C S C �TG NO S

Brian Hayes

A reprint fro m

American Scientist

the magazine of Sigma Xi, the Scientific Research Society

Volume 85, Number 2

March—April, 1997 pages 108—112

This reprint is provided for personal and noncommercial use. For any other use, please send a request to

Permissions,

�

ou are chief of protocol for the embassy ball. The crown prince instructs you either to invite Peru or to exclude Qatar.

The queen asks you to invite either Qatar or Romania or both. The king, in a spiteful mood, wants to snub either Romania or Peru or both. Is there a guest list that will satisfy the whims of the entire royal family?

This contrived little puzzle is an instance of a p roblem that lies near the root of theoretical computer science. It is called the satisfiability problem, or SAT, and it was the first member of the notorious class known as NP-complete problems. These are computational tasks that seem intrinsically hard, but after 25 years of effort no one has yet proved that they are necessarily difficult. It remains possible (though unlikely) that we are simply attacking them by clumsy methods, and if we could dream up a clever algorithm they would all turn out to be easy. Settling this question is the most conspicuous open challenge in the theory of computation.

SAT also has practical importance. In artificial intelligence various methods of logical deduction and theorem-proving are related to SAT. And similar issues arise in computer software for scheduling, such as assigning flight crews to aircraft or planning the production run of an automobile factory.

In recent years SAT has attracted further attention for another reason. Although the hardest

SAT problems do seem very hard, many problem instances yield easily to elementary methods. If you make up thousands of SAT problems at random, simple algorithms quickly solve all but a few of them. Looking at these results more closely, investigators discovered a curious pattern. The hard and easy instances are not mixed up haphazardly; as a certain parameter is varied, the problems go from easy to hard and back to easy again. A physicist looking at this pattern would note a resemblance to the critical behavior observed near phase transitions in fluids and magnetic materials. And indeed there is a corresponding phase transition in the SAT system: In

one phase almost all the propositions can be satisfied, but in another phase almost none can. The cases that are hardest to resolve lie near the transition between these regimes.

The connection between SAT and the physics of phase transitions strikes me as a surprising one�a classic who�d-have-thunk-it result. We are accustomed to using mathematics as a tool for interpreting the physical world, but not the other way around. And yet the phase-transition model of SAT works so well that it cannot be a mere metaphor, much less a coincidence.

- (p ~q (q r r ~p) p q r - p p - p q p q p q) p q .

W^3 - T p , q , r p q r - n - n - n - n - n - - Sc

� � � � � �

Brian Hayes

Brian Hayes is a former editor of .

rithms have running times proportional to log n, n, n_2 andn_3 respectively. All of these algorithms are classified as polynomial-time methods; so are those described by any higher power of n, such as n_5 or even n_{500}.

Another group of algorithms have running time characterized by an exponential function� that is, a function where the variable n appears in the exponent, as inn_{log n}, 2_n orn_{nn}. The boundary between polynomial and exponential algorithms is a kind of continental divide in computational complexity theory. All exponential algorithms are slower than all polynomial ones for large enough values of n. For this reason polynomial algorithms tend to be seen as fast and practical, whereas exponential ones are dismissed as hopelessly inefficient.

The same scheme that rates the efficiency of algorithms can also evaluate the difficulty of p roblems. A problem is said to be in the class P if there is a polynomial-time algorithm for solving it. Unfortunately, the converse assertion is not so simple to establish. Just because no one has found a polynomial-time algorithm for a problem doesn�t mean the problem is not in P. Perhaps some efficient algorithm exists, but we haven�t been smart enough to figure it out. Hund reds of problems remain suspended in such a computational limbo. No polynomial-time algorithm is known for them, but neither is a proof that efficient algorithms do not exist. SAT is among these unsettled and unsettling problems.

Specifically, SAT is included in the class of problems designated NP, which stands for �nondeterministic polynomial.� These are problems that cannot be solved in polynomial time (as far as anyone knows), but if you could guess the answer, you could efficiently check its correctness. For SAT the checking procedure is easy. Given a proposed labeling, merely substitute the specified true and false values for all n variables and make sure the resulting formula is true. The time needed for this computation is a linear function of n.

SAT is a member not only of NP but also of the more exclusive club called NP-complete. An NPcomplete problem is a master key to the entire set of NP problems. If a polynomial-time algorithm could be found for any one NP-complete p roblem, then it could be adapted to all problems in NP. SAT was the first problem shown to have this property (by Stephen Cook in 1971). Among other NP-complete problems are some celebrated ones such as graph coloring and the travelingsalesman problem. Significantly, evidence of phase transitions and critical points has turned up in some of these problems as well.

Backtracking

Although we have no polynomial-time algorithm for SAT, we can do better than exhaustive search. One popular method of solving SAT p roblems is called backtracking. The basic strategy is to explore a branch of the tree of possible solutions until you come to a dead end, then back up to some earlier choice point and try another branch. If that path also fails, you back up further still, to an even earlier decision point, until eventually you either find a solution or ru n out of branches.

SAT algorithms are usually designed to work on Boolean expressions written in a format called conjunctive normal form (CNF). In CNF literals are grouped together to form clauses, which are assembled into aformula. A literal is just a variable in either affirmative or negative form; thus p and ~p are both literals. A clause is a set of literals joined by OR; (p OR ~q) is a clause of length 2. In a formula, clauses are linked by AND, as in (p) AND (q OR r).

Note that the formula given above for the embassy-ball problem is in conjunctive normal form.

Any Boolean expression can be converted into a semantically equivalent CNF formula, so there is no loss of generality in focusing on this one kind of expression.

The orderly structure of a CNF formula streamlinesthe search for a labeling. Because all the con-

1997 March—April 109

Figure 1. Satisfiability problem, SAT, undergoes a phase transition. Each of the 5,000 dots represents a single instanceof the problem; blue dots are satisfiable instances and red dots unsatisfiable. Height on the graph indicates the cost offinding a solution. The cost reaches a peak where the instances change from mostly satisfiable to most unsatisfiable.

nectives inside each clause are ORoperators, anytrueliteral in a clause makes the entire clause true.On the other hand, because the clauses are linkedby ANDs, any falseclause makes the entire formu-la false. To put it another way, a trueformula isany CNF expression that has no falseclauses;note that this definition includes the empty for-mula, with no clauses at all. Conversely, a trueclause must have at least one trueliteral, so thatan empty clause is false.The backtracking algorithm for CNF formulascan be imagined as a contest between two play-ers, the Optimist and the Pessimist. The Optimiststrives to find a satisfying labeling by looking intoeach clause for at least one trueliteral. If she findsone, she strikes out the entire clause. If she caneliminate all the clauses in this way, then the orig-inal formula is satisfiable. Meanwhile the Pes-simist searches for falseliterals and removes themfrom the clauses in which they appear. If she canshow that every labeling yields at least one emptyclause, then the formula is unsatisfiable.The algorithm is stated as a recursive procedurein Figure 2. Here is how it might be applied to theembassy-ball formula (pOR~q) AND(qORr) AND(~rOR~p). First, choose the variable pand assign ita provisional value of true. The assignment makesthe clause (pOR~q) true, so you can erase it; also,in the clause (~rOR~p), remove the ~p. These ac-tions leave the reduced formula (qORr) AND(~r),to which you can now recursively apply the samep r ocedure. Setting qto trueeliminates the firstclause and leaves (~r) as the entire formula. Con-tinuing in the same way, you set rto true, but nowyou encounter a conflict: ~ris false, and striking itleaves the empty clause (). You must thereforebacktrack to the most recent decision point�namely the point where you set rto true�and trythe opposite choice. Now with the variable rfalse,the literal ~rbecomes true, and you erase the en-tire clause (~r). The formula is empty. You havefound the labeling p= true, q= true, r= false.The backtracking algorithm works no magic;like all other known solutions to SAT, it has ex-ponential running time in the worst case. If youare unlucky, backtracking can take just as longas exhaustive search, but in practice it often runsmuch faster because it can prune whole limbsfrom the search tree without exploring theirleaves. Performance is sometimes improved byheuristic rules for choosing which variable to la-bel next. A particularly strong heuristic was not-ed by Martin Davis and Hilary Putnam as earlyas 1960. It suggests attending first to any variablethat appears in a singleton clause�a clause withjust one literal. The Davis-Putnam version of thebacktracking algorithm has become a standardagainst which other methods are judged.Phase TransitionsThe classification of problems as P or NP is basedentirely on worst-case analysis; a problem is ban-ished from P if there is even one instance that re-quires an exponential solution time. But clearlythe average case is also of interest. Recent statis-tical studies of SAT have focused on describingthe distribution of hard and easy instancesthroughout the problem space. The paradigm isto generate a few thousand random CNF formu-las, then set an algorithm churning away onthem. You collect records of how many formulascan be satisfied, and how much effort is neededto find the solutions.Most such studies are done with formulasmade up of clauses that are all the same length.SAT problems with just one literal in each clause(known as 1-SAT problems) are not very inter-esting; a trivial linear-time algorithm solvesthem. 2-SAT problems also have a linear-timemethod, although it is less obvious. But 3-SAT� the set of formulas with three literals per clause�is NP-complete, and so it is just as hard as themore general SAT problem without restrictionson clause length.To generate a clause in random 3-SAT, choosethree distinct variables from the total set of nvari-ables, then either negate each one or leave it affir-mative with probability 1/2. To build a 3-SAT for-mula with mclauses, repeat the process mtimes.It turns out the ratio of clauses to variables,m/n, is the crucial parameter for describing SATstatistics. Suppose you have classified a bunch of3-SAT formulas as either satisfiable or not, andyou graph the results as a function of m/n. Onepattern you are sure to observe is that the pro-portion of satisfiable formulas decreases as m/nincreases. Formulas with only a few clauses andmany variables can almost always be satisfied,since most of the variables appear only once ortwice, and a conflict between them is unlikely; inthis region the formulas are said to be undercon-strained. At the other end of the spectrum, withmany clauses and few variables, each variablecan be expected to appear in many clauses, sothat conflicts are frequent; here the formulas areoverconstrained, and few of them are satisfiable.This general trend from usually satisfiable torarely so is easy enough to understand. What isharder to explain is the detailed shape of the curve(see Figure 3).For small formulas (say n= 10 vari-ables) the transition is fairly gradual, but it be-110American Scientist, Volume 85