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Abstract: Given an undirected graph with weight for each
vertex, the maximum weight clique problem is to find the
clique of the maximum weight. Ostergard proposed a fast
exact algorithm for solving this problem. We show his algo-
rithm is not efficient for very dense graphs. We propose an ex-
act algorithm for the problem, which is faster than Ostergérd’s
algorithm in case the graph is dense. We show the efficiency
of our algorithm with some experimental results.

1. Introduction

For an undirected graph G = (V,E) and a set V' C V, G(V’)
denotes the subgraph of G induced by V’. If any two vertices
in G(V’) are adjacent to each other, V' is called a clique in G.
For a vertex v € V, let w(v) be the weight of v. For V' C V, let
w(V’) = Yoy W(V). Given a graph G and vertex-weight w(-),
the maximum weight clique problem is to find a clique V’ in
G of the maximum weight.

The maximum weight clique problem is a well-known NP-
hard problem[4], and known to be hard to approximate[1]. On
the other hand, some exact algorithms for not large graphs are
proposed [2], [3], [5], [8].

We propose another exact algorithm and show the effi-
ciency of our algorithm by comparing with the fastest algo-
rithm known so far[5].

2. Preliminaries

Let N(v) be the set of vertices adjacent to v in G. For a
DAG D = (Vp, Ep) and a directed path P = (Vp, Ep) in D, let
w(P) = W(Vp) (the length of P). For a DAG D and a vertex
V € Vp, let £(D,V) be the length of the longest path whose
endpoint is v. Let £(B3) = maxyey, £(3,V). For a sequence
IT = [m, 72, -+, myy], let set(IL, i) = {my, 7m0, -+ ,m} (i < t).
Let set(IT) = set(I1,t). For a graph G = (V, E) and IT where
set(I) = V, let PA(IL, ;) = set(IL,i) N N(r;). Let Gy be a
DAG obtained by replacing each edge (7, 7;) € E (i < j) in
G by a directed edge from m; to ;. For example, PA(IT, v4) =
{vi, 2}, PA(IT, vg) = {v4} for a graph G in Figure 1(a) and
Il = [vi,Vo,---,Vv;]. The DAG Gy is in Figure 1(b). Let
w*(G) be the weight of the maximum weight clique in G.

3. Our Algorithm
Now we briefly introduce our algorithm. Our algorithm is
based on branch and bound method.

3.1 Branch procedure

At first we show a theorem for the branch procedure.
Theorem 1: For an undirected graph G = (V, E), vertex
weight w(-) and IT = [y, 7, - - -, my] where set(IT) = V, the
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Figure 1. An example of G and Gy;.

following equation holds.

W(G) = max (W (G(PACLm))) +w(r).

(Omit the Proof)

For a problem for G=(V,E) and a sequence II
[7r1, 2, - -+, m] where set(IT) = V, let Pi(G,II) for 1 < i < |V|
be the subproblem whose any solution contains z; and does
not contain m 1, o, - ,my. It is easy to show that the
weight of the optimum solution for the subproblem P;(G, IT)
is W*(G(PA(IT, 7)) + w(rr;). Namely, the theorem just shows
this fact by the equation. Our algorithm solves the subprob-
lem Py (G, 1I) at first, then solves subproblems in the order
Pvi-1(G, 1), Py2(G, 1), - - -, P2(G,I1), P1(G, II).

The theorem also shows that the optimum solution can be
obtained from |V| subproblems made by any sequence I1. The
computation time of branch and bound program strongly de-
pends on the solving order of subproblems. Thus it is very
important to choose an appropriate vertex sequence IT. Our
algorithm calculates the sequence and upper bounds at the
same time. Therefore we will show the description of the al-
gorithm later.

3.2 Bound procedure

The bound procedure prunes subproblems whose upper
bounds are not greater than the value of the current best solu-
tion. Our upper bound calculation is based on the following
two theorems.

Theorem?2: For an undirected graph G = (V,E), ver-
tex weight w(-) and a sequence II such that set(IT) =V,
W (G) < £(Gp).

(Proof) Let C be one of the maximum weight cliques in G.
For any sequence IT, Gy has a path which contains all vertices
in C. Thus w*(G) = w(C) < £(Gp). o

Theorem 3: For an undirected graph G = (V, E), vertex
weight w(-), a sequence IT such that set(IT) = V and any vertex
v e V, W (G(PA(IT, V) + W(V) < &(Gp, V).

(Proof) Let G’ = G(PA(I1,V)). Let IT" be a subsequence of I1
which consists of vertices in PA(II, v). Let P’ be the longest



Inputs: a graph G = (V, E) and vertex weights w(-)
Outputs: a sequence IT and upper bounds a(-)

(D) Let IT be the empty sequence.

) For each v e V, let a(V) « w(V).

?3) LetS « V.

(@) Choose a vertex v* from S that minimizes a(-).

(5) LetS « S —{v}.

(6) For each u € N(v*) N S, let a(u) « a(v*) + w(u).

@) Insert v* into TT such that IT becomes increasing
order according to a(-).

8) Halt if set(IT) = V.

9) Go to (4).

Figure 2. Algorithm 1 (computing IT and upper bounds).

path in G/,,. From Theorem 2, w*(G') < ¢(G/,) = W(P"). Let
P be a path obtained from P’ by adding v at the end. Because
€(§H,v) is the length of the longest path whose endpoint is
v, W(P) < €(Gp, V). From this inequality, w*(G(PA(IL, v))) +
w(v) < W(P) < ¢(Gp, V) is immediately obtained. m|

From Theorem 3, £(Gpy, i) is an upper bound for P;(G, IT).
In Figure 2, we show Algorithm 1 which constructs a se-
quence IT = [m,7,--- ,my] and calculates upper bounds
a(m) = (Gp,m), am) = (Gum), -, almy) =
f(cfn,mv‘). The computation time of Algorithm 1 is O(|V|?).

At each iteration, Algorithm 1 chooses v* to make a(v*) as
small as possible, so that the pruning is expected to happen
often by such choices.

3.3 Thewholealgorithm

The outline of our algorithm is shown in the following. At
first, for a graph G = (V, E) and vertex weights w(-), Algo-
rithm 1 calculates a vertex sequence IT, where set(IT) = V.
At the same time, upper bounds a(-) of subproblems are ob-
tained. Then, by the recursive call, the optimum solution
C (c V) for the subproblem Py,(G,II) is obtained. The so-
lution is a candidate for the global optimum solution. If
a(myvi-1) < W(S), any better solutions do not exist in the
subproblem Py;_1(G,II). In such a case, the subproblem
Pw-1(G, IT) can be pruned. Otherwise, the optimum solution
of Py-1(G,II) is calculated. If a better solution C’ is ob-
tained, C is replaced by C’. Then similar procedures are ex-
ecuted for P|V|_2(G, H), P|\/|_3(G, H), cee, Pz(G, H), P]_(G, H).
Figure 3 shows the whole algorithm described above. At the
beginning, the algorithm is executed with 6 = —1.

At the step (5), Algorithm 2 calculates the optimum solu-
tion for the subproblem P;(G, IT). That can be done by recur-
sive call for the subgraph induced by set(IT, i — 1) " N(7;) with
the threshold value 6 — w(r).

3.4 Comparison with coloring

One of the fastest algorithms for the maximum cardinality
clique problem is shown in [7]. The upper bound calculation
of the algorithm is based on vertex-coloring. Thus, someone
might think that the extended upper bound calculation based
on vertex-coloring peforms well for weighted graphs if it is
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Inputs: a graph G = (V, E), vertex weights w(-) and an integer 6
Outputs: the maximum weight clique C if w(C) > 6.
If such a clique does not exist, just return @.

Q) LetC « 0.

(2) Get a sequence IT and a(-) by Algorithm 1.

(3) Leti « |V|.

(4) Exit if a(r) < 6.

) Get the maximum weight clique C’ of P;(G, IT).

(6) Goto (8) if w(C’) < 6.

@) LetC « C’ and 6 « w(C").

(8) Leti «i—1.

9) Goto (4) ifi > 0.

Figure 3. Algorithm 2 (obtaining the maximum weight
clique).

possible. But actually, the upper bound calculation based on
vertex-coloring is not better than the upper bound calculation
based on the longest path calculation. We will prove it in the
following.

For a graph G (V,E) and a collection C
{V1,Va, -, Vc} which satisfies V = [Uy.cc Vi (a partition of
V), C is called a vertex-coloring if each element V; in C is an
independent set of G.

Let z2(G,C) = Y yec MaXyey, W(V). Obviously z(G,C) is a
upper bound of w*(G), because the maximum weight clique
can contain at most one vertex from each V;. In the follow-
ing lemma, z(G, C) is not better than the upper bound ¢(Gp),
based on longest path calculation.

Lemma 1. For a coloring C = {V41, V,,---, V] of a graph
G and a vertex sequence IT in which elements of each V; ap-
pear consecutive, £(Gp) < z(G, C)

(Proof) A path in Gy includes at most one vertex in each V.
Even if a path includes the vertex with the biggest weight in
each Vi, still the length of the path is not greater than z(G, C).
Thus ¢(Gn) < zG, C). o

The lemma shows that the upper bound z(G, C) is not better
than the upper bound G Actually, there are some examples
of G, w(-),C and IT which satisfy ¢(Gy;) < zG, C). Let G be
the graph in Figure 4. Let

C
II

{{vi}, {v2,Va}, {Vs,V5}}
[V1. V2, Vs, V3, V5]

Then, the values of £(Gp)andz(G, C) are 8 and 10, respec-
tively. In fact, (G, C) > 10 for any vertex-coloring C for the
graph G.

If Algorithm 1 can be improved to produce the best se-
quence with regard to the upper bounds, the pruning will hap-
pen often and the number of subproblems produced in the
branch procedure will be minimized, but actually obtaining
the best vertex sequence is NP-hard. We show the theorem
and its brief proof in the following.

Theorem4: Let G = (V, E) be a graph with w(v) = 1 for
any v € V. For any integer h, a vertex-coloring C with cardi-
nality hexists in G if and only if there exists a vertex sequence
IT which satisfies ¢(Gp) < h.



Figure 4. A case in which £(Gp) < zG, C).

(Proof) Let C = {Vi,Va,---,Vy} be a vertex-coloring of G.
Let IT be a sequence of V in whose elements of each V; ap-
pears consecutively. It is obvious that at most one vertex in
each V; appears in any path Gr;. Thus ¢(Gp;) < h holds.

Let IT be a vertex sequence which satisfies £(Gy;) < h. Let
Vi = {X | f((?n, X) = i} for i 1,2,---,h. Because any
pair of vertices u and v satisfying ¢(Gy;, u) = £(G, V) are not
adjacent, {V1, Va, - -+ , Vih} is a vertex-coloring of G. O

Theorem 4 shows that it is unrealistic to obtain the vertex
sequence which minimizes the upper bound.

4. Experiments

We implemented our algorithm in C++ to compare with
the program “wclique3.c” shown at [6], based on Ostergérd’s
algorithm[5]. In the experiments, we use random 10 graphs
for each condition. The result with some different graphs
where vertex weight is ranged between 1 and 10 is shown
in Table 1, and the result with some different graphs where
vertex weight is ranged between 1001 and 1010 is shown in
Table 2. The CPU and the operating system of the computer
used in the experiments are Athlon X2 4800+ and Debian
GNU/Linux version 4.0, respectively. The compiler is gcc
4.1.2 with an optimization option -02.

4.1 Resultsof weight 1to 10

Our algorithm is faster when the edge density is not
smaller than 0.8. In other cases, Ostergérd’s algorithm
is faster than our algorithm. The computation time of
Ostergard’s algorithm becomes drastically longer as the edge
density of G becomes higher. The computation time of our
algorithm does not become as long as Ostergérd’s when the
graph is dense. Because of that, our algorithm is relatively
faster than Ostergard’s when the graph is dense.

4.2 Resultsof weight 1001 to 1010

The computation time of two algorithms become almost
equal when the edge density is 0.5 in this case. Because
the computation time of Ostergard’s algorithm becomes much
longer when the graph is dense, that Ostergard’s algorithm is
not available in such cases.

5. Conclusion

In this paper, we proposed a new algorithm for the maxi-
mum weight clique problem, and compared the performance
of our algorithm and Ostergard’s algorithm.
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Table 1. Computational results (weight 1 to 10)

[V| | density | Ostergard’s[s] | ours [s]
1000 0.1 0.02 0.05
1000 0.2 0.05 0.29
1000 0.3 0.26 1.97
1000 0.4 2.38 17.13
1000 0.5 39.10 244.1

500 0.6 8.38 27.03

500 0.7 359.1 754.9

200 0.8 7.86 7.15

100 0.85 0.05 0.05

150 0.85 3.04 2.36

100 0.9 0.26 0.15

150 0.9 633.1 15.63

200 0.9 > 1000 | 466.10

100 0.95 1.67 0.36

150 0.95 > 1000 81.89

100 0.98 5.66 0.14

150 0.98 > 1000 | 124.76

Table 2. Computational results (weight 1001 to 1010)

[V| | density | Ostergard’s [s] | ours [S]
500 0.5 8.62 8.58
500 0.6 264.88 | 168.93
100 0.7 0.02 0.02
150 0.7 0.50 0.29
100 0.8 0.21 0.08
150 0.8 17.52 3.38
100 0.85 2.06 0.29
150 0.85 287.23 20.40
100 0.9 17.01 0.73
150 0.9 >1000 | 107.13
100 0.95 247.27 1.13
150 0.95 > 1000 | 430.31
100 0.98 > 1000 0.60
150 0.98 > 1000 69.54

Although Ostergard’s algorithm is faster than our algo-
rithm when the graph is sparse, Ostergérd’s algorithm can-
not get the optimum solutions in case the graph is very
dense. This fact implies that, even if the graph G is sparse,
Ostergérd’s algorithm might take very long time if a very
dense subgraph is contained in G.

To the contrary, our algorithm is much faster than
Ostergérd’s algorithm when the graph is dense. The com-
putation time is reasonable even if the graph is dense and the
deviation of the weight is small. That means that our algo-
rithm is available for most cases, although it is slower if the
graph is sparse.

It might be a good idea to choose an algorithm according to
the density of the graph and the weights. We will investigate
such hybrid algorithms.
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