Where are the hard problems?



Remember Graph Colouring?

Remember 3Col?
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Problem:

We were working on a
nevr algorthm for constraint-satisfaction problems.

We needed hard problems o iy € out on.

N P ,|" An HP-complete problem
~ e ormgle ¥ lke Graph-Colorabil
Ccomplete should provide plert? of

R oD hard cases, right?

— L

Surptrisel 1.1

There's already a backiracking Htape pernade

e o e e R B
graphs in linear tme.
\ Q: YWhat does this say about NP problems?
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Wots NP?

Nondeterministic Polynomial
Problems that cannot be solved in polynomial (P) time
.. as far as we know

NP-Complete (NPC)
If a polytime alg can be found for any NPC problem
Then it can be adapted for all NPC problems




Theory shows NP problems
are worst case exponential

but says hathing about complexity

1=

in a particular casel
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Intractability Theorem The problen of
dete ni ing wWheter o Bropoe ity ie
neceserily frue i o ponlineer plan whoee
et don eprepent ot on ie pufficientiy strong
o represent conditicn ol ooticne . 8 NP
Feerd,

Hoping for the be st amounts to arzuing
that for the particular cas =that come up

in practicse, extan=ons to curreant ing
techniques=swil happen to be efficient. My

intnition isthat thi=si=not the ca=a.
— D[ Chapeman &.I1J. (1287)
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Where are the hard problems

In NP?
- Pathological ?
- Unpredictable?

Partial an swer: [Prﬂblem ]
Notin ‘mivial’ part of space. Onerdar
Himinate all problems solwable
without search. ﬁg‘:ﬁ

Reduction Operators.

(Can be spplied recursively) IR ’/D
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Graph Reduction Operations

ﬁnda-cnnm rained

Redundant

I Symmetric
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Jcolor case s
ll I illusirated here.
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3-colorability .I U
cost and solvability

Brélaz’s Algorithm
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fJ prevalence of 4-colorable graphs »
4-colorability Y,
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Under-constrained = almost any solution works

Over-constrained = few false trails.




Do other NP problems

have phase transitions?
Hamikon Crcuik

! 0 Traveling Salesman
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Wot's SAT?




Propositional Satisfiability

« SAT

— does a truth assignment exist that
satisfies a propositional formula?

— special type of constraint

satisfaction problem (x1 v x2) & (-x2 v x3 v -x4)
« Variables are Boolean
« Constraints are formulae x1/ True, x2/ False, ...
— NP-complete
o 3-SAT

— formulae in clausal form with 3
literals per clause

— remains NP-complete



Wots complexity of 3SAT?
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Random 3-SAT

« Random 3-SAT
o — sample uniformly from
00 space of all possible 3-
' clauses
o — nvariables, | clauses
Eﬁ}ﬂﬂﬂ—
T _
Uy  Which are the hard
LA instances?
200 - R — around I/n = 4.3
04 What happens with larger
problems?
el e 0 e Why are some dots red and

others blue?



Random 3-SAT

« Varying problem size, n

« Complexity peak appears
to be largely invariant of
algorithm

— backtracking algorithms
like Davis-Putnam

— local search procedures like
GSAT

What's so special about 4.3?

median computational cost
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Abstract

The traveling salesman problem is one of the most famous combinatorial problems. We identify
a natural parameter for the two-dimensional Euclidean traveling salesman problem. We show
that for random problems there is a rapid transition between soluble and insoluble instances
of the decision problem at a critical value of this parameter. Hard instances of the traveling
salesman problem are associated with this transition. Similar results are seen both with randomly
generated problems and benchmark problems using geographical data. Surprisingly, finite-size
scaling methods developed in statistical mechanics describe the behaviour around the critical
value in random problems. Such phase transition phenomena appear to be ubiquitous, Indeed, we
have yet to find an NP-complete problem which lacks a similar phase transition.

Keywords: NP-complete problems; Complexity; Traveling salesman problem; Search phase transitions;
Finite-size scaling; Eeasy and hard instances

1. Introduction

There are many useful connections between statistical mechanics and a wide variety
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why “Phase Transition”?

GuTransition separates 2 regions
% Overconsirained
SOLID % Liquid
s Strong “fluctuations” near transition
X/ﬂ Depth of backtrack before failure

ﬁ Crystal nuclei

hSharpness of transition increases
with size (boundary effects)

@hPhase transitions = macroscopic order
Average over individual interactions.

iﬂ |




Speculation

%AII hard problems occur at a
phase transition.

= Hard problems are
predictable.

. Much moreto complexity than
P or NP.

:L Depth of backtrack related to
order of constraints.

:L Depth of backtrack maximum
ad phase transitions.

/|




* CKT were first to report the phenomenon
* Were they the first to see it?
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Wait a minute! 19907 Real problems?



Gaschnig
PhD thesis 1979
2nd last page
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Gaschnig 1979

Log of search effort against constraint tightness

Algorithm independent phenomena
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Gaschnig's Thesis, page 179

4.4.3 Cost as a Function of L: A sharp Peak at L =~0.6



* Random CSP's <n,m,pl,p2>

* n the number of variables
* m domain size
* pl the probability of a constraint
between variables Vi and Vj
* p2 probability Vi=x and Vj=y are in conflict

» <20,10,1.0,0»

- easy soluble clique

» <20,10,1.0,1.0»

- easy insoluble clique

+ <20,10,1.0,0.2>

* hard, phase transition, clique
-+ <20,10,0.5,0.37>

* Drosophilia



ECAI94, random csp’s

Comasdency Chocls

200000 -

130000 -

100000 =

SH000 -

Figure 9. Dilficulty of (20,10) Figure 10,  Solubility of (20,10}

that plateau {into the page) towards more dense constraint {(11] P. Prosser, Hybrid algorithms for the constraint satisfaction

1994, PT for CSP, show it exists, try and locate it (bms also at ECAI94)
And lunch with Barbara, Toby, and lan



Frost and Dechter
AAAI94
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Figure 1: The “C" columns show values of C' which empirically produce 50% solvable problems, using the model
described in the text and the given values of N, K, and 7. The “C/N” column shows the value from the “C*
column to its left, divided by the current value for N. “*** indicates that at this setting of ¥, K and T, even the
maximum possible value of C produced only satisfiable instances. A blank entry signifies that problems generated
with these parameters were too large to run.
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1994 again, Frost and Dechter tabulate, use this for comparison of algs (CKT’s first goal!)



1994 again! A problemin P
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Constrainedness

1 log, (< Sol >)
N

<Sol> is expected number of solutions
N Is log_2 of the size of the state space

k =0, all states are solutions, easy, underconstrained

K= 00 , <Sol> Is zero, easy, overconstrained

k =1, critically constrained, 50% solubility, hard

Applied to: CSP, TSP, 3-SAT, 3-COL, Partition, HC, ...?



Figure 4. Fail First (FF) and minimize-x heuristics
applied to (20,10, p;) problems using fe-cbj. Mean
search effort on y-axis, x¥ on x-axis. Contours for
p1 = 1.0 (top), p1 = 0.5 (middle), p; = 0.2 (bottom).
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The Constrainedness of Arc Consistency™*

Ian P. Gent, Ewan Maclntyre, Patrick Prosser, Paul Shaw, and Toby Walsh
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e 1994
— critical ratio of clauses to variables in 3SAT

» 1995

— applied techniques from statistical mechanics to
analysis

» 1996
— Kappa, a theory of constrainedness

— kappa based heuristics

— P/NP phase transition (2+p)-SAT
« Atp ~0.4



« 1997

— Kappa holds in P, achieving arc-consistency
— Empirically derive complexity of AC3

— Derive existing heuristics for revision ordering
In AC3

« 1998

— Expectation of better understanding of
behaviour of algorithms and heuristic

— What happens inside search?



1999
— Kappa for QSAT

2000
— the backbone

2001
— backbone heuristics

2000 and beyond

— Physics takes over?
— New problems and richer behaviour

2019
— Optimisation



Conclusion?

* More to it than just P and NP

* we are now learning about the structure of problems
* the behaviour of algorithms

- using this to solve the problemsl!



Where are the hard problems?



