Linear-algebraic A-calculus: higher-order and
confluence.

Pablo Arrighi*, Gilles Dowek?

5.12.06, Q-Day Ill, University of Glasgow

*arrighi@imag.fr, IMAG Laboratories, University of Grenoble
Tgilles.dowek@polytechnique.fr, LIX, Ecole polytechnique & INRIA

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Roadmap

@ Language & semantics
@ Confluence

© Future works

@ Extras

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

Roadmap

@ Language & semantics

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

A language with

Computation Linear algebra.

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

A minimal language with

Computation Linear algebra.

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

A minimal language with

Higher-order computation Linear algebra.

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

A minimal language with

Higher-order computation
t:=

Pablo Arrighi, Gilles Dowek

Linear algebra.

Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

A minimal language with

Higher-order computation Linear algebra.
to=  x|Ax.t|(tt)

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

A minimal language with

Higher-order computation Linear algebra.
to= x| Axt|(tt) | t+tlat|0

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

A minimal language with

Higher-order computation Linear algebra.
to= x| Axt|(tt) | t+tlat|0

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

.. and its semantics.

Higher-order computation Linear algebra.
to= x|Axt|(tt) | t+t|at|0
Ax.tu — t[u/x] (B)

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

.. and its semantics.

Higher-order computation Linear algebra.
to= x|Axt|(tt) | t+t|at|0
Ax.tu — t[u/x] (B) lu—u, 0u—0, a0 —0,

u+0 — u, a.(f.u) — axpf.u,
a.(u+v) — au+a.v (E)

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

.. and its semantics.

Higher-order computation
to=  x|Ax.t|(tt) |
Ax.tu — t[u/x] (B)

Pablo Arrighi, Gilles Dowek

Linear algebra.

t+t|a.t]0
lu—u,0u—0,a0—0,
u+0 — u, a.(f.u) — axpf.u,
a.(u+v) — au+av (E)
u+u— (1+1).u,

au+u— (a+1).u,
a.u+ fu— (a+ f).u (F)

Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

.. and its semantics.

Higher-order computation
to=  x|Ax.t|(tt) |
Ax.tu — t[u/x] (B)

Pablo Arrighi, Gilles Dowek

Linear algebra.

t+t|a.t]0
lu—u,0u—0,a0—0,
u+0 — u, a.(f.u) — axpf.u,
a.(u+v) — au+av (E)

u+u— (1+1).u,
au+u— (a+1).u,

a.u+ fu— (a+ f).u (F)
t(u+v) — (tu) + (tv),
(u+v)t— (ut)+(vt),

ta.u *»(1.(tu).

aut — a.(ut),

Ou—0, ud —0 (A

Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

Linearity

As such this is not even linear:
Ax.(xx)(u+v) —"uu+uv+vu+vv

Instead of
AX.(XX)u + AX.(XX)v — uu +vv

Linear-algebraic \-calculus: higher-order and confluence.

Pablo Arrighi, Gilles Dowek




Language & semantics

Linearity

As such this is not even linear:

Ax.(xx)(u+v) —"uu+uv+vu+vv
Instead of

AX.(XX)u + AX.(XX)v — uu +vv

Copying vs cloning. ..

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

Linearity

As such this is not even linear:

Ax.(xx)(u+v) —"uu+uv+vu+vv
Instead of

AX.(XX)u + AX.(XX)v — uu +vv

Copying vs cloning. ..
We must restrict (B) to base vectors.

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Language & semantics

Linearity

As such this is not even linear:
Ax.(xx)(u+v) —"uu+uv+vu+vv

Instead of
AX.(XX)u + AX.(XX)v — uu +vv

Copying vs cloning. ..
We must restrict (B) to base vectors.
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Language & semantics

Higher-order

Fixed points, quantum control, black-box algos. ..
Higher-order usually means

Ax.t Ay.u — t[Ay.u/x]

Hence base vectors are

- abstractions (i.e. terms of the form \y.u);

- variables (by some kind of recurrence).

Machine description interpretation, LISP quotes. ..
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Language & semantics

A minimal language. . . and its semantics.

Higher-order computation Linear algebra.
to= x| Axt|(tt) | t+tlat|0
Ax.tb — t[b/x] (%) (B) lu—u, 0u—0, a0 —0,

u+0 — u, a.(f.u) — axpf.u,
a.(u+v) — au+av (E)

ut+tu—(1+1)u
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Linearity

...is a matter for confluence!

Ax.(xx)(u+Vv) A= "uu+uv+vu+vv
!

AX.(xX)u + AX.(XX)v — uu +vv

The restriction forbids the above banch.
Is it now confluent?
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Confluence

Finite vectors. . .

...could be:

- finite vector norm? hard to define.
- normalizable terms? undecidable.
- normal terms? OK.

Comp. Sci “normal” = Maths “normal” in this calculus!
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Confluence

Hiding indefinite forms

We restrict (F) to u closed normal.
Now

Ax.(xy —xy)Ay.Yb /=" 0

But

(Ay.Yb)(Ax.x — Ax.x) —* Yb — Yb

.
0

We restrict (A) to u closed normal, u + v closed normal.

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.



Confluence

A minimal language. . . and its semantics.

Higher-order computation Linear algebra.
to= x| Axt|(tt) | t+tlat|0
Ax.tb — t[b/x] (%) (B) lu—u, 0u—0, a0 —0,
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(*) b an abstraction or a variable.
(**) u closed normal.

(***) u+ v closed normal.
(****) u closed normal.
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Proof architecture.

Higher-order computation
to= x|Ax.t|(tt) |
Ax.tb — t[b/x] () (B)

Non terminating. Define Bll.
Parallel moves lemma.
Terminating. AC extentions.
Critical pairs lemma.
-Automatic for non cond. M.
-By hands for F, A.
Parameterized on scalars.
Now the two commute.

The union is confluent.
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Future works

Motivations/Future works/Open problem

Quantum computation, computability in linear algebraic structure.
Typing: for unitarity? for developping novel logics.
Investigate the connection with linear A-calculus, linear logic.

Open problem: find a model.
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Encodings
Related works
Terms rewrite systems
Cleaning vectors
ite system

Computational complex numbers

her-order and confluence.

blo Arrighi, Gilles Dowek
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Encodings
Related works
Terms rewrite systems
Cleaning vectors
Extras Scalar rewrite system
Computational complex numbers

Encoding booleans

true = Ax.A\y.x
false = Ax.\y.y
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Related works
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Running the Phase gate

Phase * true yields

Ay. <((y + Ax.(e'% true)) x Ax.false) * _> * true
((true « Ax.(e' true)) x )\x.false) -
((()\x.)\y.x) + Ax.(e'# true)) x Ax.false) -
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Running the Phase gate

Phase * true yields

Ay. <((y + Ax.(e'% true)) x Ax.false) * _> * true
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Related works
Terms rewrite systems
Cleaning vectors
Extras Scalar rewrite system
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Running the Phase gate

Phase * true yields

Ay. <((y + Ax.(e'% true)) x Ax.false) * _> * true
((true « Ax.(e' true)) x )\x.false) -
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Encodings
Related works
Terms rewrite systems
Cleaning vectors
Extras Scalar rewrite system
Computational complex numbers

Encoding the Hadamard gate

Hadamard = )\y. (((y * Ax.(false — true)) = Ax.(false + true)) * _>

where  stands for dead code.
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Encodings
Related works
Terms rewrite systems
Cleaning vectors
Extras Scalar rewrite system
Computational complex numbers

Encoding tensors

® = M Ay ML ((F % x) * y)
T = AXAY.X
Ty = AX.Ay.y

® = )\f.)\g.)\x.<<®*(f* (m1 *X))> * (g* (2 *X))>

E.g. H®? = ((® Hadamard) « Hadamard)

Linear-algebraic \-calculus: higher-order and confluence.
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Encodings
Related works
Terms rewrite systems
Cleaning vectors
Extras Scalar rewrite system
Computational complex numbers

Encoding the CNOT gate

Cnot =

AX. (® (7 * x)) * ((771 % x) * (Not * (mp * x))) * (g * X)
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Encodings

Related works

Terms rewrite systems

Cleaning vectors
Extras Scalar rewrite system

Computational complex numbers

Expressing Deutsch’s algorithm parametrically

Deutsch =

A [ HE? & <f " <H®2 * ((®false) * true)))

Linear-algebraic \-calculus: higher-order and confluence.
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Encodings
Related works
Terms rewrite systems
Cleaning vectors
Extras Scalar rewrite system
Computational complex numbers

Trends

Van Tonder/ Valiron & Selinger’s quantum X\-calculus: Uses the
linear A-calculus framework. Heterogeneous. Quantum resources
(treated as linear) and classical resources (treated as nonlinear):

(Aq) to=x|Ax.t|(t t)|c|lt|Nx.t
c:=0|1|H|CNOT|P
(together with the well-formedness rules

of the classical linear A calculus)
(Rq)  (x.t s) = t[s/x]

H0o—0+1

H1—0-1
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Encodings
Related works
Terms rewrite systems
Cleaning vectors
Extras Scalar rewrite system
Computational complex numbers

Term Rewrite Systems

These consist in
@ a finite set of rules | — r, each interpreted as follows

o t = t[ol], should be rewritten into a term t' = t[or],.

Remarks:
@ unambiguous so long as it is confluent. Preferably terminating.

@ | — r sometimes viewed as an oriented form of | = r.

E.g.

pplus0=p  pplus S(q) = S(p) plus q
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Extras Scalar rewrite system
Computational complex numbers

Term Rewrite Systems

These consist in
@ a finite set of rules | — r, each interpreted as follows

o t = t[ol], should be rewritten into a term t' = t[or],.

Remarks:
@ unambiguous so long as it is confluent. Preferably terminating.

@ | — r sometimes viewed as an oriented form of | = r.

E.g.

pplus0— p  pplus S(q) — S(p) plus q
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Term Rewrite Systems

These consist in
@ a finite set of rules | — r, each interpreted as follows

o t = t[ol], should be rewritten into a term t' = t[or],.

Remarks:
@ unambiguous so long as it is confluent. Preferably terminating.

@ | — r sometimes viewed as an oriented form of / = r.

E.g.

pplus0— p  pplus S(q) — S(p) plus q
2+ 2=5(5(0)) plus 5(5(0))
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Term Rewrite Systems

These consist in
@ a finite set of rules | — r, each interpreted as follows

o t = t[ol], should be rewritten into a term t' = t[or],.

Remarks:
@ unambiguous so long as it is confluent. Preferably terminating.

@ | — r sometimes viewed as an oriented form of [ = r.

E.g.

pplus0— p  pplus S(q) — S(p) plus q

2+4+2=5(5(5(0))) plus S(0)
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Term Rewrite Systems

These consist in
@ a finite set of rules | — r, each interpreted as follows

o t = t[ol], should be rewritten into a term t' = t[or],.

Remarks:
@ unambiguous so long as it is confluent. Preferably terminating.

@ | — r sometimes viewed as an oriented form of [ = r.

E.g.

pplus0— p  pplus S(q) — S(p) plus q

2 plus 2 = S(5(5(5(0)))) plus 0
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Term Rewrite Systems

These consist in
@ a finite set of rules | — r, each interpreted as follows

o t = t[ol], should be rewritten into a term t' = t[or],.

Remarks:
@ unambiguous so long as it is confluent. Preferably terminating.

@ | — r sometimes viewed as an oriented form of / = r.

E.g.

pplus0— p  pplus S(q) — S(p) plus q

4

2+ 2= 5(5(5(5(0))))
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An algorithm

The algorithm for expressing vectors as linear combinations of the
unknown:

@ implemented elegantly as a TRS;
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The algorithm for expressing vectors as linear combinations of the
unknown:

@ implemented elegantly as a TRS;

@ shown terminating and confluent;
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An algorithm

The algorithm for expressing vectors as linear combinations of the
unknown:
@ implemented elegantly as a TRS;

@ shown terminating and confluent;
@ provided a field, defines the notion of vectorial space.
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Let us seek a TRS for presenting numbers as linear combinations of
unknowns:

We want to develop:

3.(x+y) —3x+3y
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Let us seek a TRS for presenting numbers as linear combinations of
unknowns:

A(u+v) — Au+ v

We want to develop:

3.(x+y) — 3x+3y
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Let us seek a TRS for presenting numbers as linear combinations of
unknowns:

Afu+v) — Au+ v

But factor:

3x+1x— (3+1)x
3.(2x) — (3 x 2).x
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Let us seek a TRS for presenting numbers as linear combinations of

unknowns:
A(u+v) — Au+ v
Au+ pu — (A+p)u
A(p.u) — (Ap).u
But factor:

3x+1x— (3+1)x
3.(2x) — (3 x 2).x
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Let us seek a TRS for presenting numbers as linear combinations of
unknowns:

A(u+v) — Au+ v
Au+ pu — (A+p)u
A (p.u) — (Ap).u

We want to get rid of neutral elements:

x+0—x
0x—0

1x —x
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Let us seek a TRS for presenting numbers as linear combinations of
unknowns:

A(u+v) — Au+ v
Au+pu— (A+p)u
A (pu) — (Ap).u
u+0-—u

lu—u

Ou—20

We want to get rid of neutral elements:

x+0—x
0x—0

1.x —x
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Let us seek a TRS for presenting numbers as linear combinations of
unknowns:

A(u+v) — Au+ v
Au+ pu — (A4 p)u
A(pu) — (Ap).u
u+0-—u

lu—u

Ou—20

Modulo AC(+)
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Consider:
3x+1x— (34+1)x
But: 3.x+1.x — 3.x+x
We need:
Au+u— (A+1)u
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An algorithm

A(u+v) — Au+ v
AU+ pu — (A+p)u
A(pu) — (Ap).u

u+0-—u
lu—u
Ou—20
Au+u— (A+1)u
u+u—(1+1)u
A0 — 0.

Call it R.
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Definition: scalar rewrite system

These consist in terminating and confluent TRS on a language
containing +, x, 0, 1 and such that for all closed terms \, i, v:

0+ Aand A,

0x AandO,

1x Aand A,

A X (p+v)and (A x p)+ (A xv),
(A4 p)+vand A+ (p+v),

A+ pand g+ A,

(A x p) xvand A x (uxv),

AX pand pox A

have the same normal forms and 0 and 1 are normal terms.

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.
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Termination and confluence properties

Proposition 1: Assuming 8 a confluent and terminating TRS for
K, then RU 8 is a confluent and terminating TRS for K-vectorial

spaces.
Proof. . .
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SJX Gl

v
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Def. Subsumption
A terminating and confluent TRS 8 subsumes a TRS 8y if

8
whenever t =% u, t and u have the same S-normal form.
Consider 8g:

0O+A— A
0xA—0
IxA— A
Ax (4 v) — (3 x 1)+ (A x )

8 subsumes 8g.
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t—= pu

R
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R terminates.

Proof technique:

Find |.| :— N such that

t—r = |t| > |r|. CiME does it for you.

8o terminates.

Same method.

RUS and R U 8y terminate.

Proof: § and 8y leave R's polynomial interpretation unchanged.
R U 8 is confluent.

Proof technique:

Since it is terminating it is enough to check that it is locally
confluent. CiME does it for you.

Pablo Arrighi, Gilles Dowek Linear-algebraic \-calculus: higher-order and confluence.
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Commutation
A TRS R commutes with a TRS R’ if whenever ¢ — uy and

R! . R R
t — uo, then there exists w such that vy — w and upy — w.

R commutes with 8§*.
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Key Lemma: Let R, S and Sy be three TRS such that:
e S is terminating and confluent;
@ S subsumes Sp;
@ RUSy is confluent;
@ R commutes with §*;
@ R terminates.
Then RU S is confluent.
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Extras

us‘m

t —=»u
S}& sl
S
u

‘[—pu

—So
sJ\* /¢ SJX /{l ;Rusf)l}e swl

RS,

RSy

/ '\_,' S’} -
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* RUS )
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(R_S)
R —
t— t—pu
) l ‘4 Si S
S N
\L —
—bu (R:S4)

R.‘S

RS,

—20 pu1 t—i

Sg
S\N st (RuSr)l RUS, Jl

f R\_,S’} - u
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Sd S
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t A5 pu ((RUSY

S\N /{ ! ('RuSg)l (RUSy)

td o ru
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(R_S)
R Sy —»
—» t——u

sé s sl s
i Mo
- s S

—r NN
"R.‘.Bv)

Sd S

(RUSy = T ol
. 'k vl

(RUS,)"

t—h
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S S sl S

(R Sw) (R; Bv)

RS,

RSy

{'R J S&)l (R Sil
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{(RUS)"
si S

—?‘ui
(R, )v?
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The field of quantum computing is a. ..

[ Solovay 95, Adleman et al. 97, Kitaev 97, Boykin et al....]

A ring: the additive and multiplicative closure of diadic numbers
(binary floats) together with 2 = —1, \% * \% =1/2.

l.e. a 4-dimensional module.

1xv—v

1 1
ﬁ *ﬁ —(1/2).1
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