Recursive definitions

Capiche?

Less is more

Recursive Definitions

1. Specify a function at its lowest/minimum level (zero? One? Empty?)
2. Give a rule for finding a value with respect to a smaller value

Sometimes called an “inductive definition"
- a base step such as f(0)
- an inductive step f(n+1) defined in terms of f(n)
- an inductive step f(n) defined in terms of f(n-1)
- scream downhill

A typical example is factorial

Example

fib(n) = fib(n-1) + fib(n-2)
fib(0) = 0
fib(1) = 1

-fib(4) = fib(3) + fib(2)

° = fib(2) + fib(1) + fib(2)

° = fib(1) + fib(0) + fib(1) + fib(2)
° =1+0+fib(1) + fib(2)

o =1+0+1+fib(2)

. =1+0+1+fib(1) + fib(0)

o =1+0+1+1+0

o =3

Fibonacci




rosoft Intemet Explorer

o A : T B :

o Q [ a G ‘ - . o D [ ‘ -

Back Sop Reliesh Home | Seoch Favotes Med Hitoy | Mal  Pint  Edt Back Slop Refiesh Home | Seach Favoles Media Moy | Wal Pt Edt
 Achess [&] 1 des stand ac.uk/ =] Pbo |Liks” ddress [ €] hip://mathworld wolam.com Fibonaccilumber himl =] 6o | Links >

Leonardo Pisano Fibonacci

Bom: 1170 in (probably) Pisa (now in Italyy

The plot above shows the first 511 terms of the Fibonacci sequence represented in binary,
Died: 1250 in (possibly) Pisa (now in Italy) revealing an interesting pattern of hallow and filed trisnales (Peag 2003)

The Fibanaes numbers give the number of pairs of rabbits n manths after a single pair
begins breeding (and newly barn bunnies are assumed to beqin reeding when they are
+wa manths old), as first described by Leanarda of Pisa in his baok Liber Abaci, Kepler also
deseribed the Fibanace numbers (Kepler 1966; wells 1986, pp, 61-62 and 65).

Every Fy, thatis prime has a prime index n, with the exception of Fi = 3. However, the

converse is not true (e, not every prime index p gives 3 prir
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). The first few prime
10 see twa larger pichures Fibonacci numbers F), are 2,3, 5, 13, 89, 233, 1597, 28657, 514229, ... (Sloane's

£005478), which ocour for = 3, 4, 5, 7, 11, 13, 17, 23, 29, 43, 47, 83, 131, 137, 359, 431,
Show birthplace location 433, 449, 509, 569, 571, 2971, 4723, 5387, 9311, 9677, 14431, 25561, 30757, 35999
37511, 50833, 81839, 104911, 130021, 148091, 201107, 397375, ... (Sloane's 40016

Dubner and Keller 1399), where the Fibonacci numbers with indices > 35099 (Caldwel)
Drevious (Chronologically) Nest Biographies Tndex
are actually probable primes (sxcept for index 81839, which have been proved prime;
Drevious (Alphabetically) Next Main index

Broadhurst 2001, Caldwell), Gardner's (1370, 0. 161) statement that Frar is orime is
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The Fibonacci Numbers #

This page is & directory of material related to the Fibonacci numbers. As it i a preliminary version and a work in progress,
please be patient. Ifyou have questions or comments, please send me e-mail davids@math holyeross.edy

A Course on the Fibonacci Numbers

During the spring semester of the 1994-1995 academic year T taught a course called "The Fibonacei Numbers”, Some
materials from that course, inclucing the syllabus and some lecture notes, are available over the Web. Twil probably teach the
course again in the spring semester of the 1996-1997 academic year
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/ Alternative proof: (n+l).(n+l) = n.n + 2n + 1

/ therefore we express square
/ of n+l in terms of n
/

£(n:{0}) : integer -> 4]

f(n:integer) : integer -> 7 * f(n - 1)]
/

/ 4.7%n

/

fib(n:{0}) : integer -> 0]
£fib(n:{1}) : integer -> 1]
fib(n:integer) : integer —> £ib(n - 1) + f£ib(n - 2)1f

fib(fname:string) : void
-> let p := fopen(fname, "w')
in (use_as output(p),
for i in (1 .. 20) printf("~8 ~8\n",i,£ib(i)),
fclose(p) )]
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eval[0]> unknown
claire>

max(x:integer,l:{nil}) integer -> x]
max(x:integer,l:1ist) : integer -> max(max(x,car(l)), cdr(l))]
max(l:list) : integer -> max(car(l), cdr(1))]
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Exercise

find f(1), f(2), f(3). f(4) and f(5), where

1.£(0) = 3, f(n+1) = -2.f(n)
alternatively f(n) = -2.f(n - 1)

2.f(0) =3, f(n+1)=3.f(n)+ 7
alternatively f(n) = 3.f(n-1)+ 7

Example Do more with less

Define arithmetic on positive integers using only

- isZero(x): x == 0
- succ(x):x+1
-pred(x):x -1

- add(nm): ?

- mult(n,m): ?

- pow(nm): ?

- pow2(n) : ?

Example _
Define arithmetic on positive integers using only D0 more with less

- isZero(x) : X ==
-suce(x) ix+1
-pred(x) :x-1
- add(nm) : ?
- mult(n,m) : ?
- pow(hm) : ?
- pow2(n) :?

add(35) =add(25+1)
=add(1,5+1+1)
o =add(0,5+1+1+1)

Example/Intuition =8

Example Do more with less

Define arithmetic on positive integers using only

- isZero(x) : x ==

-suce(x) x+1

-pred(x) :x-1

- add(hm) : if isZero(n) then m else add(pred(n),succ(m))
- mult(n,m) :

- pow(n,m) :?

-pow2(n) :?

ladd(n, m) =if isZero(n) then m else add (pred(n), succ(m))|

Example Do more with less

Define arithmetic on positive integers using only

- isZero(x) : X ==

-succ(x) :x+1

-pred(x) ix-1

- add(n,m) :if isZero(n) then m else add(pred(n),succ(m))
- mult(h,m) : ?

- pow(hm) :?

- pow2(n) :?

|5x7=5+5+5+5+5+5+5]

So, mult(n,m) might generate m additions of n? ‘

Example Do more with less

Define arithmetic on positive integers using only

- isZero(x) : X ==
-succ(x) :x+1
-pred(x) :x-1

- add(n,m) :if isZero(n) then m else add(pred(n),succ(m))

- mult(n,m) : if isZero(m) then O else add(n,mult(n,pred(m)))
- pow(hm) :?

- pow2(n) :?

[mult(n, m) =if isZero(m) 0 else add(n, mult(n, pred(m)))|

mult(5,3) = add (5, mult(5,2))
= add (5, add (5, mult(5,1)))
= add (5, add (5, add (5, mult(5,0))))
= add (5, add (5, add (5,0)))




Example Do more with less

Define arithmetic on positive integers using only

- isZero(x): x==0

-suce(x) x+1

-pred(x) :x-1

-add(nm) :if isZero(n) then m else add(pred(n),succ(m))
- mult(nm) :?

- pow(nm) :?

- pow2(n) :?

[mult(n, m) =if isZero(m) 0 else add(n, mult(n, pred(m)))|

mult(5,3) = add (5, mult(5,2))

= add (5, add (5, mult(5.1)))

= add (5, add (5, add (5, mult(5,0))))
= add (5, add (5, add (5,0)))

NOTE: I've assumed h and m are +ve and that m >0

Recursion

What have we done?

* recursively defined functions

+ functions have a base case (when one argument is 1 or O or something)
« functions defined in terms of previous function values

+ we have to make sure our recursion stopsll!

Recursive definition of a set

We say
- what's in the set to start with

« then how to construct new elements of the set,

+ depending on what's already in the set!

ogs
Positive integers divisible by 3 30S

xO0SOyOS - x+ydS

Notice x and y could both be the same element!
In fact, initially they must bel

Recursion

Try and define pow(n,m) and pow2(n) ‘

5=5x4x3%x2x1]]

0=1
Factorial, try and define it recursively ‘
Recursive definition of a set
Recursive definition of a set

Positive integers congruent

to 2 modulo 3 20s
a=2(mod3) xOS - 3+x0OS
03ja-2
Da-2=3k 5:={25,811,14,17,20,..}
Oa=3k+2




Exercise

Give a recursive definition of the set of positive integers
that are not divisible by 5

Exercise

Give a recursive definition of the set of positive integers
that are not divisible by 5

105208308408
xOS - 5+x0S

5={1,23,46789,1112131416,.}

Recursively defined structures

Recursively defined structures

Let 3 bethe set of strings over alphabet

This can be recursively defined as follows

A0%
wis OxO0% - wxO3

The empty string (that's lambda) is in the set

We can take some string from the set of strings and add a new
character from the alphabet to the end of it

Recursively defined structures

‘Let 5" bethe set of strings over alphabet = :{O,J}‘

A0%
wOs O0xO0% - wxOs

First application generates O and 1
Second application generates 00, 01, 10, and 11
Third application generates 000,001,010,...,111

Recursively defined structures

Example, concatenation of strings
P 9 cat("abed” "

hjg") = "abcdhjg”
“afo"

‘Let 5" bethe set of strings over alphabet X

wis -~ wA=w
w, 0% Ow, 0% OxOZ - w.(W,X) = (W.W,) X




Recursively defined structures (Cabed") = 4
“af2")
Example, length of a string l:(a(f]{‘“')): 03
(1) =0

wiOs OxOZ - [(wx) =1(w) +1

Note: second step is just "pattern matching”, i.e. breaking up a
string into a substring and its last character

I(" paddy") =1(" padd") +1
=|(" pad") +1+1
=|("pa') +1+1+1
=1("p") +1+1+1+1
SI("M) +1+1+1+1+1]]
=0+1+1+1+1+1

Recursion over lists

Assume we have a list (el,e2,e3....en), i.e. a list of elements

Examples:

« (ted poppy alice, nelson)
+(1.23.1,23.429)

- ("please”,"turn”,"the" "lights","off")
* (1,dog,cat,24 crock crock,crock)

Assume also we have the functions head(l) and tail(l)

Examples:

- 1=(1,2,3,1,2,3,1); head(l) = 1: tail(l) = (2,3.1,2,3.1)
« 1 =("dog"); head(l) = “dog"; tail(l) = ()

« |=(); head(l) = crashl; tail(l) = crash!

Recursion over lists

length(()) =0
length(l) =1+ length(tail (1))

sum(()) =0
sum(l) = head (1) + sum(tail (1))

exists(e, ()) = False
exists(e,1) = equals(head(l),e) Dexists(e, tail (1))

Recursion over lists

Also cons(e,l) to construct a new list with element e as head and | as tail

Examples:

« cons(cat (dog,bird fish)) = (cat,dog bird fish)
= cons(3,0) = (3)

- cons(5,(4.54.5)) = (5.4.5.45)

Also snoc(l.e) to construct a new list with element e as last element of |

Examples:

- snoc((dog,bird,fish),cat) = (dog bird,fish cat)
- snoc(().3) = (3)

* snoc((4,54,5)4)=(45454)

Recursion over lists

reverse(()) = ()
reverse(l) = snoc(tail (1), head(l))

NOTE: very very very inefficient

Well formed formulae (wff)

Pronounced “wiff”
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wff

Well formed formulae for the predicate calculus can be defined
using T and F, propositional variables, and the operators (not, or, and,
implies, biconditional)

Basis Sep:T,F, and s(sisa proposional variable) arewff 's
RecursiveStep:if E and F arewff 'sthen

(~E),(EOF),(EOF),(E - F),and (E ~ F)arewff's

fin




