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Abstract— Gaussian process models provide a probabilistic like stability, efficient computation, optimisation, constraints
non-parametric modelling approach for black-box identifica- ~ and others. Some recent work in this field can be found in
tion of non-linear dynamic systems. The Gaussian processes [2], [11]. NMPC algorithms are based on various nonlinear
can highlight areas of the input space where prediction quality ’ ) ) L
is poor, due to the lack of data or its complexity, by indicating models. Often these models are .developed as flrst pr.|n0|_ples
the higher variance around the predicted mean. Gaussian models, but other approaches, like black-box identification
process models contain noticeably less coefficients to be opti- approaches are also popular. Various predictive control
mised. This paper illustrates possible application of Gaussian algorithms are based on neural networks model e.g. [16],
process models within model-based predictive control. The fuzzy models e.g. [7] or local model networks e.g. [5].

extra information provided within Gaussian process model is Th lity of trol d d lity of del. N
used in predictive control, where optimisation of control signal e quality of control depends on quality of model. New

takes the variance information into account. The predictive developments in NMPC approaches are coming from re-
control principle is demonstrated on control of pH process solving various issues: from faster optimisation methods

benchmark. to different process model. The contribution of this paper
| INTRODUCTION is to describe a NMPC principle with a Gaussian process
model. The Gaussian process model is an example of a
Model Predictive Control (MPC) is a common name forprobabilistic non-parametric model that also provides in-
computer control algorithms that use an explicit procesgrmation about prediction uncertainties which are difficult
model to predict the future plant response. According to thig evaluate appropriately in nonlinear parametric models.
prediction in the chosen period, also known as the predictiorhe majority of work on Gaussian processes shown up to
horizon, the MPC algorithm optimises the manipulated varinow considers modelling of static non-linearities. The use
able to obtain an optimal future plant response. The inp@f Gaussian processes in modelling dynamic systems is a
of chosen length, also known as control horizon, is sent inf@&cent development e.g. [14], [13], [3], [20], [9], [10] and
the plant and then the entire sequence is repeated againsime control algorithms based on such are described in
the next time period. The popularity of MPC is to a greaf15], [4].
extent owed to the ability of MPC algorithms to deal with The paper is organised as follows. Dynamic Gaussian
constraints that are frequently met in control practice ang;,.ess models are described in the next section. The

are often not well addressed with other approaches. MFG o1 aigorithm principle is described in Section Iil and

algorithms can handle hard state and rate constraints on jfjsirated with the benchmark pH process control in Section
puts and states that are usually, but not always mcorporatp\g Conclusions are stated at the end of the paper
in the algorithms via an optimisation method. Linear model
based predictive control approaches [12] started appearing
in the early eighties and are well-established in control
practice (e.g. overview in [17]). Nonlinear model based Il MODELLgi%g;g;'l’;'\ggESSYSSETSEMS WITH
predictive control (NMPC) approaches [1] start to appear
about ten years later and have also found their way into
control practice (e.g. [18], [22]) though its popularity can A Gaussian process is an example of the use of a flexible,
not be compared to linear model based predictive contrgbrobabilistic, non-parametric model with uncertainty predic-
This fact is very likely connected with difficulty in nonlinear tions. Its use and properties for modelling are reviewed in
model construction and with lack of necessary trust in thig21].
model. There were a number of contributions in the field of A Gaussian process is a collection of random variables
nonlinear model based predictive control dealing with issueghich have a joint multivariate Gaussian distribution. As-
L . . _suming a relationship of the form = f(x) between an
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A common choice is

LD m(x") = Ex-[p(x")]
C(xp,xq) = v1exp lQ de(xz — 933)2 +vo (1) ~ k(px*)TK ly 4)
d=1 v(x*) = By [o?(x*)] 4 vane (u(x"))
~ o (u(x))
where® = [w; ... wp vy v1]T are the ‘hyperparameters’ 19202(x*)
of the covariance functions anfd the input dimension. + traceq Y- (2W | = ()
Other forms of covariance functions suitable for different y .
applications can be found in [19]. For a given problem, 4 Op(x*) b (o) op(x7) T )}
the parameters are learned (identified) using the data at ox* - Ox* XEHED
hand. After the learning, one can use theparameters (5)

as indicators of ‘how important’ the corresponding input 5 4 more detailed derivation see [3]. Equations (4)

components (dimensions) are: f, is zero or near zero 5 (5) can be applied to calculation of multi-step ahead
it means that the inputs in dimensia#h contain little prediction with propagation of uncertainty.

information and could possibly be removed.

Gaussian processes can, like neural networks, be used to
Consider a set of N D-dimensional input vectors model static nonlinearities and can therefore be used for
X = [x1,%2,...,xy] and a vector of output datg = modelling of dynamic systems if delayed input and output
[v', 92, ...,yN]". Based on the datdX,y), and given signals are fed back and used as regressors. In such cases
a new input vectorx®, we wish to find the predictive an autoregressive model is considered, such that the current

distribution of the corresponding outpyt. Unlike other output depends on previous outputs, as well as on previous
models, there is no model parameter determination as su@antrol inputs.
within a fixed model structure. With this model, most of the

effort consists intuning the parameters of the covariance X(F) = [9(k—1),9(k=2),...,4(k — L), u(k — 1),
function. This is done by maximizing the log-likelihood of u(k —2),...,u(k — L))"

_the parameters, which is computationa_lly relatively demand-j () = f(x(k)) + ¢ (6)

ing since the inverse of the data covariance mathix<(V) )

has to be calculated at every iteration. Where k. denotes consecutive number of data sample. Let

The described approach can be easily utilised for re denqte the state vect(_)r composed of_the p_reviom_Js outputs
gression calculation. Based on training S6ta covari- Y an.d Inputsu up to a given lagr anqle 'S white noise.
ance matrixK of size N x N is determined. As already It is worthwhile noting that the derivatives of means and
mentioned before the aim is to find the distribution of\/ariances can be calculated in straightforward manner. For

the corresponding outpug* at some new input vector more details see [20] or [3]. . .
x* = [21(N + 1), 22(N + 1),...,2p(N + 1)]T. As can be seen from the presented relations the obtained

. . - L model describes both the dynamic characteristics of non-

For a new test mpui; N trle predictive Q|str|but|qn of the linear system, and at the same time provides information

corresponding output ig”|x", (X, y) and is Gaussian, with )+ the confidence in these predictions. The Gaussian

mean and variance process can highlight areas of the input space where
prediction quality is poor, due to the lack of data, by
px*) = kT K 'y (2) indicating the higher variance around the predicted mean.

o2(x*) = k(x*) — k(x)T K™ k(x*) + v (3)
1. NONLINEAR MODEL PREDICTIVE CONTROL

wherek(x*) = [C(x",x*),...,C(x",x*)]" is the N x 1 Nonlinear model predictive control as it was applied with
vector of covariances between the test and training casg@fe Gaussian process model can be in general described with
and k(x*) = C(x*,x") is the covariance between the testy plock diagram, as depicted in Figure 1. The model used
input and itself. is fixed, identified off-line, which means that used control
For multi-step ahead prediction we have to take accoumlgorithm is not an adaptive one. The structure of the entire
of the uncertainty of future predictions which provide thecontrol loop is therefore less complex as in the case where
‘inputs’ for estimating further means and uncertainties. used model changes with time. The following items describe
If we now consider a new random inpu* ~ the basic idea of predictive:
N (pg~,X), Girard et. al. [3], have shown that, within  « Prediction of system output sign@lk+) is calculated
a Gaussian approximation and a Taylor expangigr*) for each discrete samplé for a large horizon in
ando?(x*) aroundpu,-, the predictive distribution is again future (j = Nip,...,Ns). Predictions are denoted
Gaussian with mean and variance as y(k + jlk) and represenj-step ahead prediction,



which equals to control horizon. In our case control horizon

was chosen to be one and to demonstrate constraint on

variance the rest of constraints was not taken into the
account. Nevertheless, all this modifications do not change
the generality of solution, but they do affect the numerical
solution itself.

Alternative ways of how NMPC with Gaussian process
models can be realised are as follows.

« Different objective function: The objective function
used (7) is just one of many possible ones. It is well
known that selection of the objective function has a
major impact on the amount of computation.

« Optimisation problem forAU (k) instead of U(k)]:
This is not just a change of formalism, but also
enables other forms of MPC. One possibility is a DMC
controller with nonlinear model, e.g. [7] - a frequently
used principle, that together with appropriate objective
function enables problem representation as a least
squares problem that can be solved in one iteration
in which an explicit solution is found. This is, as in
the case with other special case simplifications, not a
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Model Model

Fig. 1. Block diagram of model predictive control system

while N; and N, determine lower and upper bound
of prediction horizon. Lower and upper bound of
output signal prediction horizon determine coincidence
horizon, within which a match between output and
reference signal is expected. Output signal prediction
is calculated from process model. Predictions are de-
pendent also on the control scenario in the future
u(k+7lk),7=0,...,N,—1, which is intended to be
applied from a moment onwards.

« The reference trajectory is determinegk + jlk),j =

Ni,...,Ns, which determines reference process re- .
; . general case solution.
sponse from present valugk) to the setpoint trajec- S . L
tory w(k) « Soft constraints: Using constraint optimisation algo-

rithms is very demanding for computation and soft
constrains, hamely weights on constrained variables in
objective function, can be used to decrease the amount

jlk) and§(k + jlk),j = N N,. Structuring of of computation. More on this topic can be found in [8],
) - 1yeeeydV2e

g 23].
future control samples can be used in some approaches. [ . -
. Only the first elementu(k|k) of the optimal control o Linear MPC: It is worth to remark that even though

signal vectoru(k + j|k),j — 0, .., Nu —1 is applied. this is a constrained nonlinear MPC problem it can be
’ T . used in its specialised form as a robust linear MPC.

In t_he next sample a new measured output sample iStpere are several issues of interest for applied NMPC. Let

avgllab!e gnd _the entire des_crlbed .procedure IS repeat% mention some of them. One of them is efficient numerical
This pnnqple |s_called _rgcgdm_g horizon strategy. __solution. Nonlinear programming optimisation algorithm is

A moving-horizon minimisation problem of the special g\ qemanding for computation. Various approximations

« The vector of future control signals(k + jlk),j =
0,...,N,—1)is calculated by minimisation of objec-
tive function such that predicted error betweel +

form [12] ) . ) and other approaches (e.g. approximation of explicit so-
{}1(% [r(k + P) = g(k + P)] ) lution) exist to decrease computational load, mainly for
, special cases, like linear process models or special objective
subject to: functions.
varj(k+P) < k, 8) One poss_ibi_lity _to d_ecrgase th_e computqtional Ioad_nt_eces-
Ulk < I ©) sary fo_r opt|m|sat|qn is W|_th the |r_1c9rp9rat|on of_ prediction
| ; (k)| < Fin derivation (and variance) into optimisation algorithm. When
[Uk) [ < ki (10)  using Gaussian process models the prediction and variance
| x(k)| < ke (11) derivation can be calculated in a straightforward manner.
|%(k) | < ko (12) Stability of the closed-loop systems is next issue. At

present no stability conditions have been derived for Gaus-
is used in our case, whe® (k) = [u(k)...u(k + P)] is sian processes as a representative of probabilistic non-
input signal,P is the coincidence point (the point where aparametric models.
match between output and reference value is expected) andApplied control can not avoid issue of control system
inequalities from (8) to (12) represent constraint on outpubbustness. This issue has a major impact on the applica-
variancek,, input hard constraink;, input rate constraint bility of the algorithm in practice. The fact that the process
k;., state hard constrairit,;, and state rate constraiit,, model contains the information about the model confidence
respectively. The process model is a Gaussian process. enables controller to optimise the manipulative variable to
The optimisation algorithm, which is constrained non-“avoid” regions where the confidence in model is not high
linear programming, is solved at each sample time ovemough. This possibility itself makes the controller robust
a prediction horizon of lengthP, for a series of moves if applied properly. MPC robustness in the case of other



algorithms is usually not some specially built feature of the The chosen identification signal of 400 samples was

MPC algorithms, but was more an issue of assessment fgenerated from a uniform random distribution and rate of
particular MPC algorithms. 50 seconds.

Obtained hyperparameters of the third order Gaussian

IV. EXAMPLE process model were:

A. pH process

A simplified schematic diagram of the pH neutraliza’tione w1, ws, ws, wa, ws, we, Vo, V1]
process taken from [6] is given in Figure 2. The process — [+6.0505, —2.0823, —0.4785, —5.3388, —3.4206,
consists of an acid strean®)(), buffer stream @,) and —8.7080,0.8754, —5.4164] (13)
base stream(J3) that are mixed in a tank {T Prior to .
mixing, the acid stream enters the tankwhich introduces where hyperparameters from to w; denote a we.|ght for
additional flow dynamics. The acid and base flow rates areeaCh putput regressor, fromfl t0 wg de_note a weight for
controlled with flow control valves, while the buffer flow Qach mpqt regresson 1S gstlmatgd hoise variance ang
rate is controlled manually with a rotameter. The effluent the estlmatg of t_he vertical variance. )
pH (pH) is the measured variable. Since the pH probe is The region in which the mod.el was obtained can be seen
located downstream from the tank,Ta time delay ;) is "om Figure 3. A very good fit can be observed for the
introduced in the pH measurement. In this study, the pll_genuﬂcatlon input .S|gnal which was .use'd for opt'|m|zat|c_)n.
is controlled by manipulating the base flow rate. A rnoré—iowever, the obtained model contains information mainly

detailed description of the process with mathematical mod¥] the region below pH=7 as can be concluded from the
and necessary parameters is presented in [6]. response in Figure 3. The validation signal had lower

The dynamic model of the pH neutralization systen{nagmt”de and frequency components than the identification

shown in Fig. 2 is derived using the conservation equatior%gnal' The ratic_)nale 'F’ehi”d .this is_that if the identified
and equilibrium relations. The model also includes valvénOdeI was excited with a richer signal, than it has to

and transmitter dynamics as well as hydraulic relationshirfgSpond well to the signal with less components. The

for the tank outlet flows. Modelling assumptions include’@/idation signal was obtained with generator of random

perfect mixing, constant density, and complete solubility ofoise with uniform distribution and rate of 500 seconds.

the ions involved. The simulation model of pH process,ReSponse of the model to validation signal and comparison

which was used for necessary data generation contaiWéth process response is depicted in Figure 4. Fitting of the

therefore various non-linear elements as well as impIicitI)r/eSponSe for validation signal:

calculated function which is value of highly non-linear e average absolute test error

titration curve.
AE =0.1276 (14)

B. Model identification
) ) « average squared test error
Based on responses and iterative cut-and-try procedure a

sampling time of 25 seconds was selected. The sampling SE =0.0373 (15)
time was so large that the dead-time mentioned in the
previous section disappeared.

Model identification
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Fig. 2. The pH neutralization system scheme Fig. 3. Response of GP model on excitation signal used for identification



Model validation
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Fig. 6. Non-constrained case: standard deviation corresponding to the
previous figure

It can be seen from different set-point responses that
the model differs from the process in different regions. It
can be clearly seen that the variance increases as output
signal approaches regions which were not populated with
enough identification data. It should be noted however

ig. 4. Response of GP model on excitation signal used for validatioqhat variances are sum of variances that correspond to

information about regions where model is more or less to be
trusted depending upon available identification data and of
output response variances that indicate model quality. When
variances increase too much, the response can be optimised
with constrained control. Results can be seen in Figures 7

After model validation the model was utilised for control _
design. See [10] for more issues on pH process modelling. |; .o pe seen from Figs. 7 and 8 that the closed-loop

C. Control

The control algorithm described above was tested for tr}

pH process with simulation. The reference trajectoris

defined so that it approaches the set-point exponentially

system response avoids region with large variance at the
cost of steady-state error. This could be interpreted also as
Fade-off between designed performance and safety.

V. CONCLUSIONS

from the current Output value. The coincidence point was The princip|e of Model Predictive Control based on a
chosen to be 8 samples and, as already mentioned, B@ussian process model was presented in the paper and
control horizon is one sample. The results of unconstraingfiystrated with pH process control example. In the example,

control are given in Figures 5 and 6.

Plant output (full line), set-point (dashed line), 95% confidence interval (grey)

a constraint on model variance was included. This can be

Plant output (full line), set-point (dashed line), 95% confidence interval (grey)
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Fig. 5. Non-constrained case: response of GP model based control (upjpég. 7.

figure) and control signal (bottom figure)
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control (upper figure) and control signal (bottom figure)



Standard deviation
0.18 T T T

(3]

0.16
0.14
0.12 [4]
0.1
0.08
0.06 [5]
0'040 560 10‘00 15‘00 20‘00 25‘00 3(;00 35‘00 40‘00 45‘00 5000
Time [sec] [6]
Fig. 8. Constrained case f.a. = 0.15): standard deviation correspond- 7]
ing to the previous figure
[8]

complimented also with other constraints when necessary.
The use of Gaussian process models makes it possible {g
include information about the trust in the model depending
on the region. Incorporating this information enables a d‘?io
sign of robust controller that will optimise action according
to the validity of model. The paper indicates that using
Gaussian process models offers an attractive possibility fﬁrl]
control design that results in a controller with a higher
level of robustness due to information contained in thé&?2]
model. It is necessary to stress that the presented cont[&l]
strategy represents only a feasibility test for Gaussian pro-
cess application for model predictive control and additional
efforts are necessary before this approach will be applical
in engineering practice. The principle shown in the paper
is quite general and several modifications that accelerate
computation can be used and are planned to be derived!
the future.

[16]
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