On the Encoding of Constraint Satisfaction Problems with 0/1 Variables^⋆

Patrick Prosser and Evgeny Selensky

Computing Science, University of Glasgow, Scotland.

pat/evgeny@dcs.gla.ac.uk

Abstract. Many constraint satisfaction problems (csp’s) are formulated with 0/1 variables. Sometimes this is a natural encoding, sometimes it is as a result of a reformulation of the problem, other times 0/1 variables make up only a part of the problem. Frequently we have constraints that restrict the sum of the values of variables. This can be encoded as a simple summation of the variables. However, since variables can only take 0/1 values we can also use an occurrence constraint. Would this make a difference? Similarly, problems may involve a biconditional such as P ↔ Q (i.e. P if and only if Q). This can also be encoded in a number of ways. Might this make a difference as well? We attempt to answer these questions, using a variety of problems and two constraint programming toolkits, Choco and Ilog Solver.

1 Introduction

A constraint satisfaction problem (csp) is composed of a set of variables, each with a domain of values. Constraints restrict combinations of variable assignments. The problem is to find an assignment of values to variables that satisfies the constraints, or show that none exists. There are many real world instances of csp’s, such as scheduling, timetabling, routing problems, frequency assignment, design problems, etc. Since many of these problems are commercially important, we now have toolkits that allow us to express these problems as csp’s.

Even when we have decided upon a formulation of a csp, we are then faced with how we implement the constraints using the toolkit provided. What we investigate here is how the implementation of the constraints can influence the execution time of our constraint programs. We limit our study to problems with variables that can only take the values zero or one, i.e. 0/1 variables, and to two constraints: a restriction on the sum of the variables, and the biconditional constraint. We use three different problems as vehicles for this study. The first problem is the independent set of a hypergraph. The second problem is closely related, the maximal independent set of a hypergraph. Both of these problems have a natural encoding using 0/1 variables. The third problem is the balanced incomplete block design problem (bibd), and is again naturally formulated using 0/1 variables. For each of these problems we encode the constraints in a number

⋆ This work was supported by EPSRC research grant GR/M90641.

of different ways and measure the run time to find the first solution. We use two constraint programming toolkits, Ilog Solver 5.0 and Choco 1.07.

In the next section we introduce the three problems, independent set, maximal independent set, and balanced incomplete block design. Section 3 gives the results of our empirical study and section 4 concludes this paper.

2 Three Problems

We now present the three problems we will investigate, and their various encodings. The first problem is independent set and we use this as a vehicle to examine the implementation of a constraint that restricts the sum of variables. The second problem is maximal independent set and we use this to explore how we can implement the biconditional. The third problem, balanced incomplete block designs uses both constraints, summation and biconditional.

2.1 Independent Set

Given a graph G = (V, E), where V is a set of vertices and E is a set of edges, an independent set I is a subset of V such that no two vertices in I share an edge in E. Independent set is one of the first NP-complete problems. A variant of it, GT20 in Garey and Johnson, asks if there is an independent set of size k or larger. For a hypergraph H = (V, E) each edge in E is a subset of the vertices in V , and an independent set I of H is then a subset of V such that no edge e ∈ E is subsumed by I. For example we might have a hypergraph H of 9 vertices, v_1 to v_9, and 4 hyper edges {(v_1, v_2, v_3), (v_2, v_4, v_5), (v_4, v_6), (v_3, v_7, v_8, v_9)}. This is shown in Figure 1. An independent set of size 7 is then I = {v_1, v_2, v_5, v_6, v_7, v_8, v_9}.

We can formulate this problem as a csp, such that each vertex v_i corresponds to a 0/1 variable x_i, and if x_i = 1 then v_i is in the independent set I. The independence constraint restricts the sum of the variables/vertices in a hyperedge to be less than the arity of that hyperedge, where arity is the number of variables/vertices involved in that hyperedge. There is an independence constraint for each hyperedge. Finally we have the constraint that the sum of all the variables has to be greater than or equal to k, i.e. the size of the independent set.

The problem of finding an independent set of a given size is of particular interest. This is because any constraint satisfaction problem, with discrete and finite domains, can be formulated as the problem of finding an independent set [4]. Assume that we have a csp P with n variables x_1 to x_n, each with a domain

d_i of size m_i. In its hypergraph representation H we have n∑ i=1 m_i variables each

with a domain {0, 1}. Variable z_{i,a} = 1 corresponds to the instantiation x_i = a in P , and z_{i,a} = 0 corresponds to x_i ≠ a in P . The domain of each variable x_i in P is represented as a clique K_m in H, such that there are edges (z_{i,a}, z_{i,b}) for all a, b ∈ d_i. The constraints in the original problem P are represented as hyperedges in H. For example, a nogood (x_i = a, x_j = b, ..., x_r = j) in P has

Fig. 1. Our example hypergraph, H = (V, E) where E = {(v1, v2, v3), (v2, v4, v5), (v4, v6), (v3, v7, v8, v9)}. An independent set of size 7 is then I = {v1, v2, v5, v6, v7, v8, v9}

the corresponding hyperedge (z_{i,a}, z_{j,b}, ..., z_{r,j} ) in H. Finding a solution to P corresponds to finding a maximal independent set of size n in H.

Therefore, given a hyperedge e, where vert(e) is the set of vertices involved in e and arity(e) is the number of vertices involved in e, we have the corresponding independence constraint ∑ x_i∈vars(c) x_i < arity(c), where each of the variables x_i

in constraint c corresponds to the vertices v_i in hyperedge e.

We consider encoding the independence constraint in two ways. First, and most obviously, we perform arithmetic on the values of the variables in the constraint and restrict them to be less than the arity. In Choco this would be done as sumV ars(x) <= length(x) where x is a list of integer variables (and in Ilog Solver IloSum(x) <= x.getSize(), where x is an array of integer variables). Alternatively, since variables are constrained to take 0/1 values, we can state that the number of occurrences of the value 1 must be less than or equal to k. Again in Choco, we express this as occur(1, x) <= length(x), and in Solver we use the IloDistribute function. We call the first encoding ind1 and the second ind2.

2.2 Maximal Independent Set

Given a hypergraph H = (V, E), where V is the set of vertices and E is the set of edges, a maximal independent set M is a set such that there is no independent set M^′ that subsumes M, i.e. we cannot add any vertex to M without loosing the independence property. The problem is then, given some integer k < |V |, is there a maximal independent set of size k?

Using Figure 1 as an example, when k = 5 there are 3 maximal independent sets, one of these being {v_2, v_3, v_4, v_8, v_9}. When k = 6 there are 11 maximal independent sets, the first being {v_2, v_3, v_5, v_6, v_8, v_9}. When k = 7 there is a single maximal independent set {v_1, v_2, v_5, v_6, v_7, v_8, v_9} and this is the largest, and is therefore the maximum independent set. There are no maximal independent sets for any other values of k.

We need a constraint to specify when a vertex is in the maximal independent set, and when it is not in the maximal independent set. Looking again at Figure 1 we can see that vertex v_2 is not in the maximal independent set M if vertices v_4 and v_5 are in M or v_1 and v_3 are in M. We can express this with the following constraint:

(v_4 + v_5 = 2) ∨ (v_1 + v_3 = 2) ↔ v_2 = 0

where ↔ is the biconditional if and only if. Alternatively we can express when v_2 is in M. Therefore we might alternatively have the constraint

(v_4 + v_5 < 2) ∧ (v_1 + v_3 < 2) ↔ v_2 = 1

The biconditional p ↔ q is logically equivalent to (p ∧ q) ∨ (¬p ∧ ¬q) and to (p → q) ∧ (q → p). Therefore using the definitions below for p, ¬p, q and ¬q we can describe the maximality constraint equivalently as (i) p ↔ q, (ii) (p → q) ∧ (q → p), or (iii) (p ∧ q) ∨ (¬p ∧ ¬q)

p : v_i = 1 (1) ¬p : v_i = 0 (2) q : ⋀ e∈E(v_i ) ∑ v_j ∈V (e)−v_i vj < arity(e) − 1 (3) ¬q : ⋁ e∈E(v_i ) ∑ v_j ∈V (e)−v_i vj = arity(e) − 1 (4) where E(v_i) is the set of edges involving variable/vertex v_i and V (e) − v_i is the set of variables/vertices in the edge e excluding vertex v_i.

As stated above, the maximum independent set is also a maximal independent set. Consequently when reformulating a csp P of n variables as a problem of finding an independent set of size n, we could also incorporated the redundant maximality constraints.

2.3 Balanced Incomplete Block Design

A balanced incomplete block design (bibd) is an arrangement of v objects into b block, each of size k. Each element of v occurs in r blocks and every possible pair of objects occurs together in λ blocks. Therefore, a bibd can be defined by the quintuple ⟨v, b, r, k, λ⟩, and visualised as a v by b matrix of 0/1 values. There are r 1’s in each row, k 1’s in each column, and the scalar product of any two rows is equal to λ. Tabulated below is a matrix for the bibd ⟨6, 10, 5, 3, 2⟩

0 0 0 0 0 1 1 1 1 1 0 0 1 1 1 0 0 0 1 1 0 1 0 1 1 0 1 1 0 0 1 0 1 0 1 1 0 1 0 0 1 1 0 1 0 1 0 0 0 1 1 1 1 0 0 0 1 0 1 0

Table 1. An instance of bibd ⟨6, 10, 5, 3, 2⟩

We encode this in the most naive way. We have v×b 0/1 variables, v_{i,j} . There are v sum constraints for each row and b sum constraints for each column. For every pair of rows, (i, j), we generate b additional variables l_{i,j,1} to l_{i,j,b}, and b constraints of the form v_{i,k} = 1 ∧ v_{j,k} = 1 ↔ l_{i,j,k} = 1. Finally, for the pair of rows we have the b−ary constraint ∑_b k=1 l_{i,j,k} = λ. The biconditional can again be encoded in three ways, as described in the previous subsection, and also using multiplication, i.e. v_{i,k} ∗ v_{j,k} = l_{i,j,k}. Again, the summation constraints can be encoded as occurrence constraints.

3 The Empirical Study

The experiments were run on two different machines. The Choco experiments were run on a Pentium III 755 MHz processor with 256MB of ram, and the Solver experiments on a Petium III 933 MHz processor with 1GB of ram. We use bibd’s as data sets for our study of (maximal) independent sets. The bibd can be viewed as a regular hypergraph, with each vertex of degree r and each hyperedge of arity k. We use three such hypergraphs which we denote g25-01 and g25-02, both corresponding to non-isomorphic instances of ⟨25, 50, 8, 4, 1⟩ and g40, an instance of ⟨40, 130, 13, 4, 1⟩.

In Table 2 we have the results of searching for the first independent set of size k for the three hypergraphs. The column Sol is “yes” if an independent set of size k was found. Note that k is increasing as we move down the table, and the last “yes” entry corresponds to the largest independent set. Results are given for Ilog Solver and Choco implementations, where ind1 uses summation of variables and ind2 uses the occurrence constraint, ind1S and ind2S are the Solver implementation and ind1C and ind2C are the Choco implementations. Both implementations explore the same number of nodes. Run time is given in milliseconds, and where there is a − entry, the process was terminated after more than 16 hours (i.e. from 5pm to 9am, home time).

The difference between the Solver implementations is large, with the summation constraint (ind1S) significantly faster than the occurrence constraint (ind2S). The difference is always in ind1S’s favour and is typically about a factor of three. In Choco the difference is typically a factor of about twenty, but this time in the favour of ind2C. That is, the occurrence implementation domi-

Problem k Sol Nodes ind1S ind2S ind1C ind2C g25-01 14 yes 170 125 93 290 20 15 no 36901 781 2812 70350 3530 16 no 17652 406 1359 35190 1760 17 no 7585 218 625 16420 800 18 no 3150 125 297 7220 350 g25-02 14 yes 16 62 62 20 0 15 yes 16 62 62 20 0 16 no 17516 422 1344 36280 1740 17 no 7503 218 625 16960 790 18 no 3058 125 281 7050 340 g40 21 yes 19219 609 2640 78280 2760 22 yes 101217 2875 13172 - 14320 23 no 8237508 225703 1059660 - 1147860 24 no 4136599 114734 512015 - 580200

Table 2. Search effort (nodes) and CPU time (milliseconds) to find the first independent set of size k

nates the summation implementation in Choco, whereas in Solver the summation dominates the occurrence constraint.

Problem k Sol Nodes mis1S mis2S mis3S mis1C mis2C mis3C g25-01 14 yes 62 78 94 78 40 60 40 15 no 25093 6781 9781 3375 18450 31090 35620 16 no 15862 3469 5016 1969 13210 18630 22560 17 no 7585 1516 2172 969 5530 7380 9200 18 no 3150 641 891 437 1840 2630 3580 g25-02 14 yes 87 94 109 78 50 90 20 15 yes 16 62 62 62 10 10 1860 16 no 15744 3453 4969 1937 14080 17980 22210 17 no 7485 1484 2156 937 4480 7500 9300 18 no 3058 609 875 422 2590 3610 3560

Table 3. Search effort (nodes) and CPU time (milliseconds) to find the first maximal independent set of size k

Table 3 gives the results of our study of the biconditional constraint p ↔ q. We use again the two hypergraphs g25-01 and g25-02, and search for the first maximal independent set of size k. The largest tabulated value of k for which we find a maximal independent set also corresponds to the maximum independent set. Therefore we can compare tables 2 and 3 for g25-01 with k ≥ 14, and g25-02 with k ≥ 15. Again, experiments were performed in Ilog Solver and in Choco. The column mis1S gives the Solver run time (milliseconds) for the encoding of the biconditional p ↔ q, and mis1C is the Choco equivalent. Columns mis2S and mis2C reports on the encoding of the biconditional in Solver and Choco as (p → q) ∧ (q → p), and columns mis3S and mis3C as (p ∧ q) ∨ (¬p ∧ ¬q). All these encodings use the summation constraint, rather than the occurrence constraint.

From our results we see that in Solver (p∧q)∨(¬p∧¬q) (i.e. column mis3S) is the fastest implementation of the biconditional, typically 50% faster than mis1S and twice as fast as mis2S. In Choco p ↔ q (i.e. mis1C) is the fastest implementation of the biconditional. In fact, if we compare column ind1C from Table 2 with column mis2C from Table 3 (i.e. both using the summation constraint) we see that the maximality constraint reduces search space and run time to find the independent set of size k, but clearly this is not the case in Solver. If we had performed our experiments only using Choco with the summation constraint we might be lead to the conclusion that the maximality constraint gave us a runtime benefit!

Our final experiments are on first solution search for bibd using Choco. We use the same problems studied by Prestwick [2].

Parameters bibd0 bibd1 bibd2 bibd3 bibd4 bibd5 ⟨7, 7, 3, 3, 1⟩ 30 10 10 10 20 10 ⟨6, 10, 5, 3, 2⟩ 70 30 40 30 40 3670 ⟨7, 14, 6, 3, 2⟩ 400 150 220 170 360 20 ⟨9, 12, 4, 3, 1⟩ 260 90 150 120 560 40 ⟨8, 14, 7, 4, 3⟩ 1000 340 500 410 820 –

Table 4. CPU time (milliseconds) to find the first bibd that satisfies the given parameters

Six different encodings are used. bibd0 uses the summation constraint, whereas all others (bibd1 to bibd5) use the occurrence constraint. bibd0 and bibd1 encode the biconditional as p ↔ q, whereas bibd2 uses (p → q) ∧ (q → p). Encoding bibd3 using multiplication, i.e. the constraint (X = 1 ∧ Y = 1) → Z = 1 can be replaced with X × Y = Z, because X, Y, Z ∈ {0, 1}. Encoding bibd4 use the Choco constraint and(ifT hen(p, q), ifT hen(q, p)), and this behaves as two lazy implications. Encoding bibd5 uses (p ∧ q) ∨ (¬p ∧ ¬q). These six encodings are all logically equivalent, and the search processes all visit the same number of nodes.

Comparing bibd0 with bibd1 we see again that in Choco the occurrence constraint is more efficient than the summation constraint, although not as significantly as in independent set (Table 2). Table 4 shows that the direct encoding of the biconditional, bibd1, gives the best performance. Multiplication, bibd3 is the next best thing, whereas the encoding (p ∧ q) ∨ (¬p ∧ ¬q) is again the worst, failing to terminate in reasonable time on ⟨8, 14, 7, 4, 3⟩.

4 Conclusion

We have examined two constraints, the biconditional and a restriction on the sum of 0/1 variables. The various implementations presented are logically equivalent and result in the same exploration of the search space. Yet the run times are often very different. For example, one encoding was reliably 20 times faster than another. Unfortunately, this did not translate across programming toolkits. We saw that summation was faster than counting occurrences in Ilog Solver, yet it was the other way round in Choco. Even more notable was that a good encoding of the biconditional in Solver corresponded to the worst in Choco!

Why are there differences in run times when we make these subtle reformulations? Since all reformulations visit the same number of nodes we might conjecture that all these reformulations achieve the same level of consistency. However, they do have different constraints and different numbers of constraints. The performance of arc consistency can be affected by the order that constraints are processed (see for example [1] or [3]). This might be one explanation. The other is most obviously down to the way the toolkit providers have implemented the various constraints in the first place.

What lessons can we learn? First, what we learn with one toolkit might not carry over to another. Therefore, we need to exercise caution when picking up a new tool. Second, when we have an implementation we should not let it rest there; we should investigate other logically equivalent implementations. That is, we should experiment. And finally, we often explore different ways of formulating a problem, maybe reaching a conclusion that one formulation is better than the other, measured as run time. Before we do this, we should make sure that we have explored the finest level of formulation, the actual implementation.

Acknowledgement

We would like to thank the Ocre team for all the headaches and help with Choco. And of course, we would like to thank Ilog for giving us their toolkits and supporting our research.

References

1. Ian P. Gent, Ewan MacIntyre, Patrick Prosser, Paul Shaw, and Toby Walsh. The constrainedness of arc consistency. In Principles and Practices of Constraint Programming, pages 327–340, 1997.

2. S. D. Prestwich. Balanced incomplete block design as satisfiability. In 12th Irish Conference on Artificial Intelligence and Cognitive Science, 2001.

3. Rick Wallace. Why ac3 is almost always better than ac4 for establishing arc consistency in csp’s. In IJCAI-93, pages 239–245, 1993.

4. R. Weigel and C. Bliek. On reformulation of constraint satisfaction problems. In Proceedings of ECAI-98, pages 254–258, 1998.