludes and discusses future work.

2 The Equivalence Embroglio

GV programs are deadlock free, which GV ensures by restricting process structures to trees. A
process structure is an undirected graph where nodes represent processes and edges represent
channels shared between the connected nodes. Session-typed programs with an acyclic
process structure are deadlock-free by construction. We illustrate this with a session-typed
vending machine example written in GV.

» Example 2.1. Consider the session type of a vending machine below, which sells candy
bars and lollipops. If the vending machine is free, the customer can press Q) to receive a
candy bar or @) to receive a lollipop. If the vending machine is busy, the session ends.

VendingMachine a @{ Free : & {@® :!CandyBar.end:, @ : !Lollipop.end.} }

Busy : end;

The customer’s session type is dual: where the vending machine sends a CandyBar, the
customer receives a CandyBar, and so forth. Figure 1 shows the vending machine and
customer as a GV program with its process structure.

let vendingMachine = As.
let s = select Free s in

let s = offer s O — send can_dyBar vendingMachine
® ~ send lollipop

close s s
in let customer = As.
Free — let s =select @D s in

let (cb, s) = recv s in S
offer s wait s;eat cb
Busy +— walit s; hungry @

in let s = fork (As.vendingMachine s)
in customer s

(a) Vending machine and customer as a GV program. (b) Process structure of Figure la.

Figure 1 Example program with process structure.

GV establishes the restriction to tree-structured processes by restricting the primitive
for spawning processes. In GV, fork has type (S — end;) — S. It takes a closure of type
S —o end, as an argument, creates a channel with endpoints of dual types S and S, spawns
the closure as a new process by supplying one of the endpoints as an argument, and then
returns the other endpoint. In essence, fork is a branching operation on the process structure:
it creates a new node connected to the current node by a single edge. Linearity guarantees
that the tree structure is preserved, even in the presence of higher-order channels.

Lindley and Morris [32] introduce a semantics for GV, which evaluates programs embedded
in process configurations, consisting of embedded programs, flagged as main (e) or child (o)
threads, v-binders to create new channels, and parallel compositions:

C,D:=eM | oM | (vx)C | (C|| D)
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They introduce these process configurations together with a standard structural congru-
ence, which allows, amongst other things, the reordering of processes using commut-
ativity (C|| C' =C"|| C), associativity (C || (C’[|C")=(C||C’) | C"), and scope extrusion
(C || (vx)C' = (va)(C| ) if x ¢ fv(C)). They guarantee acyclicity by defining an extrinsic
type system for configurations. In particular, the type system requires that in every parallel
composition C || D, C and D must have exactly one channel in common, and that in a name
restriction (v2)C, channel x cannot be used until it is shared across a parallel composition.

These restrictions are sufficient to guarantee deadlock freedom. Unfortunately, they are
not preserved by process equivalence. As Lindley and Morris write, (noting that their name
restrictions bind channels rather than endpoint pairs, and their (vzy) abbreviates (vz)(vy)):

Alas, our notion of typing is not preserved by configuration equivalence. For example,
assume that I' - (vzy)(C1 || (C2 || C3)), where = € fv(C1),y € fv(C2), and z,y € fv(Cs).
We have that Cy || (C2 || C3) = (C1 || C2) || Cs, but ' ¥ (vay)((Ch || C2) || C3), as both
and y must be shared between the processes C1 || C2 and Cs.

As a result, standard notions of progress and preservation are not enough to guarantee
deadlock freedom, as reduction sequences could include equivalence steps from well-typed to
non-well-typed terms! Instead, they must prove a stronger result:

» Theorem 3 (Lindley and Morris [32]). If T+ C, C =C’, and C' — D', then there exists D
such that D =D’ and T+ D.

This is not a one-time cost: languages based on GV must either also give up on type
preservation for structural congruence [16] or admit deadlocks [22, 48].

3 Hypersequent GV

We present Hypersequent GV (HGV), a linear A-calculus extended with session types and
primitives for session-typed communication. HGV shares its syntax and static typing with
GV, but uses hyper-environments for runtime typing to simplify and generalise its semantics.

Types, terms, and static typing Types (T, U) comprise a unit type (1), an empty type
(0), product types (T' x U), sum types (T + S), linear function types (T —o U), and session
types (5).

T.U:==11]0|TxU |T+U | T—-U|S Su=1T.S | 1T.S | end, | end

Session types (S) comprise output (!7.S: send a value of type T, then behave like S), input
(?T.S: receive a value of type T, then behave like S), and dual end types (end, and end-).
The dual endpoints restrict process structure to trees [53]; conflating them loosens this
restriction to forests [3]. We let I', A range over type environments.

The terms and typing rules are given in Figure 2. The linear A-calculus rules are standard.
Each communication primitive has a type schema: link takes a pair of compatible endpoints
and forwards all messages between them; fork takes a function, which is passed one endpoint
(of type S) of a fresh channel yielding a new child thread, and returns the other endpoint (of
type S); send takes a pair of a value and an endpoint, sends the value over the endpoint,
and returns an updated endpoint; recv takes an endpoint, receives a value over the endpoint,
and returns the pair of the received value and an updated endpoint; and wait synchronises
on a terminated endpoint of type end;. Output is dual to input, and end, is dual to end-.
Duality is involutive, i.e., S = S.
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Typing rules for terms 'tM:T

TM-LaMm TM-Arp
TM-Var TM-ConsT T,e:THM:U TFM:T—-U AFN:T
r:TkHax:T FK:T F'FXeM:T—U I'AFMN:U
TM-U TM-LETUNIT TM-PAIR
-UNIT TM:1 AFN:T CFM:T AFN:U
(1 LAkFlet () =Min N:T AR (M,N): TxU
TM-LETPAIR TM-ABSURD TM-INL
'FM:TxT ANz:T,y: T'-N:U 'EM:0 I'M:T
I'AFlet (z,y) =Min N :U I'absurd M : T F'tinl M : T+ U
TM-INR TM-CASESUM
'=M:U 'FL:T+T Ax:THM:U Ay:T'+-N:U
TFinr M : T+ U At case L{inlx — M; intry— N}: U
Type schemas for communication primitives
link : S x S —o end, send: T x!T.S — S wait : end? — 1
fork : (S —end;) — S recv:?T.S T xS
Duality
IT.S =72T.S T.S =1T.8 end; = end- end- = end,

Figure 2 HGV, duality and typing rules for terms.

We write M; N for let () = M in N, let « = M in N for (Ax.N) M, \().M for \z.z; M,
and A(z,y).M for Azlet (x,y) = z in M. We write K : T for - - K : T in typing derivations.

» Remark 3.1. We include link because it is convenient for the correspondence with CP,
which interprets CLL’s axiom as forwarding. We can encode link in GV via a type directed
translation akin to CLL’s identity expansion.

Configurations and runtime typing Process configurations (C, D, £) comprise child threads
(o M), the main thread (e M), link threads (7<>y), name restrictions ((vxy)C), and parallel
compositions (C || D). We refer to a configuration of the form oM or 2<y as an auziliary
thread, and a configuration of the form eM as a main thread. We let A range over auxiliary
threads and 7 range over all threads (auxiliary or main).

pr=e | o C,D,Eux=¢ M | 2&y | C| D | (vay)C

The configuration language is reminiscent of m-calculus processes, but has some non-standard
features. Name restriction uses double binders [51] in which one name is bound to each
endpoint of the channel. Link threads [33] handle forwarding. A link thread x<y waits for
the thread connected to z to terminate before forwarding all messages between x and y.

Configuration typing departs from GV [32], exploiting hypersequents [4] to recover
modularity and extensibility. Inspired by HCP [36, 29, 28], configurations are typed under
a hyper-environment, a collection of disjoint type environments. We let G, H range over
hyper-environments, writing @ for the empty hyper-environment, G || T' for disjoint extension
of G with type environment T', and G || H for disjoint concatenation of G and H.



Separating Sessions Smoothly

Typing rules for configurations GFC:R

TC-NEW . TC-PAR
Gl T,z:S||Ajy:SFC: R GFC:R HFD:R
G|IT,AF (vay)C: R Gl|HFC|D:ROR
TC-MAIN TC-CHILD
THM:T I'F M : end TC-Link
T'FeM:eT I'FoM:o z:8,y:5,z:ends F 25yt o
Configuration types Configuration type combination
Ru=o | eT eTMo=eT ofMeT =eT ofMo=o

Figure 3 HGV, typing rules for configurations.

Structural congruence

SC-PARASSOC ClDyéE=C||D)]E SC-PARComm  C||D=D]|C
SC-NewCoMM (vzy)(rzw)C = (vzw)(vey)C SC-NewSwapr  (vzy)C = (vyz)C
SC-ScoPEEXT  (vay)(C || D) =C || (vay)D, if 2,y ¢ tv(C) SC-LINKCOMM xSy =y

Configuration reduction C—1D

E-REIFY-FOorRK  Ffork V] —  (vaa')(Flz] || o (V '), where x, 2" fresh
E-REIFY-LINK  F[link (z,y)] — (vz2')(@Sy || F[2']), where z, 2’ fresh

BE-CoMM-LINK  (vzz')(vaa)(zdy || o 2/ || ¢ M) — o (M{y/x'})
E-CoMM-SEND  (vay)(F[send (V,z)] || F'[recvy]) — (vay)(Flz] || F'[(V,v)])
E-CoMM-CLOSE  (vay)(o y || Fwait z]) —  F()]
E-REs E-PaR E-Equiv E-LirT-M
c—C c—C c=C ¢ —D D'=D M —su M’
(vzy)C — (vzy)C’ C||D—C" || D C—7D F[M] — F[M]

Figure 4 HGV, configuration reduction.

The typing rules for configurations are given in Figure 3. Rules TC-NEw and TC-PAR are
key to deadlock freedom: TC-NEw joins two disjoint configurations with a new channel, and
merges their type environments; TC-PaRr combines two disjoint configurations, and registers
their disjointness by separating their type environments in the hyper-environment. Rules
TC-MAIN, TC-CHILD, and TC-LINK type main, child, and link threads, respectively; all three
require a singleton hyper-environment. A configuration has type o if it has no main thread,
and e T if it has a main thread of type T. The configuration type combination operator
ensures that a well-typed configuration has at most one main thread.

Operational semantics HGYV values (U, V, W), evaluation contexts (E), and term reduction
rules (—>m) define a standard call-by-value, left-to-right evaluation strategy. A closed term
either reduces to a value or is blocked on a communication action.

Figure 4 gives the configuration reduction rules. Thread contexts (F') extend evaluation
contexts to threads, i.e., I’ := ¢ E. The structural congruence rules are standard apart from
SC-LinkComM, which ensures links are undirected, and SC-NEwSwaP, which swaps names in



S. Fowler, W. Kokke, O. Dardha, S. Lindley, and J. G. Motrris

double binders. The concurrent behaviour of HGV is given by a nondeterministic reduction
relation (—) on configurations. The first two rules, E-REFy-Fork and E-REIFY-LINK, create
child and link threads, respectively. The next three rules, E-ComM-LINK, E-CoMM-SEND, and
E-ComM-CLOSE perform communication actions. The final four rules enable reduction under
name restriction and parallel composition, rewriting by structural congruence, and term
reduction in threads. Two rules handle links: E-REIFY-LINK creates a new link thread x5y
which blocks on z of type end-, one endpoint of a fresh channel. The other endpoint, 2’ of
type end,, is placed in the evaluation context of the parent thread. When 2z’ terminates a
child thread, E-ComMm-LINK performs forwarding by substitution.

Choice Internal and external choice are encoded with sum types and session delegation [24,
14]. Prior encodings of choice in GV [32] are asynchronous. To encode synchronous choice
we add a dummy synchronisation before exchanging the value of sum type, as follows:

select ¢ 2 Aa. <lewsend (0,) m>

S@ S = 11.1(5 + 52).end fork (\y.send (¢ y,x))
S& S & 71.7(S; + S2).end- offer L {inlz — M;inr y — N}

a let ((),z) =recv Linlet (w,z) = recv z
®{} £ !1.0.end " in wait z;case w {inl z — M; inr y > N}
&{} £ 71.70.end, » let ((),¢) =recv Linlet (z,¢c) =recvec

offer L {} £

in wait c; absurd z

HGYV enjoys type preservation, deadlock freedom, confluence, and strong normalisation
(details in the extended version). Here we outline where the metatheory diverges from GV.

Preservation Hyper-environments enable type preservation under structural congruence,
which significantly simplifies the metatheory compared to GV.

» Theorem 3.2 (Preservation).
1. fGFC: R and C=D, then G+ D : R.
2. IfGFC:RandC — D, then G+ D : R.

Abstract process structures Unlike in GV, in HGV we cannot rely on the fact that exactly
one channel is split over each parallel composition. Instead, we introduce the notion of an
abstract process structure (APS). An APS is a graph defined over a hyper-environment G
and a set of undirected pairs of co-names (a co-name set) N drawn from the names in G.
The nodes of an APS are the type environments in G. Each edge is labelled by a distinct
co-name pair {x1,72} € N, such that z; : S € 'y and 25 : S € T'5.

» Example 3.3.
Let G=T1 || T2 || T's, where I'y =2 : S1,y: 82, o =2':51,2: T,

and I's = ¢’ : S2, and suppose N = {{z,2'}, {y,v'}}. The APS for
G and N is illustrated to the right.

A key feature of HGV is a subformula principle, which states that all hyper-environments
arising in the derivation of an HGV program are tree-structured. We write Tree(G, ) to
denote that the APS for G with respect to N is tree-structured. An HGV program e M has
a single type environment, so is tree-structured; the same goes for child and link threads.
Read bottom-up TC-NEw and TC-PaRr preserve tree structure (see the extended version for
formal statements), which is illustrated by the following two pictures.
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Tree canonical form We now define a canonical form for configurations that captures
the tree structure of an APS. Tree canonical form enables a succinct statement of open
progress (Lemma 3.8) and a means for embedding HGV in GV (Lemma 4.5).

» Definition 3.4 (Tree canonical form). A configuration C is in tree canonical form if it can
be written: (vryy1)(Ar | -+ || (vaenyn)(An || @N) - -+ ) where x; € tv(A;) for 1 <i<n.

» Theorem 3.5 (Tree canonical form). IfT' - C : R, then there exists some D such that
C =D and D is in tree canonical form.

» Lemma 3.6. IfT'y || --- || T, b C: R, then there exist Ry,..., R, and Dy,...,D,, such
that R=RiM-- MR, andC=Dy || -+ || Dy, and T; - D; : R; for each i.

It follows from Theorem 3.5 and Lemma 3.6 that any well-typed HGV configuration can
be written as a forest of independent configurations in tree canonical form.

Progress and Deadlock Freedom

» Definition 3.7 (Blocked thread). We say that thread T is blocked on variable z, written
blocked(T, 2), if either: T = o z; T = xsy, for some x, y; or T = F[N] for some F, where
N is send (V, z), recv z, or wait z.

We let ¥ range over type environments containing only session-typed variables, i.e., ¥ == - |
W, x : S, which lets us reason about configurations that are closed except for runtime names.
Using Lemma 3.6 we obtain open progress for configurations with free runtime names.

» Lemma 3.8 (Open Progress). Suppose W + C : T where C = (vziy1)(Ar || -+ ||
(vanyn)(Ap || @N) -+ ) is in tree canonical form. Either C — D for some D, or:

1. For each A; (1 <i<n), blocked(A;,z2) for some z € {z;} U{y; | 1 < j <i}Ufv(D)

2. Either N is a value or blocked(¢N, z) for some z € {y; | 1 <i <n}Utv(P)

For closed configurations, we obtain a tighter result. If a closed configuration cannot reduce,

then each auxiliary thread must either be a value, or be blocked on its neighbouring endpoint.
Finally, for ground configurations, where the main thread does not return a runtime name

or capture a runtime name in a closure, we obtain a yet tighter result, global progress, which

implies deadlock freedom [9].

» Definition 3.9 (Ground configuration). A configuration C is a ground configuration if

- C:T,C is in canonical form, and T does not contain session types or function types.

» Theorem 3.10 (Global progress). Suppose C is a ground configuration. Either there exists
some D such that C — D, or C = &V for some value V.
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Typing rules for configurations 'k C:T

TG-CONNECT; TG-CONNECT2
TG-NEW Fl,:L‘:é'}—GVC:R T'i,y:StevC: R
F,(:L',y>lsn'—(;chR Io,y:SkteyD: R I'y,z:SFguD: R

Phey (vzy)C: R T1, Do (z,y): S*Few C||D:RNR Ty, (z,y): S ey C|| D:ROR

TG-CHILD TG-MAIN
r #GV M : el’ld! T FGV M :T

['Fey oM :o IhgyoM:oT z:8,y:8,z:end; Fgy 25y : 0

TG-LINK

Figure 5 GV, typing rules for configurations.

4 Relation between HGV and GV

In this section, we show that well-typed GV configurations are well-typed HGV configurations,
and well-typed HGV configurations with tree structure are well-typed GV configuration.

GV HGYV and GV share a common term language and reduction semantics, so only differ
in their runtime typing rules. Figure 5 gives the runtime typing rules for GV. We adapt the
rules to use a double-binder formulation to concentrate on the essence of the relationship
with HGV, but it is trivial to translate GV with single binders into GV with double binders.

We require a pseudo-type S*, which types un-split channels. Un-split channels cannot
appear in terms. Rule TG-NEw types a name restriction (vxy)C, adding (z,y) : S* to the
type environment, which along with TG-ConNEcT; and TG-CONNECT, ensures that a session
channel of type S will be split into endpoints x and y over a parallel composition, in turn
enforcing a tree process structure. The remaining typing rules are as in HGV.

Embedding GV into HGV Every well-typed open GV configuration is also a well-typed
HGV configuration.

» Definition 4.1 (Flattening). Flattening, written |, converts GV type environments and
HGYV hyper-environments into HGV environments.

\L. = . 1@ = g
(@O, (z,2") : 8%) = |D,z:8,2":5 LGID) = 4gr
J(T,z:T) = |I,z:T

» Definition 4.2 (Splitting). Splitting converts GV typing environments into hyper-environments.
Given channels {{x;, ) : Sf}iel‘_n in T, a hyper-environment G is a splitting of I if | G = [T
and ATy, ..., Tpiq such that G =T1 || - || Tny1, and Tree(G, {{x1, 2}, ..., {xn, 20, }}).

A well-typed GV configuration is typeable in HGV under a splitting of its type environment.

» Theorem 4.3 (Typeability of GV configurations in HGV). IfT't, C : R, then there exists

some G such that G is a splitting of I" and G+ C : R.

» Example 4.4. Consider a configuration where a child thread pings the main thread:
(vay)(o (send (ping,x)) || ® (let ((),y) = recv y in wait y))

We can write a GV typing derivation as follows:
z : 11.end,, ping : 1 Fgy o (send (ping,z)) : o y:?l.end? Fgy @ (let ((),y) =recv y in wait y) : e 1

(x,y) : 11.end,®, ping : 1 ey (vay)(o(send (ping,x)) || e(let ((),y) =recv y in wait y)) : 1

ping : 1 gy (vay)(o(send (ping, z)) || o(let ((),y) =recv y in wait y)) : 1



10

Separating Sessions Smoothly

The corresponding HGV derivation is:

z : 11.endy, ping : 1 F o (send (ping, z)) : o y:?l.ends F o (let ((),y) =recvyin wait y) : e 1

z:!1l.endy, ping : 1 || y: ?1l.end? F (vzy)(o(send (ping, x)) || e(let ((),y) = recv y in wait y)) : @ 1

ping : 1+ (vzy)(o(send (ping, z)) || e(let ((),y) = recv y in wait y)) : o 1

Note that = : !1.end,, ping : 1 || v : ?1.end? is a splitting of (x,y) : (!1.end,)?, ping : 1.

Translating HGV to GV As we saw in §2, unlike in HGV, equivalence in GV is
not type-preserving. It follows that HGV types strictly more processes than GV.
Let us revisit Lindley and Morris’ example from §1 (adapted to use double-binders),
where T'1,T9,T3bqy, (vaa’)(vyy)(C || (D || €)): RiM Ry MRy with T'yj,z:Skgy C: Ry,
To,y: S bey D: Re,and '3, 2’ : S,y : S by € Rs.

The structurally-equivalent term (vazz’)(vyy’)((C || D) || €) is not typeable in GV, since
we cannot split both channels over a single parallel composition:

I'i,To,2:SHevC||D:RiMR2 Is,a’: S, (y,y') : s’ Fov € R3
1,02, T3, (z,27) : S*, (y,y/) : S Yy (C|| D) | €: RiMR2 M R3
1,0, T, (2,2') : 8* Yoy (vyy')((C | D) || €): RiMR2 M Ry
1, T2, Ts ey (vaa’)(vyy')((C | D) | €) : RiMR2 MRy

However, we can type this process in HGV:

T,z:SFC:Ry Ia,y: 8 FD: Ry
Ti,2:8||T2,y: S FC|D:RiMNR> [s,2': S,y :S"+E:Rs
1,2:8 || To,y:8 || Ts,a": 8,y : S"F (C|D)||£: RiMR2MR3

Ti,2:8 || T2, Ts,2 : S+ (vyy)(C|| D) || €): R M Ra M R3
1,02, T3+ (vaa")(vyy' )((C || D) || £) : R1M R2 M R3

Although HGV types more processes, every well-typed HGV configuration typeable under
a singleton hyper-environment I' is equivalent to a well-typed GV configuration, which we
show using tree canonical forms.

» Lemma 4.5. Suppose I' = C : R where C is in tree canonical form. Then, I' F, C : R.

» Remark 4.6. It is not the case that every HGV configuration typeable under an arbitrary
hyper-environment H is equivalent to a well-typed GV configuration. This is because
open HGV configurations can form forest process structures, whereas (even open) GV
configurations must form a tree process structure.

Since we can write all well-typed HGV configurations in canonical form, and HGV tree
canonical forms are typeable in GV, it follows that every well-typed HGV configuration
typeable under a single type environment is equivalent to a well-typed GV configuration.

» Corollary 4.7. IfI'F C : R, then there exists some D such that C=D and ', D : R.

5 Relation between HGV and HCP

In this section, we explore two translations, from HGV to HCP and from HCP to HGV,
together with their operational correspondences.
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Typing rules for processes PEG
TP-NEwW TP-PAr TP-CLOSE
TP-LiNK PrG| Tz Al Ay: A" Prg Qrw TP-HAIT ©py g
retybr o Ay AT (vzy)PEG | T, A Pl||QFG|H OFo z[[PFaz:1
TP-WAIT TP-SEND TP-RECV TP-O A
PFT PrT,y: Al Az:B PFT,y:A,x: B ~OFFER-ABSURD

z().,PFT,z: L zy].PFT,Az:A®B z(y).PFT,2: A®B z>o{}FTl,z:T

TP-SELECT-INL TP-SELECT-INR TP-OFFER
PrET,xz: A PrHT,z:B PET,xz: A QFT,z: B

x<4inlPFTz2: A®@B z<inr.PFD,z: A®B zb>{inl: P;jinr: Q}+T,z: A& B

Duality

(A B)* = A*®B* n+ = L (AeB)*
(A®B)* = AteBt (L) =1 (A& B)*

(I
o
F -
o &
Sviiey|
FE
33
Y+
1
°

Figure 6 HCP, duality and typing rules for processes.

Hypersequent CP  HCP [36, 29] is a session-typed process calculus with a correspondence
to CLL, which exploits hypersequents to fix extensibility and modularity issues with CP.

Types (A, B) consist of the connectives of linear logic: the multiplicative operators (®,
%) and units (1, L) and the additive operators (¢, &) and units (0, T).

AB:=1]1]0|T|A®B | ABB | A&B | A&B

Type environments (I', A) associate names with types. Hyper-environments (G, H) are
collections of type environments. The empty type environment and hyper-environment are
written - and @, respectively. Names in type and hyper-environments must be unique and
environments may be combined, written I', A and G || H, only if they are disjoint.

Processes (P, Q) are a variant of the m-calculus with forwarding [46, 7], bound output [46],
and double binders [51]. The syntax of processes is given by the typing rules (Figure 6),
which are standard for HCP [36, 29]: z<y forwards messages between x and y; (vaxy)P
creates a channel with endpoints = and y, and continues as P; P || ) composes P and @ in
parallel; 0 is the terminated process; z[y|.P creates a new channel, outputs one endpoint
over x, binds the other to y, and continues as P; z(y).P receives a channel endpoint, binds it
to y, and continues as P; z[|.P and z().P close z and continue as P; z <inl.P and x <inr.P
make a binary choice; x> {inl : P;inr : Q} offers a binary choice; and x> {} offers a nullary
choice. As HCP is synchronous, the only difference between z[y].P and x(y).P is their
typing (and similarly for z[].P and x().P). We write unbound send as x(y).P (short for
x[z].(y<>z || P)), and synchronisation as z.P (short for z[z].(z[].0 || P)) and x.P (short for
2(2).2().P). Duality is standard and is involutive, i.e., (A+)* = A.

We define a standard structural congruence (=) similar to that of HGV, i.e., parallel
composition is commutative and associative, we can commute name restrictions, swap the
order of endpoints, swap links, and have scope extrusion (similar to Figure 4).

We define the labelled transition system for HCP as a subsystem of that of Kokke et
al. [28], omitting delayed actions. Labels ¢ represent the actions a process can take. Prefixes
m are a convenient subset which can be written as prefixes to processes, i.e., m.P. The label
T represents internal actions. We distinguish two subtypes of internal actions: « represents

11
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Action rules

AcT-PREF AcCT-LINK; AcCT-LINKy ACT-OFF-INL AcT-OFF-INR
x>inl x>inr

7P P oy =0 aeoyiSo > {inl: Pjinr: Q} — P x> {inl: P;inr: Q} — @

Communication Rules

TAU-ALP TAU;BET ALP-LINK BET_SENS[m/W/(U,> )
PP rLp P p p—="r
PP P P (vay)P N P'{z/y} (vay)P LN (vay)(va'y' )P’
BET-CLOSE BET-INL BET-INR
P :I:M) P/ P w<11n1£>l>1n] P/ P 1:<111w>blnr P/
(vay)P 25 P’ (vay)P -5 (vay)P’ (vay)P -5 (vay) P’
Structural Rules
STR-RES STR-PARy
P-4 p x,y & f(l) P-4 p bn(¢) N(Q) = @
(vay) P — (vay) P’ PQ-5PQ
STR-PAR STR-ZSYN p
Q-5 q bn(f) N f(P) = @ P—P Q—q bn(¢) Nbn(¢') =
¢ e, /
PlQ—P|Q PlQ—P|Q

Figure 7 HCP, label transition semantics.

only the evaluation of links as renaming, and 8 represents only communication.

m o= zafy] | zf] | z(y) | () | z<inl | z<inr
¢ = 7| 2oy | avinl | zrinr | 7 | a | B

We let ¢, range over labels on z: x>y, x[y|, x[], etc. Labelled transition 4 is defined
in Figure 7. We write 555 for the composition of £, and L), inr for the transitive

closure of ——, and ——, for the reflexive-transitive closure. We write bn(¢) and fn(¢) for the
bound and free names contained in ¢, respectively.

The behavioural theory for HCP follows Kokke et al. [28], except that we distinguish two
subrelations to bisimilarity, following the subtypes of internal actions.

» Definition 5.1 (Strong bisimilarity). A relation R on processes is a strong bisimulation
if PR Q implies that if P 4 P', then Q -4 Q' for some Q' such that P' R Q’. Strong
bisimilarity is the largest relation ~ that is a strong bisimulation.

» Definition 5.2 (Saturated transition). The {-saturated transition relation, for ¢ € {«, 8,7},
is the smallest relation =>4 such that: P :e>€ P for all P; and if P :Z>g PP N Q', and
Q' :en Q, then P ég Q. Saturated transition, with no qualifier, refers to the 7-saturated
transition relation, and is written =.

» Definition 5.3 (Bisimilarity). A relation R on processes is an £-bisimulation, for £ €

{a, 8,7}, if PR Q implies that if P én; P’, then Q) ég Q' for some Q' such that P'" R Q'.
The £-bisimilarity relation is the largest relation =4 that is an £-bisimulation. Bisimilarity,
with no qualifier, refers to T-bisimilarity, and is written ~.



S. Fowler, W. Kokke, O. Dardha, S. Lindley, and J. G. Motrris

» Lemma 5.4. Structural congruence, strong bisimilarity and the various forms of (weak)
bisimilarity are in the expected relation, ie., = C ~, ~ C &, =, ~g. Furthermore, bisimilar-
ity is the union of a-bisimilarity and [-bisimilarity, ie., = = =, U~g.

Translating HGV to HCP ' We factor the translation from HGV to HCP into two translations:
(1) a translation into HGVx, a fine-grain call-by-value [31] variant of HGV, which makes
control flow explicit; and (2) a translation from HGVx* to HCP.

HGVx We define HGVx as a refinement of HGV in which any non-trivial term must be
named by a let binding before being used. While let is syntactic sugar in HGV, it is part
of the core language in HGVx*. Correspondingly, the reduction rule for let follows from the
encoding in HGV, i.e. let 2 =V in M —y M{V/z}.

Terms L,M,N == V |letz=MinN | VW

| let()=VinM | let (z,y) =V in M

| absurdV | case V {inlz+— M; inr y — N}
Values VW = z | K| XeM | ()| (VW) | inlV | inrV
Evaluation contexts E === 0O|letz=FEinM

We can naively translate HGV to HGV« ((-)) by let-binding each subterm in a value
position, e.g., (inl M) = let z = (M) in inl z. Such a translation is given in the extended
version; standard techniques can be used to avoid administrative redexes [42, 12].

HGVx to HCP The translation from HGV* to HCP is given in Figure 8. All control flow
is encapsulated in values and let-bindings. We define a pair of translations on types, ||-|| and
-7, such that || 7] = [[T*. We extend these translations pointwise to type environments
and hyper-environments. We define translations on configurations ([-]<), terms ([-]) and
values ([-]V), where r is a fresh name denoting a special output channel over which the
process sends a ping once it has reduced to a value, and then sends the value.

We translate an HGV sequent G || T = C : T as [C]¢ |G| || [T)],7: 1 ® | T]*, where T
is the type environment corresponding to the main thread. The translation of a value [V
immediately pings the output channel r to announce that it is a value. The translation of a
let-binding [let w = M in N]™ first evaluates M to a value, which then pings the internal
channel /2’ and unblocks the continuation x.[N]™.

» Lemma 5.5 (Substitution). If M is a well-typed term with w € fv(M), and V is a well-typed
value, then (vww’)([M]™ | [VIL) ~a [M{V/w}]™.

» Theorem 5.6 (Operational Correspondence). If C is a well-typed configuration:
1. if C — C', then [C]S = [C']<; and
2. if [C]s N P, then there exists a C' such that C — C" and P =~ [C']¢.

Translating HCP to HGV  We cannot translate HCP processes to HGV terms directly:
HGV’s term language only supports fork (see the extended version for further discussion), so
there is no way to translate an individual name restriction or parallel composition. However,
we can still translate HCP into HGV via the composition of known translations.

HCP into CP We must first reunite each parallel composition with its corresponding name
restriction, i.e., translate to CP using the disentanglement translation shown by Kokke et
al. [29, Lemma 4.7]. The result is a collection of independent CP processes.

13
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Translation on types 7] and [[T7]

LT.S) = [TI* ®S]  lendi) =1 7] =TT,

1?77.S] = |T||* = |.S] lend: || = L if T is not a session type
TxUN=MTT1eU] Ml=1 [T—-U]=[T]"3 1 [UT)
T+Ul =[Tleful [o=0 [S] = Ls1*
Translation on configurations and terms ‘ [CI5, V], and [M]7 ‘

[o MJs = (vyy)(IMI || y'-9/1.0)  [(waa')CIs = va)[Cls  [wéyls = 2200y

[e M]7 = [M]7 [ClIDPl: = I[CIx I [P1-
(] =rex O] =r[].0 [inl V] = r<inl.[V]}
P My = r(z).[M]7 [(V,W)]r = rle (V]2 [ W) [ine VI = 7 <ine [V
[V wir = (vaa’)(vyy ) (y(z).rey | VI W)
[let () = V' in M]7 = (va2’)(z().[M]7 || [V];)
llet (z,y) = V in M — () (@) IMIT || IV]Y)
[case V {inl z — M; inr y — N}]7 = (vzz')(x> {inl: [M];inr: [N{z/y}]"} || [V]L)
[absurd V] = (vzz) (x> {} || [V]L)
[let z = M in N]" = (vax)(x.[N]? || [M]3)
[vir =r[V]
[link[; = r(y).y(z).r.r().aoy  [send]y = r(y).y(z).y(e) rrey  [wait]y = r(z).z().r.r[].0
[fork]; = r(z).r.z(r).z.z[l.0  [recv]y = r(z).z(y)rriy)ren

Figure 8 Translation from HGV* to HCP.

CP into GV Next, we can translate each CP process into a GV configuration using (a variant
of) Lindley and Morris’ translation [32, Figure 8.

GV into HGV Finally, we can use our embedding of GV into HGV (Theorem 4.3) to obtain
a collection of well-typed HGV configurations, which can be composed using TC-PAR to
result in a single well-typed HGV configuration.

The translation from HCP into CP and the embedding of GV into HGV preserve and
reflect reduction. However, Lindley and Morris’s original translation from CP to GV preserves
but does not reflect reduction due to an asynchronous encoding of choice. By adapting their
translation to use a synchronous encoding of choice (Section 3), we obtain a translation from
CP to GV that both preserves and reflects reduction. Thus, composing all three translations
together we obtain a translation from HCP to HGV that preserves and reflects reduction.

6 Extensions

In this section, we outline three extensions to HGV that exploit generalising the tree structure
of processes to a forest structure. Full details are given in the extended version. These
extensions are of particular interest since HGV already supports a core aspect of forest
structure, enabling its full utilisation merely through the addition of a structural rule. In
contrast, to extend GV with forest structure one must distinguish two distinct introduction
rules for parallel composition [32]. Other extensions to GV such as shared channels [32],
polymorphism [34], and recursive session types [33] adapt to HGV almost unchanged.
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From trees to forests The TC-Mix structural rule allows two type environments I'y, I's to
be split by a hyper-environment separator without a channel connecting them. Mix [19] may
be interpreted as concurrency without communication [32, 3].

TC-Mix

Q||F1,I‘2}—C:R

A simpler link Consider threads L = F[link (z,y)], M, N, where L connects to M by x

and to N by .
O
-

The result of link reduction has forest structure. Well-typed closed programs in both GV
and HGV must always maintain tree structure. Different versions of GV do so in various
unsatisfactory ways: one is pre-emptive blocking [32], which breaks confluence; another is
two stage linking (Figure 4), which defers forwarding via a special link thread [33]. With

TC-Mix, we can adjust the type schema for link to (S x S) —o 1 and use the following rule.

E-LINk-M1x  (vaz’)(F[link (z,y)] || ¢N) — F[()] || ¢N{y/x"}

This formulation enables immediate substitution, maximimising concurrency.
Exceptions In order to support exceptions in the presence of linear endpoints [16, 37] we

must have a way of cancelling an endpoint (cancel : S — 1). Cancellation generates a special
zapper thread (4x) which severs a tree topology into a forest as in the following example.

(vaa')(vyy')(oa' || oy’ || o(cancel z; wait ) (vaa')(vyy')(oa' | oy’ || 4z || o((); wait y)

[o (cancel z; wait y) ] .
ox oy ox'

7 Related work

Session Types and Functional Languages HGYV traces its origins to a line of work initiated
by Gay and collaborators [17, 50, 52, 18]. This family of calculi builds session types directly
into a lambda calculus. Toninho et al. [49] take an alternative approach, stratifying their
system into a session-typed process calculus and a separate functional calculus. There are
many pragmatic embeddings of session type systems in existing functional programming
languages [38, 43, 45, 23, 40, 26]. A detailed survey is given by Orchard & Yoshida [39].

Propositions as Sessions When Girard introduced linear logic [19] he suggested a connection
with concurrency. Abramsky [1] and Bellin and Scott [5] give embeddings of linear logic proofs
in 7-calculus, where cut reduction is simulated by m-calculus reduction. Both embeddings
interpret tensor as parallel composition. The correspondence with m-calculus is not tight
in that these systems allow independent prefixes to be reordered. Caires and Pfenning [§]
give a propositions as types correspondence between dual intuitionistic linear logic and a

15



16

Separating Sessions Smoothly

session-typed m-calculus called 7#DILL. They interpret tensor as output. The correspondence
with m-calculus is tight in that independent prefixes may not be reordered. With CP [53],
Wadler adapts 7DILL to classical linear logic. Aschieri and Genco [2] give an interpretation
of classical multiplicative linear logic as concurrent functional programs. They interpret 7%
as parallel composition, and the connection to session types is less direct.

Priority-based Calculi Systems such as 7DILL, CP, and GV (and indeed HCP and HGV)
ensure deadlock freedom by exploiting the type system to statically impose a tree structure
on the communication topology — there can be at most one communication channel between
any two processes. Another line of work explores a more liberal approach to deadlock freedom
enabling some cyclic communication topologies, where deadlock freedom is guaranteed via
priorities, which impose an order on actions. Priorites were introduced by Kobayashi and
Padovani [25, 41] and adopted by Dardha and Gay [13] in Priority CP (PCP) and Kokke
and Dardha in Priority GV (PGV) [27].

8 Conclusion and future work

HGV exploits hypersequents to resolve fundamental modularity issues with GV. As a
consequence, we have obtained a tight operational correspondence between HGV and HCP.
HGYV is a modular and extensible core calculus for functional programming with binary
session types. In future we intend to further exploit hypersequents in order to develop a
modular and extensible core calculus for functional programming with multiparty session
types. We would then hope to exhibit a similarly tight operational correspondence between
this functional calculus and a multiparty variant of CP [10].
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A  Omitted Definitions for Section 3: Hypersequent GV

A.1 Term Reduction

HGV values (U, V, W), evaluation contexts (E), and term reduction rules (— ) implement a standard call-by-value,
left-to-right evaluation strategy. They are given in Figure 9.

A.2 Choice

Internal and external choice are encoded with sum types and session delegation [24, 14]. Prior encodings of choice in
GV [32] are pleasingly direct. External choice is implemented by receiving one of two possible session continuations,
encoded as a sum type, and internal choice by forking a new thread to send such a value.

Sa@ S £ 1(S; + 52).end select ¢ £ \z.fork (\y.send (£ y,z))
S& S & (81 + S2).end- offer L {inlz — M;inr y — N}
a let (z,w) =recv L in wait w;
®{} £ !0.end, ~ case z{inlz — M; inr y — N}
&{} £ ?0.end- offer I, {} 2 let (z,w) = recv L in wait w;
absurd z

Alas, this encoding of internal choice is asynchronous. Consider the process below:

(vaz') olet x = select inl z in let y = send ((),y) in M
' | elet z =send ((), 2) in offer 2’ {inl 2’ — Ny;inr 2’ — No}

The reader may be surprised that output on y may be visible before that on z. Surely, the select in the child
thread must synchronise with the offer in the main thread? However, as select is implemented with fork, it

19
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returns immediately. As GV is confluent, such asynchrony cannot cause any observable difference in the results of a
computation, but it is nevertheless unsatisfying from a concurrency perspective. To remedy the situation, we add a
dummy synchronisation before exchanging the the sum type value, as follows:

S®8" £ 11.1(S| + S2).end select { 2 \z. <1et z = send ((),z) in )
S& S 2 71.2(S) + S2).ends fork (\y.send (¢ y,x))
o R offer L {inl z — M;inr y — N}
®{} £ !1.0.end a let ((),2) =recv L in let (w, z) =recv z
— .1..U. ! =
&{} 27170 end in wait z;case w {inl x — M; inr y — N}

>

a let ((),c) =recv Linlet (z,¢) =recvc
offer L {} = in wait ¢; absurd z

Values and evaluation contexts

Values U,V,W 2= K |XeM | ()| (VW) ]| inlV | inr V
Evaluation contexts E = O
EM | VE

(E,M) | (V,E) | let (z,y) = E in M

|

| let()=FEinN

|

| inlFE | inr F | case E{inlz — M; inr y — N}

Term reduction M —u N
E-LAM  (A\z.M)V —m M{V/z}
E-UNIT let () = () in M —m M
E-PAalR  let (z,y) = (V,W)in M —m M{V/x,W/y}

E-INL  caseinl V{inlz — M; inry — N} —n M{V/z}
E-INR  caseinr V{inlz — M; inry — N} —wm N{V/y}
E-LirT  E[M] —m  E[N], it M —u N

Figure 9 HGV, term reduction.
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B  Abstract Process Structures

Due to space constraints, we have given the intuition behind abstract process structures in the main body of the
paper. Here, we give the formal definitions and results.

Graph definitions. We begin by recalling the definition of an undirected edge-labelled multigraph: an undirected
graph that allows multiple edges between vertices.

» Definition B.1 (Undirected Multigraph). An undirected multigraph G is a 3-tuple (V,E,r) where:

1. V is a set of vertices
2. & is a set of edge names
3. ris a function v : £ — {{v,w} 1 v,w € V} from edge names to an unordered pair of vertices

Denote the size of a set as |-|. A path is a sequence of edges connecting two vertices. A multigraph G = (V,&,r)
is connected if |V| = 1, or if for every pair of vertices v,w € V there is a path between v and w. A multigraph is
acyclic if no path forms a cycle.

We define a leaf as a vertex connected to the remainder of a graph by a single edge.

» Definition B.2 (Leaf). Given an undirected multigraph (V,E,1), a vertex v € V is a leaf if there exists a single
e € € such that v € r(e).

In an undirected tree containing at least two vertices, there must be at least two leaves.
» Lemma B.3. If G = (V,&,r) is an undirected tree where |V| > 2, then there exist at least two leaves in V.
Proof. For G to be an undirected tree where |V| > 2 and have fewer than two leaves, then there would need to be

a cycle, contradicting acyclicity. <

Abstract process structures. An abstract process structure is a graph representation of a hyper-environment,
where the vertices are typing environments and the edges are annotated by pairs of co-names.

Let envs(T'y || -+ || Tp) = {T1,--- , Tn}, and [(Ty || -+« || Tn)| = n.
Given a co-name set N = {{x1,y1},...,{®n,yn}}, we can induce an abstract process structure on hyper-
environments.

» Definition B.4 (Abstract process structure). The abstract process structure of a hyper-environment H with respect
to a co-name set N = {{z1,y1},...,{Tn,yn}} is an undirected multigraph (V,E,r) defined as follows:

. r={z,y} = {T1,T2}) for each {z,y} € N such that 'y € envs(H),T'y € envs(H),z € fv(T'1),y € tv(T'2)

» Example B.5. Suppose we have a hyper-environment x : Sy,y : So || 2’ : Sy,2 : T || %/ : S and suppose
N ={{z,2},{y,y'}}. Let Ty =2 : S,y :S9; Ty =a':8;,2:T;and I's = y/ : So. The abstract process structure
is defined as:

Y ={I,T9, T35}

€=z} {y,v'}}

r({z,2'}) = {l'1,T2})

r({y,y'}) = {T'1,Ts})

With the graphical representation:
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» Example B.6. Let us consider another hyper-environment:
x:81,2 :S3 || 2' S,y S| v S,z 83

and suppose N = {{z,2'},{y,v'},{2,2'}}. Let Ty =2 : 51,2 : S3; Ty =2’ : S1,y: So;and '3 =1/ : Sg, 2 : Ss.
The APS is defined as:

Y ={I'1,T, '3}

&= {{.’L‘, x/}’ {yv yl}7 {27 Z/}}
r({z,2'}) = {T'1,T2})
r({y,y'}) = {2, T3}
r({z,2'}) — {T1,T3}

With the graphical representation:

~
8
a\
@
—
n
N\
—

Note that Example B.5 forms a tree, whereas Example B.6 contains a cycle.
Only configurations typeable under a hyper-environment with a tree structure can be written in tree canonical
form.

» Definition B.7 (Tree structure). A hyper-environent H with names N has a tree structure, written Tree(H,N),
if its APS is connected and acyclic.

Read bottom-up, rules TC-NEW and TC-PAR preserve tree structures. Recall the diagrams from Section 3:

B
17]

of
X
s L
e |
SO =

i

The first diagram corresponds to TC-NEW. Reading left-to-right (and top-to-bottom in the case of the typing
rule), since G || T' || A has tree structure, there must be some z, 2’ linking some sub-environment of G to either I or
A (without loss of generality, we show the case for I'). Given I is linked to A by an edge {x, y}, we can remove the
edge and combine the vertices and retain a tree structure. Conversely, we can split some environment I'; A into two
nodes I' and A, and connect them with a new edge representing a link between two variables.
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The second diagram corresponds to TC-PAR. Reading left-to-right (and top-to-bottom in the case of the typing
rule), if we have two tree-structured abstract process structures for hyper-environments G (wrt. N7) and H (wrt.
N3), one of which has a sub-environment containing = and the other has a sub-environment containing 2’ we can
connect them by adding {z,2'} to the name set. Conversely, given an APS linking G (defined wrt. A7) and H
(defined wrt. N2) using an edge =, 2’, we know that G contains a sub-environment containing x, and H contains a
sub-environment containing y. By removing the edge {z,z'}, we know that G has a tree structure wrt. A7, and H
has a tree structure wrt. N>.

The following lemma states these intuitions formally. By analogy to Kleene equality, we write P < 0, to
mean that either P or Q is undefined, or P <— Q.

» Lemma B.8 (Tree structure).

1. Tree((H || T1,21: 8 || Toya0 : S),N W {{z1,290}}) <= Tree((H | T1,T2)),N)

2. Iree((?—ll || Flaxl : S),Nl) /\Tree((?-lg || FQ,(L‘Q : S),Nz) = Tree((’Hl H 1"1,371 : S H 7‘[2 H F27:I,‘2 :
S),Nl L‘HNQH’J{{I’l,IQ}})

Proof. We need only prove the cases where both sides of the bi-implication are defined.
Subcase (Clause 1).

Sub-subcase (=). Since H || 'y, 21 : S || Ta, 22 : S has a tree structure wrt. N W {z1, 75}, we have that there exist
y1,y2 such that {y1,y2} € N, where y; € fv(H) and either y, € fv(T'y) or ys € fv(T'2). WLOG, assume y, € fv(T'y).
Since {x1, 22} € N and the hyper-environment forms a tree structure, we know that {x, x5} is the only edge
connecting I';,; : S and I', 25 : S, and we know that there is no edge connecting I'y and H. Thus, H || I'y, s
retains a tree structure.

Sub-subcase («<). By similar reasoning to the = case, there exist 31, yo such that {y;,y2} € N, and y; € fv(H),
and either yo € fv(I'y) or y2 € fv(I'3). Since both sides of the bi-implication are defined, we have that {z1,22} € N,
and x1 € fv(['y), and a9 & fv(T2), and I'1,T's are not connected by a self-edge. Without loss of generality, assume
yo € fv(I'y). Since {y1,2} connects H and I'y,x; : S, and {z1, 22} connects I';,x; : S and 'y, 25 : S, the graph
remains connected and acyclic, and therefore retains a tree structure.

Subcase (Clause 2).

Sub-subcase (=). Since the LHS is defined, we know that A and N3 are disjoint, and do not contain an edge
{x1,z2}. The result therefore follows from the standard graph theoretic result that joining two trees (in our case by
connecting I'y and I'y) results in another tree.

Sub-subcase (<=). Since {z1, 22} is in the co-name set, we know that I'y,z; : S and I'y, x5 : S are connected only
by z1 and x5. Since the RHS is defined, we know there are edges connecting 7, to I'y, and Hsy to I's. The result
follows from the standard graph theoretic intuition that removing an edge from a tree results in two trees.
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C Omitted Proofs for Section 3: Hypersequent GV

» Lemma C.1 (Subterm typeability). Suppose D is a derivation of ' = E[M] : T. Then, there exist T'1,Ts such
that T' =T'1,T2, a type U, and some subderivation D' of D concluding T'o = M : U, where the position of D’ in D
coincides with the position of the hole in D.

Proof. By induction on the structure of F. <

» Lemma C.2 (Replacement, Evaluation Contexts). If:
D is a derivation of T'1,Ts - E[M]: T
D’ is a subderivation of D concluding T'o b M : U
The position of D' in D corresponds to that of the hole in E
Ps-N:U
'y, T3 is defined

then I'1,Ts - E[N]: T.
Proof. By induction on the structure of F. |

Lemma C.3 (Substitution). If:
Toz:UFM:T

Ty FN:U

. I'1, T is defined

wWwNN=Y

then T'1,To - M{N/x}: T.
Proof. By induction on the derivation of I'y,z : U F M : T. <
» Lemma C.4 (Preservation, —n). If ' M : T and M —sm N, then TH N : T.
Proof. A standard induction on the derivation of —y. <

Runtime type merging is commutative and associative. We make use of these properties implicitly in the
remainder of the proofs.

» Lemma C5. 1. RiMRy < RyMR;
2. RN (R2 M Rg) < (Rl M Rg) N Rs

Proof. Immediate from the definition of M. <
» Lemma C.6 (Preservation (=)). If G- C: R and C =D, then G+ D : R.

Proof. We consider the cases for the equivalence axioms; the congruence cases are straightforward applications of
the TH.

Case (SC-PARASSOC).

cl@lie=clp)le

GoFD: Ry GsHE:Rs GiFC: Ry GoFD: Ry
gl}_CZR1 g2||g3}_DH51R2|_|R3 nggQ'_CHD.‘RlﬂRg g3|_SZR3
g1||g2||93FC||('DH5):R1|_|R2|_|R3 < gl||g2Hg3F(CH'D)Hgterlerle,
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Case (SC-ParCoMM).
Cl|lp=D]|C

GFC: Ry HED: Ry HED:U gHC:T
g||7-l|—CHDR1I’lR2 < Q||H|—D||CR1HR2

Case (SC-NEwCoMmM).
(vaa)(vyy')C = (vyy') (vaa')C
Two illustrative subcases:

Subcase (1).

G Ti,z:8 || T2’ : S| Ts,y:8 || Ta,y : SFC: R Gl T1,y:8 || Ta,y : S || Ts,2:8 || Ta,2’ : SFC: R
GIT1,z:8 || T2’ : S| Ts,Tat (vyy')C: R GIT1,y:8 || T2y : 8" || T3, Ta - (vaz’)C: R
G| T1,T2 || T3, Ta b (vaz")(vyy')C: R = G| Ty, T2 || T3, Ta b (vyy)(vzz')C: R
Subcase (2).
G| Ty,z:8,y:8 ||Te,y/: 5 || T3,2": SFC: R G| Ty,z:8,y:8 ||Te,y/: S || T3,2": SFC:R
G| Ty,To,z: 8| 3,2": SF (vyy')C: R G| T:,T3,y:8 || T2y : S F (vax')C: R
G || T1,T2,Ts - (vaz)(vyy')C: R = G| T1,T2,Ts - (vyy)(vazz')C: R

Case (SC-NEWSWAP).
(vay)C = (vya)C
Follows immediately since hyper-environments are treated as unordered.
Case (SC-SCOPEEXT).
¢ || (vay)D = (vay)(C || D)
(where z,y & tv(C))

GFC: Ry HHFl,:L‘:SHFg,y:gl—D:Rz GFHC: Ry H||F1,x:S||F2,y:§FD:R2
GFC: Ry H | T1,T2F (voy)D : Ro GIH|T1,2:8||Te,y:SHC|D:RiMRy
Q||7-[H F1,F2FCH (ny)ptRl M Ro <~ Q||7-[\| 'y, T2 - (Z/CL‘y)(C H D)ZR1HR2

Case (SC-LINKCOMM).
z z
rEy = yda

Assumption:

z:8,y:Skady:o

By dualising both variables, we have that z : S,y : S. Since duality is an involution, we can show
z:8,y:8 <= x:5,y:8.
Thus:

y:8,x:Styda:o

The reasoning for the symmetric case is identical.
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» Lemma C.7 (Preservation (—)). If G- C: R andC — D, then G+ D : R.

Proof. By induction on the derivation of C — D. Where there is a choice for ¢, we prove the case for ¢ = e and
expand T [M] to e(E[M]) for some evaluation context E; the other cases are similar.

Case (E-Reify-Fork).
eE[fork V] — (vxy)(eE[x] || oV y)
Assumption:

'k Elffork V]: T
't eE[fork V]: T

By Lemma C.1, there exist I'1,'s, S such that I' =T,y and 'y, T - Elfork V] : T and:

I'a FV S —end
Iy fork V: S

By Lemma C.2:

ly,z:SkE[z]: T
I,2:SkFeE[z]:T

By TM-App, I'y,y: SV y: end; and so by TC-CHILD, I',y: SE V y:o
Recomposing:

Iy,z:SkE[x]:T To,y: SEV y:end
Iy,z:SkFeE[x]:T To,y:SFo(Vy):o
Ly,2:8||Ta,y:SkeE[x]|o(Vy):T
Iy, Dok (vay)(eElz] [ o(V y) : T

as required.
Case (E-Comm-Send).
(vay)(eE[send (V,z)] || oE'[recv y]) — (vay)(eE(z] || oE[(V,y)])

Assumption:

[,x:SF E[send (V,z)]: U I,y : S+ E'[recv y] : end,
I,z:S+eE[send (V,z)] : U I,y: Stk oF'[recv y|: o
[,o:S||TV,y: Stk eE[send (V)] || o [recv y] : U
[, T+ (vzy)(eE[send (V,x)] || oF [recv y]) : U

By Lemma C.1, there exist I'1,I'g, S such that I' =T'1,T'g, and 'y, o, 2 : S F E[send (V,z)] : U and:

Iy bV T x: T8 o \T.8
o,z :!T.8" Fsend (V,z): S
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With the knowledge that S = !T.S’, we can refine our original derivation:

[1,To,2:!1T.5"+ E[send (V,z)] : U I,y :?T.S" E'[recv y] : end,

Iy, Ty, : 1T.S" - eE[send (V,z)] : U I,y :?T.8" - oF'[recv y] : o

[1,0e,2: 1.9 || T,y : ?T.S" - eE[send (V, z)] || oE'[recv y] : U

1,0, " (vzy)(eE[send (V,x)] || oF [recv y]) : U
Again by Lemma C.1, we have that I",y : ?T.5" - E'[recv y] : end, and:

y: 1.8y ?T.S"
y:?T.8"Frecvy:T xS

We can show:
LoV T y:S'Fy: S
To,y:SF(V,y): T xS

By Lemma C.2, we have that 'y, I,y : S’ = E'[(V,y)] : S".
Recomposing:

Ly,z:SFEz]:U Lo, I,y : S+ E'[(V,y)] : end,
I,z:5 FeE[x]:U Ty, T,y : S oE'[(V,y)] : o
Py,2:8 || Do, I,y : 8"k eB[a] || oE'[(V,y)] : U
Iy, Do, I F (vay)(eElx] || o E'[(V,w)]) : U

as required.

Case (E-Comm-Close).

(vy)(T[wait z] || oy) — T[()]

Taking 7 = eF, assumption:

[ z:end, + E[wait 2] : T y:end, -y : end,

I,z :ends b eF[wait 2| : T y:end Foy:o

I,x:end; || y:end - eE[wait x| || oy : T
't (vay)(eE[wait x] || oy) : T

By Lemma C.1, we have that:

z:end, F x: end,

z:end, - wait x: 1
By Lemma C.2, T+ E[()] : T.
Recomposing:
'+ E[()]:
'k eE[()]:

NS

as required.
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Case (E-Reify-Link).

Fllink (z,y)] — (vz2) xSy || F[2'])

where z, 2’ fresh.
Taking F = eF, we have that:

'+ Ellink (z,y)]: T
'k eE[link (z,y)] : T

By Lemma C.1, we have that I' =TV, z : S,y : S such that:

r:Skz:8 y:Sky:8S
r:8,y: Sk (z,y): SxS
x:8,y: 8k link (z,y) : 0

By Lemma C.2, we have that I,z : end, + E[z] : T.
Reconstructing:

z:endy,z: S, y:SFady:o I,z:end - eE[z] : T
z:ends,z:S,y: S| T",z:end - 2y || oE[2] : T
I z:S,y: Sk (vz2)(aly || oE[2]) : T

as required.

Case (E-Comm-Link).

(v22')(vaa')(w sy || oz | oM) — o(M{y/2})

Assumption:

7 rend 7 : end, Iz’ :S+M:T
Z :end Foz:o Ia':SkeM:T
r:8y:S, z:endr F a2y o Z:end || T2 : Skoz|eM:T

v:8,y:8 2z:end; || 2 :end, | T,2': Sk aly || o2 || oM : T

I,y:S,2z:end; || 7 :end - (vaa')(xSy || 02 || oM) : T

T,y: Sk (vz2)(vaa')(x2Sy || o2 || eM) : T

By Lemma C.3, T,y : S+ M{y/a'} : T, thus:

L,y :S+HM{y/x'}:T
L,y :SkeM{y/a'}: T

as required.
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Case (E-Res).

(vay)C — (vxy)D ifC—D
Immediate by the TH.
Case (E-Par).

C|D—C|D ifCc—C
Immediate by the IH.
Case (E-Equiv).

C—D ifc=C,C' —D,and D =D

Assumption: G+ C: R.

By Lemma C.6, G+ C': R.

By the IH, G+ D’ : R.

By Lemma C.6, G+ D : R, as required.

Case (E-Lift-M).
O¢M — ¢N it M —u N

Immediate by Lemma C.4.

<
» Theorem 3.2 (Preservation).
1. IfGFC:Rand C=7D, then G+ D : R.
2. IfGFC:RandC — D, then GF D : R.
Proof. A direct corollary of Lemmas C.6 and C.7. |

C.1 Tree Canonical Forms

Recall that a configuration in tree canonical form if it is of the following form:

(variyy) oMy || -+ || (venyn) (oM || ¢N)---)

where z; € fn(M;) for each x;, M;.

Our technique for proving that any configuration typeable under a singleton hyper-environment can be written
in tree canonical form is to demonstrate that the configuration typing rules induce a tree structure. Since undirected
trees with at least two vertices must have at least two leaves, we can permute a child thread containing name z;
next to the binder (vz;y;).

We can now prove that all configurations typeable under a single typing environment can be written in tree
canonical form.

» Theorem 3.5 (Tree canonical form). If ' C : R, then there exists some D such that C =D and D is in tree
canonical form.
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Proof. By induction on the number of v-binders in C. In the case that n = 0, it must be the case that ' - ¢M : R
for some thread M, since parallel composition is only typeable under a hyper-environment containing two or more
type environments. Therefore, C is in tree canonical form by definition.

In the case that n > 1, by Lemma C.6, we can rewrite the configuration as:

(vaiy) - - (venyn) (M || -+ || oMy || §N)

Fix N = {{z;,y:} | 1 < i < n}. By definition, T has a tree structure wrt. an empty co-name set. By repeated
applications of TC-NEW, there exists some G such that GF oM || --- || oM, || N : T; by Lemma B.8 (clause 1,
right-to-left), G has a tree structure.

Construct the APS for G using names N; by Lemma B.3, there exist I';, 'y € envs(H) such that T'y and 'y are
leaves of the tree and therefore by the definition of the APS contain precisely one v-bound name.

By TC-PAR, there must exist two threads Ly, Lo such that I'1 - Ly : Ry and I's - Ly : Ry. By runtime type
combination, at least one of R;, Ry must be o; without loss of generality assume this is R;. Suppose (again without
loss of generality) that the v-bound name contained in I'y is 21 and L; = M.

Let D = (v395) - (vngn) (oM | -+ | oM, || 6N).

By Lemma C.6 and the fact that z; is the only v-bound variable in M7, we have that C = (vzyy1)(oM; || D).
By the IH, there exists some D’ such that D = D’ and D’ is in canonical form. By construction we have that
C = (vxyy1) (oM || D'), which is in tree canonical form as required. <

C.2 Progress

Let W range over type environments where the type of each variable must be a session type:

Vo= | Ua:S

Functional reduction satisfies progress: under an environment only containing runtime names, a term will either
reduce, be a value, or be ready to perform a communication action.

» Lemma C.8 (Progress, Terms). If U = M : T, then either M is a value, or there exists some N such that
M —m N, or M can be written E[N] for some N € {fork V,send (V,W),recv V,wait V,link (V,W)}.

Proof. A standard induction on the derivation of W = M : T <

Note that tree canonical forms can be defined inductively:

CF = o¢M | (vay)(A| CF)

Lemma 3.8 follows as a direct corollary of a slightly more verbose property, which follows from the inductive
definition of TCFs.

» Definition C.9 (Open progress). Suppose U+ C : R, where C /=, and C is in canonical form. We say that C
satisfies open progress if:

1. C = (vaa')(A || D), where:
a. There exist V1, Wy such that ¥V = Wy, Uy
b. Uy,z:SE A:o for some session type S, and blocked(A,y) for some y € fv(¥y,x : S)
c. Uy, 2’ : S D: R, where D satisfies open progress

2. C=¢M, and either M is a value, or blocked(¢ M, x) for some x € fv(¥).

» Lemma C.10 (Open progress). If U I C : R where C is in canonical form and C +—, then C satisfies open progress.
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Proof. By induction on the derivation of G F C : R. By the definition of canonical forms, it must be the case that C
is of the form (vzy)(A || D) where D is in canonical form, or eM.

We show the case where C = (vay)(oM || D); the case for C = oM follows similar reasoning.

Assumption:

Uy,z:SFA:0 Uy,y:SFD:R
Uy,2:8||Uy,y:SFA|D:R
Uy, Uy - (vay)(oM | D) : R

In both cases, by the induction hypothesis, Uy, : S F D : T satisfies open progress.

Subcase (A = olM).

By Lemma C.8, either M is a value, or M can be written E[N] for some communication and concurrency construct
N € {fork V,send (V,W),recv V, wait V,link (V,W)}.

Otherwise, M is a communication or concurrency construct. If N = fork V', then reduction could occur by
E-REIFY-FORK. If N = link (V, W), then by the type schema for link, we have that link (V, W) must be of the
form link (z,2’) for z, 2’ € fv(¥,z : S) and could reduce by E-REIFY-LINK.

Otherwise, it must be the case that blocked(oM, z) for some z € fv(¥y,x : S).

Thus, (vzy)(oM || D) satisfies open progress, as required.

Subcase (A = 2,55 23). We have that 21, 2, 23 € fv(¥1, 2 : S), and the thread must be blocked by definition.
<

» Lemma C.11 (Closed Progress). Suppose U t- C : R where C = (vziy1)( Ay || -+ || (venyn)(An || N)--+) ds in
tree canonical form. FEither C — D for some D, or:

1. For each A; for 1 < j <n, blocked(A;,z;)

2. N is a value

Proof. Since the environment is closed, by Lemma 3.8, for each A; it must be that blocked(A;,2) for some
ze{y|iel.j—1}U{z;}.

Note that if two names x,y are co-names, and one thread is blocked on x, and another is blocked on y, then due
to typing the names must be dual and reduction can occur.

Consider A;. Since the environment is closed, A; must be blocked on x;. Next, consider A-; the thread cannot
be blocked on y; as reduction would occur. By the definition of TCFs, 45 must contain x5 and by the typing rules
cannot contain v, so the thread must be blocked on z5. We can extend this argument to the remainder of the
configuration. <

» Theorem 3.10 (Global progress). Suppose C is a ground configuration. FEither there exists some D such that
C — D, or C = eV for some value V.

Proof. By Lemma C.11, either C can reduce, or C can be written (vz1y1) (oA || -+ || (vzpyn)(oA, || V) -+ ) where
blocked(A;, ;) for each {z; | i € 1..n}.

Since C is ground, fv(V) = (). Consequently, due to acyclicity, no auxiliary thread can be blocked.

It follows that if C /=, then there cannot be any auxiliary threads and thus C = eV for some value V. <

31
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Determinism and Strong Normalisation HGV enjoys a strong form of determinism known as the diamond
property, and due to linearity enjoys strong normalisation. Unlike with preservation and progress, the addition of
hypersequents does not substantially change the arguments from [32].

» Theorem C.12 (Diamond property). If G- C:T,C — D, and C — D', then D =D'.

Proof. Similar to that of GV [32, 15]: —\ is deterministic, and due to linearity, any overlapping reductions are
separate and may be performed in either order. |

» Theorem C.13 (Termination). If G+ C : T, there are no infinite sequences C —>— -+ .

Proof. As with GV [32, 15], due to linearity, HGV has an elementary strong normalisation proof. Let the size of a
configuration be the sum of the sizes of all abstract syntax trees of all terms contained in threads. The size of a
configuration is invariant under = and strictly decreases under —, so no infinite reduction sequences can exist. <

C.3 Derived typing rules for syntactic sugar

T-SEQ T-LAMUNIT T-LAMPAIR
'e=M:1 AFEN:T 'EM:T Coo:T,y:T'F-M:U
T,AFM;N:T TFA)M:1—-T TNz, y) M:TxT —U
?I%E]gf .7 Az:THN:U T-SELECT-INL T-SELECT-INR
IAkletz=Min N:U -Fselectinl: S¢S — S ‘Fselectinr: S® 9 — 9’
T-OFFER T-OFFER-ABSURD
FFL:S&S Az:SEM:T Ay:S"F-N:T L L:&{}

' At offer L {inlz — M;inry — N}: T I'NAtoffer L{}:T
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D Omitted Proofs for Section 4: Relation between HGV and GV

A simple embedding of GV into HGV. The simplest embedding of GV in HGV relies on the observation
from Section 2 that each parallel composition splits a single channel, meaning that we can write an arbitrary closed
GV configuration in the form:

Ci ||<il:1.,y1> ||<<77VL72;yr172> Cn1 ||<ZI7'VL71~,er7'1> Cn

where each C does not contain a further parallel composition, and any main thread is in C,,. We can then subsequently
embed the configuration in HGV as:

(VIL’1y1)(C1 H o || (V$7L72yn72)(cn72 H (l/éL’n—lynq)(qu ” Cn)) o )

which is well-typed by construction. As a corollary, every well-typed, closed GV configuration is equivalent to a
well-typed, closed HGV configuration.

A structure-preserving embedding of GV into HGV. Though the simple embedding of GV into HGV is sound, it
does not respect the intention of GV. With a little care, we can provide a stronger result: every well-typed open
GV configuration is exactly a well-typed HGV configuration. We proceed now with the proof of Theorem 4.3.

» Theorem 4.3 (Typeability of GV configurations in HGV). If ' ¢, C : R, then there exists some G such that G is a
splitting of I and G+ C : R.

Proof. By induction on the derivation of I' - C : R.

Case (TG-NEW). Assumption:

F? <y~y/> : Sﬁ I_GV C:R
Chgy (vyy')C: R

Suppose I' = (z1,2)) : Sg, ooy (@, 2l) + SB (for clarity, without loss of generality, we assume the absence of
non-session variables. As these are simply split between environments, they can be added orthogonally).

By the IH, we have that there exists some hyper-environment G such that G F C : R, where G is a splitting of
Ly, y') St

Since G is a splitting of C, we know that y: S € G and v/ : S € G, and that G has a tree structure with respect to
names {{z1,21},...,{zn, 2}, {y, ¥} }

Since G has a tree structure, by definition we have that G =G’ || T'1,y: S || T'2,%’ : S for some G’,T'1,T's, where G’
has a tree structure.

By Lemma B.8 (clause 1, left-to-right), G’ || I'1, 'y has a tree structure with respect to names

{{1'1» CL/l}v AR {ZL‘n, T;z}}

Thus, we can show:

G| Ty,y:S||Tey :SEC:R
G || T1,Tek (vyy')C: R

where G’ || T'1,T'2 has a tree structure with respect to names {{x1,2}},...,{xn, 2, }} and is therefore a splitting of
I, as required.
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Case (TG-CONNECT]). Assumption:

N,y:SkguC: Ry F2,y':§FGVD:R2
[T (y,9)) : S hgy C | D RiM Ry

Suppose I'y = (z1,2)) : 8%, ... (zp,2))) : SE and Ty = (2,41, Th1) " anH, cooy (@, 2l) 0 SB.
By the IH, there exist hyper-environments G, H such that:

1. G is a splitting of ',y : S

2. H is a splitting of I'y, 7/ : S

3. ey C: Ry

4. H }_GV D N R2

By the definition of splittings, G and H can be written G = G’ | T'},y: S and H = H' || T,y : S for some T}, T'%.
Furthermore, G has a tree structure with respect to {{z1,2}},...,{@m, 2}, }} and H has a tree structure with
respect to {{@m41, 20, 1}, - {zn, 2, 1

By Lemma B.8 (clause 2, left-to-right), G’ | T,y : S || H' || T, %’ : S has a tree structure with respect to

Hay, 2t} {an, 20}, {y, '} } and therefore G || H is a splitting of T'y, T, (y,y') : S%.

Recomposing in HGV:

GHC: Ry HED: Ry
Q||’H|—C||DR1FIR2

as required.
Case (TG-CONNECT3). Similar to TG-CONNECT].

Case (TG-CHILD). Assumption:

I'H M : end,
I'kgyolM:o

Since we mandated that variables of type S* cannot appear in terms, there are no names of type S* in I'. Therefore,
the singleton hyper-environment I' is a valid splitting, and so we can conclude by TC-CHILD in HGV.

Case (TG-MAIN). Similar to TG-CHILD.

» Lemma 4.5. Suppose I' = C : R where C is in tree canonical form. Then, I' b, C: R.

Proof. By induction on the number of v-bound names.
In the case that n = 0, the result follows immediately by TG-CHILD or TG-MAIN.
In the case that n > 1, we have that I' = I'y,I's for some I'y, 'y and:

Iy,z:SFoL:o Iy,y:SEFD:R
Iy,2:8||Te,y:SFoL||D:R
I',IsF (vey)(oL | D) : R
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such that D is in tree canonical form. That I';, 2 : S+ oL : o follows by the definition of tree canonical forms,
since z € fv(L).

By the IH, I's,y: S+ D: R in GV.

Thus, we can write:

I'y,z:SFoL:o Iy,y:SFD:R
I, Ty, (z,y): S* oL | D: R
Iy, To b (vay)(oL || D) : R

as required. <

35
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E Omitted Proofs for Section 5: Relation between HGV and CP

E.1 Structural Congruence

Structural congruence for HCP processes P=qQ
roty = yet s rPlo=pr PlQ=Q|P PlQIR=P]Q) IR
(vaa)(vyy' )P = (vyy') (vea’) P (vzy)P = (vyz)P (vzy)(P [ Q)= P || (vay)Q if z,y & fv(P)

E.2 Translating HGV to HCP

» Definition E.1. We can naively translate HGV to HGVx as follows:

() x

(Ax. M) = Az.(M)

(L M) = leta=(L)inlety= (M) inzy
(0D = 0

(let () = L in M) = let z= (L) inlet () = z in (M)
(M, N)) = letax= (M) inlet y = (N) in (z,y)
(let (z,y) = L in M) = let z = (L) in let (z,y) = z in (M)
(inl M) = let z = (M) ininl z

(inr M) = let z = (M) ininr z

(case L{inlz — M; inr y — N}) = letz = (L) in case z {inl x — (M); inr y — (N)}
(absurd L) = let z = (L) in absurd z

» Lemma E.2. Translations of terms are guaranteed to only have T-transitions and transitions on the dedicated
output channel. Formally, if M is a term, then [M], —) where { = ’7' or { ={,. Values only have transitions on
the dedicated output channel. Formally, if V is a value, then [[M']]T

Proof. By induction on M. |

» Definition E.3 (Process-contexts). A process-context P[] is a process with a single hole, denoted 0. We extend
the typing rules, LTS and typing rules to process-contexts. We write P[]+ G/H to mean that P[] is typed under
hyper-environment H expecting a process typed under G, i.e. if Q - G then P[Q] + H.

» Definition E.4. A process P is blocked on x if it only has transitions P L,
We write cn(P) to refer to the set of all channel names in P.

» Lemma E.5. If P[] is a process-context with z,w,w’ & cn(P[]), and Q is a process blocked on w', then

(rww')(Plz+w] || Q) ~a PlQ{z/w'}].
Proof. By induction on the process-context P[].
Case (0J).

(rww)(z¢w || Q)
= Q{z/w'}
~ Q{z/w'}  (by reflexivity)
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Case ((vzy)P[]).

(rww')((vey)(Plzow]) || Q)
~ (vay)(vww')(Plz<>w] || Q) (by Lemma 5.4)
~ (vay)(PlQ{z/w'}]) (by Lemma 5.4 and IH)

Case (P[] || R).

(rww')(Plzew] | R || Q)
~ (vww')(Plz<w] || Q) || R (by Lemma 5.4)
~ PlQ{z/w'}] R (by Lemma 5.4 and IH)

Case (R || P[)]).

(rww')(R || Plzew] || Q)
~ R| (vww')(P[z+w] || Q) (by Lemma 5.4)
~ R | PlQ{z/w'}] (by Lemma 5.4 and TH)

Case (7.P[]). Since @ is blocked on w’, the process (vww’)(mw.Plz<>w] || Q) has only one transition,
(vww')(m.Plzow] || Q) — (vww')(Plzow] || Q).

The process 7.P[Q{z/w'}] has only one transition, also with label 7,
T.PlQ{z/w'}] = PlQ{z/w'}].

The resulting processes are bisimilar by the induction hypothesis.

Case (z > {inl: P[];inr : P'[]}). Since @ is blocked on w’, the process
(vww’) (x> {inl : Plz<>w];inr : P'[z<>w]} || @) has only two transitions,

() (> {inl: Plzosu]sinn s Pz} || Q) 23 (vwa) (Pl || Q)
and
(vww) (> {inl: Plesw];inr s P'lzow]} | Q)25 (vww!)(Pzou] || Q).
The process x> {inl : P[Q{z/w’}];inr : P'[Q{z/w’}]} has only two transitions, also with labels x> inl and z > inr,
x> {inl: PQ{z/w}];inr : P'[Q{z/w/}]} ™ PIQ{z/w')]
and
o {inl: PQ{z/w'};inr : PQ{z/w'}]} =5 P'[Q{z/u'}]
The resulting processes are bisimilar by the induction hypothesis.

<«

» Lemma 5.5 (Substitution). If M is a well-typed term with w € fv(M), and V is a well-typed value, then
(rww ) (M | VD) &a [M{V/w}]7.

Proof. Immediately from Lemma E.5. <

» Lemma E.6 (Operational Correspondence, Terms). If M is a well-typed term:
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1. if M —m M, then [M]" N [M]>; and
2. if [M]r SN P, then there exists an M’ such that M —sy M’ and P =~ [M']™.

Proof.
1. By induction on the reduction M —sy M’.
Case (E-Lawm). The following diagram commutes:

(\a.M)V — MA{V/x}

l{[-nr

(vaa’)(wvyy') (y(z).rey ||y (2).[M]g5 || TV]3)
Ly, r1r

(vaa’)(vyy') (rey | IM] | IVIE)

[

X (by Lemma 5.5)

(vaz") (IMTT 1 TVIZ) [M{V/a}]T
Case (E-UniT). The following diagram commutes:
let () = () in M v M
|-
(vaa’)(x().[M]7 || 2'[).0) [1-
[EX
[M], || 0 = (M7
Case (E-Pair). The following diagram commutes:
let (a,y) = (V, W) in M o M{V/aHW/y)
|
(wyy') (y() [M]7 || /[T (VTS 1TV )) I3
[EX
v v \~a (by Lemma 5.5) m
(vyy ) waa')([M] || [V || W]y ) === TM{V/a {W/y}]]
Case (E-InL). The following diagram commutes:
case inl V {inl z — M; inr y — N} o M{V/z}

|en

(vea") (x> {inl : [M]";inr : [N{z/y}]"} || 2’ <inl.[V]Y) [l

B
—

(vaa')([M], || [V]%) Fo (by Lemma 5.9)

Case (E-INR). As E-INL.

Case (E-LeT). The following diagram commutes:

let z =V in M M M{V/z}
J('I]]?
(vza')(z.[M]™ || 2/.[V]Y) [1-
[EXEN

(vaa)([M], || [V]y, e 32 gy gy

[MEV /2]
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Case (E-LirT). The induction hypothesis gives us the first commuting diagram, which we use, together with
HGV’s E-Lirt and HCP’s E-LirT-REs and E-L1FT-PAR, to show that the second diagram commutes:

M_—— " let z = E[M]in N ———% s let z = E[M'] in N
| [[EE 1. 5
B 8
m = i m JTm = . m mm
[M]? ———— [M']} (vaa’) (. [N || [M]7) ———— (vaz’) (x.[N] || [M]3)

. By induction on M.
Case (U V). There are two well-typed cases for U: either U = z for some z; or U = Az.M for some x and M. If

U = z, we have (vza')(vyy')(y(x).rey || 2y || [V]L) 7[3%, which contradicts our premise. Therefore,
U = Az.M. The only possible -transition is the one in the following diagram:

(Az. M)V —u M{V/x}

lu-nr

(vaa!) vy ylo)-rery || o' @) M || VD)

lﬂ& rIr

(vaa') (vyy') (rey | M IVIE)

a
J/

(waz)([M] | VI3

~o (by Lemma 5.5)

[MAV /3]
Hence, M' = M{V/x}.

Case (let () = U in M). There are two well-typed cases for U: either U = z for some z; or U = (). If U = z, we

have (vza)(z().[M]M || 2'+2) %, which contradicts our premise. Therefore, U = (). The only possible
[B-transition is the one in the following diagram:

let ()= ()in M —w M
IS
(vaa’)(z().[M] || ='[].0) [1-
[M], |0 = [

Hence, M' = M.

Case (let (x,y) = U in M). There are two well-typed cases for U: either U = z for some z, or U = (V,W). If

U = z, we have (vyy')(y(z).[M]™ || v'<>=2) 7/3L>, which contradicts our premise. Therefore, U = (V,W). The
only possible S-transition is the one in the following diagram:

let (z,y) = (V,W) in M — M{V/z}{W/y}
|-
(vyy)(y(x).[M]T |y ["].(VIE 1 TWT5) [1-

B
—

(vyy') (vea)([M], | VI I TW]5)

Xo (by Lemma 5.5)

[M{V/x} {W/y 3T
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Case (case U {inl  — M; inr =+ N}). There are two well-typed cases for U: either U = z for some z; or

U=inlV. If U = z, we have (vaz’)(z> {inl : [M]";inr : [N{z/y}]"} || 2’<>2) 7[39, which contradicts our
premise. Therefore, U = inl V. The only possible S-transition is the one in the following diagram:

case inl V {inl z — M; inr y — N} s M{V/z}
|en
(vea")(z>{inl : [M]";inr : [N{z/y}]"} || 2’ <inl.[V]Y) L1~
X
(vaa')([M], || [V]y) —==2m0 2D (v /e

Case (absurd U). There is only one well-typed case for U: U = z for some z. However,

(vaxa')(zv{} || 2/ 2) %, which contradicts our premise.

Case (let x = M in N). There are two possible cases: either M = V; or [M]T 2, P for some P. If M is a
value, the only possible S-transition is the one in the following diagram:

let z =V in M v M{V/x}
J,[[]]T
(vax') (. [M]™ || 2. [V]%) [1-
[N

(vaa')([M], || [V]y T2 S0y ]

Otherwise, if [M], L, P for some P, the induction hypothesis gives us an M’ such that M —\ M’ and
P =~ [M']". We apply HGV’s E-LirT and HCP’s E-Lirr-REs and E-LIFT-PAR.

Case (V). We have 7.[V]Y %, which contradicts our premise.

» Theorem 5.6 (Operational Correspondence). If C is a well-typed configuration:
1. ifC— C', then [C]S = [C']S; and

2. if [C]s SN P, then there exists a C' such that C — C' and P =~ [C']¢.
Proof.

1. By induction on the reduction C — C'.
Case (E-REiry-Fork). The following diagram commutes:

Flfork (Aw.M)] — (vax')(Flz] || o M{x'/w})
J[EE
[FIE(vyy ) (vz2') (2(y)-verz || 2 (u)ude')uu).0 [y (w).[M]5))] L1

l;rl*

[FTElvyy ) (vew | y.yl0 || [MT5)] ——— (vaa')([F]loera] || (vyy ) ([M{a'/}]] || 'y .0))

The channel v is internal to [F]S. The diagram is simplified: it uses the canonical form \z.M as opposed to the
opaque value form V and creates the substitution M{z’/z} as opposed to the application V z’. The final two

terms are bisimilar by Lemma E.5.
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Case (E-REIry-LiNK). The following diagram commutes:

o Eflink (z,y)] — (vez')(z &y || o E['])

JIEE \

(vaad ) ([E]M[(vz2") (vww) (w(z).vew || w!(t).4(s).w’ w'().s¢5t || 2/ {x).ys+2" || a’.a'[].0))]

(vad')([E]7 [0-0().cey] | @'.a[[.0) —=— (vz2)(2.2()-c ¢y || (vad')([Eloe2]]7 || a’.a[.0))

m

The channel v is internal to [E]™.

Case (E-CoMM-LINK).

(vez")(vaa') (z&y || o 2 || 6 M) — ¢ (M{y/x'})
|
(v22)(vaa) 520wy | (') (='ew || w'a[10) || [6 M]E) ot
lé+
[6 MI5{y/="} = [0 M{y/a"}];
Case (E-COMM-SEND).
(vaa')(Flsend (V,2)] || F'[recv a']) — (vaa')(Fla] | F'[(V,a")])

in-u:
(Vm/)< [F1s[(vyy ) (vz2") (2(y) sz || 2/ ()2 (s).t(s).2" 2"t || o [w].([V]Y, | 2y/)] | >
[F' 5 [(vyy ) (vz2") (2(y) v 2 || 2 (s).8(1).2" .2/ (t) .2 =5 || 2/ 4>y)]

[

(vaa!)([FIE](x(w) aaou || [VID)] || [ (8).0.0() 0ea']) L
L (vaa)([F]Ela.eou] | [FIEp.ofw] (VT || vea))
(vaa')([F]l(@ussa || [VID] | [FIE[0.0(w).vera’]) Fe

The channels u and v are internal to [F]S and [F'])S, respectively.

Case (E-CoMM-CLOSE).

(vzz)(o x || Flwait z']) — FI0)]
JIEE
()G 0 | ] B
(va: )< [Fle[(vz2") (vww’) (w(z).vew || w(s).s().w . w'[].0 || 2/« 2")] > L1

[

[FI<[5.0[].0] = [FI<[6.0]).0]

The channel v is internal to [F]¢.
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Case (E-REs).

Case (E-PaR).

(15 I [P]7 L1

l%(IH)
[C1: 11 [P]; —— [€" || DI;

Case (E-Equiv).

i
Q
l
N
i
™

C

|
[c1x
[[Cl/;; (Lemma 5.4) L1

l%(m)
[D']5

X (Lemma 5.4) [[Eﬂc

Case (E-LirT-M). The cases for ¢ = e and ¢ = o are similar; here we show the case for e.

oM — o N

l[[-]]: ) ﬁ-ﬂi

) — (Lemma E.6) m
[M]; [V]

2. By induction on C'; as with Lemma E.6, the only reductions that can occur for each case are those specified in

(1).
<
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F Extensions

F.1 Unconnected processes

The TC-Par rule allows two processes to be composed in parallel if they are typeable under separate hyper-
environments. In a closed program, hyper-environment separators are introduced by TC-RES, meaning that each
process must be connected by a channel.

We can loosen this restriction by adding the following structural rule:

TC-MIx
G|y || Te-C:T

gHFl,Fgl_CZT

TC-Mix allows two type environments 'y, I's to be split by a hyper-environment separator without a channel
connecting them, and is inspired by Girard’s [19] Mix rule; in the concurrent setting, MI1x can be interpreted as
concurrency without communication [32, 3]. TC-Mix admits a much simpler treatment of link and provides a
crucial ingredient for handling exceptional behaviour.

Atkey et al. [3] show that conflating the 1 and L types in CP (which correspond respectively to the end; and
end; types in GV) is logically equivalent to adding the Mix rule and a 0-MIx rule (used to type an empty process).
It follows that in the presence of TC-MiX, we use self-dual end type; in the GV setting, by using a self-dual end
type, we decouple closing a channel from process termination. We therefore refine the TC-CHILD rule and the type
schema for fork to ensure that each child thread returns the unit value, and replace the wait constant with a close
constant which eliminates an endpoint of type end.

TC-CHILD .
_ THM:1 E-Crose
fork: (S —1) — S close:end — 1 o1 (vxy)(Elclose x| || E'[close y]) — E[()] || E'[()]
oM :

Given TC-Mix, we might expect a term-level construct spawn : (1 — 1) — 1 which spawns a parallel thread
without a connecting channel. We can encode such a construct using fork and close (assuming fresh  and y):

spawn M £ let « = fork(\y.close y; M) in close x
Y Y

Assuming the encoded spawn is running in a main thread, after two reduction steps, we are left with the

configuration:
M1 M1
——— TC-CHILD ——— TC-MAIN
-FoM:o ‘Fe():1
TC-PAr
“l-FoM | e():1
TC-Mix
FoM[e(): 1

Note the essential use of TC-Mix to insert a hyper-environment separator.

The addition of TC-Mix does not affect preservation or progress. The result follows from routine adaptations of
the proof of Theorem 3.2 and Theorem 3.10.

By relaxing the tree process structure restriction using TC-Mix, we can obtain a more efficient treatment of
link, and can support the treatment of exceptions advocated by Fowler et al. [16].

F.2 A simpler link

The GV link (z,y) construct allows messages sent along x to be forwarded to y. Suppose we have three threads,
L, M, N, where L holds endpoints = and y, connected to thread M over x and connected to N over y, and wishes
to evaluate link (z,y):
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{rw'} {v,9} @

Note that the process structure after the link takes place is a forest rather than a tree! Since well-typed, closed
programs in both GV and HGV must always have a tree structure, different versions of GV have worked around
this issue in slightly unsatisfactory ways.

Pre-emptive blocking. Lindley & Morris [32] implement link using the following rule (modified here to use a
double-binder formulation):

(vaz')(Fllink (x,y)] || F'[M]) — (vax')(Flz] || F'[wait 2’; M{y/2'}])  where 2’ € fv(M)

The first thread will eventually reduce to ox, at which point the second thread will synchronise to eliminate x and
2/ and then evaluate the continuation M with endpoint y substituted for z’. Unfortunately, this formulation of
link pre-emptively inhibits reduction in the second thread, since the evaluation rule inserts a blocking wait. The
resulting system does not satisfy the diamond property.

Link threads. HGV uses the incarnation of link advocated by [33], where linking is split into two stages: the first

generates a fresh pair of endpoints z, z’ and a link thread of the form xf—,)y, and returns z to the calling thread.
Once the calling thread has evaluated to a value (which must by typing be z), then the link substitution can take
place. This formulation recovers confluence, but we still lose a degree of concurrency: communication on y is blocked
until the linking thread has fully evaluated. In an ideal implementation, the behaviour of the linking thread would
be irrelevant to the remainder of the configuration. The operation requires additional runtime syntax and thus
complicates the metatheory.

With TC-Mix. The above issues are symptomatic of the fact that the process structure after a link takes place is a
forest rather than a tree. However, with TC-Mix, we can refine the type schema for link to (S x S) — 1 and we
can use the following rule:

(vaa')(Fllink (z,9)] || 6N) — FIO] | 6N {y/a'}

This formulation has the strong advantage that the substitution takes place immediately and does not inhibit
reduction. A variant of HGV replacing E-REIFY-LINK and E-CoMM-LINK with E-LINK-MI1X retains HGV’s
metatheory.

F.3 Exceptions

Mostrous & Vasconcelos [37] describe a process calculus allowing the explicit cancellation of a channel endpoint,
accounting for exceptional scenarios such as a client disconnecting, or a thread encountering an unrecoverable error.
Attempting to communicate with a cancelled endpoint raises an exception. Fowler et al. [16] extend these ideas to
the functional setting, introducing Exceptional GV (EGV). EGV supports exceptional behaviour by adding:

a new constant, cancel : S — 1, which allows us to discard an arbitrary session endpoint with type S

a construct raise, which raises an exception

an exception handling construct try L as x in M otherwise N in the style of Benton & Kennedy [6], which
attempts possibly-failing computation L, binding the result to = in success continuation M if successful and
evaluating NV if an exception is raised
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As an example, consider the following two programs:

try try
let s = fork (At.close(send (42,t)) in let s = fork (At.cancel t) in
let (res,s) = recv s in let (res, s) = recv s in
close s; res as res in res close s; res as res in res
otherwise (—1) otherwise (—1)

In the first program, the child thread will send 42 to the parent thread, close its endpoint, and the exception
handler will evaluate to 42. In the second program, instead of sending a value along t, the child thread discards its
endpoint using cancel; the recv operation will then raise an exception and the exception handler will evaluate to
—1.

Since hypersequents do not substantially change the operational semantics from the original presentation of
EGV [16], we do not provide a full formal treatment here.

Why Mix? The runtime treatment of exceptional behaviour relies crucially on MiX. The key reason is that by
explicitly discarding an endpoint, cancel generates a zapper thread which severs a tree process structure into a
forest; future communications on the zapped name will trigger an exception. Consider the following example, where
a thread cancels an endpoint = and then waits on an endpoint y.

(vaa')(vyy') (o' || oy’ || o(cancel z; wait ) (vaa)(vyy ) (oa' || oy’ || b || o((); wait )

[ocancel xr; wait y ]

The configuration on the left has a tree process structure. However, after reduction, we obtain the configuration
on the right which is clearly a forest and thus needs TC-Mix to be typable.

We have described a synchronous version of EGV. Extending our treatment to asynchrony as in the work of [16]
is a routine adaptation.

45



46 Separating Sessions Smoothly

G Hypersequents in term typing

Hypersequents allow us to cleanly separate name restriction and parallel composition in process configurations.
Could we formulate a language HGV™ which uses this technique at the term level to split fork into separate
constructs for channel creation and thread creation? We argue splitting fork is more trouble than it’s worth.

Suppose we extended term typing to allow hyper-environments, G = M : T, and introduced terms let (z,2’') = new in M
and let () = spawn M in N—which evaluate by simply creating a v-binder and parallel composition, respectively—
with the following typing rules:

TM-LETNEW o TM-LETSPAWN
G|Ty,z:S|Toa’:SHM:T GFM:end, HFN:T
G| Ty, Tk let (z,2') =mewin M : T G| HElet () =spawn M in N : T

These rather ad-hoc rules mirror hypersequent cut and hypersequent composition: TM-LETNEW creates a new
channel with endpoints x and z’, and requires them to be used in separate threads in the continuation M; and
TM-LETSPAWN takes a term M, spawns it as a child thread, and continues as N. Using these rules, we can encode
fork M as let (z,2’) = new in let () = spawn (M x) in 2.

Where else can we allow hyper-environments? In HCP, we have two options: (1) if we restrict all logical rules to
singleton hypersequents and allow hyper-environments only in the rules for name restriction and parallel composition,
we can use standard sequential semantics [36, 29]; but (2) if we allow hyper-environments in any logical rules, we
must use a semantics which allows the corresponding actions to be delayed [28]. However, this is unlikely to be a
property of logical rules, but rather due to the fact that the logical rules correspond exactly to the communication
actions—which block reduction—and the structural rules to name restriction and parallel composition—which do
not block reduction. Therefore, we expect the positions where hypersequents can safely occur to follow from the
structure of evaluation contexts and whether any blocking term performs communication actions.

Regardless of our choice, we would be left with restrictions on the syntax of terms which seem sensible in a
process calculus, but are surprising in a A-calculus. In the strictest variant, where we disallow hyper-environments
in all but the above two rules, uses of TM-LETNEW and TM-LETSPAWN may be interleaved, but no other construct
may appear between a TM-LETNEW and its corresponding TM-LETSPAWN. Consider the following terms, where M
uses « and y, and N uses z’. Term (1) may be well-typed, but (2) is always ill-typed:

let y = 1in let (z,2') = new in let () = spawn M in N (1)
let (x,2’) = new in let y = 1 in let () = spawn M in N (2)
Note that let (x,2’) = new in M is a single, monolithic term constructor—exactly what hypersequents were

meant to prevent! However, if we attempt to decompose these constructors, we find that these are not the regular
product and unit.
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